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ABSTRACT

Black hole spectroscopy is a vibrant field of research that uses the quasinormal mode
spectrum to infer properties of black hole spacetimes, providing a powerful probe of gravity
in the strong field regime, where deviations from general relativity may become observable.
Despite its importance and significant development in recent years, the mechanism by which
quasinormal modes are excited remains elusive and poorly understood, particularly in relation
to light ring physics. In this thesis, we investigate how the properties of a perturbation
determine the amplitude of the excited quasinormal modes, and whether the excitation
process can be regarded as localized in spacetime, thus quantifying how the properties of the
perturbations translate to quasinormal mode excitation. To address these questions, we analyse
a series of simplified scenarios on a non-rotating background that serve as controlled probes of
mode excitation.

We first consider the homogeneous perturbation equation and study how quasinormal
mode excitation depends on the different parameters characterizing the initial conditions,
which we take to be Gaussian. We find that wider initial data suppress quasinormal mode
excitation, suggesting that adiabatic perturbations enhance the late-time tail over ringdown.
We also examine the dependence on the location of the initial perturbation and find that
overtone amplitudes are strongly suppressed relative to the fundamental mode when the
initial perturbation is placed in the neighbourhood of the light ring. This result indicates that
the observation of overtones in a ringdown signal cannot arise from perturbations confined
exclusively to the light ring region.

We then study the source-driven problem, considering a scalar perturbation sourced by a
radially infalling point particle with tunable velocity. Depending on the velocity of the particle,
two distinct ringdown windows can be observed: the first one associated with the scattered
radiation sourced by the motion of the particle and the second triggered by the particle itself
crossing the light ring, each with a different mode content. Finally, we study the effect of
the source on the signals. We find that switching off the source after it crosses the peak of
the potential barrier produces only minor changes in the signal, indicating that the radiation
generated inside the light ring region contributes negligibly to observers at infinity; this also

has practical implications for computationally expensive simulations.
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INTRODUCTION

From the earliest attempts to understand and quantify the motion of stars to the modern
detection of gravitational (GWs), our understanding of the universe has always been driven
by a persistent curiosity about phenomena that lie beyond direct experience. In this pursuit,
theoretical constructs are only as meaningful as the signatures they imprint on observable
quantities. Black holes (BHs), once regarded as only mathematical curiosities of General
Relativity and lying far away from reality, have now entered the realm of observation through
their dynamical interactions and in particular the radiation they emit. These signals serve as
probes of the underlying spacetime geometry and of the theoretical framework from which
they arise.

Throughout history, the nature of gravity has undergone a conceptual evolution, reflecting
increasingly refined attempts to describe motion in the universe. Early philosophers, such
as Aristotle, interpreted motion as a consequence of the object’s intrinsic nature, with no
notion of gravity as a universal interaction. This conception was gradually replaced during the
scientific revolution, most notably through the work of Galileo Galilei, who established both a
mathematical and experimental framework for the study of motion, revealing that bodies fall
in the same way independently of their mass.

A change of paradigm occurred in the 17th century with Isaac Newton and the publication
of Philosophiee Naturalis Principia Mathematica [1], in which he presented his three laws of
motion as well his law of universal gravitation. In this description, gravity is formulated as
a universal force acting between masses according to a precise mathematical law. Despite
its remarkable success, Newtonian gravity ultimately proved incomplete, as evidenced by
phenomena such as the anomalous precession of Mercury’s orbit. This limitation was resolved
in 1915, when Albert Einstein introduced the General Theory of Relativity (GR) [2], revolutionizing
our understanding of gravity. GR is a geometric, non-linear theory, in which gravity is
interpreted as a manifestation of the spacetime curvature rather than as a force. In this

framework, spacetime itself becomes a dynamical entity, whose geometry is determined by



INTRODUCTION

the distribution of matter and energy through the Einstein field equations. These equations
establish a direct relation between the curvature of spacetime and its matter and energy content,
encoded into the energy-momentum tensor. This interplay is perfectly captured by the famous
quote by John Archibald Wheeler: “Spacetime tells matter how to move; matter tells spacetime how
to curve.” [3] The motion of bodies then follows from this curvature. One of the most striking
predictions of this theory is the existence of BHs, extreme manifestations of gravity. BHs are
regions of spacetime in which the curvature becomes so extreme that it fundamentally alters
the causal structure of spacetime, to the extent that not even light can escape from them.

Despite the complexity of the theory from which they arise, BHs are remarkably simple,
since their properties are fully determined by only three parameters: the mass, spin, and
charge. This simplicity is formalized by the no-hair theorem, which states that all stationary,
asymptotically flat BH solutions to the four-dimensional Einstein-Maxwell equations are
completely characterized by these three quantities [4—9]. In this context, all such solutions can
be viewed as belonging to a single three-parameter family, whose most general member is the
Kerr-Newman geometry, which describes the most general and asymptotically flat BH with
both spin and charge [10]. The remaining solutions can be seen as arising from particular limits
of this geometry. Historically, however, these solutions were derived in a more incremental
way. The Schwarzschild solution, which is the only spherically symmetric solution to the
vacuum Einstein equations, describes a non-rotating, uncharged BH [11], and corresponds
to the vanishing spin and charge limit. The Kerr solution generalizes this result to include
rotation [12], and is recovered from the Kerr-Newman family by setting the charge to zero.
The Reissner-Nordstrom solution, which is the only spherically symmetric and asymptotically
flat solution of the Einstein-Maxwell equations, accounts for electric charge [13, 14], and
corresponds to the vanishing spin limit. The Kerr-Newman solution was the last one obtained,
completing the family as the most general stationary BH solution in the Einstein-Maxwell
theory. Astrophysical BHs, however, are expected to be effectively neutral, since any significant
charge would rapidly attract surrounding plasma and opposite charges from the environment,
leading to efficient neutralization. As a result, charge is not generally expected to play an
important role in realistic astrophysical scenarios, and rotating BHs are typically described by
the Kerr geometry.

In GR, GWs are generated by a wide variety of dynamical processes involving non-spherically
symmetric mass-energy configurations, as they are sourced at leading order by time-variations
of the system’s quadurpole moment [15, 16]. Astrophysical sources include compact binary

coalescences of neutron stars and BHs [17, 18], core-collapse supernovae [19], rapidly rotating
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Figure 1.1: Illustration of the inspiral, merger, and ringdown phases in the evolution of a compact
binary.

neutron stars [20], and, potentially, stochastic backgrounds of cosmological origin, e.g. from
phase transitions [21]. Within this broader context, dynamical processes involving BHs, such
as binary inspirals and mergers, constitute some of the most powerful and clean sources,
generating disturbances in the spacetime geometry that propagate through the cosmos as
gravitational radiation. Mathematically, GWs arise from considering perturbations on a given
spacetime, and they provide an essential tool to study the dynamics of spacetime. Although
this phenomenon was predicted as a direct consequence of GR, their direct detection remained
elusive for nearly a century, until September 2015, when the first detection finally took place
by the LIGO and Virgo collaborations [18, 22]. Since then, hundreds of such events have
been observed, providing a wealth of information about BHs and their properties through
the analysis of the detected waveforms. We have learned that GWs propagate at the speed of
light [23], that intermediate-mass BHs exist and can form through GW-driven mergers [24],
and that GR remains remarkably accurate in the strong-field and highly dynamical regime [25-
28]. Looking ahead, the next generation of gravitational wave detectors, including the Laser
Interferometer Space Antenna (LISA) [29], Einstein Telescope (ET) [30], and Cosmic Explorer
(CE) [31], is expected to significantly enhance the sensitivity and frequency coverage of such
observations. These instruments will enable the detection of a much larger number of events
with higher signal-to-noise ratios, opening the door to a new era of precision GW astronomy.

The coalescence process of two BHs can be roughly divided into three stages, according to
their orbital separation, as illustrated in Figure 1.1. In the initial inspiral phase, the BHs orbit
each other while emitting energy in the form of GWs, gradually decreasing their separation.
As they approach one another, they eventually become sufficiently close to form a common
horizon, marking the onset of the merger phase. Following the merger, the newly formed

BH undergoes a transient phase of damped oscillations as it settles into equilibrium, in close
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analogy with the ringing of a struck bell. This stage, known as the ringdown, is the focus of BH
spectroscopy [32, 33]. This portion of the GW has now been directly observed in high signal-
to-noise events, most notably GW250114, one of the loudest GW detections to date [25, 34].
By analysing the information encoded in this phase, it is possible to infer properties of the
remnant BH, such as its mass and spin, and to test GR in a regime that is otherwise inaccessible.
As detector sensitivities continue to improve, ringdown signals are becoming increasingly
relevant for both parameter estimation and fundamental physics [35-37]. Moreover, with the
next generation of GW detectors it will be possible to probe the ringdown phase in greater
detail, allowing to test the predictions of GR with unprecedented precision in the strong-field
regime [38, 39].

BH spectroscopy has emerged as one of the most active and rapidly developing areas within
gravitational physics in recent years. From a theoretical standpoint, the ringdown phase can be
described with remarkable accuracy using linear BH perturbation theory, in which the signal
is modelled as a superposition of exponentially damped sinusoids known as quasinormal
modes (QNMs) [32, 33, 40—43]. These modes are characterized by complex frequencies that
depend solely on the BH parameters. Conceptually, this description is analogous to the
sound produced by a vibrating string: the resulting motion can be decomposed into a set of
characteristic tones, or modes, each with a well-defined frequency [43]. In the case of BHs,
there exists, in principle, an infinite tower of such modes. The longest-lived contribution, which
typically dominates the signal, is referred to as the fundamental mode, while the more rapidly
decaying contributions are known as overtones, resembling music. The QNM spectrum has
been computed with remarkable precision over the past decades [42], with ongoing efforts
aimed at achieving even higher accuracy. It has also been determined with high precision in a
variety of beyond-GR theories [33]. In the absence of fully generic inspiral-merger-ringdown
models in such frameworks, QNMs currently provide one of the most powerful probes of
deviations from GR. However, despite this progress, significantly less is understood about the
mechanisms by which these modes are excited in realistic dynamical scenarios. In particular,
the determination of their amplitudes and relative excitation remains a central open problem
in BH spectroscopy [44—49]. Addressing this issue is crucial for the interpretation of observed
signals, for the construction of accurate and reliable waveform models, and ultimately for
robust tests of GR [50].

This thesis aims to contribute to the understanding of the mechanisms governing the
excitation of QNMs and its dependence on the properties of the perturbation. In particular,

we address three central questions: under what conditions QNMs are excited, which features
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of the perturbation control their amplitudes, and to what extent the process can be regarded
as localized in spacetime. To this end, we analyse a series of simplified setups that serve
as controlled probes of excitation. First, we investigate the dependence of QNM excitation
on the choice of initial data for the perturbation equations. We then extend this analysis by
introducing an explicit source, examining how this term modifies the excitation mechanism
and gives rise to new features. Although the scenarios considered are intentionally idealized
and simplified, they isolate the key ingredients of the problem and provide intuition that can

be carried over to more realistic dynamical scenarios.

OUTLINE OF THE THESIS  The thesis is organised as follows. We introduce the theoretical
framework needed for our work in Section 2. We begin by reviewing the basic concepts of
BH perturbation theory, and we derive the equation ruling gravitational perturbations on a
Schwarzschild background. We also explain the approximation of the ringdown signal as a
sum of QNMs, and their relation to light ring physics. In Section 3 we present the numerical
methods used to solve the perturbation equations, and the convergence test performed to test
the robustness of our algorithm. Moreover we introduce the Matrix Pencil Method, which we
use to extract the QNM amplitudes from fits to the numerical solutions. Next, in Section 4,
we consider the homogeneous perturbation equation and study the structure of the numerical
solutions. We also study the mode content of such signals. In particular, we investigate how
the mode excitation depends on the fitting window chosen to extract the amplitudes, as well as
how it changes when varying the parameters characterizing the initial data we use to solve the
perturbation equation. In Section 5 we consider the excitation produced by a radially infalling
particle. Rather than solving the full gravitational perturbation problem, we adopt a simplified
model in which a scalar field is sourced by a point-particle moving along a non-geodesic
trajectory. We analyse the resulting numerical solutions and their dependence on the particle’s
velocity, and we investigate how the presence of the source influences both the signal and its
QNM content. Finally, in Section 6, we summarise our main results and their implications,

concluding with a brief outlook on possible future directions.

NOTATION AND CONVENTIONS.  Throughout this thesis, we use the metric signature
(—,+,+,+) and geometrized units, c = G = 1. We denothe the covariant derivative associated
with the metric by V, and the partial derivative by d, = d/dx". We use Greek letters
#,v,...=0,1,2,3 to denote spacetime indices. We use the shorthand }_,,, = Y7, an:% when

summing over harmonics.
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FRAMEWORK

In this section, we introduce the theoretical framework underlying this thesis. We begin with
a review of the foundations of BH perturbation theory in Section 2.1. We then present the
description of the ringdown phase and its characterization in terms of QNMs in Section 2.2.
Finally, we explore the connection between the QNMs and the properties of the light ring in

Section 2.3.

2.1 BLACK HOLE PERTURBATION THEORY

BH perturbation theory is the framework used to study how a BH spacetime reacts to a small
disturbance. Instead of solving the Einstein equations exactly, BH perturbation theory treats
the deviations from a known BH solution as small perturbations and analyses their evolution.
This framework emerged in the late 1950s from efforts to assess BH stability. Regge and
Wheeler (1957) analysed perturbations of the Schwarzschild metric, introducing an odd-parity
decomposition and a Schrodinger-like master equation, recasting the problem as linear wave
scattering [51]. Zerilli (1970) completed the treatment with even-parity modes [52], while
Vishveshwara identified QNMs, establishing BHs as resonant systems [53]. The extension to
rotating BHs was achieved by Teukolsky, whose master equation unifies the treatment of scalar,
electromagnetic, and gravitational perturbations [54]. Subsequent refinements by Detweiler
(QNM spectra, radiation reaction) and the synthesis by Chandrasekhar (axial-polar relations

and symmetries) consolidated the formalism [40, 55].

We now study linear perturbations of the Schwarzschild metric and derive the equation
governing their dynamics. Let us begin by considering a perturbation on a Schwarzschild
background,

guv(xX) = Guv(x) +ehyy(x),  e] <1, (2.1)
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where h,, is the perturbation of the metric and g, is the Schwarzschild metric, which can be

written in Schwarzschild coordinates as

§?2 = —fdt* + fldr* +12dQ3, f=f(r)=1- ¥ (2.2)

where M is the mass of the BH and dQ3 = d6? + sin? 8d¢? is the metric of the 2-sphere. We can
see that the spacetime is static, spherically symmetric and asymptotically flat. Schwarzschild
coordinates are also known as the area-gauge, since the r-coordinate parametrises the area of
spheres with constant r. The perturbations %, are assumed to be small enough compared to
§uv that linear perturbation theory is adequate [51, 56].

Given that the Schwarzschild metric is invariant under the parity transformation (6, ) —
(1t — 6, T+ ¢), polar and axial perturbations do not mix when linearising. Under this transfor-

mation, spherical harmonics transform as

Yim(m—0,t+¢) = (= ) Yo (6, ). (2.3)

Accordingly, the polar and axial components of a tensor K transform respectively as
Kpol N (_1)£Kpol, G (_1)€+1Kaxl (24)

so that the polar component shares the same parity as the spherical harmonics, whereas the
axial component acquires an extra minus sign relative to the spherical harmonics. Therefore,
it is natural to decompose the perturbation into a polar (or even) and an axial (or odd)

contribution,

I (x) = B () + B3 (x). (2.5)

Each contribution can be decomposed in terms of tensor spherical harmonics [57], which are

solutions to the Laplace equation on the 2-sphere and constitute a complete basis, as [58]

WS (,r,0,0) = Y Y hi (6,7) (€,)0 (6, 8), (2.6)

a {m

where the label a runs over the indices of the tensor harmonics, (¢,m) are the multipole and
azimuthal numbers respectively, and (], ), are the tensor spherical harmonics in spherical
coordinates. In addition, we can perform the same decomposition for the energy-momentum
tensor,

Ty (x) = Ty (x) + T2 (x), (2.7)
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where the explicit expression for each contribution in terms of the tensor harmonics can be
found in Ref. [59].

When considering Einstein equations GW = 87Ty, one can expand the Einstein tensor to
linear order in hyy,

G;w = G;w + AG;W: (28)

and given that the Schwarzschild metric is a solution to Einstein vacuum equations, i.e. it

satisfies G, = 0, the perturbations are governed by
AGyy = 87AT,, (2.9)

where ATyy is the energy-momentum tensor sourcing the perturbations. There is a particular
choice of gauge, first introduced by Regge and Wheeler [51], that allows us to obtain a
simplified form for the equations that we want to work with. The RW gauge completely fixes
the gauge for / = 2, i.e. there is no remaining gauge freedom. With this gauge choice, the
highest derivatives in the angles 6, ¢ are removed. In this work, we focus on the axial sector,

which takes the following form in the Regge-Wheeler gauge [60]

00 —hé?n) (t,7) csc00y Yy hgﬁ (t,7) sin 6y Yyy,
0 0 —hM(tr)cschdpYem hY(t7)sin6dyY,
B (67,0, ) = o P T | @
* ok 0 0
* ok 0 0

where * stands for the symmetric elements. The equations for axial perturbations, obtained

from the components (uv) = (t¢), (r¢) and (6¢) of equation (2.9), are [59]

0) 2 a 1 [2df L({+1)], 0 16w
afhgm — <67 + r) dthy,, + 7 [rdr i hy, = Tsf,;, (2.11)
) — <ar - f) ) + f“”jg“%g}g — —167 fsbl, (2.12)
1
?athgjj 0, [ fuly)] = —167sE2. (2.13)

Note that the first two equations hold for ¢ > 1 while the last one is valid for ¢ > 2. The
lower multipoles ¢ = 0,1 require a separate treatment [60]. Since vector spherical harmonics
exist only for ¢/ > 1, and rank-two tensor spherical harmonics only for ¢ > 2, some of the

perturbations in the expansion (2.6) vanish for £ = 0,1, and therefore the equations for these
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perturbations should be derived separately [60]. As shown in Appendix G of Reference [58],
these low multipoles admit a simple physical interpretation. In the polar sector, the monopole
mode ¢ = 0 describes a perturbation of the BH mass, whereas the dipole mode ¢/ = 1 is pure
gauge and corresponds to a displacement of the centre of momentum. In the axial sector, the
monopole perturbation vanishes identically, while the dipole mode ¢ = 1 correspond to a
perturbation of the angular momentum of the system, i.e. to the linearized Kerr solution.

As discussed in [59], the gauge invariance implies that these three equations are not indepen-

dent. It can be shown that, in vacuum, equations (2.12) and (2.13) imply equation (2.11), up to
(0)

the addition of a time-dependent function to h,,,,

which can be fixed by imposing that the BH
is unperturbed at t — —oco. In the presence of a source, the consistency of the three equations

is ensured by the covariant conservation of the energy momentum tensor V,T* = 0, with
(0)

om from

respect to the background metric. Then, using equation (2.13) one can eliminate doh
(1)

equation (2.12), obtaining an equation for h,,

. Defining the Regge-Wheeler master function

von(t,r) = 7 (1= 20) W), (219)

for ¢ > 2, we get the Regge-Wheeler (RW) equation [51],

02 02 RW ~
o2 o2 Yom — Vi (1) Pem = St (2.15)
where
2MN [4(L+1) 6M
W _
VER (r) = <1 - r) [ 2 r3] (2.16)

is the Regge-Wheeler potential, and the source term is

st = 1670 { st (e + (3= 3) [tz ]}, .17)

with s§, (t,7) being the coefficients of the expansion of the energy-momentum tensor in tensor
harmonics [59]. Note that x appearing in (2.15) is the tortoise coordinate, defined as

f(r)dr =dx — x =r+2Mlog (25,\/1 — 1>. (2.18)

This coordinate ranges from x € (—o0,00), with x — —co corresponding to approaching the
horizon, and x ~ r far from the horizon.
When considering the polar perturbations, a similar procedure can be followed, obtaining the

so-called Zerilli equation [52]. Although the corresponding wave equations involve different
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effective potentials, they produce the same set of characteristic frequencies (the quasinormal
mode spectrum, to be discussed in the next subsection). In this sense, axial and polar pertur-
bations are isospectral, meaning that they share an identical spectrum and therefore exhibit
equivalent dynamical responses at the level of linear perturbations [55].

In the following sections, we drop the subindices (¢, m) in the Regge-Wheeler function to

ease the notation.

2.2 RINGDOWN AND BLACK HOLE QUASINORMAL MODES

The evolution of perturbations on a Schwarzschild geometry are governed by the RW
and Zerilli equations. The homogeneous solutions to these equations exhibit a characteristic
temporal structure: an initial transient, which depends on the details of the perturbation,
followed by an intermediate stage dominated by a superposition of exponentially damped
oscillations, and finally a late-time power-law tail. A more detailed discussion of these regimes
is presented in Section 4.2. In this Section, we focus on the intermediate stage, referred to as
the ringdown, which describes how the BH relaxes to its final state after it has been perturbed.

The ringdown phase admits a precise mathematical characterisation in terms of the BH
QNMs, which are solutions of the homogeneous perturbation equation that satisfy specific
boundary conditions: purely ingoing waves at the event horizon and purely outgoing waves at
spatial infinity [59]. These boundary conditions encode the loss of energy to the event horizon
and to infinity, and are responsible for the dissipative character of the ringdown signal.

Starting from the time-domain homogeneous RW equation,

2?2 9 RW
(83{2 — 8t2> P(t,x) =V, (n)y(t,x) =0, (2.19)
we can perform a Laplace transform, with parameter s = —iw, of the RW master function
P(t, x) as
P(w, x) :/ dt e“'y(t, x), (2.20)
0

where the lower limit ¢ = 0 reflects the specification of initial data on a Cauchy surface. Note
that this expression is analogous to a one-sided Fourier transform. Using this transformation,

the homogeneous equation (2.19) becomes

,  (2.21)

aax22 +w? = VRV () | §(w, %) = Z(w,x), L(w,x) = |iwy(t,x) - awth)]
t=0

10
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where the source term Z(x) depends on the initial conditions at t = 0. Let §.(x) and g (x) be
two linearly independent solution to the homogeneous version of (2.21). These solutions are
defined by imposing the previously mentioned boundary conditions. In particular, ;. behaves
as a purely ingoing wave at the horizon, whereas g corresponds to a purely outgoing wave at

infinity, namely

1/3 (x) e iwx for x — —oo, ( )
(x) = ‘ ' 2.22
Ajpe 9% 4 A e for x — oo,
. Al e7wx 1 Al €% for x — —oo,
Pr(x) = m ‘ (2.23)
elwx for x — +oo.

The solution of the inhomogeneous equation (2.21) can be written in terms of a frequency

domain Green’s function G(w, x, ), defined by

[aaxzz + w? — VéRw(r)} Glw,x, %) =8(x — %), (2.24)

so that the solution to (2.21) is formally given by

P(w,x) = /_o:o iz G(w,x,%)I(w,%). (2.25)

In terms of the homogeneous solutions introduced in (2.22) and (2.23), the Green’s function

takes the form [59]

Glw,x,%) = o [0(x — £)fu(w, ), %) + 0% — ) (w, (@, D], (2:26)

where 6(x) is the Heaviside step function, and
W(w) = Pr(w, x) 9xPr(w, x) — Pr(w, x) 3xPL(w, x) = 2iw Ain (2.27)

is the Wronskian of ¢; and ¢g, which is a constant value depending only on w. Combining

equations (2.25) and (2.26), we can write the solution for {(w, x) as

P(w,x) = Pr(w,x) /:o dx’ lpL(w';\C;()i)(w' x) + P (w, x) /xoo dx’ 1[3R(w}/a\c/’()j)(w, xl). (2.28)

The time-domain solution (¢, x) can be computed by inverting the Laplace transform in

(2.20), so that the time-domain solution is

P(t,x) = 217T/cdw e (w, x), (2.29)
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2.2 RINGDOWN AND BLACK HOLE QUASINORMAL MODES
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Figure 2.1: Contour integration in the complex frequency plane for the Green'’s function at sufficiently
late times. The black dots represent the simple poles corresponding to the linear QNM
frequencies. The branch cut is marked with a grey line.

with C a contour in the complex w—plane. The most common choice for C at sufficiently late
times is the integration contour shown in Figure 2.1. It consists of three different parts: a
piece above the real axis (purple dashed line), a semicircle (pink dashed line), and a piece
surrounding the branch cut and the pole at w = 0 (orange dotted line). Consequently, the

resulting time-domain Green’s function can be divided into three separate contributions [43]
G(t,x,x) = Gp(t,x, %) + Gg(t, x, %) + Gg(t, x, %). (2.30)

where Gr is the contribution coming from the two quarter circles at infinity and the neighbour-
hood of the branch cut, Go comes from the poles inside the contour, and Gg comes from the
branch cut. These contributions are known as the flat, QNM, and branch cut contributions,
respectively. This structure is further discussed in Section 4.2.

The QNM frequencies correspond to the poles of the Green'’s function (2.26) or, equivalently,
to the values of w for which the Wronskian vanishes, W(w) = 0. These frequencies are
complex-valued, w € C, and the imaginary part of the frequency describes the dissipation of
the system. Using Cauchy’s residue theorem and considering the pole contribution to Go we

can write the ringdown signal as a superposition of damped oscillations [33, 43]

lPQ(t’ xl’) = 2 Ane_iwn(t_tpeak) (2.31)

where x, is the extraction radius, A, € C is the amplitude of n—th mode, w, € C is the
frequency of the mode 7, and #pcax is some reference time, which we choose to be the peak of

the signal. Both the amplitude and the frequency are complex, and depend on the azimuthal
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2.3 THE LIGHT RING

numbers of the perturbation ¢, m. The longest lived mode, identified by having the smallest
imaginary part of its frequency, is called the fundamental mode. The remaining modes, ordered

by increasing damping rate, are called the overtones and are labelled by the subindex .

The QNM frequencies can be computed numerically as the poles of the Green’s function.

The corresponding QNM amplitudes can be written as [45]

A, =B dx’' .
n n e Aout s (2 32)
where )
Aout dAm a
Bu= =" ( dw) (2.33)
W=wy

are the quasinormal mode excitation factors (QNEFs). While the QNEFs depend only on the
background geometry, equation (2.32) shows that the amplitudes also depend on the initial
perturbation Z(w, x). Therefore, the amplitudes can be predicted only when the source of the
perturbation is known. In realistic observational scenarios, however, the initial perturbation is
not known, and thus the amplitudes must be instead inferred directly by fitting the ringdown

signal to QNMs.

2.3 THE LIGHT RING

In the high-frequency limit, GWs propagate at the speed of light along null geodesics of
the background spacetime. This follows directly from the linearised Einstein equations in
vacuum [61],

Oy + 2R g™ =0, (2.34)

where [J = V,, V¥ is the D’Alembertian operator over the background metric. This equation is
written in the Lorenz gauge ZVVhW = V,h, where V i denotes the covariant derivative with
respect to the background metric and / is the trace of the perturbation.

In the geometric optics limit A < K, where A is the wavelength of the perturbation and K is

the curvature scale of the background, we introduce the ansatz

I’l;w = Re [Ayv(x)eie(x)/e] ’ (235)
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2.3 THE LIGHT RING

where € < 1 is a bookkeeping parameter, A, is a slowly varying amplitude, and ¢ (x)is a
rapidly varying phase. The wave vector is defined as k, = V0, the leading-order contributions

O(e~2) of equation (2.34) yield
Sukl'k" =0, K'Vyk, = 0. (2.36)

These equations show that, at leading-order, high-frequency GWs follow null geodesics of the

background spacetime. Let us thus study null geodesics on the Schwarzschild geometry.

In Schwarzschild spacetime, the spherical symmetry allows restricting the motion of
geodesics to the equatorial plane § = 71/2, § = 0 without loss of generality. The compo-
nents of a tangent vector x# to a curve x¥ parametrised by T are ¥ = dx//dt, so that null

geodesics satisfy

0= —f(r)i>+ f 1 (r)i* + ¢ (2.37)
This equation can be written in the form of a one-dimensional mechanical system

2

E L2
—, Ve = ﬁf(r), (2.38)

1.
572 + Vet =

where Ve is an effective potential, and E = f(r){, L = r>} are the conserved quantities,
interpreted as the energy and angular momentum of a photon, associated to the time translation
and axial symmetries of the spacetime.

The potential has a single maximum located at rp g = 3M (x;r >~ 1.61M), and it is indepen-
dent of the angular momentum L. This corresponds to an unstable circular orbit of photons [61].
In Schwarzschild spacetime, this orbit forms a two-sphere of radius rig, referred to as the
photon sphere or light ring. In Figure 2.2 we plot the normalised effective potential for null
geodesics together with the RW potential for perturbations with ¢ = 2,3,4. As the azimuthal
number increases, the RW potential approaches the effective potential for null-geodesics, so
that in the eikonal limit (¢ > 1) the two coincide, since in this limit the RW potential behaves as

VRV (1) & ezf(r)

2 & Vert (2.39)

so it peaks at the light ring, similarly to the effective potential for null geodesics. Therefore, in

the eikonal limit, the light ring becomes relevant to BH perturbations.

14



2.3 THE LIGHT RING
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Figure 2.2: Normalised effective potential for null geodesics (black dashed line) together with the Regge-
Wheeler potential (2.16) for perturbations with azimuthal numbers ¢ = 2,3, 4, plotted as
functions of the tortoise coordinate x. The vertical, grey line shows the position of the light
ring, x;r = 1.61M.

As explained in Section 2.2, QNMs are defined by purely ingoing boundary conditions at
the horizon and purely outgoing conditions at infinity. In a Wentzel-Kramers-Brillouin (WKB)
treatment [62—64], one can approximate the potential near its maximum x = xir as [65, 66]

1 "
VY (x) = Vo + 5 Vo (x —xir)? + O(2), (2.40)

so that the problem reduces locally to an inverted harmonic oscillator. Matching the WKB
solutions across the turning points of the approximation, so that they satisfy the boundary

conditions, yields the Bohr-Sommerfeld quantisation condition [65]

1
:n—l—E, n=20,12... (2.41)

In the eikonal limit and using equation (2.39), the quantities Vy and V,, can be expressed in

terms of properties of the light ring as [67]

124
Y

_ 0202
Vo = (202, 2

= [Al, (2.42)
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2.3 THE LIGHT RING

where (), is the frequency of the light ring and A is the Lyapunov exponent’, which measures
the instability timescale of radial perturbations of the orbit [67]. Substituting these expressions

into the Bohr-Sommerfeld condition (2.41) gives

) 1
wonm = Qel — i <n + 2) Al (2.43)

This result is, strictly speaking, only valid in the eikonal regime, since it relies on WKB
approximations. However, it yields surprisingly accurate predictions even for low values
of £ [65, 67]. It can be physically interpreted as follows. The real part of the frequency,
Re(wgnm) = Qcl corresponds to waves orbiting the BH at the light-ring frequency, while the
imaginary part Im(wqnm) = — (1 +1/2)|A| is set by the instability rate of the null orbit. Hence,
in the eikonal limit QNMSs can be understood as null particles (radiation) trapped near the light
ring and leaking away on the Lyapunov timescale [67, 68]. Consequently, essential features of
the QNMs are fixed by spacetime properties around the light ring, and the ringdown carries

imprints of light-ring physics [33].

'The Lyapunov exponent is a measurement of the convergence or divergence of nearby trajectories in the
phase space [67]. A positive (negative) Lyapunov exponent indicates a divergence (convergence) between nearby
trajectories or, in other words, a higher (lower) sensitivity to initial conditions.
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METHODS

Within this framework, we want to study the evolution of an initial perturbation in vacuum
(Section 4) and in the presence of a source (Section 5). In particular, we want to study how the
amplitudes of the QNMs depend on our choice of initial conditions. To this end, we need to
obtain the numerical solutions to the RW equation. In this Section, we describe the methods
used to integrate numerically the time-domain RW equation (2.15), as well as the convergence
test done on the code to check its accuracy. Finally, we discuss the matrix pencil method, which

we use to extract the amplitudes of the QNMs from the numerical signals.

3.1 TIME-DOMAIN EVOLUTION OF THE REGGE-WHEELER EQUATION

We use the method of lines to solve numerically the RW equation (2.15). It allows us to
transform the partial differential equation that we aim to solve into a set of coupled ordinary
differential equations at each point of the grid. We evolve in time using a explicit fourth-order
Runge-Kutta scheme (RK4). As for the derivatives, we use a fourth-order finite difference
approximation for both the first- and second-order derivatives. These approximations satisfy
summation by parts, which helps to achieve numerical stability [69]. Moreover, to avoid noise
coming from high frequency modes that can grow in time at a fixed resolution, we also add
Kreiss-Oliger dissipation to the algorithm [70].

We impose boundary conditions that enforce that the wave is purely ingoing at the horizon
(inner boundary of the grid) and purely outgoing at infinity (outer boundary of the grid). Since
we are using numerical methods to integrate the equation, these boundary conditions are only
approximate, so there are some spurious reflections at the edges of the grid. To prevent this
numerical noise from contaminating the signal, we place the boundaries of interest far enough
so that the reflected wave cannot interfere with the scattered wave in the time interval that we

consider.
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3.2 CONVERGENCE ANALYSIS

For our simulations, we set (Xmin, Xmax) = (—150M, 350M) for the spatial grid and evolve
the initial wave packet until the final time fy.x = 400M. When choosing the resolution of
the grid, we need to consider how wide the Gaussians we are going to work with as initial
conditions are. In order to resolve sufficiently small spatial features, we choose a grid spacing
of Ax = 0.005M. To ensure convergence when solving numerically the differential equation,
we implement the Courant-Friedrichs-Lewy condition, which sets an upper boundary for the
time step At. We set At = 0.5Ax, thus ensuring the stability of the method. We extract the
signal at three points of interest in the grid: close to the horizon (r = 2.099M), at the light ring
(r = 3.000M), and far from the BH (r = 125M).

3.2 CONVERGENCE ANALYSIS

We have tested the accuracy of the algorithm used to solve the RW equation by performing a
convergence analysis, analogous to the one carried out in [71]. When using finite differencing,
the numerical results num differ from the continuous ones Pcont by an error that has a
polynomial dependence on the resolution, so that {cont = Pnum + O ((Ax)?), where Ax is the
resolution of the grid and p is the order of accuracy. The order N depends on the numerical
implementation. The convergence of the code can be evaluated by running simulations with
the same configuration of parameters with coarse, medium, and fine resolutions, labelled as
Axc, Axy and Axg respectively. Normally, one assumes a uniform refinement for the grid,

typically Ax, = 4Axy and Ax,, = 2Axy, so that the order of accuracy p can be computed as

p = log, (H) (3.1)

where ; is any of the evolved variables obtained for resolution Ax; for a given instant of time.

In our case, we perform the test for a simulation with fixed parameters ¢ = 2, ¢ = 1.0 and
xp = 30.0, and we use the signal extracted at infinity (r = 125M). For the resolutions, we run
the test for Ax. = 0.0100M, Ax,, = 0.0050M (our working resolution) and Axy = 0.0025M.
As mentioned above, our code uses an RK4 method to solve the equation numerically, with
fourth-order finite difference approximations for the derivatives. The boundary conditions that
we are imposing are only first-order approximations. However, for the convergence analysis we
are working in an interior region, it is the fourth-order truncation error that dominates. Hence,
we expect our simulation to have fourth-order accuracy (p = 4). Figure 3.1 shows the results of
the convergence analysis for the resolutions specified above. It shows fourth order convergence

in the whole evolution, as expected. For t > 240M the signals start to differ, but when this
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Figure 3.1: Convergence analysis of the numerical solution to the Regge-Wheeler equation (2.15) for
¢ = 2 perturbations with initial conditions IC1 (introduced later in (4.1)), with o = 1.0
and xg = 30.0. We show the differences between the coarse and medium resolutions, and
between the medium and fine resolutions, with the latter rescaled by 24 = 16.0 to assess
convergence order. Fourth-order convergence is observed throughout the signal, with the
exception of late times, where the deviation is attributed to numerical noise.

begins to happen the error between the different signals is approximately 10~13. Therefore, this
discrepancy is likely due to round-off errors and loss of significance in floating-point arithmetic,

i.e. in this regime the signal is dominated by numerical noise and has no physical meaning.

3.3 FITTING METHODS

The main part of our analysis relies on extracting the amplitudes of the QNMs from the
obtained signals for different combinations of parameters of the initial data. The QNM
frequencies are predicted by GR, and they do not depend on the initial conditions. Therefore,
we can fix them to the tabulated values [72], shown in Table 3.1, and fit only the QNM
amplitudes.

The model that we use for the fitting is given by the approximation in (2.31), in which we
consider only the fundamental mode and two, so that N = 2. Therefore, we approximate the

ringdown signal by
yﬁt(t) = Agcos [_iWO(t - tpeak)] + A cos [_iwl(t - tpeak)] + Az cos [_iC‘JZ(t - tpeak)]/ (32)

with w; in Table 3.1. Hence, the parameters that we are fitting for are the amplitudes A,;, which
are complex numbers, as explained in Section 2.2.
Fixing the frequencies allows the code to be both faster and more robust. The method we

use to extract the amplitudes is the generalised pencil-of-function method or matrix pencil
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wM
(=2 (=4
0.37367 - 0.08896i 0.80917 - 0.09416i
0.34671 - 0.27391i  0.79663 - 0.284331
0.30105 - 0.47827i  0.77270 - 0.47990i

N R OB

Table 3.1: Frequencies for the fundamental mode and the first two overtones for a gravitational pertur-
bation, tabulated in [72]. Accurate to the decimal digits shown.

method (MPM) [73]. This method assumes that the data are well described by a finite sum
of exponentials, as shown in equation (2.31). This series is embedded into a matrix, so
that the exponential structure becomes an algebraic structure, and using shift invariance we
transform the problem into an eigenvalue problem, which corresponds to computing the QNM
frequencies. The details related to the MPM can be found in Appendix A. For our calculations,
we choose the matrix pencil to be L = 3, since we are fitting for the fundamental mode and
two overtones.

If the QNM frequencies are already fixed, the problem becomes linear on the amplitudes,
so we no longer have to solve an eigenvalue problem. Instead, we compute the amplitudes
via the Moore-Penrose pseudoinverse, using the singular value decomposition. This method
allows to obtain stable amplitudes and control truncation, allowing for a fast, stable, and
initialisation-free implementation. To get a measurement of the quality of a fit, we define the

mismatch between the data y and the fit yy; as

Wlyse)

M=1— , |
Wly) (veielyse) (3:3)

where the symbol (-|-) denotes the product defined as

te

(fls) = |

We test our fitting function by performing fits including a different number of overtones

St f(eg(t) (3.4)

for two sets of data, generated from initial conditions with ¢ = 2.0M and ¢ = 4.0M, and
xo = 30.0M in both cases. The initial conditions are of the form IC1, which are later introduced
in equation (4.1). We consider fitting windows with (tg, feng) = (5M,60M), so that we consider
only the signal before the appearance of the tail. The results are shown in Figure 4.3. In these
plots, we observe that for the data corresponding to ¢ = 2.0M the mismatch decreases by
approximately one order of magnitude by every overtone we add to the fit. In the case of the
data corresponding to o = 4.0M, this behaviour is only observed until N = 2; adding the third

overtone does not improve the fit as much as in the other case. This is related to the fact that
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Y]

Figure 3.2: Ringdown fits using an increasing number of overtones for two datasets generated by initial
condition IC1 with ¢ = 2.0M (left) and ¢ = 4.0M (right), both xg = 30.0M and ¢ = 2.
The lower panels show the residuals between each fit and the data. The fitting window
(t — tpeak) € [5M,60M] is chosen to exclude the late-time tail contribution.

we fit both data in the same window, but for larger values of ¢ the tail starts to interfere with
the data sooner, as we discuss in Section 4.2.3. Therefore, the fits for ¢ = 4.0M are worse than
for ¢ = 2.0M because in the former we should reduce the fitting window to t.,q ~ 50M, so

that the effects caused by the interference with the tail are reduced.



INITIAL-VALUE PROBLEM

We begin by considering the homogeneous RW equation (2.19). This approach allows us to
study the intrinsic response of the BH, and it is the cleanest way to study QNM excitation. In
this Section we study the structure of the signal obtained numerically, to later on study the
dependence of QNM excitation of the parameters of the initial data, namely the width and the
position. In Section 4.1, we introduce the two sets of initial conditions that are used to solve
the equation. In Section 4.2 we study the structure of the time-domain numerical solutions,
relating it to the structure of the Green’s function. In Section 4.3, we study overtone excitation
by examining the behaviour of the amplitudes of the fundamental mode as function of the

fitting window, as well as the Gaussian width and location.

4.1 INITIAL CONDITIONS

We solve numerically the RW equation (2.15) for a massless field ¢. To do this, we need to

impose appropriate initial conditions. We study two sets of initial conditions,

. B 1 (¥ —x0)?
IC1: ¢|;—0=0 and 0:|i— = Umexp [ T2 | (4.1)
IC2: ¢|—0 = ! ex _e=x) and 9:[i—0 =0 (4-2)
: l)’J t=0 — 0_\/277_[ p 202 tllJ t=0 — Y, 4.

where ¢ is the width of the Gaussian pulse and xj is its initial position. We perform a time-
evolution and extract the time-domain signal close to the horizon, at the light ring and far from

the BH.
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Figure 4.1: Ringdown signals extracted at r = 125M for initial conditions IC1 with xo = 30.0 and
varying o. On the left (right) panel we plot the signal produced by a perturbation with ¢ =2
(¢ = 4). The vertical dashed line marks the peak of the waveform, separating the prompt
response (left) from the ringdown and power-law tail (right).

4.2 DISSECTING RINGDOWN

We begin by examining the signals obtained by numerically solving the RW equation, and
we focus on understanding their structure. Figure 4.1 shows some of the signals we have
obtained using our algorithm. Note that we are plotting the absolute value of the signal in
logarithmic scale, in order to see better the damping and the oscillations. The signals can be
divided into three parts: the prompt response, the ringdown, and the power-law tail, which
appears at late times. This structure can also be inferred from studying the Green’s function.

As discussed in Section 2.2, the time-domain Green’s function can be decomposed into three
contributions, according to equation (2.30). These contributions are known as the flat, QNM,
and branch cut contributions, respectively. We discuss each of the three parts of the signal, as

well as their connection to the components of the Green’s function, separately.

4.2.1  Prompt response

The first part of the signal corresponds to the left of the grey dashed line in Figure 4.1, and
is known as the prompt response of the BH. Historically, it has been expected to be ruled
by Gr in (2.30), with information of asymptotically far signals [33]. In particular, the prompt
response was thought to originate from the two high-frequency quarter circles of the frequency
domain Green’s function [41, 43]. However, in [74] it is argued that the contribution of these

high-frequency arcs vanishes as a result of Jordan’s lemma. This work also shows that the
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Figure 4.2: Penrose diagram of the exterior region of a Schwarzschild BH. The grey line indicates the
location of the light ring. The blue curve marks the trajectory of a perturbation propagating
at the speed of light, whose initial position is marked with a star. The pink (yellow) region
correspond to the portion of the signal reaching an observer at future null infinity, namely
the prompt response (QNMs and late-time tail) contribution.

prompt response signal actually arises from the poles at w = 0 in the frequency domain, being
rather a small-frequency response.

For causality reasons [33, 59], for t < x — x, where x is the position of the initial data, no
signal has yet reached the observer. At t ~ x — x, the part of the initial perturbation that was
moving outwards arrives to the observer, which is propagated by Gr. We observe this prompt
response as the main contribution in the signal until the scattered contribution, which comes
from the QNMs of the BH, arrives at t =~ x 4 x(, as shown in Figure 4.2. Therefore, the prompt
response lasts for tprompt = 2xp. Note that all of these features depend only on the position of
the initial data, so the prompt response ends and has roughly the same duration for all the
values of . This is precisely what we observe in both panels of Figure 4.1.

If we now look at the structure of the prompt response in Figure 4.1, we can see that it
has exactly ¢ zeros, being ¢ the multipole number. This matches with the prediction made
in Ref. [74], in which it is derived that the analytical expression of the prompt response of a
Schwarzschild BH is a polynomial of order ¢ in the observer’s retarded time. Note that this
is the structure we observe for signals generated using IC1, which are ingoing. Were we to
use IC2 instead, we would observe an extra peak in the prompt response, and therefore one
extra zero. This extra peak accounts to the initial condition propagating directly towards the
observer, since the initial conditions IC2 are initially static and thus, when the evolution starts,

it moves both towards the BH and the observer.
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4.2 DISSECTING RINGDOWN
4.2.2  Ringdown signal

The second part corresponds to the ringdown signal, which begins at the grey dashed line in
Figure 4.1. We can see that this part is characterised by exponentially damped sinusoids and is
ruled by Gg in equation (2.30). This contribution comes from the sum over the residues at the
linear QNM frequency poles, as previously discussed in Section 2.2.

In Figure 4.1, we can see that for / = 4 and larger values of o, specifically for ¢ = 4.0M,
the signal is deformed with respect to the other two. In particular, we see that a beating
pattern appears in the oscillations, together with a small deviation from a single exponential.
This behaviour seems to appear at a critical value for o, which is smaller for larger multipole
numbers. It has been argued that, for scalar perturbations, there is a critical value for the width

of the Gaussian in the initial data for which the fundamental mode is maximally excited, which

is [75]
12.24M
Z,Ccili?r =i/ (4-3)

For initial data wider than this, the fundamental mode becomes exponentially suppressed, so
that the (possible) interference of the modes becomes more visible, due to their higher ampli-
tudes. This behaviour was also discussed in [47]. It is reasonable to expect a similar behaviour
for gravitational perturbation. Hence, we postulate that, for gravitational perturbations, there
also exists a value of the Gaussian width for which the fundamental mode is maximally excited,

in particular

grav KM

Uﬁ,crit = (+ 1/2’ (44)

where K is some dimensionless, numerical constant. According to this expression, for perturba-

tions with ¢ = 2,4 and using equation (4.4), we expect

02 crit _ 4 + 1/2 _
04 crit 2+ 1/ 2

1.8. (4.5)

We can check this prediction for the behaviour observed in the signals and described above. By
generating several simulations for multiple values of ¢, we can get an eye-estimate of the value
of the Gaussian width for which the beating pattern starts to become visible. In particular, we
observe a value of 0, o, = 5M for ¢ = 2, and 0y o5 ~ 3.5M. Using these estimations, we obtain
02 obs/ Ta,0bs ~ 1.4, which agrees very well with the prediction in equation (4.5).

For our analysis, we are interested in fitting and extracting the amplitudes of some QNMs

during the ringdown part of the signal. Therefore, for the calculations we carry out in the rest
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of the thesis we focus only on the region to the right of the grey dashed line in Figure 4.1,

before the appearance of the power-law tail.

4.2.3 Power-law tail

The third and last part of the signal corresponds to a power-law behaviour, known as
the late-time tail or Price tail [43, 76]. In the Green’s function decomposition (2.30), this
contribution is associated with Gp and arises from the branch cut contribution in the frequency
domain. Physically, it is understood to arise from the backscattering of waves off the spacetime
curvature, more precisely from the long-range part of the effective potential, which generates
non-negligible scattering even at asymptotically late times and low frequencies [33]. In fact, it
has been shown that the tails are absent from the signal if the potential has compact support or
if it decays exponentially [59]. Moreover, the existence of tails is only dictated by the asymptotic
form of the potential, rather than its local structure, and, in particular, it is independent of the
presence of horizons in the metric [77, 78]. As a result of the long-range potential, the radiation
that propagates outwards is partially scattered back towards the observer by the curvature
of spacetime itself, producing a slowly decaying time at late times. The behaviour observed
at a fixed spatial position at very late times for the massless field is ® ~ t=7, p = 2¢ 4 3 for
non-static initial field and p = 2¢ + 2 for static initial field, where ® = y/(¢t,7)Y,, /1 [59, 76].

The onset of the tail depends sensitively on the properties of the initial perturbation. It
appears earlier for wider initial conditions and lower multiple numbers. This early onset also
contributes to the appearance of a beating pattern, as observed in the right panel of Figure 4.1
for the largest values of o, which corresponds to the interference between QNMs and the tail.
Given that the fundamental mode is suppressed for such values of ¢, as discussed in Section
4.2.2, this interference becomes more visible. In [79] it is argued that late-time power-law
tails can be approximated by purely damped exponentials over a finite interval, which can
interfere with the QNMs, hence generating the beating patterns. This is further investigated
in Appendix ??. Moreover, the curvature that the signal acquires in the decay, which can be
observed in Figure 4.1 for ¢ = 4, 0 = 4.0}V, is related with the late-time power-law tail.

The dependence of the signal on the initial data can be understood in terms of its spectral
content. Narrow Gaussian profiles contain a broad Fourier spectrum, so when used as initial
data they tend to excite many overtones. On the other hand, wide Gaussians contain a narrow
Fourier spectrum concentrated at low frequencies, and therefore only the QNMs whose real

parts lie in the spectral window get appreciable excitation, i.e. less overtones are excited, since
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their frequencies are smaller than the fundamental mode. Hence, for wide initial data, the
fundamental mode is exponentially suppressed and the overtones are hardly excited, which
allows an early onset of the tail and its interference with the QNMs. If the Gaussian is wide
enough, there is hardly any ringing at all. This was first observed and discussed in 1970 [53],

and it has also been discussed in more recent works [44, 46, 75].

4.3 MODE CONTENT

Once we can extract the amplitudes of the QNMs from the ringdown signals, we can study
their dependence on the beginning of the fitting window, tp, and on the initial data. In
particular, we study the dependence of the amplitudes on the parameters of the Gaussian in
IC1 and IC2, namely the width ¢ and the initial position xg. To this end, we must consider
that the peak of the signal also depends on the initial condition, as can be seen in Figure 4.1.
Consequently, in our analysis we divide the amplitudes of the QNMs extracted from the fits by

the amplitude of the peak of the signal, as a way of normalising the data.

4.3.1  Dependence on the fitting window

We begin by analysing the behaviour of the amplitudes as a function of tp, which denotes the
starting time of the fitting window, while keeping t.q fixed. Figure 4.3 shows the amplitudes
of the modes for three different fitting models, each of them including a different number of
modes.

As a validation step, we verify that our results are consistent with those reported in Ref. [48].
We observe that the amplitudes Ag and A; exhibit approximate stability over a finite interval of
to. This behaviour enables a reliable determination of these amplitudes by averaging over the
corresponding interval. In contrast, higher overtones do not display this trend. Instead, their
extracted amplitudes increase with ty, indicating a strong sensitivity to the choice of the fitting
window. This behaviour suggests that these amplitudes cannot be determined with enough
confidence within our current setup. For this reason, the remainder of our analysis focuses
only on the fundamental and first excited modes, which can be consistently and confidently
excited for both ¢ = 2 and ¢ = 4. Accordingly, we restrict our attention to fits with N = 2,
which include the fundamental mode and the two first overtones.

In Figure 4.3, we further observe that the amplitudes corresponding to the modes with ¢/ = 4

(dashed lines) exhibit greater stability than those with ¢ = 2 (solid lines). In the case ¢ = 4, the
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H* LR It

Figure 4.3: QNMs amplitudes from fits to data generated by an initial condition with ¢ = 1.0M and
xp = 30.0M, extracted at infinity. The top (bottom) row corresponds to IC1 (IC2). Solid
(dashed) lines correspond to by perturbations with ¢ = 2 (¢ = 4). Note that the y-axis scale
differs between rows; the x-axis is common to all panels.

ringdown oscillations occur at higher frequencies and are therefore narrower as function of
time, as illustrated in Figure 4.1. Consequently, within a fixed fitting window a larger number
of cycles can be included in the fit, leading to improved accuracy and enhanced stability of the
extracted amplitudes. Moreover, the peak observed for / =2, n = 1 mode in the first row of
panels can be attributed to interference effects with additional overtones.

Based on the results in Figure 4.3, we determine an appropriate fitting window for extracting
the QNM amplitudes. We fix the upper bound of the fitting window at t,,q = 80M, and
consider fitting intervals of the form (ty, fenq) = (o, 80M). For each choice of of initial data
parameters, namely o and xo, we perform a series of fits by varying ¢, € [0,20M], following the
same procedure adopted in Figure 4.3. To determine the amplitudes, we identify a subinterval
[t1,t2] C [0,20M] over which the amplitudes display a stable behaviour. This stability window
changes for each combination of initial data parameters, but it typically around 5M — 7M wide.
However, in all cases we impose the condition ¢, < 10M, ensuring that the first overtone is
still present in the signal. The associated uncertainty to the amplitude is then estimated as the
standard deviation of the amplitudes computed within the selected stability window. For the
following, we do not include the amplitude corresponding to the second overtone A, in the

plots, since the stability window for this mode is too small to extract it with enough confidence,
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Figure 4.4: Amplitudes of the fundamental mode and the first overtone as a function of ¢, obtained
from a fit with N = 2 to data generated by an initial condition with xy = 30.0M. The solid
(dashed) lines correspond to data with ¢ = 2 (¢ = 4). The top (bottom) row shows the
calculation when the initial condition is IC1 (IC2). The lower panels display the ratio between
the amplitudes of the first overtone and fundamental mode. Left, centre, and right panels
correspond to the amplitudes for signals extracted near the horizon (H "), light ring (LR),
and infinity (Z7). The data points correspond to the average values over a stable window
to € [t1,t2], t2 < 10M, and the errorbars correspond to the standard deviation.

as can be seen in Figure 4.3, but we do still include it in the fitting model (equation (3.2)), since

it improves the extraction of both the fundamental mode and first overtone.

4.3.2 Dependence on the width of the pulse

We now study how the excitation of the fundamental mode and first overtone depends on
the width of the Gaussian initial data ¢, considering both IC1 and IC2 as initial conditions.
Varying ¢ controls the spectral bandwidth of the perturbations: narrow Gaussians probe a

broad range of frequencies, whereas wider Gaussians excite a narrower band. This provides a
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clean way of studying how the QNM excitation depends on the frequency content of the initial
data.

For each value of ¢, we extract the amplitudes of the fundamental mode, Ao, and the first
overtone, Aj, from a fit with N = 2. We consider both IC1 and IC2 and compare the results
for signals extracted at three locations: close to the horizon (r = 2.099M), at the light ring
(r = 3.000M) and at infinity (r = 125M). The results are shown in Figure 4.4. In the lower
panels we display the ratio A;/Ap, which quantifies the relative excitation of the overtone with
respect to the fundamental mode.

Overall, the behaviour obtained for both sets of initial conditions is broadly similar, indicating

that the dependence on ¢ is controlled by spectral properties rather than on whether the initial

data is static or not. The main difference appears in the signals extracted at infinity for ¢ = 2:

for small values of ¢, IC2 produces an overtone amplitude roughly one order of magnitude
smaller than IC1, while the fundamental mode remains comparable in both cases. As ¢
increases, Ay grows for IC2 and approaches the values for IC1, whereas the fundamental mode
remains similar in both cases. As for the modes with ¢ = 4, the behaviour is similar for both
initial conditions.

For signals extracted at the horizon, the overtone is comparable to the fundamental mode

over most of the range considered in o, since A1/Ay ~ O(1), as observed in Figure 4.4.

However, there is a value of ¢ above which the amplitude of the overtone exceeds that of the
fundamental mode. This transition occurs at ¢ ~ 5.5M for ¢ = 2 and at o ~ 4M for ¢ = 4. It is
important to note that “dominance” here refers to the ratio A;/Ag, and does not necessarily
imply that the overtone is more excited in absolute terms. In general, we can see how for wider
Gaussians the amplitudes of the modes decrease, which matches the expectation that narrower
Gaussians excite more overtones, even if the relative excitation increases.

The behaviour at the light ring, in the centre panels of Figure 4.4, closely mirrors that at the
horizon, and a similar transition in A1/ Ag is observed. Both Ay and A; tend to decrease with
increasing ¢, which is consistent with a reduced spectral overlap with higher overtones. The
similarity between the horizon and light-ring extractions suggests that both of these locations
probe comparable aspects of the dynamics near the peak of the potential barrier.

The behaviour at infinity, however, is completely different. Over the entire range in ¢
considered, the overtone amplitude exceeds that of the fundamental mode. For ¢ = 2, the
amplitude of the fundamental mode decreases monotonically with increasing ¢, while the
overtone remains comparatively stable, leading to a steady increase in the relative excitation

A1/ Ayp. For ¢ = 4, both amplitudes decrease until reaching a minimum around ¢ ~ 4.5M, and
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then increase again for larger widths. This increase, however, is not entirely significant, since
for large values of o the signals become very deformed, as shown in Figure 4.1, due to the
early onset of the tail. Therefore, we should only trust the results for o < 4.5M.

We also analysed the non-normalised amplitudes A, in order to compare with the predictions
in Reference [45]. In that work, it is argued that, for Gaussian initial data of the type IC2 with
constant amplitude (independent of ), the maximal excitation of the mode n occurs when the
width satisfies

1
w = w? (4.6)

Tmax = JRet)] i
where wj, is the QNM frequency. This predicts that higher overtones achieve maximal excitation
at larger ¢ than the fundamental mode. Our results are consistent with this expectation: the
value of ¢ at which A; is maximal is larger than for Ay. This is also related to the discussion in
Section 4.2.2, in which it was highlighted that the fundamental mode is maximally excited for
some 0qit and exponentially suppressed for o > 0. The resulted presented here, however,
extends to higher overtones.

We conclude that the width of the initial data affects significantly the excitation of QNMs:
narrow Gaussian profiles produce a higher absolute excitation of both the fundamental mode
and first overtone, while wider profiles suppress the absolute excitation. This can also be
understood in terms of the spectral content of the initial data. Given that narrow Gaussian
contain a broad Fourier spectrum, they tend to excite many overtones, while wide Gaussians
only excite the QNMs for which the real part of the frequency overlaps with the Fourier
spectrum. As a result, wide initial data can be interpreted as adiabatic perturbations, which
hardly excite QNMs. As for the relative excitation, it increases with ¢ due to the exponential

suppression of the fundamental mode, which was predicted in [75].

4.3.3 Dependence on the location of the pulse

We now analyse how the excitation of the fundamental mode and first overtone depends on
the location of the initial Gaussian perturbation, xo. While the previous subsection isolated
spectral effects by varying the width o, here we fix ¢ and vary the position of the pulse in
order to probe how the QNM excitation depends on where the perturbation is initially placed
relative to the effective potential and light ring.

To avoid artifacts associated with compact support near the boundaries and to focus on the
delta-function limit, we employ narrow Gaussians with ¢ = 0.5M. The amplitudes Ap and A;

are extracted from fits with N = 2 to signals computed for both IC1 and IC2, and for the three
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Figure 4.5: Amplitudes of the fundamental mode and the first overtone as a function of xg, obtained
from a fit with N = 2 to data generated by an initial condition with ¢ = 0.5M. Solid
(dashed) lines correspond to data with ¢ = 2 (¢ = 4). The top (bottom) row shows the
calculation when the initial condition is IC1 (IC2). The lower panels display the ratio between
the amplitudes of the first overtone and fundamental mode. Left, centre, and right panels
correspond to the amplitudes for signals extracted near the horizon (H "), light ring (LR),
and infinity (Z7). The data points correspond to the average values over a stable window
to € [k, t2], t2 < 10M, and the errorbars correspond to the standard deviation. The red
vertical line marks the light ring; grey lines mark the potential peak for ¢ = 2 (solid) and
{ = 4 (dashed).
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Figure 4.6: Amplitudes of the fundamental mode and the first overtone as a function of xy € [0, 3M] (near
the light ring), obtained from a fit with N = 2 to data generated by an initial condition with
o = 0.5M. Solid, dashed, and dotted lines correspond to data with ¢ = 2,4, 6, respectively.
The top (bottom) row shows the calculation when the initial condition is IC1 (IC2). The lower
panels display the ratio between the amplitudes of the first overtone and fundamental mode.
Left, centre, and right panels correspond to the amplitudes for signals extracted near the
horizon (% 1), light ring (LR), and infinity (ZT). The data points correspond to the average
values over a stable window ty € [t1,t], t» < 10M, and the errorbars correspond to the
standard deviation. The red vertical line marks the light ring; grey lines mark the potential
peak for £ = 2 (solid) and ¢ = 4 (dashed).
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extraction radii: near the horizon, at the light ring and at infinity. The results are displayed in
Figure 4.5. We mark with a red, solid line the location of the light ring, x;r = 1.61M, and with
grey lines the peaks of the effective potential for ¢/ = 2 (solid) and ¢ = 4 (dashed), at x = 2.4M
and x = 1.8M respectively (see Figure 2.2).

Across all extraction radii and for both initial conditions in Figure 4.5 a common feature
emerges: the first overtone is suppressed when the initial pulse is located in the neighbourhood
of the light ring. This suppression is particularly evident for signals extracted at the horizon
and at infinity. In those cases, the overtone amplitude exceeds that of the fundamental mode
over most of the range in xp, except near the light ring, where the ratio A1/ Ao decreases
sharply. In contrast, for signals extracted at the light ring itself, the overtone is generally
suppressed for all x, but still exhibits an additional minimum when the initial data is placed
near the light ring. This behaviour is the same for the different multipole numbers /.

To further investigate this suppression in the neighbourhood of the light ring, in Figure
4.6 we zoom into the region xo € [0,3M]. We also add to this Figure the amplitudes for a
perturbation with ¢ = 6, represented by a dotted line. The results reveal that the suppression is
more precisely correlated with the peak of the corresponding effective potential than with the
light ring itself. In particular, for £ = 4 the overtone amplitude reaches a minimum coinciding
with the location of the peak of the potential. For ¢/ = 2 the same trend is present but less
pronounced, since the overtone amplitude decreases more mildly. This behaviour is reflected
in the lower panels, where the ratio A1/ Ay exhibits a dip near the potential maximum for each
multipole.

As the multipole number increases, the location of the peak of the corresponding potential
displaces towards the location of the light ring. This is illustrated in Figure 4.6 for £ = 6,
where the minimum relative excitation moves closer to the light ring location. Therefore, in the
eikonal limit we expect the minimum in the relative excitation to coincide with the location of
the light ring.

As shown in Figures 4.5 and 4.6, the amplitude of the overtone is suppressed but it is not
zero. This is consistent with the fact that the initial data considered is a Gaussian of finite
width rather than a delta distribution.

This suppression of the overtone can be understood in terms of the nodal structure of the
QNM radial functions. In [80], an ansatz for the radial function for overtones in the eikonal limit
is provided. This radial function has a zero at the light ring of the same order as the overtone
number. As explained in Section 2.2, the solution to the wave equation is the convolution of

the initial data and the radial function for the QNMs. Therefore, if one considers an initial
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condition that only has support in a region in which the radial function for the QNMs vanishes,
it is reasonable to expect no excitation of that QNM. This is precisely what our results show.
This is also consistent with the fact that, for the data extracted at the light ring, the amplitude
of the overtone is suppressed relative to the fundamental mode across the whole range in xo.

We conclude that the position of the initial perturbation plays a crucial role in QNM excitation.
When the pulse is placed near the peak of the effective potential, the first overtone is suppressed
relative to the fundamental mode. This suppression is robust across extraction radii, and is
related to the geometric structure of the potential barrier. These results reinforce the idea,
presented in Section 2.3, that the light ring region and the associated potential peak are central
to understanding the excitation of QNMs.

Although these results rely on an idealized situation, in which we have a non-spinning,
isolated BH, they allow us to build some intuition for more complex, astrophysically relevant
scenarios. The main takeaway from this study is that perturbations placed in the neighbourhood
of the light ring do not excite overtones. We can understand it also the other way around:
observing overtones in the signal implies that the perturbation does not come from the

neighbourhood of the light ring.
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SOURCE-DRIVEN PROBLEM

In the first part of the thesis, we have focused on investigating the excitation of a Schwarzschild
BH by evolving a Gaussian perturbation with the homogeneous RW equation (2.15), thereby
probing the linear response of the spacetime to a gravitational perturbation. This approach
isolates the BH’s dynamical content (prompt response, ringdown, and late-time tail) without
any external forcing.

To extend this analysis to a more astrophysically motivated scenario, we now consider the
excitation produced by an infalling particle with prescribed velocity v. We focus on trajectories
with tunable velocities for two main reasons. First, prescribing the trajectory implies that the
particle does not follow a geodesic and therefore acts as an active source of radiation during
its motion. This allows us to disentangle and compare the ringdown generated by radiation
emitted along the trajectory from that directly associated with the particle crossing the light
ring. Second, treating the velocity as a free parameter provides a controlled way of studying
how the dynamics of the source itself affect the resulting waveform and the excitation of QNMs.
Rather than solving the full gravitational perturbation problem with some energy-momentum
tensor, we adopt a simplified model in which a scalar field is sourced by a point-particle
moving along a non-geodesic trajectory, approximated numerically by a very narrow Gaussian
profile. Although simplified, this scalar toy model provides a controlled setting in which we
can study how a localized, dynamical source with tunable velocity excites the characteristic
modes of a Schwarzchild BH.

Figure 5.1 shows the trajectories followed by infalling particles for different values of the
velocity, which we choose to be of the form x = xy 4 vt, with v < 0 corresponding to infall.
Since the trajectories are parametrized in terms of the tortoise coordinate x, for which the
horizon is located at x — —oo, the particle asymptotically approaches the horizon and therefore
never crosses it at a finite coordinate time. Consequently, trajectories do not intersect H™ in the

Penrose diagram, but instead terminate at future timelike infinity i*.
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1

Figure 5.1: Trajectories followed by an infalling particle with velocity v and initial position xy = 30.0M,
represented with a star, on the exterior region of the Penrose diagram of the Schwarzschild
BH. The grey line indicates the location of the light ring, whereas the coloured lines mark
the trajectory of the corresponding particle.

5.1 FRAMEWORK

Let us consider a scalar field ® sourced by a point-particle of mass m,, described by the

1 . i
s = o [ v/ gg"0,00,® —m, [(1-@)\/~gufiyar, (5.1)

where x,(7) is the trajectory of the particle and the dot represents differentiation with respect

action [81]

to the proper time of the particle 7. The first term corresponds to the kinetic term of the scalar
field, while the second one encodes both the motion of the test particle and its coupling to the
scalar field.

The energy momentum tensor associated with the point-particle in (5.1) is [58, 81]

utuV?

T (x) =m /dT —— 5@ (x — x, (7)) (5.2)
p \/jg p
where ut = dxz /dT is the 4-velocity of the particle. Varying the action with respect to ® yields

the equation of motion for the scalar field

O = —4nT, (5:3)
where T = g, T"" is the trace of the energy momentum tensor. Using g, ,u*u’ = —1 this
becomes
M _50)
T- 50) (x = xy 1)). (5.4

T
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We decompose the scalar field into spherical harmonics as

o=Y ‘/’%Ym(e,qb), (5-5)
Im

where 1y, is the RW function. Substituting this decomposition into equation (5.3) and con-
sidering a Schwarzschild background, one obtains a RW-type equation ruling the scalar

perturbations [59]
o 02 alar
<ax2 o atZ) PYom — SC ( )lpﬁm = Stm, (5.6)

where Sy, = —47rT is the source of the scalar perturbation and

(5-7)

vetn(r) = i) [ E 4 2.

2 3

To extract the multipolar components of the source, we decompose the delta function of

equation (5.4) into spherical harmonics

30 (x—xp(t) _ 8(r—

which leads to
—m
T= ut L. ZYEm Yﬁm Q) (59)

Projecting onto a given (¢,m) mode using orthogonality, we obtain

4remy Y, (Qp)  8(r —1p(t))

ng = —4mrT = ¢
u r

(5.10)

Equation (5.10) provides the exact source term for a radially infalling particle. However, for
the purpose of isolating and understanding the ringdown response induced by this particle,

we can adopt a simplified description. Following [82], we model the source as

s = =2, (511

r

where x,(t) = xo + vt is the trajectory followed by the source, with xy the initial position
and v is the velocity (v < 0 for an infalling source), and r = r(x) is a to be understood as
function of the tortoise coordinate x. Note that the f(r) factor is a Jacobian term accounting
for the coordinate transformation r — x inside the delta function. This expression captures
the essential features of equation (5.10): a localized source moving along a radial trajectory. In

particular, the chosen radial scaling reproduces the 1/r dependence of the exact multipolar
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Figure 5.2: Numerical solutions of the sourced scalar perturbation equation (5.6) for a radially infalling
particle with different velocities initially placed at xy = 30M, and extracted at r = 125M. On
the left (right) panel we plot the signal produced by a perturbation with £ =2 (¢ = 4). The
dashed lines correspond to the moment in which the corresponding particle crosses the light
ring.

source for a point-particle (up to normalization factors and the redshift term u'), therefore
preserving the dominant radial behaviour while simplifying significantly the dynamics.
For the numerical implementation, we approximate the source (5.11) by a narrow Gaussian
profile
(r) 1 (x — xo — vt)?

P 2ﬂexp 2 | (5.12)

We set 0 = 0.1M and xy = 30.0M for our simulations.

To solve equation (5.6) we need to impose initial data. If the particle is initially placed at
infinity, the initial value data can be taken as zero, so that the spacetime is unperturbed until
the gravitational influence of the particle is felt. However, if the particle starts from a finite
value, we should specify compatible initial data. For our analysis we consider a toy model, and
for the sake of simplicity we take the initial data to be zero. As a consequence, the evolution
develops a small burst of spurious early-time radiation (“junk radiation”). In our simulations,
this transient appears before the prompt response and has a negligible amplitude, of order
10~2°-10~20. Given that the amplitude of the junk radiation is around 10 orders of magnitude
smaller than the ringdown signal, it does not affect the subsequent physical signal. Since our

goal is to study a simplified model, we adopt trivial initial data throughout.
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Figure 5.3: Numerical solutions of the sourced scalar perturbation (5.6) for a radially infalling particle
with different velocities (rows) initially placed at xg = 30M, extracted at r = 125M for a
perturbation with ¢ = 2 (¢ = 4) on the left (right) panel. The vertical, dashed line marks the
instant of time in which the particle crosses the light ring, whereas the solid line marks the
corresponding crossing time for a particle moving at the speed of light.

5.2 NUMERICAL SOLUTIONS FOR THE SOURCED PROBLEM

Selected numerical solutions of equation (5.6) are shown in Figure 5.2 for different values
of the velocity v. The left (right) panel shows solutions obtained for perturbations with ¢ = 2
(¢ = 4). The vertical dashed lines mark the instant at which the corresponding particle crosses

the light ring, computed as

Xo— X 30M-1.61M
feross = =T o obs — ¥R =~ —— + 125M — 161M, (5.13)

where x( is the initial position of the particle, xir is the location of the light ring, and
Xobs = 125M is the extraction radius.

The structure of the signal depends on whether the particle has crossed the light ring before
the radiation reaches the observer. For |v| > vqit ~ 0.73 the particle crosses the light ring
before any radiation arrives at the observing point x,,s, producing signals structurally identical
to those in Figure 4.1. For |v| < vurit, however, the signals contain two distinct windows in
which we can observe ringdown, which are more clearly resolved in Figure 5.3.

The first window precedes the light ring crossing and is sourced by radiation produced as

the particle travels towards the potential barrier. This radiation scatters off the potential and
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Figure 5.4: Ringdown signals generated by an infalling particle with velocity v = —0.8 (left) and

v = —0.35 (right) and initial position xy = 30M, for a perturbation with ¢ = 4. The grey,
dashed line marks the instant in which the particle crosses the light ring. The shadowed
areas mark the windows in which we fit to QNMs.

generates a ringdown quantitatively similar to those studied in Section 4. The second window
is triggered by the particle crossing the light ring itself. For ¢ = 2, the QNMs are weakly excited
in this second window, leaving mainly the late-time power-tail; for £ = 4 the mode excitation
is more pronounced, as visible for v = —0.3 in Figure 5.2. Whether the mode content in fact
differs between the two ringdown windows is examined in Section 5.3.

Focusing on the low velocity regime, |v| < 0.3, Figure 5.3 shows that both ringdown
windows are clearly present, but that the mode excitation in the second window diminishes as
|v| decreases. At sufficiently low velocities the particle crosses the light ring quasi-adiabatically,
so the perturbation it induces is too smooth to excite QNMs appreciably. The second window
then consists almost entirely of the tail, with the signal dominated instead by the radiation
emitted during the infall phase. However, a more detailed analysis should be carried out in
order to determine its exact origin and properties.

As the velocity |v| decreases, an unexpected feature between the tail coming from the first
ringdown and the light ring crossing appears: a series of low-frequency oscillations that
modulate the tail of this first window. These oscillations are consistent with an interference
pattern between the decaying tail of the first ringdown and the radiation continuously emitted

by the still-infalling particle.
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wM
0.48364 - 0.09675i  0.86741 - 0.09639i
0.46385 - 0.29560f  0.85580 - 0.29087i
0.43054 - 0.508551  0.83369 - 0.490321

N R OB

Table 5.1: Frequencies for the fundamental mode and the first two overtones for a scalar perturbation,
tabulated in [72]. Accurate to the decimal digits shown.

n wM Sdwr/wr(%)  bdwr/wi(%)
0 0.86779 - 0.09644i 0.04 0.05
1 0.80562 - 0.25760i 5.86 11.84

Table 5.2: Frequencies of the fundamental mode and first overtone, extracted from the signals generated
by an infalling particle with v = —0.8 (second column). The third and fourth column
correspond to the relative errors with respect to the tabulated frequencies in 5.1.

5.3 MODE CONTENT

For signals exhibiting two distinct ringdown windows, we investigate whether the mode
content differs between the window driven by scattered radiation and that driven by the
particle crossing the light ring. As discussed above, this analysis is cleanest for ¢ = 4, where
both windows are well resolved.

We begin analysing a signal that has only one ringdown window, so that the modes are
excited solely by the infalling particle. Specifically, we analyse the signal generated by a
particle with v = —0.8, shown in the left panel of Figure 5.4, fitting QNMs over the window
t € [174M,300M]. We apply the MPM, (Section 3.3, Appendix A) with two models: one in
which the frequencies are free parameters, and one in which they are fixed to the tabulated
values of Table 5.1 [72]. The results of these fits are shown in Figure C.1 of Appendix C, and the
extracted frequencies, for the model with free frequencies, are gathered in the second column
of Table 5.2.

Both models reproduce the signal well. Examining the residuals, the free-frequency fit
performs better at earlier times, where overtones are still present and allowing the frequencies
to vary captures their contribution more accurately. At later times, once the overtones have
decayed, fixing the frequencies yields a tighter fit: the fundamental mode is recovered to within
0.05% of the tabulated value, while the first overtone carries relative errors of ~ 6% in the real
part and ~ 12% in the imaginary part, consistent with the well-known difficulty of resolving

overtones at late times.
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n  wM (window 1) Jdwr/wr(%) dwi/wi(%) wM (window 2) dwr/wr(%) dwr/wi(%)
0 0.86727 - 0.09647i 0.01 0.08 0.86627 - 0.095691 0.13 0.73
1 0.83665 - 0.294861 2.24 1.42 0.31988 - 0.231631 62.62 21.09

Table 5.3: Frequencies of the fundamental mode and first overtone, extracted from the signals generated
by an infalling particle with v = —0.35, together with the relative errors (%) with respect to
the values tabulated in Table 5.1.

We now turn to a signal with two ringdown windows, produced by a particle with v = —0.35
and shown in the right panel of Figure 5.4. We fit both windows independently using the same
two models, fixed and free frequencies, with results shown in Figure C.2 of Appendix C.

In the first window, the fundamental mode is again recovered with sub-percent accuracy,
and the first overtone to within ~ 2% in both parts. The second window, however, exhibits a
different behaviour. Although the fundamental mode is still recovered with an accuracy better
than 1%, the real part of the first overtone frequency deviated by more than 60% from the
expected QNM value. This strongly suggests that the second window does not correspond to a
clean excitation of the first overtone of the QNM spectrum.

To further investigate the origin of this artifact, we analysed the stability of the extracted
contribution across different fitting windows and found that it does not exhibit the approximate
stability expected for a QNM. This indicates that the observed feature should not be interpreted
as a true overtone excitation, but rather as an artifact arising from the structure of the signal
itself. A plausible explanation is that it originated from the interference between the second
ringdown signal and the prompt response generated by the source. A more detailed analysis
would nevertheless be required to fully determine its physical origin.

This contrast between the two windows suggests that the radiation- and particle-driven
ringdowns differ not only in amplitude but in their overtone structure and overall spectral

structure.

5.4 EFFECT OF THE SOURCE ON THE SIGNALS

We investigate how the signal observed at infinity is affected when the source is switched
off at a given tortoise coordinate position x,¢. This models the scenario in which the particle
disappears at that position. To this end, we replace the source in equation (5.11) by

d(x — xo + vt) 1

off __
Sﬁm - f(r) r 1 + e*a(xfxoff) !

(5.14)
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Figure 5.5: Mismatch between the signal computed with the source present through the whole evolu-
tion and the signal in which the source is turned off at a position xg, for particles with
v € {—0.9,—-0.8,—0.5} initially placed at xp = 30M. The signals on the left (right) panel
correspond to perturbations with ¢ = 2 (¢ = 4). The solid, grey line marks the position of
the light ring, and the shaded region corresponds to the FWHM of the scalar potential. The
inset plot shows the mismatch for signals in which the source is turned off after crossing the
potential barrier.

where the coefficient a = 0.01M ™!, so that the suppression is spatially sharp compared to
the width of the potential barrier. The smoothing factor that we have added extinguishes the
source for x < X, therefore keeping the source for x > x4 and killing it inside. For the
numerical implementation, we carry out an approximation of the delta-function analogous
to the one in equation (5.12). For each velocity v and each value of x.¢, we solve equation
(5.6) and compute the mismatch (3.3) between this signal and the reference signal in which the
source is active throughout the entire infall. The mismatch therefore quantifies how much the
waveform observed at infinity changes when the source is removed at x.

Figure 5.5 shows the results for perturbations with ¢ = 2,4 on the left and right panels,
respectively, for particles with v € {—0.9, —0.8, —0.5} and initial position xo = 30M. When the
source is switched off outside the potential barrier (right of the shaded FWHM region of the
potential), the mismatch is large, M 2 1072, Inside the barrier but near its peak the mismatch
falls steeply, and for x.¢ well inside the barrier it decays exponentially with the same rate
for all three velocities and both multipole numbers, reaching M ~ 10~* at the light ring and
dropping further afterwards.

The exponential suppression has a straightforward physical interpretation: the radiation
generated inside the potential barrier and directed outwards is predominantly reflected back, so
it never reaches the far-field observer. More precisely, the barrier acts as a frequency-dependent
filter: for frequencies below the scale set by the peak of the potential, roughly w < w;—o, the

transmission coefficient is essentially zero [53], so any radiation inside the barrier is strongly
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attenuated before reaching infinity. Consequently, once the particle has passed through the
barrier, removing it from the simulation produces a negligible change in the signal at infinity.
This has a practical implication for computationally expensive simulations, since it points
towards the fact that the source can be safely switched off after the particle crosses the light
ring, substantially reducing the integration time without meaningful loss of accuracy in the

extracted signal.
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CONCLUSIONS AND FUTURE PROSPECTS

Understanding how QNMs are excited is essential for connecting BH perturbation theory
with GW observations, and is one of the central open questions in BH spectroscopy. While the
QNM spectrum itself is known to high precision, the mechanisms controlling mode excitation
remain comparatively poorly understood. In this thesis, we aim to contribute to this problem.
In particular, we investigate how the properties of the perturbation determine the amplitude of
the excited modes and whether the excitation process can be regarded as localized in spacetime.

We begin by reviewing the fundamental aspects of BH perturbation theory, focusing on
gravitational perturbations of a Schwarzschild background, the description of the ringdown
as a superposition of QNMs, and the relation between QNMs and the light ring. Within
this framework, we generate ringdown signals by numerically solving the homogeneous
perturbation equation using Gaussian initial data. We consider both static and non-static
sets of Gaussian initial data (see equations (4.1) and (4.2)) and analysed how the parameters
characterizing the initial perturbation, namely its width ¢ and initial position xq, affect the
resulting ringdown signals.

Overall, we observe that both sets of initial data exhibit similar behaviour with respect
to their dependence on ¢ and x(. This strongly suggests that QNM excitation is governed
primarily by the spectral properties of the perturbation rather than by whether the initial data is
static or dynamical. Before analysing the dependence on the Gaussian parameters themselves,
we first study the impact of the fitting window on the extraction of the QNM amplitudes. We
observe that the extracted amplitudes of the QNMs remain approximately stable over a finite
range of fitting windows (Figure 4.3), consistent with the exponentially damped nature of
QNMs: attempting to extract amplitudes of overtones after they have decayed leads to unstable
results. These observations allow us to identify appropriate fitting intervals and to define QNM

amplitudes as average values over the corresponding stability windows.
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Regarding the dependence on the width, we find that the amplitudes extracted from signals
observed close to the horizon and at the light ring display remarkably similar behaviour (Figure
4.4), suggesting that these extraction regions probe similar aspects of the dynamics near the
peak of the potential. In both cases, we observe that the amplitudes for the fundamental mode
and first overtone remain of the same order of magnitude. By contrast, the behaviour of the
amplitudes corresponding to signals extracted at infinity differs substantially. In this case, for all
widths considered, the overtone amplitude exceeds that of the fundamental mode. Moreover,
we find that the relative excitation of the overtone with respect to the fundamental mode
increases with increasing ¢. This behaviour is consistent with the fact that the excitation of the
fundamental mode is exponentially suppressed for large values of o, as already mentioned in
Reference [75]. This can be physically interpreted in terms of wide initial data corresponding
to more adiabatic perturbations, which tend to excite less QNMs due to their spectral content.

When studying the dependence on the initial location position of the perturbation, we
consider a narrow Gaussian pulse (¢ = 0.5M), with the goal of approaching the delta-function
limit. In this case, a common feature emerges across all extraction radii (Figures 4.5 and 4.6):
the suppression of the first overtone relative to the fundamental mode when the pulse is located
in the neighbourhood of the light ring. We find that the minima in the relative excitation match
the position of the peak of the RW potential rather than the exact location of the light ring. In
the eikonal limit, however, these two locations coincide, and the minimum is attained precisely
at the light ring. This result is closely related to the property that, in the eikonal limit, the
radial functions of the overtones possess zeroes at the light ring, with the order of the zero
matching the overtone number [80]. Consequently, if the perturbation is sufficiently localized
in a region where the radial function of a given overtone vanishes, the extraction of that mode
is expected to be strongly suppressed. These results therefore demonstrate that the spatial
location of the perturbation plays a crucial role in QNM excitation. In particular, they suggest
that the observation of overtones in a ringdown signal indicates that the perturbation cannot
be localized exclusively in the neighbourhood of the light ring.

After analysing the homogeneous problem, in which we have studied the linear response
of the spacetime to a gravitational perturbation, we turn to the source-driven case as a more
astrophysically motivated scenario. Rather than considering the full gravitational perturbation
problem, we adopt a simplified scalar toy model in which the perturbation is sourced by a
point-particle moving along a non-geodesic trajectory, which we approximate as a narrow
Gaussian profile with ¢ = 0.1M. This setup serves as a controlled framework for studying

QNM excitation produced by a localized, dynamical source with tunable velocity.
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The structure of the signal obtained numerically depends on whether the particle crosses the
light ring before or after the radiation reaches the observer (Figures 5.2 and 5.3). If the particle
crosses the light ring before any radiation arrives at the observation point, the signal exhibits
a single ringdown phase, similar to the ones corresponding to the homogeneous problem,
induced by the particle crossing the light ring. By contrast, if the particle crosses the light
ring after some of the radiation has already reached the observer, two ringdown windows are
observed in the signal. The first window is sourced by the radiation produced as the particle
moves towards the light ring, which gets scattered by the potential. The second window is
triggered by the particle crossing the light ring itself. We analyse the mode content in both
regimes, and found evidence that the radiation- and particle-driven ringdowns differ not only
in amplitude, but also in their overtone structure.

Finally, we investigate the effect of the source on the signals, in particular how the signal
changes when the source is artificially turned off at a given position x.¢ (Figure 3.3). To
quantify the change in the signal observed at infinity, we compute the mismatch between the
signal in which the source is turned off and the reference signal in which the source is active
through the entire infall. For perturbations with ¢ = 2,4, we find that the mismatch decreases
exponentially once the source is switched off after crossing the potential barrier. This behaviour
can be physically understood from the fact that radiation generated inside the barrier and
directed outwards is predominantly reflected back by the potential, preventing it from reaching
far-field observers. From a practical perspective, this result has important implications for
computationally expensive simulations, as it shows that the source can be safely removed
once it crosses the light ring without significantly affecting the waveform extracted at infinity,
thereby substantially reducing the computational cost of the evolution.

On the whole, the results presented in this thesis indicate that QNM excitation is controlled
not only by the geometry of spacetime, but also by detailed properties of the perturbation,
including its spectral content, localization, and dynamical origin. The results show that the
light ring alone does not determine the complete ringdown response, and that the excitation of
overtones is highly sensitive to where and how the perturbation is generated. These findings
further reinforce the view that the ringdown signal encodes a richer dynamical structure than
what is captured by purely geometric arguments.

Although the simplified setups considered in this thesis have allowed to isolate and investi-
gate specific aspects of QNM excitation, they also highlight the need to extend this analysis to
more realistic scenarios. The most immediate direction is the generalization of these results to

Kerr spacetime, where rotation introduces new features in both the QNM spectrum and the
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structure of the effective potential, which is necessary given than most of the BHs we observe
rotate. In the context of the source-driven model studied here, several open questions remain,
particularly regarding the interference between the two ringdown windows observed at low
particle velocities. Understanding this interference can be extremely useful to gain further
insight into the transition between prompt response, ringdown, and late-time dynamics, which
is an active field of research. It is also important to investigate whether the localization and
excitation properties identified here persist in full gravitational, source-driven perturbations
and in numerical relativity (NR) waveforms. In this direction, analyses similar to the one
carried in this thesis could be carried out using NR simulations to study how QNM excitation
depends on the parameters of the progenitor binary, including the mass ratio, component
spins, eccentricity, and other orbital parameters. From the numerical perspective, the devel-
opment of more robust fitting procedures capable of reliably extracting a larger number of
overtones would be especially valuable, as it would allow the extension of the present analysis
to higher-order modes and provide a more complete characterization of the excitation process.

As discussed throughout this thesis, understanding the interplay between the geometry of
the spacetime and the properties of the perturbation is essential for developing a complete
picture of QNM excitation. Beyond its fundamental theoretical interest, this problem also has
direct implications for GW data analysis, since a better understanding of how and under which
conditions QNMs are excited can help improve both waveform models and ringdown fitting
methods used in observations. This, in turn, is crucial for extracting the maximum amount of
physical information from GW signals and for fully exploiting the potential of BH spectroscopy
as a probe of strong-field gravity. As detector sensitivities continue to improve and increasingly
precise measurements of the ringdown become available, clarifying the mechanisms governing
QNM excitation will become progressively more important for interpreting future observations

and testing the nature of BHs with high precision.

49



THE MATRIX PENCIL METHOD

The Matrix Pencil Method (MPM) is a parametric spectral estimation technique used to
determine the poles {zx} of a given signal [73, 83, 84]. It is known for its high accuracy,
robustness, and stability in the presence of noise, which is achieved by recasting the problem in
terms of a generalised eigenvalue problem, allowing for systematic rank truncation via singular
value decomposition (SVD).

During the ringdown phase, the signal is modelled as a superposition of QNMs, as shown
in equation (2.31) and discussed in Section 2.2. Sampling the signal at uniform interval At, one

can write the discrete time series
K .
x[n] =Y Az, zp=e A (A.1)
k=1

Therefore, the problem of computing the QNM frequencies wy reduces to estimating the poles
zi of the sum of complex exponentials.

Let N be the number of data points and L the pencil parameter, such that K < L < N — K.
The method begins by constructing two (N — L) x L Hankel matrices from the data points of

the time series x[n] as

x[0] x[1] x[L—1]
v x[1] x[‘Z] x[L] )
x[N—L—-1] x[N-L x[N -2
and
x[1] x[2] x[L]
ro| x[.3] x[L+1] A
x[N—L] x[N—L+1] x[N = 1]
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These matrices encode time-shifted embeddings of the data. If the signal contains exactly K
exponentials (i.e. it is the number of modes, including the fundamental one, to which we are

fitting), the Hankel matrices Yp and Y; can be factorised as
Yo =UHVT and Y; =UHZVT, (A.4)

where the superscript T denotes the transposed. U, V are Vandermonde matrices containing

the poles {zx} of the signal,

1 1 1 1 1 1
21 Z Zp 21 V) P
u = . , V — 7 (A'S)
N-L-1 N—-L-1 N-L-1 L-1 L-1 L-1
Zq Zy Zp Zq Z5 Zp

and H and Z are diagonal matrices containing respectively the amplitudes and the poles from
equation (A.1)
H = diag(A1,A2,..., Ap), (A6)

Z = diag(z1, 22, ..., zp). (A7)

This factorisation implies Y7 = Y(Z in the signal subspace.

Consider now the matrix pencil Y1 — zYj. Using the factorisation above, it can be written as
Yy —zYy = UH(Z — zI,) V. (A.8)

If z # z;, the matrix Z — zI, is of rank p. Nevertheless, if z = z; the rank becomes p — 1.
Therefore, the poles of the signal reduce the rank of the matrix pencil for p <L < N —p. In

other words, the poles z; are the generalised eigenvalues of (Y3, Yp) in the sense that
(Y1 — ZY())V =0 (A9)

for v and eigenvector of the matrix pencil Y; — zYj. Equivalently, the non-zero eigenvalues of
YO+ Y; coincide with the poles z;. The 4 denotes the Penrose-Moore pseudo-inverse [85].

In realistic ringdown data, the signal can be contaminated by some noise. Consequently,
Yy and Y7 are full rank. In order to isolate the signal subspace, one performs the singular
value decomposition Yy = UZV". If the data are well described by K modes, the singular

values exhibit a sharp drop after the K—th component. Truncating to rank K yields a reduced
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representation Yy ~ UgXk V. Projecting the pencil onto this K—dimensional signal subspace

leads to the reduced eigenvalue problem
(u;yvisz) v = zv. (A.10)

The resulting eigenvalues z; provide stable estimates of the physical poles, and thus the QNM
frequencies. This is the key to the numerical stability of the MPM.

Once the set of poles {z; } is known (either extracted or fixed a priori), the complex amplitudes
{Ay} follow from a linear inversion of the full data set [86]. We obtain an overdetermined

system of linear equations

20 29 z?, Aq x[0]
z} z3 z, Ay _ x[1] (A.12)
N zy ')\ 4, x[N —1]

This overdetermined Vandermonde system can be solved using SVD-based pseudoinverse to
compute the amplitudes, yielding the least-squares optimal amplitudes for the selected data

segment.
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APPROXIMATING THE TAIL BY EXPONENTIALS

As discussed in Section 4.2.3, the perturbation of a Schwarzschild background at late times

exhibits a power-law behaviour of the form
D(t)~tF, p=20+3, (B.1)

commonly referred to as the late-time or Price tail [76]. While this behaviour is intrinsically
non-exponential, it can be approximated over finite time intervals as a superposition of purely

damped exponentials [79],

fH)y=t7—=f(t)~ i Al et (B.2)

n=1

with appropriately chosen amplitudes A), and decay timescales 7,. The key idea is that each
exponential provides a good approximation to the power-law over a limited range of timescales,
so that by the combination of several such exponentials one can reproduce the power-law
behaviour over multiple decades in time. In this sense, a late-time tail can be viewed as arising
from a continuum (or dense discrete set) of purely damped modes, each characterized by a
decay rate but no oscillatory component.

From this perspective, the tail is not fundamentally different from the QNM contribution, but
can instead be viewed as the limiting case of modes with vanishing real part and continuous
distribution of decay rates. This interpretation also clarifies why the late-time tail can interfere
with the QNM signal. In particular, a typical signal in the intermediate regime between QNMs

and tail can be approximated, using (B.2) and (2.31), as

ll](t) ~ ZAne—iwnt + ZAllce_t/Tk/ (BB)
n k
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Figure B.1: Fit of the intermediate regime between QNMs and late-time tail for perturbations with ¢ = 2
(left) and ¢ = 4 (right) including k = 2 and k = 3 purely damped exponentials, together
with the relevant QNM contributions. The lower panels show the residuals between each fit
and the data. The Price law for the tail is plotted with a red dashed line for each multipole
number.

where the first sum corresponds to the QNM contribution and the second approximates the
tail. Since both terms contain damped exponentials with different decay rates, there exists
a time interval in which the QNMs have not yet fully decayed and the tail contribution has
already become non negligible. The interference between these oscillatory and non-oscillatory
terms leads to amplitude modulations in the signal, which manifest as the beating patterns
observed in Figure 4.1.

To illustrate these ideas, we perform fits to signals exhibiting beating patterns in the inter-
mediate regime between the QNM-dominated phase and the late-time tail, for perturbations
with ¢ = 2,4. In particular, we consider signals generated by initial data of the form IC1 with
xo = 30.0M and o = 4.0M. The results are shown in Figure B.1, where we display fits using
k = 2,3 purely damped exponentials in equation (B.3), together with the corresponding residu-
als in the lower panels. In constructing these fits, we include the dominant QNM contributions
alongside the purely damped modes. For ¢ = 2 both the fundamental mode and first overtone
are included, whereas for ¢ = 4 only the fundamental mode is retained. This difference reflects
the earlier onset of the tail for ¢ = 2, which allows the first overtone to remain relevant within
the fitting window. In contrast, for ¢ = 4 the overtone has already decayed by the time the tail
contribution becomes significant and therefore does not contribute to the signal in the interval

considered.
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For both multipole numbers, the fit including k = 3 purely damped exponentials provides a

noticeably better description of the signal, particularly in the transition towards the late-time

regime, being the residual around one order of magnitude smaller than for the fit with k = 2.

This improvement is consistent with the interpretation of the tail arising from a dense set of
purely damped modes: increasing k allows for a more accurate reconstruction of the underlying
power-law behaviour over a finite interval. The residuals further confirm that the inclusion of
additional exponential terms systematically reduces the discrepancy between the fit and the

data, especially at late times where the tail contribution becomes dominant.

Moreover, these fits make explicit the origin of the beating patterns observed in the signals.

In the intermediate regime, the signal is well described by a superposition of QNMs and
non-oscillatory contributions, the purely damped components approximating the tail. The
interference between these terms produces amplitude modulations, which manifest as the
observed beating pattern. This provides direct numerical support for the interpretation of the
tail as an effective sum of exponentials and clarifies how its coexistence with QNMs shapes the

structure of the signal.

This framework also clarifies why these patterns are more prominent for certain initial data.

In particular, wide initial profiles are dominated by low-frequency components, which hardly
excite QNMs and enhance the branch cut contribution. Consequently, the tail becomes more
relevant at earlier times, so that the overlap between QNMs and the tail increases and the
interference becomes more pronounced. In the extreme case in which the QNM excitation
is strongly suppressed, the signal can be almost entirely described by the effective sum of

exponentials approximating the tail, with no visible ringing.
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FITS FOR INFALLING PARTICLE

In this Appendix we show the results for the fits discussed in Section 5.3 for both of the
signals in Figure 5.4.
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Figure C.1: Fits including 3 modes (fundamental mode and two overtones) for the signal shown in the
left panel, for the fitting window in the left panel of Figure 5.4. We show the fit obtained
with fixed frequencies (pink) and the one obtained for free frequencies (orange). The lower
panel shows the difference between the fits and the data.
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Figure C.2: Fits including 3 modes (fundamental mode and two overtones) for the signal shown in the
right panel of Figure 5.4 for each of the fitting windows. We show the fit obtained with
fixed frequencies (pink) and the one obtained for free frequencies (orange). The lower panel
shows the difference between the fits and the data.
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