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Abstract

In this chapter, we present analytic calculations of gravitational waves from a
particle orbiting a black hole. We first review the Teukolsky formalism for dealing
with the gravitational perturbation of a black hole. Then we develop a systematic
method to calculate higher order post-Newtonian corrections to the gravitational
waves emitted by an orbiting particle. As applications of this method, we consider
orbits that are nearly circular, including exactly circular ones, slightly eccentric ones
and slightly inclined orbits off the equatorial plane of a Kerr black hole and give
the energy flux and angular momentum flux formulas at infinity with higher order
post-Newtonian corrections. Using a different method that makes use of an analytic
series representation of the solution of the Teukolsky equation, we also give a post-
Newtonian expanded formula for the energy flux absorbed by a Kerr black hole for
a circular orbit.

§1. Introduction

In this chapter, we review recent progress in the analytic calculations of gravita-
tional waves from a particle orbiting a black hole using a systematic post-Newtonian
expansion method. There has been substantial activities in this field recently and
there is a diversity of literature. Here we are mostly concerned with the actual cal-
culations of the gravitational waves from an orbiting particle and we intend to make
this chapter as self-contained as possible. We do not, however, discuss much about
implications of the results to actual astrophysical situations.

In the black hole perturbation approach, one considers gravitational waves from
a particle of mass p orbiting a black hole of mass M assuming u < M. Although
this method is restricted to the case when y < M, one can calculate very high
order post-Newtonian corrections to gravitational waves using a relatively simple
algorithm in contrast with the standard post-Newtonian analysis. This is because the
fully relativistic effect of the spacetime curvature is naturally taken into account in
the basic perturbation equation. We can also calculate numerically the gravitational
waves without assuming the slow motion of its source. Then, we can easily investigate
the convergence of the post-Newtonian expansion by comparing the result of the post-
Newtonian approximation with the fully relativistic one. In this sense, the black hole
perturbation method gives a very important test of the post-Newtonian expansion.
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Further, since the effect of the spacetime curvature is naturally taken into account,
we can easily investigate interesting relativistic effects such as tails of gravitational
waves.

We consider the post-Newtonian wave forms and luminosity which are expanded
by v/c, where v is the order of the orbital velocity. The lowest order of the gravi-
tational waves are given by the Newtonian quadrupole formula. We call the post-
Newtonian formulas for the wave forms and luminosity which contain terms up to
O((v/c)™) beyond the Newtonian quadrapole formula as the n/2PN formulas.

Let us first briefly give a historical review. The gravitational perturbation equa-
tion of a black hole using the Newman-Penrose formalism® was derived by Bardeen
and Press i) for the Schwarzschild black hole, and by Teukolskyﬁ) for the Kerr black
hole. By using these equations, many numerical calculations of gravitational waves
induced by the presence of a test particle have been done. We do not list_up all
such works. Here, we only refer to three articles; Breuer, Chandrasekhar®, and
Nakamura, Oohara, and Kojimal.

On the other hand, analytic calculations of gravitational waves produced by the
motion of a test particle have not been developed very much until recently. This
direction of research was first done by Gal’tsov, Matiukhin and Petukhov? in which
they considered a case when a particle moves a slightly eccentric orbit around a
Schwarzschild black hole, and calculated the gravitational waves up to 1PN order.
Then, Poissont) considered a case of circular orbit around a Schwarzschild black hole
and calculated the wave forms and luminosity to 1.5PN order at which the tail effect
appears. Cutler, Finn, Poisson and Sussmant also worked on the same problem
numerically by using the least square fitting method, and obtained a formula for the
luminosity to 2.5PN order. Subsequently, @highly accurate numerical calculation
was carried out by Tagoshi and Nakamural®. They obtained the formulas for the
luminosity to 4PN order numerically by using the least square fitting method. They
found the logwv terms in the luminosity formula at 3PN and 4PN orders. They
showed that, although the convergence of the post-Newtonian expansion is slow, the
luminosity formula which is accurate to 3.5PN order will be good enough to represent
the orbital phase evolution of coalescing compact binaries accurately. After that,
Sasakil® found an analytic method and obtained the formulas which are nee
to calculate the gravitational waves to 4PN order. Then, Tagoshi and Sasakild
obtained the gravitational wave forms and luminosity to 4PN order analytically, and
confirmed the results of Tagoshi and Nakamura. These calculations were extended
to 5.5PN order by Tanaka, Tagoshi, and Sasaki E).

In the case of orbits around a Kerr black hole, Poisson calculated the 1.5PN
order corrections to the wave forms and luminosity due to the rotation of the black
hole and showed that the result agrees with the standard post-Newtonjan effect due
to spin-orbit coupling ). Then, Shibata, Sasaki, Tagoshi and Tanak;@) calculated
the luminosity to 2.5PN order. They calculated the luminosity from a particle in
circular orbit with small inclination from the equatorial plane. They used the Sasaki-
Nakamura equation as well as the Teukolsky equatio& This analysis was extended to
4PN order by Tagoshi, Shibata, Tanaka and Sasakil® in which the orbit of the test
particle was restricted to circular ones on the equatorial plane. The analysis in the
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case of slightly eccentric orbit on the equatorial plane was also done by Tagoshi@)
to 2.5PN order.

Tanaka, Mino, Sasaki, and ShibataE) considered the case when a spinning par-
ticle moves a circular orbits near the equatorial plane around a Kerr black hole, and
derived the luminosity formula to 2.5PN order including the linear ordﬁ effect of
the particle’s spin. They used the equations of motion of Papapetrouw’st¥ and the
energy momentum tensor of the spinning particle given by DixonB%.

The absorption of gravitational waves into the black hole horizon, appearing
at 4PN order in the Schwarzschild case, was calculated by Poisson and Sasaki in
the case when a test particle is in a circular orbitB¥. The black hole absorption in
the case of rotating black hole appears at 2.5PN order 9. Recently a new analytic
method to so%e the homogeneous Teukolsky equation was found by Mano, Suzuki,
and Takasugi®). Using this method, the black hole absorption in the case of rotating
black hole was calculated by Tagoshi, Mano, and Takasugi Z) to 6.5PN order beyond
the quadrupole formula.

If gravity is not described by the Einstein theory but by the Brans-Dicke the-
ory, there will appear scalar type gravitational waves as well as transverse-traceless
gravitational Waves.ﬁuch scalar type gravitational waves were calculated by Ohashi,
Tagoshi and SasakiPd in a case when a compact star is in a circular orbit on the
equatorial plane around a Kerr black hole.

The organization of this chapter is as follows. We review the Teukolsky for-
malism for the black hole perturbation in section f| and formulate a post-Newtonian
expansion method of the Teukolsky equation in section f]. Then we turn to the
evaluation of gravitational waves by an orbiting particle in the rest of sections.

First we consider circular orbits. In section [, we calculate the gravitational wave
luminosity from a test particle in circular orbit arounﬁa Schwarzschild black hole
to 5.5PN order, based on Tanaka, Tagoshi, and Sasaki ). This is the highest post-
Newtonian order achieved so far. Based on this result, we investigate the convergence
property of the post-Newtonian expansion in section f]. In section [, we consider
circular orbits on the equatorial plane around a Kerr black hole and calculate the
luminosity to 4PN order, based on Tagoshi, Shibata, Tanaka, and Sasaki@. We
find the luminosity contains the terms which describe the effect of not only spin-
orbit coupling but also the effect of higher multipole moments of the Kerr black
hole.

Next we consider slightly noncircular orbits. In section [}, we calculate the
O(e?) corrections to the 4PN energy and angular momentum flux formulas in the
case of a slightly eccentric orbit around a Schwarzschild black hole, where e is the
eccentricity. In section f, we consider a slightly eccentric orbit on the equatorial
plane around a Iﬁrr black hole and evaluate the O(e?) corrections to 2.5PN order,
based on Tagoshil™. Then in section fl, we calculate the gravitational waves induced
by a test particle in circular orbit with small inclination from the equatorial plane
around a Kerr black hole and evaluate the 2.5Plhenergy and angular momentum
fluxes, based on Shibata, Sasaki, Tagoshi, Tanakal®. In section [[3, we discuss the
adiabatic orbital evolution around a Kerr black hole under radiation reaction and
show that circular orbits will remain circular under adiabatic radiation reaction but
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the stability of circular orbits can only be examined by an explicit evaluation of the
backreaction force.

In section [LI], we consider the effect of the spin of a particle. We first give
a general formalism to treat the gravitational radiation from a spinning particle
orbiting a Kerr black hole. Then we calculate the 2.5PN luminosity formula with
the first order corrections of the spin for circular orbits which are slightly inclined
due to the spin of the particle.

Finally, in section [[J, we revieﬁ a calculation of the black hole absorption based
on Tagoshi, Mano, and Takasugi®d. The black hole absorption effect appears at
O(v®) relative to the Newtonian quadrupole luminosity for a Kerr black hole, while
at O(v®) for a Schwarzschild black hole. We show the energy absorption rate to
O(v®) beyond the lowest order for the Kerr case, i.e., O(v'?) or 6.5PN order beyond
the Newtonian quadrupole luminosity.

Since many of the calculations encountered in this black hole perturbation ap-
proach are lengthy, various subsidiary equations and formulas are deferred to appen-
dices [A] to []. In the rest of this chapter, we use the units of ¢ = G = 1.

§2. Teukolsky formalism

In terms of the conventional Boyer-Lindquist coordinates, the metric of a Kerr
black hole is expressed as

A in” 0 2
ds® = — 5 dt asin® 0 dp)? + % [(72 +a®)dp — adt]
+§dr2 + Xdg?, (21)

where ¥ = 72 + a?cos?6 and A = r2 — 2Mr + a®. In the Teukolsky formalismﬁ),
the gravitational perturbations of a Kerr black hole are described by a Newman-
Penrose quantity ¢4 = — am(gnamﬁnym‘s, where Cyg45 is the Weyl tensor, n® =
(r? +a?),—A,0,a)/(2%) and m® = (iasin,0,1,i/sin 0)/(v/2(r + iacos 0)).

We decompose 94 into Fourier-harmonic components according to

(r — iacos 0)4py = Z / dwe™ @ me G, (0)Rpme (1), (2-2)
Im

The radial function Ry, and the angular function Sy, (6) satisfy the Teukolsky
equations with s = —2 as

d [(1dRy
dr \A dr

) = V)R = Tia (2:3)

1 df(. ,d 9 9 . 9 (m — 2cos 0)?
Linecze{smede} @ w”sin” sinZ o

+4aw cos O — 2 + 2maw + A| 2S¢, = 0. (2-4)
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The potential V(r) is given by

K2 +4i(r — M)K

Vir)=— A

+ Siwr + A, (2-5)

where K = (r? + a?)w — ma and X is the eigenvalue of _25%. The angular function
sSem/(0) is the spin-weighted spheroidal harmonic which may be normalized as

/ |_9Spm|* sinfdh = 1. (2-6)
0
The source term Ty, is specified later. Here we only mention that for orbits of our

interest, which are bounded, Tp,,,, has support in a compact range of r.
We define two kinds of homogeneous solutions of the radial Teukolsky equation:

BtransA2e—ikr* for r — Ty
Rﬁmw {,r,?)zg(fjaf eiwr* + T‘_lBinC e—iwr* for r — 400 (27)
Imw Imw )
R,P { Cémw et 4 A2Cl¥rer£we_ikr* for r —ry, (2-8)
Imw Otrans 3 zwr for r — 400 ’
tmw T
where k = w — ma/2Mr, and r* is the tortoise coordinate defined by
. dr*
r
dr
2M — 2Mr_ —r_
=r U P Uil , (2-9)

T4 —T_ 2M T —T_ 2M

where r4+ = M £ /M? — a2, and for definiteness, we have fixed the integration
constant.

We solve the radial Teukolsky equation by using the Green function method. A
solution of the Teukolsky equation which has purely outgoing property at infinity
and has purely ingoing property at the horizon is given by

o
Rémw = Wé { me/ dr/RmeTémwA + Rgmw/ dT'/R?TI;LngmwA_z} s
mw
(2-10)
where the Wronskian Wy,,,, is given by
Wi = 2iwCirans pine | (211)

Then, the solution has an asymptotic property at the horizon as
BtranSA2 —ikr*
2zwctranSB1nc

Imw —fmw

oo ~ L
/ dT/R;TI;LwTmeA_2 = Z?mwA2e_Zkr ’ (212)

T+

Rgmw(r — ’f'+)

The solution at infinity is also expressed as

3 zwr Tg ( )R ( ) B -
Rime dp! 28 Pmw\"” = 700 ,3iwr ’ 2.13
74 (7" - OO) 2sz1nc /7" AQ( ) Imw’ € ( )

Imw
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Here and in the following sections except for section 3, we focus on the gravita-
tional waves emitted to infinity. Hence Zé will be simply denoted as ngw The
gravitational waves absorbed into the black hole horizon will be treated separately
in section [[3.

Now let us discuss the general form of the source term Ty,,,. It is given by

. . _ S(IUJ
zmw:4/MMt**4BWJﬁe”W““34@, 214
) PP (B 2) Vor ( )
where
1 _ o _
By = —§PgﬁL—1[,0 YLo(p ™0 Tn)]
BA2L_ 27 AT T ),
2\[,0 PA’ L A[p™ P T4 (0P )
* 1 - - )
By = _Z/’ “pA% T p™ Ty (p P i)
AT [p PP AT L1 (p 2 2 T, 215
2\[,0,0 P 1(p™"p )] (2-15)
with
p=(r—iacosf)!,
L8:89+.£—awsin6+scot9, (2-16)
sin ¢
Jy =0, +iK/A.

In the above, Ty, T, and Trmm are the tetrad components of the energy momentum
tensor (T}, = wntn? etc.), and the bar denotes the complex conjugation.

We consider T}, of a monopole particle of mass .. The case of a spinning particle
will be discussed in section [L1] separately. The energy momentum tensor takes the
form,

" i dzt dz¥

= Sembdijar ar ar O )00 = 6))o(e = e(1)). (2:17)

where zH = (t,r(t),@(t),gp(t)) is a geodesic trajectory and 7 = 7(t) is the proper
time along the geodesic. The geodesic equations in Kerr geometry are given by

Eﬁ—ik— 2%2u—ﬁw-@ HW:Q@
dr o5 sin? N ’

de L, a 9 9 >
jypad E— Yk —al.) =,

I = <a - 0) +A< (r*4a®) —al

2, 2

Ej—t —(aE—Sm29)asin29+r Za (E(r2+a2)—alz) =T,

dr
Y— =+VR, (2-18)

dr
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where F, [, and C are the energy, the z-component of the angular momentum and
the Carter constant of a test particle, respectively®d ¥ = r? 4 a2 cos?  and

R=[E(r* +d®) —al.)* — Al[(Ea —1.,)* +r* + C). (2-19)

Using Eq. (2-18), the tetrad components of the energy momentum tensor are
expressed as

T = 150 = ()56  6(6))5( — (1),
Tosn = 121 = r(6))5(6 — 006 — (1), (220)
T = 1225 — r()3(0 — 0(6))3( — (1),

where
Chn = [E(r2+a2)—al —i—Eﬁr
A FTdr]
P 22y arl Tl _ b )} :
Crmn = SNt [E(r + a®) alZ+Ed7—} [zsm@(aE 7 d (2-21)
,02 l 2
Cmm:—.[isin9<aE— '22 )] ,
237t sin“ 6

and f = dt/dr. Substituting Eq. (2-15) into Eq. (B-T4) and performing integration
by part, we obtain

o0

Tfmw = % - dt/d@eth_im@(t)
« [_% Lo L3 (6°8) ) Cuunp ™25 50— (£))8(0 — 0(0))

2—2
LA (L;LS +ia(p — p)sin 08 ) J { Crnp ™2 2 A7 6(r — 7(£))(0 — 0(1)) }

V2p
+ L5270, Y omad 55— r(0)606 - ()
- %M?sa{p-m (PP~ 2Crmmo(r — 7(£))3(0 - 6(t))) }], (2:22)
where m
L;r =0p — — + awsinf + scot 0, (2-23)
sin 6

and S denotes 257 () for simplicity.

*) These constants of motion are those measured in units of . That is, if expressed in the
standard units, E, I, and C in Eq. (2-18) are to be replaced with E/u, I./p and C/u?, respectively.



We further rewrite Eq. (2-22) as
Tfmw = M/ dteth—ing(t) A2 (AnnO + AmnO + AmﬁO)é(T — T(t))

+ (A + Amm)3(r = 1)}, + (Ammadle — () ] (22)

where
At = = Conp™ 5 L™ L5 (*5)),
Amno = %Cmn/f?’ (LJS) (% +p+ ﬁ)
—asin 95%@ - p)} ,
Ammo =~ CmS|=i( 5 ) SE 2ipy
Amn1 = %p_ngn[L;S +iasin0(p — p)S],
Ammi1 = —\/%p_%CmmS <Z§ + p),
Amma = —\/LZ—wﬂ_gﬁCmmS' (2-25)
Inserting Eq. (2-24) into Eq. (B-13), we obtain Zimw 8S
Toms = e || AW, (2:26)
where
Wimw = | Ripu{Anno + Amno + Ammo}
dR@mw {Amn1 + Ammi} + el Ao . (2:27)

dr? r=r(t)

In this paper, we focus on orbits which are either circular (with or without
inclination) or eccentric but confined on the equatorial plane. In either case, the
frequency spectrum of Ty, becomes discrete. Accordingly Zime in Eq. (19 or
(B-13) takes the form,

Zimw = Z 5(” - Wn)Zme . (2'28)
n

Then, in particular, 14 at » — oo is obtained from Eq. (-2) as
2Saw7

Z mewn \/—

Zmn

zwn(r* —t)-i—imgp. (229)
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At infinity, 14 is related to the two independent modes of gravitational waves hy
and hy as

Yy = %(ﬁ-i- — ihy). (2:30)

From Egs.(29) and (B-30), the luminosity averaged over ¢ > At, where At is
the characteristic time scale of the orbital motion (e.g., a period between the two
consecutive apastrons), is given by

2

Zy

dE men dE
— ) = — = — . 231
< dt > Z;n 47Tw% Z;n< dt >Zmn ( )

In the same way, the time-averaged angular momentum flux is given by
2
Z
dJ, m’ tmeon dJ, m (dE

= _— = = — = . 2-32
< dt > Zgn 477"‘)% Z§n< dt )Zmn Zgn Wn ( dt )émn ( s )

)

§3. Post-Newtonian expansion of the ingoing wave solutions

We consider the case when a test particle of mass p is in an orbit which is
nearly circular around a Kerr black hole of mass M > u and describe a method to
calculate the ingoing wave Teukolsky functions R which are necessary to evaluate
the 4PN formulas for the gravitational waves energy and angular momentum fluxes
emitted to infinity. In the Schwarzschild case, we shall derive the 5.5PN luminosity
formula in section []. A method to calculate the ingoing wave solutions in this case
is separately discussed in Appendix [[J because it is considerably more complicated
than the method explained in this section.

Using non-dimensional variables in the Teukolsky equation, we can see that the
Teukolsky equation is expressed in terms of three basic variables, z = wr, e = 2Mw
and aw = ge/2 where ¢ = a/M. In order to calculate the gravitational waves induced
by a particle, we need to know the explicit form of the source terms Ty, (r). They
will be given in the proceeding sections for specified orbits. Here it is sufficient to note
that they have support only around r = r¢ where rg is the orbital radius for a circular
orbit or the mean radius in the case of an eccentric orbit (with small eccentricity).
Hence from Eq. (R:13), what we need to know are the ingoing wave functions R™(r)
around r = 1o, and their incident amplitudes B™°. Note that we do not need the
transmission amplitudes B35 to evaluate the gravitational waves at infinity. This
fact considerably simplifies the calculations. Since we treat a test particle in a bound
orbit which is nearly circular, the contribution of w to the Teukolsky functions comes
from w ~ m{2,, where 2, ~ (M /r3)1/? is the orbital angular frequency. We will
evaluate R™ by setting three basic variables to be z = wrg ~ m(M/rg)/? ~ v,
€ ~ 2m(M/ro)?? ~ 3, and aw ~ gm(M/rg)3/? ~ v3. Here, we have introduced
a parameter v = (M /rq)"/? which represents the magnitude of the orbital velocity.
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We assume that v is much smaller than the velocity of light; v <« 1. Consequently,
we also assume that € < v < 1. This relation is the basic assumption in obtaining
the homogeneous solutions below.

Now we calculate the ingoing wave solutions which are necessary to calculate
the luminosity to O(v®) beyond the lowest order for the Kerr case. The method is
mainly based on Shibata et al.l9 and Tagoshi et_al.l9. An extension to O(v'!)
calculations done by Tanaka, Tagoshi and Sasakild for the Schwarzschild case is
given in Appendix [J.

First, we discuss the angular solutions. The angular solutions are the spin-
weighted spheroidal harmonics. The angular equation (2-4) contains only one small
parameter aw. It is straightforward to calculate the spin-weighted spheroidal har-
monic _9.Sp, and its eigenvalue A by expanﬁlﬁh@soluﬁon in power of aw. It can
be done by the usual perturbation method )-19).19) Tt is also possible to obtain
them by using an expansion by means of Jacobi functionsE?. The method and the
results are given explicitly in Appendix []. Here we only show the eigenvalue A which
is used to calculate the radial functions. The eigenvalue A is given by

A= X + awl; + a*wXg + O((aw)?) (3-1)
where

Xo=L(0+1)—2=(0—1)(C+2),
1) 44
Al——QmW,

3Y(2 4 0 — 3m2
Yo = =20+ () + 200 42 ;“Z;Iﬁ)@?f?’;fg = ) (3:2)

with

g2 [(€+3)(€—1)(€+m+1)(€—m+1)r/2
fm (04 1)2 (20 +1)(2( + 3) ’
2 [(e+2)(e—2)(£+m)(£—m)r/2

(20 +1)(20 — 1) ‘

(3-3)

Next we consider the homogeneous solution R™. We assume w > 0 below. The
solution for w < 0 can be obtained from the one for w > 0 by using the symmetry of
the homogeneous Teukolsky equation which implies Ry, ., = Ry —m, —.. Here, we do
not treat the Teukolsky equation directly. Instead, we transform the homogeneous
Teukolsky equation to the Sasaki-Nakamura equationd, which is given by

d? d
L _F
dr*2 (r) dr*

- U()] X =0, (3:4)
The function F(r) is given by

nr_ A
Flry=21"_= _
(r) n r2+a?’
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where
n=co+cr/r+ca)r’ 4 c3)r® 4 ey )rd, (3:6)

with

co= —12iwM + A(A + 2) — 12aw(aw — m),

1= 8ial[3aw — A(aw — m)],

co= —24iaM (aw — m) + 12a*[1 — 2(aw — m)?,

c3= 24ia3(aw — m) — 24Ma?,

cy= 12a". (3-7)
The function U(r) is given by

AU,y AG,

= 2 T _F .
U(r) 21 a?)? + G+ r2 o G, (3:8)
where
o 2(r—M) rA
 r24a2 (12 +4a?)?
A2 ﬁr r ﬁ,r
U=V + 5| (2a *Z)f?(“*z)]=
K 6A
o= — A§+3K +)\+
ﬁ:ZA( ZK+7~—M—%) (3:9)

\éhen we set a = 0, this transformation becomes the Chandrasekhar transformation
) for the Schwarzschild black hole. The Sasaki-Nakamura equation was originally
introduced, for the inhomogeneous case, to make the potential term short-ranged and
to make the source term well-behaved at infinity. It is not necessary to perform this
transformation in this case, since we are interested only in bound orbits. Nevertheless
we choose to do this because the lowest order solution becomes the spherical Bessel
function and we can apply the pogt—Newtonian @pansion techniques developed for
the Schwarzschild case by Poissont) and Sasaki
The relation between Ry, and Xy, is

1 Br B
Ry = 1 { <Oé + A )Xﬁmw AXémw,r}a (3 10)

where Xpmw = Xemwd/(r? + a2)1/ 2. Conversely, we can express Xym, in terms of
Ry as

1
Koo = (1% + )21 LI |5 Runa (311)

where J_ = (d/dr) — i(K/A). Then the asymptotic behavior of the ingoing-wave
solution X™ which corresponds to Eq. (R-7) is

_ *
Aref iwr* + Amcw wr for * — 00

Xg emw®
mw A%;:E;Se_lkr for r* — —oo.

(3-12)
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The coefficient A", A™f and A" are respectively related to B, B*f and Btrans,
defined in Eq. (2-7), by

. 1 .
Bgﬁw = _mAlﬁ?ﬁ,wv (313)
4w?
Bé;frgw = _?A?r))fum (314)
1
Bl = A, (315)
mw
(3-16)

where ¢ is given in Eq. (3-7) and

domew = V2Mr [(8 — 24iMw — 16M>w?)r?
+(12iam — 16 M + 16amMw + 24iM>w)ry — 4a*m?* — 12iamM + 8M?].

Now we introduce the variable z* as

Z_
Y= In(z — - In(z — 2_
¥ =z+e¢ P n(z —zy) P n(z—z_)
=wr*+elne, (3-17)
where z = wr and z4 = wry. To solve for X' we set
X =22 4 a2w2€,(2) exp (—id(2)) , (3-18)
where
K
o(z) = /dr (Z —w)
1 _
=z"—z— qu rpe—— (3-19)
2 Tz -z z—2zo

With this choice of the phase function, the ingoing wave boundary condition at
horizon reduces to that &g, is regular and finite at z = 2.

Inserting Eq. (B-1§) into Eq. (B-4) and expanding it in powers of € = 2Mw, we
obtain

LOern] = LD [g0m] + eQW[Epm] + QP [€0m] + €QP) [€0m] + €' QW ] + O(€%),

(3-20)
where L, LM QW and Q@ are differential operators given by
? 2d L0+ 1)
LO = —_ 42— <1 — > 21
dz? * zdz + 22 ’ (3-21)
1 d? 1 20\ d 4 i 1
n_-=2 s\ (224 .
L zdz? +<22 + z) dz (z3 22 +z)’ (3-22)
Q(l) _ igh d 4img (3-23)

222 dz 1(1+1)23
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The formulas for Q®@, Q®) and Q¥ are very complicated, and they are given ex-
plicitly in Appendix [B. Note that, when we set a = 0, all Q™ vanish.
By expanding &z, in terms of € as

ton = 3 €010 320
we obtain from Eq. (B-20) the iterative equations,
LO[Em) = 22w, (3-25)
where
w® o, (3-26)
Wi = 2> (L +QMIeR) (3-27)
Wi = 22 (LOER] + QW + QP [) (3:28)
W = 2 (L0l + QWIg] + QP g + QP (329)
Wi = 22 (LOk) + QU] + QDI + QU] + QWD) (3-30)
As € = 2GMuw if we recover GG, the above expansion corresponds to the post-

Minkowski expansion of the vacuum Einstein equations.

The iterative equations (B-25) have been obtained by expanding Eq. (B-4) in
powers of ¢ by regarding z = wr as the independent variable. Since the horizon is
at z = z+ = O(e), this procedure implicitly assumes that ¢ < z. Consequently, we
cannot apply the above expansion near the horizon where the ingoing wave boundary
condition is to be imposed. To implement the boundary condition correctly, we have
to consider a series solution of &g, which is valid near the horizon as well as in the
range € < z and match it to the series solution of the form (B-24). Recentlé this
matching problem has been rigorously solved by Mano, Suzuki, and Takasugi & for
the original Teukolsky equation. However, for our present purpose, it is sufficient
to resort to a simple power-counting argument, by which it is possible to implement

n) at z > ¢ for

the boundary condition of &, at the horizon to the behaviors of §§m

n < 2¢ (for n < 20+ 1 in the Schwarzschild case; see Appendix D).

Since the ingoing wave boundary condition is that &, is regular at horizon, if
we introduce an independent variable x := (z — z4)/e we can expand &g, near the
horizon as

Em =3 M (@), (3-31)
n=0
This means we have -
Eom(0) = £ (0) D €"Cy, (3-32)
n=0

where C), = Q{Z} 0)/ f}gl} (0). In other words, &, (0) should have a well-defined limit

for € — 0 except for the overall normalization factor §§31}(0). Keeping this property
in mind, let us consider the boundary conditions for Egs. (3-26) — (3-30).



14

The general solution to Eq. (3-26) is immediately obtained as
) = aljo + By, (3-33)

where j; and n, are the spherical Bessel functions. The coefficients aém and 6
are to be determined by the boundary condition. For convenience, we normalize the

solution X™ such that the incident amplitude A™° is of order unity. Then both aégg
and 65522 must be of order unity. Since jy(2) ~ 2¢ and ng(z) ~ 27! for z < 1, the
latter is O(e2“*1) larger than the former near the horizon where z = O(¢). Hence
Eq. (B-32) implies we should set 65522 = 0. As for the value of aéggb, since it only
contributes to the overall normalization of X™, we set aggi = 1 for convenience.

Inspection of Egs. (3-27) — (3-30) reveals that the solution 55%) behaves as z/~"

plus the homogeneous solution aég Je + ﬂé;? ng for z — 0. As for aég (n > 1), they

(0)

simply contribute to renormalizations of cy,). Hence we put them to zero. As for

@m, from the same argument as given above, we find they may become non-zero
only for n > 2¢ 4+ 1. Since £ > 2 and € = O(v3), this implies that the near zone
contribution of ny ~ z~¢=1 which is O(v~(%*1) greater than the lowest order term
je, to the gravitational waves emitted to infinity may arise only at O(v'%) beyond
the quadrupole order. Since the post-Newtonian corrections we shall consider for the
Kerr case are those up to O(v®), we set ﬁlgfn) = 0 and solve the iterative equations
(B-29) to O(e*) with the boundary conditions that QZB ~ 27" at z — 0. We note
that, in the Schwarzschild case which is discussed separately in Appendix [, these
boundary conditions turn out to be appropriate for n < 2¢+ 1; i.e., up to one power
of € higher than the Kerr case.

To calculate QZL) for n > 1, we rewrite Eqs. (3-27) — (3-:30) in the indefinite
integral form by using the spherical Bessel functions as

éé?n) = W/ degWg(ZL) —jg/ dZ’I’LgWZ(:rLL). (3-34)

The calculation is straightforward but tedious. All the formulas which are needed
to calculate the above integration to obtain fén) for n < 2 are shown in Appendix of

Sasaki E) They are recapitulated in an alternative way in Appendix [} Using those
formulas, we have for n = 1,

m_ ({=1)(+3) . 2 20—1\
Som = 200+ 1)(20 + 1)~ <2£(2£+ NI A
-2
1

1
+Ryojo + Z <m —|——m+1>Rgmjm—2D J +ijeln z

zmq( €2+4 ) imq( (C+1)2+4
-1

where D?j is an extension of the spherical Bessel function defined in subsection D.2.1
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of Appendix D
o1
Dy’ = 3 [76Si(22) — ng (Ci(22) — v — In22)], (3-36)

where v = 0.5772--- is the Euler constant, Ci(z) = — [ °dtcost/t and Si(z) =
Jo dtsint/t, and R, j is a polynomial of the inverse power of z defined by

Ry = 22 (Ml — Fmnk)

B [(m_il)/m(—l)r (m—k=1-m I (m+%-r) (E)W"“‘lé,?%y)
a —0 T!(m—k—1—2r)!F(kz+%+r) z
for m > k and it is defined by
Ry = —Rim. (3-38)
for m < k.
Next we consider 527272. From Egs.(B-34) and (3-35), we obtain 527272 as
S = 1 +ig” + k() (a) (3:39)

where fz(z) and gf) are the real and imaginary parts of Q?L in the Schwarzschild

limit, respectively, and k:g?z

For ¢ =2 and ¢ = 3, fé(z) are given by

(q) is the correction term due to non-vanishing ¢ = a/M.

) 389 . 113 . 1 . ,
2(): 702270 T 190501 +E‘73+4D;mj
5 o 10 . 6. 107 .
R LY =~ pw —pm DM
%72 ATt e R Tt
—m‘zan——JQ(lnz)z’
2 _ L. 323, 5065 _<@+ﬁ) AL I
3= 423‘74 4921?))2 294,62‘71 588 1%3 JoT 520 T g
nj nj nj nj nj
—;D?, "‘%Dz +;lzl +§D0 — 5P
+4D3" — iz - 5j?,(ln 2)?, (3-40)

where Dzmj is defined in Appendix [0, Eq. (D-20). As explained in subsection D.1
of Appendix D], the term géz) is given for any ¢ as

1.
g = e+ f;" Inz. (3-41)

2)

The term k‘g (q) is given for £ =2 and ¢ = 3 by

(2) 191im . _m2q2jo_mqj1

k
2m = gp 40 30 10
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(68 @ WM Tmags . Ao
63 927399727 Tr7ea 2T T80 72 @ BT g™ 1B
PR s Tim?¢%jy 13
“on M - - —maqn
420 174 399 8820 g dm
1 1373 . -2 . 13
bmg (= = Tt ) e wima (5D} D). (3:42)
35271 2m?¢®> 51 mqja b 5i
]{;(2) - - P _ 9 v 9 2 9 .
sm = g I 315 36 504 72t g 12
_379im ._q2j3_7m2q2j3 3mqj4_i2‘+ i 22
360 177 360 720 160 14087 T 0™ 4
L7 . ¢?js 1Tm?¢?js  103i | 2i
=oan v 45 — - - mqno+ —mqn
5040 1757 7360 5040 48 MATo T mgmmans
13mq jo 5m(Jj4) . <—13 ni D n>
- 1 —— Dy — —D)7). 3-43
< 126 * 56 0z umgq 63 2 28 4 ( )

As noted previously, the source term Ty, has support only around r = rg,
hence around z = wrg = O(v). Therefore, to evaluate the source integral, we only
need X'™ at z = O(v) < 1, apart from the value of the incident amplitude A™.
Hence the post-Newtonian expansion of X'™ corresponds to the expansion not only
in terms of € = O(v?), but also of z by assuming ¢ < z < 1. In order to evaluate the
gravitational wave luminosity to O(v®) beyond the leading order, we must calculate

the series expansion of 5&2 in powers of z for n < 6 — ¢ for each 2 < £ < 6. This
follows from a simple power counting. The leading order contribution of the ¢-th pole
is 0(02(5—2)) smaller than that of the quadrupole, while the n-th post-Minkowski
terms are O(e"z™") = O(v®") relative to the lowest order terms in the near-zone.
Hence the leading term of 55%) contributes at O(v2(=2+27) and O(v®) is attained
for £ +n = 6 (see Appendix C of Ref. [[§)).

To evaluate A", we need to know the asymptotic behavior of Q:Ln) at infinity.
Since the accuracy of A" we need is O(e?), we do not have to calculate Qi’rz and
£§4m) in closed analytic form. We need only the series expansion formulas for 522 and
£§4m) around z = 0, which are easily obtained from Eq. (B-34)). This is also true for

2 for ¢ = 4. Inserting {é;? into Eq. (B-1§) and expanding it by z and € assuming

am

€ < z < 1, we obtain

2 . . . 3 3.3
@3 _ -9 v 3, ¢ 7T’LQ_L 2 2 Mg mgq
m=30; 730" T30 0 0™ ¢t 6 90
—mqlnz—imzq2 In 2z
30 30
L (319, 1006378 g 1TmPq? | 830 g
6300 © 441000 ¢ 7180 T T1132 " msso ¢

6li 55 Iz 1060 Ll )2)
— m _— — m nz——m n-z
13230 " 4 T 5 T 175 M 304
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+O(2), (3-44)
)= Lo, (3:45)
&) = 1;(:0 mq+ ?sgq(j — TZGO mq® — ﬁ m? ¢® +0(z2), (3-46)
& = (Tlﬁzl - 1;;0 mer 1Oq5284 B 1502?4%2) #+0() (340)

Inserting these fé;? into Eq. (B-1§) and expanding the result in terms of € = 2Mw,
we obtain the post-Newtonian expansion of X™. The transformation from X™ to
R™ is done by using Eq. (B-10)).

Next, we consider A to O(e2). Using the relation jp,1 ~ —j;_1 ~ (—1)*"

Non—¢
at z ~ oo, etc., we obtain the asymptotic behaviors of 522 and Q?L at z ~ 0o as

érlrz ~ p@iﬁj‘e + (qé}vz —Inz)ng+ijslnz, (3-48)

5457272 ~ ( éiz + qg?z Inz— (In z)2) Je+ (qéiz —péi}b In z)n,

(1) (1)

+ipy,jelnz +i(qy,, —Inz)ngln z (3-49)
where
T
Pﬁi = % (3-50)
w_1r. 041 W]_IQ_ 2imq 51
Yem 2[w<>+w<+>+ W+ n2- e (350
é—ll
Y(l) = E 0g (3-52)
k=1
for any ¢ and
(@ _ 457y _o? 57 i 457 In2
Pom =510 ~ 2 "2 7™ a1
i (In 2)2
—fyln2—ﬁmqln2— 5 (3-53)
() _ —4Tm 7w Smq i i o9 i 5, w2
G2m = "o 5 36 TagMTe T g Ty d o (354)
@ _52y_of Sm i o 52In2
Pom =77 "9 T T ™I Ty
i (In 2)2
_fyln2—5mqln2—T, (355)
—2 ' ' 174 In.2
i = 2(1” 0T 0T L prg g — 2 2 g2 T )

1440 144 360 12960

2
Then noting that exp(—i¢) ~ exp(—i(z* — z)) at z ~ oo, the asymptotic form of X
is expressed as

X = V22 + au? exp(~ig) { 110 + ek + 20 + ...}
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~ e_iz*(zhf)eiz) {1 + e(p% +ig )+ E(pP) + iq(z))]

tm m tm
—l—eiz*(zhf)e_iz) {1 t e(pgir)b - @2) + 62(7)% B iqéi)b)} , (357)

where hgl) and hf) are the spherical Hankel functions of the first and second kinds,
respectively, which are given by
1z —iz
WY = jo + ing — (—1)”1%, W =y —ing — (—1)“1—62 - (3-58)

From these equations, noting wr* = z* — eIln e, we obtain

. 1 .
Alnc — §Z'Z+le—zelne {1 + E(pgr)L +2q§2) + 62(pgi)b +2q§2) + } . (359)
The corresponding incident amplitude B for the Teukolsky function is obtained
from Eq. (3-13).

§4. Gravitational waves to O(v!'!) in Schwarzschild case

In this section we consider a circular orbit around a Schwarzschild black hole
and derive the 5.5PN formula for the energy flux emitted to infinity. In this case, we
can take the orbit to lie on the equatorial plane (6 = 7w/2) without loss of generality.
Then E and [, are given by setting R(rg) = OR/0r(ro) = 0 where R is given by
Eq. (B:19). This gives

E:(T0—2M)/\/T‘0(T’0—3M), lZ:\/MTo/\/l—?)M/To, (41)

where rq is the orbital radius. The angular frequency is given by (2, = (M/ 7‘8)1/ 2,
Defining sbg,, by

1, 1/2 <z > _Ero
Obém - 2 [(Z 1)£(€ + 1)(£ + 2)] OYYZm 270 o — Y
b = (= D+ 2 i (5,0)
2 To
) (g, 0) 1,82, (42)

where Yy, (0, ¢) are the spin-weighted spherical harmonics @), Zme is found to take

the form .
Zimw = Zim6(w — mily,), (4-3)

where

—()bgm — 2i_1bgm (1 + %wr%/(ro — QM))

T
D = ————
m zwr%BZj

1 .
i abpmwro(1 — 2M/rg) 2 <1 — M/ro+ inm) Rin
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t [i1bim =2 bem (1 + iwrd/ (ro — 2M) )| roRE (7o)

1 )
+§_2bgmr§Rzz”<m) : (4-4)

where prime denotes the derivative with respect to the radial coordinate r. In terms
of the amplitudes Zy,,, the gravitational wave luminosity at infinity is given by

00 l 2
RIPIE 2 (9
(=2 m=—¢

where w = m{2,. Since the dominant frequency of the gravitational waves at infinity
is 262, an observationally relevant post-Newtonian parameter is x = (M Qw)l/ 3. We
mention that our post-Newtonian expansion parameter is defined by v := (M/ 7‘0)1/ 2,
In the case of a circular orbit around a Schwarzschild black hole, however, we have
v = x. Hence the parameter v is directly related to the observable frequency in the
present case.

Following the method given in section [, instead of directly calculating Rz‘d from
the homogeneous Teukolsky equation, we calculate the corresponding Regge-Wheeler
function X ég first and then transform it to Rij;. The homogeneous lﬁgge—Wheeler
equation, which is given by setting a = 0 in Eq. (B-4), takes the form ),

2o,
[W +w?— V(r)] X, (r) =0, (4-6)

where

r r2 r3

V(T):(l_%) <€(€+1)_6M>‘ @7

The transformation (B-1() reduces toBd

A/ d ) r2 7/ d )
Ry = a (dr* + zw) A (dr* + zw) r Xpw, (4-8)

where ¢g, defined in Eq. (3-7), reduces to ¢ = (¢ — 1)0(¢{ +1)(£ + 2) — 12iMw. The
inverse transformation (B-11) reduces to

r /d r? [ d Ry
X, = — —w | — —iw | =52 4-9
W= (dr* “’J) A (dr* “’J) 2 (49)
The asymptotic forms of X™ is ‘_che same as given in Eq. (B-19) except that now we
have k = w. The coefficients A™"¢, A and A'"S are also respectively related to
Bire Bref and Bans a5 before. (See Egs. (3-13), (3-14) and (3-15).) Note that the
coefficient that appears in Eq. (3-15) now reduces to

Ao = 16(1 — 2iMw)(1 — 4iMw). (4-10)

Corresponding to Eq. (3-17), we introduce the variable z* = z+e€ln(z —¢€). Then
Eq. (B-1§) reduces to

Xt = e 7205 (2) = e T8 (2), (4-11)
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and Eq. (B-20) becomes LOg)] = eLM[&)]. Thus Eq. (B-23) simplifies considerably
to become

n n—1
1O} = LWg" ). (412)
It may be worthwhile to note that the left hand side can be expressed concisely as
(n—-1) —iz dld iz 2 ¢(n—1) .
[{ ] =e o Lg 7 (e z°€, )] . (4-13)

The calculations to O(e?) are already done in section ] When we consider the
gravitational wave luminosity to O(v!'!), we need to calculate A to O(e?) for £ = 2

and 3 and to O(€?) and for £ = 4. Thus we need the closed analytic forms of ff’) for
¢ =2 and 3 and ff). The latter can be obtained in the same way as in the previous
section. The procedure to obtain Sf’) is explained in detail in Appendix [D.

The real parts of {ég), fz(g), for £ = 2 and 3 are given as

214 Fyo[z(lnz)jo] 107D,  457D", 2629 Dy’ 16949 Dy’

15V =
105 630 70 630 4410
107 2) Dy” (1?0? D5 4 ()2 Dy — 2594] —12D™7 18 D;";j e
o rynnny 19753 253951 107 (Inz)jy 3(ln2) jo1 214
5;4,; (Inz) j 12(95 (1nz)2§1780 45—17_j3 2790(1nz)]—:: lnz j3 ' 100
0 T 4 ios0 | 252 %14

) 26 Fsplz(log2)jo]  13D™  14075D"
s = + +

21 98 882 ,
1424D% 2511 DY N 269 Dy” 13 (log 2) Dy’
63 70 70 21 ; ;
. DJ 710Dy 6 Dy™
log 2)*> D}? — D" 434 D)™ — 1
+(log z)” D3 18 + 60 +3 51 -
gy Pima 195 65(og2)jy  15(og2) i 2789
28 56 14 2 3780
21 (logz)jo  17(logz)®jo 74954y 4867 (log 2) j2
84 4 5292 1764
355 (log 2)° jo 10963y  15(log2)js 3 (log2)*ja L A (415)
84 32340 196 28 1485

where the definitions of the functions D" 7 ete. are given in Eqs. (D-20) and (D-24)

of Appendix [D. The imaginary parts gé ) are expressed in terms of fg(l) and fz(z) as

given in Eq. (D-9). As for the real part of @(12), ff), it is calculated to be

@ _ 96 . < 5036 30334> . (35252 30334 14401) .

4 165275 T\ 73321 T 11552 335 16523 | 34652
B <5036 45461 36287> , (140 5 ) 49

1125 6933 | 92402 B 182) "0 622
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21 . 149 . 10 . 105 . 210 .. 20 .. 1571 .
“5, 00+ g Dy g D S DY S Do’ = 2Dy e D
. 1571 1
nnyj _ . T 2 .
+4D, 6930 /4 In z 5 J4 (Inz)”. (4-16)

Using the analysis given in subsection D.4.2 of Appendix [0, the above results
readily give us the asymptotic forms of ff’) (¢ =2,3) and &(12) at z — oo, from which
the amplitudes A™¢ to the required order are calculated. The results are

. 1. ) 107 29 107 ¢(3)
Aine _ _ ~ i o—ie(In 2e+) [ { ©_ 2 3 (_ 2 _) }]
b 226 exp |t 63 € 42O7T-|-6 e 12607‘(’ + 3 +

X 1—6%—1—62 (%—l—%ﬂj—l—%(y—i—ln%)
+€3 (—%w— %(’7+ln2)ﬂ'— 7;—;) +--,
Alre = %e_“(meﬂ) exp [z {e% - ezgﬂ +é <—% - %w2 + @) +-- H
X 1—6%—1—62 (%—1—%7724—%(7—1—1112))
4¢3 (—%ﬂ— ;—i(’y+ln2)7r— 7;—2) +--

: 1. _. 14 1571
Ay© = 52’6_“(1“26”) exp [z {66—09 - ieZ%ﬂ +-- H
™ 22201 5 , 1571

loel g (222 L 22 220 0 ng)) 4. 41
X{ 62“(7200+247TJr6930(7+m))Jr ] (#17)

The corresponding amplitudes B are readily obtained from Eq. (3-13).

As in the previous section, from Eqgs. (-11) and (f=§), it is also straightforward
to obtain the near-zone post-Newtonian expansion of X'™ and hence of R™, assuming
z < 1. As discussed there, we need the series expansion formulas for R™ for 2(n +
¢ —2) <11, hence for n < 7 — ¢ for each 2 < ¢ < 7. The resulting R for2<¢<7
which are necessary to calculate the luminosity to O(v!!) are given in Appendix [H.

Finally, from Eq. ({-5), we obtain the luminosity to O(v!!) as

()= (@),

1247 , 44711 , 81917 .
336 © 9072 © 62

69854400 105 3 105 105
162857 -
T Th02 Y
( 323105549467 232597~ 1369 72

(6643739519 172y 1677 342412 1712 lnv> Ky

3178375200 * 4410 126
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39931 In2 47385 In3 232597 Inv\
o010 T T 168 4410 )
2659786675197 6848~y m 136967 In2 6848 wInw\
( 745113600 105 105 105 > v
2500861660823683 916628467~ 424223 12
<_ 9831032303200 | 7858620 6804

83217611 In2 47385 In3 916628467lnv) 10

1122660 * 196 * 7858620
(8399309750401 ™ 177293~ m

101708006400 1176
8521283 In2 1421557 In 3 n 17729371’an) 1(]4 18)
17640 784 T
where (dE/dt)y is the Newtonian quadrupole luminosity given by
dE 2uM3 32 2
(48) M52 (0 o o

To compare the above result with those obtained previously by the standard post-
Newtonian method, we note that v = z = (M Q@)l/ 3 in the present case. Then
we find our result agrees with the standard post-Newtonian results up to O(x”)
bbb, bd. DB in the 1imit /M < 1. The contributions to the luminosity from
individual £ modes are given in Appendix [H.

§5. Convergence of the post-Newtonian expansion

Using the results obtained in the previous section, we compare the formula for
the gravitational wave flux with the corresponding numerical results and investigate
the accuracy of the post-Newtonian expansion.

A high precision numerical calculation of gravitational waves from a particle in a
circular orbit around a Schwarzschild black hole has been performed by Tagoshi and
Nakamura.Ed Since no assumption was made about the velocity of the test particle,
their results are correct relativistically in the limit 4 < M. In that work, dE/dt was
calculated only for £ = 2 ~ 6. Here, for the orbital radius ro < 100M, we calculate
dE/dt again for all modes of £ = 2 ~ 6 and for ¢ = 7 with odd m. The estimated
accuracy of the calculation is about 107!, which turns out to be accurate enough
for the present purpose.ﬁs for the radius g > 100M, we use the data calculated by
Tagoshi and Nakamural® which contain modes from £ = 2 to 6.

In Figs. 1 and 2, we show the error in the post-Newtonian formulas as a function
of the orbital radius r. The error of the post-Newtonian formula is defined as

N

where (dE/dt),, and (dE/dt) denote the (n/2)PN formula and the numerical result,
respectively. In the plot of Fig.2, only the contributions from ¢ = 2 to 6 are included

error —
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error
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Fig. 1. The error of the post-Newtonian formulas as functions of the Schwarzschild radial coordinate
r for 6 < r/M < 100. Contributions from ¢ = 2 to 7 modes are included.

in both the post-Newtonian formulas and the numerical data. We can see that, at
small radius less than r» ~ 10M, the error of the 1PN and 2.5PN formulas are larger
than the other formulas. On the other hand, the Newtonian and the 2PN formulas
are very accurate within this radius. This is because those formulas coincide with
the exact one accidentally at a radius between 6M and 10M. The error of each
post-Newtonian formula at the inner most stable circular orbit, » = 6M, becomes
as follows; 12% (Newtonian), 66% (1PN), 8.6% (1.5PN), 3.4% (2PN), 42% (2.5PN),
11% (3PN), 5.4% (3.5PN), 17% (4PN), 8.4% (4.5PN), 6.5% (5PN), 4.1% (5.5PN).
As is expected, the errors of the post-Newtonian formulas decrease almost linearly
up to r ~ 5000M in a log-log plot. This fact also suggests that the numerical data
have accuracy of at least ~ 107'® at r ~ 5000M.

In order to examine exactly to what order the post-Newtonian formulas are
needed to do accurate estimation of the parameters of a binary, using data from
laser interferometers, we must evaluate the systematic error produced by incorrect
templates. However, here we simply calculate the total cycle of gravitational waves
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error
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Fig. 2. The same figure for 100 < r/M < 5000. Contributions only from ¢ = 2 to 6 are included in
both the post-Newtonian formulas and in the numerical data.

from a coalescing binary in a laser interferometer band and evaluate the error pro-
duced by the post-Newtonian formulas. It has been suggested that whether the error
in the total cycle is less than unity or not gives a use@ll guideline to examine the
accuracy of the post-Newtonian formulas as templates £ (see also Ref. i(]))

We ignore the finite mass effect in the post-Newtonian formulas and interpret
M as the total mass and p as the reduced mass of the system. The total cycle N
of gravitational waves from an inspiraling binary is calculated by using the post-
Newtonian energy loss formula, (dE/dt),,, and the orbital energy formula (dE/dv),
which is truncated at n/2PN order as

n p (dE/dv)n
N /d © |(dE/dt)n]’ (5:2)

where v; = (M/r;)Y/2, vy = (M/r;)"/2, and r; and r; are the initial and final
orbital separations of the binary. We define the relative difference of cycle AN
as ANM™ = [N — N(»=1)| We adopt ry = 6M and r; is the one at which the
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frequency of wave is 10Hz and which is given by 7;/M ~ 347(Mg,/M)?/3.
The results for typical binary systems are given in Table I. We only show the

Table I. The relative difference of cycle AN ) for typical coalescing compact binaries. The last
line shows the cycle calculated by Newtonian quadrupole formula.

n  (1.4My,1.4Mg) (10Mg,10My) (1.4Me,10My)  (1.4Me,70My)
2 356 54 216 212
3 228 60 208 296
4 11 5 15 31
5 12 7 20 53
6 11 8 22 75
7 1.2 1.0 2.6 10
8 0.12 0.14 0.3 2.2
9 0.82 0.80 1.9 8.9
10 0.09 0.08 0.20 0.87
11 0.03 0.03 0.07 0.40
N© 16000 600 3578 898

resultg for ¢ = 0. The cases for ¢ # 0 are investigated in Shibata et al.) and Tagoshi
et al.lD . This table suggests that we need the 3PN~4PN formula to obtain accurate
wave forms for typical binaries whose total mass are less than 20M,. Although the
required post-Newtonian order is very high and it has not been achieved yet in
the standard post-Newtonian analysis, this results show that the post-Newtonian
approximation is applicable to the inspiral phase of coalescing compact binaries. In
this sense, we can be optimistic.

On the other hand, the convergence for the case of neutron star — black hole
binaries, whose mass is above several ten Mg, is very slow. This is because r;/M
become smaller for a larger mass black hole, and the higher relativistic correction
becomes more important. From Table I, we might think that N converges at
n = 11 even for (my,mg) = (1.4Mg,70My). However this is not true. Note that
Table I shows only the relative difference between the post-Newtonian approximated
cycles. If we calculate the difference between the post-Newtonian formula and the
fully relativistic one, we find that the 5.5PN formula is not accurate enough forﬁie
case (my,ms) = (1.4Mg,70M), as pointed out by Tanaka, Tagoshi and Sasakild.

Finally we comment on the initial frequency. The above results are obtained
by setting the initial frequency to 10Hz. However, it may be difficult to observe
gravitational wave at this frequency because of the seismic noise. If we set the
initial frequency higher than 10Hz, the error AN becomes slightly smaller. But
since this dependence of AN on the initial frequency is very weak, the above results
are insensitive to the variation of the initial frequency.

§6. Circular orbit on the equatorial plane around a rotating black hole
In this section, we consider a circular orbit on the equatorial plane of a Kerr

black hole and calculate the 4PN luminosity formula.
We define the orbital radius as r = ro. As in section [, we have C = 0, and E
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and [, are determined by R(rg) = 0 and OR/Ir |,—r,= 0 as

B 1 — 202 + qv? - rov(1 — 2qu3 + ¢*v?) (61)
(1—3v2+2qu3)1/27 7 (1 — 302 +2qu3)l/2 "’
where v = (M /rg)/?. From these, we can easily obtain ¢(t) as
M1/2
ot) = Qots 2y = 7 [1-qv* + %" +0(%)] . (6-2)
"o

When a = 0, this becomes 2, = (M/rg)'/2.
The rest of the calculation is almost the same as in section . The amplitude of
the Teukolsky function Z;° at infinity is expressed as

210 (w —m2) [ i
W {R {AnnO + Amno + Ammo}

dRin d2Rin
- Amn Amm —— Amm )
o { 1+ 1)+ = 2 N

=0(w—m2) 250, (6-3)

Soo
mew -

where Ay, ete. are given by Eq. (2:25).
The total luminosity up to O(v®) is expressed as

’ ! + 73 33 o2
< > = ( ) {1 (g-independent terms) — 49,3 + a4
N

dt dt 12 16
3749q o 1697q 3419¢%*\
336 ( 6 168 )"
83819 ¢ N 65mq*  151¢° o7
1296 8 12
3389mq  124091¢* 17¢*\
— 4
" ( 96 o072 16 ) [ (©4)

where (dFE/dt)N is the Newtonian quadrupole luminosity, Eq. ({:19), and the g¢-
independent terms are identical to those in Eq. (4:18).

From an observational point of view, it is more convenient to express the luminos-
ity in terms of the variable z = (M 2,)'/3. Using the relation between v = (M /rq)'/?
and z given by Eq. (6-2), the luminosity is expresses as

= dE 11 2
<E> = <%>N (1 + (q—independent terms) _ Tq 23 + 3?1)_g 24

59¢ 5 65mq 611¢*\
16x+< 6 s )"

162035 | 657> Tlq"\
3888 8 24
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35971q  22667¢2 17¢%)
( 4 s 16 )7 ) (6-5)
where _ 9
dEN 32 (12 1
(dt)N_5(M>”” ’ (6:6)

and the ¢-independent terms are again identical to those in Eq. (4-18) with the
replacement v — x. The partial luminosities for individual modes are given in
Appendix [{. Th@ spin dependent term at O(v®) agrees with the standard post-
Newtonian resultt.

Here it is interesting to investigate the origin of some of the spin-dependent
terms. As an example, we consider the mode ¢ = |m| = 2. The luminosity from the
¢ = |m| = 2 modes is given by

(). (&)
dt /o2 dt /o

dE
= (—) 1 + (g-independent terms) — @ 3 42 q2 zt
dt /N 3

52q 32mq 1817¢%*\
T +< 3 567
364856 ¢ s 8¢%\ -
+< 007 ST T )
2087q  105022¢%> )\ o
—l—( o + 9261 +q% ) x°]. (6-7)

We can derive some_of the spin-dependent terms in the above formula from the
quadrupole formulatd; dE/dt = (32/ 5)u2f492, where 7 is the orbital radius of a
test particle in harmonic coordinates. If multipole moments of the black hole exist,
the orbital radius changes due to the influence of those moments. The mass and
mass current multipole moments of a Kerr black hole is given by M; 4 iS; = M (ia)".
We can express the orbital frequency of the test particle in harmonic coordinates.
We find that the dominant effect of the multipole moments of a Kerr black hole to

dE/dt can be expressed as

dE\ dE 851 5 M, ( S3 4M251) 7
<dt>_(dt>N{1 S VEA Ve S VR W VER A

3M3  5My\ g
+<_§W+§W x} (6:8)

The terms in this expression agree with the corresponding terms of our result such
as (—8/3)qx?, 2¢%2*, (—8/3)¢®x" and ¢*28. Thus, we may interpret the term 2¢%z*
as the effect of the quadrupole moment. The terms (—8/ 3)q3a;7 and ¢*2® are not due
to a single multipole moment, but to combined effects of the multipole moments.
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§7. Slightly eccentric orbit around a Schwarzschild black hole

In this section, we present post-Newtonian formulas of gravitational waves from
a particle in slightly eccentric orbits around a Schwarzschild black hole. We derive
the 4PN formulas of the energy and angular momentum fluxes to O(e?) where e is
the eccentricity of the orbit.

The solution of the geodesic equations for slightly eccentric orbits has been given
by Apostolatos et al.'%. Here we briefly sketch the derivation of it. Since we may
consider the orbit to lie on the equatorial plane without loss of generality, we put
0 = 7/2 and C = 0 in the geodesic equations (2:18). Then we define a slightly
eccentric orbit as follows: First of all, we assume that E and [, are set to be such
that R(r)/r*, which plays the role of an effective potential for the radial motion,
has the minimum at r = rg and that the maximum value of the orbital radius is at
r =19(1 4 e), where e < 1. Thus, the following conditions hold;

a(R/r?)

T(r:ro)zo and R(r =ro(l1+e)) =0. (71)

From these equations, F and [, are expressed in terms of ry and e as

o (1—=20%)2 21 -60%) 5 202(1—Tv?) 4 4
E=Tme "1 32 ¢ 1 32 ¢ o), (72
M
L=—2 7.3
V1 — 302 (7-3)

where v = \/M/rq. For convenience, we also define 2 = v3 /1\4@ Then expanding the
geodesic equations in powers of e, the solution is found to be )

r(t) = ro[l + ecos £2,t
+e2{q1(v)(1 — cos 2:t) + ga(v)(1 — cos 202,1)}] + O(e?), (7-4)
o(t) = 2.t — ep1(v) sin £2,t

+e*{p2(v) sin £2,t + p3(v) sin 202t} + O(e?), (7-5)
where
2, = 201 —6v*)'/2, (7-6)
32 _ 82
2, = 0l - FO 5 1) = 30 e (7
1— 7v? 1 — 1102 + 260*

n) =152 ) =55 6v2)g— 202)’ (7-8)
- 2(1 — 30?) o 2(1=30H)(1 - T?)

ne) = i YT A e
5 —64v% 4 2500 — 3000° (7:9)

p3(v) = 4(1 — 202)2(1 — 602)3/2

As is well known, since {2, # (2., the orbit does not close.
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Now we evaluate the source term of the Teukolsky equation. In the present case,
Apno ete. given in Egs. (2-25) reduce to

2
E (0) r2 dr
Ann = T = 1 A 12 ’ -1
0 2\/§Asfm< T Aw (7:10)
ily L) tw 2 r2 dr
Amno = “r )1+ ==, 11
° \/%S@m<4+r3>< T (711)
12 @) [ 2iw(r — M) w?
Ao = —2= -2, 12
W v A (712)
il 1) r2 dr
AMn = 1 T -1
! 2777»25%( * Adt) (713)
lg @ fiw A
Amm1 = \/%ESém 2 + pel b (7-14)
I2A 2)
Ammo = ———— , 7-15
2T oV 2mEr T (715)
where
Ste) = LILYSum (0 = 7/2), (716)
S = LhSum(8 = 7/2), (717)
S = S (0 = 7/2). (7-18)
Then noting that the orbits of our interest have the properties,
dyp dep
r(t+ At,.) = r(t), — = — , 7-19
( ) =r(t) i, = Ay (7:19)

where At, = 27 /(2,., Eq. (R-2§) can be rewritten as

VA _ H * dtett=ime(®) 7
tmw = W . € Imw
mw
_ L 2w /At'r dtewt—imgo(t)wz Z5(w —wp) (7-20)
2iw B¢ At Jo R "
where
wp =nd +me, (n=0%1,%£2,...). (7-21)

We see that Zme takes the form as given in Eq. (R-2§) with Z,,, given by

pi2y

Imw = 5. pinc
2iwBye

Aty ) )
[ ey, (7:22)
0

When Zy,,,, are obtained, the energy and angular momentum fluxes averaged
over t > At, are calculated by using Eqgs. (P-31]) and (P-39), respectively. Here, we
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show these fluxes accurate to O(e?) and to O(v®) beyond Newtonian:

<Cil—f> = B0 4+ 2E® 4 0(e?), (7-23)
<d$‘> = JO 4 e2j® 1 0(ed). (7-24)

We note that J\* = E©) /2 where 2 = v3/M. We have already given the 5.5PN
formula for E() in section f], Eq. (4-18). Hence our task here is to evaluate the O(e?)
corrections. From the forms of r(t) and ¢(t) given in Eqgs. (7-5), we readily see that
Zime, = O(el”) for n = 41, 42. Thus, we only need the modes n = 0,+1: As for
the n = 0 modes, we must retain terms up to O(e?), while for the n = 41 modes,
we only need terms up to O(e). Then the 4PN formulas for £(?) and J? are found
as

- (2 dE
CER = (),

y { 37 65 v 108773 B 465337 v* B 118607 7 v° B 17328779 7w v”

1 1 T mw 9072 1344 48384

(98546617999 ~ 65056y n 608 72 n 1712 In2 234009 In3

69854400 315 9 315 560
65056 Inv ) ¢ 6653525574791 n 118015~ 34093 w2
315 2118916800 98 126

1035547 In2 3986901 In3 1180151
. n n n’U),US}, (725)

4410 + 1120 + 98

y 5 N 749 12 N 49 7 03 232181 vt N 773 1 0P B 300637 7 v’
8 96 8 6048 336 1008

12700800 210 6

+20009 In2 78003 In3 19367 Inv 6
210 280 210

<_ 12713730793 3463711~ 14675 w2

<8017536229 19367y + 181 72

61122600 * 8820 252

(7-26)

2312441 In2 | 35449083 In3 3463711 Inv)
980 15680 8820 v
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In Appendix [@, we show each (¢,m,n) component of the energy and angular mo-
mentum fluxes. Note that there was an error in the coefficients of the e?v* terms in
Ref. [[7)). This error is corrected in Egs. (7-25) and (7-26) above.

To express the energy and angular momentum fluxes in terms of the variable
x = (M£,)"/3, we use Eq. (7-7). To O(e?), it can be easily solved for v as

1
V=1 [1 + gf(ac)e2 +0(eY)] . (7-27)
Then to O(2®) the energy and angular momentum fluxes are expressed as

(%)= (%),

e (g 678147 N 2335ma’  149292"  773mad

1 + (e-independent terms)

24 168 48 189 3
156066596771 25 106144~y 2% 99272 26
69854400 315 9
80464 2% In2  2340092% In3 10614425 Inx
- 315 B 560 B 315
32443727 mx”  3045355111074427 2% 507208 2.8
TTus3sa eriziesazdo T a1
3127172 2%  1513362% In2 12887991 2% In3
63 B 441 * 3920
507208 28 Inx
o )] (7:28)

and

()= (%),

e <§ ~32592° N 209723 104134921 7857 2°

1 + (e-independent terms)

8 168 8 18144 6
9172195520325  41623~y2% 3897226 2450325 In2
69854400 210 6 210
78003 2% In3  416232% Inx 915657 27
280 B 210 168
~ 105114325363 2% N 696923y a® 438772 2®
72648576 630 18

7051 2% In2 3986901 z°% In3 696923 28 Inx
- + + , (7-29)
10 1960 630
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where (djfdt)N is the Newtonian angular momentum flux expressed in terms of x,

dJ, 32 (p\* 7
=—|—) M 7-30
(dt)N 5<M) o (730)
and the e-independent terms in both (dE/dt) and (dJ/dt) are the same and are given
by the terms in the case of circular orbit, Eq. (4-18), with the replacement v — x.

Finally, we consider the stability of circular orbits. We note that the following
relation holds:

dE dJ, m, (125712 12002 _
<%>_%<E>:Z (fs — )@+ 0(e!) = H(v)e? + 0(e),

o 47 wi w?

(7-31)
where wy = mJ{2,+2, and Z éi) = Zpmw, - Here H(v) is an important quantity which
determines the stability of circular orbits under the radiation reaction. Assuming
the adiabatic evolution of the orbit, the evolutﬁn equations for rg and e due to the
gravitational radiation reaction are written as &

dro  2M(1— 3v?)3/2

T VA1 — 602) EO® 4 0(e?), (7:32)
ne — 202)(1 — 3p2)1/2 )
”diit == 12)2(2(i 61)2) : {Q(U)E(O) + G(v)] +0(e),  (7-33)

where
2 — 2702 + 720* — 360°
g(v) = 2 2 2 )
2(1 — 202)2(1 — 6v2)
Gv) = E® — 2J% = H(v) — f(v)E©. (7-35)

Using Eqgs.(7-25) and (7-26), the 4PN formula of G(v) is calculated as

(7-34)

G (0) _(@) 13 24410° N 79370®  2341310" 1216997 v°
PR =at x| 6 224 48 18144 1344
_414029m7 36300112493 72011~y N 673 72
6912 46569600 630 18
56603 In2 78003 In3 72011 Inv 0
630 560 630
_ 18638348721901 N 7157639y 17837 x°
6356750400 8820 84
1085179 In 2 N 20367531 In3 133120 In4 N 7157639 Inv |
1764 15680 441 8820

(7-36)

Note that [g(v)E© 4+ G(v)]/E©® — 19/6 for v — 0i.e., in the Newtonian limit, the
radiation reaction always reduces the eccentricity@). By a numerical calculation,
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Apostolatos et al.@) found that there exists a critical radius r. below which the
circular orbit becomes unstable; r. ~ 6.6792M. On the other hand, we find the use
of the 4PN formulas for F(*) and G(v) gives 7. ~ 7.38M. This indicates that a much
higher order PN formula will be necessary to determine 7. with good accuracy.

§8. Slightly eccentric orbit around a rotating black hole

In this section, we consider a slightly eccentric orbit on the equatorial plane
of a Kerr black hole and calculate the leading order corrections of the eccentricity
to the energy and angular momentum fluxes up to O(v®) beyond Newtonian. The
calculation is parallel to the one given in the previous section.

We consider the motion of a particle in the equatorial plane § = 7/2, hence we
have C' = 0. We define the radius 7 = r( as the one at which the potential R/r* is
minimum; O(R/r*)/0r |,—,= 0. We define the eccentricity e such that r = ro(1+e)
is a turning point of the radial motion at which R(r = ro(1 4+ ¢€)) = 0. We assume
e < 1. Using these definitions of g and e, F and [, are expressed as

E=EO 4 eEW 4+ 2E® 1 0O(e?),
L =19 + el 2P + 0(e3),

where E(™ and l,(zn) (n=0,1,2) are given by

E(O) . 1-— 2?}2 + qU3
(1= 302 4 2qu3)1/2) 7
EW =0,
5O _ v2(1 — 302 + qu3 + ¢?v*)(—1 + 60 — 8quv? + 3¢%v?)

2(1 — 302 + 2qv3)3/2(—1 + 202 — ¢2v?) ’
10— rov(1 — 2qu3 + ¢?v?)
(1 — 302 + 2qv3)(1/2)’
1 =o,
@ _ 470 v2(q — 3v + qu? + ¢?v3) (=1 + 6v% — 8qv> + 3¢%v?)
? 2(1 — 302 + 2qv3)3/2(—1 + 202 — ¢2v?) ’

where v = (M/rq)'/2. The post-Newtonian expansions of E(™ and 1

required order are

up to the

M 3M?* gM°? (M 5M?  3qM°/? 6
E=1-— — — — 1
2o~ 8rg TS/Q 2rg  4rd * rg/2 +O(%),(81)
M M?3/? 2 M?  15gM>/?
l. = (Mro)'/? l1+3——3q3/2 (—7 2>—2—5QT
2772 5/2
@M?  3qM ) 6 ]
+e? — + 09| . (8-2)
< 27"8 27‘3/2



34

Now we solve the geodesic equations for a slightly eccentric orbit. The radial

equation is
dr\? R
() =7 &3)

r(t) =ro [1+erM (@) + 2@ () + O(e?)], (8-4)

We expand r(t) as

and R/T? in terms of e and v using Eq. (8:1) and (8-2). Collecting terms of the
equal order in e, we obtain

2
(ﬂ?) = 21— (), (8:5)

and
1 dr® dr®
22 dt  dt

where (2., qo, g1 and g2 are given in the post-Newtonian series forms as

= (D@ 4 qo + Q17“(1) + Q2(7‘(1))2v (8-6)

e
@ =1- % quzﬂ — +rq82)M2 - 2635’\/425/2 +0(v°). (8-10)

We obtain r()(t) from Eq. (B-) as
rD(t) = cos 2, (8-11)

where we set r(t = 0) = ro(1 + ¢). Substitution of Eq. (B-1) into Eq. (B-§) and
yields after integration

r () = g3(1 — cos 2,t) + qa(1 — cos 202,1), (8-12)

where g3 = —qp and g4 = q2/2.
In the same way, we can solve the angular motion ¢(t). From Eq. (2-18), we
have dy/dt = ®/T, which can be expanded in terms of e using Egs. (8-1), (8-2),

(B4), (B11)) and (B-19). Integrating the resulting equation, we obtain

o(t) = 2.t + ep1 sin 2.t + e2po sin 2, + e*pysin 202,t + O(e?), (8-13)
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where

pr=-2-— % 6‘%4/2/2 _ T +7%2)M2 + 4832\/425/2 + 0@,

Py =2+ % - 2q7%4/2/2 L& —:%2)]\# + 6%{;2/2 + 0@,

by — Z N % B 2q7%4/z/2 0 +;%2)M2 N 59(—184;8(12)]\43 + 08, (514)
and

1/2 3/2
0= ()"

To 7’03/2
3 9M  9gM3/2  3(6+ ¢?) M?2  60qM>/?
S ( g ) M7 60g +O(u5)[8:15)
2 2rg o /2 G T5/2
0 0

As in the case of the previous section, the fact that 2. # (2, implies that these
eccentric orbits are not closed.

Using the above solution of the geodesic equations, we evaluate the source term
of the Teukolsky equation. We set § = 7/2 in the expressions of A, ¢ etc. in
Egs. (2:25). Again, parallel to the discussion in section [, the orbits of our interest
have the properties,

dyp dep
r(t+ At,.) = r(t), — = — , 8-16
( ) =) dt li=trat, At li= (8:16)
where At, = 27/f2,. Hence Eq. (:26) reduces to the form,
mew = Zémw(s(w - Wn)y (817)
where
wp =nd +mfy,, (n=0,%1,£2,...), (8-18)
and 0 A
Ty = —1or / dte™t=imetyy, - (8-19)
2iwBye Jo

with Wy, given by Eq. (2-27).
Using the solution of the geodesic equation for r(t), we expand Wy, in terms
of e. The result takes the form,

dr® dr®
W%W=Rh+€<ﬁﬂn+f22t)4%9<ﬁﬂm+JZ;t-+ﬁ@mf

M\ 2 (1)
+k<“ >+ﬁﬂwﬁ +ﬁ)+méx (8-20)

dt dt
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where fo ~ fs are time-independent coefficients. Inserting this form to Eq. (B-19)
we obtain

i = 5o {m+¥<§+qg—m?@b
+(q3 +qa)f3 + imgrpl fa+ %2]%)] 9.0
be (L4 Py = 1) b
+e (% — % 0 z'(22r f2) On,—1
e <3_J"15+j38Jr fimpr  fom® pi® L Jomps v
4 4 8 2
+% - §f7w+ %fgmp1w+if4q4w + fﬁf2> On,2
Le? <3Tf5 s fﬂjpl 3 J"(Jm821012 3 foglpg v
—i—% + ifﬂu + % fomprw —ifiqw+ f6i02> 6n,_2] ,(8-21)

where 6, v is the Kronecker delta. We see from this equation that Zy,,,,, = O(e‘”')
just as in the Schwarzschild case. Therefore we only need to retain the n = 0, £1
modes to evaluate the luminosity up to O(e?).

We calculate the energy and angular momentum fluxes to O(v®) beyond the
quadrupole formula and to O(e?) in the eccentricity. The time-averaged energy and
angular momentum fluxes are given by Eqs. (-31) and (2-32), respectively. In order
to express the post-Newtonian corrections to the luminosity, we define 7y,,, as

dFE 1 /dE
o =5\ m,n s 22
<ﬁ%m 2<ﬁ>ﬂ“’ (8:22)

where (dE/dt)y is the Newtonian quadrupole luminosity given by Eq. (E-19). In the
following, we show 7y, for m > 0 modes. 7y, , for m < 0 are obtained from the
symmetry ¢, n = 17¢,—m,—n, Which follows from the property of w,, in the present
case, given by Eq. ([f-21]).

For ¢ = 2, the 2.5PN formulas for 7, , are found to beB

107 v? 3 5 478404 9 4
M2,20=1— o1 +47mv’ —6qu +ﬁ+2q v
428 7 v° N 4216 g v°
21 189

*) As mentioned in the previous section, we have detected an error in the formula for 1220 in
Ref. B) The term —14270/147¢*v* there is in correct. Accordingly, formulas for dE/dt and d.J, /dt
below are also corrected in this paper.
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932 v? 1427004
2 3 3 2. 4
-1 —4 dgvd — ——— —2
+e ( 0+ o1 6mv° +84qu a7 3q°v
4748 Tv®  2675¢ 00
+ + :
21 189
5 (729 364507 2187713 3645q 03
m21 =€ | — — + -
64 64 32 32
24057v*  2187¢%v*  6561mv® 9477 g0
- - — - ,
256 64 16 112
_ 2 9 N 1041 v? N 9mo®  153¢0°
12217 64 " T4 32 32
2224681 v* 99 ¢% vt N 615mv®  27857q0°
112896 64 112 336 ’

v qud 1Tt ot wd T93¢0d

ML= 36T 9 T 50a T 16 T 18 9072
o [(—2vF  2qvd 930t ¢Zut 1970 27113¢0°
+e + - — — — ,
9 3 112 2 36 18144
402 g 17204 16mvS  2794¢0°
_ 2 I T 2 4
P = ( 9 3 I T
5 [ 1 145v2+7rv3+3qv3+282521v4 3¢% vt
= e _ —
12,0,41 96 672 48 16 169344 32
_83mu®  1255¢0°
168 504 ’

and 12.1,—1 becomes O(v®). Putting together the above results, we obtain (dE/dt), =
Zmn(dE/dt)Zmn for £ =2 as

dE dE 1277 v? 5 T3quvd 379150
— ) =(— 1-— + 47 — -
dt ), dt ) n 252 12 10584
33¢%v"  25617m0° 2015754 0°
16 126 9072
o (37 2581v% 1087w wvd  211qv® 3253930 1054 v?
+et | = — - — - +
24 252 48 6 21168 8
29857 v 11293 qv°
_ , 823
68 T 62 )} (8:23)

For ¢ = 3, we obtain

1215 v? B 1215 v* N 36457 v° B 1215 g v°
896 112 448 112

13,30 =
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o (—109350v% 3766501 1421557 0° 134865 v°
+e + - + )

448 256 896 448
o (64002 4672001 51207 0°  1280¢ 00
73,31 = € - + - ;
o 21 189 21 3
_ 2 15v2+1055v4+307rv5_435qv5
88,1 = 14 126 7 11 )’
5v1 40qv® , [—65v1  520q0°
173,20 = —5 — + )
> 63 189 63 189
_ 2 (364501 1215¢0°
13,21 = 1792 24 )’
. _ 2 54 _ 5qv5
32,1 1792 672 )’
B v? vt . Tvd  17qv°
1073064~ 1512 | 4032 9072

1032 T 16128 1152 T 36288

_ 2 v_2 B 23 vt N 271 v° N 122 g v°
BIL=C 996 T 126 63 567 )

2 o - g’
B.0EL = | 9688 T 1008 )
and 731,—1 becomes O(vﬁ). Thus we obtain
(d_E> B (d_E) 1367 v? _ 32567 vt + (164037r _ 896q) o
dt )5 \dt /x| 1008 3024 2016 81

180107  78509v! /400837  8913¢
2 . - 5 .
e < 252 s64 ( 448 56 ) ! )}'(8 24)

Le? <—v2 65 v? TP 199qv5>

For ¢ = 4, we have

12800  37120¢2 0t

M40 = ey 567
48828125 €2 v*
AT TTRR0608
32805 2 vt
Na4,-1 = 7168 s
_ 50t 25 2 pt
120 = 3960 ~ 3969 °
5e2 vt
M42,—1 =

254016’
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e? vt

M4,0,£1 = m s

and 74,21 becomes O(v®). Hence we have

dE dE 8965v* 2946739 2 v*
— ) =(— + ) (8-25)
dt ), dt x| 3969 127008

Finally, gathering all the above results, we have the luminosity up to O(v°) as

dE dE 1247 v? 5 T3quvd  447T11v% 3342 0?
— V== 1-— + 470 — —
dt dt ) x 336 12 9072 16
8191 7 v° N 3749qv® 5 (37 6502 N 10877 v3  211qo3
— e _— —
672 336 24 21 48 6
465337v*  105¢%v* 1186077 v® 95663 ¢ v°
B v n qg v L qu . (8-26)
9072 8 1344 672

If we set ¢ = 0, the e? correction terms in the above formula completely agree with
the corresponding terms in Eq. (7-25) in the previous section.

To compare our results with those derived in the standard post-Newtonian
method, it is convenient to change the parameter from v to z = (M Q@)l/ 3. The
relation between v and z is given by

_ q 3 21_§2§3_ 4_24%5}] .
v—x[1+3w +e {2 5% +3qx 6x qx+2qac . (8-27)

Then we obtain

dE dE 1247 , 11 4, 44711 , 33 ,
<%> = <%>N{1—%x — Zq:n +4x 7T——9072 x —1—1—6x q
59 5 8191 o 157 6781 5, 2009 45 2335 4
1 e (o s Ty T

— 1‘11239 $4 % $4q2 . % qx5 _ ? :E57T)62}, (8'28)
where (dE/dt)y is the quadrupole flux expressed in terms of z, Eq. (p-6). We find
that the terms which are proportional to e? agree with the formulas derived by Peters
and MathewstD) at leading order, Galt’sov et al.B) and Blanchet and Schéfer at v2
order @), Blanchet and Schifer at v3 order for ¢ = 0@) and Shibata at v3 order for
q # 0B if we expand their formulas by e assuming e < 1 and uw/M < 1.

From Eq. (R-33), the partial mode contributions to the angular momentum fluxes
for £ = 2, 3 and 4 are calculated to be

(djz) B (djz) | 127 dro? 61 ¢’ N 37915 v* N 33¢° v*
at ), \dt )y 252 m 12 10584 16
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2561w | 2222940 2< 5

5 137 v? N 49 3 B 57qv3
126 1296 8 24 8 4
2356750 N 203¢%v*  204377m0v°  16444940°
14112 32 504 4536
(djz) B (djz) 1367v* 32567 " N (164037r B 88049q> i
dt )5 \dt /x| 1008 3024 2016 9072
o (6702 66497 v* (4319377 1675571q> 5
+e — + — v ,
32 2016 1008 18144
(sz) - (sz) 8965 v* | 478195 e? vt
dt 4  \dt /x| 3969 42336 ’
where (dJ,/dt)x is defined by
dJ., 32u2MP% 32 (u\% . .
( dt )N 502 b <M> ! (8:29)

Total angular momentum luminosity is then given by

dJ, dJ, 1247 v? 61q\ 5 44711 33¢%\ 4
= 1— A7 — —2 -7
(&) (dt>N{ s+ (4 )”*( !

232181  203¢%\ 4, (7737 28807q\ s
+<_ 6048 T 32 >”+<336 224 )” - (830)

12 902 T 16
—81917  417q\ 5 o ( 5 74902 <497r 57q> 3
+< 672 56>U+€ s 76 T3 1)’

The e? terms in the above also agree with the corresponding terms in Eq. (7-26).
The angular momentum flux expressed in terms of xz = (M Q¢)l/ 3 is given by

dJ, dJ, 1247 , 11 4 4 44711 , 33 4,
— 12202 - 4 _ 29
<dt> <dt>N{ 336 © g v TArT * v

9072 16
59 . 8191 . (23 3250 , 371 4 209 4
16 1° 672$”+(8 68 ° T gt
1041349 , 171 , , 243 . 785 . 2}
_ - _ _ o 31
18144 © T 16 " g T ” W)e ’ (8:31)

where (dE7 dt)y is the Newtonian flux expressed in terms of z, Eq. (7-30)
§9. Circular orbit with small inclination from the equatorial plane

In this section, we consider the case of a circular orbit at » = rg with small

inclination from the equatorial plane. We evaluate (dE/dt) and (dJ,/dt) to O(v®)
beyond Newtonian.
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In this case, the orbital plane precesses around the symmetric axis. The degree
of precession is determined by the value of the Carter constant C. If ry and C' are
given, the energy E and the z-component of the angular momentum [, are obtained
by the two equations, R = 0 and OR/0r = 0, where R is a function defined by
Eq. (B-19). We introduce a dimensionless parameter y defined by

—_— C .
=
We assume 3 is a small number. Since Q* ~ 12 and C' ~ I2 + lf/, this is physically
equivalent to assuming [2 + ZZ < [2. Since we do not need the exact expressions for

FE and [, in terms of r¢ and y, we show them to the first order in y as well as to
O(v®). They are given by

y Q*=1%+d*(1 - E%). (9-1)

M M2 M3/2
E=1-l 43 21— L)+ o), (9-2)

— - —(1
o0 8rg ro/? -3

3M Y 3M/2q
L = (Mrg)'/? <1_g> Ty 2 %
l ( 7‘0) [ 9 + 27’0( 2) 7’3/2 ( y)
27TM? y, a? 15M3/2q 6
s (1= )+ =2 = =1 =n) 4060 (99)

where note that a = Mq (|q| < 1).
To solve the geodesic equations under the assumption y < 1, we first set § =
/2 + y'/20" and consider the geodesic equation for 6. It then becomes

dgN\? 1|, sin®(y2) 2 12
(F) _E[Q - - )| 00

Since the right hand side of Eq. (0-4) contains only even-functions of y/20', we can
solve it iteratively by expanding 0 as

0" =010y + yb() + y20(2) + e (9-5)

This method is similar to the one we have used in section [ or §. However, here we
only consider the lowest order solution 6p). This means we take into account the
effect of inclination up to O(y), as seen from the structure of the geodesic equations.
The equation for 6 g) is

do 0 2 Q2
(T2) =50~ (86)
or dividing it by (dt/dr)?,
do 0 2 Q2
< d(t)> = (1= 0). (9-7)
where 9 9
o=—a(aE —1,)+ ‘IA(‘;OT)O {E( g+a2) —alz} (9-8)
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Then the solution is easily obtained as

9(0) = Sin(Qgt); Qg = g s (9'9)

where we have chosen 65y = 0 at ¢ = 0. Thus we have

T
=5+ y'/% sin(£2t). (9-10)
Note that the solution (9-10) implies that the inclination angle 6; is indeed given by
0; = yl/ 2 in the present approximation.
Next, we consider the geodesic equation for ¢. Taking account of the terms up
to O(y), it becomes

dp K I, a*E\
E‘El“(?‘?)ye@]
2
= {2, — v cos(242pt), (9-11)
where
a
=—(aE—-1L)+—{E(02+d*) —al, 12
K (a l)+A(T0){ (rg +a°) —al.}, (9-12)
and )
k1 K (1 a*FE
Qo=—+4zyld, H=—(=-——) 1
o= S, m=2(2-2F) (913
The solution to Eq. (9-11) with ¢ =0 at t =0 is
= 0ot -y Gin(201) (9-14)
o =12, y496s1n ot).

Note that (2, # (2. This means the precession of a test particle orbit around the
spin axis of the black hole. Specifically, to the order required for the present purpose,
we have

1/2 1/2 1/2 2
p, =M ll_ Mﬁy(M _a_> +0(U6>] ,

7‘3/2 7‘3/2 2 7‘3/2 o
M2 3M2q  3a?

Qg = 3—/2 [ - T + W + O(’U6) + O(y) . (915)
0 Ty 0

We see that (2, — 2y — 2Ma/@ for rg — oo and y — 0, which is just the Lense-
Thirring precessional frequencytd.

Now we are ready to calculate the source integral for the amplitude szw. Anal-
ogous to the case of an eccentric orbit considered in section [ or f§, Eq. (-26) can

be simplified further by noting that the orbits of our interest have the properties,

0(t + Atg) = 0(t), o(t + Atg) = ¢(t) + A, (9-16)
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where Aty is the orbital period of the motion in the #-direction and A is the phase
advancement during Atg. In other words, we have

27 Ay

) = — = —. -1
0 At@ ) ‘2 Ate (9 7)
Then we obtain B
Zimw =Y 6(w — Wn) Zomun (9-18)
where
wp =n2p +m, (n=0,%£1,%2,.--), (9-19)
and
Zimew, = ———t dtet=imeMyy, 9-20
fmen 2zwnB?;,§w / frmeon (9-20)

with Wi, being given by Eq. (2-27).
Let us discuss the final form of Zg,,,,. In the present case, up to O(y) the
integrand Wy, has the form,

W, = 90 +y"2010(0) + yg203

do o doo dho)\ 2
95—+ ygibo)—> + g (_d(:)) +0(y*?), (9:21)

where gg ~ g5 are complicated functions of rg. Using an approximation,

eiwnt—imap(t) _ eiant (1 + 7532( 2029t e—2i(29t) + O(y3/2)>, (922)
0

we have

At ) )
dtezwt—zmcp(t) mewn
0

(29 812
+y1(25n,0 —0p,—2 — 0n2)g2 +y 7(5n,—1 + 65.,1)93

27 mJy2 1
= 5 l{5n0 + Y= 2 (5n,—2 - 5n,2)}90 + y1/22_i(5n,—1 - 5n,1)gl

(9] (22
+y4_2.9(5n,—2 0n2)ga +y—= 1 82650 4 Op,—2 + 5n,2)95]
+0(y%?). (9-23)

Thus the amplitude Zy,y,,,, is found to have the form,
_ 0,0 0,2 1/2( 71,1 1,-1
Zima, = | (2204 922300+ 52 (215,0 + 2716, 1)

(226,04 22775, 0) + O], (9-24)

where Z%7 are functions of ry. Here, it is worth noting the symmetry of Zp,,,, . The
spin weighted spheroidal harmonics have a property _2S5<"(0) = (—1)_95;“ ™ (7 —
0). Then, from Egs. (0-20) and (p-23), we have Zy_ e, = (—=1)" " Z s, -
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Now we evaluate the energy and angular momentum fluxes at infinity. The en-
ergy and angular momentum fluxes averaged over t > Aty are give by Eqgs. (R-31))
and (R-32), respectively. Then we see from Eq.(9-24) that the n = +2 modes con-
tribute to the luminosity at O(y?). Thus, when we calculate the luminosity to O(y),
we need to include only the n = 0, £1 modes. In order to express the post-Newtonian
corrections to the luminosity, we define 7,,, as

dE 1 /dE
e =5\ 7 mn » -2
(dt)émn 2 (dt)NTM (9 5)

where (dE/dt)y is the Newtonian quadrupole luminosity given by Eq. ([19).

For ¢ = 2, the results are as follows. If [m +n| > 2 or m +n = 0, 7gy, becomes
of O(v%) or higher. The remaining 7, which contribute to the 2.5PN luminosity
formula are given by

107

4784 4987 . 4216
—1- = 2 4 3 3 4 ) 2,4 5 5
M2 0 o7 U7 HATYT = 6quT A qaog vt 2q70T = et o Seggu

170 4784
+y (—1 + —0? — 4703 + 15qv° — vt — 11¢%0*

21 1323

4987 . 13186 5)
21 © " 189 1V )
Rr2Ft =Y\ 36V T o4 T18Y T 1134?Y ) s
_+t 9 L3 Al 4 Lo o4 T 5 5
AL 0= ggVt T RV T eV T T gt T gore 7
Y\"72" TR T p0sY T 324 36 1814417 )

B 170 o 3 3 4784 4, 11 5 4
772j:1j:1—y<1 21?) + 47v 12qv° + 13231) + 5 v
428 5 11078 5)

—an 4V )

51 U T 1ro
I 9 1 4 4 L 5y T 5 745 5)
— oy =02 - —gu3 — =L — A B , 2
2 0+l y<24” 1277 336" T249Y T13¥ T 10087 (9-26)

Putting together the above results, we obtain (dE/dt), = 3°,,,,(dE/dt) sy for £ =2

as
E E 12 1
2 N

dt dt 252 12 2 10584
33, , 527 5, 2561w . 201575 5( y)}

22 2t = 220 _ 1- Y (9.7

7Y T 96T T 16 VT oo W 2 ) - 927)

For ¢ = 3, the non-trivial 7, are given by

1215 , 1215 4 30457 5 1215

896~ 1120 " Tmg U T ?
( 3645 , 3645, 10935m . 3645 05)

Y\ 1792" T 21" 396 112 ¢

_ 5
N3+£3F1 = 12 Y,

N3+3 0=
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5 4_ 5. (_@ 1, 100 5
82 0= Ga¥ T g1V TY\ T3V T 189
(3645 » 3645, 10935w 5 6075 v5>
241 = Y\ 7799 9294 396 924 ¢
. < 5 ’U2 . 5 + 57T 5 + 25 1)5>
ex2F1 =Y 16128 30240 " R064° 18144

= v? — ! vt + T v — 17 v5
1310 7= 3064 1512 4032 90727
+ (_ '02 + 4 117T 5 + 95 ’1)5
Y\ " 161287 " 3024° 064" " 90727
<25 a_ 80 5
N3+1+1 = Y 126 189q
B < Lo Ly, o« 5 > (925
3051 =Y\ 96887 T 504" 1344 1008 7"

The other 7y, are of O(v%) or higher. Then we obtain

dE dEY (1367 , 32567 , 16403 ; 896 5< y)}
@) (& SR (1= 2L (9.29
(dt) (dt) {1008 304" T o016 ¢ T s v 2 (9-29)

For £ = 4, we have

1280
= 1-2
M4 0= £V ( v),

_ 2560U4
N4+34+1 = 567 Y,

_ 4
N4+3F1 = —11341) Yy

4
— 1
Mit2 0 3%69” (1—8y),
4
= 9-30
N4£141 882U Y ( )
and the others are of O(v%) or higher. Hence we obtain
dE dE 8965
) == 9-31
<dt>4 (dt)NX3969 (9-31)
Finally, gathering all the terms, the total energy flux up to O(v°) is found to be
dE dE 1247 o2 73 y> 44711 o
N (22) (11— A — g (1-Y
<dt> (dt) ( E 2% < 2) " 9072 "
33 o0 52T o0 SI9L 5 3749 5< y>
i - 1-2)). (932
6 T YT o U T3 2 (9:32)

Using the above results for 7g,,, the time-averaged angular momentum flux is
calculated from Eq. (2:37). The partial mode contributions of the ¢ = 2, 3 and 4
modes are calculated to give

dJ.\  (dJ. y 12772( ) 3< y)
(dt>2_<dt>N[1 3 o (Img) Tl =g
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() 12) ()
7 10584 " 2) T \16~ 327
52561 < y> (22229 27809 )
v -3 - =
126 2 1206 864 )|

(dJZ> - (sz> 1367 2( ) 32567 (1_ g)
dt )5 \dt /x|1008 3024 2
516403 (1 y> ; (88049 9817 )

2016 2 9072 756

(15 - (22), [ 22 (-2)] R

where (dJ,/dt)x is defined in Eq. (B-29). The total angular momentum flux is then

given by
dJ, dJ, y 1247 2( y) 3( y)
_ 1y 22 (oY) pumd (12 Y
<dt> (dt)NK 2) 336 p) T 2
61 4 y> 44711 4< ) (33 929 >
129" <1 5) "oz ¢ 72 gt 16 327

8191 5<1_g>+qu (g_4301 )] (9-34)

672 " 2 56 224

We note that the result is proportional to (1 — y/2) in the limit ¢ — 0. This is
simply because the orbital plane is slightly tilted from the equatorial plane by an
angle 0; ~ y/2, hence dJ,/dt ~ (dJior/dt) cos 0;.

§10. Adiabatic backreaction

In the preceding sections, we have evaluated the energy flux (dE/dt) and the
z-component of the angular momentum flux (d.J, /dt) emitted to infinity by a particle
for various cases. By emitting gravitational waves, a particle orbit will suffer from
radiation reaction. In the limit of small /M, the reaction time scale will be much
longer than the characteristic orbital time scale; tyeqer ~ M? /p > At. Hence the
evolution of the orbit will be well described by the adiabatic backreaction.

In the case of orbits around a Schwarzschild black hole or orbits confined on
the equatorial plane around a Kerr black hole, it is straightforward to calculate
the evolutionary path under radiation reaction because the orbits are completely
specified by the energy E and the z-component of the angular momentum [, hence
their time derivatives can be simply evaluated by equating them with —(dFE/dt)
and —(d.J,/dt), respectively. However, once we consider motions off the equatorial
plane of a Kerr black hole, the orbits cannot be specified by F and [, alone but the
specification of the Carter constant C' becomes necessary. Unlike F or [,, since C
is not associated with the Killing vector of the spacetime, one cannot calculate the
radiation reaction to C' by simply calculating the gravitational waves at infinity. This
implies that we have to derive a local radiation reaction force term to the geodesic
equation by evaluating the metric perturbations around the particle, as is done in the
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derivation of radiation reaction force in the standard post-Newtonian method. For
almost Newtonian orbits, applying a post-Newtonian ra@ia‘cion reaction force, Ryan
derived the evolution equation for the Carter constantPd. However, no relativistic
treatment has been done so far. This is a challenging issue. An approach to this
issue is discussed in Chapter 7.

In this section, instead of attacking this very difficult problem, we discuss some
general properties of the adiabatic radiation reaction in a restricted class of orbits.
Namely we consider orbits which are circular or those having small eccentricity. We
clarify the conditions for circular orbits to remain circular under radiation reaction.
A detailed discussion on this matter has been given by Kennefick and OriE¥. We
give a less detailed but more general discussion below.

We recall that the radial velocity u" = dr/dr is written in terms of the first
integrals of motion in the test particle limit as

(Zu")? = R(I',r), (10-1)

where I' = (E,l,,C) and R(I%,r) is independent of § and ¢. First let us consider
orbits which are circular in the test particle limit. These orbits are determined by
the conditions,

) _ OR 7 _
R(I',r) =0, ZX(I'r) =0. (10-2)

Eliminating r from these equations gives an implicit relation among I*’s. For exam-
ple,

F(I') = R(I',(I") =0, (10:3)
where 7(I') is obtained by solving the second of Eq. ([0-Z) for 7. This equation
determines a two-dimensional hypersurface S in the 3-dimensional space M of I'’s.
The adiabatic evolution of an orbit is characterized by slow evolution of I toie.,
I' = O(p), where p is the mass of the particle. Then a necessary condition for
circular orbits to remain circular under radiation reaction is that we have f (I') =
fJZ = O(p?). In other words, the vector Ii on S is tangent to S to O(p). This
condition can be shown to hold by the following theorem.

Theorem: If the radiation reaction to the r-component of the acceleration is of order
w; a” = du”/dr = O(p), i.e., the r-component of the radiation reaction force is
well-defined and finite, then for orbits which are circular in the test particle limit;
i.e., u” = O(p), the radiation reaction to I’ is constrained by the equation,

oR . .
o () = O(4?), (10-4)

where the argument 7 is to be replaced by r(I?) after differentiation.

Proof: 1t is almost trivial. Just taking the 7-derivatives of both hand sides of
Eq. (L0-1) gives Eq. ([0-4). Q.E.D.

Thus, since

)=

<%(ﬂ’r(ﬁ)) + g—f(p,r(ﬁ))g;J I, (10-5)
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and the second term in the parentheses vanishes by definition, we have f = O(p?).

This theorem alone, however, does not mean that circular orbits remain circular,
since we have constrained the first integrals to be those for circular orbits from the
beginning. Let us explain the reason. Since we may regard I* a vector field in M,
what we need for circular orbits to remain circular is the regularity of I? in the vicinity
of the hypersurface S. In other words, if the vector field I is not differentiable on S,
an orbit on S may spontaneously deviates away from S. A simple illustrative example
is the case I| = VI, at I} =0 where I, is the component of I ¢ perpendicular to S.

Thus, provided I’ is regular in an open neighborhood of S, the above theorem
implies that a circular orbit in the test particle limit remains circular under adiabatic
radiation reaction. In this case, the radiation reaction to the Carter constant, C, is
determined by the radiation reaction to the energy, E, and the z-component of the
angular momentum, . Specifically we have

C = (% (E (r2 + a2) - alz) (r2 + a2) —2a(Ea — lz)> E

+ (—2% (E (r2 + a2) - alz) +2(Ea — lz)) L. (10-6)

Yet this is not the end of the story. What we have shown is that I lies on .
But if I* slightly off the hypersurface S is diverging away from S, circular orbits
will be unstable. Thus the condition for the stability of circular orbits is that S
is an attractor plane of the vector field I*. However, the notion of divergence or
convergence of a vector depends on the metric of the space M, but we have no guiding
principle to determine the metric. This implies that the notion of the attractor or
the stability is ambiguous.

Nevertheless, extrapolating from the case of Newtonian orbits, there seems to
exist a natural choice of the metric. Namely, as the distance of the orbit from the
hypersurface S of circular orbits, we define the eccentricity of an orbit as given
in sections [ and §. With this choice of the metric, let us consider the adiabatic
radiation reaction problem in more specific terms.

Let us parametrize an orbit in terms of the mean radius rg, the eccentricity e
and the square root of the Carter constant y := C'/2, instead of the energy E, the
angular momentum [, and the Carter constant C. The mean radius rg is defined by
the equation,

0= R'(I',ro), (10-7)
where the prime denotes the partial derivative with respect to r. This definition says
that 7 is maximum at r = ry. The eccentricity e is defined by setting the maximum
radius to r = ro(1 + e), i.e.,

0= R(I',ro(1 +¢)), (10-8)

This definition guarantees that e = 0 corresponds to a circular orbit. Assuming
e < 1, the above equation can be expanded in powers of e as

) 1 ) 1 . 1 .
0= R(I',r0) + S R"(I', mo) (roe)® + 5 R (I', o) (roe)? + RO, o) (roe)* + -,
' ' (10-9)
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where R(™ is the n-th derivative of R with respect to 7. The parameters (ro,e,y)
are chosen because the geodesic trajectory z# = z#(7) allows perturbative expansion
in powers of e and y at least for e < 1 and y < 1. Therefore the first integrals of
motion I' = (E,1,,C) will be regular functions of the parameters (rg,e,y). On the
other hand, if we consider (rg, e, y) as functions of I, it should be noted that e is not
a regular function of I* in a neighborhood of circular orbits because of the absence
of a term linear in e in the right hand side of Eq. ([0-9).

Now we consider the adiabatic evolution of e under the radiation reaction. Tak-
ing the 7-derivative of Eqs. ([10-7) and ([L0-9), we get

0= R, 1"+ Rgry (10-10)

, 1 .
0= Ro;I'+ R (7“07'"062 + r%eé) + = (Rg,ill + R(()?))?'"o) 7‘862
+= R(3)roe é+ R((] )r e+ 0 (e 664) (10-11)

where R ; = 0?R/0I'Or etc. Equation (10-10) determines 7 as

. ROZ 7
ry = — R,,I (10-12)

Substituting this into Eq. (10-11), we obtain the expression for é as

oo 1 ETOR((]?’)R '
erOR” 0.6 T 5 Ry 0.8
2
1 13RS 1Ry 1 (R
+e? {—irozR&i + <7‘0 + 3 OR{? Ry, + r G ]g -1 Rog Ro,i
+0(e3) | I (10-13)

Since the trajectory 2#(7) is assumed to be analytic in (7o, e,y), it is reasonable
to further assume that I* are regular functions of (r,e,y). Then we can expand I’
with respect to e as

fi(ro, e, y) = fi(o)(ro,y) + efi(l)(ro,y) + ezfi(z)(ro,y) 4 (10-14)
Then we obtain
1 1 .. .. 1roRY ..
JU S YA <_ i 4 Lrofio o p<o>>
© r%Ré’ eRO’ |~ f, 2 Ry RO’

. 1 R///
+e (—R07i12( ) + §TOR,, ROZ ( )

1 2 R/// 1 R(4) R/// g
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+0(e?)]. (10-15)

As shown by the theorem above, Eq. ([0-4), the leading term of order e~! vanishes
provided the radiation reaction force is finite:

Ry I'® = 0. (10-16)

The next order term determines whether the circular orbit remains circular or not.
If it does not vanish, the eccentricity will spontaneously develop as

é = —Ro,; 'V, (10-17)

Here the regularity of I’ comes into play. As noted above, e is singular on the
hypersurface S. Hence if I’ is regular on S, I (1)(7‘0, y) should vanish. By a detailed
analysis, it is shown in Ref. f1) that this is indeed the case. The physical reason is
rather simple: If one considers a slightly eccentric orbit, there appears a frequency
of wobbling motion due to the eccentricity, say §2.. In general the ratio of (2. to the
frequency of the motion in the 6 or ¢ direction is an irrational number. Hence the
part of the metric perturbation which is proportional to e will have frequencies that
are integer multiples of (2., and the same property is shared by the corresponding
term of the backreaction force linear in e. Since any sinusoidal oscillation has zero
mean when averaged over time longer than its period, this implies there will be no
term linear in e in the adiabatic expression of I°.
Thus we have

.. 1 1 2 pin .
e = [—Ro,ip(z) + {—érozR&i + <ro + 1rofty ) Ré,i} 7'

2 .
2R e+ O(e?), (10-18)

and circular orbits will remain circular under radiation reaction. As for the stability
of circular orbits, whether the eccentricity decreases or increases is determined by the
sign of the coefficient of e in the right hand side. Thus it is necessary to calculate the
radiation reaction to the Carter constant to determine the stability. As mentioned
in the beginning of this section, this is a challenging issue. Finally, we should again
note that the meaning of stability does depend on the definition of the eccentricity,
i.e., how we define the distance from the hypersurface of circular orbits S.

§11. Spinning particle

So far we have considered only a monopole particle orbiting a black hole. How-
ever, in a realistic binary system of compact bodies such as a neutron star-neutron
star, black hole-neutron star or black hole-black hole binary, both bodies may have
non-negligible spin angular momenta. Hence it is desirable to take into account not
only the spin of a black hole but also the spin of a particle in the calculations of
gravitational waves from a particle orbiting a black hole.

To incorporate the spin of a particle, one must know (1) the equations of motion
and (2) the energy momentum tensor of a spinning particle. Fortunately, we know
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that (1) have been derived by Papapetrou@, Dixon i) and Wald E) and (2) has also
been derived by Dixon®9. Hence, by using the expression for the energy momentum
tensor of a spinning particle as the source term in the Teukolsky formalism )| we can
calculate the gravitational waves emitted by a spinning small mass particle orbiting
a rotating black hole. One may regard this particle as a model of a small Kerr
black hole, but it may be appropriate here to give a word of caution. A Kerr black
hole of mass 1 and the spin parameter S, where S is defined so that uS gives the
spin angular momentum, has quadrupole (¢ = 2) and higher multipole moments
(¢ > 2) proportional to uS¢ as well. Since we neglect the contributions of these
higher multipole moments here, our treatment will be valid only up to O(S) if we
regard the particle as a Kerr black hole. To incorporate the contributions of all
higher multipole moments to represent the Kerr black hole is a future problem to be
investigated.

Here we review the results obtained by Tanaka et al.E). We concentrate on
the leading effect due to the spin of the small mass particle. We consider a class of
circular orbits which stay near the equatorial plane with the inclination solely due to
the spin of the particle, i.e., those orbits which would be confined in the equatorial
plane if the spin were zero. Then we calculate the gravitational wave luminosity to
O(v%) with linear corrections due to the spin.

11.1. Equation of Motion and Source Term of a spinning particle

To give the source term of the Teukolsky equation, we need to solve the equa-
tions of motion of a spinning particle and also to give an expression for the en-
ergy momentum tensor. In this section we give the necessary expressions, following
Refs. ), p2),bd).

Neglecting the effect of the higher multipole moments, the equations of motion
of a spinning particle are given by

%p%) = —%R“Vpa<z<f>>v”<T>Sf"’<f>7
%S%) = 2l (7)o" (7), (11-1)

where v#(7) = dz"(7)/dr, T is a parameter which is not necessarily the proper time of
the particle, and, as we will see later, the vector p*(7) and the antisymmetric tensor
SH(T) represent the linear and spin angular momenta of the particle, respectively.
Here D/dr denotes the covariant derivative along the particle trajectory.

We do not have the evolution equation for v#(7) yet. In order to determine
v*(7), we need to impose a supplementary condition which determines the center of
mass of the particleBd,

SH (T)p, (1) = 0. (11-2)

Then one éan show that p,p* = const. and S,,S*” = const. along the particle
trajectory P4 . Therefore we may set

p,u = /Luu7 u,u,wu = _17
SH = ewjpappsoy puSu =0,
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1
2
where p is the mass of the particle, u# is the specific linear momentum, and S* is
the specific spin vector with S its magnitude. Note that if we use S* instead of S*”
in the equations of motion, the center of mass condition () will be replaced by
the condition
puSH* = 0. (11-4)

Since the above equations of motion are invariant under reparametrization of

the orbital parameter 7, we can fix 7 to satisfy

ut (1), (1) = —1. (11-5)
Then, from Egs. (11-1), ({1:3) and (LL-§), v*(7) is determined as d)

-1
o(r)-u(7) = 5 (1 + JRcn(NS ST S() R (1) (1) (7).
(11-6)
With this equation, the equations of motion (11-1) completely determine the evo-
lution of the orbit and the spin. Note that v* = u + O(S?), hence v* and u* are
identical to each other to O(S5).

As for the energy momentum tensor, Dixon kd) gives it in terms of the Dirac
delta-function on the tangent space at z# = z#(7). For later convenience, in this
paper we use an equivalent but alternative form of the energy momentum tensor,
given in terms of the Dirac delta-function on the coordinate space:

6@ (z — 2(1))
Ve

Vv, (SV(“(x,T)vﬁ) (:E’T)M) }7 (11-7)

70 (x) :/ dT{p(“(%T)vﬁ)(w,T)

V=9

where v®(z, 7), p®(z,7) and S*?(z,7) are bi-tensors which are spacetime extensions
of v*(7), p*(r) and S* (1) which are defined only along the world line, z# = z“(T).
To define v*(x, 2(7)), p*(z, (7)) and S**(x, 2(7)) we introduce a bi-tensor 9%(x, 2)
which satisfies

lim g1, (. 2(r)) = 8%,
lim Vg9, (7, 2(7)) = 0. (11-8)

r—z

For the present purpose, further specification of gaﬂ(az, z) is not necessary. Using this
bi-tensor §9,(z, z), we define p*(z,7), v*(z,7) and SB(x,7) as

(@, 7) = (2, 2(0)) (7).

*) In the rest of this section, we use u, v, o, -- as the tensor indices associated with the world
line z(7) and «, 3,7, - as those with a field point z, and suppress the coordinate indices of z(7)
and z for notational simplicity.
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v (z,7) =g°, (x, 2(7'))1)“(7'),
§P (@, 7) = 5% (2. 2(7)) 7, (2, 2(1) ) (7). (11-9)

It is easy to see that the divergence free condition of this energy momentum
tensor gives the equations of motion (11-1). Noting the relations,

Vg%, 2(r)8 (a, 2(r)) = 0,

. (M) _d (M) e

Ner a\ "V
the divergence of Eq. (11-7) becomes

W (z— 2(r
VT (2) =/ dTE_]au(l‘,Z(T)) —(\/_—g( )) <d%p“(7) + %Ruyon(Z(T))UV(T)SUH(T)>

oW (x — 2(r
-l-%/dTVg (gau(x,z(T))gﬂu(x,z(T))%)

X (C%SW(T) — 2plt (7)o (T)> . (11-11)

Since the first and second terms in the right-hand side must vanish separately, we
obtain the equations of motion (11-1).
In order to clarify the meaning of p* and S*”, we consider the volume integral of

this energy momentum tensor such as / g T b dX3, where we take the surface
X (70)

XY (1) to be perpendicular to u®(7p). It is convenient to introduce a scalar function

7(z) which determines the surface ¥(7p) by the equation 7(z) = 79, and d7/dxP =

—ug at © = z(7p). Then we have

[ ad0as, = [atey=g o r(a) - m)ad T )
(7o) ox

1Du, .,
= /dT’{é(T’ —70) [p“ + plo¥luy, — 3 g S “} }

— (). (11-12)

where we used the center of mass condition and the equation of motion for S*¥. We
clearly see p* indeed represents the linear momentum of the particle.

In order to clarify the meaning of S, following DixonBd, we introduce the
relative position vector

XH = —g"0,0(x,2), (11-13)

where o(x, z) is the squared geodetic interval between z and z defined by using the
parametric form of a geodesic y(u) joining z = y(0) and x = y(1) as

1 /Y dy>dyP

L L
o(z,2) 2 ogﬁdu du

(11-14)
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Then noting the relations

lim X* =0, lim X”ﬁ = b, (11-15)
r—z Tr—z ’
it is easy to see that
s =9 | XlgTaBgs, (11-16)
Zr

Now that the meaning of S*” is manifest. From the above equation, it is also easy
to see that the center of mass condition ([[1-9) is the generalization of the Newtonian
counter part,

/d%;p(a;)xi =0, (11-17)

where p is the matter density.

Before closing this subsection, we mention several conserved quantities of the
present system. We have already noted that p,p" = —p? and S,St = S? are
constant along the particle trajectory on an arbitrary spacetime. There will be an
additional conserved quantity if the spacetime admits a Killing vector field &,

() = 0. (11-18)
Namely, the quantity
1 v
QE = pugu - 55# gu;ua (11'19)

is conserved along the particle trajectory@). It is easy to verify that Q¢ is conserved
by directly using the equations of motion.

11.2.  Clircular orbits near the equatorial plane

Let us consider circular orbits around a Kerr black hole with a fixed Boyer-
Lindquist radial coordinate, r = rg. We consider a class of orbits that would stay
on the equatorial plane if the particle were spinless. Hence we assume that 6 =
0 —7/2 ~ O(S/M) < 1. Under this assumption, we write down the equations of
motion and solve them up to the linear order in S.

In order to find a solution representing a circular orbit, it is convenient to intro-
duce the tetrad frame defined by

A A
o _ (] wa2p
eu—< T 0, 0,—asin“¥# 2),

by
', = (0, 5 0 0),
e, = (o, 0, VX, 0),

2 2
3 a . r°+a° )
e’, = |——=sin#, 0, 0, ———sin¥ |, 11-20

a ( v VX ( )

where X = 2 4 a? cos? 6, and e?, = (e%,e%,e%,e,) for a = 0 ~ 3. Hereafter, we
use the Latin letters to denote the tetrad indices.
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For convenience, we introduce wy ~ wg to represent the tetrad components of
3 3 Cc __ v ,C 1 .
the spin coefficients, w,,° = e /e, e,.,,, near the equatorial plane:

~ a? — Mr
wmo = U.)OOI = w1 + 0(62), w1 = W,
~ a
w310 = Wsol = W130 = u1103 = W031 = —W013 =wz+ 0(92)7 wa 1= 2
5 AL/2
Way' =~y =gy = —wy’ = w3+ O0(07), wy = RS
0 2 1 2 _ 5 52 a’
WO2 :U.)OO :L(J12 :—wll :9&)4-1-0(9 ), Wy = —ﬁ,
~ ~ aAl/?
wyy = wag® = —woy' = —wyy® = wpg® = —wpy =0 w5 + 0(0%), w5 = — 3
2 2

; . -

(U332 = —OJ323 = 0 We + 0(92), We +— —(717173(1) . (1121)
Since the following relation holds for an arbitrary vector f*,
% D d a a,bpc
HE“__JC _wbcvfa
the tetrad components of DfH/dr along a circular orbit are given explicitly as
D= o (AF +6OF) 1 O)
D ~
ot 2 3 2 2
”dT L= (Af°+ Bf + Ef?) + 0(6%),
f“ = 2= (¢ + D1 — Ef') + 08,
D - -
T = 73 - (—Bf1 - 9Df2) +0(62), (11-22)

where A, B, C, D and FE are defined byE

A= w0 + wyv?,

3
B = wyv +w3v3
C .= w4V +W5’U3
D = = WxV +w6v3

E = w3?, (11-23)

and we have assumed that v! = 0 and v2 = O(9).
For convenience, we rewrite the equations of motion by changing the spin vari-

able. Instead of the spin tensor, we introduce a unit vector parallel to the spin, (¢,

defined by

se 1

g _Q/L—SE bed¥

*) The symbols A ~ E used here to define the auxiliary variables are applicable only in this
subsection, and not to be confused with quantities defined with the same symbols such as E for
energy, in the other sections.

= : (11-24)
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or equivalently by
5P = 1Se® ¢, (11-25)

C

where €4pcq is the completely antisymmetric symbol with the sign convention €pia3 =
1. As noted in the previous subsection, if we use the spin vector as an independent
variable, the center of mass condition ([[1-2) is replaced by Eq. ([1-4), that is

Cug = 0. (11-26)

Then the equations of motion reduce to

dua a C a
7 = Whe vu — SR?,
d a
0 00 — SUICPR, (11-27)
dr
where 1
a *a b, ,crd a b ged
= = __ 11-2
R R™*pcqv’ucC Z;LSR bedV S 5 ( 8)

and R}, ., = %Rabe feef <d 1s the right dual of the Riemann tensor. It will be convenient
to write explicitly the tetrad components of R*, ;. Since § = O(S), we only need
R¥,.; at O(0°). Then the non-vanishing components of R*,, , are given by

1 * * * * * 1 * M ~.
- §R0123 = —Rgg13 = Ro312 = Ri03 = —Riz02 = —532301 = =] + 0(92)-
(11-29)
Although we do not need them, we note that the following components are not

identically zero but are of O(6).
Rik212a RT3137 Rikom, R§3237 Réozo, and R§030-

Further, we may set u* = v* in the equations of motion (11-27).

11.2.1. Lowest Order in S

We first solve the equations of motion for a circular orbit at r = rg at the lowest
order in S. For notational simplicity, we omit the suffix 0 of ry in the following.
For the class of orbits we have assumed, we have v! = 0 and v? = O(é).Then the
non-trivial equations are

d

d—vl = A" + Bvd =0, (11-30)

-

p g (< 0 A 0 ¢0

542—, o ¢t |= A o B < e (11-31)
¢ 0 —B 0 ¢3

The equation (11-30) determines the rotation velocity of the orbital motion. By
setting ¢ := v3/1°, we obtain the equation

w1 + 2wa€ + w3t? = 0, (11-32)
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which is solved to give

_ EVMr—a
N

The upper (lower) sign corresponds to the case that v3 is positive (negative). Then,

with the aid of the normalization condition of the four momentum, v#v, = —1 +

0O(5?), we find

¢ (11-33)

1
N PR (11-34)

Note that, in this case, the orbital angular frequency (2, is given by a well known

formula,
VM

N,=——>"" 11-35
7 32+ Ma ( )
On the other hand, the equations of spin (11-31) are solved to give
¢° asin(¢ + c1) + Bea
¢ =—Cu, C; = () cos(¢+ ¢1) . (11-36)

—Bsin(¢ + ¢1) — acy
where (1, (||, c1 and ¢y are constants, and

wo A L 5B
“VvE_x Ty

¢ = 2,7, Qp:«/B2_A2:1/%, (11-37)

= j:vo,

The supplementary condition v?(, = 0 requires that co = 0. The condition (,(* =
implies Ci + Cﬁ = 1. Further since the origin of the time 7 can be chosen arbitrarily,
we set ¢; = 0. Thus, we obtain

¢O asin ¢
¢ =—¢1, =g o | (11-38)
¢ —(sin¢

Here, we should note that (2, # (2, in general if a # 0 or S # 0 (see below).
11.2.2. First order in S

Having obtained the leading order solution with respect to S, we now turn to
the equations of motion up to the linear order in S. We assume that the spin vector
components are expressed in the same form as were in the leading order but consider
corrections of O(S) to the coefficients «, 8 and (2,. As we have noted, Eq. (L1-6) tells
us that v* can be identified with u® to O(S). In order to write down the equations
of motion up to the linear order in S, we need the explicit form of R*, which can be
evaluated by using the knowledge of the lowest order solution. They are given as

R = R® = 0(0),
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R!' = 3%1}0213(2 +0(6),
R2—3M031 06 11-39
=33V v2(¢ 4+ O(0). ( )

First we consider the orbital equations of motion. With the assumption that
vl =0 and v? = O(), the non-trivial equations of the orbital motion are

vt = Av® + Bv® — SR =0, (11-40)
v? = (Cv° + Dv*)f — SR%. (11-41)
The first equation gives the rotation velocity as before, while the second equation

determines the motion in the #-direction.
Again using the variable ¢ = v3 /1Y, Eq. (11-40) is rewritten as

S M
r3

w1 + 2w 4+ w3t? + 3 £€=0, (11-42)

where S| := 5(,. The solution of this equation is

£ = <%> <1 %) +0(52). (11-43)

Using the relations ([[1-34), it immediately gives v and v3. From the definition of
the tetrad, we have the following relations,

[A [dt ) dy
0 __ _ 2
v b)) [dT @S edT]’
vd = _sm_@ {—a—dt + (7“2 + a2)d<p} . (11-44)

dr dr
Thus, the orbital angular velocity observed at infinity is calculated to be

dp a+&VA

R, =— = + 0(6?
FUdt 2y a?+atVA ()
vM +vMr — ~
oYM 3% T2 Lo, (11-45)
r3/2 + av/ M 2 r2+avMr

In order to solve the second equation (11-41), we note that v? = VX0 ~ rf and

M1+ 2¢2
Cv’ + Dv3 = —ﬁ% + O(8). (11-46)

Then we find that Eq. (11-41) reduces to

M1+2§2~ S”M &

[ -
" 2 1_¢2 1 g2

cos ¢, (11-47)
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where S| = S(|;. This equation can be solved easily by setting 0 = 6y cos ¢. Recalling

that 22 = M/r® + O(S), we obtain

_5
ré’

Thus we see that the orbit will remain in the equatorial plane if S| = 0, but deviates

from it if S| # 0. We note that there exists a degree of freedom to add a homogeneous

. M1+ 2¢2
solution of Eq. ([1-47), whose frequency, {2y = Bl
and which corresponds to giving a small inclination angle to the orbit, indifferent
to the spin. Here, we only consider the case when this homogeneous solution to 6
is zero, i.e., those orbits which would be on the equatorial plane if the spin were
zero. Schematically speaking, the orbits under consideration are those with the total
angular momentum J being parallel to the z-direction, which is sum of the orbital
and spin angular momentum J = L + S (see Fig. 3)).

0o = (11-48)

is different from (2,

A

\ SN
\\er \\\\\\\\\\\\\\1 R

Equatorial plane
=

Fig. 3. A schematic picture of the precession of orbit and spin vector, to the leading order in S.
The vector J represents the total angular momentum of the particle. The vector L is orthogonal
to the orbital plane and reduces to the orbital angular momentum in the Newtonian limit. In
the relativistic case, however, these vectors should not be regarded as well-defined.

Next we consider the evolution of the spin vector. To the linear order in .S, the
equations to be solved are

(0= A¢' + C¢*0 — Sv°¢ R,
¢t = A+ B¢ + EC,
¢ = (0¢"+ D¢*) 6 - B¢,
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(3= —B¢Y = DC?60 — Sv3CR,. (11-49)
The third equation is written down explicitly as
2 = —§C||/<;sinqﬁcosqﬁ, (11-50)
where
k:=aD — BC — 2ywsr. (11-51)
Thus we find ) oC
¢"=—-CL+ 10, cos 2¢. (11-52)

Since the spin vector S¢ is itself of O(S) already, the effect of the second term is
always unimportant as long as we neglect corrections of O(S?) to the orbit.

The remaining three equations determine o, # and (2,. Corrections of O(S)
to a and ( are less interesting because they remain to be small however long the
time passes. On the other hand, the correction to (2, will cause a big effect after
a sufficiently long lapse of time because it appears in the combination of §2,7. The
small phase correction will be accumulated to become large. Hence, we solve {2, to
the next leading order. Eliminating ¢° and ¢ from these three equations, we obtain

Sy <AC—BD
£

Then after a straightforward calculation, we find

92:%{1 35J_:l:\/M(27‘2—3MT+(12)+(IT1/2(M—T)}.

[(B? - 4%) - 2] = - Q§W3> . (11-53)

r

(11-54)

P332 r2 — 3Mr + 2av/Mr

As noted above, (2, # (2, for S| # 0. The difference (2, — (2, gives the angular
velocity of the precession of the spin vector, as depicted in Fig. 3.

11.3.  Gravitational waves and energy loss rate

We now proceed to the calculation of the source terms in the Teukolsky equation
and evaluate the gravitational wave flux. For this purpose, we must write down the
expression of the energy momentum tensor of the spinning particle explicitly. We
rewrite the tetrad components of the energy momentum tensor in the following way:

§W(x — 2(7)) dW( — 2(7))
T% — ,u/dn'{u(avb) —el@ My G yP
V=3 vEo Vi

@ (p —
—uf dT{W%b)+wd<avb>sdc_wd<a5b>dvc}6 (2 = 2(r))

C C

. a 5(4)( 1 a
_. M/dT {A b =+ \/__gau (B” btz — Z(T)))}. (11-55)
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The last line gives the definition of A% and B*®. Then the source term of the
Teukolsky equation is given by Eq. (2:14) with Egs. (2-15).

As we will see shortly, the terms proportional to S| in the energy momentum
tensor do not contribute to the energy or angular momentum fluxes at linear order
in S. In other words, the energy and angular momentum fluxes are the same for all
orbits having the same S| . Thus, we ignore these terms in the following discussion.
Further we recall that the particle can stay in the equatorial plane if S| = 0. Hence
we fix # = 7/2 in the following calculations.

Using the formula (R-1J), we obtain the amplitude of gravitational waves at
infinity as

Z?T?Lw = ~Zgw + ZEmw meuﬂ (1156)
where
/2 dt 0
zm Bé?:wé (w—mi2) <d7’) [Am —iwB! +imB?, Bfma ]

)

- 1 in
X [LIP * (Li i Sfm>:|6 /o TARme

mew = Z\/_ ) (w mQ) <:iit> [Ar?m — Zwam + ime — BT 9 :|

r=rg

wBin T Oy
1 0 2K 4 .
« (ri_ sm) [2 ————}R% ,
( 2—20¢ o— 7r/2\/— A r 0
r=rog
B i/ dt ot . o pr 8}
Zme = Bénmwé (w—mi2) <d7’) [Amm iwBg,5 + imBE 5 Bmma
0? 1 K\ 0 iK %K K2
X ( 2S£m)9 =7/2 [8 2 (; ) or (Z) Ar AQ] Rfmw )
r=ro
(11-57)
and
1
Apn = 4 - 2 {1 ((2&)1 + w3)§ —l—u)g)},
1 r2 + a?
o -
Brm 47"SJ_1—£2 < \/Z §+a, \/_57 \/— )7
7 1
Apn = ml——fz { E—51 (w1f — 4w — W3)}
) 1 r? + a® a
B#ﬁ,n : S 2 ) \/Z 1 2 9 07 N ars 2 9
Amm——gl_62 {€+s. (w2<1+2s ) +wsé) |
o .
B: . = SLl _52 (0, VAg, 0, 0). (11-58)
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The Lorentz factor dt/dr which appears in Egs. (11-57) is calculated from Eqs. (11-44)

as
2 2
a_ 1 (ag yrtae ) . (11-59)

TN VA

In general, as we have seen in the preceding sections, when the orbit is quasi-
periodic the Fourier components of gravitational waves will have a discrete spectrum,;

Zémw = Z 5(W - wn)Zmen . (1160)

Then the time-averaged energy flux and the z-component of the angular momentum
flux are given by the formulas (R-31) and (R-39), respectively. In the present case,
since we may regard the orbits to be on the equatorial plane, the index n degenerates
to the angular index m and wy, is simply given by mf2, (n = m). Hence we eliminate
the index n in the following discussion. Here we mention the effect of nonzero S. If
we recall that all the terms which are proportional to S| have the time dependence
of e*%7 we find that they give the contribution to the side bands. That is to say,
their contributions in Zp,, are all proportional to 8 (w—m{2+(2,). Then, since the
energy and angular momentum fluxes are quadratic in Zg,,,,,, , they are not affected
by the presence of S| as long as we are working only up to linear order in S.

As before, in order to express the post-Newtonian corrections to the energy flux,

we define 7y, as
dFE 1 /dE
— = — s 11-61
(dt)zm Z(dt>Nm (11-61)

where (dE/dt)x is the Newtonian quadrupole formula defined by Eq. ({19).
We calculate 7y,,, up to 2.5PN order. Keeping the S-dependent terms, the results

are
s 19 2134 .
77§£2 = <—§U39QU4 + 53 U5> 5,
) _(_Ls_1 4 535 5)A
o1 = ( 2" 8% 008" )7
(s) 10935 5.
8= " Re6
s 20 5.
O
(s) 1 5;
=— 11-62
773:|:1 8064U S5, ( 6 )
where ¢ = a/M and §:= S| /M. The rest of néfg are all of higher order. We should

mention that if we regard the spinning particle as a model of a black hole or neutron
star, S is of order pu. Therefore the correction due to S is small compared with the
S-independent terms in the test particle limit p/M < 1.

Putting all together, we obtain

()= (%),

336 * Tty

1247 7395\ 4
4
+< 12977 >”
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(_44711 L83, T S) “
9072 167 " g4

8191 3749 2403\ -
- ). (L
+( 672" 3364 1123>”] (11-63)

Since v is defined in terms of the coordinate radius of the orbit, the expansion with
respect to v does not have a clear gauge-invariant meaning. In particular, for the
purpose of the comparison with the standard post-Newtonian calculations it is better
to write the result by means of the angular velocity observed at infinity. Using the
post-Newtonian expansion of Eq. (11-45)

MQ, = (1 - (gs + q) o3+ gq§v4 +0 (vﬁ)) , (11-64)

Eq. (11-63) can be rewritten as

()= (%),

1247 11 5
 ——E (47T——q—1.§>:173

336 " 1
<_44711 83 , 31 ) A
9072 164 TRY)”
8191 59 13\
B 11-65
+< 672 " T 167 168>$}’ (11-65)

where z = (M (2,)'/3 and (dE/dt)y is the Newtonian quadrupole formula expressed
in terms of z, Eq. (p-6). Since there is no sideband contribution in the present case,
the angular momentum flux is simply given by (dJ./dt) = 2,'(dE/dt)cw. The
result (11:65) is consistent with the one obtained by the standard post-Newtonian
approach ENZ) to the 2PN order in the limit /M — 0. The $-dependent term of

ﬁder x° is the one which is newly obtained by the black hole perturbation approach
).

§12. Black hole absorption

When a particle moves around a Kerr black hole, it radiates gravitational waves.
Some of those waves are absorbed by the black hole. We calculate such absorption of
gravitational waves induced by a particle of mass u in circular orbit on the equatorial
plane around a Kerr black hole of Mass M.

The post-Newtonian approximation of the absorption of gravitational waves into
the black hole horizon was first calculated by Poisson and Sasaki in ﬁqe case when a
test particle is in a circular orbit around a Schwarzschild black hole BY. In this case,
the effect of the black hole absorption is found to appear at O(v®) compared to the
flux emitted to infinity and it turns out to be negligible for the orbital evolution of
coalescing compact binaries in the near future laser interferometer’s band. On the
other hand, the black hole absorption appears at O(v®) if a black hole is rotating.
That calculation was done by Tagoshi, Mano, and TakasugiB¥.
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In order to calculate the post-Newtonian expansion@f ingoing gravitational
waves into a Schwarzschild black hole, Poisson and SasakiB¥ used two type of rep-
resentations of a solution of the homogeneous Teukolsky equation. One is expressed
in terms of the spherical Bessel functions which can be used at large radius, and
the other is expressed in terms of a hypergeometric function which can be used near
the horizon. Then two type of expressions are matched at some region where both
formulas can be applied. They got formulas for a solution of the Teukolsky equation
which can be used to calculate ingoing gravitational waves to O(v'3), although they
gave formulas for ingoing waves only to O(v®).

Here, we first review the method found by Mano, Suzuki and Takasugi E), since
it is the only existing method by which higher order post-Newtonian terms of the
gravitational waves absorbed into a rotating black hole can be calculated. We note
that this method is also the only existing method that can be used to calculate the
gravitational waves emitted to infinity to an arbitrarily high post-Newtonian order.
Then we calculate the energy flux absorbed into the horizon to O(v'3), i.e., O(v®)
beyond the lowest order flux absorbed into the horizon, for circular orbits on the
equatorial plane of a Kerr black hole.

12.1.  Analytic solutions of the homogeneous Teukolsky equation

Analytic series solutionﬁf the homogeneous Teukolsky equation were found by
Mano, Suzuki and TakaEgi and various properties of the solution were discussed
by Mano and Takasugibd. Here, we follow the notation of Ref. fJ) except that
we focus on the case of spin weight s = —2. In this method, the solution of the
radial Teukolsky equation (B-J) is represented by two kinds of expansion. One is
given by a series of hypergeometric functions and the other by a series of Coulomb
wave functions. The former is convergent at horizon and the latter at infinity. Then
the matching of these two solutions are done exactly in the overlapping region of
convergence.

First we consider the solution expressed in terms of hypergeometric functions.
The solution which satisfies the ingoing wave boundary condition at horizon is ex-
pressed as

Rinl/ :eifnx(_x)2—ie+(1 - x)is,
o
X Y apF(n+v+1—ir,—n—v—ir,3—2ie;x), (12-1)
n=—oo
where F'(a,b,c, ) is the hypergeometric function and

— - +
x:_w7 H:,/l_q27 7':6 mq7 ei:627—. (122)

€ER K

The coefficients a! obey a three terms recurrence relation,
Oty + Brag +vpa, 1 =0, (12:3)
where
o - tek(n+v—14ie)n+v—1—ie)(n+v+1+ir)

" (n+v+1)(2n+2v+ 3) ’
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Bl=-A=2+n+v)n+v+1)+e +e(e—mq)
e(e —mq)(4 + €2)
n+v)(n+trv+1)’

v tek(n+v+2+4ie)(n+v+2—de)(n+v —ir)

= (n+v)2n+2v—1) (12-4)
The series converges if v satisfies the equation,
R,(v)Lp—1(v) =1, (12-5)
where R, (v) and L, (v) are the continued fractions defined by
ay, n
Balv) = a4 - B+ Q;Rn+1(v) ’
L) = -2 — O . (12:6)

alyll+1 55 + ’Y%Ln—l(V)

The range of convergence is 0 < (—z) < oo for physical . We can prove that if v is
a solution to Eq. ([2-), then so is —v — 1. Since we can set n in Eq. (I12:5) to an
arbitrary integer, a convenient choice is to put n = 1. Further, for convenience, we
may set af = ag” "' = 1. It then follows that we have

a”vt=a”. (12:7)

—-n n

This implies R"Y = R ~¥~1 = R" Consequently, for (—z) > 0, Eq. (12:1) can be
rewritten as

R™ = ¢"F(R§ + Ry" 1), (12-8)
where
Rg _ e—z’sm?:(~)u+i5+ (5; 1)—s—ie+
" Z (3 —2ie.)'(2n+2v + 1) .
n+1/—|—1—z7')F(n+1/+3—ze)
1
xaE"F(—n—V—iT, —n—v+2—ie,—2n—2v; =), (12-9)
z
where
Fologolr=r) (12-10)
€K

Since v — (—v —1) = 2v+1 is not an integer in general, the solutions R and RO_”_l
form a pair of independent solutions.

The other series solution which is convergent at infinity is expressed in terms of
the Coulomb wave functions; b9

e\ 2 & v—1—7ié)y,
Re=:(1-%) 3 Gt R, (2)

where 2 = w(r —r_) = €k, (a), = I'(n+a)/I'(a), and Fy,4,(z) is the Coulomb
wave function given by

I'(n+ v+ 3+ ie)
I'(2n+2v +2)

Fry(2) = e % (22)" 2
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X®(n+ v+ 3+ie,2n + 2v + 2;2iz),

where ®(a, b, z) is the regular confluent hyperégometric functiona). A crucial ob-
servation made by Mano, Suzuki and TakasugiP is that the coefficients ay obey the
same recurrence relation as that for the hypergeometric type solution, Eq. ([2:-3).
The series ([[2-11)) converges in the range Z > e if v is a solution of Eq. ([2-§). The
solution R{, can be decomposed into a pair of solutions, a purely incoming wave at
infinity R’ and a purely outgoing wave at infinity R”. Explicitly, we have

R¢ = RY + R, (12-12)
where

; I'(v+341i€) _is price - —i
me _im(v+3 +ie 2—ie
RY =2%¢ e (v )—F(l/ 1 ZE) e VT +(Z — EI{) et

X Z "(n 4 v+ 3+ i€, 2n + 2v + 2;2iF), (12:13)

n=—oo

00
RY = 2Ve—7ree—z7r(u—1)ezz§u+ze+ (5 o 6H)2—ze+ Z in

n=—oo

1
w—1—ie)n ar(22)"U(n+v—1—1ie2n+ 2v + 2;—2iz), (12-14)

X(V—|-3—|-ze)

where U(a, b, z) is the irregular confluent hypergeometric function E). By definition,
the upgoing solution R"P is given by

R"™ = R . (1215)

We see that the above two kinds of solutions are convergent in the common region
1 < Z < oo. Then comparing the asymptotic behaviors of Ry and R{, for £ — oo,
we find that they have the same characteristic exponent, ~ ", hence describe the
same solution up to the normalization factor. Therefore by comparing each power
of £ we have
Ry = K, R¢, (12-16)

where

(2er) 777277227 (3 — 2ie ) [(F + 2v + 1) (7 + 2v + 2)
I'v+1—ir)['(v+3—ie)l'(F+ v+ 3+ ie)

" I'v+1+ir)I'(v — 1+ ie)

I'r4+v+1+ir)(T+v—1+ie)

. X (F+2v 4 1), (v —1—ide), o

(

)

K, =

l/—l—3+zen

)
r -1
7 ( 1) (l/ —1-— ’LE) 5

where 7 can be any integer and K, is independent of the choice of 7.
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The gravitational wave absorbed into the black hole is expressed by Eq. (-13).
Hence we need to know the amplitudes B™¢ and B of R™™ and C"a" of R"P,
defined in Eq. @) The asymptotic ingoing amplitude at horizon, BY#™, of R is
readily obtained from Eq. (12:1) as

PBtrans _ (ﬁ)zs eie+lnn i av (1218)
n -

w
n=-—00

Similarly, the asymptotic outgoing amplitude at infinity, C*2" of R"P is obtained
from Eq. (12-14) as

(rtrans :21+iee—7re/2e—%i(u—l)wiieie Ine

= (v—1—ie), .
X L;oom(—l) a’|. (12-19)

On the other hand, a bit of work is necessary to obtain the asymptotic incoming
amplitude at infinity, B, of R™. Setting the asymptotic behavior of R{, at z — oo
as

6 _ Aiz—le—i(z—l—elnz) + 14112361'(,2—4—elnz)7 (1220)

we find

—3—ie i _repp (V4 3 +ie)

v _ 9—3—ie i(n/2)(v+3) ,—me/2
Ay =27 ©  Tw-1—i
v _ oltie,—i(n/2)(v—1) ,—me/2 = _1\n (V ol ze)n v
A =2 e Z (—1) T3 tion +Z,e)nan.

%)
v
E:am
=—00

n—=—

(12-21)

n=-—oo
Because of Eq. ([2-7), A% and AZ""! are related to each other as

—imySINT(V + i€)

-v—1 _ _ . v
AT = —ie AL,

sin (v — ie)

ATV = et AY (12-22)

With the help of the above relations, we find from Egs. ([[2-§) and (I2-14) the
asymptotic amplitudes of R™ at infinity as

) 1ER . i ) .
Bive _ e [KV _ e S?H 7T(V + ZE) K_, 1 AZ_C_ZEIHE,
sinm(v — ie)
Bref — eienwi’) |:KV + Z'eimjK_,/_l} AlieiEIHE. (1223)

So far our discussion has been on exact analytic series expressions for the homo-
geneous Teukolsky functions. Now we consider their post-Minkowski expansion by
assuming € < 1. Provided we set af = 1, we see from Eqgs. (12-4) that o, v = O(e)
and 3% = O(1) unless the value of v is such that the denominator in the expression
of a or 7, happens to vanish or 3% happens to vanish in the limit ¢ — 0. Except for
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such an exceptional case, it is easy to see from Eq. ([2-3) that the order of a¥ in € in-
creases as |n| increases. Thus the series solution naturally gives the post-Minkowski
expansion.

For the moment, let us assume that the above mentioned exceptional case does
not happen for n = 0. Then we have R;(v) = O(e) and Lo(v) = O(1/e). This
implies 34 + Y L_1(v) = O(e?). Then assuming L_1(v) = O(e), we must have
B8 = O(€?). Using the expansion of A given by Eq. (B-])), we then find v = £+ O(e?)
or v =—{— 1+ O(e?). Since we know that —v — 1 is a solution if v is so, we may
take the solution v = £ + O(€?) without loss of generality. Then the assumptions
that Ry (v) = 1/Lo(v) = O(e) and L_1(v) = O(e) are justified. Further it is easily
seen that R,(v) = O(e) for all n > 0. On the other hand, for n < 0, &% = O(1) at
n=—f—1and 8% = O(¢?) at n = —2¢ — 1. Thus we have L_,_1(v) = O(1) and
L_9_1(v) = O(1/¢). To summarize, we have

R,(v) = =" =0(e) foralln >0,

a a”
Lopa(v)=——=0(1), Loya(v)=—2==0(1/),
—/ —2¢

L,(v) = ="~ =0(e) for all the other n < 0. (12-24)

With the above results, the post-Minkowski expansion of the homogeneous Teukolsky
functions can be obtained with arbitrary accuracy by solving Eq. ([2:3) to a desired
order and by summing up the terms to a sufficiently large |n|. For our present
purpose, we need v which is accurate to O(e?). Solving Eq. ([[2-5) to this order, we
find

PR I
20+ 1 0(0+1)

(f—1)2(€+3)2 (€_2)2(£+2)2
204+ 1)(20+2)(20+3)  (20—1)20(20 +1) | (12-25)

Interestingly, v is found to be independent of the azimuthal eigenvalue m to O(€?).
The post-Newtonian expansion in the near zone is given by further assuming
€ < z < 1 in the series solution ([[2-11)) and expand it in powers z. For evaluation
of the black hole absorption, we need the post-Newtonian expansion of R"P which
is obtained from Eq. (12-14). The explicit post-Newtonian formula for R"P and the
asymptotic amplitudes B¢, B%a1S and C'™a1s to O(€?) are given in Appendix .

12.2.  Absorption rate to O(v®)

In this subsection, we evaluate the energy absor%ion rate by a black hole. The
energy flux formula is given by Teukolsky and PressPd as

dEhole 2 128wk (k? + 482) (k% + 1682)(2Mr.)° | -
( hol ) :Z/dw2'§fm 8(,() ( + € )( + 66 )( T"F) ‘Zé‘lmij (1226)
T
m

dtd? |C?
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where € = k/(4r4) and

|C]? = (()\ +2)2 + dawm — 4a2w2) [)\2 + 36awm — 36a2w2}
+(2X 4 3)(96a°w? — 48awm) + 144w?(M? — a?). (12-27)
The calculation of ZgHmw is parallel to the calculation of ZZ‘;M except that R™

is replaced by R"P. The solution of the geodesic equations are given in section fj.
Using that solution, we have the amplitude of the Teukolsky function at the horizon

in Eq. (B-19) as
21 BYaS§(w — m4s2)

ZH = T Rup Ann Ar?Ln AT?LT?L
Imw 2jw BincCrtrans me{ 0+ 0o+ 0}
dRup d’R)P
me{Amnl"i_Amml}"i_ gmwAmm2] )
d r=ro,0=m/2
=5(w —ma) 7} . (12-28)

From Eq. ([2:2§4) and (12-28), the time averaged energy absorption rate becomes

<d_E> -y 128wk (k% + 48%) (k% + 16€2)(2M 1 )° Z0 2
dt H - ‘CP o w=m{?2

/m
dE
= — . 12-2
> ()., (1229

As in the case of the Teukolsky function at infinity, we can show that Zg_
= (—1)£ng’w. Then, from Eq. (12-29), we have (dE/dt)s_p, = (dE/dt)em.
In order to express the post-Newtonian corrections to the black hole absorption,

we define ngm as
dE 1 /dE 5 H
— =—— 12-
(dt >z,m 2 (dt )N” e (12:30)

where (dE/dt)y is the Newtonian quadrupole luminosity at infinity, Eq. ({-19). In
Appendix [, we show 7y,
The total absorption rate to O(v®) beyond the lowest order is given by

(& (@), |3

m,—w

B Lo (- B
q 4(] q 16(]

7 1 85 1 13
208 3B 4 - - 2> 3
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+( 336 4 T 717 51)"
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_11,0 nig o) (2 _ Mg
o 90 (34 ) - (o 1)

_ L niq (1) [ _ Mg .
Cu =5 lw <3+ _1_q2>+¢ <3 _1_q2>1, (12:32)

and 1" (z) is the polygamma function. We see that the absorption effect starts at
O(v®) beyond the quadrapole formula in the case ¢ # 0, while for ¢ = 0, the above

formula reduced to
dE _ (dE 3 10
(dt>H_ (dt)N(” +0('"), (12-33)

as was found by Poisson and Sasaki). We note that the leading terms in (dE/dt)n
are negative for ¢ > 0, i.e., the black hole loses the energy if the particle is corotating.
This is because of the superradiance for modes with k& < 0. In Appendix [], we also
show (dE/dt)y written in terms of z = (M£2,)"/3.

It is not manifest from Eq. (12:31) that if it has a finite limit for |¢| — 1. But
by using the formulas,

lim 0© (34— ) —np—mrtilT 1234
N ( V1-¢ lql 2 (12:34)
niq _ .
we obtain the limit of (dF/dt)y as
im (@) :<d_E> Sl g o <4 +@) 3
_G8IT g a4y <§+_ >
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22050 [q| 6 |qf lq]
<84955 | 55873 T) e
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14077 ¢ 16441 ¢ 34987 ¢ 193 , g
— 2+ — 7+ —— — In(v) - —7"—
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- 4 € 12:36
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Appendix A
—— Spheroidal harmonics
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In this Appendix, we describe the expansion of the spheroidal harmonics _2S7

to O((aw)?).

The spheroidal harmonics of spin weight s = —2 obey the equation,
1 df(. ,d 9 9 . 9 (m — 2cos 0)?
Lin@d@ {Smede} B e
+4aw cos O — 2 + 2maw + A | _2S5 = 0. (A1)

We expand _»57% and A as

9889 = 5Py + awSE) + (aw)282) + O((aw)?),

Im m
A= X + awl + a?w?Xy + O((aw)?), (A-2)
where _5 Py, are the spherical harmonics of spin weight s = —2. We set the normal-

izations of _9 Py, and 257 as

/ |y Py |? sin 66 — / |_55%1% sin 6d6 = 1. (A-3)
0 0
Inserting Eq. (A-2) into Eq. (A-1) and collecting the terms of the same order to

(aw)?, we obtain
(Lo + Xo] —2Pim =0, (A-4)
Lo+ Ao S = —(4cos 6 + 2m + A1) 2P, (A5)
Lo+ Ao S = —(4cos 0 + 2m + A)SY — (\y — sin?0) _y Py, (A-6)

where

1 d /. (m — 2cos )2
Lo = i (smH@) S 2. (A-7)
The lowest order equation (A-4) says we have A\g = (¢ — 1)(¢ + 2).

The first order correction to the eigenvalue, Ay, is obtained by multiplying
Eq. (A-5) by _9Py,, from the left hand side and integrating it over 8. The result is

0e+1)+4

A= -2
ST

(A-8)

To obtain Sgr)b, we set

Som = > Chrn —2Pom (A-9)
él

We insert this into Eq. (A-5), multiply it by _9Pp,, and integrate it over . Then
noting the normalization of the spheroidal harmonics, we have

Cm =9 =)' +2) = (l-1)

4
Vs { 752 /d(cos 0) _o Py, cos € _o Py, 0+,
0, )
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Hence cf;n is non-zero only for ¢ = ¢ £ 1, and we obtain

A 2 [(€+3)(€—1)(€+m—|—1)(€—m+1)]1/2
fm (4 1)2 (20 +1)(2¢ + 3) ’
12 [(H 2)(£ —2)(£ +m) (£ — m)]l/Q
tm 2 (20 +1)(2¢ — 1) '
The next order equation can be solved similarly. The second order correction
to the eigenvalue, g, is obtained by multiplying Eq. (A-6) by _2Pp,;, from the left
hand side and integrating it over . We find

Ay = —4 / d(cos 0)_o Py, cos 0 Sl% + /d(cos 0) _o Py, sin® 0 _o Py,
= =20+ 1) (b2 20(ch )2 4+ 1 — /d(cos 0)_oPpy cos® 0 o Pp{A-10)

where the last integral becomes

1 2(0+4)(0—3)(2 4+ —3m?2)
33 0+ 1)(20+3)(20—1)

/ d(cos 6)_o Py, cos? 0 _o Py, =

As before, to obtain Séfr)b, we set
S =S"db 2Py (A-11)
él

Inserting Egs. (A-9) and (A-11) into Eq. (A-6), multiplying it by _2 Py, and integrate
it over #, we obtain
B 1

Ao(l) = Ao(t')

_40221 /d(COS 0) 2Py cos 8 2Py 1m — 40221 /d(cos 0) 2Py cosb 2Py 1.,

i, [— (2m + A1(£)) (05#5@',£+1 + Cg,;15£',e—1)
+ / d(cos 0)_o Py, sin® 6 _ngm] , (A-12)

for ¢’ # ¢. The integrals in this equation are given by b9.Ed

20 +1
/d(cos 0) 2Py cos O _o Py, = ”25’711 <L,1,m,0|¢',m >< £,1,2,0(',2 >,

2
/d(cos 0)_o Py, sin’ 0 _o Py, = 3

2 [20+1
_Z 0,2 14 ¢,2,2,0[¢,2
s\2r 1 <% ,m, 08, m ><£,2,2,0[0',2 >,

where < j1,j2, m1, ma|J, M > is a Clebsch-Gordan coefficient. For ¢ = 2 and 3, the
non-vanishing dﬁ;ﬂ (¢ £ ) are given explicitly as

O ¢

gert — M 3 m)2(3 & 1/27
‘m 324\/7( m) ( m)
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11

A2 — 3— m)Y2(3 +m) 2 (4 — m)V2(4 + m) /2,
e’ = raaog ) 2B m) 2 m) (4 m)

for £ =2, and
ditl = (4 —m)"2(4+m)'/2,
™ 120v/21
1
2 — 4 — m)Y2(4 + m)Y2(5 — m)Y2(5 + 1/27
d-1 = _ m 3 m)2(3 4 1/27
m 324\/7( m) ( m)

for £ = 3. As for dﬁm, it is determined by the normalization of _257%, i.e.,

1= / d(cos 0)] -S|’

= /d(cos 0) {(_ngm)2 + 2aw Z ch —oPum—_2Pim
Z/

2 él Z”
+ (aw)® > hnClm—2Prm—2Prm
Z/Z//

+ 2(aw)2 Z dflm_ngzm_ngm +0 ((aw)3)}
Z/

=1 () Y () + 2aw)’dly, + O((aw)?).
é,

Then we have 1

B = —5 {(cg;lf + (cg,;bl)?} . (A-13)

Appendix B
— The operators Q?, QB and QW ——

In this Appendix, we show the operators Q™ for n = 2, 3 and 4 which appear
in Eq. (B-20).

21 6 ¢>
QR = [(—28imq—3 ngq+82’€mq+4z‘€2mq—13q2——q—12€ 2
32 2 .2 8 2 .2 1
PPl E 20 +8mP* + ng 1 + mgq ?4-
24 20 164 ¢°
<16mq—|— gq+ znq—Sﬁmq—élﬁzmq—Miqz— 19

4\ 2
zu£q2+2iﬁq2+2iAﬂnq2—-l—%gﬁl
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648 /%5 8 327 77 96 648
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Appendix C
—— 4PN formulas for R}, ——

In this Appendix, we show the post-Newtonian expansion of R™™ in the near zone,
where z = wr < 1, for a Kerr black hole which are needed to evaluate gravitational
waves at infinity to O(v®). For convenience, we recover the indices ¢m on R™ and
give the formulas for wRIP .
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—— The ingoing Regge- Wheeler functions to O(e3) ——

In this Appendix, we present a method to calculate the ingoing Regge-Wheeler
functions to O(e?) which are needed to calculate the luminosity to O(v!!') beyond
Newtonian in the Schwarzschild case. In the Schwarzschild limit, ¢ — 0, and solving
Eq. (B:25) recursively is in principle straightforward. Since the general homogeneous
solution to the left-hand side of it is given by a linear combination of the spherical
Bessel functions j, and ny, one can immediately write the integral expression for

fén). Noting that jyn) — ngjj = 1/2%, we have
& = n, / dz jowv ™ — j, / dz V™, (D-1)
where the source term W™ in the Schwarzschild case is given by

df[1d/,; _
n) _ 211 n—1)1 _ _—iz iz 2 ¢(n—1)
W = 2Ll = ¢ e {;E (e z°€, (z))} . (D-2)
We perform the above indefinite integral and set the appropriate boundary condition
by examining the asymptotic behavior at z — 0 order by order.

D.1. General remarks

Let us first consider the boundary conditions of £§"). In the Schwarzschild case,
the original Regge-Wheeler ingoing wave function X" is related to &;" as

Xén _ Ze—ie ln(z—e)é'én’ (D3)

and it has the asymptotic behavior given by Eq. ), which in the present case
reduces to o . o
Azefezwr + Alénce—zwr for 2* — oo

Xén - {AZranse—iwr* for 2* — —00. (D4)

Thus, noting that z* = z + eln(z — ¢€), the boundary condition of & is that it is
regular at z* — —oo (2 — €). To implement this boundary condition to 5?‘, we need
a different series expansion of it; a series in terms of the variable x := r/2M = z/e
around x = 1. We write this expansion as

& =& @) + 6 @) + e @)+ (B5)

On the other hand, there are two independent solutions expanded by functions writ-
ten in terms of z. We denote the solution whose zeroth order is given by j, (n¢) as &
(&ne). Then the general solution is given by ¢;&;¢ + cn&pne. As can be shown by using

the result of Poisson and Sasaki@), Q{O} does not have terms matched with &,,. A
term matched with &, first appears from Q{l}. For x — 00 (& € <K 2), éo} (x) be-

haves as z° = zfe ™ ~ e—fgjg On the other hand, ef}l} contains the term that behaves
as ex 71 = €271 L f+2¢ . Therefore, in the sense of the post-Minkowskian
expansion, the inner boundary condition affects the ingoing wave solution at and

beyond 0(62“'2). However, in the post-Newtonian sense, since we evaluate & in the
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near zone, i.e., for z = O(v), the contribution from &,, becomes O(v**+5) relative to
&je. Since £ > 2, we find that the inner boundarﬁcondition affects the homogeneous
solution at and beyond O(v!?) in the near zone.

Since jy = O(2*) as z — 0, we have X[* — O(e"T1)e™", or Aams = O(eH1).
On the other hand, from the asymptotic behavior of j, at z = oo, we find Aiénc and
AEef are of order unity. Then using the Wronskian argument, we obtain

|A1nc| _ |Aref| ’Atrans‘2 O( 2£+2) (D-G)
£ |A1nc| + |Aref| €
Thus \Amc | A | until we go to O(€2+2) or more. This fact implies that we can

make Al® and AXf to be complex conjugate to each other to O(e2**1). Hence the
imaginary part of X/*, which reflects the boundary condition at horizon, appears
at O(e2+2) because the Regge-Wheeler equation is real. This is consistent with the
argument given in the above paragraph. Provided we choose the phase of X }n in this

way, Im (fén)) for a given n < 2¢ 4+ 1 is completely determined in terms of Re (ﬁér))
forr <n-—1.
To see this explicitly, let us decompose Qn) into the real and imaginary parts:

e = £V +igl" . (D-7)

Inserting this expression into Eq. (D-3) and expanding the result with respect to €
by assuming z > €, we find

Xin = ielnz—q), (jf—i_e(fg(l) +igM) + (72 1 ig®) + D 1 ig®) +)

) 1.
=z (]g + Efz(l) (fz + gg ) Inz— 2jg(ln z)2)
s r3 1 (1, In @) (1)
+e’ | f —i(lnz) fo —i——jg—ang ——gg +--

1
+iz (6(9§1) — jelnz) + € (9&2) + e & m Z)

+¢3 (gé?’) %(ln 2)%g (1) — lnsz) + %f(l)
+ (Lz %(lnz) )je) +) (D-8)
Hence we must have
o e, o = —%je " f(l) Inz,
g’ = <%<lnz)3— i) go—=fV e P, (D-9)

*) In Ref. E), it was erroneously argued that the outgoing gravitational waves are unaffected
by the inner boundary condition until we reach O(¢®) = O(v'®). As shown here, this is true only in
the post-Minkowskian sense.



Chapter 1 Black Hole Perturbation 81

For completeness, we also give the relation between the functions fé(n) and the con-

ventional post-Newtonian expansion of X}n:

xr=3 ex,
n=0
Xéo) :zfe(o) = 2j¢, xWM—, £(1)7 Xéz = (f + jg(lnz) )
1 Inz .
X0 =2 (504 30w -5 e (D10

Now we turn to the asymptotic behavior at z = oo. Let the asymptotic form of
fz(") be

fz(n) - Pz(n)jé + an)né as z — oo (n=1,23). (D-11)

Then noting Eq. (D-9) and the equality e~*"(=¢) = ¢=i2"

e'#, the asymptotic form
of X}n is expressed as

X - %e_iz* (zhf)eiz) [1 + E{Pé(l) +1 (Q( ) 4 lnz)}
{(P2 lnz)—l—i( (2)—|—P(1)lnz)}

{(f3 Qg lnz)+z<Q()—I—P(2)lnz—|—3(lnz) >}+

oi7" (Zh —ZZ> —2ieln(z—e) [1+6{P€(1 _Z(QZ lnz)}
{(P2 Pinz) =i (QF - A nz)}

{(p © 4 QP =)~ (Qf’) PP ganz)s)} + .(.D}m

Using the asymptotic behavior of hgl) and hf) given in Eq. (B:5§), the incident
amplitude AmC can be readily extracted out as

Aiénc _ %Z'f-i-le—ielns |:1 T {Pg(l) i (Qél) 4l Z)}
S{(F? - Q" mz) +i(Q + PV m2)}
4l {(P}%) —QPInz) +i (Qé?)) PP+ %(ln 2)3>} . '@3'13)

where note that the definition of r*, Eq. (2-9), in the limit ¢ — 0 is

—2M
wr*:w<r—|—2Mlnr2M >:z*—elne, (D-14)

which gives rise to the phase —ielne of Al
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An important point to be noted in the above expression for A"® is that it contains
In z-dependent terms. Since Aiénc should be constant, Pg(n) and an) should contain
appropriate In z-dependent terms which exactly cancel the In z-dependent terms in
the formula (D-13).
D.2. Basic formalism for iteration

Here we derive the formulas necessary to perform the iteration scheme.

D.2.1. Definitions
We introduce the following functions,

2 1
Bjj:= / zjojodz = —=C,
0 2

# 1
an:: / Z’I’Loj(]dz = ——S,
0

2
z 1
Bjn::/ zjonodz = — =5,
0 2
Byy:= / znonodz = —Bjj +1nz, (D-15)

where

2z ¢in ©  sin
s— [ a4y _ _ / dy>2Y
x Yy

0 Yy
C:/2zdycosy—1 :_/Oodycos
0 Yy 2z Yy

™
27
y_

v—1n2z, (D-16)

and the lower bound z, of the integral for the definition of B, is adjusted so as to
make B, equal to the last expression of the line.

As an extension of these integral sinusoidal functions, we further introduce the
following functions:

Bjjzz/ dzzjo Dy, (D-17)
BnJ::/ dzzng Dy, (D-18)

where J stands for a sequence of j and n, say, J = jnnj, and we have also introduced
an extension of the spherical Bessel functions by
D% = Jes D? =Ny, (Dlg)
and
D} :=nyBjy — 5¢Bny,
Dg‘] = ngjJ +nyB,j. (D'QO)

We adopt the following rule to determine the lower bound of the integrals in Eq. (D-18).
Whenever we can put z, = 0, we do so, which is always possible when the sequence
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J ends with j. On the other hand, in the case when J ends with n, there may
appear in the integrand the square of ng which causes logarithmic divergence if we
set z, = 0. In such cases, we use the relation,

1 .
_]g ) (D21)

2
ng = —%
0 zg

to replace n3 with the right hand side and extract out the logarithmically divergent
term due to 1/ 22. Then we set z, = 0 for the jg term, while we set z, = 1 for the
1/22 term so as to make the resulting logarithmic term zero at z = 1. For J of two
indices, this is how we have defined By, in Eq. (D-15). For J of three indices, this
applies to B,,j,. Specifically it is given by

1
ann = Bjjj — Bjj Inz+ §(ln 2)2. (D22)

For convenience, in what follows we call B the generalized integral sinusoidal func-
tions and D@’ the generalized spherical Bessel functions.
Note that all the By whose J end with n can be expressed in terms of those

whose J end with j. For example, for J of three indices, we have

Bjjn = _Bnnj +In Zan s

Bjnn = 2Bjjj + Bnnj —In szj s

Brmn = 2anj - Bjnj —1In Zan 5 (D23)
together with Eq. (D-23). Using these relations, we can express all the Dg whose J

end with n in terms of those whose J end with j.
Further we introduce the following indefinite integral operator,

Fk,g[X] = nk/dzng —jk/dzngX, (D-24)
for a function X. Note that Eq. (D-1) is expressed in terms of this operator as
™ — By (W™ D-25
& = FrW™. (D-25)
We also introduce the following operator,
H]l[Y] = dzDJY — ji. | dzDJY :
Y=g [ dzDgY —gi [ dzDpY, (D-26)
where Y stands for a linear combination of the generalized Bessel functions with the
coefficients given by linear combinations of z™(In z)"” (m < 1, n > 0) and Y denotes

the quantity which is obtained by replacing j, n, D77 and D™ with n, j, D™/ and
D37 respectively, in the expression of Y. By definition we see that

Fyolz™(Inz)"j0) = HZ [z (In 2)"jo]. (D-27)
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D.2.2. Basic formulas
The spherical Bessel functions satisfy the recursion relation,

2m+1

Cm—l + Cm—i—l Cm ) (D28)

where (;, = jm,, or n,,. Note that
N = (=)™ 1y = (D)™ (D-29)
The same recursion relation holds for the generalizes spherical Bessel functions,

DY+ D5 = DY/ (D-30)

2m+1
z

where ¢ = j or n. Further the relations the same as Egs. (D-29) hold for DS/,

Dyl = (=)"'DI . Dy = (=)D, (D-31)
The derivative recursion relation for the spherical Bessel functions is
= (G~ (4 Do} (D-32)
dz { = 2€ ) {—1 {+1
and this extends to the generalized spherical Bessel functions as

d _ncy 1 neJ neJ Ry ¢

EDZ == %——1_1 {EDZ—I - (E + 1)DZ+1} D

N 1 icJ icJ Re —1 \¢J

0 = {eD} — e+ 1)DfST} - =2=Df. (D33)

Useful integral formulas for the spherical Bessel functions are

22

—n)(m+n+1)

(Cm(r*z+1 + Cm—lg’;) - ﬁﬁm(fp
(m#n, —n—1),

1 /—1
dzcc*z—{ dz<<*—z<<<*+2 <m<;;+<<*>},
[z = 5= 1 [ 4 66 > i
/ dz 2t = / 42 21 Gir — — (cm_1<; L )

/dz 20() = /dz 26oCh — 22 {COCO + Z (m + m—l—l) CmGm + Cng}

1
/dz 2GeCr = /dz 2oty — 2° {COC1 + Z Wim_lCm@LA + m@@k—l} ;
m=1

[z G = o

)

¢
4
[z 2 = [ dz 2G5 —z2{<_1ca‘+ > o ln Gt 5k
e (D-34)

where (,,, or ¢, stands for j,, or n,,.
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The following polynomial of 1/z plays an important role in the calculations:

Rm,k: Z2 (nm]k - ]mnk)

[(m—il)/ﬂ( ) (m —k—1-— r)' I (m + % — r) 92 m—k—l—(2r )
s
—0 r!(m—k‘—l—27‘)![‘(k‘—|—%+r) z
for m > k and

Rm,k = _Rk,m' (D36)

for m < k. By construction, a recursion formula similar to that satisfied by the
spherical Bessel functions holds:

2k +1

Rm,k—l + Rm,k—i—l = Rm,k . (D37)

Note that the indices m and k can be negative as well. As examples, we write down
the explicit forms for some special cases:

2k —1
Rir=0, Rppi1=1 Rpp1=-1, Rppo=— P (D-38)

D.2.3. Source terms
The source term can be rewritten as

. 2 24 00 +1 (n—1)
z V4

dz?2  zdz

+ [i PP +21) — 4]

dz dz

e i [22i + 1] ¢ (D-39)
The contribution to £§n) from the first term is given by z_lﬁén_l). So we focus on
the second and third terms. Note that the operators of the second and third terms
have opposite parities; the second term is odd while the third term is even under the
transformation z — —z. To perform the integration of these terms, we introduce the
concept of the standard form of source terms as follows.

First consider the first iteration, n = 1. Since féo) = j¢ and since we only need

to calculate the real part of §§1), we only need to consider the second term. Using
the recursion relations (D-2§) and (D-32), it may be rewritten in the form,

aozje + Boje—1 + Brjes1 - (D-40)

Then using the integral formulas (D-34), the integrals Fy¢[zj,] and F.« ¢[je+1] are
readily evaluated to give

/—1
) 1 ) 1 1 )
Foolzje] = DZU 3 {RZ,OJO + <E + m——l-l) Ré,m]m} )
m=1

) 1 )
Fy o [jk] R IETTL (

k=0+1). (D-41)
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The real part of £§1) is expressed in terms of these functions, while the imaginary
part is (In z)j, as given by Eq. (D-9). The result is Eq. (3-35) with ¢ = 0.

At the second iteration, n = 2, we insert the real part of £§1) to the second term
in Eq. (D-39) and the imaginary part i(In z)j, to the third term, to evaluate the real

part of {éz). Let us focus on the contribution of the terms of the form Ry, jy, in ﬁél)
for the moment. Since Ry,, are polynomials in 1/z, we cannot apply the integral
formulas (D-34) directly. So, by using the recursion relation (D-2§) we get rid of the
inverse powers of z. Then we find the corresponding source term may be expressed
in the form, B
2(G—jfoo1 + Grfor1) + D Bmlieram - (D-42)
m##0

Similarly, at the third iteration, n = 3, the terms in ff) having the form z¥j,, (k < 0)
will give rise to the source term which can be written in the form,

2aoje+a-je—a+arjg)+ D Bmirrom—1, (D-43)
m#—{

which is a generalization of Eq. (D-40]). Because the operator of the second term in
Eq. (D-39) has the odd parity, the source terms for n = 2 and 3 take different forms.
We call Egs. (D-49) and (D:43) the standard forms. For convenience we call the
former the even standard form and the latter the odd standard form. Now turning
to the terms with D;, or (In z)j,,, since they satisfy the same recursion relation as
jm do, the same idea can be extended to them in a natural sense. The standard
form for them is then defined by Eqs. (D-43) and (D-43) with j,, replaced by D;, or
(In 2) . Note that D;” at n = 2 plays an analogous role of j; at n = 1. Hence the
odd standard form of D7 appears at n = 2. On the other hand, since the second
and third terms in Eq. (D-39) have opposite parities, the parity of the standard form
of (In 2)jy, is equal to that of jy,.

To summarize, the source term at the second iteration consists of the standard
forms of

gm : even, (Inz)j, : even, D™ : odd. (D-44)
The integration of these terms can be done by using the formulas given in subsection
D.3 below. The resulting é’f) are given by Eqs. (3-40) for £ = 2, 3 and Eq. (4-16) for

¢ = 4. Then we find there appear new types of the source term at the third iteration,
which are

D™, D 22, (n2)’ess, z(nz)Dpf; (D-45)
in addition to the opposite parity terms of Eq. (D-44),
Jm: odd, (Inz)j,: odd, D™ : even. (D-46)

D.3. Reduction of integrals

In this subsection, we reduce the expressions Fy s[source terms| to those written
in terms of D#b. For this purpose we need to evaluate integrals such as

Fr[2D}] = nk/dz 2je Dy’ —jk/dz zng D} (D-47)
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As an example let us show how this is evaluated. Using the basic integral formulas
(D-34), we integrate it by part as

Fk7g[ZD?J]: ny, /dz szD()‘J —jk/dz znng‘J

—— | < mojo + g ( ! ) N Jm + ln ]
2 0Jo 1 mJm 7 0Je
2 "+ZE_1<1+ 1 )"—Fl"

_n —_— —_— —_— —
k 2 JoJo - +1 ImIm gjfjf

22 +H(1+ 1 ) 1
— —_— non, — — | MmN —Nyn
Jk 5 070 2 \m mrl mNm Eee

+ | Jk

BnJ

2\ (. N l (1 L1 ) , L 5
Nk | ——= n E — + — n —Jen j
k 9 JoTo 2 \m m1 ImTm éjz 14 iJ
d 2 i ( L ) j + Ly oD
k Jono + 2 \m m1 IJmMm éjze JoLg
—1
z 1 1 1
/ ‘ < 2 ) {'70]0 +m:1 (m m + 1) Jmjm =+ E‘]m} “noto
. z Z_ 1 1 .
Ik /d < 5) {nono o (m m + 1> Timim. ZWW} ZJODE)]

1 . 1.
/dz< ){M<m+m+1>nm]m+zw}mwg

5 Vel 1 1
Ry, Dy’ < + —) RuDpy + ZRZkD?J}

1 1 1
——— | RnoJdm + =Rpojge | D
Z<m+m+1> 0J +€ éO]é)
1. iy 1 1
_5 /ZdZ <Z: (m + m——l—l) RmOTLm + ZRZOTLZ> DE]]
nnJ 1 nJ nJ 1 nJ

iy §<1+ ! >R i+ < Rioj (D-48)
2 k = \m m+ 1 m0Jm / £0J¢ | -

The reduction of the H ,;] term in the last expression is done similarly. In the following,
we give formulas for each type of the source terms.
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D.3.1. jy,-terms
The source terms have the standard form (D-49) or (D-43).
Using Eqs. (D-34), their integrals are evaluated as

1

F m] — — m y T 1 ; D-4
2,0 [Cm] (6—m)(€+m+1)< (m#L, —£—1) (D-49)
1 1 1
Fyg2Ce) = ~ 3 Ry oCo + Z ( e 1) Ry mCm ¢ (D-50)
-1
Foolzje—1] = —Dy" — {—Re,ono +) mRZ,mjm—l} , (D-51)
m=1 m= —
‘ .
Fyylzne—1] = D} — {Rz,ojo +) ﬁRﬁ,mnm—l} ; (D-52)
m=1
_ _pi¢ ~  dm
Frel2Ce] = =Di* — S Re1o+ Y Tz fem=1Gm (D-53)
m=1

where ( represents j or n. Note also that rather general formulas,

Fi 0lGn) = T—m) i+ TE+ 1 {Rr.eCms1 + R o—1Gm }
1 k.0
_—e — 777,7 m (m 7& E» _E - 1)7 (D54)
gy 1
Figl2¢]) = DS — = {Rk oo + Z ( p— 1) Ry m G + Rk ZCZ}D 55)

hold.
D.3.2. (Inz)jm-terms

The source terms are in the form (D-4Q) or (D-42) with j,, replaced by (In z)jy,.
First we give the general formula for Fy[(In z)j,,]. Using the first formula in
Eqs. (D-34), we obtain

‘ 1 1 .
Fm[(ln Z)]m] - (6 B m)(g +m + 1) <_ Inz+ m) Jm
1 2z . .
+€ — sz,é [—m]mﬂ +]m:| ) (D-56)

form# ¢, —0 — 1.
Next we consider the remaining term of the odd parity. With the aid of the
second formula in Eqs. (D-34), after the integration by part, we have

. In iy | 1 .
Fyolz(In 2)je] = Foolz(In 2)jo] — —— {Rz 0jo + Z (m + m—+1> Rz,m]m}

Bl e

+
N
3=
SN—
S
=3
|
| =
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)4
_Z Z (m — 1) {2 (k_z %) + 7m(m1+ ) } RymjkD-57)

=m+1

To evaluate the first term, we use the following trick. Note that
4
Bius = [ d= zjo (n0B1s = joBos)
dz

:/ dz zng (jOB'J+n0BnJ)—/ —B,J
0

dB
= By — (Inz) nJ+/ dz(In 2) dnJ (D-58)
z
where we assumed J do not end with n, i.e., J # n,jn, --. In the same way,
Bjj; = —Bpns + (In2)Bj; — /0 dz(In z) d;J' (D-59)
Thus we obtain
dB
/ dZ In ) dnJ = DjnJj — BngJ + (ln Z) nJ
/ dz( lnz jJ = —Bjjj — Bpng + (In2)B; ;. (D-60)
Using Egs. (D-60), we find
Fyolz(Inz)jo] = —DZ“ D]nj + (Inz)D, D (D-61)
As for the remaining terms of the even parity, we have
F&g[z(ln Z)jg_H] = _Dzmj + ngj —1In ZDZj
¢
. dm .
—Ré,—l(ln z)jo —Inz z_: mRZ,m—ljm
m=1
d im
Fy_1lzj ———Fym_1]zj —F, j
+Fp,-1[2jo] +rnZ:1 A2 — 1 bm 1[zdm] + 201 velzjet1],
. 1
Foglz(Inz)jen] = D = D™ = (Inz) Dy’ + 5 (In 2)%je
-1 Am
_Rg’_l(ln Z)j() +1Inz rnZZI mR&mjm—l
Frolena) 4 3 0 gl 5 Fol52)
— zn — ZJm— 2k Dy
£,0 0 P am2 — 1 Lm|2Im—1 20+ 1 £,L12]

D.3.3. (Inz)2j,,-terms

The source terms we have to evaluate are z(In z)%j, and (In 2)%jp1.
Using the first formula in Egs. (D-34), we obtain

‘ 1 2In z 2
Fyol(In 2)%jp) = (g_m)(g+m+1){|:_(lnz)2+ (tm+1 ((+m+12)’
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2ij+l

+2F; ¢ {(ln 2) (—22jmy1 + (L +m + 1)jm) + T

E}-,63)

. ! | 1 .
Fyel2(In 2)%jg] =Fyo[z(In 2)%jo] — (n2 2 {Re 0jo + Z ( + m—+1> Rz,m]m}

form # £, —¢ — 1.
Also, with the aid of the second formula in Eqs. (D-34), we find

—1
+Fyo[2(Inz)jo] + Z (% + m;—kl) Fym [2(In 2) 1]

1 .
+ZFM [z(In 2) 3,

The evaluation of the first term in the above equation is done as follows. Using
a technique similar to the one used to derive Egs. (D-60), we obtain

(D-64)

/Z dz (In 2)? di:] = 2[=Bunns — Bjjns + Bnjjs — Bijnjl
+2(In 2) [Bjns — Brjs] + (In2)* By,
/ dz (In 2)° dB]J = 2[=Bjnns + Bnjns + Bjjjs + Bnnj.J]
—2(In 2) [Buns + Bjju]l + (Inz)* Bjy.  (D-65)
Using these, we can rewrite the first term as
Fiolz(In 2)%jo] = 2 (=Dp™ + DP™ 4 D7 4 D)
—2(In2) (D" + D7) + (n2)2D}7. (D-66)

We need one more formula to evaluate (D-64):

. . 1
Eylz(In 2)jm] =Fyolz(n2)jo] = g Remjm
S (A ) s L,
moq .
2> =) = 1% Reojo
ok

17l 1 U 1
1 (E+ k—+1) {2 (pz _) * k(k+1)}RZ’@f'ﬁ7)

k1 P

+ |
A~ o E
s I
= —
| = =
———

=)

5 =

|Q +
. M

D.3.4. D,?J—terms

The source terms are the even and odd standard forms of D}, and zD;"™ and
Dnnj
0£1°
Necessary formulas are

l

; 4m
FualzDph) = =DJ" = Roa Dy = 3. 1 Runa D



Chapter 1 Black Hole Perturbation 91

+H]

B XZ: 4m R +Rz+1,0.
— 4m2 1 m,0Jm—1 2€+ 1]5 ;

-1
FylzD}\) = D7 — Ryo DY - Z Tz RemD nl  + Dy’
—1
4m Ry_
J . 0—1,0 .
+Hy |z {mz::z R 1Rm—1,0]m + 50— 1]@}] ,
1
Fo D)) = - D’
Ll =~ mr o P
. ) R0 .
_HJ z Rm Rm _ . m, :| ]
7 [(E—m)(€+m+1)( +1,0J¢ + Bm,0je-1) L
1 1
FyzDp?) = D™ + 5 {Ro,eD Z (m e 1) Rm,kD;L{]}
NETE=a! 1
H - - Rm .m —R . ’
2 <mz:1 <m+m—|—1> 07 +€ &0]@)]

FoDph) = D2l + 1 |~ 0+ Rogrje_1) + R ]

ve[ D] = 2(£ 1) z+1+ 20 +1) (Ro,e+27e + Roe1je—1) + Roeq1e
Fp (D] = —%D L+ H] [% (Roeje + Roe—1je—1) — Ro,e—1j4, (D-68)

In order to evaluate the terms involving the integral operator H, 2] , we recast its
argument into the form,

Z(o—gja + a_1j_1 + agjo + i) + > Buln- (D-69)
n#0,—1

Then all the necessary terms can be easily evaluated as

H)[jm] = mm+ 1) (—Rem+1Jo + Remno) + %Jo (m #0, —1),
[Zjl] = —Dz + Ryono — Ry jo,
H}[zjo] = Dy’
H][Zj 1] = —Dz],
Hjlzj-o] = —Dj —JjoRe—2+j-1Re -1, (D-70)
and
Pilep] = Dy~ R0 ps
Hf 7zjo] = D™,
[ 4] = DJnJ
[ _9] = (unnecessary for our present calculation),
H}ZU [im] = mm+ 1) (Rk,le + Rym—1Dyq )
1 .
—Rpm R — PR D-71
TTLZ k 0 + (m_|_1) k[z] ] ( )

The last term H g [24m] can be reduced recursively to those given in Eq. (D-70).
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D.3.5. z(Inz)D!Y-terms
What we need to evaluate are Fy [z(In z)DZil].
First we consider Fy, {z(ln z)DﬁJ. It is evaluated as

Fuy {z(lnz)D?_{l} =F; 4 [z(lnz)DS”} — (In 2) {Rz _1D0 + Z 7Rgm 1D"J}

. ¢ i .
5 ) 3 i ] ¢y )

¢
; 4m 1
H) |2(1 T jim-—1+ ——R
+Hj |2(Inz) {mzz:l Im2 — 1Rm,ojm Y e+10]zH
(D-72)
where the first term is further expressed in terms of DZ] as
Fy 1 [2(n2)D?| = =Dp™™ + DP™ — (Inz)DJ™ . (D-73)

The other unknown terms in Eq. (D-72) are also evaluated as

m—1
Ff,m—l [ZDZ"LJ} = _Dg - {RZ,—IDOJ + 2 : 4k2 — Rfk 1D 2Z — iij}
k=

m—1
; 4k Ry
J Ak . -1
+H; z{};4k2_1Rk0]k 1+2 1] 1} (m>1),
Fz 1 {ZDZ]U} — _Djnj
H [2(In 2)jo] = Frolz(In2)jo] = =D} — D™ + (In 2) D}’
Ry
] = (1 m

Hy [(In2)jm] = (In {m (=Remrrfo + Bemno) + - ,70}

Z
2m +1
—— (R o — R
[ m+ 1 ]m+1 + mz(m_’_ 1)2 ( £,m~+1J0 Z,mnO)
£,m

Jo- (D-74)

m2

In the same way, we can evaluate F} [z(ln z)D?Zl} as

Fuy {z(ln z)D?Zl} =Fip {z(ln z)Dé]} —(Inz) {Rg oD™ + Z 4 5 — Rg mDZf_l}

+Fo |2 [ } + Z 4 Tz 1 tm [zD } le_ 1 Fee [ZD?EJ

+Hj

‘ 1 ‘
z(In 2) ( Jo + Z 4 T T Ry—1,0Jm + mRe—l,o,M)} )
(D-75)
where the unknown terms in the right hand side are evaluated as

Fuo {z(ln z)Déj} = Dn]“ D]n” + (In z)D"“,
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. . Ry .
Fom [2D}4] :D;”—{RZOD + Z 4k2 Tz gD+ g le::g_l}

+H]

m—1
. 4/€ Ry—1p .
m > 1),
Z(]o-i-kz:%z Ry Lok + 5 77 )] (m=>1)
Fuo [ZDE] — DI (D-76)

D.4. The asymptotic behavior

Using the results of the preceding subsection, we obtain the analytic expression
for ff’). The real part of it is given in Eq. (4-14) for ¢ = 2 and in Eq. (4-15) for
¢ = 3, while the imaginary part is determined by Eq. (D-9). To obtain A"® to O(€?),
we then see that all what we need to evaluate are the asymptotic behaviors of D;j
D™ D™ and Fyglz(In 2)jo]. Although the last of these can be expressed in terms
of D] as given by Eq. (D-61)), we find it is easier to evaluate the integral directly as
it is.

Here in order to evaluate the asymptotic behaviors of these functions, we first
give necessary basic formulas. Then we evaluate the asymptotic behavior of all the
necessary By and Fy[z(In 2)jo]. In this subsection z = 2z.

D.4.1. Basic asymptotic formulas

First, we give the most basic formulas:

S:/xdysiny . zj
0 Yy 2

z —1
C= dy%ﬁ—lnx—’y,
€T 0' y
0 ( 2 .
T cosy—1 1 9 T v
b | __1 4
/Ody ) ny — (Inx) 24—1—2,
T : 3
sin y
d 1 —
|y (ny) —>2’Y +24
cosy 1 3 v oyr? 2
d 1 ——(1 -t ——= D-
| ar™ = g e - T+ T - 20, @)

where ((z) is the Riemann zeta function and ¢(3) = 1.202- - -
There appear several expressions to be estimated that diverge if we evaluate
them term by term. But they give finite results when combined together. They are

2

/xﬂ{ln(y+1)—lny}—>%,
0
/— {(n(y + 1)) ~ (my)*} — o0,
71.2
{ln(y+2) In(y+1)} — oL
/Ox%{(ln(ﬁz))?_(ln(yﬂ 2}—>2¢3 1/2)+Fln2—§(ln2)
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ln (y + 1) {In(y+2) —In(y + 1)}

/

603, 1/2)——ln2+ L 9y8 +gg(3), (D-78)

6
where ¢(a,b) represents the modified zeta function. We mention that the ¢(3,1/2)
terms are found to cancel out in the final expression for A}*°.

There are several formulas which require multiple integrations. They are evalu-

ated as
T dy |:/oo du :| 7T2
— —(cos(u —y) —cosu)| — —, D-79
L eostu =) —cosw) = T (D79
T dy |:/oo du :| 71.2,7
—1 — —y) — - D-80
/0 " ny L (cos(u —y) —cosu)| — 5 ( )

dy lny{/ d—u(cos(u + y) — cos u)}
0y y U

72 1 3 Ty
= $(3,1/2) + ;2 - Z(n2)* + L, (D-81)
T dy > du , . . 3
/0 m Iny [/y 7(8111(11 —y) —sin u)] ~ 13 (D-82)
T 00 3
/0 d—;lny {/y %(sin(u +y) — Sinu)} — —;—4, (D-83)
/ dy [/ d—u(sin(u —y) —sin u)} — 0. (D-84)
0y Ly u

These are obtained by changing the variable from u to ' = v_ 1, performing the
Y

dy-integration first and using the formulas (D-78).
Next we give several formulas that contain S and C'. Let us recall the definition
of S and C:

T d Sl
S:/ —ysiny:—/ —ysiny—l—z, (D-85)
0oy z Y 2
% dy
C= / (cosy —1) = —/ ?cosy—lnzn—v. (D-86)
By using the integration by part, we have
1
/ dylny( myS Ccos Y — C)
2/ d Smylny / dy sy 2 ’ylny+(lny) )

/ dylny {/ " (cos(u - y) — cos u)] , (D-87)
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whose asymptotic behavior is determined by Eqgs. (D-77) and (D-80). Similarly we

have
/ dylny(smyS— cos Yy — 10)
0 Y x Y T 1
— I/ dySIHylny+/ dy% (’ylny+(lny)2)
| p 0 Y
/ dy Y {/ Z7((:05(u+y) —cosu)] , (D-88)
and

T 1 —1
/ dy lny(smyC " cos y S)
0 Y Y

1
/ d —ylny(lny—i—'y + X / dy Y " Ty
Yy

$/ dy Iny [/ dj(sm(u:l:y) - smu)] , (D-89)

whose asymptotic behaviors are determined by Egs. (D-77), (D-81), (D-89) and
(D-83). Then we obtain

 dy 2 1 4
/0 ? (52+C%) =To(ma+9) + 50z +9)° = 5¢3), (D90)

3
Tdy /9 9 72 1 w2y 4
2 1
-2 ¢(3,1/2)+Eln2—6(ln2)3 : (D-91)

These two formulas are obtained by reducing them to the forms to which Egs. (D-87)
and (D-88) can be applied, respectively.
Finally, we present two complicated formulas. The first is

T d
I ::/ il (—2 sinySC + (cosy — 1)(S?% — 02))
0y
2 (6(3.1/2) + 2 - L2y
— R - —
’ 12 6
1 1 5
——C( )——7r (Inz+~) + g(lnx—i-’y) (D-92)
where we have used the equalities,

SC:/ Wm(tﬂ)dwgc (Inz+7)S + = (lnx—l—’y) (D-93)
0

[e'¢) t 2 2
S22 = —2/0 Wln(w 1)dt + 78 — % +2(Inz +)C + (Inz + )2,
(D-94)
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and applied the formulas (D-77), (D-87) and the last one of Egs. (D-78). The second
is

I, ::/ dy (2(c0sy —1)SC +siny(S% — C2))
0oy

2
I <(lnx +7)% + W—) ) (D-95)
2 4
which is obtained in the same way by applying the formulas (D-77), (D-84) and
(D-89).
D.4.2. The asymptotic behavior of By
As we have mentioned, what we have to evaluate are the asymptotic behaviors
of D}, D™, D™ and Fyg[2(In 2)jo]. Hence, recalling the definition of D, we
need to evaluate an, Bjj, Bunj, Bjnj, Bannj and Bjnp; in addition to Fp o[z(In 2)7jo].
The formulas for By with two indices are given by the first two equations of
(D-77):
™
1
As for Fyo[z(In 2)jo], its asymptotic behavior is directly evaluated as

1 1 1
an:—§S—>— B]]:—§C—>§(IHZ'+’Y) (D96)

Fyolz(In z)jo] = ng/ dzz(In 2)j2 —jg/ dzz(In z)jong
0
1 2 T .
-7 (Inz)? + E —(y+1n2)* | ny — ZW +1In2)j, (D-97)

The formulas for By with three indices are given by

siny cosy — 1
= g (TS

ln x+7), (D-98)

where we have used Egs. (D-77) and (D-84), and

+1 i
Bung = / (Cosy C+ SlnyS)
4 Y

—~ -3 <E7T —(Inz+ ) ) (D-99)

where we have used Egs. (D-77).
For B with four indices, we have

1 [*  siny 1 /®  cosy—1
Bjnnj - _5/0 dyTBjnj+ 5/0 dyTBnnj

1 1 [ i -1
= 5 [8Bjnj — CBuns] + g/ dy <S“;y0— Co8Y s) s

Y
/ (smys cosy+1C>C
3 y
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1
_5 [SBjnj — CBnnJ Il + - / dy

~ 51 [§7T2(lna: +7) — §(lnx + )% - C(3)] , (D-100)

where we have used Egs. (D-90), (D-91) and (D-92), and

1 /*  siny 1 /®  cosy+1
Bnrmj = _/ dy—Brm] +§/ d TBjnj

0 .
_1 dy <s1ny0 cos Yy — 5)04_1/ dy <s1nys+cosy+10>5
81 0 Yy Yy
lanjm / dyln (smyc cosy — S)

[CB]n]JrSBW]Jr Ig+ /dy

T 1
~ 35 [—177 + (Inz +7) ] , (D-101)

where we have used Egs. (D-89) and (D 95). We should note that Eq. (D-89) has

SC’
been also used in evaluating the term — / dy

With these results, the asymptotic 1ncom1ng amplitudes AmC to the required

order are obtained, which are given in Eqs. (4-17) in the text.

~ Appendix E
—— 5.5PN formulas for R} and (dE/dt)e, in the Schwarzschild case

In this Appendix, we show the post-Newtonian expansion of R™ which are
necessary to evaluate the 5.5PN gravitational wave luminosity in the case of a
Schwarzschild black hole. Then we show each (¢, m)-mode contribution to the total
luminosity from a particle in circular orbit.

For convenience, we give the formulas for cowRign, where we recover the index /¢
on R™ and cq = (¢ — 1)4(¢ + 1)(¢ + 2) — 6ie.

Cwlty =\ 5+ 357 " 105 35° 1800 " 945° 11580

(424 8i . 2220 24 . 2328 27 4 13210

i 4 59z N i 13 83 214 i 15
— z z 5 — — z
24948 12972960 2162160 1945944000 277992000

5 5° 763 90 ° T 1800 ' 22680 °

(—823 3i 4 82° 130 ¢ 10927 3410

94032 2937 , 38963 2! N 755294 14
— - z z
3118500 594000 567567000 9081072000
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5 * 36750 110250 1157625 2315250 -

215321483 28 N 351068114 e 214z* Inz 4284

5501034000 5501034000 525 1575

117728 Inz 1077 , 246128 Inz 107
+ z'lnz — —

11025 3675 396900 99225

(g 1233172" | 2314790 5 88995420 4544997

2> Inz

2 Inz|é

—668232° 998514 4 504569 2P 2488639 6, 428 23 Inz
12250 55125 694575 3969000 525
1074 4 42825 Inz 13914 3
1 1
R T R T TR
ATI487 2% 263 s 214 z? Inz o E1)
220500 1260 525

o1 "% T 63 1357 T20790 T 1620° 1621620

i 9 23213 i 14
- z7+ + z
294840 64864800 29937600

(_1024_@2«5 AL 14830

; ; 9 ; 11
congn:(les 20 o 227 T g 29z AT 47 z

51 315° T210 90° T 155025 ' 1247400 °

C 2329 367 i
102960 10810800

828 i , 4033725 79099i , 1256214727 4840537
=+ + + 20— —~ 2
21 ' 14 46305 ' 185220 91683900 157172400

262° Inz 131 61 +13z7 nz 130 g, 5

—_—— — —— nz Z 1Mz | €
441 a1 ” 1323 ' 5670
—22% 1829812 3753697 5
21 92610 5556600
6524 Inz 6890 -
1 3 E-2

T T’ nz) < (E2)

Rgin 220 N 4i g 1328 8i o
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Next we show the contribution of each (¢, m)-mode to the gravitational wave
luminosity to O(v!!) in the case of a circular orbit around a Schwarzschild black

hole. We set IE 1 /dE
(%) =2 (@), S =

where (dE/dt)x is the Newtonian quadrupole luminosity, Eq. (E-19). In the present
case we have 1y, = 1y, _p,. Hence we show only the modes m > 0.
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Appendix F
——— 4PN luminosity in terms of the orbital frequency

Here we present the (¢, m)-mode contributions to the gravitational wave luminos-
ity for a circular orbit on the equatorial plane around a Kerr black hole. In stead of
v = (M/r)'/?, the formulas are expressed in terms of the parameter x = (M£2,)"/3,
where (2, is the orbital angular frequency, which is more relevant in the actual analy-
sis of observed gravitational wave signals. We express the partial mode contributions
as

dE 16 / 1 \? 1o
—Y==(= . F1
(a) =75 (3) =" S (F1)
Since ¢, = 1¢,—m, we show only the modes m > 0 below.
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Appendix G
——— 4PN luminosity for a slightly eccentric orbit in the Schwarzschild case

We define the partial mode contribution 7y, , as

dE 1 /dE
- (= E G-1
< dt > 2 ( dt )Ném nﬁ&mm, (G1)

where (dE/dt)y is the Newtonian quadrupole luminosity, Eq. (£-19), and ng,—pm,—n =
Ne,m,n because of the symmetry in the Teukolsky equation. Up to 0(08), M¢,1,—1 do
not appear irrespective of ¢, and other modes are as follows.
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Appendix H

—— Asymptotic amplitudes and R’ ——

In this Appendix, we show the asymptotic amplitudes B¢, Btrans and (trans
and the post-Newtonian expansion of R"P which are used in section to evaluate
the black hole absorption rate to O(v'3) relative to the quadrupole energy flux at
infinity in section.
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Appendix I
—— FEnergy absorption by a Kerr black hole

Here we give the (¢,m)-components of the energy absorption rate to O(v®)
beyond the lowest order for the Kerr black hole, that is O(v!3) relative to the
quadrupole luminosity at infinity.
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Appendix J
—— (dE/dt)y in terms of the orbital frequency

In this Appendix, we describe the absorption rate (dE/dt)y by a Kerr black hole
in terms of x = (MQ¢)1/3. Using the relation,

_ I 3, 295 9
v—$(1+§qx +§q:n +O(x )), (J-1)
we have
dE _32 1% 2 10 _5 ]. 3 3 33 3 2
(%)H_E<M> ot | g gat e (ca g e)e
1 13 35 1 1
1 (24B 1o 9 90 o 1 4 1
(q2—|—2+2 R UL
+3 q4/<a +6 q3Bg)x3
130T 5 A6 gy
( 79757 " 336 )e
133 5 95 3 33
— 2 — B 2 — B
(24q 24 + 4q 1+ /~£+4qm+6q2



118

163
+18¢*By + 3 k¢ + qu)acS

(_2586329 B 1640TAT o5 A28 2
44100 ¢ 27 9600 ¢ ThrT 99574734
4928 498 498
—gln(2) —4gCy — 12¢°Cy — 44 ¢*> By + — ¢®~v + — ¢° In(2
+1O5qn() qCs e ¢ B2+ 2"y + 54 n(2)
428 428 428 q
28372 + === 41 220 Ay + =2 31 L
+2q¢°m +105q n(/i)+105q 9+ 35 q n(/<;)+6l€
42 B 3
AR s, 8B —ouPB? - 4D 3L 51 4
35 K K K
5
S 4, 7 227 5 455 .
Ea B — —’B + — ik it
+57H+q 1 3q 1+3/£q+ G /iq+16q
2B 4B 3
IV RS SRV WS P
K K K K
6
By 856 856 4 .
+24 + 105 qIn(z) + 35 ¢ ln(a:)):p
(196872_g6_47294 899 . 4l g
168 7 " 3369 10087 T168 97t T 28"
45 803 1665 86 719
=2 gB. — —= 3B [ 3B i Y4
Teg 108 T o TP T o OBt gk
796 86 16 225
+21qu+7/£ 7qu+28qB3
9 22201 , 2372 , .
58 Bt Teg " T 1 qBQ)x
19366807 2062220497
L 12By — 2B, — L B 4O+ 5540
( 88200 ¢ 2 L~ Tg3s0a00 1 "It o0k
1061 13 , 995 5
- - 772 1In(2) — 12¢Cy — 36 3C
+357q+6ﬂq+21qn() qCs °Co
52 1136 12197 , 3873
22 By — — 2 2By 4+ L 222 Aln(2
+5 d' By~ == Byt 47y 28qn()
A7 4 5 1391 428 5029
- il | 220 Ay + 222 3
BT qIn(k) + 35 A2+ n(x)
71284 B
—i—zq——i-—8q3A2—24qB22—72q3322—12—2
6 x ' 35 K
_ﬁq_g_@Lrﬂq_s
4 K 6 kK 4 K
43, 163 , 3 4, 107
B - 2B+ S 3B+ L gA
+6q 1 18q 1+2q 1+1O5Q1
107 3 2 3 3 Bl 40 815 3
L BA 2B+ 2P0, 22 4+ i
140q 1 Q1+4q 1 H+3KQ+6%q
12 2 2B 1B 3
L1205 5 25 7 g TP gy 2 002 5,40
18 252 K K K K
5B 6B 13 ¢*B 2B 3
B2 g4 1+_3q 1 3¢ 1_2q_C’1+§qC’1
K K 2 K 2 K K 2 K



Chapter 1 Black Hole Perturbation 119

4574 8613 5 ]
+ 105 gIn(z) + - ¢ ln(x))x . (J-2)

References

E.T. Newman and R. Penrose, J. Math. Phys. 7, 863(1966).

J.M. Bardeen and W.H. Press, J. Math. Phys. 14, 7(1973).

S. A. Teukolsky, Astrophys. J. 185, 635(1973).

R. A. Breuer, Gravitational Perturbation Theory and Synchrotron Radiation, Lecture Notes
in Physics 44, 1 (1975), Springer Verlag.

S. Chandrasekhar, The Mathematical Theory of Black Holes, (1983), Oxford University
Press.

T. Nakamura, K. Oohara, and Y. Kojima, Prog. Theor. Phys. Suppl. 90, (1987), Part I
and II.

D.V. Gal’tsov, A.A. Matiukhin and V.I. Petukhov, Phys. Lett. 77A 387 (1980).

E. Poisson, Phys. Rev. D47, 1497(1993).

C. Cutler, L.S. Finn, E. Poisson and G.J. Sussman, Phys. Rev. D47, 1511 (1993).
H.Tagoshi and T. Nakamura, Phys. Rev. D49, 4016 (1994).

M. Sasaki, Prog. Theor. Phys. 92, 17(1994).

H.Tagoshi and M.Sasaki, Prog. Theor. Phys. 92, 745 (1994).

T. Tanaka, H. Tagoshi, and M. Sasaki, Prog. Theor. Phys. 96, 1087 (1996).

E. Poisson, Phys. Rev. D48, Brief Reports, 1860 (1993).

M. Shibata, M. Sasaki, H. Tagoshi and T. Tanaka, Phys. Rev. D51, 1646 (1995).

H. Tagoshi, M. Shibata, T. Tanaka, and M. Sasaki, Phy. Rev. D54, 1439 (1996).

H. Tagoshi, Prog. Theor. Phys. 93, 307 (1995).

T. Tanaka, Y. Mino, M. Sasaki and M. Shibata, Phys. Rev. D54, 3762 (1996).

A. Papapetrou, Proc. Roy. Soc. Lond. A209, 243 (1951).

W.G. Dixon, in Isolated Gravitating Systems in General relativity, pp156-219, ed. J. Ehlers,
North-Holland (1979).

E. Poisson and M. Sasaki, Phys. Rev.D51, 5753 (1995).

D.V. Gal'tsov, J. Phys. A. 15, 3737 (1982).

S. Mano, H. Suzuki and E. Takasugi, Prog. Theor. Phys. 95, 1079 (1996); Prog. Theor.
Phys. 96, 549 (1996); S. Mano and E. Takasugi, Prog. Theor. Phys. 97, 213 (1997).
H.Tagoshi, S.Mano, and E.Takasugi, submitted to Prog. Theor. Phys. .

A. Ohashi, H. Tagoshi, and M. Sasaki, Prog. Theor. Phys. 96, 713 (1996).

W.H. Press and S.A. Teukolsky, Astrophys. J. 185, 649(1973).

E.D. Fackerell and R.G. Crossman, J. Math. Phys. 9, 1849(1977).

M. Sasaki and T. Nakamura, Prog. Theor. Phys. 67, 1788(1982).

S. Chandrasekhar, Proc. R. Soc. London A 343, 289 (1975).

J. N. Goldberg, A.J. MacFarlane, E. T. Newman, F. Rohrlich, and E. C. G. Sudarshan,
J. Math. Phys. 8, 2155 (1967).

T. Regge and J.A. Wheeler, Phys. Rev. 108, 1063 (1957).

S. Chandrasekhar, Proc. R. Soc. London A343, 289 (1975).

R.V. Wagoner and C.M. Will, Astrophys. J. 210, 764(1976).

A.G. Wiseman, Phys. Rev. D48, 4757 (1993).

L. Blanchet, T. Damour, B.R. Iyer, C.M. Will and A.G. Wiseman, Phys. Rev. Lett. 74,
L3515 (1995).

L. Blanchet, T. Damour and B.R. Iyer, Phys. Rev. D51, 5360 (1995).

L. Blanchet, Phys. Rev. D54, 1417 (1996)

C.M. Will and A.G. Wiseman, Phys. Rev. D54, 4813 (1996).

C. Cutler et al., Phys. Rev. Lett. 70 (1993), 2984.

E. Poisson, Phys. Rev. D52 (1995), 5719.

L.E. Kidder, C.M. Will and A.G. Wiseman, Phys. Rev. D47, R4183 (1993).

F.D. Ryan, Phys. Rev. D52, 5707 (1995).

T. Apostolatos, D. Kennefick, A. Ori and E. Poisson, Phys. Rev. D47, 5376 (1993).

P. C. Peters, Phys. Rev. 136, 1224 (1963).

P.C. Peters and J. Mathews, Phys. Rev. 131, 435 (1963).

L. Blanchet and G. Schéfer, Mon. Not. R. astr. Soc. 239, 845 (1989).



120

[47]

(60]

L. Blanchet and G Schéfer, Class. Quantum Grav. 10, 2699 (1993).

M. Shibata, Phys. Rev. D50 6297 (1994).

K.S. Thorne, R.M. Price and D. MacDonald, Black Holes: The Membrance Paradigm
(Yale University Press, New Haven, 1986).

F.D. Ryan, Phys. Rev. D53, 3064 (1996).

D. Kennefick and A. Ori, Phys. Rev. D53, 4319 (1996).

R. Wald, Phys. Rev. D6, 406(1972).

Y. Mino, M. Shibata and T. Tanaka, Phys. Rev. D52, 622 (1996).

L. E. Kidder, Phys. Rev. D52 821(1995).

S. Mano and E. Takasugi, Prog. Theor. Phys. 97, 213 (1997).

E.W. Leaver, J. Math. Phys. 27, 1238 (1986).

M. Abramowitz and I.A. Stegun eds., Handbook of Mathematical Functions, Dover, New
York (1972), Chapter 13.

S.A. Teukolsky and W.H. Press, Astrophys. J. 193, 443 (1974).

W.H. Press and S.A. Teukolsky, Astrophys. J. 185, 649(1973).

W.B. Campbell and T. Morgan, Physica 53, 264(1971).



