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Abstract

Ultra-light scalar fields are well-motivated dark matter candidates that can form
self-gravitating, coherent structures known as oscillatons. These arise as solutions of
the Einstein—Klein—Gordon system for a real scalar field and exhibit intrinsic periodic
time dependence.

In this thesis, we study the dynamics of axial gravitational perturbations on
oscillaton backgrounds. The time-dependent nature of the spacetime leads to wave
equations with periodic coefficients, making the system naturally suited for resonant
energy exchange between the background and perturbations.

To construct these backgrounds, we numerically solve the Einstein—Klein—-Gordon
equations and generate a family of oscillaton configurations. This allows us to explore
a wide range of spacetime geometries in a controlled way. Each configuration is
characterised by standard global quantities such as the mass, radius, and compactness.
However, the entire solution space can be parametrised by a single parameter, the
central scalar-field amplitude, which uniquely determines the oscillaton profile.

We review the axial perturbation equation on oscillaton backgrounds and solve it
numerically for different oscillaton configurations. Our results show that gravitational
perturbations experience frequency-dependent energy exchange with the background.
In particular, resonant amplification occurs when the perturbation frequency is tuned
to integer multiples of the fundamental oscillation frequency of the oscillaton.

We find that the efficiency of this energy transfer increases with the central scalar-
field amplitude, indicating a stronger coupling between perturbations and more
compact oscillaton configurations. The results are consistent with a parametric reso-
nance interpretation of wave propagation on a time-periodic gravitational background.
This work demonstrates that oscillatons can significantly modify the propagation
of gravitational perturbations through resonance effects, providing a first step to-
ward understanding wave dynamics in time-dependent self-gravitating scalar-field
spacetimes.
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Introduction

According to Isaac Newton, the dynamics of objects with mass follow one simple rule,
F = ma: a particle of mass m accelerates in response to a force F'. The simplicity
of three letters and an equal sign is deceptive. In this one formula lies an entire
branch of physics, which, with only modest assumptions about a system, can answer
questions ranging from a box sliding down a sloped plane to the orbits of planets or
the trajectories of comets. In this description, gravity is defined as the force exerted

between massive objects.

In 1915, Albert Einstein revolutionized our understanding of gravity. In general
relativity, gravity is no longer described as a force, but rather as a manifestation of
the curvature of spacetime, encoded in the Einstein field equations G, = 877},,. Ten
coupled, non-linear partial differential equations condensed into a single compact
relation: on one side, the geometry of spacetime; on the other, the matter and energy
that shape it. Despite their concise form, the Einstein equations give rise to an
extraordinarily rich phenomenology, including the bending of light around massive
objects, the precession of Mercury’s orbit, the expansion of the Universe, and the

existence of compact objects such as neutron stars and black holes.

Almost immediately after Einstein published his theory, the German physicist
and astronomer Karl Schwarzschild discovered an exact solution to these equations
describing what would later become known as a black hole: a region of spacetime
from which nothing, not even light, can escape. Together with neutron stars, black
holes represent some of the most extreme manifestations of gravity in the Universe.
Yet despite their seemingly exotic nature, black holes are remarkably simple objects.
According to the no-hair theorems, an astrophysical black hole is fully characterized
by at most three quantities: its mass, spin, and charge [1-6].

This underlying simplicity nevertheless gives rise to highly dynamical phenom-
ena. As compact objects move through spacetime, they generate gravitational waves
(GWs): ripples in the fabric of spacetime that propagate outward at the speed of light.
Mathematically, gravitational waves can be understood as small perturbations of a
background spacetime, allowing one to study the dynamics of the geometry without
solving the full non-linear Einstein equations.

When two compact objects orbit one another, they emit gravitational radiation,
gradually losing energy until they eventually merge. This process is commonly divided
into three stages: the inspiral, where the orbit slowly shrinks; the merger, where the
two objects coalesce; and the ringdown. In the case of black hole mergers, the ring-
down phase is of particular interest because, according to linear perturbation theory,
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it is composed of discrete, exponentially damped oscillations known as quasinormal
modes (QNMs). Crucially, these modes depend solely on the properties of the final
black hole. By measuring them in gravitational-wave signals, we can infer the nature
and characteristics of the compact object being observed, much like identifying a bell
from its unique ring [7, 8].

On September 14, 2015, exactly one hundred years after Einstein’s prediction
of gravitational waves, the Laser Interferometer Gravitational-Wave Observatory
recorded the first direct detection of such waves, produced by the merger of two
stellar-mass black holes more than a billion light-years away [9]. This landmark
observation marked the birth of gravitational-wave astronomy, opening an entirely
new observational window onto the Universe. Since then, hundreds of gravitational-
wave events have been detected [10-12].

The success of linear perturbation theory in black hole physics may also help us
address other open problems in fundamental physics. One of such problems is the
nature of dark matter, which makes up 27% of the total energy density of the Universe,
while visible matter accounts for only 5%, as current data suggests [13]. Its existence
is further supported by indirect evidence such as galactic rotation curves [14-20],
gravitational lensing [21, 22], the large-scale structure of the Universe [23], and
the cosmic microwave background [13]. Since dark matter does not interact with
electromagnetic radiation, we cannot observe it through traditional means. In this
context gravitational waves may provide a new window into its properties by revealing
how it influences the signals we detect.

One compelling candidate is ultralight scalar fields, sometimes referred to as fuzzy
or wave dark matter [24, 25]. In these models, dark matter is described by a bosonic
scalar field with an extremely small mass, typically in the range 10722 eV < m <
10720 ¢V [26]. A striking feature of such light fields is that their wave-like nature be-
comes manifest on macroscopic, astrophysically relevant scales, a direct consequence
of their extremely small mass and correspondingly large Compton wavelength. How-
ever, these models are subject to observational constraints. Using the Lyman-« forest,
it has been shown that scalar field masses below 1072 eV are strongly disfavored [27,
28]. Even so, these models remain interesting from a phenomenological perspective,
and of particular interest to this thesis is their ability to form self-gravitating structures.

Such self-gravitating structures have been studied extensively [29]. In particular,
the case of a complex-valued scalar field minimally coupled to gravity gives rise to a
family of solutions known as boson stars [29-34]. These compact objects are static and
spherically symmetric, and have been studied both fully nonlinearly and perturbatively,
showing that they exhibit behavior similar to black holes in the perturbative regime,
for example, admitting a discrete set of complex quasinormal frequencies [35].

A closely related set of objects arises when the scalar field is taken to be real-valued.
Numerical studies have shown that, given generic spherically symmetric initial data,
such a scalar field relaxes into a quasi-stable, spatially localized, oscillating object

Chapter 1 Introduction



known as an oscillaton [36]. These objects are not perfectly stable: owing to their
oscillatory nature, they slowly radiate scalar field away and lose mass over time.
However, this process occurs so slowly that on astrophysical timescales [37, 38], the
configuration can be well approximated as strictly periodic, and it is this approximation
of the full dynamical evolution that we refer to as an oscillaton throughout this thesis.

The existence of oscillatons raises a natural and important question: how do
gravitational waves interact with these objects? If ultralight scalar dark matter
condenses into oscillaton-like structures, then gravitational waves passing through or
scattering off such structures could carry imprints of the encounter.

Understanding this interaction is therefore not only of theoretical interest but also
has direct observational implications for gravitational wave detectors such as LIGO,
or future detectors such as LISA [39] (Laser Interferometer Space Antenna) or the
Einstein Telescope [40].

A key feature that distinguishes oscillatons from other compact objects such as
boson stars or black holes is the explicit time dependence of the background spacetime.
Unlike a black hole, whose spacetime is stationary and admits a clean notion of
QNMs, or a boson star, whose scalar field produces a stationary background, an
oscillaton breathes, its metric and scalar field oscillate periodically in time. This raises
the question of whether such a time-dependent background can leave a frequency-
dependent imprint on passing gravitational waves, and whether it opens the door to
resonant phenomena well known from classical mechanics. This thesis takes a first
step in addressing these questions.

This thesis is organized as follows. In Chap. 2, we review the background theory of
oscillatons and their solutions. In Chap. 3, we briefly review linear perturbation theory
in general relativity, derive the wave equations governing gravitational perturbations
on oscillaton backgrounds, and review the theory of parametric resonance. In Chap. 4,
we outline the numerical scheme used to solve the wave equation derived in Chap. 3,
and validate the procedure by testing the code on well-understood backgrounds.
Chapter 5 studies the response of gravitational perturbations interacting with an
oscillaton.



Oscillatons

In this chapter, we review the construction of the oscillaton background. We begin
by defining the field equations and our choice of coordinate system, followed by a
discussion on the stability of these objects and the numerical methods used to solve for
their periodic configurations. In this thesis, we use the mostly plus metric signature
(—,+,+,+) and work in units where G = h=c¢ = 1.

2.1 The Einstein-Klein-Gordon System

Oscillatons consist of real-valued scalar fields minimally coupled to gravity. They
arise as solutions to the Einstein-Klein-Gordon equations, obtained from the Einstein-
Hilbert action supplemented by a massive real-valued scalar field term [36]

R 1
_ 4 — - m 219
S_/d - (1677 > (Vu@v ® + 20 )) , 2.1)

where R is the Ricci scalar, V, the covariant derivative, and ; = mg/h the scalar field
mass parameter. Varying the action with respect to the metric and the scalar field,
respectively, yields the Einstein field equations and the Klein-Gordon equation,

1
Ry — §R9uu =81 T VMV‘L(I) - MQCI) =0, (2.2)
where the stress-energy tensor 7),, takes the standard scalar field form
1
Tow = V@V ® = 2 (Va@VP + (@2 . (2.3)

The geometric content is encoded in the Ricci tensor R,,,,, which is constructed from
the Christoffel symbols I'Y;, through

Ry = 0.1, — 0,10, + ToTh , —T0,T5,,, (2.4)
with the Christoffel symbols themselves determined by the metric via
no_ 1o
Iy,=-g (Ovbop + OpGor — O gup) - (2.5
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We assume that the scalar field is spherically symmetric such that & = ®(¢,r),
and that the background spacetime also becomes spherically symmetric, with the line
element being written as

B(t,r)

2 _ —
5=

dt* + B(t,r)dr? 4 r2d6? + 2 sin® d¢? . (2.6)

Similar to Ref. [41], we write the g;; component as B/C for numerical convenience.
Rescaling the scalar field by 1//4, the equations of motion (EOM) for the system
become:

S5
Sy

1-B

rb T 2 2 252
=3 (0:)2C + (8,®) + Bu*e?| + —. 2.7)
0,C 2 (rud)?
= 1+B<2 1], (2.8)
2 2 o 2 aTC 8tc 2
(cop—a2)@ = (F S ) O = 0% — Byl (2.9)

Instead of dynamically evolving the scalar field to obtain fully time-dependent
oscillaton solutions [36, 38, 42, 43], we approximate the long-lived, quasi-periodic
phase by strictly periodic configurations. This is a well-justified approximation, as the
decay time of oscillatons can vastly exceed the age of the universe. For a maximum-
mass oscillaton, the half-life of its mass is approximately [44, 45]

(2.10)

mpc?

1072 eV
lij2 ~ 10% years (e) .

2.1 The Einstein-Klein-Gordon System
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2.2 Numerical Construction

As noted above, oscillatons are not strictly periodic but slowly decay over time.
During the long-lived quasiperiodic phase, however, this decay is negligible, and we
may treat the background as strictly periodic. We therefore expand the fields B(t, ),
C(t,r), and ®(¢,r) in a Fourier-like harmonic series [43],

N
B(t,r) = Z by (1) cos(2wnt) , (2.11)
n=0
N
C(t,r) = Z cn(r) cos(2wnt) (2.12)
n=0
N
O(t,r) = Z Ont1(r) cos(2wnt + wt) . (2.13)
n=0
1.0
0.9 r
08 f —pl
—Iy, |
- 2
0.7 - - - -
0 10 20 30 40 50

TH

Figure 2.1: A solution of Egs. (2.7) for the metric functions B(¢,r) and C(¢,r) with N =1,
plotted as g;; = B/C and g;,} = 1/B. The solution has characteristic frequency
w 2 0.862u, mass M = 0.603/u and radius R =~ 7.36/u. The plot is showing the
metric components evaluated at ¢t = 0.

Substituting these into Egs. (2.7) and matching frequency components results in
3(N + 1) coupled non-linear ordinary differential equations (ODEs). We treat the
system as a boundary value problem. At the origin (r = 0), regularity requires by = 1
and b,~¢ = 0, while the scalar field modes must satisfy 9,¢,, = 0. At spatial infinity
(r — o0), asymptotic flatness requires by = ¢y = 1 and all higher modes to vanish.
To solve this numerically, we use a shooting method: we fix the central scalar field
value ¢;(0) and integrate outward, tuning the eigenvalues {co, c1, . ..,w}|,—o until the

Chapter 2 Oscillatons



conditions at a large numerical radius . are satisfied. Specifically, we ensure the
solution smoothly approaches the Schwarzschild background by requiring:

(c0 = B) brmruax = 0. (2.14)

A representative solution for the metric functions is shown in Fig. 2.1. The figure also
shows that our background indeed approaches Schwarzschild as r increases. To get a
better sense of the physical properties of the oscillaton, we will use a few diagnostics
to characterize the oscillaton. Because of the asymptotically Schwarzschild behavior
of our oscillaton backgrounds, we may define the mass of these configurations as the
Schwarzschild mass, such that, in units of 4 = 1, we have

T 1
M=lm - (1———]). 2.15
i3 (- 5) @19
Not including the higher order terms of the B metric function, corresponds to aver-
aging out the higher order terms in time. We do not have access to infinity, so we
truncate this limit to some large radii r,ax, in which the background is approximately
Schwarzschild. So we evaluate the mass at this large radius

Tmax 1
M =~ 1-— . 2.1
2 < bO (Tmax> > ( °)

The radius of the oscillaton is a bit more tricky to define since there are no hard
boundaries for which we can call “inside the oscillaton” and “outside the oscillaton”.
Similar to previous works, we set the radius to be the radius at which 98% of the
total oscillaton mass is contained in. This is an arbitrary choice, and in the existing
literature on oscillatons, multiple choices have been made, including the percentiles
95%, 98% and 99%. This does not change the physics, only the relative comparison
between physical observables and the oscillaton. From these two parameters, we may
also define a compactness parameter denoted by

C= ik (2.17)

This gives us a measure of how tightly localized the oscillaton is, representing the
intensity of the spacetime curvature it generates. For example, the compactness of a
Schwarzschild black hole would be Cgy, = 0.5.

To understand how oscillaton configurations change as the central scalar field
value is varied, we begin by constructing solutions with a relatively small central
value of the scalar field, typically around ¢;(r = 0) = 0.05. Once such a solution
is obtained, additional configurations with larger central scalar field values can be
computed efficiently by using the previously obtained solution as an initial guess for
the numerical solver. This procedure allows us to generate a sequence of oscillaton
solutions by gradually increasing the central amplitude of the scalar field (see Fig. 2.2).

2.2 Numerical Construction
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We observe that the space of oscillaton configurations contains a maximum-mass
configuration at a central scalar field value of approximately ¢, (r = 0) ~ 0.334. This
configuration has a mass M ~ 0.603/u, a radius R ~ 7.36/u, and a characteristic
frequency w = 0.862u, which is in perfect agreement with previous work [41-43].

0.65 0.5
0.45
0.4
0.55 0.35

Mp

2 \L/
0.25 =
0.45 0.2
0.15
0.1

0.35 : : ' 0.05
) 10 15 20 25

Ry

Figure 2.2: Mass and radius of different oscillaton configurations as a function of the central
value of the first order scalar field ¢, . Every 100th solution is plotted with a dot, to
not clutter the plot. The plot shows a maximum oscillaton mass at M = 0.603/p,
with a corresponding radius of R ~ 7.36/p.

2.2.1 The origin of the mass loss

To understand the physical origin of this mass loss within the strictly periodic ap-
proximation, we examine the behavior of the scalar field expansion at large distances.
In the far region, where the metric is approximately Minkowski, the Klein-Gordon
equation (2.7) reduces to

2
—020 + 020 + 0,0~ (e =0. (2.18)

Substituting the harmonic expansion (2.13) and defining ¢, (r) = f,(r)/r, we obtain
the radial equation for each mode:

D2 fn = (u® — n*w?) fn, (2.19)

which has the general solution

fu(r) = cre™V pronfw? | coe"V pi—nu? (2.20)

Chapter 2 Oscillatons



From this solution, we can consider two scenarios: nw < u, the solution decays

exponentially at large radii, or written out explicitly

fu(r) = cne™™n An,zz\/ﬁgi:;;i;g. (2.21)

However, for sufficiently high harmonics such that nw > p, the square root becomes
imaginary. The solution is then written

fu(r) = cpcos(Anr + an), Ay = /n2w? — 2. (2.22)

These modes turn out to be radiative, and we may see this if we write out the full
time dependence explicitly, such that

c
D, ~ 7” cos(Apr —nwt + o), Ay = \/Tm7 (2.23)

which describes an outgoing spherical wave with radial wavenumber \,, and temporal
frequency nw. To confirm that these modes carry energy to infinity, we compute the
radial energy flux using the stress-energy tensor of the scalar field. In the far region,
the ¢r-component is

T = 9, 0,9 . (2.24)

Taking derivatives of Eq. (2.23) and retaining only the leading terms at large r, we get

0D, = nicn sin(Apr — nwt + ay,) , (2.25)
0,®,, = —)\7;671 sin(Apr — nwt + ay,) + O(r~2), (2.26)

so that
T" = nwi\;c,% sin?(Apr — nwt 4 ay,) . (2.27)

The energy carried by the radiative modes, through a sphere of radius r is then
calculated as

P= [ r1d0
Q

= 4w, sin?(A\,r — nwt + ay,) . (2.28)

Time-averaging over one oscillation period, (sin?) = 1/2, the total power radiated
through a sphere of radius r is

(Pn) = 2mnwh,c2 . (2.29)

2.2 Numerical Construction
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This is the key result: the radiated power (P,,) is independent of r, confirming that the
energy flux does not diminish with distance and that these modes carry energy all the
way to spatial infinity. In contrast, for the bound modes with nw < p, the field falls
off as =" /r, so that T ~ e~2*" /12 and the integrated flux vanishes exponentially,
so no energy escapes to infinity. This means that if we want to consider a scalar field
configuration that is localized, and not purely radiative, then at least w < p.

The existence of a threshold nw > 1 means that only harmonics above a critical
mode number contribute to the radiation, while the fundamental mode remains
bound. Since the amplitudes ¢, of the higher harmonics are generically small, the
total radiated power is extremely weak, which explains why oscillatons are so long-
lived despite being strictly speaking unstable [46]. As noted in Ref. [45], these
oscillatory modes represent non-localized solutions, and their amplitudes set the
overall decay rate of the configuration.

Chapter 2 Oscillatons



Linear Perturbations of Oscillatons

In this chapter, we review the derivation of the equations governing linear gravitational
perturbations on oscillaton backgrounds. Our aim is to obtain a wave equation
describing the evolution of these perturbations in a time-dependent spacetime.

The analysis follows the standard framework of linear perturbation theory in
curved spacetime, closely paralleling the treatment of perturbations around spherically
symmetric backgrounds such as black holes. However, the explicit time dependence
of the oscillaton geometry leads to important differences, which are reflected in the
structure of the resulting wave equation.

In addition, we review the theory of parametric resonance, focusing on the Mathieu
equation as a prototypical example of a system with time-periodic coefficients. This
will provide useful intuition for understanding the behavior of the perturbation
equations derived in this chapter.

3.1 Perturbative framework

In this section, we review the formalism required to describe linear perturbations
of the oscillaton spacetime. Exploiting the spherical symmetry of the background,
we decompose the perturbations into tensor spherical harmonics, allowing us to
separate the angular dependence and reduce the problem to a set of equations for
each multipole. We then derive the linearized Einstein equations and obtain the wave
equation governing the perturbations.

3.1.1 Spherical harmonic decomposition

We consider linear perturbations of the oscillaton background introduced in
Chap. 2. The spacetime metric can be written as a perturbative expansion around this
background,

Juv = gBy + ehuu y (31)

where |¢] < 1, and all equations are retained to first order in e. Here, gB,, denotes
the previously defined spherically symmetric, time-dependent background metric (see
Eq. (2.6)), and h,,, represents small metric perturbations.

Since the background metric is spherically symmetric, we can choose coordinates
that allow us to decompose any rank-2 tensor field as [47]

X X Aq
X, = AP A (3.2)
XaA Xab

11
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where we split the coordinates z* = (¢,r, 0, ¢), such that uppercase Latin letters refer
to 24 = (t,r) and lowercase letters refer to z% = (6, ).

The metric perturbation %, is itself a rank-2 tensor field defined on the background
spacetime. It can therefore be decomposed in terms of tensor spherical harmonics
(with an implicit sum over £ and m, and using the notation in Ref. [47])

hap(t,r,0,¢) = EABgm(t,r) Yfm(e, ®), (3.3)
haa(t,r,0,0) = BEym (t,7) Y™ (0, @) + B (t,7) SE™(0, ), 3.4

han(t,7,0,0) = 12 [ Ko (£,7) 7a0Y (0, 9) + Gom(t,7) 250, 0)
+ 2hpm (t, 1) S0, ) . (3.5)

Here, 4, = diag(1,sin? #) denotes the metric on the unit two-sphere. Let D, be the
covariant derivative compatible with ~,;, such that

YD DY = —0(0 +1)Y™ (3.6)

where Y™ are the usual scalar spherical harmonics.

The tensor spherical harmonics used in the expansion above are generalizations of
these scalar harmonics and are defined as

Y/m = Dy, (3.7)
Shm — _\/dety e DPY™ | (3.8)
o (041 -
Zﬁb = DanYK + ( 9 )fYabYZ , (3.9)
1
S =3 (DaSE™ + DySE™) (3.10)

where ¢, is the Levi-Civita tensor on the two-sphere, antisymmetric in its indices

(€ap = —€pa).

Note that while scalar harmonics are defined for all ¢ > 0, the vector harmonics
are nonzero only for ¢ > 1, and the tensor harmonics are nonzero only for £ > 2. The
tensor harmonics can also be split into two groups, one which transform oddly under
a parity transformation (¢, ) — (7 — 6, ¢ + ), and one that transforms evenly.

0dd parity (Axial)
The axial sector is spanned by S“™ and Sﬁm, which transform under parity as

Sim(m — 0,0 +7) = (=1)"Sm (0, 0) (3.11)
Sti(m — 0,0 +7) = (=1)"1 S50, ) . (3.12)

Chapter 3 Linear Perturbations of Oscillatons



Even parity (Polar)

The polar sector is spanned by Y™ | Y,/™ and Z“", which transform under parity as

Y (r — 0,0 +7m) = (—1)Y"™0, ), (3.13)
Y m— 0,04 7) = (-1)Y™(0,¢), (3.14)
ZMm— 0,0+ m) = (-1) 250, ). (3.15)

In the Regge-Wheeler gauge [48], we set the components i_zioéirf = Gym = hym = 0.
The metric perturbation in this gauge then become

(e it ]

Hy Eaxial Sfm T'2K Yfm (31 )
Afm*~a ¢mYab

= BRSO 4 et (3.17)

3.1.2 Linearized Einstein equations

Having established the decomposition of the metric perturbations in terms of
tensor spherical harmonics, we now turn to the equations governing their dynamics.
We know that the background metric gBV, together with the scalar field ®, solves the
Einstein field equations

G [gb} = 87T}, [gb,éb} . (3.18)

Consider now a first order linear perturbation to the scalar field ¢(z*), such that the
full scalar field takes the form

d(zH) = BP(t, 1) + e p(zH), (3.19)

where, like when we perturbed the metric in Eq. (3.1), € is a perturbative bookkeeping
parameter. We may do a separation of variables, and write the scalar field perturbation
in terms of spherical harmonics

D(zH) = O°(t,7) 4+ e p(t, 1) Y™(, ©) . (3.20)

Now plugging in the full metric and scalar field, and expand to first order in ¢, we
get [49]

G, + €AG,, = 87 (T), + eATy), (3.21)
which if we insert that G}, = 87T}, we get
AG,, = 87AT,, . (3.22)

3.1 Perturbative framework

13
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For convenience lets define the tensor AE,,, = AG,, — 87AT,,. Now decomposing
this tensor using tensor harmonics, as described in Sec. 3.1.1, we get (with an implicit
sum over ¢ and m, and following notation from Ref. [47]):

A€up = A(A+B)( ryytm. (3.23)
Afsy = %n (b, 1Y 4 B ()50 (3.24)
Aoy = A (1) 12yap Y™ 4 80 (8, 7) ZU 4 b (£, 1) ST (3.25)

Since the polar and axial sectors have opposite parity, they decouple, and the linearized
equations, A&, = 0, split into two independent sets. The polar sector requires

A(A) =0, A(?’) =0, oz(A) =0, sm=0, (3.26)

tm m Im

in which A(?Y A) (with A =0,1), Ag’r{ and sy, only depend on the polar components

tm *X
of the metric perturbatlons hﬁ?,lar. While the axial sector is determined by

B =0, ty, =0, (3.27)

in which Béfl) (with A = 0,1) and ¢, only depend on the axial components of the
metric perturbations h2%! [48].

3.1.3 Oscillaton wave equation

In this work, we focus on the axial sector, governed by Egs. (3.27). A key simpli-
fication arises from the fact that scalar field perturbations do not contribute to this
sector. We can explicitly see this if we write out AT},

AT, = 0,89, (Y"™) + 9,(¢Y"™)0, D"
_ gBV |:8aq)aa(¢yém) + M2(1>¢Yém}

1 1

300 O R® — Chyy [0, 2000 1 ) (3.28)
If we only look at the terms involving the scalar field perturbations, we see that they
are either proportional to Y™ or 8uYZm, which vanishes for ; = 0,1 and equals
Y™ for pn = 2,3. Both Y*™ and Y/ are even-parity harmonics, and since 9,®" = 0,
no odd-parity harmonics S or Sgb can appear. The remaining terms in AT),, are
proportional to h,,,, which carries the same parity as the metric perturbation itself, so
axial metric perturbations source only axial equations, and polar metric perturbations

source only polar equations.

Chapter 3 Linear Perturbations of Oscillatons



Plugging in the oscillaton background solution, and expanding ﬁg)rz = 0, we obtain

B (E — 1)(€ -+ 1) 2 Bo,.C -2C0,B axial
0= [ 272 + 2r2B + 2rC B2 Figtm
B |:B(97=C — 2CarB:| a hax1al a2h8);17%1
1CB? ofm 2B

1 BJ.C—-200,B 1y OO, hiial
- axia m .2
- [rB ATe)E } Olitom + 55 (3.29)
an 2 o
while 3,/ = 0 gives
0= (£ - 1)(€ + 2) hax1al [Batc —200,B ] b hamal Catzh?}zlﬁll
2r2 Tm AB? ' 2B
BOC = 2COBY | i _ [BHC = 200,B] | i
27,B2 04m 4B2 04m
Co haxial Co arhaxial

+ ;gém o t2B0£m _ (3.30)

To simplify this system, it is useful to introduce a master variable that captures the
physical content of the axial perturbations. Following a construction analogous to the
Cunningham-Price-Moncrief master function [50], we define

2rV/C 2hgal . ;
axial _ 04m axial axial
= — Orh — Oth . 3.31
Vi = T 2)B ( o Orhom =0 14m> (3.31)

Solving for the metric perturbations in terms of this master variable, one finds

i = 5=
Bl = SO o (3.33)

wamal + 8r1/JaX1al) (3.32)

Substituting these expressions into the remaining equation t4,, = 0, we obtain a
single wave equation for the master variable,

1 1 o0.C :
—0f + —=0, (ar> -0 — V} axial () 3.34
|: t \/6 \/6 20 t W ( )
with effective potential
_ B[(-1)({+2) 2 o0,C ]
V= C [ r2 * r2B + 2rBC (3.35)

The time-dependent background introduces an additional first-order time deriva-
tive term proportional to 9,C, which acts as a driving or damping term. This term can
be removed by a simple redefinition of the master function. Consider the rescaling

Y (g, ) = el BTy (1) (3.36)

3.1 Perturbative framework
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and choose «a(t, ) such that the first-order time derivative in Eq. (3.34) vanishes. This
yields

a= —%at InC', (3.37)
from which we obtain

Xem(t, ) = CYA(t, ) del(t, r) . (3.38)

In terms of xy,,, the wave equation takes the simpler form

1 -
{—83 +0, (Car) - V] Xem =0, (3.39)
where V differs from V' by terms involving derivatives of C(t,r). While the two
formulations are mathematically equivalent, this form provides a clearer physical
interpretation in terms of wave propagation in a time-dependent effective medium.

3.2 Parametric Resonance

In the previous section, we derived the linearized equations governing pertur-
bations on the oscillaton background. Due to the explicit time dependence of the
background spacetime, the resulting perturbation equations contain time-periodic
coefficients.

Such systems are known to exhibit parametric resonance, where small perturbations
can undergo exponential growth driven by periodic modulation of the background.
This phenomenon is typically associated with the appearance of instability bands and
plays an important role in a wide range of physical systems.

To develop intuition for these effects, we briefly review the theory of parametric
resonance in a simpler setting. In the following subsection, we introduce the Math-
ieu equation, which captures the essential features of linear systems with periodic
coefficients.

3.2.1 The Mathieu equation

The simplest prototype of a linear system with periodic coefficients is the har-
monic oscillator with a time-dependent frequency. Despite its simplicity, this model
captures the essential features of parametric resonance, including instability bands
and exponentially growing solutions.

We begin by considering the simple harmonic oscillator, whose equation of motion
is

OPa(t) = —wiz(t). (3.40)

Chapter 3 Linear Perturbations of Oscillatons



This system admits the well-known solution
x(t) = Ae™0! 4 Be ™ot (3.41)

where A, B € C, describing oscillatory motion with constant frequency wy.

A natural generalization is obtained by allowing the oscillator frequency to vary in
time, thereby modeling the effect of an external periodically varying background. The
equation of motion then becomes

DPx(t) = —w?(t) z(t). (3.42)

In this case, the dynamics can differ qualitatively from the simple harmonic oscillator,
particularly if the time dependence introduces new frequency scales into the problem.
Assuming a periodic modulation with period 7' = 27/, and further restricting to

small deviations from the constant frequency case, we consider
OPa(t) = — [wg + ecos(Qt)} x(t), (3.43)

where |e| < 1. This describes an oscillator whose effective restoring force is modulated

in time, and provides a simple setting in which parametric resonance can arise.

To bring this equation into a more standard form, we introduce the rescaled time
variable 7 = Qt/2, which yields

2
O%ax(r) = — A + de COS(QT)‘| z(T) . (3.44)

02 02

Defining the dimensionless parameters

402 2e
az?f’ q:—@7 (3.45)
the equation can be written in the form
0%x(1) = — [a — 2q cos(27)) x(7) , (3.46)

which is known as the Mathieu equation [51, 52]. The presence of periodic coefficients
leads to qualitatively new behavior compared to the ordinary harmonic oscillator. In
particular, solutions are not generically bounded, and small perturbations can undergo
exponential growth for certain parameter values. This phenomenon is known as
parametric resonance.

The structure of the solutions can be understood using Floquet theory [52], which
states that solutions to equations of this type can be written as

z(t) = " P(7), (3.47)

3.2 Parametric Resonance
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Figure 3.1: Heatmap showing the unstable regions of the solutions to the Mathtieu equa-
tion (3.46). In the yellow regions of the {./a, ¢} plane, all the solutions are stable,
meaning that Re(u) = 0, while in the purple regions solutions become unstable,
with Re(u) > 0.

where p is known as the Floquet exponent, and P(7) is a periodic function, with
same period as the system. In the case of the Mathieu system the period is such that
P(r 4+ m) = P(7). Since P(7) is periodic, we may expand it in a Fourier series

P(r)= Y cpe™™, (3.48)

n=-—o0o
where each of the ¢,’s are the mode coefficients. The solution z(7) is set to be
unstable if Re (1) > 0 [52]. Substituting the full expression of x(7) into Eq. (3.46),
and collecting terms with the same exponential e(# 27 gives the recursion relation

[(p+ 2in)2 +alen, — q(epy1 + enm1) = 0. (3.49)

Given a set of variables {a, ¢}, we can solve this by treating it as an infinite matrix
eigenvalue problem for x [53], where Re(u) > 0 signals an unstable solution (see
Fig. 3.1).

For small values of ¢, it can be shown that parametric resonance only happens when
the natural frequency wy is close to integer multiples of half the driving frequency,

Y

5 n=12,... (3.50)

wo ~
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Within these bands, the Floquet exponent acquires a nonzero real part, Re(u) # 0,

and the solutions grow or decay exponentially. Outside these regions, p is purely
imaginary and the motion remains bounded. This instability structure is a generic
feature of systems with time-periodic parameters and will play an important role in
understanding the dynamics of perturbations on the oscillaton background.

3.2 Parametric Resonance
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Numerical Framework

In this chapter, we present the numerical framework used to evolve the perturbation
equations introduced in the previous sections. The central question we wish to
address is whether the explicit time dependence of the oscillaton background can
lead to resonant amplification and cumulative energy gain. Answering this requires a
stable and accurate time-domain evolution scheme capable of resolving the oscillatory
behavior of the system across a range of oscillaton configurations. We achieve this by
discretizing the governing wave equation in space using high-order finite-difference
methods, combined with explicit time-integration techniques.

We begin by outlining the spatial discretization and how the wave equation is cast
into a first-order-in-time system suitable for numerical evolution. We then describe
the choice of initial data used to generate physically relevant signals suited for probing
the scattering properties of the background. Finally, we validate the numerical
implementation by applying it to well-understood test cases, including Minkowski and
Schwarzschild backgrounds, where analytical and semi-analytical results are available

for comparison.

4.1 Spatial Finite Differencing

As established in Sec. 3.1.3, the axial perturbations are governed by two mathe-
matically equivalent wave equations, related by the rescaling x,, = C'/4¢3*ial. The
choice of which to evolve numerically is a matter of convenience; in this thesis we
work directly with the unrescaled equation for ¢3x12l Eq. (3.34). To solve a wave
equation, we discretize space with grid spacing Ar and evaluate the wave function at
uniformly spaced points. To ensure numerical stability and convergence, we choose
the time-step size according to the CFL condition, which places an upper bound on

the time spacing. The CFL condition requires that the time step satisfy

At< BT (4.1)

Cmax

where cp,ax is the maximum propagation speed of the wave equation. From Eq. (3.34),
we see that the propagation speed is ¢pa = 1/v/C, which is always less than or
equal to unity. We therefore choose At = 0.5 Ar, which comfortably satisfies the CFL
condition. The discretized wavefunction is denoted by

P = hdal(p At iAr) . (4.2)



where 7 indexes the spatial grid points and n indexes the time steps. Spatial derivatives
are approximated using fourth-order finite differences:

— 8¢y + 8l — iy
12A7’ ’
o + 1697 — 309" + 16" — ity y
12A7r2 '

O’ =~ (4.3)

oyp ~ i

(4.4)

We transform the second-order wave equation (Eq. (3.34)) into a first-order system

ym
ur=| " . (4.5)
(&W)

With this definition, the derivative in time of the state vector is calculated

by defining the state vector

ou =FU", (4.6)
where the matrix F7 is defined as
o= L 0 = (4.7)
i = An 8Cp nl - .
I 8,,2‘ - 420177, 87“ —%&CZ

Integrating the wave equation will be done using a fourth-order Runga-Kutta scheme,
in which a single step in the time direction is computed using four intermediate steps
in the following way

L =FU", (4.8)
b= E (o S (4.9)
n 1
Ky, =F, 2 (U”+k21> : (4.10)
ki = B (U + Atky,) (4.11)
n+l _ At n n n n
UPHt = U + o (K + 2K+ 2K, + ). (4.12)

Given some initial state vector at some time ¢, we may use this scheme to get a new
state vector at some later time ¢ + At. To reduce memory usage, only the newest
state vector and a few selected spatial indices are stored, allowing extraction of a
time-domain signal at a chosen spatial location r, typically far from the central object.
This will give us a signal in the form of an array like

= [1/}(1)7w}’.“7¢§\7—1’w§\7]’ (413)

where [ is the spatial index we are saving, and N is the maximum number of time
steps. Since both the finite differencing and the time integration are fourth-order

4.1 Spatial Finite Differencing
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accurate, we expect the overall scheme to also exhibit fourth-order convergence. This
can be verified by defining a reference grid with V" radial grid points and comparing
it with finer (N,f =2 N") and coarser (NS = %N,{l) grids.

To quantify the convergence, we evaluate the convergence order at each time step
using the extracted signals ¥,,, ¥, and V¢, corresponding to the reference, coarse, and
fine grids, respectively. For a given time step k, we calculate the convergence order as

ok — wk

—. 4.14
it (4.14)

log,

This is verified explicitly for a number of test cases in Sec. 4.3.

4.2 Choosing initial data

In order to solve the wave equation in the time domain, it is necessary to specify
initial conditions for the perturbation field. These initial data determine both the
spatial profile of the perturbation and its subsequent propagation.

In this work, we consider localized initial configurations that allow us to probe
how perturbations evolve on the background spacetime. By appropriately choosing
the initial profile and its time derivative, we can control properties such as localization,
frequency content, and direction of propagation.

4.2.1 Gaussian profile

A natural and straightforward choice of initial data is a Gaussian profile:

_(r=rp)?

Y(t=0,r) =thoe 22, (4.15)

where (¢, r) is the perturbation field, ¢ is the amplitude of the Gaussian, r is its
center, and o is the width. The initial time derivative d;1)(t = 0,7) can be chosen to

control the direction of wave propagation. Introducing null coordinates:

u=t—r, = au:%(at—a*), (4.16)

R %(at+a*), 4.17)

where 7, is the tortoise coordinate, and 0, = a%. In this thesis we will work with two
kinds of initial conditions,

* Stationary Gaussian: 0,1 = 0 corresponds to a combination of left- and right-
moving components.

* Ingoing Gaussian: 0,1 = 0 gives 0;¢) = 0,1).

This explicitly determines the initial velocity profile of the Gaussian and ensures the
intended propagation direction.

Chapter 4 Numerical Framework



4.2.2 Wavepacket

A natural generalization of the Gaussian profile is a wavepacket, obtained by
modulating the Gaussian with a plane-wave factor

(r—rg)?

Yt =0,1) =Pge 22 Twwalr=ro) (4.18)

where wyq is the central wavenumber of the packet. Unlike the Gaussian initial data,
the wavepacket carries a non-zero average momentum.

To understand the spectral content of the initial data, we compute its Fourier
transform. Although wq sets the central wavenumber, the finite width of the Gaussian
envelope broadens the spectrum and introduces contributions from neighbouring
frequencies. The one-sided Fourier transform is

G = [ dr gt (4.19)
0
) 52 i 2(k —
_ woelkroe2(kwd)2\/§ 14 erf <T° “{’j\(/’% “"”)] . (4.20)
In the limit ¢ >> o, this reduces to
~ (72 2
D(k) ~ e T e (4.21)

demonstrating that the Fourier transform of a Gaussian wavepacket is itself Gaus-

sian in frequency space, centered at k = wq with width proportional to o~ 1.

4.3 Code validation

To validate the numerical procedure, we start by testing our scheme on well
understood spacetime backgrounds, such as flat Minkowski and the Schwarzschild
black hole background. This will give us a good benchmark for the accuracy of the
implementation of the scheme.

4.3.1 Minkowski background

We begin by validating the numerical implementation on a Minkowski background,
for which the metric functions are constant and may be chosen as B = C' = 1. In this
case, Eq. (3.34) reduces to

o = oy~ LDy 4.22)

We consider Gaussian initial data corresponding to both stationary and ingoing
configurations. Since Minkowski spacetime does not contain an effective trapping re-

4.3 Code validation
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gion or horizon, the evolved signal is expected to consist only of the direct propagation

of the initial pulse.

Figure 4.1 shows the waveform extracted at » = 200M for stationary initial
data and ¢ = 2. The left panel displays the time-domain signal at three different
spatial resolutions. The waveform exhibits the characteristic double-peaked structure
associated with the prompt response [54], corresponding to the ingoing and outgoing
parts of the initial perturbation propagating through the extraction radius.

The top right panel shows the differences between successive resolutions. Rescaling
the fine, normal difference by the expected fourth-order factor produces excellent
overlap with the normal, coarse difference, demonstrating that the implementation
achieves the expected fourth-order convergence. At late times (approximately ¢ >
250M), the differences approach machine precision, after which the convergence

estimate becomes unreliable due to numerical roundoff error.
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Figure 4.1: Time-domain waveform (¢, = 200M) evolved on a Minkowski background
with ¢ = 2 from stationary Gaussian initial data (left). Relative differences
between successive resolutions together with the rescaled fine-normal difference
assuming fourth-order convergence (top right). Measured convergence order, as
a function of time (bottom right). The simulations are performed at resolutions
N¢ = 1.5 x 10*, N* = 3 x 10%, and Nf = 6 x 10*. The overlap between the
rescaled and unscaled differences demonstrates fourth-order convergence. At late
times, the convergence estimate becomes unreliable as the differences approach
machine precision. The same convergence behaviour is observed for ingoing
initial data.
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4.3.2 Schwarzschild background

To further test our scheme, we apply the code to a Schwarzschild background.
Linear perturbations on a Schwarzschild black-hole background are well understood,
making this an ideal benchmark for our numerical approach before turning to time-
dependent backgrounds, such as oscillatons. Axial gravitational perturbations in the
Schwarzschild background are described by the Regge—Wheeler (RW) equation [48].
We can get the RW equation by inserting

-1
B = (1 — 2M) and C = B?, (4.23)

r

into Eq. (3.34), which gives us

02¢+ 82¢_(1_2M)(f(é—%l)_fiM>¢:07 (4.24)

Ot? or2 r r2 r3

where the tortoise coordinate r, is related to the radial coordinate r by

—1
dre _ (1 _ 2M> . (4.25)

dr T

It is convenient to formulate and discretise the evolution equation in r, rather than
r. This choice maps the exterior domain r € (2M, c0) to r, € (—00,00) and yields a
more uniform resolution of both the near-horizon and asymptotic regions.

Solving Eq. (4.25) gives

r
r«(r) =r+2MIn (2]\4 — 1) , (4.26)
which can be inverted numerically to obtain = r(r,). The potential is then expressed
as V = V(r.) and evaluated directly on the computational grid. As in the flat-
spacetime case, we assess the convergence properties of our numerical implementation
by evolving the Regge-Wheeler equation on three different spatial resolutions and
comparing the resulting solutions to estimate the convergence order. We consider
two types of initial data, given by Gaussian profiles corresponding to stationary and
ingoing waves.

Figures 4.2 demonstrate that the numerical scheme maintains fourth-order conver-
gence for stationary initial data on a Schwarzschild background, providing confidence
in the accuracy and reliability of the time evolution. Similar tests using ingoing initial
data yield comparably good results.

Furthermore, we validate our code by comparing the numerical waveforms to the
theoretically expected signal structure [7, 55]. The time-domain response consists of
a superposition of exponentially damped quasinormal modes together with a late-time
power-law tail.

4.3 Code validation
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Figure 4.2: Time-domain waveform ¥ (¢, r, = 200M) evolved on a Schwarzschild background
with ¢ = 2, using the same setup and resolutions as in Fig. 4.1 (left). In contrast
to the flat-space case, curvature-induced scattering is present. Relative differences
between successive resolutions together with the rescaled fine-normal difference
assuming fourth-order convergence (top right). Measured convergence order as
a function of time (bottom right). Fourth-order convergence is observed. At late
times, the estimate becomes unreliable as differences approach machine precision,
as in Fig. 4.1. The same behaviour holds for ingoing initial data.

To extract the quasinormal-mode frequencies from the signal, we employ the
Matrix Pencil Method [56] (MPM) (see App. A). In this method, the waveform is
modeled within a fitting window ¢ € [to,¢;] as a sum of damped exponentials. Here,
to denotes the starting time of the fit, typically chosen relative to the peak amplitude
time ¢,cax. The MPM constructs Hankel matrices from time-shifted samples of the
waveform and determines the complex frequencies through a generalized eigenvalue
problem. The extraction additionally depends on the pencil size, which specifies
the dimensions of the Hankel matrices and therefore influences the stability and
accuracy of the frequency extraction. The results of the frequency extraction are
shown in Fig.4.3. We see that the extracted frequencies converge to the tabulated
QNM frequencies[57]. The right panel also shows that the fundamental mode is
significantly more stable than the first and second overtones. This is expected, since
the overtones are much more strongly damped than the fundamental mode and
therefore decay rapidly. Consequently, they dominate the ringdown signal only over
a relatively short time interval, making their frequencies more difficult to extract
accurately and more sensitive to the choice of fitting window and other numerical

effects.
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Figure 4.3: Extracted quasinormal-mode frequencies from signals evolved on a Schwarzschild
background, in the case of ¢ = 2 (left). The relative error of the extracted
QNM frequencies, compared to tabulated QNM in Ref. [57] (right). The signals
originate from stationary initial data with vy = 1, width 0 = 1M, and center ry =
20M . The frequencies are obtained using the matrix pencil method with a pencil
size L = N/2, retaining only the fundamental mode and the first two overtones.
The crosses represent the extracted QNM frequencies for ¢y — tpeax = 30M.

In addition to the QNM contribution, the signal also contains a late-time power-law
tail [55]. Given a set of QNM frequencies wy,,, the waveform can therefore be modeled
as the sum of k exponentially damped sinusoids together with a late-time tail,

M(t) = Qr(t) + T (), (4.27)
k
Qr(t) =D ape et ton (4.28)
n=>0
Tp(t) = A(t—to)?, (4.29)

where wy,, denotes the n-th overtone frequency for a given angular number /. In a
spherically symmetric background, the QNM spectrum is independent of the azimuthal
number m. We can therefore further test the code by fixing the frequencies and the
tail exponent r, while fitting the remaining parameters a,, , ¢, , 4, and ¢y using a
non-linear least-squares procedure. Since the fitting problem is highly non-linear,

accurate initial parameter estimates are essential for robust convergence.

We can quantify the goodness of fit, by considering the mismatch. The mismatch
is calculated by comparing the signal to a given model. Given some signal ¥ and
discrete time steps 7', we can evaluate our model at each of the discrete time steps to
get U = [M(Tp), ..., M(Ty)]. The mismatch is then defined as

(W] W)

M=1- , 4.30
NI (30

4.3 Code validation
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Figure 4.4: Fit to the signal obtained from stationary initial data on a Schwarzschild back-
ground in the case of ¢ = 2, with initial data parameters 1)y = 1, o = 1M, and
ro = 20M. The fitting window begins at t = 240M (black dashed line), chosen to
match the initial time used in the matrix pencil method at which the extracted
frequency corresponds to the fundamental quasinormal mode and the associated
error is minimized (see Fig. 4.3). The fit includes only the fundamental QNM and
a power-law tail with exponent p = 8, as expected from Ref. [58]. This fit gives a
mismatch of M ~ 2.3 x 1073

where we the inner product (-|-) is calculated as

N
(FIG)=>_ f"g". (4.31)
n=0

Figure 4.4 shows the time-domain signal, consisting of an initial prompt re-
sponse [54] followed by a ringdown phase dominated by exponentially damped
black-hole QNMs, and finally a late-time power-law tail. Fitting the signal to the
model in Eq. (4.27) yields a mismatch of approximately M = 2.3 x 10~2 when only the
fundamental quasinormal mode is included. Although this is larger than the mismatch
of ~ 1078 reported in Ref. [59], that analysis included up to seven overtones in the fit.
Given that our model includes only the fundamental mode, the obtained mismatch
remains reasonable. This level of agreement indicates that the numerical scheme
successfully reproduces the expected response of a linearly perturbed Schwarzschild

black hole, in accordance with perturbation theory and previous studies [7, 55, 58].
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Linear Response of Oscillatons

The two benchmark scenarios established high confidence in the numerical scheme out-
lined in Sec. 4.1, and the method has likewise been verified to maintain fourth-order
convergence on the oscillaton background. Having established both the perturbation
equations and a reliable evolution framework, we are now in a position to address the
central question of this thesis: how do gravitational waves scatter off an oscillaton?

As described in Chap. 2, the oscillaton spacetime is not static, making both the
wave equation and the local propagation speed explicitly time dependent. Since
this time dependence is periodic with period 7' = 7/w, the perturbation evolves in a
dynamically modulated medium for which parametric amplification becomes a natural
possibility.

We begin with the simplest initial data, a Gaussian envelope, in order to build
intuition for the generic scattering phenomenology of perturbations on an oscillaton
background. We then turn to wavepacket initial data with controlled frequency
content, allowing us to probe more directly the conditions under which perturbations
can extract energy from the background through parametric resonant.

5.1 Gaussian initial data

We begin by analyzing the signal resulting from Gaussian initial data, as described
in Sec. 4.2.

This case corresponds to zero average momentum, wq = 0, and therefore provides
the simplest setting in which to establish the baseline scattering phenomenology of
gravitational perturbations on an oscillaton background.

In Fig. 5.1, we show the time-evolution of a wavepacket on the oscillaton spacetime.
As one can see, the signal clearly exhibits three distinct stages familiar from the black
hole case: a prompt response, followed by a ringdown-like phase, and finally a
power-law tail.

In the case of an oscillaton, the effective potential in the wave equation is ev-
erywhere strictly decreasing, 9,V (t,r) < 0, so there are no trapping regions. As a
consequence, one expects a full reflection of the wave content, which is consistent
with the observed signal.

The prompt responds in the signal is reminiscent of the prompt response we see in
the Minkowski and Schwarzschild backgrounds (see Sec. 4.3).

The intermediate stage can be interpreted as a ringdown-like response, even
though the oscillaton spacetime is explicitly time dependent and does not strictly admit
quasinormal modes. A natural point of comparison is provided by boson stars, which

29



30

10
02 f\) L
| == vy
=210 :2:5;250 et b \
T% 106 {J 10:2 { . | . \
l‘t‘; 0 50 o 50 100 150
= 0%
ot M ..... r _____ 'H' (l\ M i
| ! (\l ‘M“!“”‘NH‘ (e
02t f ‘ |\ m | ﬂ h' ‘ J “H ‘H H“
. “\ i H‘ l\ i HI' b
50 100 400 700 850 1000
(t— t[}f'uk H

Figure 5.1: The extracted signals at five extraction radii, ru = {50, 100, 150, 200, 250}, for an
oscillaton background with Gaussian initial data (¢p9 = 1, po = 0.2, ure = 20,
¢ = 2) (main). Same signals but zoomed in at the ringdown part, showing that
the signal only begins to change with respect to extraction radii, when reaching
the tail part of the signal (inset). The oscillaton configuration corresponds to the
maximum-mass solution, as discussed in Chap. 2.

arise as solutions of the Einstein-Klein-Gordon system with a complex scalar field. In
contrast to oscillatons, boson star spacetimes are static and spherically symmetric,
and therefore admit a well-defined quasinormal mode spectrum. This comparison
provides a useful order-of-magnitude check on the ringdown timescale, even though
the two configurations are not identical solutions. The relevant frequencies, computed
in Ref. [35] for configurations with mass and radius comparable to those of the
maximally compact oscillaton, are listed in Table 5.1.

Cn | Rlwm)p | =S(wem)p
9 0] 0.261 0.371

1| 0.455 0.375

0| 0.69 0.408
4 1| 0476 0.456

Table 5.1.: Gravitational quasinormal mode frequencies wy, for a boson star, with ¢ being
denoting the angular mode, and n the overtone number. The boson star con-
figuration has a mass M = 0.633/u, 99th-percentile radius R ~ 7.068/u, and
characteristic frequency w ~ 0.853 i, [35]. The ¢ = 4 mode frequencies are calcu-
lated by using a Mathematical notebook given directly by Caio Macedo.
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Looking at Fig. 5.1, the ringdown signal is most clearly visible for the ¢ = 4 mode.
The waveform exhibits the expected sequence of a prompt response, followed by a
damped oscillatory (ringdown-like) phase, and a late-time tail.

To extract quasi-normal mode (QNM) frequencies from the signal using the Matrix
Pencil Method (see App. A), a minimal number of oscillations is required in order
to reliably resolve the parameters of a damped sinusoid e~*! sin(wgt + ¢). In prac-
tice, signals shorter than roughly one to two cycles do not provide sufficient phase
information for a stable fit.

For ¢ = 4 (see Fig. 5.2), the ringdown phase is sufficiently well-resolved for
this procedure. Applying the Matrix Pencil Method and retaining only the leading
contributing modes, we extract two dominant frequencies,

wio ~ 0.918 — 1.094i , (5.1)
wy1 ~ —1.883i. (5.2)

To compare with Ref. [35], one must account for a difference in the normalization
of the time coordinate, which introduces a conversion factor of v/2, i.e. Wacedo =
Wour/V2. After this rescaling, the real part of the fundamental frequency agrees
with the boson star value to within 6.6%, while the imaginary part shows a larger
deviation. This is not unexpected: the two configurations have similar but not identical
masses and radii, the explicit time dependence of the oscillaton may further affect the
damping rate, and the ringdown phase contains only a few oscillations, which limits
the accuracy of the frequency extraction.

At late times, since the oscillaton spacetime is asymptotically Schwarzschild-like,
one expects power-law tails. The signal in Fig. 5.1 appears to consist of two such
components: a pure power-law decay and an oscillatory modulated power law. This
structure becomes evident when varying the extraction radius, as the relative weight of
the two components changes with r. In the absence of a precise theoretical prediction,
we model the signal with the ansatz

Aosc COS(k‘t + qbosc)
(t + 6osc)a

U(t) = + Agait (t + bait) 7 (5.3)
where U (t) denotes the time-domain signal. The zero-frequency component decays
faster than the oscillatory tail: at large extraction radii the signal is dominated by the
pure power law component for a longer stretch of time before the oscillatory tail takes
over, consistent with o > f.

5.1 Gaussian initial data

31



32

[W(t,r =150/ p)]

Figure 5.2: Extracted signals at ur = 50 for Gaussian initial data (9 = 1, po = 0.2,
pro =20) and ¢ = {2, 3,4} (solid), together with fits to the late-time oscillatory
tail (dashed). The oscillaton configuration corresponds to the maximum-mass
solution, as discussed in Chap. 2.

At late times, the signal is expected to be dominated by the oscillatory component
of the tail, which takes the form

U(t) ~t~* cos(wt + dosc) - (5.4)
To isolate the envelope of this oscillatory behaviour, we consider the regime ¢ >> 0 and

introduce a phase-shifted version of the signal,

Wenite (t) = ¥ (t - 22) ~ Y sin(wt 4 Pose) + O (5.5)

Combining the original and shifted signals then allows us to construct the complex

quantity
S(t) = W(t) + iWspir (t) (5.6)

whose magnitude approximately captures the tail envelope. Indeed, taking the

absolute value gives

|S(t)] ~ £l P | 4 Ot
=t 4Ot Y. (5.7)
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The decay exponent can therefore be extracted through a logarithmic derivative,
toIn|S(t)| = —a+O@1™). (5.8)

Applying this procedure to the numerical data, we find that the oscillatory tail
exponent remains close to « ~ 3.5 for all values of ¢ considered, as shown in Fig. 5.2.
Moreover, the extracted exponent appears to converge rapidly toward this value as ¢

increases.

5.2 Wavepacket initial data

While simple Gaussian initial data provides a useful baseline for studying pertur-
bation evolution on an oscillaton spacetime, it does not allow us to clearly distinguish
between broadband scattering and a response that is selective to the characteristic
oscillaton frequency. In particular, a Gaussian excites a wide range of frequencies
simultaneously, making it difficult to determine whether any observed enhancement
is associated with the background oscillation frequency of the spacetime.

To gain deeper insight, we therefore consider initial data with a finite central
frequency wq, as described in Sec. 4.2.2, which provides controlled spectral support
around a chosen driving frequency. The initial time derivative of the field is chosen
such that the wave packet is purely ingoing. In this way, we can precisely control the
amount of energy carried by the wave packet sent into the system and directly study
how it is transferred during scattering.

5.2.1 The energy of the system

To understand how gravitational perturbations interact with oscillatons, we track
the energy carried by gravitational waves propagating away from the system after the
scattering process.

The rescaled master function g, satisfies Eq.(3.39). We denote by Y, its complex
conjugate. Multiplying the equation by 0,x/,, and adding the complex conjugate of
the resulting expression yields a real relation that can be written in the form of a
local energy balance law [60]. This procedure is standard for wave equations and
effectively isolates a conserved energy density and an associated flux. One obtains

1 N
0= at;(ém (—8?)(&71 + 6r (CarXEm) - VX@m)
1 .
=—0 (atXEm\Q + 5|3rXem!2 + V\Xém|2>

877"87' m+8 marim o.C -
+ ar ( tX¢ Xt t X0 Xe ) + Ct,2 |8TXZm’2 _ 6tV|Xgm|2 . (59)

C

The first term defines a local energy density for the perturbation, while the radial
derivative term has the form of a total divergence and therefore represents an energy

5.2 Wavepacket initial data
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flux. The last two terms arise from the explicit time dependence of the background

geometry and describe energy exchange between the oscillaton and the perturbation.

To make this interpretation explicit, we integrate the divergence term over the
radial domain. By the fundamental theorem of calculus, a total radial derivative
contributes only boundary terms, so that

fé’% _ / o, (atXZmarXEm;‘ atXZmarX£m> dr
_ {a&XEmaTXEm + atXEmarXKm] "=

C (5.10)

r=0

Using XY +XY = 2Re(XY) and imposing regularity at the origin, y,(r = 0) = 0,
the contribution from r = 0 vanishes. The flux at infinity therefore reduces to

_ 2Re(8t>2€marXEm)

C (5.11)

00
‘/—:fm

T—00

The oscillaton background is asymptotically flat, approaching the Schwarzschild
metric as r — oo, where C' — 1 and g, — ¥l Assuming purely outgoing waves
at infinity, such that d;x¢,, = —0:xem, the flux simplifies to

Foo = 2|0wim™)? (5.12)

T—00

To match the conventions in Refs. [50, 61], we include a proper normalization factor.
The energy carried to infinity by axial gravitational perturbations is then given by

dEZ 1 (0+2)

dt — 128xw (5—2)!“‘%m
1 (£+2) ,
= & (=2 \aﬂz;a al (5.13)

r—00

For the purpose of this study it is not sufficient to only track the total energy flux at
infinity; we additionally decompose the flux into ingoing and outgoing components
using null coordinates, which allows us to quantify the relative energy carried into
and away from the system during scattering

dEZS (04 2)! 12
m _ , axia, , 5.1
dt 167 (0 — 2)! O iim (5.14)
T=Text
dE?xial,Out 1 (£+2)' 1
m i 5.15
dt 6m (¢ —2)! Outim ( )
T=Text
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The total energy passing through a large sphere of radius 7. up to a time ¢ is the
integral of these fluxes

L Ou dEaxlal JIn/Out
E/ou / ' Em (5.16)

Finally, we characterize the energy exchange during the scattering process by calculat-
ing the difference between the total outgoing and ingoing energy at the end of the
simulation

AEDY = EQU (tenq) — B (tend) - (5.17)

It follows that if AES" < 0, the perturbation has lost energy during the scattering
process, effectively transferring energy to the oscillaton; conversely, if AES™ > 0, the
perturbation has gained energy from the background.

5.3 Oscillatons as parametric drivers

To understand the resonance structure of the oscillaton spacetime, we treat the
wave equation as a Hill-type equation with operator coefficients. By expanding the
time-dependent coefficients of Eq. (3.39) into a Fourier series, we obtain

2+ LOx + Z cost (2wt) LF x =0, (5.18)
k=1

(0)

where L, (k)

is the static part of the radial operator and the £;"’ terms represent the
higher harmonics of the background oscillation. We project the solution onto an
eigenbasis {u,(r)} of the zeroth-order operator, defined by E&O)un(r) = —Q2u,(r),
where (2,, are the natural frequencies of each mode. Writing the full solution as
x(t,r) = >, qn(t)un(r) and projecting onto each eigenmode, we find a system of

coupled equations

02 qn + Vg + Z cos” 2wt)M7(,f)qm =0, (5.19)
k=1,m

where the mixing matrices are defined by the overlap integrals
= —/ dr(umLF uy) . (5.20)
0

By assuming the dynamics are dominated by the diagonal terms, the system reduces
to a set of independent parametric oscillators.

5.3 Oscillatons as parametric drivers
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Figure 5.3: An example of the energy change as calculated by Eq. 5.17 and normalized by
the total ongoing energy. The final energy change is shown as a dashed line. The
initial data is a Gaussian profile with ¢y = 0, o = 20, rou = 500 and wq = 0,
evolved on a maximum mass oscillaton configuration.

As a first illustration of the energy exchange between the perturbation and the
oscillaton, Fig. 5.3 shows the result of sending in a Gaussian with zero driving
frequency, wq = 0. Despite this, the outgoing energy exceeds the ingoing energy,
suggesting that the perturbation has gained energy from the background. At first
glance this appears to contradict the Mathieu equation analysis, which predicts no
resonance at zero frequency. The resolution lies in the frequency content of the initial
data: a spatially narrow Gaussian is broad in frequency space, with a spectral width of
order 1/02. The initial data therefore contains contributions spanning a wide range of
frequencies, some of which inevitably overlap with the resonance bands of the system.
The observed energy gain is thus a natural consequence of this broadband excitation
rather than a violation of the resonance condition.

5.3.1 Small mass configurations

We first consider low-compactness oscillatons, where the periodic modulation of
the spacetime is weak, in order to test whether the perturbation dynamics reduce to
the single-band resonance structure predicted by the Mathieu equation. In this limit,
the oscillaton oscillates with small amplitude, and the time-dependent components of
the metric are heavily suppressed relative to the static background. We may therefore
approximate |c;1| < |¢p| and |b1| < |bo|, such that the background is well described by
a nearly static spacetime with a small periodic modulation. This is precisely the regime
in which the Mathieu equation provides an accurate description of the perturbation
dynamics, and we therefore expect a single dominant primary resonance band.

Chapter 5 Linear Response of Oscillatons
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Figure 5.4: Energy change as a function of the driving frequency wq for a low-compactness
configuration (¢1(0) = 0.15, w =~ 0.932y), for four different angular modes
¢ ={2,3,4,5}. The peak near wq ~ w confirms the primary resonance predicted
by the Mathieu equation. The green dotted lines represent wy = {w, 2w}

The expansion (5.18) is dominated by the first harmonic (k¥ = 1), in which the
radial operators simplify to

£ =0, (~0.) - T, (5.21)
£M = g, <2(1)8r) + T, (5.22)

where V; and V; are the leading terms of the potential expansion. Retaining only
the diagonal terms of M#Ll%, the evolution of each mode reduces to a simple Mathieu

equation

2qn + [ + M) cos(2wt)]gn = 0, (5.23)

which predicts a primary resonance band centered at €2,, ~ w. The off-diagonal
terms Mr(nl% with m # n couple different modes together, and their neglect is the
key approximation of this analysis. For a low-compactness oscillaton, the coupling
between modes is weak and this diagonal approximation is well justified; for more

compact configurations, mode mixing may become important.

5.3 Oscillatons as parametric drivers
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The predicted resonance is confirmed in Fig. 5.4, where the energy change AF is
plotted as a function of the driving frequency wqy. The energy gain is sharply peaked
near wq &~ w, consistent with the primary resonance band of the Mathieu equation.

We also observe that the energy extraction becomes saturated beyond a certain
width of the initial wavepacket. In particular, the resonance peaks for initial data
with oy = 20 and op = 40 behave almost identically. This is physically reasonable,
since once the wavepacket width becomes comparable to the size of the oscillaton,
the system effectively probes the entire background rather than a localized region. In
this regime, further increasing the width does not lead to additional energy transfer,
and the response becomes insensitive to further broadening of the initial data.

Fig. 5.4 also reveals a systematic feature beyond the resonance region: as the
driving frequency is increased past the dominant resonance peak, the energy change
AF becomes persistently negative, indicating that the perturbation loses energy to
the background. While this could reflect a physical response to off-resonant driving,
it may equally well originate from numerical effects. We observe that this behaviour
appears with similar magnitude and scaling across all four ¢/ modes. Since the spatial
resolution is kept fixed across all simulations while only the initial conditions are
varied, the observed energy loss may be associated with finite-resolution effects, which
become more pronounced when the perturbation overlaps more strongly with the
potential near the origin. The onset of this behaviour occurs only beyond the first few
resonance peaks, with the precise location depending on the oscillaton background.

5.3.2 Maximum mass oscillaton

We next turn to the maximum-mass configuration, where the oscillaton dynam-
ics become strongly time dependent and higher harmonics of the background can
no longer be neglected. In this regime, the perturbation dynamics are no longer
dominated by a single harmonic, and the simple Mathieu-equation description of the
previous section is therefore expected to break down. A more accurate description
now requires retaining additional terms in the Fourier expansion of the Hill-type
equation. The radial derivative operators therefore take the more general form

k
££k) — (—1)’“‘1@ (CEETE;ZH@T> + V. (5.24)

Retaining terms up to the second harmonic and expanding the powers of the cosine,
the evolution equation for each diagonal mode becomes

1 1
OFan + i(M,(%) +202) + MY cos(2uwt) + §M7(‘31) cos(4wt)] an =0. (5.25)
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Figure 5.5: Energy change for the maximum mass configuration (¢;(r = 0) =~ 0.334, w =
0.862u). Two distinct peaks near integer multiples of the oscillaton frequency
demonstrate the role of higher-order harmonics in the background driving. The
figure shows four plots, one for each value of ¢ = {2,3,4,5}. The dotted green
lines represent wy = {w, 2w}.

Compared to the Mathieu equation of the previous section, two new effects appear.
The M\? term shifts the effective frequency of the primary resonance, while the
cos(4wt) term opens a secondary resonance band near wy; ~ 2w. Both effects are
visible in Fig. 5.5: the energy extraction now peaks at two distinct driving frequencies,
corresponding to the first two integer multiples of the oscillaton frequency, in contrast
to the single peak seen in the low-compactness case. We also see that the second peak
has shifted, just like Eq. (5.25) predicts.

As in the low-mass limit, we again observe that the energy exchange saturates once
the width of the initial wavepacket is increased beyond a certain point. Beyond this
threshold, further broadening does not lead to additional energy transfer, indicating
that the system has effectively reached a regime where it probes the full spatial extent
of the oscillaton.

While the low-mass configurations exhibited narrow, Mathieu-like resonance peaks,
the maximum-mass oscillaton shows a broader frequency window where AE > 0.
This indicates that in the strongly self-gravitating regime, the energy transfer becomes
less sensitive to precise frequency matching between wy and w. This behaviour
is consistent with the analysis in Sec.3.2, where Fig.3.1 shows that the resonance
bands broaden as the effective coupling strength ¢ increases. In the present system,

5.3 Oscillatons as parametric drivers
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increasing the oscillaton mass enhances the amplitude of the time-dependent metric
component, which in turn increases the coefficient Mé}? This provides a natural

explanation for the observed widening of the resonance structure.
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5.3.3 Energy gain at resonance

Having established the resonance structure for individual oscillaton configurations,
we now ask how the energy exchange depends on the oscillaton configuration itself.
Since the maximum energy transfer occurs at the primary resonance wy ~ w, we
fix the driving frequency accordingly and vary the central scalar field value ¢;(r =
0), sweeping across the full range of oscillaton configurations from low to high

compactness.
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Figure 5.6: The energy is shown as a function of the oscillaton configuration, parameterized
by the central scalar field value, as described in Chapter 2, for the ¢ = 2 case.
We study how the energy change depends on the oscillaton configuration for
three different initial wavepacket widths, ou = 5, 20, 40. The driving frequency
is chosen as wq = w[¢1(r = 0)], corresponding to the oscillaton configuration in
each simulation. Consequently, when the oscillaton configuration is varied, the
driving frequency changes accordingly.

Figure 5.6 shows that the energy gain generally increases with the central scalar
field value, reaching a maximum at approximately ¢;(r = 0) ~ 0.45. Interestingly, this
peak occurs at a higher central density than that of the maximum mass configuration.
This is consistent with the Mathieu equation picture developed in the previous subsec-
tions: the resonance strength is controlled by the coupling coefficients MT(L%), which are
set by the amplitude of the oscillatory components of the metric rather than its static
part. As the configuration becomes more compact, these oscillatory components grow,
enhancing the parametric driving even as the total mass begins to decrease along the
high-density branch. The energy gain therefore tracks the oscillatory amplitude of
the background rather than its mass, which is a direct consequence of the parametric

nature of the interaction.

5.3 Oscillatons as parametric drivers
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5.4 Summary of results and discussion

These results demonstrate that oscillatons act as parametric drivers, where the
energy exchange between the background and the perturbation is governed by the
compactness of the configuration and the angular mode ¢. For low-compactness
configurations, the energy gain is sharply peaked at a single driving frequency wq ~ w,
consistent with the primary resonance band expected from a simple Mathieu equation
analysis. As we move toward maximum mass configurations, this simple structure
breaks down and two distinct resonance peaks emerge, corresponding to the first
two integer multiples of the oscillaton frequency. This dual-peak structure becomes
increasingly pronounced for higher multipole modes; for ¢/ = 3 and ¢ = 4, the second
peak becomes comparable in magnitude to the first. Even a wavepacket with zero
driving frequency is found to gain energy from the background, a consequence of its
broad spectral content in frequency space overlapping with the resonance bands of
the system.

The strength of the resonance is primarily controlled by the amplitude of the
oscillatory components of the metric, rather than the total mass of the oscillaton.
The energy gain increases with the central scalar field value ¢;(r = 0), reaching a
maximum beyond the maximum mass configuration on the high-compactness branch,
where the metric oscillations are most pronounced.

The heightened sensitivity of higher ¢ modes to the background dynamics is also
manifest in the time-domain signals from Gaussian initial data. For larger ¢, the
oscillatory part of the late-time tail carries a significantly larger relative amplitude,
suggesting that large £ modes are more sensitive to the oscillatory part of the oscillaton.

While the initial ringdown phase is largely determined by the average potential,
the late-time behavior and the energy extraction efficiency are dominated by the
explicit time-dependence of the spacetime.

We note several limitations of the present analysis. The mode-coupling structure
was analyzed by only taking the diagonal components of the mode-coupling matrix,
neglecting off-diagonal mixing between different radial eigenmodes. This was used as
a qualitative framework to interpret the observed resonance peaks rather than to derive
quantitative predictions. For low-compactness configurations this approximation is
well justified, but for more compact backgrounds mode mixing may become significant
and could modify the resonance structure quantitatively.

Chapter 5 Linear Response of Oscillatons



Conclusions and Outlook

In this thesis, we have investigated how axial gravitational perturbations interact with
oscillatons in the time domain, with particular focus on the role played by the explicit
time-dependence of the oscillaton background. By numerically evolving the axial
perturbation equation on the oscillaton backgrounds, we have shown that the periodic
nature of the spacetime acts as a parametric driver, enabling resonant energy exchange
between gravitational perturbations and these oscillatons. Resonant amplification
occurs when the frequency of the perturbation is tuned to integer multiples of the
fundamental oscillaton frequency, and the structure of these resonance peaks can be
understood through the Mathieu-like analysis, which provides a natural explanation
for understanding both their location and multiplicity. We have further shown that
this effect strengthens as the central scalar-field amplitude is increased, reflecting the
growing influence of the time-dependent background as the oscillaton becomes more
massive and compact.

These findings have potential observational significance. A single gravitational-
wave signal interacting with an oscillaton-like structure would likely be difficult to
distinguish from other astrophysical effects. However, if oscillaton-like structures
were to form in abundance, their cumulative effect on the stochastic gravitational-
wave background could, in principle, produce a detectable and frequency-dependent
imprint. Crucially, the location of the resonance peaks is set by the characteristic
oscillaton frequency, which is itself controlled by the scalar-field mass. Any such
spectral feature would therefore carry direct information about the underlying field
parameters. A quantitative assessment of detectability, and of potential degeneracies
with other astrophysical effects, lies beyond the scope of this work, but represents a
natural and compelling direction for future investigation.

Looking ahead, there are a number of directions worth exploring. The present
analysis is restricted to axial gravitational perturbations, which decouple from the
scalar-field sector at linear order. Including the polar sector would introduce direct
coupling between metric and scalar degrees of freedom, and is expected to yield a
richer resonance structure. On the observational side, a full treatment of the stochastic
gravitational-wave background propagating through a distribution of oscillatons would
be the most direct path toward assessing whether such effects are detectable. It would
also be interesting to model gravitational-wave generation through a localised source,
such as a compact object moving through the oscillaton background, which would
connect the resonance physics identified here to concrete waveform generation and
more direct observational scenarios. Finally, if oscillaton-like structures were to form
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on sufficiently large scales, they could in principle also act as gravitational lenses
for passing gravitational waves, offering yet another observational handle on the
properties of ultralight scalar-field dark matter.Finally, oscillatons have been proposed
as models for dark matter halos, which raises the question of how gravitational waves
are lensed by such structures. Since lensing is sensitive to the mass distribution of the
lens, and the oscillaton’s characteristic scale is set by the scalar-field mass, this could
offer yet another observational handle on the properties of ultralight scalar-field dark
matter.

Chapter 6 Conclusions and Outlook
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Matrix Pencil Method

The Matrix Pencil method, as described in Ref. [56], begins by assuming that the data
can be modeled as a superposition of A/ damped harmonic modes, namely

M
Yn = Zcizl-", with 2 = 5Bt (A.D
i=1

Here, the complex parameters s; encode the oscillation frequencies and damping
rates of the individual modes. The purpose of the matrix pencil algorithm is then to
estimate the corresponding exponential parameters z;, or equivalently the poles s;,
directly from the sampled data. Given a dataset F' = [fy, f1, ..., fn], we first construct
the Hankel matrix

fo i - fL
Yo = f} & . (A2)
IN—L-1 A

We then define the time-shifted Hankel matrix

i foo foa
Yi = JfQ f?’_ . (A3)
fN-1L o N

Both are L x (N — L — 1) matrices. The exponential parameters z; are then obtained
by solving the generalized eigenvalue problem

YiUi — zinUz‘ =0. (A4)

To understand why this procedure recovers the poles of the signal, let us consider the
special choice L = %, for which the Hankel matrices become square. In this case,
Y, admits the factorization

Yo =vVevT, (A.5)



where C'is a diagonal matrix containing the coefficients ¢;, and V is the Vandermonde

matrix
1 1 1
Z1 Z9 ZM
V= . . . . (A.6)
Not N
2 2 200

Similarly, the shifted Hankel matrix can be written as
Yo =VCzZVT, Z = diag(z1, %2, . .., 201).- (A.7)
The eigenvalue problem may then be rewritten as

0= det(Yy — AYp) = det (VCZVT = avCVT)
= det (VC(Z - AD)VT)
= det(VC) det(Z — AI)det (V7). (A.8)

Provided that det(V C) # 0 and det(VT) # 0, this reduces to
det(Z —N\I) =0, (A.9)

which implies that the eigenvalues satisfy A = z;. The poles of the signal are therefore
recovered directly from the generalized eigenvalue problem.

When L is chosen such that the Hankel matrices are rectangular rather than
square, the problem is instead solved using a pseudo-inverse, leading to a generalized
eigenvalue problem

}/E)+Y1Ui = Z;V; , (A.lO)

where v; are some eigenvectors to the square matrix Y;"Y;, and the superscript +
represents the Moor-Penrose pseudo-inverse [62].
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