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Abstract

Gravitational waves (GWs) are ripples of spacetime generated by some of the most extreme systems
in the Universe, such as coalescence of binary black holes. As GWs propagate across the Cosmos,
intervening massive objects can bend their paths and distort their shapes, resulting the phenomenon known
as gravitational lensing. The discovery of GW lensing would have far-reaching implications for both
cosmology and GW astronomy, opening new avenues to probe compact object populations, the large scale
structure of the Universe, and fundamental aspects of gravity. This thesis focuses on the unknowns and
challenges associated with such a discovery across multiple stages of GW data analysis. We propose
new strategies and develop a new method in matched-filtering searches to retrieve lensed GWs. We
also address the computational bottleneck in statistical inference for GW lensing using deep-learning

techniques.

We systematically investigate the limitations of matched-filtering searches in detecting lensed GW's and
develop concrete improvements to enhance their detectability. The detectability of a GW signal is often
assumed to be directly associated with its loudness. However, standard GW detection methods based
on matched filtering employ waveform templates that neglect strong wave-optics effect. We show that
a strong wave-optics effect can lead to a significant reduction in detection efficiency, even when the
signal amplitude is boosted by an order of magnitude compared to the nonlensed signals. Our results
reveal severe selection biases affecting multiple analyses, ranging from parameter inference to lensing
rate estimation. To overcome these limitations, we propose new strategies for detecting highly distorted
lensed GW signals across different detection methods. In parallel, we show that improvements in template
bank construction and the development of dedicated detection statistics can enhance the detection of faint
lensed GWs.

The high computational cost of lensing inference also hinders the discovery of GW lensing, since a large
number of inferences is required to assess the statistical significance of a given lensing candidate. Building
on top of a state-of-the-art simulation-based inference framework DINGO, we develop DINGO-lensing to
overcome this limitation. It enables rapid inference of lensed GWs using deep learning while achieving
accuracy comparable to traditional inference methods. We also develop inference strategies for discovering
lensing for future LIGO-Virgo-KAGRA (LVK) observing runs and apply them to assess the statistical
significance of GW231123, the event with the strongest support for lensing so far. This work marks
an important milestone in the pursuit of GW lensing, transforming it from a computationally infeasible

challenge into a statistically robust task with an affordable computational cost.

Altogether, we pave the way toward the first detection of GW lensing. We discuss the future prospects of



this line of research, highlighting how continued advances in detection and inference methods are steadily

bringing this goal within reach of current ground-based detectors.
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Resumé

Gravitationsbglger er rippel i rumtiden, der opstar fra nogle af Universets mest ekstreme systemer, sasom
sammensmeltningen af to sorte huller. Nar Gravitationsbglger bevager sig gennem Kosmos, kan massive
objekter pa deres vej bgje deres baner og forvreenge deres former, hvilket producerer feenomenet kendt som
gravitationslinseeffekt. Opdagelsen af gravitationslinseeffekt i Gravitationsbglger ville have vidtrekkende
konsekvenser for bade kosmologi og Gravitationsbglgeastronomi. Den ville abne nye muligheder for at
undersgge populationer af kompakte objekter, Universets storskala struktur og fundamentale aspekter af

tyngdekraften.

Denne afhandling fokuserer pa de ukendte faktorer og udfordringer, der er forbundet med en sadan
opdagelse pa flere trin i analysen af Gravitationsbglgdata. Vi foreslar nye strategier og udvikler en
ny metode inden for matched filtering-sggninger for at kunne genfinde linsede Gravitationsbglger. Vi
adresserer desuden den beregningsmessige flaskehals i statistisk inferens for gravitationslinseeffekt i

Gravitationsbglger ved hjelp af dyb leringsteknikker.

Vi undersgger systematisk begrensningerne ved matched filtering-sggninger i detektion af linsede Grav-
itationsbglger og udvikler konkrete forbedringer for at gge deres detekterbarhed. Det antages ofte, at
detekterbarheden af et Gravitationsbglgesignal er direkte relateret til dets styrke. Imidlertid benytter
standardmetoder til detektion af Gravitationsbglger, baseret pa matched filtering, bglgeformsskabeloner,
der ser bort fra forvraengninger forarsaget af steerk linseeffekt. Vi viser, at en staerk linseforvreengning
kan fgre til en betydelig reduktion i detektionseffektiviteten, selv nar signalets amplitude forsteerkes med
en stgrrelsesorden sammenlignet med ikke-linsede signaler. Vores resultater afslgrer alvorlige selektion-
sskeevheder, der pavirker flere analyser, lige fra parameterestimation til beregning af forekomsten af
linseeffekt. For at overvinde disse begransninger foreslar vi nye strategier til at opdage steerkt forvrangede
Gravitationsbglgesignaler forarsaget af linseeffekt pa tvars af forskellige detektionsmetoder. Parallelt viser
vi, at forbedringer i udformningen af skabelonbanker og udviklingen af dedikerede detektionsstatistikker

kan @gge chancen for at opdage svage linsede Gravitationsbglger.

Den hgje beregningsmeaessige omkostning ved linseinferens heemmer ogsa opdagelsen af gravitationslinse-
effekt i Gravitationsbglger, da et stort antal inferenser kraeves for at vurdere den statistiske signifikans af
en given kandidat til linseeffekt. Med udgangspunkt i en avanceret, simuleringsbaseret inferensramme
DINGO udvikler vi DINGO-1ensing for at overvinde denne begrensning. Den muligggr hurtig inferens
af linsede Gravitationsbglger ved hjelp af dyb lering, samtidig med at den opnar ngjagtighed, der kan
sammenlignes med traditionelle inferensmetoder. Vi udvikler desuden inferensstrategier til at opdage

linseeffekt i fremtidige observationsrunder af Gravitationsbglgedetektorer og anvender dem til at vurdere

iii



den statistiske signifikans af heendelsen GW231123, som indtil nu har den sterkeste stgtte for at vaere
pavirket af linseeffekt. Dette arbejde markerer en vigtig milepzl i jagten pa linseeftekt i Gravitationsbglger
og gor det muligt at omdanne et tidligere beregningsmassigt uoverkommeligt problem til en statistisk

robust opgave med overkommelig beregningsomkostning.

Alt i alt baner vi vejen for den fgrste detektion af linseeffekt i Gravitationsbglger. Vi diskuterer de
fremtidige udsigter for denne forskningsretning og fremhaver, hvordan fortsatte fremskridt i detektion og

inferensmetoder gradvist bringer dette mal inden for reekkevidde af de nuvarende jordbaserede detektorer.
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€ = Ho = 1). Greek indices @, 3,6, - - -, running from O to 3, are used for 4-quantities while the Roman

indices such as i, j, k, - - -, running from 1 to 3, are used for 3-quantities. Throughout this thesis, we adopt

the (-, +, +, +) metric signature. Therefore, the metric tensor for flat spacetime in (¢, x, y, z) coordinates,

is given by

Ny = diag(=1,1,1,1).
The spacetime interval can then be constructed by
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Chapter 1

Introduction

In this chapter, we introduce the core concepts of gravitational waves (GWs) that frame the discussions in
the chapters to come [21]. Section 1.1 begins with the essentials: how GWs are generated and how compact
binary mergers produce the signals we observe [21]. Section 1.2 then turns to the detectors themselves,
describing how matched-filtering search pipelines extract signals from noisy data [22, 23]. Section 1.3
explains how significant events are analysed through Bayesian inference [24]. Finally, Section 1.4 presents
the theory of gravitational lensing and its observational impact on the waveforms, and offers an overview

of current efforts to identify these lensing signatures [25, 26].

1.1 Basics of gravitational waves

In general relativity, gravity is no longer viewed as a force in the Newtonian sense but as a manifestation

of the curvature of spacetime itself. This curvature is determined by the Einstein field equations,

G" = 8aTH, (1.1)

in which the Einstein tensor G*” encodes how spacetime is curved and is built from the Ricci tensor R*”,

the Ricci scalar R, and the metric g*”,

G = R — %g’”’R. (1.2)

On the right hand side, the stress—energy tensor T+ describes the content of the universe: how energy,

momentum, and pressure are distributed and flow through spacetime.

Taken together, these equations form a set of ten coupled, nonlinear differential equations that are
notoriously difficult to solve exactly. In many situations, progress is only possible by simplifying the
problem: for example, in regions where gravity is weak, one can linearize the equations, reducing them to
a wave equation that describes small perturbations of flat spacetime. In more extreme regimes, such as
merging black holes, one must instead solve the full nonlinear equations numerically using specialized

formulations. For now, the discussion is restricted to the linearized theory of general relativity, which



captures many essential features of GW.

1.1.1 Linearized theory of general relativity

The basic features of GWs can be brought out cleanly by working in the weak field regime, where gravity
is treated as a small perturbation of flat spacetime. In this approximation, only the lowest order deviations
from the Minkowski metric are retained, and the Einstein equations reduce to a linear theory that is
much easier to analyze. The remainder of this section will develop the standard linearized form of the
field equations and use it to explore the main properties of GWs, including how they propagate on flat

spacetime, how they act on freely falling test masses, and how they are generated by astrophysical sources.

1.1.1.1 Weak-field limit

The Einstein field equations are covariant under arbitrary coordinate transformations, meaning their form
is preserved in any spacetime coordinate system. In the weak field regime, one assumes that spacetime is

only slightly curved so that the metric can be written as a small perturbation of flat Minkowski space,

Guv = Nuv + hﬂw (1.3)

where the perturbation satisfies |h,,| < 1. However, in the weak-field limit the full general coordinate
invariance is effectively reduced, so not all coordinate transformations are allowed, and one must impose

additional conditions on the coordinates.

For a gauge transformation, consider
o =+ &), (1.4)

where the gauge vector satisfies |£,,,| < |h,|. Keeping only terms linear in the perturbation, the metric

transforms as

h,uv - h,u’v’ = h;zv - ‘fy,v —&vps (1.5)

under which the Einstein field equations in the weak field limit remain invariant.

In addition, it is straightforward to verify that the Lorentz transformation law for g, induces the same

transformation on the perturbation £,

hyy = hyy = A’L,A‘Ty/hpa, (1.6)
where A? denotes the Lorentz transformation matrix.
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1.1.1.2 Linearized Einstein field equations

Keeping only the leading order terms in /,,, the Einstein field equations reduce to the linearized form

16Ty = il + By = R = ™ (1.7)
where the trace of the perturbation,
h = 1% hag, (1.8)
is used to define the trace—reversed field
hyy = hyy — %nﬂyh. (1.9)

A particularly convenient choice is the harmonic gauge (also known as Lorenz gauge and de Donder

gauge),

By =0 (1.10)

under which the linearized equations simplify dramatically to

B8 = —167T,,, (1.11)

uv,

a wave equation that forms the starting point for studying generation properties of GWs (See Section 1.1.4).
The harmonic gauge imposes four conditions on the symmetric metric perturbation, which originally
has ten independent components, and preserves the Lorentz invariance of the wave equation. Even so,
the gauge is not yet completely fixed: using the gauge transformation in Eq. (1.5), one can impose four

additional constraints by requiring

£, =0. (1.12)

Therefore, imposing harmonic gauge (Eq. (1.10)) and gauge condition in Eq. 1.12 has reduced the degree

of freedom of g, into two.

Together, the harmonic gauge condition and this residual gauge fixing reduce the physical degrees of

freedom of g,,, down to two, corresponding to the two independent polarizations of GWs.

1.1.2 Propagation of gravitational waves

To study the propagation of GWs, we consider linear metric perturbations £, on a fixed background

spacetime with metric gl(ﬁ),

in vacuum. In this framework, one works in the harmonic gauge, where the trace-reversed perturbation

assuming that the background satisfies the Einstein field equations, typically
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fzﬂv = hyy — %g}f?h satisfies the gauge condition in Eq. 1.10.

When appropriate, for example in asymptotically flat regions, one may further impose transverse and

traceless conditions in order to isolate the physical radiative degrees of freedom (See Section 1.1.3).

Under these assumptions, the propagation of GWs on a curved background spacetime is governed by the

curvature coupled wave equation

Bii + 2R W = 0, (1.13)

where Rgi)ﬁv is the background Riemann tensor with respecto the background metric gl(f,). The second

term explicitly encodes the coupling between the GW and the curvature of the background spacetime.

Since Eq. (1.13) is linear in A, the superposition principle applies, and solutions may be decomposed
into elementary wave modes. In regions where the background curvature varies slowly compared to
the GW wavelength, the equation admits approximate plane wave solutions, which form the basis for

geometric optics and WKB type descriptions of GW propagation.

By = R(A e, (1.14)

where R denotes the real part, A,, is a constant polarization tensor, and k, is the wave four vector.

Substituting this ansatz into the wave equation shows that

kok® =0, (1.15)

so the waves propagate along the light cone. The harmonic gauge condition further implies

Ak’ =0, (1.16)

which means that the perturbation is transverse to the direction of propagation; GWs are therefore

transverse waves.

1.1.3 Transverse-traceless gauge

There is still residual gauge freedom that can be used to more fully specify A,,. One may impose the
condition
A’ =0, 1.17)

where " is a fixed four velocity, representing a congruence of observers filling spacetime. This condition
effectively supplies three independent constraints on A, since one combination is redundant due to

kH(A,u”) = 0. A fourth condition can be added by requiring the perturbation to be traceless,
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Figure 1.1: Response of a circular ring of test particles to the passage of a GW. The plus polarization
distorts (+) the ring along horizontal and vertical axes, while the cross polarization (X) shears it along
diagonals. The deformation patterns shown in different colours correspond to successive phases of the
wave cycle, illustrating the characteristic quadrupolar nature of GW polarization.

A) =0. (1.18)

v

In the comoving frame where u° = 1 and u’ = 0, these requirements translate into the transverse—traceless

(TT) gauge conditions on the metric perturbation,

)
hj =0,
o = 0, (1.19)
7oJ_
T 0.
A convenient feature of the TT gauge is that h,, = _,1,,, so one can drop the bar. For a plane wave
propagating in the z direction, the TT gauge metric perturbation can then be written as
0 0 0 O
0 hy hy O
' " * cos[w(t — 2)]. 1.20
e PP (r-2) (1.20)
0O 0 0 O

where i, and hy describe the two independent polarization states of the GW.

Quantities expressed in the transverse—traceless gauge are indicated by the superscript TT. The resulting
deformations of freely falling test masses under the action of the plus and cross GW polarizations are
illustrated in Fig. 1.1, where each polarization produces its characteristic stretching and squeezing pattern

in the plane orthogonal to the direction of propagation.
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1.1.4 Generation of gravitational waves

The generation of GWs is described by the wave equation given in Eq. 1.11. This equation admits a
solution obtained using the Green’s function approach. Expressed in terms of the retarded time and the

spatial coordinates, the metric perturbation at the field point is

Tt = 17~ 1.5)
T-q

The integral shows that the gravitational field at time ¢ and position X is determined by the stress energy

Ry (t, %) = 4fd3g (1.21)

tensor evaluated at earlier times along the past light cone. The integration variable i spans only the spatial
region occupied by the source, reflecting the assumption of a spatially localized emitter. To extract the
physical GW degrees of freedom, the solution in Eq. (1.21) is projected onto the transverse traceless

frame. This is achieved by introducing the TT projection operator

1
Ajji = PyPj — EPiijl- (1.22)

Here both longitudinal components and the trace of the metric perturbation are removed. Applying this
operator to the spatial components of the trace reversed metric yields the transverse traceless metric

perturbation

hiTjT(f LX) = Ajju i

. Tt — |- , i7 (123)
— 4 A fd3y T ( J gl j)
1X— 71

For an isolated, far away, non-relativistic source, the expression can be further simplified. Using multipole
expansion, the zeroth moment and dipole moment are time-independent due to conservation of energy and
momentum respectively. Therefore, the leading contribution to GW radiation in a system is the quadrupole

moment

MY = f FPiTo D y'y’, (1.24)
in which the second time derivative lead to GW radiation

2 ..
4700~ 2 0, a2

1.1.4.1 Compact binary coalescences

The most important sources for ground-based detectors are compact binary coalescences, in which two
compact objects, typically black holes or neutron stars, orbit each other and gradually inspiral as they

lose energy to gravitational radiation. In the simplest description, a quasi circular binary with component
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masses mj and m; is characterized by its total mass M = m; + mp, mass ratio g = mp/m; < 1, and chirp

mass in source frame

(mymy)3/3

= ————, 1.26
(my +mp)'/> (1.26)

which controls the leading order phase evolution of the signal [27, 28]. At quadrupole order, the GW
frequency is twice the orbital frequency in the detector frame, fow =~ 2 fon .In particular, for a circular

orbit, the strain amplitude including the effects of cosmological propagation scales as

5/3

h(t) o« Af;L [xfow®]*?, (1.27)

where dy is the luminosity distance to the source. As the system inspirals, fow(?) and the amplitude grow

according to the “chirp” law

o o M om0, (128)

so the signal sweeps upward in frequency and amplitude until the binary merges and settles to a final

compact remnant.

The (dimensionless) spin of each component is defined as

C§i

Gml.z’

-

Xi (1.29)
The individual dimensionless spin parameters can be combined into a single effective inspiral spin
parameter, yeg [29, 30], which captures the leading order spin effects in the post Newtonian expansion

and is defined as

miyy + moxs) - L
Xeﬁ=( X1+ max2) N (130)

mp +mp

where Ly is the unit vector along the Newtonian orbital angular momentum.

Figure 1.2 shows a representative time-domain GW strain signal from a compact binary coalescence
observed by a ground-based detector. Both amplitude and instantaneous frequency rise as the binary loses
orbital energy through gravitational radiation. At early times, when the binary components are widely
separated, the signal oscillates slowly with a relatively small amplitude. As the inspiral progresses, the
GW frequency increases following the chirp law in Eq. 1.28, while the strain amplitude grows according
to Eq. 1.27. This evolution highlights the central role of M, in determining the leading-rder phase and
amplitude behaviour throughout the inspiral. In the final stages, the sharp rise in frequency and amplitude
signals the approach to merger, after which the waveform rapidly terminates as the system forms a single

compact remnant. This overall signal structure is universal among compact binary coalescences and forms



10~4

w
Loy LY BN BN BRI VY

Strain [x10%]
f=}

TT T T T T 71T

T TR [ S T T I

1 | I
-0.8 -0.6 -0.4 -0.2 0.0 0.1
Time (s)

Figure 1.2: Time domain GW strain from a compact binary coalescence, illustrating the characteristic chirp
signal. The amplitude and frequency increase as the binary inspirals due to energy loss to gravitational
radiation, culminating in the merger of the two compact objects.

the basis of matched-filtering searches in GW detection.

As GW propagate through cosmic distance, the expansion of the Universe rescale the GW amplitude and

produce a redshift in the observed frequency. The GW luminosity distance is

<
dr =(1 —d 1.31
L =( +z)f0 HE Z (1.31)

where c is the speed of light and z is the redshift. Also, the chirp mass in the source frame and the detector

frame is related by

M1 +2) =M. (1.32)

In the following chapters, the chirp mass is defined in the detector frame unless specified otherwise.

1.2 Extracting signals from noise: matched-filtering searches

In Section 1.1, we introduced the fundamental physics of GWs, including their governing wave equations,
generation mechanisms, and propagation effects within general relativity. In this chapter, we shift focus
to the experimental and data analysis aspects of GW astronomy. We present the essential principles
underlying GW detectors, describe how these instruments respond to passing GWs, and explain the

methods used to extract weak GW signals from noisy detector data [21, 22].

1.2.1 Basics of gravitational-wave detection

As illustrated in Fig. 1.2, the plus and cross polarizations of a GW act to alternately stretch and squeeze the

proper separations between freely falling test particles in orthogonal directions. This periodic deformation
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Figure 1.3: Schematic layout of a Michelson interferometric GW detector. A laser beam is split at the
beam splitter into two orthogonal arms, reflected by end mirrors, and recombined at the beam splitter. In
the absence of a GW the beams interfere destructively at the output port, while a passing GW induces
differential arm length changes that produce a measurable signal at the photodetector.

modifies the proper distances between the particles.

In what follows, we focus on interferometric detectors, which are designed to measure these tiny GW
induced changes in proper distance. An interferometer is configured such that, in the absence of a GW,
the light beams traveling along its orthogonal arms recombine destructively at the output port, producing
strongly reduced signal (See Figure 1.3). When a GW passes through the detector, it differentially alters
the arm lengths, changing the optical path lengths traversed by the laser beams. This perturbation breaks
the condition for destructive interference and generates a measurable light signal at the photodetector.

By monitoring the intensity of this light and its time evolution, the detector records the characteristic
imprint of a passing GW. The temporal structure of the measured signal encodes information about the
GW amplitude, polarization, and frequency evolution, providing direct evidence for GW propagation and

enabling detailed inference of the astrophysical source.

When a GW signal is present in data recorded by an interferometric detector, the measured output
inevitably includes contributions from instrumental and environmental noise. The detector output can
therefore be modeled as

s(t) = n(1) + h(1), (1.33)

where s(t) denotes the measured strain time series, n(f) represents the detector noise, and A(¢) is the GW

induced strain. In the following, we will introduce the basics of signal and detector noises

9



1.2.1.1 Signal characterization

The response of an interferometric GW detector is quantified by the dimensionless strain A(f), which
measures the relative change in the proper lengths of the two detector arms induced by a passing GW.

This strain is given by the contraction of the GW metric perturbation A;;(f) with the detector tensor DY,

h(t) = DYhij(t) = F1rhy(f) + Fxhy (D), (1.34)

where /. (f) and hy(f) are the plus and cross GW polarizations, respectively. The detector tensor is defined

as

DV = %(uiuj - vivj), (1.35)

with #' and v’ denoting unit vectors along the two interferometer arms.

The functions F,. and Fx are the antenna pattern, or beam pattern, functions, which encode the directional

and polarization sensitivity of the detector.

We consider an idealized interferometer with two perpendicular arms aligned along the x and y axes of the
detector frame (x, y, z). In general, this detector frame does not coincide with the GW frame (x’, y’, z'), in
which the GW is naturally described. Relating the two frames requires a sequence of rotations. First, the
GW frame is rotated by an angle  about the 7’ axis to define the polarization basis, aligning the principal
axes of the GW polarization ellipse with x” and y’. Next, the frame is rotated by an angle 8 about the
x" axis and by an angle ¢ about the 7’ axis, such that the GW propagates toward the detector from the

direction specified by the spherical angles (6, ¢) in the detector frame.

After applying these rotations, the antenna pattern functions for an interferometer with orthogonal arms
are given by

o 1
on = 5(1 + cos? ) cos 2¢ cos 2 cos 6'sin 2¢ sin 2, (1.36)

and
|
on = 5(1 + cos? ) cos 2¢ sin 2y cos 6 sin 2¢ cos 2u. (1.37)

These expressions show explicitly how the detector response depends on the sky location (6, ¢) of the GW
source and on the polarization angle . They determine how the GW polarizations project onto a detector,
thereby setting the observed strain amplitude and directly influencing detection probability and parameter
estimation accuracy. In GW data analysis, antenna pattern functions are therefore essential for modeling
selection effects and for coherently combining data from multiple detectors to enable sky localization and

polarization reconstruction.

1.2.2 Noise Characterization

For a generic non-Gaussian and non-stationary process, the statistical behavior of the noise cannot be fully

characterized by its mean and variance alone, but instead requires knowledge of higher-order moments.
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For a real valued stochastic process n(f), which is the detecot noise in this context, the nth moment at

times tq, ..., 1, is defined as

fatt, 1) = <1_[ n(t,-)>, (1.38)

i=1
where ( - ) denotes the ensemble average.
Higher-order moments refer to expectations of higher powers of the noise (or products of several noise

values at possibly different times), which encode features such as skewness, kurtosis, and more subtle

deviations from a Gaussian distribution.

We can also define auto-correlation function

R(11,12) = (n(t1) n(12)) (1.39)

that measures how the detector noise is linearly related to a time-shifted version of itself', and it is needed

to quantify temporal dependence that the mean and variance alone cannot capture.

In this full generality of noise characterization, the detector noise in GW data will be described with

complicated statistical structure, making a rigorous data analysis framework intractable in practice.

To simplify the noise characterization, the detector noise is commonly assumed to be Gaussian, in which
case all statistical properties are fully determined by the first and second moments, Since any deterministic

offset can be subtracted from the data, the mean can be set to zero without loss of generality

(n(1)) = 0. (1.40)

We can further assume noise to be stationary, then the ensemble average is replaced by time average and

the auto-correlation function becomes

R(1) = (n(t + T)n(?)), (1.41)

where 7 is the time lag of the noise samples.

In ground-based detector, the characteristic correlation time is set by the inverse of the effective noise
bandwidth in the sensitive frequency range of the detector. Since ground-based detectors operate primarily
over frequencies from a few tens of Hz to a few kHz, the corresponding correlation time is typically
of order milliseconds. After standard data conditioning procedures, including bandpass filtering and
whitening, most long range correlations are removed, and noise samples separated by 7 > O(10, ms) can

be treated as effectively uncorrelated, i.e. R(t) — 0.

A complementary and more practical description of the noise is obtained in the frequency domain through
the one-sided power spectral density S ,(f). The power spectral density is defined as the Fourier transform

of the auto-correlation function,

'R(t1,1,) = 0 for uncorrelated noise.
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%Sn( f) = f " dr R(7) &7, (1.42)

(o)

The reality of the detector noise n(f) implies that the product n(t)n(t + 7) is real, and hence its ensemble

average is also real. Consequently, the auto-correlation function R(7) is real. This implies S ,(—f) = S, (f)

Moreover, stationarity leads to symmetry under time translation, giving R(—7) = R(r), which implies
Sa(=1) =S,.(f) =S,(f). As aresult, the Fourier transform of the auto-correlation function yields a real
power spectral density, justifying the definition of the one sided noise spectrum in the frequency domain.

Therefore, we have

RO) = (2(0)) = fo ) (143)

This expression shows that the total noise power in the time domain is equal to the integral of the one

sided power spectral density over frequency.

An equivalent and frequently used characterization of the noise is obtained directly in the Fourier domain.

Denoting the Fourier transform of the noise by 7i(f), the second order moment is given by

1
A HR) = Eé(f—f')Sn(f), (1.44)

where o( ) is the Dirac delta function. This relation makes explicit that different frequency components
of the detector noise are statistically uncorrelated and that the power spectral density S,(f) completely

characterizes the noise properties relevant for GW detection and matched-filtering analyses.

Given a one-sided power spectral density, one can define the noise weight inner product

(a,b) = 4Re j:o ZZZL(bf()f)df, (1.45)

where a and b denote two arbitrary complex-valued time domain functions, a(f) and b(f) are their Fourier

transforms, and S ,(f) is the noise power spectral density of the detector.

This inner product provides a natural metric on the space of signals once the detector noise properties are
specified. Frequencies at which the detector noise is small contribute more strongly, while frequencies
dominated by noise are automatically down weighted. As a result, the inner product directly quantifies

how well a waveform is supported by the detector sensitivity across the observable frequency band.

The noise weighted inner product plays a central role in gravitational wave data analysis. It underlies the
definition of the signal-to-noise ratio (SNR), overlaps between waveforms, and mismatch measures used
in template bank construction (See details in the next Section). In this sense, detectability of a GW signal
is not determined solely by the intrinsic amplitude of the waveform, but by how its spectral content aligns

with the frequency dependent sensitivity of the detector as encoded in S ,(f).
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1.2.3 Overview of matched-filtering search pipelines

Various GW search pipelines have been developed, each with its own strategy and complementary advan-
tages for identifying signals embedded in noise dominated data These approaches can be broadly classified
into modelled searches [31, 32, 33], which rely on accurate waveform predictions, and unmodelled
searches [34, 35], which aim to identify generic coherent excess power without assuming a specific signal

morphology.

This thesis focuses primarily on modelled searches based on matched filtering, which remain the most
sensitive method for detecting compact binary coalescence signals when reliable waveform models are

available. Within this framework, the detectability of a GW signal is often approximated through its SNR.

Matched filtering serves as a principal technique for detecting GW signals originating from compact binary
coalescences. It represents the optimal linear filtering approach for recovering predefined waveforms

immersed in stationary Gaussian noise [22].

In this section, we focus on the matched-filtering search that forms part of the GstLAL pipeline [23, 36,
37]. We give particular attention to the signal-consistency test statistic derived from auto-correlation and
the ranking statistic applied in GstLAL, since these components will play a central role in the chapters
presented later. The full matched-filtering search pipeline contains additional elements that are not

introduced here. Interested readers are referred to Reference [23] for a detailed description.

1.2.3.1 Template bank

Within a selected region of the search parameter space, for example the component mass plane spanned
by my and m;, a discrete collection of modeled waveforms A7 ; is generated in advance. These waveforms,
referred to as templates, are then assembled into a template bank. Figure 1.4 shows a template bank
utilized by GstLAL in the third LVK observing run (O3). Each template, by assuming quasi-circular
and aligned spin, is described by a collection of intrinsic parameters 6=mi,m, X1, X2, specified in the

detector frame [38].

1.2.3.2 Signal-to-noise ratio computation

The matched-filtering output in the time domain, which quantifies the correlation between the detector

data d and the template waveform hr ;, following Reference [22], is given by

* j(f) E;sj(f)eZiﬂft

0 VSa(f) VSa(f)

where z;(#) denotes the complex SNR obtained with the jth template, and x () and y(¢) are its real and

zj(t) = x;(t) +iy;j(1) = 4 df, (1.46)

imaginary components, respectively. d(f) and /7. j(f) are the Fourier transforms of the time domain data

d(t) and template waveform hr ;(f) respectively, and the asterisk indicates complex conjugation.

The quantity S,(f) represents the one sided power spectral density of the detector noise. Its square
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Figure 1.4: Template bank employed in O3 [39]. The bank spans the regions covering binary neutron
star, neutron-star-black-hole, and binary black hole systems. In total, it contains approximately 1.8 x 10°
templates.

root, 4/S,(f), commonly called the noise amplitude spectral density, is applied to whiten both the signal
template and the observational data. The factor of 4 appearing in Eq. 1.46 establishes the standard

normalization used for the SNR, such that

> |k, ()
1=4 df. 1.47
jo‘ Sn(f) / (147

The SNR p(7) = |zj(#)| is defined as the absolute value of the complex output from the matched filter.

To assess how modeling errors decrease the SNR, or equivalently to estimate the proportion of signals that

could be undetected in a matched-filtering search, we define the concept of match.

Mz, ;1) = max—z /00 70). 1

7 (1.48)
o.to \/<hT7 j»hr, j{h, h)

The phase and time offsets ¢g and 7 are selected so as to maximize the match between the template
waveform hr ; and the true signal h. Large values of the match M signify close agreement between A7 ;
and &, with the upper limit M = 1 attained only when the template reproduces the signal exactly. In the
special case h = hr j, and after optimizing the SNR over different noise realizations, the resulting value is
called the optimal SNR p,,, whereas in all other cases the measured value is referred to as the observed
SNR pops-

The quantity M in Eq. 1.48 is normalized by the waveform amplitude, while the SNR in Eq. 1.46 depends

on both the waveform amplitude and any departures in waveform morphology. Consequently, the match
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is sensitive to additional physical effects that alter the form of the waveform but is insensitive to overall
rescalings of its amplitude. By contrast, the SNR changes in response to both structural modifications of

the waveform and variations in its amplitude.

1.2.3.3 Signal-consistency test

When the SNR p(¢) rises above a preset threshold preshord, the search pipeline logs the corresponding
template parameters as a possible candidate, referred to as a trigger [23]. However, noise transient
disturbances in the instrument and departures from Gaussian noise can also produce triggers with large
SNR values that imitate true GW events. To mitigate this, GstLAL evaluates, for each trigger, a signal-

consistency test based statistic y> as an additional supplementary statistics to the SNR.

The signal-consistency test value, £2, quantifies how much the measured SNR time series deviates from
the template’s expected auto-correlation time series. The auto-correlation time series refers to the SNR
time series obtained when the data are filtered with a template that has exactly the same parameters as the

signal present in the data.

For a specific template hr, ;, this relationship can be expressed as follows.

ot 2
(1) — 2j(OR;(1)| " d
&= Ls EZO) 5O J?' g (1.49)
2= 2|Ri(0)[ dr

where

iy, (1.50)

o iy, 25 + 1t 201 (F)I
Rin = f 52

is the expected SNR time series. In this convention, t = 0 marks the instant corresponding to the global
maximum of the observed SNR time series. The adjustable parameter ¢ specifies the extent of the time
interval, centered on this peak, over which the integral is evaluated [23]. The denominator is used to scale
§]2. so that a perfect match between the predicted and observed time series gives a value of one, whereas

increasing disagreement between them results in larger values of &2.

A useful limiting case is a noise generated trigger that can be modeled as a scaled delta function, z;(0) 6(1),
located at t = 0 with amplitude z;(0). In this scenario, the measured SNR time series is zero everywhere
inside the integration interval except at t = 0, which produces a pronounced discrepancy relative to the
expected time series z;(0) R;(r). Consequently, the numerator of £ attains a large value. In addition,
raising the SNR of this noise trigger, that is increasing z;(0), leads to an even larger value of £2. Waveforms
that do not accurately follow the template family can also modify £% in a complicated way, as explored in
Reference [40].
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1.2.3.4 Likelihood ratio ranking statistics

For each trigger, GstLAL computes a ranking statistic given by a likelihood ratio that depends on detection
statistics such as p and &2 [23, 41, 42, 36, 37]. This ratio quantifies how much more likely a particular

combination of these statistics is if a true signal is present rather than only noise. It takes the form

P(ﬁH, 0_)[)’52 Kt, A_zp |§, signal)  p(gisional
- [ ﬁ]  P(@isignal) s

P(Dy, O, o, 52,[ \7, A¢] |7, noise)  P(dnoise) '
~—— ——
RY 2)

In this expression, ﬁH denotes the horizon distances of the individual detectors, and O labels which
subset of detectors contributed to the trigger. The vector g contains the measured SNRs in each of these
detectors, while .;-72 collects the corresponding auto-correlation based signal consistency statistics. The
terms [Kt, A?p] describe, respectively, the relative arrival time offsets At and the differences in coalescence

phase A¢ inferred across the detector network.

The first factor (1) expresses the relative probability of obtaining the set of detection statistics for a given
trigger under the signal and noise assumptions, while the second factor represents the prior odds on the
template parameters g. The P(glsignal) term in the second factor (2) represents the probability that a
trigger produced by a true astrophysical signal is best matched by a template with parameters g. This
quantity is commonly referred to as the population model term, as it encodes assumptions about the
underlying astrophysical distribution of sources and how these sources map onto the discrete template

bank used in the search.

Several earlier works have treated the optimal SNR as a stand in for the detectability of a GW signal
can be detected in matched-filtering searches [43, 44, 45]. This assumption, however, does not hold in
general. At fixed false-alarm probability, the likelihood ratio is known to be the most powerful choice of
detection statistic [46, 42]. The matched-filter SNR can track detectability only when it is approximately
proportional to the likelihood ratio, which is true solely under stationary Gaussian noise. Because real
detector data depart from this idealized regime, signal detectability must be evaluated through a dedicated

injection campaign, rather than by using the matched-filter SNR as a substitute.

GstLAL then computes the complementary cumulative distribution

(v}

C(In L*noise) = f P (In Ljnoise)dIn L, (1.52)
InL*

which is then used to evaluate the false-alarm probability, or p-value. This quantity measures the
probability that, out of M independent noise like coincidences {Ny, Na, ..., Nys}, at least one event attains a

log likelihood ratio In £ greater than or equal to a specified threshold In £*.
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Mathematically, it is written as

PnL > In LNy, ., Nyg) = 1 — (e7C0n £ 00} (1.53)
-1- e—MC(]nL*thise) (154)

¢~Cn L7Inoise) j¢ the probability that a Poisson process with mean C(In £*noise) produces no event with
L < In L*. The false-alarm probability thus captures the chance that noise alone yields a trigger whose
likelihood ratio L is at least as large as that of the candidate, with genuine GW signals expected to give

higher likelihood ratios and therefore smaller false-alarm probabilities.

A closely related quantity, the false-alarm rate, is defined for each candidate as

FAR = C(In L*|noise) (1.55)

T
where T is the total analyzed observing time. This rate gives the expected frequency with which noise
produces triggers with likelihood ratio £ at or above L*, so a lower false-alarm rate implies a higher
likelihood that the event is astrophysical. In practical GstLAL analyses, a commonly used criterion for a
confident detection is a false-alarm rate of about 3.85 x 107 Hz, corresponding to roughly one spurious

event every thirty days.

Chapters 2 and 4 rely heavily on the concepts introduced in this chapter. In particular, Chapter 2 focuses
on how new physical effects, such as wave-optics lensing, modify the matched-filter SNR and signal-
consistency test statistics. Chapter 4 builds directly on the development of the population model term
P(ﬁlsignal) for strongly-lensed GW signals. Key quantities such as the SNR and the false-alarm rate are
repeatedly used throughout the thesis.

1.2.4 Current efforts in detectability studies

A variety of methods has been proposed to quantify how detectable GW signals are, each offering
different strengths and drawbacks. One widely used approach, employed for example in Refs. [43, 44,
45], computes the optimal network SNR under the assumption that matched-filtering searches recover the
true source parameters. This method has also been applied to signals affected by wave-optics effect (See
the discussion of lensing in Section 1.4), as in Refs. [40, 47]. While the underlying assumption is not
exactly satisfied once noise fluctuations are taken into account, it still serves as a useful practical measure

of detectability, particularly when the SNR is large.

Building on this idea, Reference [48] presented a semi analytic formalism for estimating the sensitivity
of GW searches. In that study, the distribution of matched-filter SNRs in Gaussian noise is obtained
analytically, incorporating correlations across the template bank and maximization over multiple detectors.
This technique enables rapid evaluation of detection probabilities without resorting to extensive injection
simulations, providing a computationally efficient way to forecast detection rates for compact binary

coalescences when dealing with very large populations of potential signals.
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In matched-filtering searches, the SNR is only the first step toward identifying convincing GW candidates.
Subsequent analysis stages aim to downweight non Gaussian noise fluctuations and construct robust

ranking statistics that better separate real signals from instrumental artifacts.

A key element of these pipelines is a signal consistency test, which checks whether the measured data are
compatible with the model waveforms in the template bank. If a true GW carries additional physics not
encoded in the templates, such as orbital eccentricity, higher order multipoles, beyond general relativity
effects, or gravitational lensing signatures, the test can flag it as inconsistent, thereby lowering its effective
detection efficiency. A more detailed description of this kind of test, along with concrete examples, has

been presented in Section 1.2.3.3.

Since matched-filtering pipelines underpin GW discovery, any mischaracterization of their detection
performance can introduce selection effects in population analyses. For instance, reference [49] has
examined how signal-consistency tests influence the detectability of beyond general relativity signatures
and quantified the resulting selection biases and their consequences for inferred population properties.
Studies of this type underscore that search pipelines can preferentially miss or downweight certain classes

of signals if their morphology departs from the waveform models used.

The most thorough evaluations of detectability make use of large scale injection campaigns, in which
simulated signals are added to detector data and then passed through the full search pipeline. These
campaigns have been used to systematically explore how eccentricity [50] and higher order modes [51]
affect recovery in matched-filtering searches, providing direct measurements of search efficiency across
parameter space. By emulating the entire detection process, they yield detailed information about each

injected signal, including recovered SNRs, signal-consistency statistics, and final detection outcomes.

Although such injection studies are computationally intensive, they remain the most reliable means of
assessing GW detectability under realistic noise conditions and across a variety of physical scenarios and
detector configurations. Their results inform both the interpretation of current observations and the design
of future searches, helping to mitigate selection biases introduced by waveform modeling assumptions

and signal-consistency tests [23].

1.3 Extracting physics from signals: Bayesian inference

While the previous section focused on matched-filtering searches as a frequentist framework for detecting
GW signals and ranking candidate events, detection alone is not sufficient for extracting the full physical
content of an observation. Once a signal is identified, a complementary statistical approach is required
to infer the source properties and to quantify uncertainties in a principled manner. Bayesian inference
provides such a framework by enabling the direct computation of posterior probability distributions for

source parameters given the observed data and an explicit noise model.

In this section, we introduce the Bayesian formalism for GW data analysis. We present its application to
parameter estimation and hypothesis testing, and we further discuss Monte Carlo methods such as nested

sampling. We will introduce simulation-based inference as a novel approach for GW data analysis.
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1.3.1 Basics of Bayesian statistics

To extract physical information from GW data, the central objective is to construct the posterior probability

distribution over the source parameters,

p(6ld), (1.56)

where d denotes the detector data and 6 represents the set of parameters describing a compact binary
coalescence. For a generic binary black hole coalescence, 6 typically consists of fifteen parameters,
including the component masses, spin vectors, sky location, luminosity distance, binary orientation,

coalescence time, and phase.

This parameter set should be clearly distinguished from the reduced parameter space employed in matched-
filtering search pipelines in Section 1.2.3.1. In matched-filtering searches, waveform templates are often
restricted to aligned spin configurations and are characterized only by the component masses and effective

spin parameters, resulting in a much lower dimensional space with four intrinsic parameters’.

The posterior probability distribution is normalized to unity,

fd@p(@ld) =1, (1.57)

ensuring a consistent probabilistic interpretation. This normalization allows expectation values, credible

intervals, and correlations among parameters to be well-defined.

Within this Bayesian framework, parameter uncertainties are quantified using credible intervals derived
from the posterior distribution. A credible interval for a parameter or a set of parameters is defined as a
region of parameter space that contains a specified fraction of the total posterior probability, such as 90%.

For a one dimensional parameter 6, a credible interval 6 € [0y, Ohign] is defined by the condition

high
ﬁ pbld),do = a, (1.58)
6

low

where @ denotes the chosen credibility level to report uncertainties on 6.

1.3.2 Parameter estimation

Bayes theorem states that the posterior probability density of the parameters 6 given the data d can be

written as

L(d|0) n(6)
—z

Here £(d|0) denotes the likelihood function, which quantifies how well a waveform model with parameters

p(6ld) = (1.59)

0 explains the observed data, and 7(6) is the prior distribution encoding information or assumptions about

2Such a reduction is designed to maximize detection efficiency and computational tractability, rather than to provide a
complete physical characterization of the source
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the parameters before analyzing the data.

The evidence Z represents the overall probability of the model given the data, marginalized over all model
parameters. It is defined as the integral of the likelihood weighted by the prior over the full parameter

space,

Z= fd@,.[j(dl@),ﬂ(@). (1.60)

As such, the evidence quantifies how well a given model explains the data after accounting for its allowed
parameter volume. Models that fit the data well over a large region of parameter space are favored, while
overly flexible models are naturally penalized through this marginalization. The evidence is therefore a
key quantity for Bayesian model selection, where ratios of evidences, known as Bayes factors, are used to

compare competing physical hypotheses.

Under the assumption that the detector noise is Gaussian and stationary (See Section 1.2.2), the likelihood

function admits a simple analytic form

L(d|f) =

_ 2
exp[—lw]. (1.61)

2no? 2 g2

In this expression, d denotes the observed data, (6) is the model prediction for a signal with parameters 6,
and o characterizes the noise variance. The exponential term penalizes deviations between the data and
the model, weighted by the noise level, while the normalization ensures proper probabilistic interpretation.
This Gaussian likelihood forms the foundation of most GW parameter estimation analyses and directly

connects the statistical properties of the noise to the inference of source parameters.

1.3.3 Hypothesis testing

In addition to parameter estimation, Bayesian inference provides a natural framework for hypothesis
testing and model comparison. This is achieved through the Bayes factor, which quantifies the relative

support of the data for two competing hypotheses H| and H by taking the ratio of their evidences,

Zi
== 1.62
Bio Z (1.62)

where Z; denotes the evidence associated with hypothesis #;.

When prior beliefs about the relative plausibility of the hypotheses are taken into account, the Bayes factor

is combined with the prior odds to form the odds ratio,
_pHild)  , m

= = Bio—. 1.63
p(Hold) ~ 7o (163)

10

The odds ratio therefore represents the posterior probability ratio between the two hypotheses given the

data, and provides a quantitative criterion for model selection and hypothesis testing.

In Bayesian model comparison, Occam’s razor is automatically embodied through the model evidence
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(or marginal likelihood). The evidence represents an average of the likelihood over the prior distribution,
thereby accounting for both the model’s fit to the data and its parameter space volume. Models with more
parameters or broader priors are naturally penalized because large portions of their parameter space usually
correspond to low likelihood values. Consequently, unless a complex model provides a substantially better
fit, simpler models are favored. This mechanism ensures a principled balance between goodness-of-fit and
model complexity, preventing overfitting and selecting additional model components only when the data
provide strong justification.

1.3.4 Monte Carlo methods

In GW astronomy, Bayesian inference is implemented through a range of sampling techniques designed
to explore high dimensional posterior distributions. Widely used software frameworks such as bilby
provide robust and modular implementations of these methods [52, 53]. These tools have become standard

for parameter estimation and model comparison in the LVK analyses [39, 54, 55].

1.3.4.1 Markov Chain Monte Carlo sampling

For Markov Chain Monte Carlo methods, the goal is to generate a sequence of samples whose stationary
distribution is the target posterior distribution. This is achieved by constructing a Markov chain that

satisfies detailed balance,

pOdTO — 0) = p@|d)T O — ), (1.64)

where T'(6 — 6’) denotes the transition probability between states. In practical implementations such as

the Metropolis Hastings algorithm, proposed moves are accepted with probability

o= mm( , W)
p(@ld)g@10)

where ¢(6’|0) is the proposal distribution. These conditions guarantee convergence of the chain to the

(1.65)

desired posterior distribution under mild assumptions.

1.3.4.2 Nested sampling

Nested sampling approaches Bayesian inference from a different perspective by focusing on direct

evaluation of the evidence. The evidence integral is rewritten in terms of the prior volume X, defined as

X(A) = f 7(6)de, (1.66)
L(d|6)>2

which measures the fraction of prior mass enclosed above a likelihood threshold A. With this transforma-

tion, the evidence becomes a one dimensional integral,
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1
Zf L(X)dX. (1.67)
0

By iteratively shrinking the prior volume toward regions of increasing likelihood, nested sampling
efficiently estimates the evidence while simultaneously producing posterior samples. These equations
highlight the conceptual distinction between MCMC and nested sampling and clarify why both approaches

become computationally demanding for high dimensional GW inference problems.

1.3.5 Simulation-based inference

Despite their success, both MCMC and nested sampling methods are computationally expensive for
realistic GW analyses. The need to generate large numbers of waveform evaluations in high dimensional
parameter spaces leads to substantial runtime and resource demands, particularly for long signals or
complex waveform models. These limitations motivate the development of alternative approaches that
reduce computational cost, setting the stage for simulation-based inference methods that leverage large

scale simulations and amortized learning to accelerate Bayesian inference.

simulation-based inference provides an alternative Bayesian framework that is well suited to problems
where likelihood evaluations are computationally expensive or analytically intractable. Rather than
evaluating the likelihood explicitly for each parameter point, this approach relies on forward simulations
of the data generating process to learn the relationship between model parameters and observables. Once
trained, simulation-based inference enables rapid posterior evaluation for new data, making it particularly

attractive for high dimensional GW inference problems.

1.3.5.1 Neural posterior estimation

A central class of simulation-based inference techniques is neural posterior estimation. In this approach, a
neural network g4(0|d) is trained using simulated pairs of parameters and data to directly approximate
the posterior distribution p(6|d). The network learns a conditional density model that maps an observed
dataset to a probability distribution over the source parameters, thereby amortizing the computational cost
of Bayesian inference across a large ensemble of simulations rather than performing a costly sampling

procedure for each individual observation.

Training is achieved by optimizing the network parameters ¢ such that the learned distribution closely

matches the true posterior. This is commonly formulated as the minimization of a divergence between the

true and learned posteriors, most often the Kullback-Leibler divergence, leading to the loss function
L(®) = Bpo.a|[KL(p(01d) || g5(01)) |, (1.68)

where E denote the expectation.
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1.3.5.2 Normalizing flows

Normalizing flows form the most mathematically explicit component of modern simulation-based infer-

ence methods and therefore require explicit equations to clearly convey their defining properties.

A normalizing flow is defined through an invertible and differentiable transformation that maps a simple

base random variable z to the target variable 6,

0=fo(x) 2~ po(2). (1.69)

Here po(z) denotes a tractable base distribution, typically a multivariate Gaussian, and fs represents a

parameterized bijective mapping implemented by a neural network.

The probability density of 6 can be evaluated exactly using the change of variables formula,

-1

det ——

Po(@)po(2) a‘; . (1.70)

This expression highlights the central advantage of normalizing flows: despite their flexibility in modeling
complex, non Gaussian distributions, they retain exact and tractable likelihood evaluation through the
Jacobian determinant of the inverse transformation. Without these equations, the expressive power and

probabilistic consistency of normalizing flows cannot be properly understood.

In contrast, higher level concepts such as amortization, scalability, and reuse across multiple observations
can be introduced conceptually without mathematical formalism. In summary, equations are essential for
neural posterior estimation and normalizing flows, helpful but optional for introducing simulation-based

inference as a general paradigm, and unnecessary for purely computational or motivational discussions

1.3.5.3 DINGO

As a concrete example of simulation-based inference in GW astronomy, we consider DINGO (Deep
Inference for GW Observations), which employs neural posterior estimation combined with normalizing
flows to perform fast and accurate Bayesian inference [56, 57, 58, 59, 60, 61, 62]. DINGO is trained
on large ensembles of simulated GW signals and directly learns the mapping from detector data to the
posterior distribution over source parameters. Once trained, it enables amortized inference without explicit
likelihood evaluations, in contrast to traditional sampling based approaches such as those implemented in
bilby.

Figure 1.5 compares posterior distributions obtained using DINGO and a traditional likelihood based
method. The green solid contours correspond to posteriors inferred using DINGO with a network with 15
source parameter, while the gray dashed contours show results from bilby applied to the same injected
signal. Note that GW lensing effect is not introduced and we denote any GW signal model without
lensing effect as nonlensed. Across the full set of intrinsic and extrinsic parameters, the two methods yield
consistent marginal and joint posterior distributions, and both accurately recover the injected parameter

values indicated by the vertical reference lines. This agreement demonstrates that simulation-based
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Figure 1.5: Posterior distributions for an injected signal are recovered with DINGO using a nonlensed
network (green solid curves) and with bilby (gray dashed curves). The two inference methods yield
consistent posteriors and both accurately recover the injected parameter values, indicated by the solid gray
lines and listed in Table 3.1.

inference can reproduce the results of established Monte Carlo methods while dramatically reducing the

computational cost at inference time.

The consistency between DINGO and traditional Monte Carlo methods highlights the potential of simulation-
based approaches for exploring more complex physical scenarios. In particular, new physics effects, such
as wave-optics distortions, lead to likelihood surfaces that are expensive or impractical to evaluate with
standard methods. By shifting the computational burden to an offline training phase, simulation-based

inference provides a scalable framework for incorporating such effects into GW data analysis.
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1.4 Gravitational wave lensing

Having established the GW detection method and Bayesian framework for GW data analysis, we now

turn to physical effects that can modify GW signals during their propagation [25, 26].

As GWs travel over cosmological distances, they can be bent, magnified, and distorted by massive
structures along the line of sight, such as galaxies, galaxy clusters, substrucutre of galaxy clusters or
compact objects. Depending on the mass scale and geometry of the lens, gravitational lensing can
produce multiple copies of the same signal or induce frequency dependent distortions in a single observed

waveform.

In this section, we introduce the theoretical foundations of gravitational lensing as applied to GWs and

review current efforts aimed at identifying lensing signatures.

1.4.1 Overview of gravitational lensing

To derive the lensing equation relevant for GWs, we begin by modeling GW propagation as a linear

perturbation propagating on top of a smooth background metric. The full metric is decomposed as

Gur = G + By, (1.71)

where h,,, represents the GW perturbation and gl(ﬁ) denotes the background metric sourced by the lens.
Recall the curvature coupled wave equation for GW propagation in arbitrary spacetime in Eq. 1.13:

By + 2R hP =0, (1.72)

where Rgfl)ﬁy is the Riemann tensor associated with the background metric gﬁi). While the equation remains

complicated to solve, we applies several approximations for astrophysical scenario which are commonly

adopted.

1.4.1.1 Gravitational lenses in the weak-field regime: Newtonian approximation

In the weak-field regime appropriate for astrophysical lensing, the background metric can be approximated

by a perturbed Minkowski spacetime of the form

g dx'dx’ = —(1 +2U)dr? + (1 - 2U)d7, (1.73)

where U(P) is the Newtonian gravitational potential generated by the lens mass distribution. For GW
lensing, the waves typically propagate far from the central region of compact lenses such as black holes or
galactic cores. As a result, the gravitational potential remains small everywhere along the propagation

path, satisfying U < 1.

Under this weak field assumption, the gravitational potential is governed by the Poisson equation
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V2U(?) = 4nGp(P), (1.74)

where p(7) denotes the mass density of the lens and G is the gravitational constant.

We now assume that the GW wavelength A is much smaller than the characteristic curvature scale of the
background spacetime. In this short wavelength regime, the term proportional to the Riemann tensor

represents a higher order correction and can be neglected. The wave equation then simplifies to

b, =0, (1.75)

wia

which is formally identical to the wave equation in a curved but slowly varying background.

1.4.1.2 Gravitational wave as scalar perturbation: Eikonal approximation

When the gravitational field of the lens is weak, the mixing or rotation of the GW polarization states
during propagation can be neglected. In this regime, the polarization content is effectively conserved
along the ray trajectory. In the short-wavelength, or eikonal / WKB, approximation, the GW perturbation

is written as a product of a slowly varying complex scalar amplitude and a polarization tensor,

hyy = deyy, (1.76)

where ¢ encodes both the wave amplitude and phase, and e, specifies the polarization state. The
polarization tensor e, is parallel transported along the null geodesics of the background spacetime, so
that its evolution is entirely determined by the background geometry, while all lensing effects relevant for

wave optics are captured by the scalar field ¢.

Substituting the eikonal ansatz in Eq. (1.76) into the linearized wave equation Eq. (1.75), the complex

scalar amplitude amplitude satisfy the scalar wave equation on the background spacetime,

A, ( —g(B)g(B)”VBVq’)) =0. (1.77)

Here g is the determinant of the background metric g®+*. Working in the frequency domain, the scalar
field is written as ¢(7, ) = ¢(F)e"" where w = 2nf is the angular frequency. Inserting this into Eq. 1.77
and expanding the metric to leading order in the Newtonian potential U of the lens, one obtains the

Helmholtz-type equation

(V? +0?) ¢ = 40’U8, (1.78)

This equation describes the propagation of GWs in the presence of a weak gravitational potential and

provides the starting point for wave-optics treatments of lensing.

To characterize the lensing effect, it is convenient to introduce the amplification factor as the ratio between
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the lensed and unlensed GW solutions in the frequency domain

¢ (f)
¢(f)

F(f) = (1.79)
where ¢ is the solution of Eq. (1.78) in the presence of the potential U, while ¢ denotes the corresponding
solution for free propagation with U = 0. This dimensionless function F(f) encapsulates all lensing-

induced modifications to the GW amplitude and phase as a function of frequency

1.4.1.3 Diffraction intergral: path integral formalism and thin lens approximation

For astrophysical lenses such as galaxies or clusters, the spatial extent of the lens along the line of sight is
much smaller than the typical distances from observer to lens and lens to source. Under this thin lens
approximation, the gravitational potential U is effectively localized in a plane transverse to the line of
sight, and the effect of the lens can be encoded in a two-dimensional projected potential ¥(x) on the lens
plane. The scalar field then accumulates a phase shift when crossing the lens plane, while propagating

freely between source—lens and lens—observer in a nearly flat background.

Using the Feynman path integral mehod and angular coordinates 8; and @s on the image plane (lens
plane) and source plane respectively, the GW amplification factor in the frequency domain is obtained as

a two-dimensional diffraction integral

F(f,0s) = # f 426, exp|27if 14(61, 05)] , (1.80)

where the integration is carried out over the image plane. The vector s denotes the nonlensed angular
position of the source on the sky. The phase of the integrand is determined by the relative time delay
tq between different paths connecting the source and the observer, often referred to as the time delay
surface. This formulation explicitly accounts for the coherent superposition of all possible propagation

paths, which is essential for capturing wave-optics effects.

1
4 ~ Tp 5|19—95|2—l1’(¢9) (1.81)

where each term corresponds to the geometric and Shapiro delays respectively, with ¥ = 2/mpc? f ods

and c is the speed of light. and ¢ is the Newtonian potential of the lens.

We define 7 as the characteristic timescale associated to the distances between source-lens-observer

_ DpDg

= , 1.82
CDLS ( )

™

where Dy, Dg, and Dys denote the angular diameter distances from observer to lens, observer to source,

and lens to source respectively.

To further simplify the expression, we rewrite the angular frequency and time delay by introducing a

reference angular scale 6,
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w= TDGfa), (1.83)

T, = . 1.84
d TDQE ( )

We can now define dimensionless source and image position using y = 0s/6, and x = 6y/6..

The dimensionaless time delay becomes

1
Tu(@,y) = ¢(@,y) = 5l - yI* - y(@), (1.85)
where the = ¥/6? is the dimentionless lens potential that satisfy the two-dimensional Poisson equation

22

Vig(z) = == (1.86)
ZCF
Here X is the surface mass density of the lens and X.; = Dy /(4nD1Dys).
The diffraction integral can be cast into a dimensionless form as
Flw,y) = 2i f &2z expliwT(z, y)] . (1.87)
Tl

This formulation makes explicit that the amplification factor depends only on the dimensionless frequency

parameter w and the scaled source position y, independent of the overall physical length scales.

For a given surface mass density X, the lensing potential and hence the time delay function can be obtained
by solving the corresponding Poisson equation and substituting the result into the diffraction integral. In
practice, however, closed form expressions for F(w, y) exist only for a limited set of highly idealized mass
distributions, such as point mass or singular isothermal profiles. For more realistic lenses, the integral

cannot be evaluated analytically and must instead be treated using approximation schemes.

In certain limit, the diffraction integral can be systematically approximated using different approximations.

A commonly adopted stationary phase approximation is introduced in the next section.

1.4.1.4 Geometrical optics: Stationary phase approximation

When the phase factor exp [iwT4(x, y)] becomes highly oscillatory, namely in the regime w7, > 1,
contributions from most regions of the integration domain cancel out due to rapid phase variations. As a
result, the integral is dominated by the stationary points x; of the time delay surface, where the gradient

of T4(x, y) vanishes and the phase varies least rapidly.

oy

0T |p=q;

—0. (1.88)
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We can Taylar expand T;round x = x; and keep upto the quadratic term

1 8Ty
Tu(@) = Ta(@)) + 55 = (xa = Xja) (% — X10) (1.89)

the diffraction intergral become a two dimensional Gaussian integral which we can solve easily and obtain

the amplication factor as

Fw)~ Y Jlu(@)lexp(iwTy(x)) - injz/2). (1.90)
j

Hence, different stationary point represent distinct images arrive at different time 7'; with magnification
1, and we referred it as geometrical optics limit. The phase shift n; is also known as the Morse phase

facor. Define the Hessian matrix of the time delay surface

Ty
Tap = 1.91
ab aXaaxb > ( )
the lensing magnification is
pj = 1/det(Tap(a;)) (1.92)

Each lensed image corresponds to a stationary point of the time delay function. At that point, the Hessian
matrix has two eigenvectors with associated eigenvalues that determine the local curvature of the time

delay surface. The signs of these eigenvalues classify the image as a minimum, saddle, or maximum:

0, for local minimum (two positive eigenvalues, Type 1)
n = 11, for saddle point (one positive and one negative eigenvalue, Type 2) (1.93)

2, for local minimum (two negative eigenvalues, Type 3)

When det(7,;) — 0, corresponding to the degeneracy of image positions, as the associated magnification
diverges (u; — o0), thereby signaling the breakdown of the stationary phase treatment. In this regime,
the Hessian matrix of the time delay function becomes singular and the quadratic expansion around a
stationary point is no longer sufficient to approximate the phase. The critical curves are therefore defined

by the condition

det(Tz) =0, (1.94)

which allows one to identify the locations in the image plane where this degeneracy occurs and to infer

the associated caustic structure in the source plane.

Next, we will illustrate two examples of lens models, point-mass lens and overlapping chirps with

stationary phase approximation, which are utlized in the following chapters.
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1.4.1.5 Point-mass lens

The simplest lens model one can get is the point-mass lens, which correspond to the surface mass density
Y(x) = M;6*(x) and lens potential ¥(x) = In x. The reference angular scale 6, is charaterized by the lens

mass My, the reference scale is the Einstein angle

05 = \/4GML (1+2z2)Drs ‘ (1.95)

C2 DLDS

Hence, the dimensionless source position is simplified under spherical symmetry as, and depends on
the impact parameter y = 6s/6g. Here we further define the redshifted lens mass in the constant as

My, = Mi(1 + z) The amplification factor can be solved analytically and given as

. . 2
F(P = expl +120n( ~ 20,0100 - ), Fra 15 1

ok T)’ (1.96)

where ¢, = (X — y)?/2 —In X, X = (y + y? +4/2) and | F; is the confluent hypergeometric function.

The point-mass lens in this closed form is utlized in Chapter 2.

Using stationary phase approximation, the amplification factor becomes

F(f) = |us|"? —iju_| 12>/ (1.97)

where the magnification and time delay for each image are

1 y+2
Uy = = & ——— (1.98)
T2 2u\y* +4
4GM,
At = ——FLAT(y), (1.99)
c
where T'(y) is the dimensionless time delay
1 Vyr+4+
AT(y) = Sy~Jy? +4-In| L8 (1.100)
2 Y +4-y

In this geometrical optics limit of point-mass lens, Type 1 and type 2 are always formed with a 7/2 phase
difference. The stationary phase approximation of point-mass lens is adopted in Chapter 3
1.4.1.6 Two-image inteference

Consider a lensing configuration that produces two images with a relative phase shift of /2, a relative

magnification p.1, and a time delay A¢. The resulting amplification factor can be written as

F(f>0) =1+ e eZ/A77/2) (1.101)
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Figure 1.6: Illustration of two gravitational lensing regimes relevant for GWs. In the strong lensing regime
(top), a massive galaxy deflects the signal and produces multiple macroscopic images that arrive at the
detectors as repeated, magnified copies of the original waveform. In the wave-optics regime (bottom),
a compact lens with a much smaller mass does not form resolvable images but instead modulates the
waveform through diffraction and interference, imprinting characteristic frequency dependent distortions.
Together, these regimes highlight how GWs encode lensing effects across a wide range of astrophysical
lenses.

This expression captures the interference between the two dominant images and is formally equivalent to

the description commonly used in the strong lensing regime.

The form in Eq. (1.101) provides a reliable approximation whenever the observed waveform is governed
by the coherent superposition of two images. It has been shown to remain valid across a broad class
of lensing singularities, including point, fold, and certain cusp configurations, where the local lensing
geometry effectively reduces to a two image interference problem. Detailed discussions of its domain of

applicability and limitations can be found in Refs [63, 64].

Given its simplicity and clear physical interpretation, this parametrization is adopted in Chapter 3 as a

convenient and flexible model for capturing wave-optics effects.

1.4.2 Phenomenology of gravitational waves lensing

In the previous section, the theoretical framework was presented in a form that is equally applicable
to electromagnetic waves and GWs. However, differences in wavelength and detector characteristics
imply that lensed GWs can be observed in lensing regimes (See Fig. 1.6) that are distinct from those
typically accessible in electromagnetic observations. In particular, for ground-based GW detectors,
the characteristic wavelength of the signal is of order 10° m, which is many orders of magnitude
larger than that of electromagnetic radiation. This long wavelength makes GWs especially sensitive to
diffraction and interference effects, allowing access to lensing regimes that are effectively unobservable

with electromagnetic waves.
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In this section, we introduce the different phenomenologies of GW lensing and discuss their applications

to cosmology and tests of general relativity.

1.4.2.1 Wave-optics lensing

When the characteristic size of the lens becomes comparable to the GW wavelength, Ry cps ~ Agw, the
wave nature of the signal can no longer be neglected. In this regime, lenses such as intermediate-mass black
holes or dark matter substructures embedded in galaxies can imprint frequency-dependent modulations
on the observed waveform. These effects originate from diffraction and interference between multiple
propagation paths and manifest as lensing induced distortions within a single GW signal rather than as
clearly separated multiple images [65, 66, 26, 67, 68]. Such wave-optics features have been extensively

studied and provide a direct probe of small scale gravitational potentials along the line of sight.

The presence of these modulations opens up a range of scientific applications. The detailed structure of
the distortions encodes information about the abundance and mass spectrum of compact lenses [69, 70, 71,
72,73,74,775,76, 717, 78], the caustic strucutre associated with different lens models [13], the underlying
halo mass function [79, 80, 81, 82] and the strong-field regime of gravity [6, 83, 84, 85, 86, 87]. On
cosmological scales, the frequency-dependent phase and amplitude variations also carry sensitivity to the
cosmic expansion history through their dependence on lens and source distances [88, 89, 90]. From a data
analysis perspective, accurately modeling these effects is essential, since unmodeled lensing distortions
can bias parameter estimation [91, 68] and potentially mimic or obscure genuine signatures of deviations

from general relativity [92, 93, 68].

An illustrative example is shown in Fig. 1.7, which presents a GW lensed by a point-mass. In the time
domain, the lensed signal exhibits characteristic beating patterns and amplitude modulations relative to
the unlensed waveform, reflecting the interference between multiple paths with different time delays. In
the frequency domain, these effects appear as a series of oscillatory features superimposed on the smooth
unlensed spectrum, with the modulation scale set by the lens mass and the source lens geometry. This
example highlights how wave-optics lensing produces correlated signatures in both time and frequency

domain, providing a clear observational handle on lensing by compact objects in the regime Ryeps ~ Agw.

1.4.2.2 Strong lensing

When the source, lens, and observer are nearly collinear and the characteristic lens scale satisfies Ry eps >
Agw, GWs propagate along well defined rays and undergo achromatic magnification. This situation is
relevant for galaxy scale lenses with Ry ¢ps ~ 10%°, m and for galaxy clusters with Ry ¢ps ~ 102, m, which
act as the dominant lens populations in this regime [94, 95, 96, 14]. The observed GW signal then consists
of multiple copies of the same intrinsic chirp, separated in arrival time and differing only by constant
phase shifts, relative magnifications, and relative time delays (See Section 1.4.1.4). In strong lensing

regime of GW, multiple images are produced and expected to be detected as separate GW events [97, 98].

strongly-lensed GWs enable a broad range of applications, including precision tests of general relativity

through consistency checks across images [99, 100, 101, 102], improved sky localization from repeated
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Figure 1.7: Example of wave-optics GW lensing by a point mass with impact parameter y = 0.01 and
redshifted lens mass M, = 10° M. The left panel shows the time domain strain, where interference be-
tween multiple propagation paths produces characteristic amplitude modulations relative to the nonlensed
signal. The right panel displays the corresponding frequency domain strain, illustrating oscillatory features
imprinted on the spectrum by diffraction and interference effects when the lens scale is comparable to the
GW wavelength.

detections [103, 104], early warning of subsequent images once a first signal is observed [105], and
cosmological inference using time delay measurements [106, 107, 108, 109], including constraints on
the dark energy equation of state [110] and lensing cosmography [111, 112, 113, 114]. In addition,
strongly-lensed events can appear as population outliers in GW catalogs [115] and provide constraints on
the properties of the lensing galaxy population itself [116, 9, 117].

Current rate estimates based on galaxy scale lenses suggest that strong lensing occurs at the level of
roughly one event per 10° detected GWs, although this remains sensitive to assumptions about source
populations, lens distributions, and detector sensitivity [118, 119, 120, 98, 121, 122, 123, 124].

1.4.3 Current efforts in searches for lensed gravitational waves

Since the first direct detection of GWs by the LVK Collaboration in 2015 [125, 126], extensive efforts
have been devoted to searching for lensing signatures within the detected event population reported in
the GWTC. Up to GWTC 3.0, these searches have not yielded statistically compelling evidence for GW
lensing [127, 20, 16, 17, 12, 5]. Multiple analyses have systematically investigated both strong lensing and
wave-optics effects, including repeated events, interference patterns, and magnification outliers, in catalogs
of compact binary coalescences [128, 18, 129]. One candidate reported in Reference [130] was later
deemed astrophysically implausible. Consequently, existing studies have primarily reported upper limits or
null results on lensing rates rather than confirmed detections. In GWTC 4.0, the event GW231123_135430,
hereafter GW231123, is identified as the highest ranked single event lensing candidate in current LVK
searches[55, 131, 5]. This event has motivated several dedicated follow up analyses [3, 132, 133, 134],
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which are discussed in detail in Section 3.3.2.

While a broad range of lensing analyses and methodologies has been established, significant challenges
remain in the detection of lensed GW signals [127, 20, 16, 17, 12, 5]. Existing studies are restricted to
events that have already been identified by standard detection pipelines optimized for nonlensed compact
binary coalescence signals. These pipelines employ template banks constructed under the assumption of
unlensed waveforms and are designed to recover the widest possible generic compact binary population.
When lensing induces strong waveform distortions, particularly in the wave-optics regime, the overlap
between lensed signals and unlensed templates can be substantially reduced, causing some lensed events
to fall below standard detection thresholds. If such signals are systematically missed at the detection stage,
lensing analyses that operate only on detected events become biased. In this case, inferred lensing rates or
constraints derived from null results may underestimate the true occurrence of lensing, since a fraction of
the lensed population never enters the observed catalog. The detectability of lensed GWs depends jointly
on source parameters such as masses, spins, and distance, as well as lens parameters including mass,
impact parameter, redshift, and lens geometry. Because current template banks do not model lensing
effects, it is necessary to explicitly quantify how lensing modifies matched filter SNR, signal consistency

statistics, and false-alarm rates across this combined parameter space.

A robust claim of GW lensing also requires the assessment of statistical significance. A commonly
adopted approach relies on Bayesian model selection between lensed and unlensed hypotheses. While
the resulting lensing Bayes factor quantifies the relative support for the lensing hypothesis, it does not by
itself establish the significance of a detection, since waveform systematics and noise fluctuations can also
produce apparent support for lensing. Properly accounting for these background contributions requires
large ensembles of analyses to estimate fals-alarm probability and significance levels such as 3 or 5 o
However, performing thousands or millions of Bayesian inferences using traditional Monte Carlo methods
is computationally prohibitive due to their high cost [52, 135, 136]. As a consequence, up to GWTC
3.0, most lensing investigations have not reported statistically robust significances or lensing false-alarm
probability, leaving the discovery of lensed GWs without a clear statistical benchmark [127, 20, 16, 17,
12, 5].

An additional challenge arises in searches for strong lensing based on multiple images. As the number
of detected GW events increases, the number of possible event pairs grows rapidly [137, 138]. This
leads to an increasing probability that unrelated events with similar source properties are misidentified as
lensed pairs. To mitigate this issue, several studies have developed alternative statistical frameworks for
identifying multiple images [139, 140, 141], incorporated lens catalogs from electromagnetic surveys [14],
or exploited waveform distortions from overlapping images as distinctive evidence of lensing. Since some
lensed images can be significantly demagnified, extending searches below standard detection thresholds

can further reduce false associations and improve confidence in strong lensing identification.

This thesis is organized to address these challenges in a systematic manner. The impact of lensing
induced waveform distortions on GW detectability in matched-filtering seaches is studied in Chapter 2.
The problem of performing rapid and accurate inference for lenisng is tackled using simulation-based
inference techniques, which are addressed in Chapter 3. Finally, a new method of searching for strongly-

lensed sub-threshold images is detailed in Chapter 4.
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Chapter 2

Detectability of lensed GWs in
matched-filtering searches

The first step in understanding how new physics imprints observational signatures in the GW detectors
is to evaluate the mismatch against waveforms without the physics and the SNR. In particular, the SNR
plays a central role in matched-filtering searches, quantifying how loudly a GW stands out against detector
noise. It is, therefore, widely used as a proxy for the detectability of exotic or beyond standard signals.

This forms the basis of rate estimates and population studies across GW astrophysics [142].

In this chapter, we use gravitational lensing as an example of how a signal can be distorted and magnified.
We present the first investigation of the detectability of lensed GWs from compact binary coalescences
using a matched-filtering search pipeline, GstLAL. We employ the point-mass lens model throughout the
study, (See introduction to point-mass lens model in Section 1.4.1.5) which is specified by impact parater
y and the redshifted lens mass My,. The lensing amplicaition factor is given in Eq.1.96. Contrary to
expectations based on optimal SNR arguments, we show that a louder signal does not necessarily lead to
higher detectability when a template bank does not include the lensing effects. Lensed signals in the wave
optics regime can be heavily penalised by signal consistency tests, reducing their detection efficiency from

about 90% in the nonlensed case to < 1% when lensing induced distortions are present.

These results highlight the need to extend current template banks to capture lensing effects and to revisit
existing constraints on compact dark matter. They also demonstrate that without such improvements,

lensed GWs may already be passing through our detectors unnoticed.

This chapter is organized as follows. Section 2.1 reviews current efforts to assess the detectability of GWs.
Section 2.2 outlines the design of our injection campaigns, which examine (1) how gravitational lensing
affects matched-filtering searches and (2) how these effects correlate with signal amplitude. Together,
these studies allow us to predict the general detectability of lensed GWs. Section 2.3 presents the results
from each campaign. Finally, Section 2.4 summarises the main findings and discusses their implications

for ongoing lensing analyses.
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2.1 Current efforts of detectability of lensed GWs: Match and optimal
SNR

To quantify how lensing within the chosen parameter space alters the waveform morphology, both the
match between the lensed and nonlensed signals, M(hy, inp), and the ratio of optimal SNRs, pr_ opt/ONL,opt»
are evaluated. Here pr o is the optimal SNR obtained from the lensed waveform, while pnp opt denotes
the corresponding optimal SNR for the nonlensed waveform. In both cases, a nonspinning 30-30 My
waveform is used as the fiducial signal. As explained in Sec. 1.2.3, the match M(h, Anr) is normalized
by the amplitudes of both waveforms and therefore does not respond to lensing magnification, whereas
PL.opt Teflects the combined impact of waveform distortion and amplitude amplification. Consequently,

whenever magnification dominates over morphological changes, one expects pr opt/ONL,opt > 1.

The left panel of Fig.2.1 demonstrates that the match, using SEoBNRv4_ROM approximant, becomes particu-
larly small in regions with large lens mass My, and small impact parameter y. In this part of parameter
space, the associated lensed signals develop strong beating patterns caused by large magnifications and
short time delays, as illustrated in the right panel of Fig. 2.2. In such regimes, attempting to analyze lensed

signals with nonlensed templates leads to substantial mismatches.

By construction, the optimal SNR assumes that the template achieving the highest match is identical
to the true signal, and higher optimal SNR values are typically associated with better detectability. For
point-mass lenses in the wave-optics regime, magnification is always present and thus enhances the
optimal SNR. This behavior is visible in the right panel of Fig. 2.1, where the optimal SNR grows with
the strength of the lensing, i.e. as a function of the lens parameters. In particular, combinations of
large lens mass My, and small y, which produce stronger magnification, yield larger optimal SNRs for
the lensed signals. The right panel of Fig. 2.2 clarifies the different trends in match and SNR seen in
Fig. 2.1: a single point-mass lens can boost the waveform amplitude by a factor of at least five while still
giving M(hr, hint,) = 0.7, corresponding to a situation where magnification dominates over distortion and

PL.opt/PNL.opt ~ 10. This qualitative picture agrees with the matched-filtering study of Reference [47].

In practical matched-filtering searches, signal detectability is often approximated using observed SNRs,
which are frequently inferred from optimal SNR values. In realistic observing conditions, however,
detector noise is time dependent, and the template that yields the largest SNR for a given signal, denoted
hiem, can differ from the true waveform /.. As a consequence, both the observed SNR and the optimal
SNR can deviate from their noise free expectations. Beyond noise fluctuations, lensing induced distortions
of the waveform further complicate the search pipeline’s ability to identify the best matching template,
leading to nontrivial behavior of both observed and optimal SNR. For these reasons, injection campaigns
are essential to robustly determine how gravitational lensing affects signal detectability in matched-filtering

searches.
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Figure 2.1: Left panel shows the match between lensed signals and nonlensed templates, M(hL, hnp), as
a function of the redshifted lens mass My, and the impact parameter y. Right panel shows the ratio of
the optimal SNR for lensed and unlensed signals, pyopt/ONL,opt» OVer the same (My,, y) parameter space.
The calculation uses a nonspinning binary black hole source at a luminosity distance of 125 Mpc with
component masses m; = my = 30 M. For the point-mass lens model, the condition py opt/PUL,0pt > 1 18
always satisfied.

2.2 Methods

Three injection campaigns are performed with the time domain matched-filtering search pipeline GstLAL to
investigate how gravitational lensing influences the detectability of GW signals. The resulting distributions
of recovered source parameters, matched-filter SNR, signal-consistency statistics, and false-alarm rates
reveal how waveform modifications and stochastic noise jointly shape search performance as the source
parameters are varied. The specific search configuration and details of the injected signal used in these

studies are summarized in Table 2.1.

2.2.1 Matched-filtering searches setup

In matched-filtering searches, evaluating the likelihood ratio for injected signals accurately requires a
sufficiently large sample of background noise events to estimate the denominator in Eq. 1.51. Noise
fluctuations can also cause an injection to be recovered by a template whose source parameters differ from
those of the true signal, which in turn necessitates that the template bank cover a parameter region larger

than the injection set itself.

To focus on lensing effects, this study considers a representative nonspinning binary black hole system
with component masses of thirty solar masses each. Under this choice, the main independent variables
are the lensing parameters, which determine the strength of lensing, and the source distance, which fixes

the intrinsic signal strength, allowing construction of a relatively compact yet efficient template bank
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Set Type Campaign y My, [Ms] Distance [Mpc] Found
1 Nonlensed 1,2,3 125 17020
2 Lensed 1 0.01 10 125 17068
3 Lensed 1 0.01 103 125 14251
4 Lensed 1,2 0.01 10° 125 1
5 Nonlensed 2,3 625 12878
6 Nonlensed 2,3 1250 6217
7 Lensed 2 0.01 10° 625 8
8 Lensed 2 0.01 10° 1250 13
9 Lensed 3 [0.01,1] [10,10°] 125 14303
10 Lensed 3 [0.01,1] [10,107] 625 12536
11 Lensed 3 [0.01,1] [10,10°] 1250 8254

Table 2.1: Set of 11 injection configurations employed in the three simulation campaigns. Each set
contains 19,432 signals. Campaign 1 quantifies lensing effects on detectability, Campaign 2 isolates signal
strength dependence, and Campaign 3 maps overall detection performance. An injection is classified
as found if its false-alarm rate is below 3.85 x 10~7 Hz. All waveforms correspond to a nonspinning
30-30 M, binary black hole source.

following earlier strategies [143].

The template bank spans binary black hole component masses with m1; between ten and ninety solar masses
and my between ten and forty solar masses, and contains a total of fourteen thousand six hundred six
templates, ensuring that all injections lie comfortably within the covered parameter space. Consistent with
GWTC-3, the seoBNrRV4_ROM approximant is used for the templates [144], including only the quadrupole

mode and aligned spins, with spin components drawn uniformly from —0.99 to +0.99 [39].

Using a reduced template bank introduces a potential limitation in estimating the false-alarm rate in a
detectability study, since the background depends on how well source parameters are recovered. Increasing
the bank size mainly enlarges the region in which parameter recovery can be inaccurate while greatly

increasing computational cost, so a smaller bank is adopted as a pragmatic compromise.

The analysis uses data from the LIGO Hanford and Livingston detectors during the first week of O3, with
data quality selection and glitch mitigation aligned with the GWTC-3 procedures [39]. To assess the
impact of lensing on matched-filtering searches, the distributions of recovered chirp mass, effective spin,
matched-filter SNR, the GstLAL autocorrelation-based signal-consistency statistic £2, and the resulting
false-alarm rate are examined, with a representative detection threshold corresponding to a false-alarm

rate of 1 in 30 days.

2.2.2 Injection campaigns

These injection campaigns start with two runs specifically constructed to disentangle the roles of lensing
and intrinsic signal strength in determining detectability. The resulting baseline characterizes how each
effect operates in isolation and guides the interpretation of the more realistic third campaign. A total of
eleven injection sets is generated, each comprising 19,432 simulated signals produced with the seoBNrv4

waveform model [144] implemented in LALSimulation [145].

For every injection, the sky location (right ascension and declination), inclination, and polarization are

drawn from uniform distributions, and the injections are placed uniformly in time over the analyzed data
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Figure 2.2: The time-domain GW signals from a nonspinning binary black hole with component masses
my = my = 30 M, are shown in black for the nonlensed case and in blue for the lensed case, demonstrating
increasingly strong amplification. All lensed waveforms are computed with a common impact parameter
y = 0.01. The left panel corresponds to a redshifted lens mass M, = 10 M, and yields a match M = 0.99.
The middle panel shows My, = 103 M, with M = 0.97, while the right panel uses My, = 10° My and
gives M = 0.7. These examples illustrate that lensing-induced waveform distortions can significantly
enhance the signal amplitude.

stretch. The lens parameters, source distances, and the corresponding numbers of recovered injections
for all sets are summarized in Table 2.1. By systematically varying lens parameters and source distances
across these eleven sets, the study separates the impact of lensing induced waveform distortions from that

of changing signal strength on matched-filtering detectability.

2.2.2.1 Injection campaign 1: The role of lensing

The first injection campaign focuses on how lensing amplification affects GW detectability. Four injection
sets are used: one nonlensed set and three lensed sets with fixed impact parameter y = 0.01 and lens
masses My, = {10,103, 10°} M. These choices span different lensing regimes, from the long wavelength
limit with almost no amplification, through an intermediate regime with strong magnification but minimal

beating, to a wave dominated regime with pronounced interference patterns, as depicted in Fig. 2.2.

As the lensing effect increases from one set to the next, the match between the lensed and nonlensed
waveforms decreases, with typical values M = {0.99,0.98,0.7}. In the standard optimal SNR picture,
stronger lensing yields larger optimal SNRs and should therefore improve detectability. This expectation

is directly assessed in the first injection campaign, with the results summarized in Fig. 2.1.
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2.2.2.2 Injection campaign 2: The role of signal strength

The first injection campaign uses a fixed nonlensed SNR of about p ~ 100, representing a loud signal for
O3 sensitivity and thereby minimizing the role of background noise. Although no signal of such high
loudness was detected during the O3 observing run, a gravitational wave event with a comparable signal
to noise ratio of approximately p ~ 75 was reported in O4 [146], highlighting the realistic possibility that
similarly loud events can occur. To investigate how intrinsic signal strength alters the influence of lensing
on detectability, a second injection campaign is carried out. In this campaign, attention is restricted to the
lens configuration that generates the strongest waveform distortions, with y = 0.01 and My, = 10° Mo,

which is then compared directly to the nonlensed case while the source distance is varied.

Concretely, luminosity distances dy = {125, 625, 1250} Mpc are considered, producing nonlensed optimal
SNRs of approximately pope ~ {100, 50, 10} at O3 sensitivity. These setups correspond to injection set 1
and sets 4-8 in Table 2.1. This second campaign also sheds light on whether enhanced detector sensitivity,

which leads to larger observed SNRs, can improve the detectability of lensed GW signals.

2.2.2.3 Injection campaign 3: detectability of lensed GWs

The first two injection campaigns separately reveal how lensing and intrinsic signal strength shape
detectability, enabling more global predictions for lensed GW searches. To obtain a wider perspective on
how lens parameters impact matched-filtering searches, the third campaign draws injections uniformly
over y € [0.01,1] and My, € [10 Mg, 10° M] for each injection set. In addition, optimal SNR based
expectations are tested by directly comparing the matched-filter SNRs of lensed and nonlensed signals at
luminosity distances dy = {125,625, 1250} Mpc, corresponding to injection sets 1, 5, 6, and 9-11 in Table
2.1. These six sets also probe whether it may be necessary to extend existing template banks to include

lensed waveforms, by examining detectability across a range of SNRs in matched-filtering searches.

In the first two campaigns (sets 1-8), the component masses, spins, lens parameters, and source distances
are held fixed within each injection set. Injecting these signals at different times in the data allows
a controlled comparison of the recovered chirp mass M, and effective spin y.s under varying noise
realizations, directly illuminating how lensing and signal strength affect the matched-filter SNR. In
contrast, the third campaign samples over lens parameters, sacrificing this degree of control in favor of
a more generic characterization of lensing impacts on detectability, since each injection experiences a
distinct combination of noise and lens configuration. Consequently, recovered M, and y.g are reported
only for the first two campaigns, whereas matched-filter SNR, the signal-consistency test value &, and

the false-alarm rate are presented for all three campaigns.

2.3 Results

These results show that gravitational lensing can substantially modify both the matched-filter SNR and
the signal-consistency test value £2. The size of the impact is controlled jointly by the level of lensing

amplification and by the intrinsic strength of the signal, and therefore cannot be inferred from optimal
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Figure 2.3: Impact of lensing on the accuracy of recovered source parameters for lensed gravitational
waves. The panels show histograms of inferred source parameters for different lens configurations from
the first injection campaign described in Table 2.1 and Fig. 2.2. The left panel shows the recovered chirp
mass M., and the right panel shows the recovered effective spin y.q. The red vertical line marks the
injected value corresponding to a nonspinning binary black hole with component masses of 30 M, at a
Iuminosity distance of 125 Mpc. Nonlensed injections are shown in blue. Lensed injections have impact
parameter y = 0.01 and redshifted lens masses M, = 10 My, with match M = 0.99 (red), 10° M, with
M = 0.97 (green), and 103 Mg with M = 0.7 (purple). These results show that lensing-induced waveform
distortions can substantially degrade the accuracy of the recovered source parameters.

SNR based arguments alone. In the following sections, these effects are analyzed in detail, leading to a

comprehensive evaluation of the detectability of lensed GW signals across the explored parameter space.

2.3.1 The role of lensing

The recovered distributions of the chirp mass M, and effective spin y.g for sets one through four are
shown in Fig. 2.3. At a luminosity distance of 125 Mpc, the nonlensed injections yield an expected
SNR of order p ~ 100 at O3 sensitivity, so noise has only a modest influence on the inferred template
parameters. The nonlensed set (blue) and set 2 (red) display nearly identical distributions, both peaked at
M. =26.7 Mg and y. = 0. For the configuration with My, = 103 M, (green), the recovered yf shifts
toward values around 0.25, while the M, distribution remains broadly similar to that of the nonlensed
case. By contrast, set 4 (purple) experiences large lensing amplification, producing a marked reduction in
the recovered M, and a multimodal y.g distribution with peaks near —1, 0, and +1. This demonstrates
that even at SNR of ~ 100, significant lensing-induced waveform distortions can substantially bias the
recovered source parameters and thereby lower the matched-filter SNR. At the same time, the right panel
of Fig. 2.1 shows that lensing magnification tends to increase the SNR, so the resulting matched-filter SNR

reflects a competition between parameter bias, which suppresses p, and amplification, which enhances it.

This interplay is illustrated in Fig. 2.4, which plots &2/p?* versus p for sets one to four, with the false-alarm
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Figure 2.4: Role of lensing in the detectability of lensed GW. The panels show the distribution of simulated
events from the first injection campaign described in Table 2.1 and Fig. 2.2, plotted as a function of the
matched-filter SNR p and the signal-consistency statistic £2/p* defined in Eq. 1.49. The color scale
encodes the false-alarm rate, and an event is classified as a significant GW candidate when its false-alarm
rate drops below 3.85 x 1077 Hz (1 in 30 days), indicated by the red tick. Circular markers denote
events above this detection threshold, while triangular markers indicate events below it. The upper-left
panel shows the nonlensed injections, and the remaining panels show lensed injections with impact
parameter y = 0.01: the upper-right panel corresponds to a redshifted lens mass My, = 10 Mg with match
M = 0.99, the bottom-left to M, = 103 M with M = 0.97, and the bottom-right to My, = 10° M,
with M = 0.7. Lensing-induced waveform distortions can substantially reduce p and increase & in
matched-filter searches, thereby decreasing the detectability of some lensed events.

rate encoded in the color scale. In the nonlensed case (upper left panel), larger SNR and smaller £%/p?
correlate with lower false-alarm rates, and 17,020 of 19,432 injections exceed the detection threshold of
false-alarm rate FAR,, = 3.85 x 1077 Hz. Even for this simple nonlensed, nonspinning 30-30 M, binary
at fixed distance, sampling over sky position, orientation, and noise realizations produces a wide spread
of recovered SNR values, roughly from p ~ 10 up to p ~ 100, already indicating that the matched-filter
SNR can differ significantly from the optimal SNR. The weakly lensed case (upper right panel) shows a
very similar pattern, with a slightly higher detection count of 17,068, reflecting mild amplification and

negligible waveform distortion.

The intermediate lensing configuration (lower left panel) highlights the competing roles of imperfect
parameter recovery and magnification. Overall, the SNR distribution shifts to higher values due to lensing
amplification, but there is also a noticeable rise in the number of injections recovered with p < 10.
Consequently, the achieved SNR becomes highly sensitive to both the specific noise realization and
the sampled source parameters. After computing p, the nonlensed template used to recover the lensed

injection defines an expected SNR time series, while the actual SNR time series incorporates lensing

44



e Injected value — +eret Nonlensed, 125 Mpc —— Lensed, 125 Mpc Lensed, 625 Mpc === Lensed, 1250 Mpc

0.3 67
0.25 57 ]
0.2 47 =
= ] -
Z 0.15 31 |
A 1 . |
B |
4 4 |
0.1 21 l
1 1 |
4 4 |
4 4 |
0.05 14 |
1 |
4 |
L] P R |
] 5 U e — ey .
0.0 P e e (e
10 15 20 25 30 35 40 -10 1.0

M. []\/f@}

Figure 2.5: Role of signal strength in the accuracy of recovered source parameters for lensed GW. The
panels show histograms of recovered source parameters at different source distances from the second
injection campaign described in Table 2.1. The left panel displays the chirp mass M., and the right panel
shows the effective spin y.¢. The red vertical line marks the injected value corresponding to a spinless
binary black hole with component masses of 30 M. Nonlensed injections at a distance of 125 Mpc
are shown in blue. All lensed injections use an impact parameter y = 0.01 and a redshifted lens mass
M;, = 10° My, with source distances of 125 Mpc (purple), 625 Mpc (orange), and 1250 Mpc (green).
When lensing-induced distortion is significant, the recovered source parameters become more accurate at
larger source distances, corresponding to lower SNR, because the down-weighting of highly distorted
high-SNR events reduces systematic biases in the parameter estimation.

induced distortions. When &7 is evaluated using Eq. 1.49, these distortions appear as elevated & values.
Although £? is designed to downweight loud noise artifacts, it does not distinguish between deviations
caused by noise and those arising from missing physical effects in the waveform model. As a result, £2/p?
increases overall, with the largest enhancement at high SNR, rising from typical values ~ 107 to ~ 1073.
Because both p and £ enter the false-alarm rate, this shift drives the false-alarm rate upward and reduces
the number of detections to 14, 251.

The most strongly-lensed set represents an extreme scenario in which only 1 of 19,421 injections is
successfully detected. A large fraction of these lensed signals are recovered with optimal SNR below
p ~ 10 due to severe mismatches between the true waveform and the best fitting template. The poorly
matched template then generates an SNR time series that, when used in the computation of £2, produces
false-alarm rate outside the range for which the statistic was designed. This pushes the false-alarm rate

from below 10719 to above 1 Hz, effectively eliminating all but one injection.

Taken together, these findings show that strong waveform distortions can dramatically alter the behavior
of the matched-filter SNR, implying that the optimal SNR is a poor surrogate for detectability even
when pope ~ 100. Furthermore, employing a very large template bank with millions of templates in a
realistic search increases the coverage of parameter space but also broadens the distribution of recovered

source parameters. This wider recovered space tends to yield less accurate SNR time series for use in &2,
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Figure 2.6: Role of signal strength in the detectability of lensed GW. The panels show the distribution
of simulated events from the second injection campaign described in Table 2.1, plotted as a function of
the matched-filter SNR p and the signal-consistency statistic £2/p? defined in Eq. 1.49. The color scale
indicates the false-alarm rate. An event is classified as a significant GW candidate when its false-alarm rate
lies below 3.85x 1077 Hz (1 in 30 days), marked by the red tick. Circular markers denote events above this
detection threshold, while triangular markers denote events below it. The upper panels show nonlensed
injections. The lower panels show lensed injections with impact parameter y = 0.01 and redshifted lens
mass My, = 10° M: the left panel corresponds to a source distance of 125 Mpc, the middle to 625 Mpc,
and the right to 1250 Mpc. These results demonstrate that GWs with strong wave-optics effects are less
detectable at smaller source distances, where the SNR is higher, because the distortion drives up £ and
causes such events to be down-ranked in matched-filtering searches.

degrading the reliability of the statistic and further complicating detectability assessments. The outcomes
of this first injection campaign therefore also support the use of a smaller, carefully chosen template bank

in detectability studies.

A fully comprehensive explanation of the biases in the recovered parameters for lensed injections would
require a detailed, template by template analysis of the response, including inspection of the SNR and &2
time series for individual events. Such an investigation would be computationally intensive and is left to

future work.

2.3.2 The role of the signal strength

Figure 2.5 contrasts the recovered chirp mass M. and effective spin y.g for nonlensed injections at 125
Mpc (blue) with strongly-lensed injections at 125 Mpc (purple), 625 Mpc (orange), and 1250 Mpc (green).
At every distance, the lensed sets show clear departures from the nonlensed distributions, demonstrating

that strong wave-optics effects significantly reduce the accuracy of recovered source parameters once
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detector noise is included. As the luminosity distance increases, the discrepancy between lensed and
nonlensed distributions shrinks, indicating that in noisier data matched-filtering searches becomes less
sensitive to large waveform mismatches and therefore suffers a smaller loss in matched-filter SNR than in

the first campaign with very loud signals.

Figure 2.6 compares detectability for nonlensed injections (upper panels) and for lensed injections with
y =0.01 and M, = 10° M, (lower panels) at 125 Mpc (left), 625 Mpc (middle), and 1250 Mpc (right).
For nonlensed injections, increasing distance systematically lowers the SNR and raises &, with 17, 020,
12,878, and 6,217 injections recovered at 125, 625, and 1250 Mpc, respectively. In contrast, the lensed
injections exhibit the opposite trend: as the distance grows and the intrinsic SNR decreases, a larger
fraction of lensed signals is recovered with higher matched-filter SNR than in the corresponding nonlensed

case, showing that the SNR loss caused by lensing distortions is partially mitigated in noisier backgrounds.

For the lensed sets at all distances, detectability is controlled primarily by the behavior of the signal
consistency statistic rather than by SNR itself. Elevated false-alarm rates are driven mainly by large £
values produced by lensing induced waveform distortions, with only a weak dependence on the actual
SNR. As aresult, only 1, 8, and 13 lensed injections are recovered at 125, 625, and 1250 Mpc, respectively,
despite magnification. This campaign therefore shows that matched-filtering searches tend to reject signals
that deviate strongly from the template family more aggressively at higher SNR, so improved detector

sensitivity does not automatically translate into better detectability for strongly distorted lensed signals.

2.3.3 General picture of detectability of lensed GWs in matched-filtering searches

These results summarize how lensing across a broad parameter range alters matched-filter SNR, &2, and
false-alarm rate, and why optimal SNR alone mischaracterizes detectability. The discussion explains
where lensing reduces SNR, how &2 responds, and which lens parameters most strongly degrade detection

performance.

Figure 2.7 displays the ratio of matched-filter SNR for lensed versus nonlensed injections together with
the corresponding & values and false-alarm rate across the (y, My,) plane. In contrast with naive optimal
SNR expectations, which would suggest pr /onL > 1 everywhere, the upper left panel reveals a purple
region where pr /onL < 1. This arises from the competition between lensing induced waveform distortion,
which biases parameter recovery and suppresses the SNR, and lensing amplification, which boosts the
amplitude and hence the SNR. The purple band therefore marks the part of parameter space in which
parameter recovery errors dominate over magnification, and it coincides with the region where the match

satisfies M < 0.75 in Fig. 2.1, hinting at a connection between match and recovery bias.

Outside this region, the SNR ratio agrees well with optimal SNR predictions, corresponding to the domain
in Fig. 2.1 where amplification dominates over parameter recovery errors. Comparing the upper left and
upper right panels of Fig. 2.7 shows that the area with pr /ont, < 1 shrinks as the source distance increases.
This trend matches the second injection campaign: at very high SNR around p ~ 100, lensing distortion
strongly degrades recovery, whereas at lower intrinsic SNR around p ~ 10, background noise partially

masks the distortion, leading to a smaller effective SNR loss.

The middle left panel of Fig. 2.7 shows how &> varies with (y, My ,) at 125 Mpc. Regions with strong
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Figure 2.7: Detectability of lensed GWs. The panels show the distribution of simulated events from the
third injection campaign described in Table 2.1, plotted in the plane of impact parameter y and redshifted
lens mass Mp,. From top to bottom, the color scale represents the ratio of the lensed matched-filter
SNR py to the nonlensed SNR pn, the signal-consistency statistic £2/p? defined in Eq. 1.49, and the
false-alarm rate. An event is classified as a significant GW candidate when its false-alarm rate is below
3.85x 1077 Hz (1 in 30 days), indicated by the red tick. The source distances shown from left to right are
125, 625, and 1250 Mpc. These results show that a substantial region of the lens-parameter space fails to
satisfy the false-alarm-rate threshold, even where the SNR is high, because strong wave-optics effects
increase the signal-consistency statistic and cause events to be down-ranked in matched-filtering searches.

wave-optics effect exhibit large £ values, and these regions overlap closely with those where pp /pnL < 1
in the upper panel. This overlap indicates that the same parts of parameter space are responsible both for
SNR suppression and for inflated £2, and hence for higher false-alarm rate. As the distance increases, £
generally grows because of stronger background noise, illustrating how noise can partially hide waveform
distortions while still worsening the overall ranking statistics.

The bottom left panel of Fig. 2.7 confirms that regions with large false-alarm rate coincide with areas of
reduced SNR and elevated £> seen in the upper and middle panels. This correlation demonstrates that
SNR loss and increased £> due to strong wave-optics effect act together to render lensed signals difficult
to detect. Moving from the bottom left to the bottom right panels, the fraction of lensed injections with
false-alarm rate above threshold increases overall, as weaker signals in noisier data produce less significant
ranking statistics once p, €2, and the other terms in Eq. 1.51 are combined. At the same time, the area

with extremely large false-alarm rate shrinks with distance, in line with the SNR and £? trends.

The third injection campaign leads to several key conclusions. First, optimal SNR based analyses miss the

substantial SNR loss generated by lensing distortions combined with signal consistency tests, especially
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in wave-optics regimes. As a consequence, lensing studies and rate estimates that rely only on optimal
SNR tend to overestimate detectability for strongly-lensed signals. Second, despite an overall drop in
detectability, signals that deviate most strongly from nonlensed templates are, somewhat counterintuitively,
more easily recovered at lower intrinsic SNR because background noise partially mitigates the impact of
waveform mismatches on the ranking statistic. This implies that improved detector sensitivity does not
automatically translate into better recovery of strongly-lensed events. Finally, Fig. 2.7 underscores the
need for dedicated lensed waveform template banks and points to the specific regions in (y, My ;) space

that are most important for future template construction, particularly in the point mass lens scenario.

2.4 Conclusions

This work shows that the detectability of new classes of GW signals in matched-filtering searches
depends sensitively on both template completeness and the detector noise background. When key
physical effects are absent from the template bank, the resulting waveform mismatches can severely
suppress detection efficiency. A prime example is gravitational lensing in the wave-optics regime, where
interference induced beating features distort the waveform morphology in ways not captured by nonlensed
templates [26]. Optimal SNR is often used as a proxy for detectability in this context, but it ignores
the possibility that detector noise can mimic or deform real signals. For this reason, modern search
pipelines incorporate additional statistics, such as signal consistency tests, to reject noise artifacts, making
an accurate characterization of the noise background essential for assessing the astrophysical nature of
candidates.

In this study, the detectability of lensed GW signals is examined systematically for the first time using a
state of the art matched-filtering search pipeline that includes realistic ranking statistics and real detector
noise. Simulated lensed signals are injected into data containing actual noise and are recovered with the
time domain matched-filtering search pipeline GstLAL [23, 41, 147, 148]. Three injection campaigns
are carried out to quantify detectability. The first two isolate, respectively, the roles of lensing and
intrinsic signal strength, while the third maps detectability across the lens parameter space. In the first
two campaigns, nonlensed template banks can recover lensed, magnified signals with higher matched
filter SNR for a fixed impact parameter, across a range of lens masses and source distances. At the same
time, a non negligible fraction of lensed signals suffers significant SNR loss because the search pipeline
recovers biased source parameters, and this fraction grows with both the strength of lensing amplification
and the intrinsic SNR. A striking case arises for strongly magnified, distorted signals with y = 0.01 and
My, = 10° M, at 125 Mpc: although the nonlensed SNR is of order 100, many events are recovered with
matched filter SNR below 10.

The autocorrelation-based signal-consistency statistic £ plays an equally crucial role in governing
detectability. When lensed signals are searched using an nonlensed template bank, strong waveform
distortions drive &2 to large values, causing it to dominate the ranking statistic. The combined effect
of SNR loss and elevated &% can boost the false-alarm probability by many orders of magnitude. For
example, the detection efficiency at 125 Mpc drops from about 90% in the nonlensed case to below 1% for

y = 0.01 and My, = 10° M. These effects lie entirely outside the reach of optimal SNR based analyses
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and demonstrate that lensed GWs are generally less detectable in matched-filtering searches than optimal
SNR thresholds would suggest. Despite the drop in detection efficiency of lensed GWs in a time-domain
matched-filtering search pipeline GstLAL, other frequency domain matched-filtering pipelines, such as
PyCBC [149], MBTA [150, 151] and TAS-HM [152]

The third injection campaign shows that lensed signals in the wave optics regime, which produce the
largest waveform distortions, deviate most strongly from optimal SNR predictions. This identifies the
wave optics regime as the parameter space region where lensing has the most severe impact on detectability
and thus where dedicated lensed template banks are most urgently needed. Motivated by these findings,
several strategies for detecting lensed GWs are proposed. First, matched-filtering searches that employ
lensed template banks are required to robustly capture lensing signatures, especially in regions of strong
morphological distortion. Building such banks will demand new injection campaigns that sample the full
joint source—lens parameter space, as well as careful evaluation of the computational costs associated
with increasing the dimensionality of the bank. Second, coherent wave burst pipelines, which are largely
model independent, offer a complementary avenue [153]. Unlike template based matched-filtering search,
coherent burst methods can identify loud signals without assuming a specific waveform model, making
them potentially more sensitive to lensing induced modifications; targeted lensing analyses of candidates
found only by such searches provide an alternative route to discovering lensing signatures missed by

standard matched-filtering search pipelines.

The gap between detectability in full matched-filtering searches and predictions based solely on optimal
SNR has important implications for broader lensing studies. In particular, the detectability of lensed signals
in the wave dominated regime is substantially overestimated when nonlensed searches are approximated
using optimal SNR thresholds. Follow up parameter estimation efforts that seek wave optics signatures
necessarily draw from existing catalogs, which are unlikely to include strongly distorted lensed events,
leading to selection biases. Correcting these biases requires large scale injection campaigns that vary
both source and lens parameters to determine detection probabilities at the parameter estimation stage.
Likewise, lensing forecasts and constraints that rely on optimal SNR must be revisited. Current rate
estimates for lensed events and constraints on lens populations, especially compact dark matter lenses in
the wave dominated regime, typically use optimal SNR criteria [154, 76, 154, 47, 69, 74, 75, 155, 156, 80,
157]. Because they neglect the reduced detectability demonstrated here, these analyses tend to be overly
optimistic in parts of parameter space, and a comprehensive reanalysis based on full injection campaigns

is needed.

More generally, searches for new physics in GW data may require dedicated detection pipelines rather
than simple optimal SNR extrapolations. This study provides a concrete example in which optimal SNR
arguments fail once new physical effects. Here, gravitational lensing in the wave optics regime are absent
from the template bank. Missing physics alters both recovered source parameters and signal consistency
statistics, thereby degrading detectability even for intrinsically loud signals. The methodology developed
here is broadly applicable and can be extended to other forms of beyond standard waveform physics.
Future work will include additional injection campaigns targeting, for example, deviations from general
relativity, to explore how such effects modify detectability in the presence of realistic noise. These studies

will help clarify the interplay between detector noise and unmodeled physics in matched-filtering searches
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and may guide the design of more robust detection strategies for a wide range of novel GW signals.
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Chapter 3

Discovering distorted gravitational waves
by lensing using deep learning

In the previous chapter, we demonstrated the difficulty of detecting lensed gravitational waves in search
pipelines. This highlights the need for lensing dedicated matched filtering searches and for placing greater
emphasis on results from coherent-wave burst searches. However, this challenge is not the final obstacle
to the discovery of lensed GWs in wave-optics regime. After a lensed GW candidate is identified in a
search, one must perform inference under both lensed and unlensed hypotheses to assess the statistical
evidence for lensing. Establishing robust significance typically requires thousands to millions of inference
evaluations in order to disentangle waveform systematics from noise fluctuation and to reach three sigma
or five sigma confidence. Using traditional sampling algorithm, which can require on ~ 50 CPU days, this
task becomes computationally prohibitive. To overcome this bottleneck and enable the discovery of lensed
GWs, this chapter introduces a simulation-based inference framework, DINGO-1ensing, that dramatically
reduces the computational cost of parameter inference and model comparison, while maintaining similar
accuracy with traditional sampling methods. As an application, we also utilize simulation-based inference

to throughoutly analyze GW231123 and assess the statistical significance.

This chapter is structured as follows: Setction 3.1 summarizes the current efforts of lensed GW inferernce.
Section 3.2 describes the lensed waveform model, network architecture, and the training setup with O5
sensitivity and for GW231123 analysis. Section 3.3 presents the verification of DINGO-1lensing and
details the GW231123 analysis. Section 3.4 summarizes our findings and discusses the implications for

future discovery of simulation-based inference in lensing analyses.

3.1 Current efforts of gravitational lensing inference

Confirming that a candidate event is lensed requires detailed scrutiny and sensitivity to subtle effects,
including noise fluctuations and waveform systematics [138]. Achieving a robust detection claim typically
involves simulating and analyzing very large GW event samples, often reaching into the millions. By
contrast, the fourth observing run produced a lensed candidate, GW231123 [131], which is investigated in

detail in a companion analysis [3].
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A central challenge for GW lensing studies is the substantial computational cost of performing Bayesian
inference on distorted signals using standard sampling schemes such as MCMC and nested sampling [24,
158]. This expense both constrains the ability to keep pace with the rapidly growing detection rate
expected from improved detector reach and makes comprehensive background estimation for lensing
searches extremely difficult. In particular, determining a lensing false-alarm rate would require millions
of nonlensed parameter estimation runs. To alleviate these issues, several alternative strategies have been
proposed that avoid conventional Bayesian inference [159, 160]. While these approaches can deliver
significant computational speedups, they generally do so at the cost of the full statistical interpretability

and robustness provided by traditional Bayesian methods.

Deep learning techniques have emerged as a powerful tool for rapid and accurate parameter estimation of
GW signals [158]. Unlike traditional Bayesian samplers, which require repeated waveform generation and
are therefore computationally expensive, neural networks are trained to learn the highly nonlinear mapping
from GW strain data to source parameters directly from large sets of simulated examples. Once trained,
these models can return full posterior distributions within seconds, achieving speedups of several orders
of magnitude while maintaining accuracy comparable to standard parameter estimation pipelines [161,
162, 163, 164, 165, 166, 167, 168, 169, 170, 171, 172, 173].

Recent work has begun to adapt deep learning methods for the rapid identification of strongly lensed GW
signals [174, 175]. In the wave optics regime, a range of architectures has been investigated, including
visual geometry group style convolutional networks [176], conditional variational autoencoders [177],
and neural spline flow based density estimators [160]. Reference [176] offers a proof of principle that
deep models can recognize lensing induced waveform distortions, while Reference [177] demonstrates a
substantial speedup in lens parameter inference relative to traditional Bayesian samplers. Building on this,
Reference [160] pushes the inference problem to an eleven dimensional parameter space. Nevertheless,
none of these approaches yet delivers rapid inference of the complete set of source parameters with

accuracy fully comparable to that of standard Bayesian sampling techniques.

The DINGO framework [56, 57, 58, 59, 60, 61, 62] is a state-of-the-art implementation of simulation
based inference for GW data using neural posterior estimation. By combining an embedding network
with normalizing flows, DINGO directly models full Bayesian posterior distributions conditioned on GW
observations, enabling rapid, high fidelity inference in high dimensional parameter spaces [57, 58].
Simulation-based inference alleviates the tension between computational speed and statistical rigor by
avoiding explicit likelihood evaluations; instead, neural density estimators are trained on large sets of
simulated data to learn the nonlinear mapping from observed strain to source parameters [178, 158].
Within this framework, DINGO offers a promising deep learning pathway toward fast and accurate inference
for lensed GW signals, retaining the key advantages of Bayesian posteriors while dramatically reducing

computational cost [57, 58].

Building on the simulation based inference framework DINGO, a new lensing inference pipeline, DINGO-1ensing'
has been developed to target lensed GW signals. This pipeline employs a flexible two image waveform

model for lensed signal generation that captures the most commonly studied wave optics lensing configu-

thittps://github.com/dingo-lensing/dingo-lensing
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rations [64]. By learning posterior distributions directly from simulated data, DINGO-1lensing sidesteps
the computational bottlenecks of traditional sampling based methods while retaining the statistical rigor
of standard Bayesian inference. This strategy offers a scalable and robust avenue for identifying and
characterizing lensed GW events in the face of rapidly growing detection rates. The verfication of

DINGO-lensing is presented in Section 3.3.1

GWTC-4.0 reports GW231123 as the most massive and highly spinning binary black hole detected so
far [55, 131], and it is also identified as the highest ranked single event lensing candidate in current LVK
searches [5]. The LVK’s detailed follow up finds GW231123 to be an outlier whose interpretation is
complicated by waveform systematics, potential noise artifacts, and low prior odds for strong lensing,
preventing a definitive conclusion. Independent analyses have reported strong support for lensing [132,
179], as well as alternative scenarios such as overlapping signals [179], but a fully robust, quantitative

significance for the lensing hypothesis has not yet been established in the literature.

The small number of observable cycles in very massive mergers like GW231123 makes multiple competing
explanations difficult to distinguish, as already seen for GW190521 [180, 181], which has been interpreted
in terms of eccentric binaries [182], dynamical captures [183], head-on Proca star collisions [184], and
primordial black hole scenarios [185]. Given inferred merger rate densities of order 0.1 Gpc™3, yr~!
for GW190521/GW231123 like events [131, 181], additional detections of this population are expected
in future observing runs, underscoring the need for robust inference frameworks that can both recover
source parameters reliably and quantify the statistical significance of competing physical interpretations,
including lensing.

In Section 3.3.2, DINGO-1lensing is used to carry out a comprehensive reanalysis of GW231123, quan-
tifying the statistical significance of the lensing hypothesis by training neural posterior estimators on
large ensembles of lensed and nonlensed simulations tailored to GW231123-like sources. The resulting
methodology and detection statistics provide scalable strategies for identifying and validating lensed GW

events in upcoming observing runs, where traditional samplers would be computationally prohibitive.

3.2 Methods

In this section, we detailed our waveform generation, lensed waveform model, training and how we obtain

the lensing Bayes factor.

3.2.1 DINGO-lensing

Neural posterior estimation is carried out using the simulation based inference framework DINGO, trained
on GW signals simulated with the detector sensitivity. The training assumes Gaussian, stationary noise
characterized by the fifth observing run amplitude spectral density for the LVK network [186, 187].
Glitches can violate these assumptions by introducing non Gaussian, non stationary features, and their

impact on the method’s performance will be explored in future work.

For waveform modeling, the analysis employs the inspiral-merger—ringdown phenomenological model

with higher modes and precession, IMRPhenomXPHM [188], as implemented in LALSimulation [145,
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189]. Signals are generated in the frequency band [20, 1024] Hz with a duration of 8 s. Our framework is
further extended to support numerical relativity surrogate waveforms, such as NRSur7dq4, which covers
[20, 512] Hz and is used in the companion analysis to GW231123 (See Section 3.3.2 and Reference [3]).

The intrinsic parameter set includes the detector frame component masses m; for i = 1,2, spin magnitudes
a;, and spin orientation angles (¢;, ¢12, ;) [188]. Additional extrinsic parameters are the inclination 6y,
sky location (right ascension and declination), polarization angle i, luminosity distance dp , geocenter

time of peak amplitude ¢, and the phase at the reference frequency, ¢..¢ evaluated at 20 Hz.

3.2.2 Lensed Waveform Model

In this work, we model GW lensing in the frequency domain using the weak gravity and thin lens
approximations, where the lensed signal is described by a frequency-dependent amplification factor
applied to the unlensed waveform. We focus on a two image interference model characterized by a relative
magnification and a time delay with a fixed phase difference, which captures the dominant wave-optics
effects relevant for point, fold, and many cusp lensing configuration. The detailed physical motivation and
the assumptions of this lensing model are discussed in Section 1.4.1.6. The lens model is implemented in

modwave forms.”.

3.2.3 Training setup of OS network

GW parameter estimation is performed with DINGO-1lensing, which builds on the simulation based
inference pipeline DINGO [56, 57, 58, 59, 60, 61]. In this framework, neural posterior estimation is used to
learn a conditional density g4(0|d) that approximates the exact Bayesian posterior p(8|d), where ¢ denotes
the trainable network parameters, £(d|0) is the likelihood, (@) is the prior, and Z(d) is the evidence.
Training is carried out on simulated, labeled pairs (0, d): source parameters 8 are drawn from 7(0), and
the corresponding strain data d are generated from £(d|@). In practice, each training example is obtained

by injecting a waveform () into stationary Gaussian noise n;, so that d; = h(6;) + n;.

The network architecture follows the design of Reference [59], with all hyperparameters kept fixed. In
brief, DINGO-1lensing employs a two-stage setup consisting of an embedding network and a density
estimator. The embedding network first compresses the raw strain time series into a 128 dimensional
representation using singular value decomposition, and this low dimensional embedding is then processed
by a fully connected network that parameterizes the approximate posterior density. The full model contains
on the order of 10® trainable parameters and about 107 fixed parameters, providing sufficient expressivity
to capture the complex, high dimensional GW posterior structure while allowing rapid inference once

training is complete [58, 57].

Training datasets are built from 5 x 10 simulated waveforms, with source parameters drawn from the
prior distributions listed in Table 3.1. The waveforms are stored in a singular value decomposition

representation, and 2% of the samples are reserved as an independent test set to evaluate performance.

A two stage training schedule is used, with hyperparameters listed in Table 3.2. In the first phase (Stage 0),

Zhttps://github.com/ezquiaga/modwaveforms
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Parameter Unit Prior for OS5 network Prior for GW231123 network | Injection

M. M, U(10, 100) U0, 180) 49.2
q Mg U(1/8,1.0) U(1/6,1.0) 0.79
m Mg C(5,150) C(1,1001) 63.6
ny Mg C(5,150) C(1,1001) 50.4
ai U(0,0.99) U(0,0.99) 0.28
a U(0,0.99) U(0,0.99) 0.45
12 U, 2m) U, 2m) 3.59
b1 sin (0, 7r) sin (0, 7r) 1.75
1)) sin (0, ) sin (0, ) 0.49
oL U, 2m) U, 2m) 5.38
6N sin (0, 7r) sin (0, 7r) 2.83
Oref U, 2m) U, 2m) 1.73
RA U, 2m) U, 2m) 3.01
DEC cos(—m/2,m/2) cos(—m/2,m/2) -0.13
v U, m) U, ) 2.63

te S U-0.1,0.1) U-0.1,0.1) —-0.0565
dr. Gpc U, 15) U 0.5, 10) 9.84
At S U0,0.1) U0,0.1) 0.031
Hrel Uu©o, 1 Uuwo, 1) 0.79

Table 3.1: The first four columns specify the prior distributions used for each parameter in the neural
posterior estimation training set, where U denotes a uniform prior and C indicates that the parameter is
restricted to the quoted interval. The final column lists the injected parameter values employed to evaluate
the accuracy of DINGO-1lensing and bilby in Figs. 1.5 and 3.4.
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Training setting Stage 0 Stage 1

Layers SVD layer frozen All layers unfrozen
Epochs 300 150
Optimizer Adam [190] Adam
Learning rate 7% 1073 1x107
Scheduler Cosine scheduler [191] Cosine scheduler
Batch size 4096 4096
Temperature 300 150

Purpose Stabilize early training  Fine-tuning for accuracy

Table 3.2: Summary of the two-stage neureal posterior estimation training scheme.

the singular value decomposition layer is frozen, and it is only unfrozen during the subsequent fine tuning
phase (Stage 1). Both the lensed and nonlensed neural posterior estimation networks are optimized under
this two-stage scheme. In Stage 0, the model is trained for 300 epochs with the Adam optimizer [190],
using a learning rate of 7 X 107> together with a cosine learning rate schedule [191]. During Stage 1, all
layers are made trainable and the model is further fine tuned for 150 epochs with a reduced learning rate
of 1 x 107>, In both stages, a batch size of 4096 is used, with temperatures of 300 and 150, respectively.
This staged procedure enhances optimization stability in the early phase and enables the network to refine

the learned embedding, which in turn yields more accurate posterior estimates.

Model performance during training is monitored via a loss function that quantifies the mismatch between
the predicted and target probability distributions. Concretely, the loss is given by the negative log
likelihood associated with the forward Kullback—Leibler divergence between the exact posterior p(0|d)
and the neural approximation ¢4(8|d)[57]. Minimizing this objective encourages the model to reproduce
posteriors that are consistent with exact Bayesian inference. Optimization proceeds epoch by epoch,
updating the parameters ¢ with stochastic gradient descent—based methods until convergence, as depicted

in Fig. 3.1.

Additional training setups with modified batch sizes, temperatures, and learning rates were also investi-
gated. Although the validation results in Section 3.3.1.2 focus on the configuration given in Table 3.2,
changes in batch size and temperature were found to have only minor effects on performance. In con-
trast, using a smaller learning rate improves training stability and leads to better performance when the

luminosity distance range is extended.
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3.2.4 Training setup of GW231123 network

The network architeture for GW231123 network follow Section 3.2.3 and only the difference is detailed

in this section.

Neural networks are trained using the numerical relativity surrogate waveform model NRSur7dq4 [192],
over the frequency band [20, 512] Hz and an analysis duration of 8 s. Among available waveform models,
NRSur7dqg4 yields the lowest mismatch against numerical relativity simulations tailored to GW231123
like systems, and the starting frequency is set to 0 Hz so that the model generates the signal as early before
merger as allowed by the waveform length.

The networks are trained over chirp masses in [30, 180]My, mass ratios in [1/6, 1], and luminosity
distances in [0.5, 10] Gpc, with the remaining source parameters drawn from the priors in Section 3.2
(See the fourth column in Table 3.1), but with extended bounds on the component masses to encompass
GW231123. An average LIGO noise power spectral density around the epoch of GW231123 is used to

generate Gaussian noise realizations for training [193].

3.2.5 Importance Sampling

To recover accurate posterior estimates without having to retrain the neural network for every change
in the likelihood configuration, DINGO uses an importance sampling correction step applied after the
neutral posterior estimation stage [61]. Given a trained model that provides an approximation g4(6|d) to
the posterior over source and lensing parameters 8 conditioned on the data d, samples drawn from this
approximate distribution are subsequently reweighted to reconstruct the desired posterior associated with
a specified likelihood p(d|@) and prior p(6).

The corrected posterior is obtained using the standard importance reweighting relation:

p(d|8)p(6)
0ld) « ————. 3.1
p(0ld) 700 3.1

Given a set of N samples 0ii = 1V drawn from the approximate posterior distribution q(01d),

_ p(d16) p(6)) 5o Wi
q4(0ild) Z?’:I w;

) (3.2)

where @; are the normalized weights satisfying ), @; = 1. The expectation value of any function f(8)

with respect to the target posterior can then be estimated as

N
E,[f(O)] ~ > i (). (3.3)

i=1

In practice, the importance weights are computed using the likelihood function provided by bilby, which
guarantees consistency with the detector noise model and with the specific data segment employed for

parameter estimation. This procedure allows the neural posterior to accommodate moderate discrepancies
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between the simulation-based training distribution and the true data likelihood without retraining the
network. The quality of this reweighting step is characterized by the sampling efficiency, which quantifies

how well the weighted samples approximate the target posterior distribution,

1 (%)
oL

=N Ziﬁiiz , (3.4)

which characterizes the effective number of posterior samples that substantially contribute to the weighted
estimate. In our applications, the efficiency € generally remains at or above a few percent, showing that

the learned posterior is sufficiently close to the true distribution to permit reliable importance reweighting.

3.2.6 Lensing Bayes Factor

To evaluate how strongly the data support the lensed hypothesis over the nonlensed hypothesis, the analysis
considers the Bayes factor, defined as the ratio of the Bayesian evidences (marginal likelihoods) for the

two competing models.

p(dIHL)

—_—, 3.5
P(dHL) )

10g 10 Blens =

The Bayesian evidence associated with each hypothesis is computed via importance sampling. In this
scheme, samples are drawn from the neural posterior estimator and then reweighted by the ratio of the
true likelihood to the approximate network likelihood, following the procedure of [61]. This approach
permits an efficient and unbiased estimate of the marginal likelihood, without the need to perform an
explicit integration over the entire parameter space. Separate lensed and nonlensed models are trained
to perform posterior inference for each hypothesis, using the training setup and validation methodology

outlined in the preceding sections. The validation of the nonlensed network is presented in Chapter 6.1

3.3 Results

This section presents the verification of DINGO-1ensing through an evaluation of its training performance
and network validation, followed by applications to the detectability of lensed GWs in inference and an
in-depth analysis of GW231123 using DINGO-1lensing.

3.3.1 Verification of DINGO-lensing

In this section, the training results of the lensed network are presented and its performance is evaluated
through a series of validation tests. Representative corner plots are also compared against bilby posteriors,

demonstrating that DINGO-1lensing accurately recovers point lens injections.
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Figure 3.1: The loss as a function of the number of training epochs of the lensed networks, shown for the
training set as dashed curves and for the testing set as solid curves.

3.3.1.1 Training performance

Figure 3.1 shows how the loss evolves as a function of training epoch for the model using O5 noises
(left) and targeted model for GW231123 (right). The training loss (dashed) and test loss (solid) remain
closely aligned throughout, indicating no signs of overfitting. The smoothness of both curves reflect stable
optimization behavior. The loss curve plateaus after roughly 300 epochs suggesting that the network is no
longer extracting additional information from the training set. The noticeable jump around epoch 300
coincides with the start of Stage 1 in the left panel, when extra layers are unfrozen. Training is terminated
at epoch 450, as no further improvement is observed. The entire training run takes about 10 days on a
single NVIDIA A100 PCIe GPU.

3.3.1.2 Network validation

Inference is carried out on 10° lensed injections generated from the trained model, drawing 10* posterior
samples per injection from the lensed network. The reference phase is then reconstructed following [61].
Figure 3.2 presents the corresponding probability—probability plot, built directly from the posteriors
produced by the lensed network without applying importance sampling. The diagonal line indicates
perfect calibration, where x percent of true parameters lie within the x percent credible intervals of the
inferred posteriors. The colored curves for individual parameters closely trace this diagonal, showing
that the network produces well calibrated posterior distributions. This calibration demonstrates that the
sampling scheme behaves as intended, a conclusion further supported by the Kolmogorov—Smirnov test
p values listed in the legend [194]. The modest deviations seen for the lensing parameters Af and g

remain within the expected three sigma statistical fluctuations, indicating robust performance even in the
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Figure 3.2: Probability—probability plot for the lensed neural posterior estimation models, constructed
from 10° lensed injections without applying importance sampling. For each injection, a posterior is
drawn from the model and the percentile rank of the injected parameter is computed. Each colored curve
represents the cumulative distribution function of a given parameter, as indicated in the legend. The
corresponding Kolmogorov—Smirnov test p values are also listed in the legend.

presence of lensing.

Figure 3.3 illustrates the distribution of sampling efficiencies € after importance sampling is also ana-
lyzed. These efficiencies cover a wide range from roughly 10™ to 0.1, with no apparent dependence
on either the binary or lensing parameters. The effect of sampling efficiency on the Bayes factor is
additionally investigated, revealing good consistency between DINGO-1lensing and bilby for € > 107
(See Appendix 6.2).

3.3.1.3 Comparison with traditional parameter estimation methods

Figure 3.4 displays a corner plot comparing posterior distributions inferred with DINGO-1ensing, shown
as solid blue curves, to those obtained with the reference bilby pipeline, shown as dashed gray curves,
for a representative lensed injection with a network SNR of 16.18 at OS5 sensitivity. The source parameters

and priors used in the bilby run are summarized in Table 3.1.

The one and two dimensional marginalized posteriors agree closely between DINGO-1lensing and bilby
for both intrinsic parameters, such as M., g, and a; », and extrinsic parameters, such as dr, 6y, and .
This shows that the neural posterior estimator reproduces the results of full Bayesian inference while
requiring substantially less computation. The injected values, marked by solid gray lines, lie within the
68% credible regions (dark blue) and 95% regions (light blue), and the sampling efficiency is 2.3%. The
Bayes factors obtained with bilby and DINGO-lensing are logq Biens = 19.0 and 18.9, respectively,

consistent within statistical uncertainties, confirming that DINGO-1ensing can robustly evaluate the
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Figure 3.3: Distribution of the sampling efficiencies € of 10° lensed injections for the lensed network.
10° samples are drawn for each injections The top panel shows the histogram of log;,(€), with most
samples distributed between 10™* and 10~'. The middle panel illustrates the dependence of € on the
source parameters, where each point represents an injection colored by log,,(€) in the (M., dr) plane. A
weak trend is observed in which higher M. and larger d; correspond to an improved sampling efficiency.
The bottom panel shows the variation of € with the lensing parameters (At, u1), indicating no strong
correlation but a broad spread consistent with the added complexity of the lensing parameter space.
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Figure 3.4: Posterior distributions for a representative injection inferred with DINGO-1lensing using the
05 model, shown as solid blue curves, and with bilby, shown as dashed gray curves. The two methods
provide mutually consistent posteriors and both well recover the injected parameter values, indicated by

the solid gray lines and listed in Table 3.1.

lensing hypothesis while reducing the total inference time to about 40 seconds.
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3.3.1.4 Recovery of GWs diffracted by point lenses

To assess how accurately the geometrical optics approximation captures lensing induced distortions in
GW waveforms, inference is performed on a lensed signal produced by a point-mass lens. In this setup,
the amplification factor has a closed form expression that depends on the redshifted lens mass My, and
the impact parameter y [26]. A point-mass lens invariably generates two images and also gives rise to
diffraction effects, which are not explicitly represented in the parametrization of interfering chirps in

stationary phase approximation and overlaping chirps.

In practice, the lensed waveform is generated using the point-mass lens implementation in modwaveforms,
which follows the formulation of Reference [92]. Recall in Section 1.4.1.5, the lens mass and impact
parameter map uniquely onto the effective lensing observables in geometrical optics limit, the relative
time delay and relative magnification between the two images, allowing a direct comparison between the

full point lens model and the simplified two image description.

4GM,
At = ——FAT(y), (3.6)
P
YV +4 - +2)
Mrel = > (3.7)
yVyr+4+ @ +2)
where the dimensionless time delay is determined by the impact parameter
1 y—yr+4
AT(y) = zy+Jy*? +4 —In|———| . (3.8)
2 y— NP +4

The time delay scales linearly with the lens mass. For a lens with M, = 100M,, the characteristic delay
is of order 4GMj ,/c> ~ 2, ms. In the limit y — 0, the two images approach equal magnification (e — 1)

and the time delay tends to zero, At — 0.

Figure 3.5 shows the probability-probability plot used to assess the calibration of posterior inferences for
the lensing parameters At and ., constructed from 103 simulated GW signals lensed by a point-mass,
with 10* samples drawn from the lensed network for each injection. The simulated events are generated by
sampling lens masses uniformly between S00M and 1500M¢ and impact parameters uniformly between 0
and 1.5. This choice guarantees that the resulting time delays remain below 0.1, s, matching the maximum
delay represented in the training set. Because the signal durations always exceed 0.1, s, these injections

probe the wave-optics regime [66, 26].

Each curve displays the cumulative fraction of true parameter values contained within the nominal
credible intervals, compared against the ideal uniform expectation shown as a black dashed line. The
light gray band indicates the expected 3o statistical variation for a perfectly calibrated inference under
the null hypothesis. Although the curves for both Ar and pe exhibit mild excursions beyond the 30
region, these deviations are small and do not point to significant systematic biases. The corresponding
Kolmogorov—Smirnov test p values are listed in the legend. Taken together, these results show that, even

when recovering point-mass—lensed signals within the geometrical optics approximation, the inferred
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Figure 3.5: Probability—probability plot showing the calibration of the posterior distributions for the
lensing parameters At and e using the O5 model, obtained from 10° simulated point-mass—lensed GW
injections. Each curve represents the cumulative fraction of true parameter values contained within a
given credible level, compared against the ideal uniform expectation indicated by the black dashed line.
The light gray band marks the expected 3o statistical fluctuations for a perfectly calibrated inference.
The analysis recovers signals generated with a point lens model in the geometrical optics regime and
demonstrates accurate reconstruction of both the time delay and relative magnification distributions.

posteriors remain well calibrated and any residual systematics are negligible compared to statistical

fluctuations.

To further illustrate the quality of individual recoveries, we highlight a representative lensed signal
with a duration of roughly 0.1s. Figure 3.6 shows a subset of the full seventeen dimensional corner
plot, demonstrating the recovery of a lensed GW signal within the DINGO-1ensing framework for a
point-mass lens with M, = 900M, and y = 0.3. A total of 10° posterior samples are obtained from the

lensed network using importance sampling.

The two dimensional posterior distributions place tight constraints on the lensing parameters, indicating
that the model successfully captures the distortions induced by the lens. The inferred values At =
10.47 + 0.57ms and ure] = 0.6 £ 0.17 are in good agreement with the geometrical optics expectations
of At = 11ms and p; = 0.5. This consistency shows that the geometrical optics approximation can
accurately reproduce the effective lensing signatures encoded in the waveform, even when the signal lies

in the wave-optics regime.

This demonstration does not rely on a fully self consistent point lensed source model for parameter
estimation. Although such models are analytically tractable, they omit finite source effects and frequency-
dependent interference, which become important outside the strict geometrical optics limit. Instead, the
aim here is to validate the ability of the DINGO-1lensing network to recover the effective observables

At and pe that characterize lensing distortions within this approximation. A direct comparison with a
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Figure 3.6: The injection corresponds to a point-mass lens with M, = 900M and y = 0.3. The inferred
values by the O5 lensed model, At = 10.47 + 0.57ms and u; = 0.66 = 0.17, are consistent with the
geometrical optics predictions of Ar = 11 ms and uy = 0.5. This agreement demonstrates that the
geometrical optics approximation can accurately reproduce lensing induced waveform distortions.

full Bayesian recovery using bilby is not performed, both because of the substantial computational cost
and because such analyses have already been presented elsewhere [136, 195]. This test therefore offers a
controlled and efficient validation that the network reproduces geometrical optics predictions with high
fidelity.

3.3.1.5 Detectability of lensed gravitational waves in inference

DINGO-1lensing is used to quantify how detectable gravitational waveform distortions from lensing are
in a fiducial Hanford-Livingston O5 detector configuration. A large ensemble of lensed and nonlensed
signals is simulated by drawing sources uniformly in comoving volume between 1 Gpc and 15 Gpc, with
chirp masses between 30 and 60 M, mass ratios g > 0.3, and all remaining parameters sampled from the
same fiducial distributions adopted for network training. The reference trigger GPS time is fixed to 100 s
with a uniform jitter of £0.1 s, and only events with network SNR greater than 8 are retained. For each
sampled parameter set, a frame file is produced and detector strain data are generated by injecting the
signal into Gaussian noise consistent with the assumed noise power spectral density, after which each
frame is analyzed by both the lensed and nonlensed networks to compute the lensing Bayes factor via
importance sampling. This simulation pipeline is validated against bilby for events covering a range
of sampling efficiencies, as described in Appendix 6.2, and the Bayes factors from DINGO-1lensing and
bilby are found to agree for € > 107*, a value adopted as a conservative lower efficiency threshold in the

analysis.

Lensing candidates are identified using both the lensing parameters themselves and summary statistics
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Figure 3.7: Distribution of the lensing Bayes factors log;, Biens and the distance from the nonlensing
hypothesis Dyponiens for the set of 2,561 lensed and 10,858 nonlensed simulated events analyzed using the
OS5 network.

derived from their posteriors. A direct approach is to inspect the posterior samples in the (A, ) plane,
where significant deviations away from (0, 0) already signal tension with the nonlensing hypothesis. To
quantify this, a Gaussian distance from the point (0, 0) is computed following Reference [196], defining
the distance away from the nonlensing hypothesis, Dnonlens, Normalized by the posterior uncertainties so
that well constrained, clearly offset posteriors yield larger Dponiens Values and typically satisfy Dyontens = 1

=~

because both parameters are bounded below by zero.

Figure 3.7 compares the distributions of Dyeniens and the lensing Bayes factor Bieps for 2,561 lensed
and 10,858 nonlensed simulations, showing that the two statistics are strongly correlated, with lensed
simulations producing a pronounced high—Dxntens, high—Bieys tail, while nonlensed simulations occupy a
much narrower range in both quantities. The Bayes factor distributions are examined in more detail in
Fig. 3.12 using complementary cumulative distribution functions, where lensed simulations preferentially
yield large Bayes factors, with 53% exceeding 5, but the significance of any single candidate must still be
evaluated against a background distribution under the nonlensing hypothesis, motivating the calculation

of a false alarm probability, as done in previous DINGO background studies (e.g., for eccentric signals).

Within the simulated background, only 2% nonlensed events favor lensing with Bjeps > 0, but the
background distribution depends sensitively on the assumed source population. As illustrated in Fig. 3.12,

nonlensed systems with higher chirp masses of [30,40]M, are more likely to mimic lensing signatures
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Figure 3.8: Complementary cumulative distribution function of lensing Bayes factors Blens for simulated
lensed and nonlensed events at O5 sensitivity. Solid curves correspond to events with chirp masses in
the range [30,40] M, while dashed curves correspond to [40,60]M. For each chirp mass range, dotted
curves indicate the subset of events with both component dimensionless spin magnitudes smaller than 0.5.

than those of [40,60]M. In addition, restricting to nonlensed simulations in which either component
has a dimensionless spin magnitude above 0.5 further increases the false alarm rate, consistent with the
expectation that highly spinning systems with stronger precession and shorter signal durations are more

prone to resemble lensing induced waveform distortions by chance.

3.3.2 GW231123 analysis with DINGO-lensing

In this section, we perform a detailed analysis to GW231123, an event with the highest support to
GWTC-4.0 by assessing the statistical significance of lensing. Training and validation of lensed and
nonlensed GW231123 network are discussed in Section 6.4 and 6.5 respectively. We further discuss the

strategiesstrategies of utilizing DINGO-1ensing for future lensing discovery.
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Figure 3.9: Source characterization of GW231123 under the lensed hypothesis using DINGO-1ensing
(blue) and under the nonlensed hypothesis using DINGO (green). The posterior distributions obtained
with DINGO-1lensing and DINGO are consistent with those recovered using bilby. All quoted credible
intervals correspond to the DINGO-1ensing inference.

3.3.2.1 Statistical signficance of lensing

To quantify the statistical significance of the apparent preference for lensing in GW231123, a population
of GW231123-like events is simulated with component masses chosen such that the chirp mass lies
between 90 and 160, M, mass ratios between 0.2 and 1, and luminosity distances distributed uniformly
in comoving volume from 0.6 to 8, Gpc, within the sensitive range of the current detector network. Spin
magnitudes are drawn up to 0.99 with isotropic orientations, and only events with Hanford—Livingston
network signal to noise ratio greater than 8 are retained. Within this simulated background, many
nonlensed events nonetheless produce lensing posteriors whose support extends away from zero, as
illustrated for a representative subset in Fig. 3.10, reflecting the self similarity of short duration, high mass

signals that can mimic lensing distortions.

The distance of the lensing posteriors from zero in the (At, u..1) plane serves as a preliminary indicator

of lensing and can be evaluated extremely quickly using neural posterior estimation, typically within
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Figure 3.10: Inference for the lensing parameters. The filled contours show the results for GW231123,
while the unfilled contours correspond to nonlensed simulations of comparably massive binaries.

a few seconds per event, enabling large ensembles of GW231123-like simulations to be analyzed for

significance studies.

In many simulations the recovered At shows a multimodal structure, with peaks separated by roughly the
characteristic period of the waveform near merger. This behavior reflects the self similarity of very short
signals like GW231123, where only a few cycles are observable and time shifts by one period can produce
waveforms that remain highly correlated. Figure 3.11 illustrates this effect for GW231123 by comparing
the whitened best fit lensed waveform, the corresponding unlensed waveform obtained by dividing out
the lensing amplification, and a nonlensed waveform fitted under the no lensing hypothesis, all whitened
using the Hanford noise power spectral density for the event. The inferred time delay between the two
chirps, At = 22, ms, is consistent with the instantaneous waveform period near merger at the reference
time ., highlighting the degeneracy between lensing induced delays and periodic self similarity in such

short signals.

The Bayes factor for GW231123 is evaluated against a background of 70,000 GW231123 like nonlensed
simulations, whose complementary cumulative distribution function is shown in Fig. 3.12. In this
background, 8% of nonlensed events favor lensing with Bye,s > 0, and the distribution exhibits a long tail
toward large Bayes factor values, placing GW231123 at a false-alarm probability corresponding to 4o

under the nonlensing hypothesis.

This is contrasted with a set of 1,000 GW231123 like lensed simulations, within which 58% of events
produce a Bayes factor larger than that measured for GW231123. Even though short, very massive

mergers like GW231123 make it intrinsically challenging to reach high detection significance, the same
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Figure 3.11: Whitened best fit lensed (solid), unlensed (dashed), and nonlensed (dotted) waveforms for
GW231123. The inferred time delay between the two chirps, At, is consistent with the instantaneous
waveform period near the reference time.

population study indicates that about 40% of genuinely lensed simulations would favor lensing with a
significance above 507, demonstrating that such strong detections are achievable in principle for similar

events.

3.3.2.2 Detection strategies of lensing using deep learning

The analysis of GW231123 serves as a testbed for designing detection strategies for lensed gravitational
waves. A two step workflow is envisaged, beginning with a fast identification stage in which networks
are trained on average detector configurations and representative source populations, providing a flexible

machine learning model that can rapidly flag promising lensing candidates for follow up.

Within this first stage, DINGO-1lensing can identify candidates either by checking whether the lensing
posteriors in (At, u)) are clearly displaced from zero, as in Fig. 3.10, or by computing the lensing Bayes

factor and comparing it to simulated background distributions, as in Fig. 3.12.

A second, focused stage involves training dedicated networks on the most significant candidates, as
demonstrated here for GW231123, to capture event specific features such as detector noise nonstationarity,
waveform systematics, network configuration, and data quality issues. Multiple such focused networks can
be trained under different modeling assumptions, providing tailored background distributions needed to
assess the statistical significance of individual lensed candidates, while retaining the orders of magnitude

computational speedup of DINGO-1lensing over traditional parameter estimation for both training and
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Figure 3.12: Complementary cumulative distribution function of the lensing Bayes factors Bjepg for
simulated GW231123 like events. The lensing Bayes factor of GW231123, xxx, is marked by the vertical
dashed line. The shaded band represents the Poisson uncertainty given by 1/ VN. Short vertical markers
denote the Bayes factors of the representative examples shown in Fig. 3.10.

inference.

The statistical significance of lensing induced waveform distortions can be even higher in scenarios where
strong lensing produces multiple observable images of the same source, particularly when some images
show additional distortions that are difficult to mimic with alternative effects. Such configurations are
expected for populations of microlenses [73, 47] or compact dark matter subhalos located near critical
curves [117], where interference and diffraction signatures in GWs provide sensitive probes of small scale

structure.

3.4 Conclusions

In this chapter, we present DINGO-1ensing, a simulation-based inference framework that enables rapid
and precise parameter estimation of gravitationally lensed GW signals through deep learning. By directly
learning the posterior distribution from simulated datasets, DINGO-1ensing bypasses the severe compu-

tational demands of conventional Bayesian sampling, while maintaining full statistical interpretability.
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3.4.1 Inference of distorted gravitational wave with DINGO-lensing

We train neural posterior estimators on a dataset of 5x 10° simulated waveforms, building separate models
for lensed and nonlensed signals that yield well-calibrated posterior distributions. Their performance is
validated through probability—probability plots and direct comparisons with standard Bayesian parameter
estimation using bilby [52]. Across intrinsic, extrinsic, and lensing parameters, the models show
remarkable consistency with traditional methods, achieving speedups from weeks to mere tens of seconds

per event.

Networks trained at LIGO design sensitivity demonstrate the framework’s capabilities. We show that
lensing parameters are recovered with high fidelity, with typical uncertainties in lensing time delays
on the order of milliseconds. In our fiducial two-image lens model featuring overlapping chirps, the
method successfully reconstructs gravitational waves diffracted by point-mass lenses. To evaluate event
detectability, we generate and analyze thousands of simulated lensed and unlensed signals, estimating
their inferred lensing Bayes factors. For representative signals, the resulting Bayes factor distributions are

clearly separable, highlighting strong discriminative power.

However, we find that the significance of a potential detection depends sensitively on the reference
background population. In particular, when comparing to populations of heavier and more rapidly
spinning binaries, higher Bayes factors are needed to achieve the same false-alarm probability as for
populations dominated by lighter, slowly spinning binaries. A comprehensive detectability forecast

incorporating realistic population models will be addressed in future work.

The detection of lensed GWs demands scalable, statistically robust methods, and DINGO-1ensing con-
tributes at two complementary stages. First, it facilitates rapid candidate identification using networks
trained on average detector performance for a given observing run. Such models should cover a wide
range of binary masses, ensuring compatibility with diverse waveform durations and lensing time delays
short enough to produce a single distorted signal. Candidate selection can proceed either by (1) comparing
the inferred lensing posterior to the unlensed hypothesis (At = .1 = 0) or (2) computing the Bayes factor
via importance sampling between lensed and unlensed hypotheses, benchmarked against precomputed
background simulations. These background sets should incorporate both uniform priors and astrophysi-
cally motivated populations that include realistic source distributions and lensing optical depths to avoid
bias.

Second, DINGO-1lensing supports the training of event-specific neural networks for high-significance
candidates. Tailored models are crucial to account for waveform systematics, and individual source
characteristics, which we will investigate in Section 3.3.2. Such dedicated training enables the accurate
estimation of background distributions and statistical significance at discovery-level confidence, which

may require between thousands and millions of simulations to achieve 307/50- confidence levels.

In summary, DINGO-1lensing offers a scalable, efficient analysis strategy for GW lensing in upcoming
LVK observing runs. Its computational speed makes it feasible to perform extensive background estimation
and population-level studies that would otherwise be computationally prohibitive. Future developments
include extending the framework to more complex lens models, incorporating waveform systematics, and

embedding DINGO-1ensing into real-time end-to-end pipelines for the identification and characterization
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of lensed events. Because real detector noise is non-Gaussian and nonstationary, these factors may
affect neural posterior fidelity and lensing detectability. Although their quantitative impact remains to be
explored, idealized noise assumptions likely overestimate sensitivity. Upcoming work will systematically
investigate the robustness of neural posterior estimation and detection performance under various glitch

mitigation tools, such as BayesWave [197, 198] and gwsubtract [199, 200].

3.4.2 A deep dive into GW231123

We apply DINGO-1lensing to a detailed reanalysis of GW231123, presently the highest ranked lensed
candidate. In this case, the inferred false-alarm probability associated with the apparent preference for
lensing is approximately 40~ and can plausibly be attributed to the self similarity of the signal. Moreover,
many simulated GW231123 like lensed signals yield Bayes factors well above the 50 threshold, making
the discovery of lensing through waveform distortion a promising observational avenue. Additional
sources of spurious lensing evidence include waveform systematics and nonstationary noise features [5].
These effects would only act to increase the false-alarm probability, so our estimate should be viewed as

an upper bound on the statistical significance of a lensing interpretation for this event.

We show that DINGO-1lensing enables efficient, systematic evaluation of the statistical significance
of lensed candidates by analyzing large ensembles of lensed and nonlensed events, which is essential
for establishing the first robust detection of lensed GWs. The same framework also supports rapid
identification of promising candidates for electromagnetic follow up, which is particularly important for
multimessenger lensing involving binary neutron stars [8]. Although our study focuses on gravitational
lensing, the methodology is broadly applicable to searches for waveform modifications arising from other
physical effects, such as departures from general relativity or environmental influences. Taken together,
these results indicate that deep learning accelerated inference will play a central role in uncovering new

phenomena in GW astronomy.
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Chapter 4

TESLA-X: An effective method to search
for sub-threshold lensed gravitational
waves with a targeted population model

In GW searches, events with amplitudes high enough to be robustly distinguished from detector noise are
labeled super-threshold, while weaker signals that cannot be reliably separated from noise are classified
as sub-threshold. Lensing can produce multiple images of the same GW source, each with a different
magnification factor /u; and arrival time (See Section 1.4.1.4). A lensed GW signal can fall below
the standard detection threshold for two distinct reasons. First, in the wave-optics regime, frequency-
dependent waveform distortions can degrade the match with nonlensed templates, thereby reducing the
recovered SNR (See Chapter 2). Second, in the strong lensing regime, certain images can be demagnified,
leading to a suppression of the waveform amplitude relative to the nonlensed signal. In this work, we
focus on the latter scenario and investigate whether such demagnified, sub-threshold lensed counterparts

can be identified when at least one associated image is detected as a super-threshold event.

Matched-filtering pipelines with dedicated adaptations have been used to search for sub-threshold strongly-
lensed counterparts to confidently detected events from the LVK Collaboration’s first three observing
runs (O1, O2, and O3) [127, 20, 16]. These efforts include methods that specifically target additional,
demagnified images corresponding to known catalog events. A central focus of this work is the Targeted
sub-threshold Lensing Search (TESLA) method, which is built on the GstLAL matched-filtering pipeline
and is explicitly optimized to recover potential sub-threshold lensed counterparts associated with identified

super-threshold GW events.

4.1 Current efforts to search for strongly-lensed sub-threshold images

Two targeted search methods have been proposed and implemented to identify potential sub-threshold
lensed counterparts associated with already-detected (super-threshold) events [18, 128]. One method is to
utlize a single template bank using the maximum likelihood sample from the posterior [128]. This section
focus on another approach that is GstLAL-based Targeted sub-threshold Lensing Search (TESLA) [18].
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4.1.1 Opverview of Targeted sub-threshold lensing search (TESLA) method

TESLA builds on the matched-filtering pipeline GstLAL and exploits this structure to search for sub-
threshold, strongly-lensed counterparts to known super-threshold events. In a generic compact binary
coalescence search, the goal is to cover the full intrinsic parameter space allowed by the detector bandwidth,
which requires constructing a template bank with more than a million waveforms. This large bank yields
many triggers, whether produced by noise or true signals, and the resulting increase in trials factor
effectively raises the noise background, making it difficult to uncover weak signals such as demagnified
lensed copies. TESLA takes advantage of the fact that, under strong lensing, multiple images from the
same source share identical intrinsic parameters (component masses, spins, and hence intrinsic waveform),
differing only in amplitude and arrival time. For each super-threshold target event, Bayesian parameter
estimation is first used to obtain a posterior distribution over the source parameters, which defines a signal
subspace consistent with the observed event [201, 52, 53, 135]. However, noise fluctuations and non
Gaussian artifacts can cause weak counterparts to be recovered by templates lying well outside the high

posterior density region, so the posterior alone is insufficient to define the search region [18].

To address this, TESLA explicitly incorporates both signal and noise behavior when constructing a
targeted template bank. Posterior samples of the target event are ordered by decreasing log likelihood,
and for each sample a set of injections is created: one with identical parameters to the sample and nine
additional injections with increased luminosity distance, reducing the optimal SNR according to the

scaling relation

1

DL [Se .
popt

(4.1)

to mimic demagnification. These injections are required to have detector SNR at least four in at least one
detector so that they can be registered as triggers without lowering the single detector threshold, which
would otherwise sharply increase the noise trigger rate. The ensemble of injections represents plausible
sub-threshold lensed counterparts. Each is added to real data and recovered using a full matched-filtering
search with the original, large template bank. Templates that successfully recover these injections with
false-alarm rate no worse than < 1 in 30 days are retained and combined into a reduced, targeted template
bank. This bank is then used to search the data for candidate sub-threshold lensed counterparts to the

chosen super-threshold event.

The output of TESLA is a ranked list of candidate counterparts, ordered by increasing false-alarm rate.
These ranking statistics do not directly give the probability that a candidate is truly a lensed counterpart
but instead provide a priority ordering for subsequent follow up analyses such as detailed parameter

estimation and lens modeling.
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4.1.2 Limitation of the TESLA method

TESLA’s performance requires resolving two key remaining issues that affect template bank optimality

and parameter—space weighting.

In the original GstLAL searches, the full template bank is constructed over mass and spin ranges motivated
by detectable compact binaries: binary neutron stars, neutron star—black hole systems, and binary black
holes—and is placed densely enough that the maximum SNR loss from discrete template spacing is limited
to about three percent relative to the optimal SNR, defined as the SNR obtained when the template exactly
matches the signal parameters [23]. In traditional TESLA, a reduced template bank is built by discarding
templates that do not recover any of the lensed injections associated with a given super-threshold target.
Because this reduced bank is selected from a finite, limited set of injections, it no longer shares the formal
optimality guarantees of the original bank. As a result, some strongly-lensed sub-threshold signals with
optimal detector SNR close to the detection threshold, for instance pope ~ 4.12, can fail to be recovered.
Ensuring that the reduced TESLA bank retains near opimal coverage is therefore crucial for maintaining

maximal sensitivity to potential strongly-lensed sub-threshold events.

Traditional TESLA also does not employ an explicit population model for sub-threshold counterparts (See
the introduction of population model in Section 1.2.3.4). In practice, this means the analysis implicitly
treats all templates in the reduced bank as equally likely to recover a lensed counterpart, regardless of
how closely they match the intrinsic parameters of the known super-threshold event. Since the goal
is to find sub-threshold images sharing the same intrinsic source properties as the target, introducing
a population model peaked around the recovered masses and spins of the super-threshold signal can
substantially increase sensitivity in the most relevant region of parameter space. Furthermore, this
population model should be SNR dependent, reflecting the fact that weaker, sub-threshold signals are
more strongly influenced by noise and can be recovered by templates that deviate from those favored for

the loud, super-threshold detection.

4.2 Methods

To address the limitations of the traditional TESLA method, we first construct an optimally targeted
template bank, and subsequently introduce a targeted population term into the ranking statistic of the
matched-filtering search pipeline GstLAL. In this section, we introduce the essential concepts for the
TESLA-X methods in Section 4.2.1 and detail the methods of the proposed approach in Section 4.2.3.

4.2.1 Optimal targeted template bank

The injection campaign’s sole role is to identify which part of parameter space should be prioritized
for strongly-lensed sub-threshold counterparts to a given target, but any such campaign is inherently
approximate because it uses finitely many injections with discretized SNR values and thus cannot span
the full continuum of possible sub-threshold signal strengths. Templates that succeed in recovering these

injections should therefore be interpreted as mapping out the region in which real counterparts are likely
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Figure 4.1: A schematic illustration of the construction of a reduced template bank using injection results,
comparing the Traditional TESLA method shown in the top right panel with the proposed TESLA-X
approach illustrated in the bottom left and right panels.

to be found, rather than as the only templates capable of detecting them.

On this basis, the injection campaign is used to define a boundary in parameter space (See Fig, 4.1), and
all templates whose parameters fall within this boundary are retained in the reduced bank, regardless of
whether they individually recovered an injection. Within this restricted region, the reduced bank then
inherits the optimality properties of the original full bank, ensuring that any lensed counterpart inside the
boundary is recovered with less than roughly three percent SNR loss, thereby preventing missed detections

due to excessive mismatch.

4.2.2 Targeted population model for strongly-lensed sub-threshold signals

Under the strong lensing hypothesis, all images share the same intrinsic parameters as the super-threshold
target, so the true counterpart population is expected to cluster near the signal subspace defined by the

target’s posterior, with probability tapering off away from that region.

Figure 4.2 illustrates the construction of the targeted population model. During the traditional TESLA
injections, both the recovered SNRs and the identities of the recovering templates are recorded, revealing
that weak sub-threshold signals, being more susceptible to noise, can be recovered by templates whose
parameters differ significantly from those of the target, whereas templates closer to the target posterior
tend to recover injections with higher SNR. This information is used to build a Gaussian kernel density
estimate, KDE(¥), over the intrinsic source parameters ¥ (chosen to match the template bank parameters,

e.g. component masses and spins), with each template weighted by the recovered SNR of the injections

80



Heft 4 : Recovered templates Xeft
*: True parameter of target event

e

TESLA-X : Use the
Kernel Density
Estimation (KDE)
function as the source
population prior for the
population model term

KDE(7) - P(7)

Probability density

M (M) M (M)

Figure 4.2: A schematic illustration showing how injection campaign results are used to build a targeted
population model within the TESLA-X framework.

it recovers. The resulting KDE assigns larger probability density to regions near the targeted signal
subspace, consistent with the expectation that true lensed counterparts should resemble the target’s

intrinsic parameters.

This KDE is then interpreted as the probability density function for the population of possible strongly-
lensed sub-threshold counterparts and is used, following the method of [36], to compute P(g | signal),
the probability that a signal is recovered by a template with parameters g. Crucially, this probability is
made SNR dependent, so templates farther from the target subspace are not unduly penalized when they
recover very weak sub-threshold signals, which are more easily displaced in parameter space by noise.
Together, the robust reduced bank and the SNR-dependent KDE population model replace the implicit
uniform prior of traditional TESLA with a physically motivated source model, thereby improving overall

sensitivity to strongly-lensed GW counterparts.

4.2.3 Overview of the TESLA-X pipeline

The overall TESLA-X workflow is summarized in Fig. 4.3 and proceeds as follows. The search starts from
a target super-threshold GW event found in a standard GstLAL run with the full template bank. Bayesian
parameter estimation for this event provides posterior samples of the source parameters, which are then
used to generate simulated lensed counterparts: for each posterior sample, one injection is created with
the same optimal SNR and nine additional injections with smaller optimal SNRs obtained by increasing
their effective luminosity distances, subject to the requirement that at least one detector has p > 4 so that
the signal can be registered as a trigger. These injections, which represent possible sub-threshold lensed
images of the target, are added to real detector data and recovered with GstLAL using the full template

bank; up to this point, the procedure coincides with traditional TESLA.

After the injection campaign, the templates that successfully recover the simulated injections are collected
along with their observed SNRs and can be plotted in, for example, the (M., yef) plane, with color
indicating the recovered network SNR. T raditional TESLA would retain only these “hit” templates to
form its reduced bank, leaving holes in parameter space. TESLA-X instead constructs a Gaussian kernel

density estimate f(¥) over the template parameters ¥ (such as M. and y.g), where each template is
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Figure 4.3: Workflow of TESLA-X. Grey elements represent steps directly inherited from the traditional
TESLA workflow, while colored elements highlight new modules and modifications unique to TESLA-X

weighted by the SNR of the injections it recovers; weakly constrained spin measurements do not bias
this step, because poorly measured spins lead to posterior samples that effectively reflect the prior, so the

injections do not introduce artificial spin structure.

The KDE f(y) is evaluated at every template point g in the full bank and standard contour finding
algorithms are used to determine characteristic KDE contour levels, as sketched in Fig. 4.1. The lowest
contour is adopted as an empirical boundary in parameter space, and TESLA-X keeps all templates inside
this boundary to construct the TESLA-X reduced bank. Because no templates are removed from within
the selected region, the TESLLA-X bank preserves the optimal spacing of the original bank in that subspace,
ensuring that signals whose parameters lie inside the boundary are recovered with less than about three

percent SNR loss and avoiding missed counterparts due to excessive mismatch.

Since the Gaussian KDE encodes the expected distribution of possible sub-threshold lensed counterparts,
it is interpreted as an astrophysical source population prior. Following the likelihood ratio formalism
described previously and in Reference [36], this KDE is used to construct the population term P | signal)
in the ranking statistic, with an explicit dependence on SNR so that templates further from the target
posterior subspace are not over-penalized when they recover very weak signals. Figure 4.2 provides a
schematic view of this targeted population model, and comparisons with a simple uniform mass model

show that the targeted KDE based prior yields superior search sensitivity.

With both the TESLA-X template bank and the associated targeted population model in hand, GstLAL is

run again to search the data for candidate sub-threshold lensed counterparts to the chosen target event. The
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Properties Injected super-threshold signal

UTC time May 08 2022 11 : 06 : 00
GPS time 1336043178.397
Distance (Mpc) 2858.18
Primary mass m{*' 70.08 M,
Secondary mass m3et 38.83M

Dimensionless spins | x 1, = 0.182, x1, = 0.182, y1, = —0.0363,
Xx2x = —0.113, x2, = 0.132, x2, = 0.116,

Right ascension « 2.811
Declination 6 0.819
Inclination ¢ 2.513
Polarization ¥ 1.187
Waveform IMRPhenomXPHMpseudoFourPN

Table 4.1: Summary of the properties of the injected super threshold GW signal MS220508a used in the
simulation campaign, with all quantities given in the detector frame.

pipeline outputs a list of candidate triggers ranked by their likelihood ratios and associated false-alarm
rates; these false-alarm rate values quantify the probability that a trigger is produced by noise and should
be used only as a prioritization tool for follow up studies, not as a direct probability that a candidate is a
genuine lensed counterpart. Future extensions will introduce an additional lensing specific likelihood term
that incorporates explicit lensing information, enabling a more direct statistical assessment of whether a

given candidate is truly a lensed image of the target.

4.3 Results

TESLA-X is built on the same core working principle as TESLA (See Section 4.1.1), differing only in
how the reduced template bank is constructed and in the form of the assumed population model. For this
reason, a new, dedicated simulation campaign is performed here with the specific goal of comparing the
search performance and sensitivity of traditional TESLA against the proposed TESLA-X framework for
identifying potential sub-threshold lensed GW signals.
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Figure 4.4: Templates activated by the simulated lensed injections of MS220508a in the injection campaign,
shown in the chirp mass M, versus effective spin y.g plane. Marker colors indicate the corresponding
network SNR of each injection

Injections General | TESLA | TESLA-X

Total 7815 7815 7815
Found 6151 6169 6297
Found % change - +0.29% | +2.37%

Table 4.2: Number of injections recovered in the mock data search using the general template bank, the
TESLA method, and the TESLA-X method, respectively.

4.3.1 Mock data generation

A 9.15 day long mock data set is first generated using Gaussian noise that has been recolored to match
the publicly expected power spectral densities of O4 [202]. Continuous observation is assumed, with no
downtime or vetoed segments applied to the data stream. Into this simulated data, a single super-threshold
GW signal is injected, modeled with the IMRPhenomXPHMpseudoFourPN waveform [188], which
incorporates precession and higher order modes. The intrinsic and extrinsic parameters of this injected

signal are summarized in Table 4.1, and in what follows this reference injection is denoted MS220508a.
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Figure 4.5: Templates from the full template bank shown in grey and from the TESLA reduced template
bank shown in orange, displayed in the M, versus yes space.

4.3.1.1 Performing a general search

A GstLAL search is then run on the mock data stream using the same configuration as in the O3 analysis
reported in GWTC-3 [54]. Under this setup, the template bank is the same generic bank employed in
Reference [18], covering the relevant compact binary parameter space. As expected, GstLAL recovers the
injected signal MS220508a with the highest ranking statistic of all triggers, corresponding to a false-alarm
rate of 2.972 x 10733 Hz and an overall rank of one [54].

Next, parameter estimation for MS220508a is performed using the Bayesian inference library bilby [52],
with sampling carried out under its default Markov chain Monte Carlo configuration. This analysis yields
a posterior sample set for the source parameters, which then serves as the input for both the TESLA and

TESLA-X search pipelines in the subsequent sub-threshold counterpart studies [52].

4.3.1.2 Performing an injection campaign

Posterior samples from the parameter estimation of MS220508a are used to generate 7815 simulated
lensed injections according to Eq. 4.1, which are then added to the mock data and searched with GstLAL
using the general template bank. The recovery results from this campaign provide the common input for
both the TESLA and TESLA-X analyses.

In this setup, the general template bank successfully recovers 6151 of the 7815 injected signals, as
listed in the “General” column of Table 4.2, with a total of 1008 distinct templates being rung up since

a given template can recover multiple injections. The distribution of these templates in the (M., yef)
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Figure 4.6: Contour map of the Gaussian kernel density estimation constructed for MS220508a in the M,
Versus Y. space, where the color scale denotes the probability density inferred from the KDE.

plane, colored by the network SNR of the associated recovered injections and shown in Fig. 4.4, aligns
with expectations: templates near the true parameters of MS220508a are mostly linked to higher SNR,
super-threshold injections, whereas templates farther away tend to recover lower SNR, sub-threshold

injections.

4.3.1.3 Generating the TESLA and TESLA-X reduced template banks

All templates that are rung up in the injection campaign are retained to form the TESLA targeted template

bank, with the full bank shown in grey and the TESLA-selected subset in orange in Fig. 4.5.

For TESLA-X, the same rung-up templates are used to build a Gaussian kernel density estimate KDE(y),
where each template is weighted by the network SNR of the injections it recovers and ¥ denotes the
template labels, here the chirp mass M, and effective spin y.g. The KDE is evaluated at every template in
the full bank and visualized as a contour map, as shown in Fig. 4.6.

The lowest KDE contour is then adopted as the boundary of the targeted search region; for MS220508a
this corresponds to a KDE value of 0.005. All templates inside this contour are kept to build the TESLA-X
targeted template bank, illustrated in Fig. 4.7, where the full bank appears in grey, the TESLA-X templates
in red, and the yellow curve marks the chosen KDE contour. The resulting TESLA-X bank for MS220508a

contains 22136 templates.
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Figure 4.7: Templates from the full template bank shown in grey and from the TESLA-X reduced template
bank shown in red, displayed in the M, versus y.g space. The TESLA-X template bank is obtained by
retaining templates that lie within the lowest contour level of the Gaussian KDE shown in Figure 4.6,
corresponding to a density value of 0.005, which is indicated by the yellow curve in this figure. For
comparison, templates from the TESLA reduced template bank are also overlaid in blue.

4.3.1.4 Constructing the targeted population model for the TESLA-X reduced template bank

Using the KDE estimated for MS220508a and the TESLA-X reduced template bank, a targeted source
population model is constructed following the procedure outlined in Section 4.2 and Reference [36]. For
practical implementation, the Gaussian KDE is recomputed in the intrinsic parameter space of component
masses and spins, ¥ = {my, my, x1, x2}, rather than in terms of the derived quantities M, and y.g, and this
KDE then defines the population prior used in the TESLA-X likelihood ratio.

4.3.1.5 Performing a re-filtering to recover the lensed injections with the TESLA and TESLA-X
methods

Two follow-up searches are then carried out on the same mock data set to recover the ensemble of lensed
injections used in the injection campaign. One search employs the TESLA reduced template bank, while
the other uses the TESLA-X reduced template bank together with the targeted population model, enabling
a direct, like-for-like comparison of their performance. As summarized in Table 4.2, TESLA recovers
slightly more injections than the original full template bank, corresponding to a gain of about 0.29%,

whereas TESLA-X recovers an even larger number of lensed injections, improving on TESLA by 2.37%.

The sensitive range as a function of false-alarm rate for MS220508a-like signals is also compared for the
full, TESLA, and TESLA-X template banks, as shown in Fig. 4.8. TESLA-X delivers the largest increase
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Figure 4.8: Top panel shows the sensitive range versus false-alarm rate for MS220508a-like signals
obtained with the full template bank shown in black, the TESLA template bank shown in red, and the
TESLA-X template bank shown in blue. The shaded region around each curve indicates the corresponding
one sigma uncertainty. Bottom panel presents the fractional change in sensitive range as a function of
false-alarm rate for the different template banks. Both the TESLA and TESLA-X banks yield improved
sensitivity to MS220508a like lensed signals compared to the full bank. The TESLA-X curve consistently
lies above the TESLA curve, indicating superior performance. The enhancement is most pronounced at
false-alarm rates greater than or equal to 10~7, Hz, corresponding to the sub-threshold regime, demonstrat-
ing the advantage of the TESLA-X method over the traditional TESLA approach.

in sensitivity to MS220508a like lensed signals, with the advantage being most pronounced at false-alarm
rates > 1077 Hz, i.e. in the sub-threshold regime. These results demonstrate that TESLA-X outperforms

traditional TESLA in identifying candidate sub-threshold strongly-lensed GW signals.

4.4 Conclusions

The detectability of strongly-lensed GW signals can be diminished when lensing demagnifies the strain
amplitude enough to push the signal below the usual detection threshold. Earlier work introduced the
TESLA method [18], which recovers such strongly-lensed sub-threshold signals by building a targeted
template bank informed by already detected events. The present study proposes an improved framework,
TESLA-X, specifically designed to further enhance search sensitivity to strongly-lensed sub-threshold
GWs.

TESLA-X starts by generating simulated lensed injections from posterior samples obtained in parameter
estimation of a detected (super-threshold) event. These simulated counterparts are analyzed in an injection
campaign with GstLAL, using a detection threshold corresponding to a false-alarm rate of 3.385x 10~ Hz
to ensure statistically significant triggers. The injections that are successfully recovered are then used to
construct both a targeted population model and a densely sampled reduced template bank, after which the

data are reanalyzed with this targeted setup to search for candidate sub-threshold lensed signals.
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The targeted population model is built in several stages. First, a Gaussian kernel density estimate is
applied to the recovered injections in source parameter space ¥, producing a probability density function
that describes the expected distribution of strongly-lensed sub-threshold counterparts [36]. In parallel, a
targeted template bank is obtained by defining a boundary in parameter space, inferred from the recovered
injections, and discarding all templates outside this boundary while retaining all templates inside. This
yields a high density template bank concentrated on a restricted region of parameter space, and, unlike in
TESLA, guarantees that any lensed counterpart within the boundary is recovered with less than about
a three percent loss in SNR. The false-alarm rates and likelihood values £ produced by the subsequent
search are used to distinguish astrophysical signals from noise triggers, but they do not directly quantify

the probability that a given candidate is a lensed counterpart of the target.

A dedicated simulation campaign compares three strategies: a search with the full template bank, the
original TESLA method, and TESLA-X. Using a mock data set consisting of Gaussian noise plus an
injected event labeled MS220508a, TESLA-X is found to recover more lensed injections associated with
MS220508a than either the full bank search or TESLA. The analysis also reveals an improvement of up to
roughly ten percent in the sensitive range when examining the sensitive range as a function of false-alarm
rate, implying that TESLA-X can detect more distant or intrinsically weaker signals, consistent with the
scaling in Eq. 4.1. These results show that TESLA-X delivers superior performance in searches targeting

strongly-lensed GW signals.

Like TESLA, TESLA-X remains computationally expensive, since applying either framework to a single
super-threshold event typically requires weeks of computation for the injection campaign. Future work
will focus on accelerating TESLA-X, for example by optimizing the injection strategy or reducing the
computational cost of repeated searches. Additional studies will also explore alternative parameterizations
beyond chirp mass and effective spin for representing the targeted population, as outlined in the Appendix,

with the aim of further improving both efficiency and sensitivity.
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Chapter 5

Conclusion

The discovery of lensed GW's would be groundbreaking for both cosmology and GW astronomy, providing
new probes of compact objects population, structure formation, and fundamental physics. These prospects
have strongly motivated the development of dedicated GW lensing analyses. Nevertheless, the detection
of lensed GW signals remains technically and statistically challenging. Addressing this problem across
multiple stages, from detection to inference, this thesis outlines a coherent pathway toward the robust

identification and characterization of lensed GWs in both the wave-optics and strong-lensing regimes.

After an introduction in Chapter 1, we systematically examine how wave-optics lensing affects the
detectability of lensed GWs in matched-filtering searches by carrying out the first dedicated simulation
campaign using the matched-filtering pipeline GstLAL.Contrary to the conventional expectation that larger
signal amplitude lead to bettwe signal detectability, we find that highly magnified lensed GWs, even with
amplitudes an order of magnitude larger, can experience a substantial reduction in detectability. This
occurs because wave-optics distortions lower the match with templates that do not include lensing effects.
While our results indicate that the current GW catalog constructed from matched-filtering searches is
incomplete with respect to lensed signals, they also lead to several insights for the GW lensing community.
First, incorporating lensing effects into template bank construction is necessary to recover the most
distorted GW events. Second, existing constraints on compact lenses and estimates of wave-optics lensing
rates need to be revisited. Third, our findings motivate systematic analyses of GW candidates identified
by coherent wave burst pipelines, whose model independent nature makes them naturally sensitive to

distorted signals.

In Chapter 3, we develop DINGO-1ensing within a simulation-based inference framework. This approach
enables rapid and scalable parameter inference without relying on computationally expensive traditional
Monte Carlo sampling, while retaining comparable accuracy and statistical consistency. By performing a
detailed analysis of GW231123, an event reported to show the strongest support for GW lensing to date,
we provide the first quantitative assessment of the statistical significance of lensing based on waveform
distortions. This study demonstrates that simulation-based inference can be used to discover lensed GWs
directly from their distorted signals, marking an important step toward robust lensing discoveries in GW

astronomy.

In Chapter 4, we introduce the TESLA-X method for searching strongly-lensed GW signals that lie below
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the standard detection threshold. By exploiting information from a corresponding super-threshold event,
we construct an reduced targeted template bank and an associated targeted population model through
a dedicated injection campaign using a matched-filtering search pipeline to look for their faint lensed
counterparts. This approach extends and improves upon the traditional TESLA sub-threshold search by
increasing the effective detection horizon and sensitivity to lensed signals. TESLA-X has been continuing
to contribute to searches for GW lensing signatures in GWTC-4.0 and represents an important step toward

strengthening statistical confidence in the first detection of strongly-lensed GWs.

This thesis investigates the discovery of GW lensing as a problem that spans both matched-filtering
searches and statistical inference. The results presented here establish GW lensing data analysis as a
frontier, in which lensing effects can challenge standard search pipelines and inference methodologies. The
strategies developed in this thesis provide a foundation for future discoveries of GW lensing, highlighting
that advances in detector sensitivity must be accompanied by corresponding progress in data analysis

techniques.
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Chapter 6

Appendices

6.1 Training and validation of OS nonlensed network
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Figure 6.1: The loss as a function of the number of training epochs of the nonlensed network, shown for
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both the training set (dashed) and testing set (solid).

The nonlensed network is trained using the same setup and prior distributions as in the main analysis
and Table 3.1, except that all lensing parameters are removed from the prior, and the architecture again
contains about 108 trainable and 107 fixed parameters. Figure 6.1 displays the evolution of the loss during
training, where the training loss (dashed) and validation loss (solid) remain closely aligned, indicating
good generalization and no signs of overfitting. Both curves decrease smoothly and monotonically,

demonstrating stable and well controlled optimization, with a clear change in slope near epoch 300 when

Stage 1 begins and previously frozen layers are unfrozen.

After roughly 400 epochs, the loss flattens, signaling convergence and diminishing returns from additional
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Figure 6.2: Probability—probability plot for the nonlensed neural posterior estimation model constructed
using 103 nonlensed injections and no importance sampling. For each injection, a posterior distribution is
generated and the percentile of the injected parameter within that posterior is evaluated. Each colored
curve represents the cumulative distribution function of an individual parameter, with the corresponding
Kolmogorov-Smirnov test p-values reported in the legend.

training, so the run is stopped at epoch 450 once no further improvement of the validation loss is observed.
The full training procedure for the nonlensed model takes approximately 10 days on a single NVIDIA
A100 PCle GPU, consistent with reported DINGO training times for similar architectures.

Figures 6.2 shows the probability—probability plot constructed from the posterior distributions of the non-
lensed injection set, where the black diagonal denotes the ideal case in which x% of true parameter values
fall within the corresponding x percent credible intervals. The colored curves for individual parameters
closely follow this diagonal, showing that the inferred posteriors are statistically well calibrated and that
the inference network accurately represents the underlying parameter space. Kolmogorov—Smirnov test p
values, reported in the legend, further support the robustness of the sampling procedure for the nonlensed

model.

Figure 6.3 shows the distribution of the sampling efficiency e obtained from the nonlensed inference
network. We carry out inference on 10° nonlensed injections, drawing 10° posterior samples from the
nonlensed network for each injection. The top panel displays the histogram of log;((€), revealing that the
majority of samples have efficiencies in the range 1072 to 10~!, with a low efficiency tail extending to
smaller values. The bottom panel maps the efficiency across the source parameter space, where each point
represents an injection and is colored by log,,(€) in the (M, d;) plane. A weak correlation is observed,
with higher efficiencies tending to occur for systems with larger chirp masses and greater luminosity
distances. This indicates that the nonlensed network achieves more effective posterior reconstruction
for lower signal to noise ratio and more massive binaries. Overall, the network demonstrates robust and

consistent performance across the population, with variations in € largely driven by differences in signal
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Figure 6.3: Distribution of the sampling efficiency € of 10? nonlensed injections for the nonlensed network.
10° samples are drawn from the nonlensed network. The top panel shows the histogram of log;o(e),
illustrating that most posterior samples have efficiencies between 1072 and 10~!. The bottom panel
presents the relation between luminosity distance d;, and chirp mass M, color-coded by log;,(¢€). The
results indicate that lower-efficiency samples are more prevalent at small d; and moderate M, while the
overall spread remains broad across the parameter space.

strength rather than systematic inference errors.

Figure 1.5 displays a corner plot comparing posterior distributions from the DINGO nonlensed model
(solid green contours) to those from the reference bilby analysis (dashed gray contours) for the same
lensed injection considered in Sec. 3.3.1.3, using injected values and priors listed in Table 3.1. The one
dimensional and two dimensional marginalized posteriors agree closely between DINGO and bilby for
both intrinsic and extrinsic parameters, demonstrating that the neural posterior estimator reproduces full

Bayesian inference results, with a sampling efficiency of about 0.3 percent in this example
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6.2 Bayes factor dependence on the sampling efficiency

Sampling efficiency after importance sampling is used to quantify how well the lensed and nonlensed

networks reconstruct the target posteriors across the validation sets.

For the lensed network, inference is carried out on 10° lensed injections, drawing 10 samples per event
from the trained model, with the resulting sampling efficiencies summarized in Fig. 3.3. The top panel
shows a histogram of log;,(€) spanning roughly 10~! to 1074, while the middle panel displays log,,(€) in
the (M., d1) plane, revealing higher efficiencies at larger luminosity distance, consistent with broader,
lower—SNR posteriors being easier to match to the target distribution. The bottom panel maps logq(€)
over the lens parameter space and shows no clear dependence of sampling efficiency on the lensing

parameters, indicating that performance is largely insensitive to lens configuration.

Figure 6.3 presents the corresponding analysis for the nonlensed network, again using 10° injections
and 10° samples per event. The upper panel shows a histogram of log,,(€) concentrated between about
1072 and 107! with a tail toward lower efficiencies, while the lower panel shows log;,(€) across the
(M., dr) plane, where a mild trend toward higher efficiency at larger chirp mass and distance suggests
more effective reconstruction for lower—SNR and more massive systems. Overall, the nonlensed network
exhibits stable performance across the population, with variations in € dominated by differences in signal

strength rather than systematic biases in the inference.

The lensing Bayes factor log,q Biens serves as the primary metric for evaluating lensed candidates, and
its performance is validated by comparing DINGO-1ensing against bilby on a set of randomly selected
lensed and nonlensed simulations spanning a range of Bayes factors and sampling efficiencies, restricted
to cases with 10g;( Biens > 0. For each event analyzed with DINGO-1lensing, 5 x 10* posterior samples
are drawn, and the resulting Bayes factors, summarized in Table 6.1, show agreement with bilby within
statistical uncertainties whenever the sampling efficiency satisfies € > 107*. Simulations with lower
efficiencies are therefore discarded, leaving a final set of 2,561 lensed and 10,858 nonlensed events used

in subsequent analyses.

During validation, some simulated events with mass ratios near the lower edge of the training prior,
q = 0.125, exhibit unreliable evidence estimates from the networks, consistent with the known difficulty
of learning sharply peaked posteriors close to prior boundaries in neural posterior estimation. To address
this, both the foreground and background validation samples are conservatively restricted to systems
with g > 0.3, a regime in which the agreement between DINGO-1lensing and bilby remains consistently
good, as shown in the preceding comparisons. The detailed parameter choices for the resulting validation

subset are summarized in Table 6.2.

6.3 Distance away from the nonlensing hypothesis

For the adopted two-image interference lens model (See Section 1.4.1.6), a nonlensed signal corresponds
to the point At = u,e] = O in lens parameter space. The degree of inconsistency with this hypothesis can

therefore be quantified by how far the lensing posterior samples lie from this reference point, a quantity
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denoted by Ajeps.

ID  log;p B2 log;n B ens X 10°  nontens X 103
6 1.24 0.13 0.02 0.62
594 0.07 0.10 0.12 8.43
779 1.20 1.83 25.29 106.16
1141 1.24 1.73 60.78 95.77
1154 0.16 0.81 2.99 0.96
1762 171 2.21 0.82 7.80
3092 0.79 139 111 2.36
19 144.25 117.34 0.03 0.02
78 4.80 497 0.03 0.08
241 277.40 277.45 0.84 0.20
630 4.56 430 0.02 0.28
654 2.69 2.85 0.34 19.83
808 8.43 8.67 0.83 1.34
817 11.90 12.37 1.04 8.51
823 10.30 8.25 1.10 0.03
873 10.43 11.35 0.07 0.03
937 118 145 10.85 9.96
965 4.51 491 23.49 31.39

Table 6.1: Comparison of the lensing Bayes factor log; Biens computed with DINGO-1ensing and bilby
for nonlensed and lensed simulated event with different sampling efficiencies €. We report both the
sampling efficiency obtained with the lensed (€ens) and nonlensed (€&yontens) networks.
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For this distance to be interpretable, it must be rescaled by the intrinsic uncertainties of the inferred
parameters. Approximating the posterior as Gaussian, the distance measured in units of the standard
deviation is defined following Ref. [196].

D(61,62) = (1 — ) (Cy + C2)"1(6; - 62), (6.1)

where ) and 6, denote the parameters over which the distance is evaluated, and C; and C, are the
corresponding covariance matrices. In this case, 81 = At, u; and 8, = 0, 0, which defines the reference

point corresponding to the nonlensed hypothesis.

Diontens = D{AL, prer}, 0) . (6.2)

Because the prior on {At, e} is bounded from below at zero, the corresponding lensing distance satisfies
Alens 2 1 for nonlensed events consistent with the prior support. For posteriors that deviate from
Gaussianity, the Gaussian approximation tends to underestimate the true separation in parameter space,

yielding smaller inferred distances, so Ajeps acts as a conservative statistic for flagging lensed candidates.

A key advantage of Ay relative to the lensing Bayes factor By, is that it does not depend on importance
sampling and can be computed directly from the neural posterior returned by DINGO-1lensing, providing

a fast and robust diagnostic of lensing signatures.
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Figure 6.4: The loss as a function of the number of training epochs for the lensed network targeted for
GW231123, shown for the training set as dashed curves and for the testing set as solid curves.

6.4 Training and validation of lensed-GW231123 network

Figure 6.4 illustrates the evolution of the loss as a function of training epoch for the targeted network
for GW231123. The training loss shown with a dashed curve and the test loss shown with a solid curve
track each other closely throughout the training process, indicating the absence of overfitting. Both curves
evolve smoothly, demonstrating stable and well behaved optimization. After approximately 200 epochs,
the loss reaches a plateau, suggesting that the network has saturated the information content of the training
data.

Figure 6.5 presents the probability—probability plot built directly from the posteriors produced by the
lensed network, without any importance sampling. The black diagonal indicates ideal calibration, where a
given fraction of true parameter values falls within the corresponding credible intervals, and the colored
curves for individual parameters closely track this line, showing that the network produces well calibrated
posterior distributions. This behavior confirms that the sampling procedure operates as intended, a
conclusion further supported by the Kolmogorov—Smirnov test p values listed in the legend, and the
small deviations seen for the lensing parameters At and .. remain within the expected 30 statistical

fluctuations, indicating robust performance even in the presence of lensing.

Figure 6.6 shows the distribution of sampling efficiencies € obtained after importance sampling span
a wide range, from about 10~ up to 10~!, and show no clear correlation with either the binary source

parameters or the lensing parameters across the validation set.
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Figure 6.5: Probability—probability plot for the lensed neural posterior estimation model targeted for
GW231123, constructed from 10° lensed injections without applying importance sampling. For each
injection, a posterior is drawn from the model and the percentile rank of the injected parameter is computed.
Each colored curve represents the cumulative distribution function of a given parameter, as indicated in
the legend. The corresponding Kolmogorov—Smirnov test p values are also listed in the legend.
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Figure 6.6: Distribution of the sampling efficiencies € of 10° lensed injections for the lensed network
targeted for GW231123. 10° samples are drawn for each injections The top panel shows the histogram
of log,(€), with most samples distributed between 10~* and 10~!. The middle panel illustrates the
dependence of € on the source parameters, where each point represents an injection colored by logq(€)
in the (M., dr) plane. A weak trend is observed in which higher M, and larger d; correspond to an
improved sampling efficiency. The bottom panel shows the variation of € with the lensing parameters
(At, ure1), indicating no strong correlation but a broad spread consistent with the added complexity of the
lensing parameter space.
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Figure 6.7: The loss as a function of the number of training epochs for the nonlensed network targeted for
GW231123, shown for the training set as dashed curves and for the testing set as solid curves.

6.5 Training and validation of nonlensed-GW231123 network

The nonlensed network for GW231123 is trained with the same configuration and prior choices as used
in the main analysis and listed in the fourth column of Table 3.1, with the exception that all lensing
parameters are excluded from the prior. The network architecture again comprises approximately 108
trainable parameters and 107 fixed parameters. Figure 6.7 shows the training history, where the dashed
training loss and solid validation loss track each other closely, indicating good generalization without
evidence of overfitting. Both losses decrease smoothly and monotonically, reflecting stable and well

controlled optimization, with a distinct change in slope around epoch 300.

Figure 6.8 shows the probability-probability plot constructed directly from the posteriors generated by
the lensed network, without applying importance sampling. The black diagonal denotes ideal calibration,
where a given fraction of true parameter values lies within the corresponding credible intervals, and the
colored curves for individual parameters closely follow this reference, demonstrating that the network
yields well calibrated posterior distributions. This behavior confirms that the sampling procedure functions
as intended, a conclusion further supported by the Kolmogorov-Smirnov test p values reported in the

legend.

Figure 6.9 presents the distribution of the sampling efficiency € obtained from the nonlensed inference
network. We perform inference on 10° nonlensed injections and draw 10° posterior samples from
the nonlensed network for each one. The top panel shows the histogram of log;,(¢), indicating that
most samples exhibit efficiencies between 1072 to 107!, with a small tail extending toward lower
values. The bottom panel illustrates how the efficiency varies across the source parameter space: each

point corresponds to an injection and is color-coded by log((€) in the (M, d;) plane. A mild trend is
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Figure 6.8: Probability—probability plot for the nonlensed neural posterior estimation model targeted
for GW231123, constructed from 10° lensed injections without applying importance sampling. For
each injection, a posterior is drawn from the model and the percentile rank of the injected parameter
is computed. Each colored curve represents the cumulative distribution function of a given parameter,
as indicated in the legend. The corresponding Kolmogorov—Smirnov test p values are also listed in the
legend.

observed, where higher efficiencies are typically associated with systems of larger chirp mass and greater
luminosity distance. This suggests that the nonlensed network reconstructs posteriors more effectively for
lower—signal-to-noise ratio and more massive binaries. Overall, the network maintains stable and reliable
performance across the entire population, with fluctuations in € mainly reflecting differences in signal

strength rather than systematic biases in inference.
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Figure 6.9: Distribution of the sampling efficiency € of 103 nonlensed injections for the nonlensed network
targeted for GW231123. 10° samples are drawn from the nonlensed network. The top panel shows the
histogram of log,,(€), illustrating that most posterior samples have efficiencies between 1072 and 10!
The bottom panel presents the relation between luminosity distance dj, and chirp mass M, color-coded by
log;((e). The results indicate that lower-efficiency samples are more prevalent at small d; and moderate
M., while the overall spread remains broad across the parameter space.
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Figure 6.10: Rung-up templates by the simulated lensed injections of MS220508a in the injection
campaign, plotted on the component masses m-my parameter space. The colors of the markers represent
the network SNRs of the associated injections.

6.6 Choosing a suitable pair of parameters to construct the Gaussian KDE

In the main analysis, the Gaussian kernel density estimate is constructed in the two dimensional space
defined by chirp mass M, and effective spin y.q, which are convenient combinations of the component
masses and spins that are relatively well constrained by current GW data. It has been suggested, however,
that working directly in the component mass plane spanned by (m,m;) may yield a more natural or
informative representation for some applications. This appendix presents preliminary investigations
exploring the use of the (m, my) parameterization as an alternative basis for building the KDE and the

associated targeted population model.

6.6.1 Redoing the TESLA-X analysis for MS220508a with the Gaussian KDE constructed
in the m,-m, space

In this subsection, the TESLA-X analysis is repeated with the Gaussian kernel density estimation
constructed directly in the component mass parameter space (m, my), instead of in the (Mc, yeft) space

used in the main text.
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Figure 6.11: The templates in the full template bank (in grey) and in the TESLA reduced template bank
(in orange), plotted in the component masses m-m; space.

6.6.1.1 Constructing the TESLA-X bank and population model

The analysis begins from the same injection run results used for MS220508a in the main text. Figure
6.10 shows the rung up templates projected onto the component mass plane (i1, my), with marker colors
indicating the network SNRs of the associated injections, thereby illustrating how higher SNR injections

cluster nearer the true source masses.

Although the parameterization is changed, the TESLA targeted template bank itself remains identical to
that in the main text, because it is still defined as the set of all templates that were rung up by the injections
during the campaign. For completeness, the same TESLA bank is therefore re-plotted in the (m;, m,)

space in Fig. 6.11, with the full bank shown in grey and the TESLA templates highlighted in orange.

For TESLA-X, the rung up templates from the injection campaign are used to construct a Gaussian kernel
density estimate KDE(¥) in the component mass space, with y = {m;, m»} and each template weighted
by the network SNR of the injections it recovers. The KDE value is then evaluated at every template
in the full bank and displayed as a contour map, as illustrated in Fig. 6.12. The lowest contour level,
corresponding to a KDE value of 2 x 107>, is adopted as the boundary defining the targeted region; all
templates within this boundary are retained to form the “TESLA-X (component mass) bank”. Figure 6.13
shows the full bank in grey and this TESLA-X (component mass) subset in red, with the yellow curve

marking the chosen contour, and the resulting bank contains 159043 templates.

As in the main analysis, the KDE estimated for MS220508a in the (m;, m;) space, together with the

TESLA-X (component mass) bank, is then used to construct a targeted population model following the
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Figure 6.12: The contour map of the Gaussian Kernel Density Estimation function obtained for
MS220508a in the m; - my space. The colors represent the probability density estimated by the KDE
function.

same procedure described in Section 4.2 and Reference [36], providing an alternative, component mass

based representation of the expected sub-threshold lensed counterpart population.

6.6.1.2 Trying to recover the lensed injections with the “TESLA-X (main) bank’ and “TESLA-X
(component mass) bank”

To assess the relative performance of the TESLA-X main bank and the TESLA-X component mass bank
for MS220508a, an additional search is conducted using the TESLA-X component mass bank together
with its targeted population model, applied to the same mock data set and aiming to recover the same
ensemble of lensed injections used in the injection campaign. The corresponding recovery statistics are

reported in Table 6.3.

This configuration is found to perform worse than the search with the full template bank, showing a
decrease of about 0.3% in the number of recovered lensed injections. The result is consistent with
expectations, since the TESLA-X component mass bank includes almost six times as many templates
as the TESLA-X main bank, which substantially increases the trials factor, enlarges the effective noise

background, and thereby degrades the ability of the search to recover the simulated lensed injections.

Examining the sensitive range as a function of false-alarm rate for MS220508a like signals with three
configurations, the full template bank, the TESLA-X main bank, and the TESLA-X component mass bank,
shows that the TESLA-X component mass bank underperforms even the full bank, as illustrated in Fig.

6.14. For this case, the TESLA-X main bank provides the largest sensitive range at a given false-alarm
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Figure 6.13: The templates in the full template bank (in grey) and in the “TESLA-X (component mass)
bank” (in red), plotted in the m-my space. The “TESLA-X (component mass) bank™ is constructed by
keeping templates that fall within the lowest contour level from the Gaussian KDE function shown in
Figure 6.12, i.e. 0.00002, plotted as a yellow curve in this figure. For easy comparison, we also plot the
templates in the TESLA reduced template bank in the same figure (in blue).

rate, while the component mass based bank yields a smaller range over most of the false-alarm rate
domain. This comparison indicates that, at least for MS220508a, constructing the Gaussian kernel density
estimation in terms of chirp mass M, and effective spin y.g¢ offers a more effective parameterization for

the TESLA-X framework than using the (m, m;) component mass space.

6.6.2 Analyzing another mock event MS220510ae with the TESLA-X method

MS220508a corresponds to a comparatively low chirp mass system of approximately 45.0 M. To assess
the robustness of the TESLA-X construction and the choice of parameters used in the Gaussian KDE, it is
informative to repeat the analysis for a mock event occupying a different region of parameter space. In this
subsection, we therefore replicate the procedure of the previous subsection using a second super-threshold
mock event, MS220510ae. The mock data configuration is identical to that adopted in the main text, and

the injected source parameters are summarized in Table 6.4.

Following the same workflow, we first perform Bayesian parameter estimation on MS220510ae and use the
resulting posterior samples to generate a set of lensed injections. These injections are then searched using
the full template bank, producing the injection recovery results that are subsequently used to construct two
reduced banks, denoted as the TESLA-X main bank and the TESLA-X component mass bank, together

with their associated targeted population models. Out of a total of 8099 lensed injections, 5047 are

109



Injections General | TESLA-X TESLA-X
(main) (component mass)
Total 7815 7815 7815
Found 6151 6297 6132
Found % change - +2.37% -0.3%

Table 6.3: Number of injections found during the search of mock data using the general template bank,
“TESLA-X (main) bank” and “TESLA-X (component mass) bank” respectively.

Properties Injected super-threshold signal
UTC time May 102022 18 : 38 : 17
GPS time 1336243115.828
Distance (Mpc) 10066.811
Primary mass m{® 166.90M,
Secondary mass my® 117.04M

Dimensionless spins

Xix = 0.635, x1, = 0.233, y1- = 0.660,
Xa2x = 0.006, xa, = 0.087, 2. = 0.029,

Right ascension « 5.69
Declination 6 1.45
Inclination ¢ 5.99
Polarization ¥ 2.92

Waveform

IMRPhenomXPHMpseudoFourPN

Table 6.4: Summary of the properties of the injected super-threshold GW signal MS220510ae used in the
simulation campaign, with all quantities given in the detector frame.

recovered by the full template bank. For clarity, we present only the Gaussian KDE corresponding to the
TESLA-X main bank in the Mc versus yeff space, and that of the TESLA-X component mass bank in the

my versus my space, shown in Figures 6.15 and 6.16, respectively.

As in the previous case, the TESLA-X main bank and TESLA-X component mass bank are constructed
by retaining all templates enclosed by the lowest density contour of the respective Gaussian KDEs. For
MS220510ae, the TESLA-X main bank contains 15655 templates, while the TESLA-X component mass
bank includes 21676 templates. Unlike the MS220508a case, the difference in size between the two banks

is modest, with the component mass bank exceeding the main bank by only about 5000 templates.

We then apply both TESLA-X banks, together with their corresponding population models, to recover
the same set of lensed injections used in the injection campaign. The recovery statistics are summarized
in Table 6.5. In contrast to the results obtained for MS220508a, the TESLA-X component mass bank
outperforms even the full template bank, whereas the TESLA-X main bank performs worse than the full
bank. This behavior can be attributed to the fact that spin parameters are generally poorly constrained
for high mass systems. Consequently, the TESLA-X main bank, which relies on constraints in the spin
dimension, is more prone to missing signals, while the TESLA-X component mass bank, which imposes
no spin restrictions, retains higher recovery efficiency. For completeness, we also present the sensitive

range as a function of false-alarm rate for MS220510ae like signals using the full template bank, the
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Figure 6.14: (Top panel) The sensitive range v.s. false-alarm rate for MS220508a-alike signals using the
full template bank (black), “TESLA-X (main) bank” (red), and “TESLA-X (component mass) bank” (blue)
respectively. The shaded band for each curve represents the corresponding 1-sigma region. (Bottom panel)
The corresponding percentage changes in sensitive range v.s. false-alarm rate for the different banks. We
note that while the “TESLA-X (main) bank™ improves in terms of sensitivity towards MS220508a-alike
(Iensed) signals, “TESLA-X (component mass) bank” is performing worse than the full template bank,
mainly due to the significant increase in trials factors caused by the large number of templates.

TESLA-X main bank, and the TESLA-X component mass bank in Figure 6.17.

From these two studies, we find that the choice of parameters used to construct the Gaussian KDE in the
TESLA-X method should depend on the mass scale of the target event. For systems with low chirp mass,
the chirp mass and effective spin provide a more suitable parameter pair for building the KDE. In contrast,
for high chirp mass systems, the component masses are a more effective choice for defining the KDE.
This behavior is physically expected. Chirp mass and spin parameters are typically well constrained for
low mass binaries, whereas they become increasingly poorly measured for high mass systems due to the

reduced number of inspiral cycles in band.

Looking ahead, several avenues can further improve the KDE construction in TESLA-X. One issue is that
Gaussian KDE contours may extend beyond the physical boundaries of the original template bank, as
illustrated by the yellow boundary in Figure 6.13. Parameter regions near these boundaries may therefore
require additional treatment. Another promising direction is to first construct and apply a separate KDE to
flatten the TESLA-X bank, for example by imposing a uniform mass distribution, before applying the
Gaussian KDE that encodes the targeted population model.
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Figure 6.15: Contour map of the Gaussian kernel density estimation derived for MS220510ae in the M,
Versus y.f space, with the color scale representing the probability density estimated by the KDE.
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Figure 6.16: Contour map of the Gaussian kernel density estimation constructed for MS220510ae in the
my versus my space, where the color scale indicates the probability density inferred from the KDE.

Injections General | TESLA-X TESLA-X
(main) (component mass)
Total 8099 8099 8099
Found 5047 4715 5886
Found % change - —6.58% 16.6%

Table 6.5: Number of injections recovered in the mock data search for the event MS220510ae using the
general template bank, the TESLA-X main bank, and the TESLA-X component mass bank, respectively.
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Figure 6.17: Top panel shows the sensitive range versus false-alarm rate for MS220510ae like signals
obtained with the full template bank shown in black, the TESLA-X main bank shown in red, and the
TESLA-X component mass bank shown in blue. The shaded region around each curve indicates the
corresponding one sigma uncertainty. Bottom panel displays the fractional change in sensitive range as
a function of false-alarm rate for the different template banks. Unlike the MS220508a case discussed
in the main text, the TESLA-X component mass bank yields improved sensitivity to MS220510ae like
lensed signals, whereas the TESLA-X main bank underperforms relative to the full template bank. This
difference primarily arises because spin parameters are generally poorly constrained for systems with high
chirp mass.
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