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A B S T R A C T / A B S T R A K T

The detection of gravitational waves has opened a new window into the strong-field
regime of gravity and matter at extreme densities. This thesis investigates how the
nonlinear character of Einstein’s equations manifests itself in the relaxation of black
holes to equilibrium and in the interaction between gravitational waves and matter.

The first part of the thesis is devoted to nonlinear effects in black hole ringdown.
I show that perturbation theory predicts the excitation of higher harmonics arising
from nonlinear couplings of the characteristic vibrational modes of the ringing black
hole. I characterise the properties of these higher harmonics, identifying them as
a new observable of interest for future gravitational wave detectors, and lay the
groundwork towards analytically modelling them in the high-frequency regime.
Next, I study how accretion of gravitational waves during the merger is imprinted
onto the ringdown signal. Finally, I investigate nonlinear dynamics in exotic compact
objects with stable light rings, demonstrating that long-lived gravitational waves can
trigger turbulent behaviour, with striking analogies to turbulence in fluid dynamics.

The second part of the thesis focuses on the interaction between gravitational
waves and matter. Particular emphasis is placed on dissipative relativistic hydrody-
namics, as viscosity plays for gravitational waves a role analogous to conductivity
for electromagnetic radiation. I develop the formalism to describe the relaxation to
equilibrium of a perturbed viscous star within a well-posed relativistic Navier-Stokes
theory. This formalism is then applied to study the reflection and absorption of
gravitational waves by a compact neutron star, as well as the impact of viscosity on
its characteristic oscillation modes. At a later stage I demonstrate that low-frequency
gravitational waves can be superradiantly amplified when scattered off a rotating
viscous star.

Overall, this thesis advances our knowledge of strong-field gravity along two
complementary directions. On the one hand, it contributes to the development
of a nonlinear paradigm for black hole spectroscopy, shedding light on the rich
spacetime dynamics that unfold in the aftermath of black hole mergers. On the
other hand, it establishes how dissipative effects in neutron star matter leave distinct
imprints on gravitational wave signals. These signatures provide a new avenue for
probing the microphysical properties of dense matter in neutron star interiors using
gravitational wave observations.

Upcoming gravitational wave detectors will observe black holes ring down with
unprecedented accuracy and detect mergers of neutron stars across the observable
Universe. The resulting wealth of data carries pristine information about black
holes, neutron stars, and the fundamental laws governing their dynamics. With
an improved theoretical understanding of nonlinear gravitational phenomena and
the role of dissipation in neutron star matter, this information can be decoded to
address unanswered questions about gravity, matter, and the structure of spacetime.

v



Dansk oversættelse

Opdagelsen af gravitationsbølger har åbnet et nyt vindue ind til tyngdekraftens
stærke feltregime og stof ved ekstreme densiteter. Denne tese undersøger, hvordan
de ikke-lineære karakteristika i Einsteins ligninger manifesterer sig i sorte hullers
afslapning mod ligevægt samt i interaktionen mellem gravitationsbølger og stof.

Den første del af tesen er afsat til ikke-lineære effekter i ringdown-fasen for et sort
hul. Jeg viser, at perturbationsteori forudsiger exciteringen af højere harmoniske
komponenter, som opstår gennem ikke-lineære koblinger mellem de karakteristiske
vibrationsmoder i det afklingende sorte hul. Jeg karakteriserer egenskaberne af
disse højere harmoniske komponenter ved at identificere dem som nye observerbare
størrelser af interesse for fremtidige detektorer og lægge grundlaget for en analytisk
model af dem i højfrekvensregimet. Herefter studerer jeg, hvordan akkretionspro-
cessen af gravitationsbølger under sammenstødet er indkodet i ringdown-signalet.
Til sidst undersøger jeg ikke-lineære dynamikker i eksotiske kompakte objekter
med stabile fotonringe, hvor jeg demonstrerer, at langtlevende gravitationsbølger
kan medføre turbulent adfærd, med en tæt analogi til turbulens i væskedynamik.

Anden del af tesen fokuserer på interaktionen mellem gravitationsbølger og stof.
Der lægges særligt vægt på relativistisk hydrodynamik med dissipative effekter, da
viskositet for gravitationsbølger fungerer på en måde, der svarer til ledningsevne for
elektromagnetisk stråling. Jeg udviklede en formulisme for at beskrive afslapningen
til ekvilibrium af en perturberet viskøs stjerne under en veldefineret relativistisk
Navier–Stokes-teori. Denne formulisme er derefter brugt til at studere refleksion og
absorption af gravitationsbølger i en neutronstjerne samt virkningen af viskositet
på dens karakteristiske oscillationer. Senere viser jeg, at gravitationsbølger med lav
frekvens kan forstærkes superradiant, når de spredes fra en roterende stjerne.

Samlet set udvider denne tese vores forståelse af tyngdekraftens stærke feltregime
i to komplementære retninger. På den ene side bidrager den til udviklingen af
et ikke-lineært paradigme for sort hul-spektroskopi, der fortæller os noget om
den komplekse rumtid-dynamik, der udfolder sig i kølvandet på sammenstødet
mellem sorte huller. På den anden side viser den, hvordan dissipative effekter i
neutronstjernemateriale efterlader tydelige aftryk i gravitationsbølgesignaler. Disse
signaturer giver os en ny mulighed for at undersøge de mikrofysiske egenskaber af
tæt stof i neutronstjerners indre ved hjælp af observationer af gravitationsbølger.

Fremtidige gravitationsbølgedetektorer vil observere ringdown-fasen af sorte
huller med hidtil uset nøjagtighed og detektere sammenstød mellem neutronstjerner
i hele det observerbare univers. De derved opnåede store mængder data rummer
ren information om sorte huller, neutronstjerner og de fundamentale love, der
styrer deres dynamik. Med en nu forbedret teoretisk forståelse af ikke-lineære
gravitationsfænomener og rollen af dissipative effekter i neutronstjernemateriale
kan denne information udnyttes til at belyse ubesvarede spørgsmål om tyngdekraft,
stof og rumtidens struktur.

Oversat af Leart Sabani
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Part I

G R AV I TAT I O N A L M U S I N G S

The idea of infinity cannot be expressed in words or even described,
but it can be apprehended through art, which makes infinity tangible.
The absolute is only attainable through faith and in the creative act.

— Andrei Tarkovsky, Sculpting on Time



1
I N T R O D U C T I O N

Written while listening to music composed by Igor Stravinsky.

Barely a hundred steps from the Niels Bohr Institute lies Sortedams Sø. I often
find myself walking along its shore. It takes about twenty to thirty minutes to circle
the lake, which I find is just long enough for the mind to shed the last meeting or
calculation and ready itself for something new. As I walk, I wonder about the lake’s
history. Sortedams Sø looks rather uninteresting: it is shallow, its water frequently
has a foul smell, and its only landmark is Fugleøen, an artificial island where
cormorants breed. Nonetheless, its history is quite fascinating. Originally built as
a moat, it was later turned into a water reservoir, and now it sets the stage for
swans, running clubs, ducks, and first dates. In 1944, a German BV 138 attempted
an emergency landing here, ending in disaster for two crewmen and a remarkably
unlucky passerby. In 1967, seven activists seized Fugleøen, declared themselves an
anarchist republic, and applied for membership in the United Nations. After a day,
they rowed back to shore.

Amid these human affairs, I wonder: has the water of Sortedams Sø always looked
the same? In winter it sometimes freezes, and on those rare days it is different.
But the surface I watch now must resemble what those seven activists saw before
founding their nation, or the final glimpse of that doomed passerby in the spring of
1944. The world outside has changed: I do not walk in a Nazi-occupied Denmark,
nor do many still hold the ideals of peace and love. Yet something remains.

That feeling explains my fascination with physics. What laws of nature remain im-
mutable? What are the laws that allow us to look back and say with confidence that,
on a sunny summer day, Sortedams Sø would not have looked much different than it
does now? This pursuit of universality finds its full power in experiment and in the
language of mathematics [461]. Centuries of work, and the vast efforts of brilliant
men and women, have revealed that a handful of fundamental equations govern
natural phenomena at scales ranging from the inhumanly tiny to the otherworldly
enormous. We often speak of four fundamental interactions: electromagnetism, the
weak force, the strong force, and gravity.

One aspect is particularly remarkable to me: three of these four interactions are
nonlinear. By this I mean, simply, that their vacuum equations are nonlinear in
the strict mathematical sense. As Stanisław Ulam famously remarked, “Using a
term like nonlinear science is like referring to the bulk of zoology as the study
of non-elephant animals.” Extending the list beyond these interactions to include

2
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the emergent laws of complex macroscopic systems, such as fluid dynamics or
magnetohydrodynamics, we find that the vast majority of physical systems, from
the oceans to the cytoplasm, from stellar nurseries to green laser pointers, are
nonlinear.

Nonlinear equations predict a fascinating wealth of phenomena that, in one way
or another, govern our lives. One such example is chaos: small disturbances can
lead to dramatic consequences. Chaos manifests, for instance, in the context of what
we dub turbulence. Defining turbulence in sufficient generality is itself a complex
problem. The best definition I have heard in all these years I owe to Frans Pretorius,
who, paraphrasing Supreme Court Justice Potter Stewart, claimed: “I know it when I
see it” 1. Turbulence has fascinated physicists for generations. Heisenberg is quoted
as having said on his deathbed: “When I meet God, I am going to ask him two
questions: Why relativity? And why turbulence? I really believe He will have an
answer for the first.” This is not a thesis about turbulence, but it is, perhaps, a thesis
inspired by turbulent dynamics.

The other essential ingredient of this thesis is General Relativity. Einstein’s theory
of gravitation is remarkably beautiful and deeply challenging at the same time.
One aspect that makes it beautiful is that, unlike most other physical theories, the
background structure is itself the dynamical field. The motion of ocean currents is
affected by the rotation of the Earth, yet it does not shorten the duration of a day.
By contrast, the motion of a mass is affected by the local gravitational field and
simultaneously modifies it. This mutual interaction is ultimately one of the reasons
General Relativity is so challenging.

Beyond its mathematical elegance, the merit of Einstein’s theory of gravitation
lies in its extraordinary predictive power in describing the most energetic processes
in the Universe. A paradigmatic example are black holes (BHs). BHs are nonlinear
solutions of Einstein’s equations, with no strict analogue in Newtonian gravity. A
single equation, with only two free parameters, describing the geometry of a BH
captures both the end state of massive stars and the dynamics of galactic centres.
Very few solutions in physics explain a range of natural phenomena spanning seven
orders of magnitude, which makes BHs truly exceptional.

A major milestone in General Relativity was the detection of gravitational waves
(GWs) in 2015 by the LIGO collaboration [5]. Einstein had already predicted in 1916

that moving massive bodies could source ripples in spacetime that carry energy and
angular momentum, and are therefore detectable [184, 185]. It is worth emphasizing
how remarkable these detections are. The LIGO–Virgo–KAGRA collaboration has
now detected more than one hundred GW events from the mergers of compact
objects. Two black holes, already extraordinary objects on their own, find each other
in a cosmic dance, orbiting and inspiraling until, in a fraction of a second, they
emit an amount of energy that, if converted to visible light at Earth, would make
the night sky appear as bright as day. Millions of years pass while these spacetime
ripples propagate through the Universe, and we happen to live in the privileged

1 In Jacobellis v. Ohio, Stewart used these words to argue that the material at hand was not obscene.
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generation that has measured, for the first time in human history, this new form of
cosmic messenger.

Ten years after that first detection, interest in GWs has only grown. They offer
vast discovery potential: in just a decade, we have learned that BHs exist with
masses beyond previous expectations [2], that light propagates at the same speed
as GWs [6], and that General Relativity remains extraordinarily accurate even in
extremely strong and highly dynamical gravitational fields [3, 7]. Understanding
and interpreting GWs, including nonlinear phenomena, is therefore the primary
goal of this thesis.

There exists yet another class of compact objects that is as intriguing as BHs:
neutron stars. These are extremely dense stars, compressing nearly twice the mass
of the Sun into a sphere that would fit within the municipality of Copenhagen.
In fact, they are so dense that atoms can no longer exist in their interiors; their
cores are instead filled with a soup of neutrons, hence the name. Their extreme
compactness means that General Relativity is essential for understanding their
dynamics. At the same time, the matter in their interiors is cold and ultra-dense,
pushing our knowledge of nuclear physics beyond its limits. All four fundamental
interactions play a major role in describing neutron star dynamics, and by studying
them we may not only answer questions about gravitation, but also gain insight
into quantum chromodynamics and the physics of neutrinos. The final part of this
thesis is concerned with the interaction between GWs and neutron stars.

Before turning to the technical details, we introduce two of the central concepts
of this thesis, GWs and BHs, and outline its overall structure.

1.1 basic concepts

1.1.1 What are Gravitational Waves?

General Relativity describes the spacetime as a four-dimensional Lorentzian mani-
fold (M, g), equipped with the Levi-Civita connection ∇a. The dynamics is gov-
erned by the Einstein-Hilbert action

S =
∫

M
d4x
√
−g
( 1

2κ
R + LM

)
, (1.1)

where κ = 8πG/c4 = 8π in geometric units, R is the Ricci scalar, and LM is the
matter lagrangian. Demanding that the action is stationary, and assuming spacetime
has no boundaries, we recover Einstein’s equations

Gab ≡ Rab −
1
2

Rgab = κTab , Tab =
−2√−g

δ(
√−gLM)

δgab , (1.2)

where Tab is the stress-energy tensor. For day-to-day classical physics, the spacetime
is well described by the Minkowski solution g = η

ηabdxadxb = −dt2 + dx2 + dy2 + dz2 , (1.3)
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h+ h×

Figure 1 Schematic representation of the shape of a ring of freely falling particles under the
passing of a + polarised GW (black), and a × polarised GW (red).

in the usual Cartesian coordinates. This is a vacuum solution of Einstein equations,
meaning it solves (1.2) setting Tab = 0, and all curvature tensors vanish. Hence we
refer to this as flat spacetime. Small deviations around flat spacetime can be captured
perturbatively, assuming that the spacetime geometry is everywhere close to the
Minkowski spacetime, gab = ηab + ϵhab, with ϵ≪ 1. By appropriately choosing the
coordinates up to order O(ϵ), we can always assume the metric perturbation hab is
in the transverse and traceless (TT) gauge:

∇bhab = 0 , ηabhab = 0 . (1.4)

The linearised Einstein equations in vacuum lead to a wave equation for the metric
perturbation

□hab = 0 . (1.5)

Thus, General Relativity predicts the existence of spacetime waves, propagating
exactly at the speed of light (along null cones). It is possible to find two (and
only two!) covariantly conserved polarisation tensors ϵ+ab, ϵ×ab, that capture the two
propagating degrees of freedom. If we consider GWs propagating along the z
direction, we can write

hab = eiω(z−t)
(

h+ϵ+ab + h×ϵ×ab) , (1.6)

with h+,× the GW strain in the +,× polarizations, and the polarisation tensors are

ϵ+ab =




0 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 0




, ϵ×ab =




0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0




. (1.7)

Now, consider a ring of particles free-falling in the xy plane. Select any two
diametrically opposed particles, and let si be their separation vector. The geodesic
deviation equation implies that their separation evolves as

D2si

Dτ2 = −Ri
0j0sj =

1
2

∂2hi
j

∂t2 sj , (1.8)
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and in the TT gauge, proper and coordinate time coincide to first order, so the
geodesic separation between freely falling particles is simply

si(t) = sj(0)
(

δij +
1
2

hij(t)
)

. (1.9)

Therefore, propagating GWs stretch and compress the spacetime between two
freely-falling points by an amount that is directly proportional to the GW strain.
A visualization of this effect is shown in Fig. 1. This is, in essence, the physical
mechanism used to detect GWs. GW detectors are based on a laser interferometer,
where the mirrors that determine the laser paths behave like freely falling particles.
Changes in the length along each of the arms of the interferometer lead to an excess
power in the detector after the recombination of the two signals, and this excess
power can be directly linked to the GW strain. Of course this is nothing but an
extremely simplified version of what is, without a doubt, one of the most precise
experiments of the history of humankind.

So far, we have only discussed the propagation of GWs. These are sourced by
the dynamics of matter fields and gravity (such as moving BHs). Let us recover
the presence of matter fluctuations, assume the perturbation is sourced by some
(small) stress-energy tensor Tab = ϵtab. In general, we can no longer assume that
the metric perturbation is in the TT gauge. We can always ensure the transverse
condition, though, so suffices to work instead with the trace-free metric perturbation
h̄ab = hab − hηab/2.

□h̄ab = 2κtab . (1.10)

Using the flat space Green’s function we can write

h̄ab =
4G
c4

∫
d3x′

tab(ct− |x− x′|, x′)
|x− x′| . (1.11)

At large distances from the source, using the multipolar decomposition of the
stress energy tensor, we find that GWs are sourced by the second-derivative of the
quadrupole moment of the matter fluctuation [327]

hTT
ab =

2G
c4r

Q̈ij(t− r/c) . (1.12)

Two massive bodies orbiting each other are the paradigmatic example of a changing
quadrupole moment in nature. However notice that the constant in front is remark-
ably small, Gc−4 ∼ 10−45s2/(kgm). Therefore, generating a measurable GW strain
demands remarkably large quadrupole moments, changing very rapidly. The GW
strain “only” decays as 1/r, meaning that the main difficulty in exciting GWs is
generating really large quadrupole moment changes, since otherwise GWs prop-
agate and decay as usual waves. Therefore it stands to reason that compact binary
coalescences, meaning the orbit and ultimate merger of compact gravitating bodies,
is one of the leading sources of GWs in the Universe. There are a number of other
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Figure 2 Characteristic GW strain at the detector for a compact binary coalescence. In this
case, we consider the merger of two nonspinning BHs with masses (m1, m2) = (33, 37)M⊙,
which merged at a distance of dL = 410Mpc. We highlight the three different stages of the
coalescence.

physical processes which emit GWs, such as supernovae, mountains in neutron
stars, superradiance, primordial GWs or phase transitions in the early Universe.

The typical GW strain emitted during a compact binary coalescence is shown
in Fig. 2. Three distinct stages are highlighted in the figure: the inspiral, merger,
and ringdown. This distinction is not a fundamental division, but mostly a practical
one. The GWs emitted during the inspiral can be accurately modelled by the post-
Newtonian or post-Minkowskian theory, in essence, refining (1.12) order by order,
accounting for the relativistic motion of the source. This expansion is eventually not
accurate anymore, and a numerical solution of the full Einstein equations is needed.
Tackling this stage – the merger – was a profound technical and fundamental
challenge, suffices to mention that the first efforts in this direction were initiated
by Susan Hahn and Richard Lindquist in 1964 [234], and a complete solution
describing the merger of orbiting BHs had to wait more than forty years, until the
breakthroughs of 2005 [40, 96, 387]. Once the two BHs merge, the last stages of
the GWs emission can be modelled perturbatively once again, albeit in a different
manner. This is the ringdown regime, to which much of this thesis is devoted.

Finally, let us examine whether GWs can carry energy and angular momentum.
This problem was brilliantly tackled by Isaacson [253, 254]. First of all, notice that
we shall not consider GWs exclusively as perturbations to flat space, but in general
as small fluctuations on some, yet-to-be-determined background, gab = ḡab + ϵhab.
But how do we distinguish the background from the foreground? The key idea is to
consider simultaneously a split into a high-frequency sector and a low-frequency
sector. Let Λ be the characteristic lengthscale of the background curvature, such
that ∂ḡ ∼ ḡ/Λ, and λ the lengthscale of the GWs, ∂h ∼ h/λ. We now assume a
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separation of scales, λ≪ Λ. Splitting the perturbed Einstein equations into low and
high-frequencies, we encounter

R̄ab =− ⟨R(2)
ab ⟩+ κ

〈
Tab −

1
2

Tgab

〉
,

R(1)
ab =−

[
R(2)

ab

]High
+ κ
(

Tab −
1
2

Tgab

)High
,

(1.13)

where ⟨·⟩ denotes the averaged quantity over a lengthscale l such that λ≪ l ≪ Λ,
effectively selecting the low-frequency content. The high superscript can be thought
of as the deviations with respect to this mean field. In essence, this split is akin to
how we can define waves in the ocean as small ripples with respect to an averaged
water height. The second equation, omitting the higher-order term, is the one we
already dealt with. But the first equation now shows that GWs can have an impact
on the spacetime curvature. Notice that if we denote by T̄ab = ⟨Tab⟩, and reversing
the traces, then the first equation becomes

R̄ab −
1
2

R̄ḡab = κ
(

T̄ab + tGW
ab

)
, (1.14)

where tGW
ab is the effective stress energy tensor associated to GWs, and is given by

tGW
ab = −κ−1

〈
R(2)

ab −
1
2

R(2) ḡab

〉
=

1
4κ
⟨∂ahcd∂bhcd⟩ , (1.15)

where the last equality holds in the TT gauge. This demonstrates that, indeed, GWs
are physical and carry energy-momentum.

1.1.2 What are Black Holes?

Often, the concept of a BH is introduced by first discussing the notion of escape
velocity. Take a body of mass M and radius R, imagine the Earth, for instance. The
escape velocity is the speed necessary for a small particle to escape the gravitational
pull. Finding the kinetic energy that exactly balances the gravitational potential
energy, one arrives to ve =

√
2GM/R ∼ 11km/s on Earth. John Michell famously

considered the thought experiment of computing the size of a body such that
light could not escape from it: RS = 2GM/c2. Such an object would be a dark star,
invisible to us, as no light could ever be emitted from it.

BHs turn into reality this back-of-the-envelope calculation. Schwarzschild first
noted that Einstein’s equations admitted, in vacuum, a simple static solution assum-
ing spherical symmetry, given by

gabdxadxb = − f (r)dt2 + f−1(r)dr2 + r2dΩ2 , f = 1− 2GM
c2r

, (1.16)

where M > 0 is some positive number. Asymptotically, this geometry is simply
flat space. However, the geometry becomes pathological at two locations: r = RS,
and r = 0. The first pathology is due to a poor choice of coordinates. Replace
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the time coordinate by the proper time of a null ray moving inwards, v = t + r∗,
with r∗ = r + RS log(r/RS − 1) the tortoise coordinate. Then, the Schwarzschild
geometry takes the form

gabdxadxb = − f (r)dv2 + 2dvdr + r2dΩ2 . (1.17)

The singularity at r = RS has disappeared. In fact, by investigating the causal
structure, one notices that that radius is characterized by parametrizing surfaces
of vanishing expansion: null rays, e. g., light, never escapes the surface r = RS.
Therefore, it defines the surface of the dark star region, what we know refer to as
the event horizon. Its interior, we dub black hole. We emphasize, though, that this
is a vacuum solution, where the energy content is contained in the curvature of
spacetime itself.

Both event horizons and black holes admit a formal definition, which is inde-
pendent of coordinate choices, and relies instead on the causal structure of the
spacetime. Since this is only an introductory chapter, we avoid introducing addi-
tional terminology here, and refer the interested reader instead to, e. g., [157]. At
this point, suffices to say that if we think of ourselves as asymptotic observers, then
any physical event that occurs inside the BH, r < RS, is inaccessible to us. Strictly
speaking we cannot (classically) know whether event horizons exist in any finite
amount of time.

The singularity at r = 0 did not disappear when changing coordinates and in
fact it is unavoidable, as it is a true singularity. For instance, one may calculate the
Kretschmann scalar, to find that it diverges

RabcdRabcd =
48G2M2

c4r6
r→0−−→ ∞ . (1.18)

Singularities are fascinating, as they predict the doom of General Relativity itself,
which simply ceases to be an accurate description of the spacetime geometry close
to that point. Nevertheless, this occurs inside the BH region, and any physical
consequences are (classically) forbidden from influencing observers external to
the BH. In this thesis we will always think about BHs as referring to the exterior
spacetime geometry, i. e., the causal past of future null infinity.

Up to this point, BHs are an exciting possibility of General Relativity, showcasing
interesting physics associated to the likely existence of horizons and singularities.
All of these, nevertheless, lie within the realm of theoretical physics. However BHs
are of paramount importance in astrophysics, for one major reason: they are the
endpoint of gravitational collapse. Once a sufficiently massive star exhausts its
nuclear fuel, it falls onto itself due to its own self-gravity, undergoing a supernova
explosion. Depending on the initial mass of the star, and on the details of radiative
processes taking place, gravitational collapse may be halted by neutron degeneracy
pressure and strong-force repulsion, leading to a neutron star. However, if the
initial star is massive enough, nothing can halt the collapse, and the end-point is
inevitably a BH. A convincing argument, albeit based on a simplified model, was
first presented by Oppenheimer and Snyder [362].
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Figure 3 Left: Schematic representation of the gravitational collapse of a shell of matter,
showing the formation of a singularity (wiggly line), and horizon. The motion of a repre-
sentative infalling observer is shown in red, including the tilting of lightcones. Right: The
same process, but shown as its Penrose diagram.

The Oppenheimer-Snyder model considers the gravitational collapse of a ball of
dust (pressureless matter). Let R be the radius of this ball of dust, which begins to
collapse from rest at t = 0, from a finite radius R0. Geodesic motion leads to

R =
R0

2
(1 + cos η) , τ =

√
R3

0
8M

(η + sin η) , (1.19)

which we have parametrized in terms of a parameter η, which is directly linked to
the proper time of the surface τ. Clearly R decreases until η = π, at which point
R → 0 — all matter in this ball of dust is crushed at a single point of spacetime.
However, any test particle experiences this collapse in a finite amount of proper

time ∆τ = π
√

R3
0/(8M). The spacetime geometry in the exterior of the star is

described by the Schwarzschild spacetime (1.16), for radii r ≥ R(η), where t(η) can
be found in [444]. Inside the ball of dust, the spacetime takes the form of a closed
cosmological universe, in comoving coordinates,

ds2 = −dτ2 + a2(τ)[dχ2 + sin2 χdΩ2] , a(τ) =

√
R3

0
8M

(1 + cos η) , (1.20)

with τ(η) given by (1.19). This geometry matches smoothly the exterior Schwarzschild
spacetime. The density ρ ∼ a−3 → ∞ as the star collapses, indicating that all the
matter is indeed focused onto a single point. A schematic representation of this col-
lapse is shown in Fig. 3. Since the shell is forced to move along a timelike trajectory,
and all timelike geodesics starting inside the event horizon inevitable terminate at
r = 0, we can conclude that nothing can prevent the formation of a BH once all the
matter has fallen inside its own gravitational radius.
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This exercise illustrates that BHs are far from a theoretical divertimento, but
rather a physical reality that influences stellar and galactic dynamics. Per se, we
may never be able to confidently answer whether BHs, i. e., event horizons, exist.
However, the astrophysical evidence for compact, dark objects, compatible with our
knowledge of BHs from General Relativity, is astounding [7, 14, 15].

1.2 a hitchhiker’s guide to this thesis

The main research output of this thesis is divided into two parts: Part II (Nonlinear
Dynamics in Black Hole Ringdown) and Part III (Interaction of Gravitational Waves with
Viscous Matter). Preceding these, Chapter 2 presents a collection of mathematical and
methodological tools used throughout the thesis, including the spinor formulation of
General Relativity and the Geroch-Held-Penrose formalism, numerical methods for
solving partial differential equations, and Bayesian inference. Chapter 3 presents key
results in BH perturbation theory for spherically symmetric BHs. Several of these
results are also essential for understanding perturbations of spherically symmetric
stars, which are studied in the latter half of the thesis.

The aim of Part II is to investigate nonlinear aspects of perturbed BHs. Following
a BH merger, the remnant relaxes to equilibrium by emitting GWs in a superposition
of damped harmonics, dubbed quasinormal modes. This description is rooted in
linear perturbation theory, despite the fact that the merger itself is a highly nonlinear
process. A central question motivating this part of the thesis is therefore: where are
the nonlinearities?

Part II begins with Chapter 4, which introduces rotating BHs and their pertur-
bations. While most of the material presented here has appeared previously in the
literature, several results are rewritten within a covariant GHP framework. This
includes two distinct metric reconstruction procedures and the derivation of the
source term for the Teukolsky equation at second order in perturbation theory. Most
of the technical calculations in this chapter are carried out using the xAct packages
SymSpin and xPert, and the code reproducing these results is available in [1].

The genuinely novel contributions of the thesis begin in Chapter 5, which studies
the excitation of driven higher harmonics (quadratic QNMs) arising from nonlinear
mode coupling between the ringdown GWs. This requires solving second order
perturbations of a rotating black hole and subsequently inferring the amplitudes
of these driven modes from the data. We find that these amplitudes are largely
independent of the initial conditions, suggesting a new avenue to test the nonlinear
dynamics of General Relativity with GW data. The chapter concludes with a dis-
cussion of interesting features of quadratic QNMs in the high-frequency (eikonal)
regime. Chapter 6 builds on these results by studying high-frequency perturbations
of rotating BHs through their description as perturbations of plane-wave space-
times, using the Penrose limit [374]. This chapter presents the first comprehensive
formulation of first- and second-order gravitational perturbations on homogeneous
plane waves and provides analytical predictions for the amplitudes of quadratic
QNMs in the eikonal regime. Chapter 7 then examines a complementary nonlinear
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effect during ringdown: the change in the remnant BH mass due to GW accretion,
and the corresponding imprint this has on the emitted signal. Finally, Chapter 8

explores an alternative scenario in which the compact object is not a BH but a
horizonless ultracompact object. Such models have been conjectured to exhibit a
nonlinear instability associated with the stable trapping of GWs. Here we show
that under certain conditions no instability arises. Instead, the presence of stable
trapping (absent for astrophysical BHs) leads to turbulent dynamics.

Part III focuses on the interaction between GWs and matter. Nonlinear phenomena
are not confined to vacuum spacetimes, and the coupling between strong gravity
and complex physical systems such as neutron stars provides a rich laboratory in
which to search for new physics. Chapter 9 introduces the framework of first-order
relativistic hydrodynamics, discussing its well-posedness and causality. Central
to this part is Chapter 10, which develops the formalism required to study per-
turbations of spherically symmetric viscous stars and derives the corresponding
master equations. The physical implications of this framework are explored in
Chapter 11, within spherical symmetry, and extended to include rotational effects
in Chapter 12. Our results show that GW propagation is strongly influenced by
viscous and dissipative processes in the cores of neutron stars, leading to GW ab-
sorption, viscosity-induced shifts in stellar oscillation frequencies, and superradiant
amplification of low-frequency GWs. These results pave the way towards mapping
transport coefficients into GW observables during neutron star mergers, providing
a new angle through which to infer the composition of matter at extreme densities.

The thesis concludes in Part IV with a concise summary of results, and an outlook
on future directions.

Conventions. This thesis makes use in its majority of the mostly plus metric
signature (−+++), with Wald’s [455] convention for the Riemann curvature. The
mostly minus (+−−−) metric signatures, however, is used in Chapters 4 and ??,
which heavily rely on the 2-spinor calculus, where this metric signature choice is
advantageous. Those chapters also make use of Penrose & Rindler’s convention for
the Riemann curvature, which unfortunately is the opposite of Wald’s [375]. We
always work in geometric units, where the speed of light c and the Gravitational
constant G are both set to unity c = 1 = G. Throughout all this work we restrict to
4 spacetime dimensions.

Spacetime indices are labelled by lower-case latin letters a, b, c, · · · = 0, . . . , 3.
Spinor indices are labelled with uppercase latin letters A, B, · · · = 0, 1 with primes
denoting the conjugate representation A′, B′, · · · = 0′, 1′. Uppercase latin letters
beginning at I, J, · · · = 2, 3 are used to denote spacetime indices with support on
the sphere in spherically symmetric spacetimes.
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M AT H E M AT I C A L S T R U C T U R E S

Written while listening to music composed by Maurice Ravel.

Geometry is the language of General Relativity. The gravitational field is encoded
in the curvature of a spacetime metric, and matter moves along geodesics in this
curved space, sourcing in turn gravitational fields. Our understanding of gravity
is, thus, nonlinear, relying on the properties of complex systems of coupled partial
differential equations. From the mathematical point of view, BH dynamics is de-
scribed by a combination of differential geometry and analysis. Our experimental
knowledge about BHs and GWs, however, is only probabilistic. Contrasting theoret-
ical predictions against experimental data requires of knowledge of statistics and
probability theory. This chapter is intended to present some of the fundamental
mathematical tools of GW astronomy. There are, evidently, aspects of the mathemat-
ics of strong-field gravity that are not covered in this Chapter, or that may change
in years to come as our understanding of physical phenomena and mathematics
grows hand in hand.

This Chapter is intended as an overview of the mathematical foundations under-
lying this thesis, pointing to key references that I have found useful in my personal
journey through these topics. In that sense, the presentation carried out here is
not meant to be self-contained, nor exhaustive, but rather an introduction to the
language that this thesis will use. First, I discuss the geometry of General Relativity,
mostly from the lens of 2-spinor calculus. Next, I introduce some basic concepts
of numerical analysis that are used repeatedly across this thesis, and some basic
results on the well-posedness of systems of partial differential equations. Finally, I
review briefly the foundations of Bayesian inference, and its application to GW data
analysis.

2.1 geometry of spacetime

Spacetime is described by a real Lorentzian manifold (M, g), with the unique
metric-compatible Levi-Civita connection which we denote by ∇. In addition, if
spacetime is globally hyperbolic, it admits a spinor structure. We will exploit this
spinor structure to simplify the geometric description of four-dimensional spacetime.
Next, we will introduce a null tetrad and discuss in detail the formulation of General
Relativity due to Geroch, Held, and Penrose (GHP). Finally, we discuss spacetime
symmetries on a particular class of spacetimes which includes astrophysical BHs.

13
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2.1.1 Spinor Calculus

First of all, what is a spinor? Let us answer the question locally. The space of spin-
vectors at a point, denoted by S, is a 2-dimensional vector space over C, endowed
with a symplectic structure {·, ·}. This simplectic structure can be used to define
musical operators mapping S to its dual

S
♭−→ S∗

♯−→ S

ξ 7→ ξ♭ 7→ (ξ♭)♯ = ξ ,
(2.1)

where ξ♭ = {ξ, ·}, and the inverse operator is, given some η ∈ S∗, the unique
η♯ ∈ S such that {η♯, ζ} = η(ζ) for all ζ ∈ S. This establishes an isomorphism
S ≃ S∗. We can use this to define the complex conjugate S̄ as the dual space to
the set of antilinear maps ψ : S → C such that ψ(aξ + bη) = āξ + b̄η. Thus, the
complex conjugate of a spinor ξ ∈ S is ξ̄(ψ) = {ψ♯, ξ}.

By considering the direct product of multiple copies of S, S̄ and their duals we
can construct spinor fields with arbitrary valence. Abstractly we assign a label to
each of these copies, with A, B, . . . denoting copies of S and its dual, and primed
labels A′, B′, . . . denoting labels that “live” in the complex conjugate space. This
defines an algebra S•, and elements of the algebra are graded by their valence, e. g.,
the spinor ξBC

AA′ : S×S×S∗ × S̄→ C has valence (3, 1).
Since S is two-dimensional, the space of antisymmetric 2-forms, including the

symplectic structure {·, ·}, is one dimensional. Hence there exists a valence (2, 0)
spinor ϵAB ∈ S• such that

{ξ, η} = ϵABξ AηB , (ξ A)♭ = ϵBAξB , (ξA)
♯ = ϵABξB . (2.2)

Thus, ϵAB is dubbed a spin metric. Notice the order in the contractions, taken to
avoid introducing minus signs. A useful mnemonic to remember the contracted
index of the spin metric is left - lowering and right - raising.

This construction of spinors at a point can be extended to spinor fields on
spacetime as long as the given spacetime is spin, i. e., if it second Stiefel-Whitney
class vanishes. Geroch [207] showed that this is the case for every globally hyperbolic
spacetime by specifically constructing the algebra of associate spinor bundles that

realizes the double cover structure of Spin(3, 1) ≃ SL(2, C)
2:1−→ SO(1, 3). A globally

hyperbolic spacetime admits a Cauchy surface, meaning that topologically the
manifold isM≃M3 ×R, and therefore the lift to this associate bundle trivializes.
A visual illustration of this construction is shown in Fig. 4. We will denote by
S•(M) the algebra of spinors on spacetime.

Real spinor fields, i. e., those that are invariant under complex conjugation, are
directly related to null vector fields. In particular, given a spinor ξ A we can al-
ways construct a null vector field as ka = ξ Aξ A′ . Remarkably, gab = ϵABϵA′B′ is a
symmetric, non-degenerate 2-form on M, i. e., a Lorentzian metric. Moreover, if
∇a is the covariant derivative associated to the Levi-Civita connection on (M, g),
then there exists a unique spinor derivative ∇AA′ : S•(M) → S•(M) that is (i)
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Figure 4 Schematic representation of the base manifold M, the principal frame bundle
PSO(1,3)M, and the spin bundle. By representing a closed loop in the base manifold and its
corresponding lifts it becomes evident that the spin bundle is a double cover of the principal
frame bundle. In the right we represent one of the associate spinor bundles SA(M), and a
spinor field ξ A is shown as a (smooth) section, where a spinor at each point is represented
by a null flag.

linear, (ii) a derivation under multiplication of smooth scalar functions, i. e., satisfies
a Leibnitz rule, (iii) torsion-free, and (iv) spin-metric compatible ∇AA′ϵBC = 0.
As this is unique, it reduces to the usual derivative when acting on real spinors,
∇AA′(ξ

BξB′) = ∇akb.
A final ingredient will be the irreducible decomposition of spinors. Any spinor

ξA...BA′ ...B′ is the sum of a symmetric spinor ξ(A...B)(A′ ...B′) and outer products of
spin metric’s with symmetric spinors of lower valence. The proof of this result is
given in Proposition 3.1 in [296] or Proposition (3.3.54) in [375]. In essence, the proof
reduces to showing that one can symmetrize over two indices.

ξ ...AB... = ξ ...(AB)... +
1
2

ϵABξC
...C... . (2.3)

In order to show this, it suffices to show that the antisymmetric component of a
spinor is proportional to the spin metric, which in turn follows from the Jacobi
identity ϵA[BϵCD] = 0. Therefore, we can reduce every spinor to symmetric spinors.
Let us denote by S(p,q) the space of symmetric spinor fields with valence (p, q). The
covariant derivative of a symmetric spinor can be decomposed into four irreducible
parts: the divergence D , curl C , curl-dagger C †, and twistor T . Let us first define
the symmetric product of symmetric spinors as

i,j
⊙ : S(k,l) × S(n,m) → S(k+n−2i,l+m−2j) ,

(η, ξ)→ η
i,j
⊙ ξ = η

(A′1...A′l−j−1|B1...BiB′1...B′j|
(A1...Ak−i−1

ξ
(A′l−j ...A

′
l+m−2j)

Ak−i ...Ak+n−2i)B1...BiB′1...B′j
.

(2.4)
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with i ≤ min(k, n) and j ≤ min(l, m). Then, the symmetric derivative operators are

Divergence: D : S(p,q) → S(p−1,q−1) , Dξ 7→ ∇
1,1
⊙ ξ ,

Curl: C : S(p,q) → S(p+1,q−1) , C ξ 7→ ∇
0,1
⊙ ξ ,

Curl dagger: C † : S(p,q) → S(p−1,q+1) , C †ξ 7→ ∇
1,0
⊙ ξ ,

Twistor: T : S(p,q) → S(p+1,q+1) , T ξ 7→ ∇
0,0
⊙ ξ .

(2.5)

For example, for a vector ξa ≡ ξ AA′ ∈ S(1,1), we have

Dξ =∇aξa , T ξ = ∇(aξb) −
1
4

gab∇cξc

C ξ =(1− i⋆)∇[aξb] , C †ξ = (1 + i⋆)∇[aξb] .
(2.6)

Let us show how this formulation simplifies the treatment of General Relativity. The
curvature tensor can be decomposed in terms of the Weyl tensor Cabcd, a symmetric,
rank-2 traceless tensor Rab− Rgab/4, and a Ricci scalar R. Each of these is associated
to a symmetric spinor, given by

Weyl: Cabcd = −ΨABCDϵA′B′ϵC′D′ − Ψ̄A′B′C′D′ϵABϵCD ,

Trace-free Ricci: Sab = Rab −
1
4

Rgab = 2ΦABA′B′ ,

Ricci scalar: R = −24Λ .

(2.7)

Vacuum Einstein equations simply read Φ = Λ = 0. Hence, vacuum General
Relativity, which describes BH spacetimes, is governed only by the dynamics of the
Weyl or gravitational spinor Ψ. Its dynamics is fixed by Bianchi identities, which in
spinor notation become

∇A
B′ΨABCD =∇A′

(BΦCD)A′B′ =⇒ C †Ψ = C Φ ,

∇CA′ΦCDA′B′ =− 3∇DB′Λ =⇒ DΦ = −3T Λ .
(2.8)

Notice that in vacuum this is just ∇AA′ΨABCD = 0. Taking an additional derivative,
and commuting them, we obtain that vacuum gravity is governed by a nonlinear
wave equation, often dubbed Penrose wave equation

□ΨABCD = 6ΨEF
(ABΨEF

CD) . (2.9)

2.1.2 GHP Formalism

We introduce next the GHP formalism, first put forward in Ref. [208]. Let us start
by introducing a spinor dyad (oA, ιA), normalized as oAιA = 1. This normalization
implies that the spin metric is ϵAB = 2o[AιB]. This spin dyad can be mapped to a
null tetrad in the complexified tangent space (ℓa, na, ma, m̄a), with

ℓa = oAoA′ , na = ιAιA′ , ma = oAιA′ , m̄a = ιAoA′ , (2.10)
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satisfying that ℓana = −mam̄a = 1. The spacetime metric is

gab = ϵABϵA′B′ = 2(ℓ(anb) −m(am̄b)) . (2.11)

We recognize that (ℓ, n, m) defines a Newmann-Penrose (NP) tetrad [356]. Under a
Lorentz transformation L ∈ SL(2, C), the spin dyad transforms as

(
ǒA

ι̌A

)
= L

(
oA

ιA

)
, ǒA ι̌A = det L = 1 , (2.12)

i. e., Lorentz transformations map spin dyads to spin dyads. It’s useful to decompose
Lorentz transformation in three classes, depending on how they act on the spin
dyad

Class I: o → o , ι→ ι + āo ,
Class II: o → o + bι , ι→ ι ,

Class III: o →
√

Λeiθo ι→ 1√
Λeiθ

ι .
(2.13)

Class I (respsectively II) transformations correspond to rotations along the o (respec-
tively ι) spinors, parametrised by the complex functions a (respectiely b), whereas
class III rotations are simultaneous boost-spin transformations, parametrised by the
two real functions Λ, θ. Their action on the induced NP tetrad is simply

Class I: ℓ→ ℓ , n→ aāℓ+ n + ām + am̄ , m→ aℓ+ m ,
Class II: ℓ→ ℓ+ b̄m + bm̄ , n→ n , m→ bn + m ,

Class III: ℓ→ Λℓ n→ Λ−1ℓ , m→ eiθm ,

(2.14)

Class III transformations define a group action of C× on the spinor field algebra,
with representations that can be labelled by two integers (p, q). A field ξA... is in the
(p, q) representation, which we say to have GHP Weight (p, q), if it transforms in the
following manner under a class III transformation:

ξA...
◦
= (p, q) ⇐⇒ ξA...

(o,ι)→(λo,λ−1ι)−−−−−−−−→ λpλ̄qξA... . (2.15)

Equivalently we say that ξA... has boost weight (p + q)/2 and spin weight (p− q)/2.
Formally, the (p, q)-representations of the C× group action induced by class III
transformations can be used to define associate fiber bundles to the spinor algebra
S•(p,q), whose sections are spinor fields with GHP weight (p, q). This bundle has an
induced connection, sometimes dubbed GHP connection, which differs from the
lifted Levi-Civita connection. The covariant derivative on S(p,q) is

Θa = ∇a − pωa − qω̄a , (2.16)

where

ωa =
1
2

(
nb∇aℓb + mb∇am̄b

)
. (2.17)
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It is useful to introduce the projections of the GHP derivative onto the tetrad, which
are operators with a well-defined GHP weight, i.e., they map S(p,q) → S(p′,q′), as

þ = ℓaΘa , þ′ = naΘa , ð = maΘa , ð′ = m̄aΘa . (2.18)

Their GHP weights can be read from (2.14)

þ ◦
= (1, 1) , þ′ ◦= (−1,−1) , ð ◦

= (1,−1) , ð′ ◦= (−1, 1) . (2.19)

We have introduced the prime notation, which is one of the discrete internal symme-
tries of the spin dyad, given by

Priming: oA 7→ iιA , ιA 7→ ioA , oA′ 7→ −iιA′ , ιA′ 7→ −ioA′ . (2.20)

We will often make use of this symmetry, which in essence corresponds to changing
the NP tetrad (ℓ, n, m)′ 7→ (n, ℓ, m̄). Notice that it commutes with complex conjuga-
tion, so we write equivalently X′ = X̄′. There is yet another discrete symmetry, first
discovered by Sachs [416], dubbed the starring operation

Starring: oA 7→ oA , ιA 7→ ιA , oA′ 7→ ιA′ , ιA′ 7→ −oA′ , (2.21)

where notice that this does not commute with complex conjugation.
At this point, it is necessary to introduce the connection components. In addition

to the GHP connection ωa defined in (2.17), we need to introduce

Γa = mb∇aℓb ≡ τℓa + κna − ρma − σm̄a , (2.22)

where (τ, κ, ρ, σ), together with their primed versions, are the GHP spin coefficients.
Indeed, they appear as the connection components in the GHP derivatives of the
spin dyad

ΘaoA = −ΓaιA , ΘaιA = −Γ′aoA . (2.23)

Equipped with these quantities, we can now derive the key equations of the GHP
formalism: the Ricci transport equations, which relate the derivatives of spin co-
efficients to the spacetime curvature (and are equivalent to Cartan’s structure
equations), and the Bianchi identities. First, let us introduce the commutator □AB

2∇[a∇b] = ϵA′B′□AB + ϵAB□A′B′ , □ = −∇
0,1
⊙ ∇ . (2.24)

Notice that when acting upon a symmetric spinor ξ ∈ S(n,m) this is simply

□
0,0
⊙ ξ = −nΨ

1,0
⊙ ξ −mΦ

0,1
⊙ ξ . (2.25)

Hence, if we let ϵA = {o, ι} be the spin dyad, we can write the Ricci transport
equations compactly as

Ψ = ϵA
0,0
⊙ □

0,0
⊙ ϵA , Φ = ϵA

0,0
⊙ □̄

0,0
⊙ ϵA , Λ =

1
6

ϵA
1,0
⊙ □

1,0
⊙ ϵA . (2.26)
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Writing these equations in terms of their dyad components leads to:

(þ− ρ)τ =þ′κ − τ̄′ρ + (τ̄ − τ′)σ + Ψ1 + Φ01′ ,
(þ− ρ)ρ =(ð′ − τ′)κ + σσ̄− κ̄τ + Φ00′ ,

(þ′ − ρ̄′)ρ =(ð′ − τ̄′)ρ′ + σσ′ − κκ′ −Ψ2 − 2Λ ,
(þ− ρ− ρ̄)σ =(ð− τ − τ̄′)κ −Ψ0 ,

(ð− τ)τ =(þ′ − ρ′)σ + κκ̄′ − ρσ̄′ + Φ02′ ,
(ð− τ)ρ =ð′σ− ρ̄τ + (ρ̄′ − ρ′)κ −Ψ1 −Φ12′ ,

(2.27)

together with their primed versions, and their respective complex conjugates. Above,
we have introduced the dyad components of the Weyl and Ricci spinors: for a spinor
Xij′ denotes the contraction of X with i-instances of ι with unprimed indices, and
j-instances of ι with primed indices, the other indices being contracted with o.
Bianchi identities (2.8) can also be written in terms of GHP scalars as

(þ− 4ρ)Ψ1 =(ð′ − τ′)Ψ0 − (ð− τ̄′)Φ00′ + (þ− 2ρ̄)Φ01′ − κ(3Ψ2 − 2Φ11′) + κ̄Φ02′ − 2σΦ10′ ,
(þ− 3ρ)Ψ2 =(ð′ − 2τ′)Ψ1 − (ð− τ̄′)Φ10′ + (þ− 2ρ̄)Φ11′ + þΛ + σ′Ψ0 − κ(2Ψ3 −Φ21′)

− ρ′Φ00′ + τ′Φ01′ + κ̄Φ12′ − σΦ20′ ,
(þ− 2ρ)Ψ3 =(ð′ − 3τ′)Ψ2 − (ð− τ̄′)Φ20′ + (þ− 2ρ̄)Φ21′ + 2ð′Λ + 2σ′Ψ1 − κΨ4

− 2ρ′Φ10′ + 2τ′Φ11′ + κ̄Φ22′ ,
(þ− ρ)Ψ4 =(ð′ − 4τ′)Ψ3 + (ð′ − 2τ′)Φ21′ − (þ′ − ρ̄)Φ20′ + 3σ′Ψ2

− 2κ′Φ10′ + 2σ′Φ11′ + σ̄Φ22′ ,
(2.28)

together with their primed versions and their complex conjugates. We can also
write additional equations for derivatives of the Ricci scalars following similar steps.
The scalar equations provided by (2.27)-(2.28) will prove extremely useful when
studying perturbations of rotating BHs, as we will discuss in Chapter 4.

2.1.3 Algebraic Classification of Spacetimes

Any symmetric spinor ξ admits a decomposition ξAB...C = ζ
(1)
(A . . . ζ

(n)
C) , which is

unique up to proportionality constants and permutations [375]. In particular, the
Weyl spinor admits such a decomposition

ΨABCD = κ
(1)
(A κ

(2)
B κ

(3)
C κ

(4)
D)

, (2.29)

for 4 spinors κ
(1,...,4)
A . Each of these are dubbed principal spinors, and the null

vectors they generate k(i)a = κ
(i)
A κ̄

(i)
A′ are known as principal null directions (PNDs).

Whenever two or more PNDs coincide, we say that it is a repeated PND. Spacetimes
can be algebraically classified according to the number of repeated PNDs, leading
to Petrov’s algebraic classification [378]. Any spacetime belongs to one of five
types depicted in Fig. 5. Of most focus in this thesis will be spacetimes of type
D (corresponding to BH spacetimes). In Chapter 6 we will also consider type IV
(sometimes named type N) spacetimes, corresponding to plane waves.
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Type I

ΨABCD = α(AβBγCδD)

Type II

ΨABCD = α(AαBγCδD)

Type III

ΨABCD = α(AαBαCδD)

Type D

ΨABCD = α(AαBβCβD)

Type IV

ΨABCD = α(AαBαCαD)

Figure 5 Diagrammatic representation of the possible algebraic types, based on the number
of repeated PNDs of the Weyl spinor.

2.1.4 Symmetries of Vacuum Type D Spacetimes

Let us focus now on spacetimes of type D. A theorem due to Goldberg and
Sachs [220] establishes that in a type II spacetime, if a dyad is chosen such that o is
aligned with the repeated principal spinor, then Ψ0 = Ψ1 = κ = σ = 0. Since type
D spacetimes have two such repeated principal spinors, in a principal dyad such that
both o and ι are aligned with the repeated principal spinors we have that

Ψ0 = Ψ1 = Ψ3 = Ψ4 = 0 , κ = σ = κ′ = σ′ = 0, . (2.30)

If the spacetime is also vacuum, this means that the only non-vanishing curvature
component is Ψ2. Let us introduce a rescaled version

ζ = −
(M

Ψ2

)1/3
, (2.31)

where M can be thought of as a proportionality constant, which corresponds to the
BH mass in the case of a Kerr spacetime, and is such that ζ ̸= 0 in the Minkowski
limit. We will now show that this scalar governs a valence (2, 0) Killing spinor,
which underpins the symmetries of BH spacetimes.

Let κAB be a symmetric spinor, and consider the Killing equation

∇A′
(AκBC) = 0 . (2.32)

Taking another derivative, contracting, and symmetrizing we find an integrability
condition

0 = ∇A′
(B∇A′AκCD) = −□(ABκCD) = 2ΨD

(ABCκDE) , (2.33)

Let us show that type D spacetimes admit a valence (2, 0) Killing spinor. Let κAB =
κ0ιAιB − 2κ1o(AιB) + κ2oAoB, and plug these into the integrability equation (2.33).
The Goldberg-Sachs theorem (2.30) leads to κ0 = κ2 = 0. Using this, the Killing
equation becomes

(þ + ρ)κ1 = 0 , (ð + τ)κ1 = 0 , (þ′ + ρ′)κ1 = 0 , (ð′ + τ′)κ1 = 0 . (2.34)

Bianchi identities (2.28) immediately lead to κ1 = ζ, i.e., vacuum type D spacetimes
have a valence (2, 0) Killing spinor given by

κAB = −2ζo(AιB) . (2.35)
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This was first proven by Walker and Penrose [456]. Now notice that this Killing
spinor leads immediately to a conformal Killing-Yano tensor Yab = κABϵA′B′ , satisfy-
ing

Ya(b;c) = gbcξa − ga(bξc) , ξa =
1
3
∇bYab . (2.36)

In fact, it is straightforward to check that the vector ξa is a proper Killing vector,
given by

ξa = −
1
3
∇B

A′κAB = ζ(ρ′ℓa − ρna − τ′ma + τm̄a) , (2.37)

and it is invariant under the prime operation, as one may expect of an isometry.
For a quite general class of spacetimes (non-accelerating type D spacetimes, or
spacetimes of the Kerr-NUT class), this Killing vector is proportional to a real Killing
vector. Following the notation of [16], let R = ℜζ and I = ℑζ in that case. The
conformal Killing-Yano tensor decomposes into a real 2-form fab and its dual, ⋆ fab,
the latter of which is a Killing-Yano tensor,

⋆ fab =
1
2i
(Yab − Ȳab) = 2In[aℓb] + 2iRm̄[amb] . (2.38)

The Killing-Yano tensor can be thought of as the “square-root” of a Killing tensor
Kab = ⋆ f c

a ⋆ fcb, which satisfies the Killing equation ∇(aKbc) = 0. This is given by

Kab = 2
(

I2n(aℓb) + R2m̄(amb)

)
. (2.39)

Finally, this structure leads to a last Killing vector

ηa = ξbKab = ζ
[

I2(ρ′ℓa − ρna)− R2(τm̄a − τ′ma)
]

. (2.40)

As we will discuss in Chapter 4, the two Killing vectors ξa and ηa are linearly
independent, and together with the Killing tensor (2.39), lead to the conserved
quantities that guarantee the integrability of geodesics in the spacetime of a rotating
BH. Indeed, recall that if Ta1a2...an is a Killing tensor and xa(λ) a geodesic, the
quantity CT = ẋa1 ẋa2 . . . ẋan Ta1a2...an is conserved along the geodesic. The proof is a
simple calculation:

ẋb∇bCT = nTa1a2...an ẋa1 ẋa2 . . . ẋb∇b ẋan + ẋa1 . . . ẋan ẋb∇bTa1...an = 0 , (2.41)

where the first term vanishes because xa is a geodesic, and the second term vanishes
due to T being a Killing tensor. Kerr-NUT spacetimes have 3 such conserved
quantities:

Cξ =ẋaξa = ζ
(

ρ′uℓ − ρun − τ′um + τum̄
)

,

Cη =ẋaηa = ζ
[

I2(ρ′uℓ − ρun)− R2(τum̄ − τ′um)
]

,

CK =ẋa ẋbKab = I2unuℓ + R2umum̄ .

(2.42)
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In the spacetime of a rotating BH these have the interpretation of energy, angular
momentum along the spin direction, and Carter constant.

Remarkably, isometries can also be used to show that the wave equation is
separable in Kerr-NUT spacetimes. Let us show this explicitly for the scalar wave
equation. Let ϕ be a scalar field, with GHP weight ϕ

◦
= (0, 0). In GHP form, the

wave equation takes the form

□ϕ = 2
[
(þ− ρ̄)(þ′ − ρ′)− (ð− τ̄′)(ð′ − τ′)−Ψ2

]
ϕ = 0 . (2.43)

The Lie derivatives generated by the isommetries ξa and ηa commute with the
wave operator, [□,Lξ ] = [□,Lη] = 0. In addition, the Killing tensor generates
an additional commuting operator Q = ∇aKab∇b. Thus, (□,Lξ ,Lη,Q) are four
mutually commuting operators, which guarantee the full separation of variables of
the wave equation [113].

We have been able to characterize quite generically the conserved quantities and
even separability of wave equations of Kerr-NUT spacetimes, simply starting from
the existence of a valence (2, 0) Killing spinor leading to a real Killing vector. We
will later return to this GHP formulation to study perturbations of algebraically
special spacetimes. Understanding their algebraic structure and their symmetries,
which become evident from the spinorial formulation of General Relativity, will
allow us to simplify this problem greatly.

2.2 solving differential equations

Often in this thesis we encounter partial differential equations (or systems thereof)
that do not admit analytic solutions. These are often initial value problems, where
data is specified in a timelike initial slice, and we want to study its time-evolution.
We often resort to numerical methods to tackle such problems. During the course of
this thesis I have developed a number of different codes and routines, often based
in different methods, but following the overarching principles discussed in this
section. For this reason, I will omit (most) details about numerical implementation
of solutions to differential equations from subsequent chapters of this thesis, unless
directly relevant to the discussion, referring instead to the relevant references or to
this Section. Before jumping into that, it is relevant to discuss when is a system of
differential equations well-posed, a notion that will be especially important to discuss
different formulations of relativistic hydrodynamics in Chapter 9.

2.2.1 Well-posedness

The notion of well-posedness is due to Hadamard [233]. A problem is said to be
well-posed if (i) has a solution, (ii) said solution is unique, and (iii) the solution
depends continuously on the problem’s parameters, such as its initial data. These
criteria seems minimal, yet often problems fail to meet them. A famous example is
the formulation of Einstein’s equations as an initial value problem: the “simplest”
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formulation in terms of a 3+ 1 split of spacetime (the so-called ADM decomposition)
fails to be well-posed: it does not satisfy the last criteria, meaning that small
numerical errors in the implementation of the equations move the numerical solution
arbitrarily far away, in solution space, from the true solution.

Let us first analyze this concept with a simple problem:

∂tϕ
I =Pϕ ≡ AaI

J ∂aϕJ ,

ϕI(x, t = 0) =ϕI
0(x) ,

(2.44)

where AaI
J are constants, and x ∈ Rd. If the initial data is 2π-periodic, we can study

the equivalent problem in a torus, and in particular we can safely take the Fourier
transform. Denoting ϕ̂ and ϕ̂0 the Fourier transformed fields, the problem admits a
trivial solution as

ϕ̂I(ω, t) = ϕ̂J
0(ω)eiωa AaI

J t . (2.45)

The principal symbol of the differential operator that generates the equation is found
in the exponent, and given by P̂ = iωa AaI

J . A problem is said to be stable if there
exist positive constants K, α (independent on ω, t) such that

|eiωa AaI
J t| ≤ Keαt . (2.46)

In this sense, we are not claiming that the problem does not have solutions that
grow in time: linear instabilities of physical origin should be valid within a well-
posed problem. The crucial aspect of this definition is that the constants K, α are
independent of ω and t. This condition of stability is enough to prove that for
such problem (2.45) is the unique solution (Theorem 3.1.1. in [232]). Now, how
can we check for stability? A necessary condition is the Petrovskii condition, which
establishes that the eigenvalues of the principal symbol (λ) satisfy ℜλ ≤ α for some
constant α. If in addition to the Petrovskii condition, the matrix that diagonalizes the
principal symbol can be bounded by a constant K which is independent of ω, the
problem is stable. These results lay out the rules of the game: we want to investigate
the principal symbol of the equation as a linear operator, and its eigenvalues will
encode crucial information. Thus, the following definitions should not come out as
a surprise:

Let’s consider a problem such as (2.44), where now AaI
J are variable coefficients.

Such problem is said to be symmetric hyperbolic if for every ωa ∈ Rd, the matrix
ωa AaI

J is Hermitian. If the matrix has real eigenvalues and is diagonalizable, the
problem is strongly hyperbolic. A problem where the matrix has real eigenvalues
but is not diagonalizable (there is no complete set of eigenvectors) is called weakly
hyperbolic. Evidently, every symmetric hyperbolic system is strongly hyperbolic.
The ADM formulation of General Relativity is an example of a weakly hyperbolic
system that is not strongly hyperbolic.

Strong hyperbolicity is a necessary condition for well-posedness. In the quasilinear
case, where AaI

J = AaI
J (xa, ϕJ) are also field-dependent, it is not sufficient, and one



2.2 solving differential equations 24

also needs to require certain conditions on the smoothness of these functions [404].
Adding a forcing function to (2.44) does not make a well-posed problem ill-posed,
and this can be proved using Duhamel’s principle. We refer the reader to [232] for
further details on how the hyperbolicity conditions here established lead to stability
and, hence, well-posedness.

Finally, let us note that a related concept to that of well-posedness is that of
causality of the propagation of perturbations. Whereas to establish whether a
problem is well-posed we considered arbitrary frequencies ω ∈ Rd, to discuss
causality we consider explicitly the high-frequency limit |ω| ≫ 1. In such case,
consider a field of the form ϕI = uI

ωeλωt−ωaxa
, where uI

ω is an eigenvector of iωa AaI
J

with eigenvalue λω. In the high-frequency limit these fields are arbitrarily close to
solutions to the equation (2.44), even in the case with variable coefficients (actually
this argument can be generalized to quasilinear systems, see [404]). Therefore, the
domain of dependence of the system is governed by the maximum propagation
speed of these eigenvectors, i.e., by the largest eigenvalue |λω| in the limit in which
ω → ∞. Showing that the largest eigenvalue limω→∞ |λω| < c is bounded by,
e. g., the speed of light, is sufficient to ensure causality. As they both deal with
the properties of eigenvalues of the principal symbol, violations of causality are
intimately related to the well-posedness of a problem. We will get back to this topic
in Chapter 9.

2.2.2 Finite Differences

In order to solve numerically a PDE of the form (2.44), we first ought to replace
it by a system of coupled ODEs. We do so by introducing a discretization. For
simplicity, let us assume that there is but one spatial dimension which we take to
be 2π-periodic, and a single field φJ

I ≡ φ. We introduce the following discretization
of space and time:

xj = jh , tn = λnhp , φn
j = φ(xj, tn) , j ∈ Z , n ∈N∪ {0} , (2.47)

with λ, p > 0 positive constants, with p corresponding to the order of the spatial
differential approximation. At each timestep, we replace the continuous function
by a difference function φj(t) = φ(t, xj), which approximates the exact solution.
Spatial derivatives are approximated by difference operators. These can be built
directly in terms of the translation operator

Translation : (Ev)j = vj+1 . (2.48)

Clearly, the p-th power of the translation operator acts as (Epv)j = vj+p, and its
inverse acts as (E−1v)j = vj−1, whereas E0 = I is the identity. In terms of these, we
can define forward, backward, and central difference operators

D+ =
E− I

h
, D− =

I − E−1

h
, D0 =

E− E−1

2h
=

D+ + D−
2

. (2.49)
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It is not hard to convince oneself that D± are first-order accurate approximations,
whereas D0 is a second-order accurate approximation to the derivative ∂x. Higher
derivatives can simply be approximated as products of these operators, i.e., D+D−
is a second-order accurate approximation of ∂2

x.
In order to obtain higher-order operators, let us consider the general form

Qp = D0

p/2−1

∑
r=0

(−1)rqr(h2D+D−)r . (2.50)

We can enforce that Qpeiωx = iωeiωx + O(ωp+1hp) to find that the coefficients αr
must satisfy the recursion relation

αr =
r

4r + 2
αr−1 , r = 1, 2, . . . , p/2− 1 , α0 = 1 . (2.51)

Of particular relevance will be fourth and sixth-order accurate operators, given by

Q4 =D0

(
I − h2

6
D+D−

)
,

Q6 =D0

(
I − h2

6
D+D− +

h4

30
D2

+D2
−
)

.
(2.52)

In terms of such a discretization, we can also introduce a discrete scalar product
(u, v)h = ∑j ūjvjh, and its induced norm ||v||h =

√
(v, v)h.

The time evolution is achieved via usual time-stepping methods in numerical anal-
ysis, see e.g. Chapter 1 in [232]. For simplicity, let us begin by considering explicit,
one-step schemes, so that we can write the discrete version of the problem (2.44) as

φ0
j =φ0(xj) ,

φn+1
j =Q(tn)φn

j , n = 0, 1, . . . .
(2.53)

In particular, we can write a discrete solution operator Sh(t, τ) defined by φn
j =

Sh(tn, tm)φm
j . Now we can extend the definition of stability (2.46) to the discrete

setting: a difference approximation (2.53) is stable if there exist constants K, α inde-
pendent of h, λ, p such that

||Sh(tn, tm)||j ≤ Keα(tn−tm) . (2.54)

As in the previous case, we allow for exponential growth in our notion of stability,
as long as the growth factors are independent of h. Suppose that φ(t, x) is the exact
smooth solution to the original problem. It will be useful to introduce a notion of
local truncation error as

λhpτn
j = φ(xj, tn+1)−Qφ(xj, tn) . (2.55)

We say that a difference approximation is accurate of order r = min(p1, pp2) if there
is a bounded function L(tn) such that for sufficiently small h > 0

||τn||h ≤ L(tn)(hp1 + λp2 hpp2) . (2.56)
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If an approximation scheme is consistent, i.e., if r > 0, and it is also stable, then we
can prove on a finite interval t ∈ [0, T] an error estimate

||φn − φ(·, tn)||h ≤ O(hr) , (2.57)

see the proof of Theorem 4.2.3. in [232]. This justifies the replacement of a continuous
problem for its discretized version, as long as we can prove the stability of the
scheme, and that it leads to a consistent approximation. For problems with constant
coefficients, we can formulate a discretized version of the Petrovskii necessary
condition for stability: the eigenvalues of the Fourier transform version of the
difference operator Q, say, Q̂ must be bounded for some h-independent constant α.
This is often called the von Neumann condition, and allows one to quickly verify
the stability of a difference approximation.

Let us introduce one final concept: an approximation is said to be dissipative of
order 2s if all the eigenvalues zm of Q̂ satisfy

|zm| ≤ (1− δ|ωh|2s)eαλhp
, |ωh| ≤ π , (2.58)

where δ is a positive constant independent of h, ω. Intuitively, this means that high-
frequency modes are damped. This definition of dissipation of an approximation
can be easily generalized to hyperbolic problems with variable coefficients.

Now let us focus on hyperbolic systems, say, for simplicity, with constant coeffi-
cients, and replace the differential operator P by a difference operator Q1 which is
accurate of order 2r− 1 with r ≥ 1. This is not enough to guarantee stability, as we
have not said anything about whether Q1 is dissipative. However, consider instead
the modification

Q = Q1 + σh2r−1Q2 , σ = const > 0 , Q2 = (−1)r−1Dr
+Dr
− . (2.59)

The order of accuracy is unchanged, but Q2 will make the approximation dissipative.
The central result, which can be found in Theorem 5.7.2 in [232] is that, with a
Runge-Kutta time-stepping method, the approximation (2.59) is stable, as long as σ

is large enough, and λ is sufficiently small. Adding the operator Q2 is often referred
to as introducing Kreiss-Oliger dissipation. In essence, we are effectively adding
higher-derivative terms to the equation which suppress high-frequency fluctuations
that, otherwise, could spoil the stability of a numerical scheme. Similar stability
results can be obtained for other time-stepping methods, although for the purposes
of this thesis, we will most often use Runge-Kutta methods.

2.2.3 Pseudospectral methods

We now discuss another approach to solving a model problem (2.44) dubbed pseu-
dospectral methods. The basic idea is to give up on having a uniform discretization,
and instead approximate a function by a linear combination of certain polynomials
with interesting properties

φ(t, x) ≃
N

∑
n=0

an(t)Pn(x) . (2.60)
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Finite difference methods appear when these polynomials are simply Pn(x) = xn,
and we recover the Taylor expansions that lead to the finite difference operators.
However by choosing a different basis we can achieve a faster convergence. Indeed,
the coefficients an of a certain series approximation may exhibit spectral or exponential
convergence when |an| decreases faster than n−k for any finite fixed power k. Fourier
series and Chebyshev polynomials (which are just a Fourier expansion in disguise)
satisfy this property. Based on this, we may hope for an error estimate like

||φ(tm, x)−
N

∑
n=0

an(tm)Pn(x)||w(x) ≤ O(N−N) , (2.61)

where || · ||w(x) is the usual L2-norm weighted with some w(x). In general, most
pseudospectral methods can’t quite achieve (2.61), but they get remarkably close to
such exponential convergence.

Broadly speaking there are two classes of spectral methods, which strive for this
exponential convergence property. Here we focus on pseudospectral or collocation
methods where, in essence, we define a discrete grid (xj)

N
j=0 where we require the

approximation to be exact, i.e.

φ(t, xj) =
N

∑
n=0

an(t)Pn(xj) . (2.62)

In such case, via quadrature we can interchangeably describe the function in terms of
the coefficients (an(t)) or the function evaluated at the collocation points (φ(t, xj)).

How to choose such collocation points? If our polynomial basis (Pn) is an or-
thonormal (under some scalar product) complete basis in some bound interval, say,
x ∈ [0, 1], a natural choice are the N + 1-roots of PN+1(x). Alternative choices are
possible, in particular, if we wish to include boundary points.

In most cases we will use a basis of Chebyshev polynomials. Only when studying
problems on the sphere are spherical harmonics somewhat advantageous (we refer
the reader to the First Moral Principle in Ref. [81]). Chebyshev polynomials are
defined as

Tn(x) = cos(n arccos x) , x ∈ [−1, 1] . (2.63)

There are two common choices for collocation points with Chebyshev polynomials:

• Chebyshev nodes: These are the (N + 1) roots of TN+1. They are given by the
following expression, where we also note how can we compute the coefficients
of the expansion in terms of the values of the function at these points

xC
n = − cos

( 2n + 1
2(N + 1)

π
)

, an =
2

N + 1

N

∑
k=0

σk φ(xk)
CTn(xC

k ) , (2.64)

where σk = 1 for k = 1, . . . , N, and σk = 1/2 for k = 0.
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• Gauss-Lobatto points: These include the boundary points and are given by

xGL
n = − cos

(nπ

N

)
, an =

2
N

N

∑
k=0

σ̂k φ(xGL
k )Tn(xGL

k ) , (2.65)

where σ̂k = σk for k = 0, . . . , N − 1, and σ̂k = 1/2 for k = N.

One advantage is that computing derivatives of a Chebyshev polynomial in terms
of Chebyshev polynomials is straightforward, as

dTn+1

dx
= 2(n + 1)Tn +

n + 1
n− 1

dTn−1

dx
. (2.66)

This recursive relation can be efficiently implemented as a matrix operation mapping
coefficients (an) of a function φ(x) to the coefficients of the Chebyshev expansion
of φ′(x), say, (bn), as bn = Dm

n am.
We analyze now how to solve a particularly simple linear PDE with variable

coefficients. Consider the initial value problem

∂t φ =c(x)∂x φ ,
φ(t = 0, x) = f (x) ,

(2.67)

with x ∈ [−1, 1], and homogeneous boundary conditions, so we choose to work
with Chebyshev nodes xn ≡ xC

n . Let φm
n = φ(tm, xn). Using a simple Euler method,

the time evolution with step-size ∆t is given by

φm+1
n = φm

n + ∆tc(xn)(Dφm)(xn) . (2.68)

Evaluating this takes only O(N) operations. Now, can we compute (Dφm)(xn)
efficiently? The answer is yes, thanks to the fast Fourier transform (FFT) — which
when applied to Chebyshev polynomials, are often called fast cosine transforms. This

is an efficient algorithm mapping φm
n

FFT↔ an(tm), where φ(t, x) = ∑N
n=0 an(t)Tn(x),

only requiring O(N log N) operations. In the Chebyshev basis, computing the
derivative is an efficient step, taking only O(N) operations, thanks to the recursive
relation (2.66). Without FFTs, using (2.64) would require matrix multiplication, i.e.,
O(N2) operations: this alone would render pseudospectral methods not competitive
against finite difference methods. An example of the algorithm described here is
summarised in 1.

Both finite difference and pseudospectral methods are valid approaches to solve
systems of differential equations. In general, finite difference methods are simpler
to implement, but often cannot meet the accuracy and precision goals that spectral
methods can. On the other hand, nonlinear problems quickly become challenging
to implement in a stable way with pseudospectral methods. One common issue
affecting pseudospectral techniques for nonlinear problems is aliasing: the product of
two Chebyshev polynomials, say, Ti(x)Tj(x) can be written as a sum of Chebyshev
polynomials with degree up to i + j. Obviously, if i + j > N, a pseudospectral
method will be losing high-frequency information, or rather aliasing this higher-
frequency content to lower-frequency modes. There are ways to handle this issue,
see e.g. Chapter 9 in Ref. [81].
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Algorithm 1 Pseudo-code for solving (2.67) using a pseudospectral discretization.
1: xn ← cos

(
πn
N
)

for n = 0, . . . , N ▷ Chebyshev nodes
2: cn ← c(xn) for n = 0, . . . , N
3: Initialize
4: φ0

n ← f (xn) for n = 0, . . . , N
5: t← 0
6: for m = 0 to M− 1 do
7: Forward fast cosine transform
8: ak(tm)← FCT

[
{φm

n }N
n=0
]

for k = 0, . . . , N ▷ O(N log N) via FFT
9: Chebyshev spectral differentiation

10: bk ← 0 for all k
11: bN ← 0, bN−1 ← 2N aN
12: for k = N − 2 down to 1 do
13: bk ← bk+2 + 2(k+1)ak+1
14: end for
15: b0 ← b2 + a1
16: (Dφm)n ← IFCT

[
{bk}N

k=0

]
for n = 0, . . . , N ▷ O(N log N)

17: Explicit Euler update at nodes
18: φm+1

n ← φm
n + ∆t cn (Dφm)n for n = 0, . . . , N ▷ O(N)

19: tm+1 ← tm + ∆t
20: end for

2.3 bayesian inference

Physics is, ultimately, an experimental science. Even though the scope of this thesis is
theoretical, an understanding of how theoretical predictions meet experimental data
is indispensable. This is especially true in the context of GW astrophysics, where the
interpretation of GW data is often subtle. Therefore, in this section I briefly review
some basic concepts of Bayesian inference: a rigorous statistical framework that
allows us to interpret the information learned from a signal, while keeping explicit
control of our models and prior assumptions and knowledge on the problem. Most
of this section is based on [164, 430].

Suppose we measure certain random variable d, e.g., the time-sequence of GW
strain measured by the LIGO detector. Suppose now we want to know whether
such event was explained by a certain hypothesis H, e.g., a binary BH merger with
certain physical parameters (θi) emitting GWs that reached Earth precisely at that
time. Any time we tackle such a problem we also begin with some prior information,
say, I, e.g., that BHs have a mass between, say, 2.5M⊙ and 250M⊙, since we know
that astrophysical BHs forming from stellar collapse have a minimum mass, and we
also know that our detector is only sensitive to certain frequencies. The principle
of Bayesian inference is that our degree of belief of any given hypothesis H, given
our prior information I and empirical evidence d is explained by some probability
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distribution. Hence, we can assign a numerical degree of belief via Bayes theorem
as

p(H|d, I) =
p(d|H, I)p(H|I)

p(d|I) . (2.69)

The left hand side is the posterior distribution, and it quantifies our degree of belief
in favour of the hypothesis H given our prior information I, and the new empiri-
cal evidence d. In the numerator, we distinguish the prior distribution p(H|I), that
quantifies our prior degree of belief on the hypothesis H; and the likelihood function
p(d|H, I), i.e., given our prior information and assuming that our hypothesis is
true, how likely d is. The denominator is often called the evidence. As the posterior
distribution is indeed a probability distribution (and hence normalized), this de-
nominator often factors out. However, as we will discuss later, it is important to
perform model selection.

For concreteness, let us make the problem very concrete. We consider the inference
of the mass and spin of the remnant BH after a binary BH merger through the GWs
emitted during the last stage, i.e., the ringdown. Our data, therefore, is a GW strain
time series, d ≡ d(t). Our hypothesis will be that this data is a superposition of the
fundamental mode of a Kerr BH and detector noise,

d(t) = h(t; θ) + n(t) , h(t; θ) = Ae−i(ωt+iϕ) , (2.70)

where A, ϕ are an unknown amplitude and phase, and ω ≡ ω(M, χ) is a function
which depends on the BH remnant mass M and spin χ. Here we take a very
simplistic point of view where the ringdown signal is dominated by a single
frequency, and where the amplitude and phase can be assumed to be constant.
In practice, modelling the ringdown GWs is a more complicated problem and
a topic of active research, see [68]. However this problem will be sufficient for
the purposes of this section. Our hypothesis H ≡ H(θ) is parametrized by four
numbers: θ : (A, ϕ, M, χ). Equivalently, we could simply parametrize the signal h(t)
in terms of the real and imaginary parts of the frequency, ω = 2π f − i/τ. These
two parametrizations are equivalent, but as we will discuss soon, it matters (to some
extent) which parametrization we choose.

This framework also shows that we need to specify some information on the
noise, in order to compute the likelihood function. Noise emerging from stationary
Gaussian processes is typically described in the frequency domain in terms of some
power spectral density, which can be simulated or measured directly from the
detector. In the time-domain, by virtue of the Wiener-Khinchin theorem, we can use
instead the two-point autocovariance function [117]

C(τ) =
∫

dtn(t)n(t + τ) . (2.71)

Then, we can prescribe the following likelihood function

log p(d|θ, I) = −1
2

∫
dtdτ

[
d(t)− h(t; θ)

]
C−1(τ)

[
d(t + τ)− h(t + τ; θ)

]
. (2.72)
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We refer the reader to Ref. [430] for further justification on this likelihood function.
Note that, in essence, we are marginalizing over the moments characterizing the
Gaussian process from which the noise originated. Suppose that, instead of noise
from a real detector, our data was generated from a numerical simulation. In that
case we can directly estimate the “noise” through the difference between two runs
with different (albeit sufficiently high) resolution, n(t) ≃ E(t) = dhigh(t)− dlow(t).
In such case, we can prescribe directly a time-dependent likelihood function as [401]

log p(d|θ, I) = −1
2

∫
dt

[
d(t)− h(t; θ)

E(t)

]2

. (2.73)

Next, we need to prescribe priors on our hypothesis. These priors quantify our
degree of belief on the model h(t; θ). Often, the goal when prescribing priors is to be
as agnostic as possible. This leads to the indifference principle, dating back to Laplace,
stating that if there is no reason to prefer any outcome, all outcomes should be
equally probable. Mathematically this manifests into choosing uniform distributions
for each of the parameters within certain bounds, e.g., p(ϕ) ∼ U(0, 2π). Uniform
distributions also maximize Shannon’s information entropy, putting the previous
principle into a rigorous framework (see Chapter 8 in [225]).

Now we can use Bayes’ theorem to do parameter estimation, i.e., infer an estimate
(an associated errors) given a data set. The denominator of Bayes’ theorem can be
computed as a normalization constant, simply as

ZH ≡ p(d|I) =
∫ N

∏
j=1

dθj p(d, θ|I) =
∫ N

∏
j=1

dθj p(d|θ, I)p(θ, I) , (2.74)

where N = 4 in our case. Then, Bayes’ theorem allows us to estimate, e.g., the mean
of a single parameter θi, say, the BH mass, as

⟨θi⟩ =
∫

∏N
j ̸=i dθj p(d|θ, I)p(θ, I)

ZH
. (2.75)

Our model problem, which is already heavily simplified, is already 4-dimensional,
meaning that evaluating the integrals in (2.75) is computationally quite costly.
Unless we are interested in computing the evidence, i.e., the denominator p(d|I),
we can often avoid doing so by finding the maxima of the likelihood function.
Nevertheless, finding extrema of nonlinear, high-dimensional functions is still a
challenging problem. Remarkably clever strategies have been developed to solve this
problem, ranging from Markov Chain Monte Carlo sampling, to nested sampling;
and machine-learning based techniques such as simulation based inference are
already a very efficient approach at tackling many problems. Explaining these
methods in detail is out of the scope of this thesis. However, we note that in later
chapters we will make use of nested sampling, an algorithm first introduced in [431],
which allows fast and accurate estimation of both the posterior distribution and the
evidence.
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Computing the evidence (2.74) is interesting in order to perform model selection.
Imagine that we have a competing model, say, Halt to explain the data, e.g., the
ringdown of a fuzzball. We wish to compare, based on our prior knowledge and on
the data, our degree of belief in each of the models. Thus we are now not interested
in a particular realisation of the model (a particular set of parameters θi), but on any
combination of parameters within each model. Bayes’ theorem once again provides
a way to formalise this, defining the odds ratio as

OH
Halt

(d) =
p(H|d, I)
p(Halt|d, I

=
p(H|I)

p(Halt|I)
p(d|H, I)

p(d|Halt, I)
. (2.76)

The second term in the product — the ratio of likelihoods — is known as Bayes
factor

BH
Halt

(d) =
p(d|H, I)

p(d|Halt, I)
=

ZH

ZHalt

. (2.77)

Here we need to be careful to not confuse these likelihoods with the previous
discussion. In this case we want to weight in any possible realization of each model,
so the Bayes factor is just the ratio of evidences. This is why nested sampling is a
particularly valuable way of estimating the posterior distribution, as it allows us to
also compute the evidence, and hence compare two given hypothesis.

There are many details we have omitted on spacetime geometry, numerical
analysis of differential equations, and Bayesian inference. This chapter should
be read as an approximately self-contained hitchhiker’s guide to some of the
mathematical concepts that will make an appearance at some point of this thesis,
heavily supported in the references here cited. Each of these is a fascinating topic,
about which I still learn and marvel often, and I hope this also serves as an invitation
to the reader to explore them in depth.
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B L A C K H O L E P E RT U R B AT I O N T H E O RY

Written while listening to music composed by W.A.Mozart.

The object of study of this thesis are gravitational waves (GWs) and their non-
linear interactions. Accessing this nonlinear regime typically requires numerical
simulations of Einstein’s equations. Despite the impressive progress of the field of
Numerical Relativity, these simulations are often hindered whenever a disparity of
scales is present, and their accuracy is limited by current computational capabilities.
Alternatively, a perturbative scheme that incorporates order by order the nonlinear
content of the theory is a very powerful tool, providing analytical or semi-analytical
control that can be contrasted with targeted numerical simulations. Most of this
thesis takes this point of view.

In this chapter we briefly review some fundamental aspects of black hole (BH)
perturbations. For simplicity we restrict to non-spinning BHs, leaving a more
detailed discussion of rotating BHs for chapter 4. First, we derive the equations
governing linear perturbations, discussing their gauge-invariance. Next, we solve
the scattering problem in the frequency domain, and introduce quasinormal modes
(QNMs). Finally, we discuss the decomposition of time-domain waveforms into a
prompt response, a ringdown stage dominated by QNMs, and a slowly-decaying tail.
These constitute the basic foundations in which the work that follows is built.

3.1 gravity in spherical symmetry

Physics is the science of exploiting symmetries. Hence, in order to study pertur-
bations of spherically symmetric spacetimes we ought to exploit the spherical
symmetry of the background. Gerlach and Sengupta first noticed this and used
it to derive the equations governing perturbations about spherically symmetric
spacetimes in a gauge invariant manner [205, 206]. Later works extended this to
higher dimensions or to include particular matter models [228, 255, 281–283, 330,
332, 350, 376, 408]. We will use this same formulation to discuss the perturbations
of viscous stars in Chapter 10, so we will keep this formulation sufficiently general
for the time being.

A spherically symmetric spacetime in four spacetime dimensions can always be
written as the warped product between a Lorentzian manifold N 2 and the unit
sphere S2, with a warping factor which we dub r2, so that the global spacetime is

33
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M = N 2 ×r2 S2. In other words, if {ya} with a = 0, 1 are coordinates on N 2, and
{zI} with I = 2, 3 are coordinates on the sphere, the metric and stress energy tensor
admit the decomposition

ds2 = gAB(y)dyAdyB + r2(y)qI JdzIdzJ ,

T = TAB(y)dyAdyB + r2(y)T qI JdzIdzJ ,
(3.1)

where gAB is the metric on N 2, r(y) is a real scalar field on N 2, and the stress energy
tensor is governed by the symmetric tensor TAB(y) and the scalar T . Above, qI J is
the metric of the round sphere. Notice that the Schwarzschild metric describing a
spherically symmetric BH with mass M can always be cast in this form. For instance,
in static and double null coordinates we have

Static: gABdyAdyB = − f dt2 + f−1dr2 , r(t, r) = r , f = 1− 2M
r

,

Double null: gABdyAdyB = − f dudv , r⋆ =
v− u

2
,

(3.2)

where in double null coordinates, the warping factor r is only given implicitly in
terms of the tortoise coordinate r⋆ via

dr
dr⋆

= f , r⋆ = r + 2M log
( r

2M
− 1
)

. (3.3)

Let∇A denote the covariant derivative on (N 2, gAB), and DI the covariant derivative
on the sphere. Let us also introduce the vector

vA =
1
r
∇Ar . (3.4)

Einstein equations, with the cosmological constant set to zero, take the form
(

3v2 + 2∇AvA − 1
r2

)
gAB − 2

(
vAvB +∇AvB

)
=8πTAB ,

∇AvA + v2 − 1
2
(2)R =8πT ,

(3.5)

where v2 = vAvA, and we have made use of the fact that any 2 dimensional
Lorentzian manifold has vanishing Einstein tensor. Notice how these equations (3.5)
in vacuum are immediately satisfied for the Schwarzschild metric, which can be
directly checked in either coordinate set (3.2).

3.2 linear perturbations

The approach taken in this thesis to understand the nonlinear dynamics of spacetime
during BH relaxation relies on linearizing the field equations around a given exact
solution. For the time being, it is sufficient to think that the spacetime metric admits
the formal expansion

gab = g̊ab + εġab +O(ε2) , (3.6)
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where g̊ab is a spherically symmetric metric of the form (3.1), and ε≪ 1 is a book-
keeping small parameter. We will generically use the notation above to denote
background and perturbed quantities, e. g., the perturbation of the stress energy
tensor will be denoted by Ṫab, etc.

An arbitrary symmetric tensor, e. g.the metric perturbation ġab has the following
2 + 2 decomposition

ġabdxadxb =∑
ℓ,m

(
E ġℓm

ab + O ġℓm
ab

)
,

E ġℓm
ab dxadxb =ḣℓm

ABY ℓmdyAdyB + 2ḣℓm
A Y ℓm

I dyAdzI + r2
[

ḣℓmY ℓmqI J +
˙̃hℓmY ℓm

AB

]
dzIdzJ ,

O ġℓm
ab dxadxb =2k̇ℓm

A X ℓm
I dyAdzI + k̇ℓmX ℓm

ABdzIdzJ ,
(3.7)

where we have introduced a split in even (or polar) and odd (or axial) tensor har-
monics. The tensor spherical harmonics are defined in terms of the usual spherical
harmonics Y ℓm, which are eigenfunctions of the spherical laplacian

DI DIY ℓm = −ℓ(ℓ+ 1)Y ℓm , (3.8)

with ℓ a non-negative integer, and |m| ≤ ℓ. These are orthonormal functions on the
sphere. We can now drop the ℓ, m label, since different harmonics never mix in the
linearised theory – but keeping in mind that we always refer to a concrete harmonic.
The vector and tensor harmonics with even and odd parity introduced above are
given by

Even parity: YI = DIY , YI J = DI DJY +
ℓ(ℓ+ 1)

2
YqI J ,

Odd parity: XI = ϵJ
I DJY , XI J = D(I DJ)Y .

(3.9)

Whenever ℓ = 0, 1 some of these harmonics are trivially zero. We refer to the
monopole (ℓ = 0) and dipole (ℓ = 1) modes as non-radiative modes, and for this
reason, they need to be treated separately, so we will assume for the time being that
we work with radiative multipoles, ℓ ≥ 2.

3.2.1 Gauge Fixing

The form of this metric fluctuation is not invariant. Clearly we can perform a “small”
gauge transformation, generated by the vector field Ξ = εξ̇ℓm, such that

LΞg = g̊ + ε
(

ġ + Lξ̇ g̊
)
+O(ε2) . (3.10)

We can use this freedom to our advantage. We will show now how given a general
metric fluctuation ġ, we can find a unique perturbation-dependent vector field ξ[ġ]
that takes the metric to the so-called Regge-Wheeler (RW) gauge. Equivalently, the
variables constructed in this manner are gauge invariants. The key aspect will be
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that this is a complete gauge fixing, i. e., the gauge vector field is uniquely fixed
by the metric perturbation, with no residual gauge freedom. In order to show this,
notice that the gauge vector admits the decomposition

ξ̇ = ξ̇AYdyA +
(

ξ̇YI + χ̇XI

)
dzI . (3.11)

The even and odd parity sectors transform separately. The gauge-transformed metric
perturbation ġ′ = ġ + Lξ̇ g̊ is given by

k̇′A = k̇A − r2∇Aχ̇ , k̇′ = k̇′ − 2χ̇ , (3.12)

for the odd parity sector and

ḣ′AB =ḣAB − 2∇(Bξ̇A) , ḣ′A = ḣA − ξ̇A − r2∇Aξ̇ ,

ḣ′ =ḣ + ℓ(ℓ+ 1)ξ̇ − 2vAξ̇A , ˙̃h′ = ˙̃h− 2ξ̇ ,
(3.13)

for the even parity perturbations. The RW gauge is defined by the conditions

k̇ = ˙̃h = 0 , ḣA = 0 . (3.14)

These conditions can be achieved by setting k̇′ = ˙̃h′ = ḣ′A = 0 in eqs. (3.12)-(3.13),
and writing the perturbation-dependent gauge vector

χ̇ =
k̇
2

, ξ̇ =
˙̃h
2

, ξ̇A = ḣA −
r2

2
∇A

˙̃h . (3.15)

As anticipated this is a complete gauge fixing – there is no remaining freedom. A
more detailed discussion of the issues of gauge freedom in perturbation theory can
be found in Refs. [84, 330]. We can now assume that the metric perturbation is in
the RW gauge, i. e., it takes the form

ġabdxadxb = ḣABYdyAdyB + 2k̇AXIdyAdzI + r2ḣYqI JdzIdzJ . (3.16)

The stress energy tensor would allow for arbitrary fluctuations Ṫab which are not
constrained by gauge freedom. We will now proceed to study the linearised theory
around a spherically symmetric background in the absence of matter fluctuations,
i. e., Ṫab = 0. These will be dealt with in Chapter 10, in order to discuss the
perturbations of viscous stars. Our goal now is to solve the homogeneous linearised
Einstein equations Ġab = 0. The Einstein tensor is a symmetric tensor, and thus
can be decomposed in even and odd parity spherical harmonics. Let us denote
Ġab = ĠE

ab + ĠO
ab to each of these sectors, which must vanish independently. Then,

we have

ĠE
abdxadxb =ḢABYdyAdyB + 2ḢAYIdyAdzI + r2

[
ḢYqI J +

˙̃HYAB

]
dzIdzJ ,

ĠO
abdxadxb =K̇AXIdyAdzI + K̇XABdzIdzJ .

(3.17)

The linearised Einstein equations imply simply that each of these harmonic modes
vanishes independently.
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3.2.2 Odd parity – Regge-Wheeler equation

The only odd parity Einstein equations are K̇ = K̇A = 0, given by

K̇ ≡∇Ak̇A = 0 ,

K̇A ≡
1
r2∇B

[
r4∇[A

(
r−2k̇B]

)]
+
(ℓ(ℓ+ 1)− 2

r2 + 8πT
)

k̇A = 0 .
(3.18)

Notice now that antisymmetric tensors on a 2-dimensional background span a
1-dimensional space, and hence we can write

∇[A

(
r−2k̇B]

)
= r−4ΨϵAB , (3.19)

for some scalar function Ψ = −(r4/2)ϵAB∇A(r−2k̇B). Let us further assume that we
are in vacuum, i. e., T = 0 1. Then, taking ϵAB∇AK̇B we find a decoupled equation
for Ψ

r2∇A

(
r−2∇AΨ

)
− ℓ(ℓ+ 1)− 2

r2 Ψ = 0 . (3.20)

This equation, first presented in Ref. [205], when evaluated in static coordinates
reduces to the Regge-Wheeler equation [402] (albeit for a different variable ψRW =
Ψ/r)

−∂2
t ψRW + f ∂r( f ∂rψRW)−VRWψRW = 0 , VRW = f

(ℓ(ℓ+ 1)
r2 − 3 f ′

r

)
. (3.21)

3.2.3 Even parity – Zerilli equation

In the even parity sector, we begin by noticing that

˙̃H = − 1
2r2 ḣA

A = 0 . (3.22)

The even parity metric perturbation on N 2 must be traceless. Next, we have an
equation for the perturbation of the warping factor h

ḢA = ∇BḣAB −∇Aḣ = 0 . (3.23)

Using eq. (3.23) to eliminate derivatives of ḣ and the traceless condition (3.22)
immediately lead to Ḣ = 0. The only remaining equation is ḢAB, given by

2∇B∇C ḣAC + 2vC
(
∇C ḣAB − 2∇(AḣB)C

)
+ 4v(A∇C ḣB)C −

( (ℓ− 1)(ℓ+ 2)
r2 − 2v2

)
ḣAB

+
(

2vCvD ḣCD − 2vC∇D ḣCD − 2∇C∇D ḣCD +
(ℓ− 1)(ℓ+ 2)

r2 ḣ
)

gAB = 0 .

1 This term can be absorbed in a “master variable” which describes the odd-parity perturbations of
the matter sector, see [376, 399].
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(3.24)

In deriving this we have also used that the Einstein tensor vanishes in two dimen-
sions for any metric, in particular, G[hAB] = 0, to eliminate several second derivative
terms. Taking the trace-free part we obtain an equation which only depends on hAB:

2∇B∇C ḣAC − gAB∇C∇D ḣCD + 2vC
(
∇C ḣAB − 2∇(BḣA)C

)

+ 4v(A∇C ḣB)C −
( (ℓ− 1)(ℓ+ 2)

r2 − 2v2
)

ḣAB = 0 .

(3.25)

At this point one may be tempted to give up, as no further simplification seems
possible. Since hAB is traceless, it is determined by two real functions, which are
fixed by the two coupled equations (3.25). Remarkably Zerilli [473] found a way
to decouple both equations in terms of a single variable ψZ constructed from hAB
which satisfies a wave equation

−∂2
t ψZ + f ∂r( f ∂rψZ)−VZψZ = 0 , (3.26)

with the potential

VZ =
2 f
r3

[9M3 + 3λ2Mr2 + λ2(1 + λ)r3 + 9λM2r
9M2

]
, λ = (ℓ− 1)(ℓ+ 2)/2 . (3.27)

As for the RW equation, there is no unique choice for a master variable that satisfies
the Zerilli equation (3.26). Common choices are the master function of Cunningham,
Price, and Moncrief [154] in the odd parity sector 2, or the variable introduced
by Moncrief [345] (often referred to as Zerilli-Moncrief variable), see [352] for a
discussion on the possible choices of variables. Also notice that the time derivatives
of these variables also satisfy the same equations, although in the presence of matter
fluctuations, their source terms may exhibit different decay properties [247].

Despite their different appearance, the RW (3.21) and Zerilli (3.26) equations
lead to the same physics – a phenomena known as isospectrality. In essence, there
exists a change of variable that maps the RW equation into the Zerilli equation, and
vice-versa [128], although further insights on this may be gained by analysing the
problem in terms of the perturbations of the curvature [349]. Finally, we remark that
both the RW and the Zerilli variables are directly related to the GWs measured by
an observer asymptotically far away from the BH. We refer the interested reader
to [330] for further details.

3.2.4 Non-radiative Multipoles

We conclude the derivation of the master equations governing linear perturbations
on spherical BHs by discussing the non-radiative multipoles ℓ = 0, 1. In order to do

2 Notice that this is related to our ψRW by a simple proportionality factor [399].
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so, we must go back to eq. (3.7) and analyse the extra gauge-freedom gained for
these multipoles.

First, for spherically symmetric perturbations, ℓ = 0, notice that Y = const and
hence XI = XI J = YI = YI J = 0. The metric perturbation has even parity and is
solely generated by hAB and h. In the ℓ = 0 sector, a gauge transformation is only
generated by (3.11) with ξ = χ = 0. Choosing ξ̇A such that vAξ̇A = h/2 eliminates
the perturbation generated by ḣ. This is not a complete gauge fixing, as one can
always add a gauge transformation generated by a timelike vector TA orthogonal to
vA. This additional gauge freedom can be used to make vATBḣAB = 0. There is one
remaining residual freedom in nAξ̇A, which can then be used to render the metric
perturbation time-independent. Plugging this back into the linearised equations,
one finds (see App.G in [472] for further details) that this perturbation corresponds
to a small shift in the BH mass.

Next, let us examine the ℓ = 1 modes. In this case we have both odd and even
parity perturbations. In the odd sector, notice that XI J = 0, meaning that now
we can use the gauge transformation (3.12) to set, e. g.TAk̇A = 0, where TA is the
Killing vector generating time-translations. Once again, there is certain residual
gauge-freedom associated to a purely radial shift of k̇A. Further exploiting this, and
solving the linearised equations, the ℓ = 1 odd parity fluctuations are shown to
correspond to adding a small angular momentum to the BH, taking the metric to
the Hartle-Thorne metric [236].

Finally, the ℓ = 1 even parity perturbations are pure gauge. Indeed, let us stare
now at (3.13), where ˙̃h = 0 since YI J = 0 for ℓ = 1. We can eliminate ḣ, ḣA through
appropriate choices of ξ̇, ξ̇A, leaving only ḣAB. Plugging now this into the linearised
equations one can show that ḣAB is pure gauge by showing that it is a Lie derivative
of a vector field (which one can identify with ξ̇A). Zerilli [472] found a physical
interpretation of this gauge transformation as a translation to the center of mass,
which generates this dipolar terms.

This shows how, in vacuum, the multipoles ℓ = 0, 1 are not dynamical. If one con-
siders matter coupled to gravity, e. g., Einstein-Klein-Gordon or Einstein-Maxwell
theories, then there are non-trivial dynamics in the scalar and dipole sectors, respec-
tively [376].

3.3 solving the linearised equations

We will now discuss the solutions to the RW and Zerilli equations, which describe
perturbations of a Schwarzschild BHs. In the presence of matter fluctuations, e. g., a
point-mass thrusted towards the BH, these equations become

−∂2
t Ψ• + f ∂r( f ∂ f Ψ•)−V•Ψ• = S• , • = {even, odd} , (3.28)

where the even (respectively odd)-parity potential is given by eq. (3.27) (resp. (3.21)).
Notice that the radial derivatives combine to be simply ∂2

r⋆ , with r⋆ the tortoise
coordinate satisfying dr = f dr⋆. If we restrict to the case where the gravitational
fluctuations are sourced by the motion of a point-mass with mass µ, along a



3.3 solving the linearised equations 40

I−

I+

Scattering Problem

I−

I+

Free Problem

Figure 6 Sketch of the Penrose diagram of a Schwarschild BH representing the two kind of
problems, as specified by the boundary conditions, that we will consider. In the scattering
problem, waves are sent from I−, are absorbed at the event horizon, and out-going at I+.
In the free problem there are no incoming waves from I− – instead waves can be excited by
a point-particle falling into the BH (represented by the dashed red line), or some fiducial
initial perturbations. .

worldline xa = (tp(τ), rp(τ), π/2, ϕp(τ)), with τ the proper time, then the source
term takes the form

S• = F•(t)δ(r− rp(t)) + G•(t)δ′(r− rp(t)) . (3.29)

The exact form of the functions F, G depends on the choice of master variable in
each sector, see e.g. [247].

The problem at hand is an initial boundary value problem – we ought to specify
both the behaviour of Ψ at the boundaries, r → 2M, ∞, and evolve forward in
time starting from some initial condition. The boundary conditions are enforced
by the geometry of the background spacetime. In particular, perturbations must be
purely in-coming at the event horizon. At null infinity, we can consider in general
that there is a superposition of in-coming waves (from I−) and out-going waves
(towards I+). This picture corresponds then to a scattering problem, where we study
the response of the BH to certain in-coming waves. Alternatively we often consider
the free problem, where there are no in-coming waves from I−. See Fig. 6 for a sketch
of the differences between the scattering problem and the free problem.

In the frequency domain, i. e., denoting Ψ = e−iωtψ, and letting Zω be the Fourier
transform of the source term, the full problem can be written

d2ψ

dr2
⋆
+ (ω2 −V)ψ = Zω ,

ψ
r⋆→−∞−−−−→Te−iωr⋆ , ψ

r⋆→∞−−−→ Ie−iωr⋆ + Reiωr⋆ .

(3.30)

The factors T, I, R correspond to transmitted, incident, and reflected pieces. These
are not independent, and in fact, satisfy

I2 + R2 = T2 . (3.31)
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Figure 7 Reflectivity |R|2 as a function of the dimensionless frequency ωM for different
values of ℓ. The reflectivity coincides for the even and odd parity sectors. For all values of ℓ
there is a value such that frequencies larger than that value are mostly absorbed by the BH.

In the free problem we set I = 0. By going to the Fourier domain we have omitted
the possible role of some initial conditions at a hypersurface t = const.. These can
be accounted for using a Laplace transform instead (see [61, 400]).

3.3.1 Scattering Problem

Let us first examine briefly the scattering problem in the absence of sources, i. e.,
setting Z = 0. The problem then is homogeneous, so we can set without loss of
generality T = 1. Then, the scattering problem is fully characterised by the reflectivity
coefficients

Rℓ(ω) =
R
I

. (3.32)

Physically this represents the amount of “energy” that is reflected by the BH.
Propagation through flat space would lead simply to |R| = 1, and zero-reflectivity
corresponds to perfect absorption. One may thus think of BHs as spectral filters
that imprint some information about their structure by scattering waves through
the reflectivity factors. In fact, the amplification factor used to relate a lensed
gravitational wave with its unlensed component can be written directly in terms of
these factors, whenever the lens is a Schwarzschild BH [125, 299, 379, 418].

We solve for the reflectivity by directly integrating eq. (3.30) up to a large enough
radius, and then extracting the incident and reflected wave coefficients. We set
boundary conditions at a finite distance to the event horizon rmin = 2M + ϵ, with
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0 < ϵ ≪ 1. In order to have accurate enough boundary conditions, we solve the
equation close to the horizon with an ansatz of the form

ψ = e−iωr⋆
N

∑
n=0

an(r− 2M)n , (3.33)

where the an coefficients are functions only of ℓ, ω. We typically set rmin = 2M +
10−6 and N = 10. Doing this calculation reveals that isospectrality holds – the
reflectivities obtained for the odd and even sectors are identical. The reflectivity
is shown for different values of ℓ in Fig. 7. Notice that the transition occurs at
some particular value of the frequency which scales with the number ℓ. We will
later confirm that this frequency corresponds approximately to the real part of
the fundamental quasinormal mode. We will return to the study of the scattering
problem later in this thesis when we discuss the response of viscous stars.

3.3.2 Free Problem

Let us now focus on the free problem. For our purposes, as we are mostly interested
in the free oscillations of the BH itself, it will be equivalent to consider either a source,
e. g.given by a point-particle, or a source that emerges through the Laplace transform
of some non-trivial initial data. Recall that if the initial data of an homogeneous
second order equation is Ψ(t = 0) = ψ0 and dΨ/dr⋆(t = 0) = ψ1, the Laplace
transformed equation has a source term

Zω = ψ1 − iωψ0 . (3.34)

Let us denote two independent homogeneous solutions as

In solution: ψin
r⋆→−∞−−−−→ e−iωr⋆ ,

Up solution: ψup
r⋆→∞−−−→ eiωr⋆ .

(3.35)

These solutions can be understood from the boundaries of the characteristic problem:
the “in” solution satisfies ψin = 0 at the past event horizon H−, whereas the “up”
solution satisfies ψup = 0 at past null infinity I−. Notice that the ψin solutions are
the ones that generate the scattering problem discussed before. Their asymptotic
behaviour sufficiently far away is

ψin
r⋆→∞−−−→ I(ω)e−iωr⋆ + R(ω)eiωr⋆ . (3.36)

The Wronskian formed by these solutions is

Wr = ψin
dψup

dr⋆
− ψup

dψin

dr⋆
= 2iωI(ω) . (3.37)

The solution of eq. (3.30) can be written, then, as

ψ = ψup

∫ r

−∞

( ψinZω

2iωI(ω)
f dr
)
+ ψin

∫ ∞

r

( ψupZω

2iωI(ω)
f dr
)
≡ Cupψup + Cinψin . (3.38)
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ℜω

ℑω

C

Figure 8 Integration contour C to perform the inverse Fourier (Laplace) transform. Crosses
denote poles of the Green’s function, i. e., zeros of I(ω). The jagged line at ℑω = 0
corresponds to a branch cut.

We recover the solution in the time-domain by taking the inverse Fourier (or Laplace)
transform of (3.38),

Ψ =
∫

C
ψe−iωtdω . (3.39)

Special care is needed as the integration will not be fully convergent along the real
axis unless the source term has compact support in ω. In particular notice that if
we are considering the initial value problem, the source term (3.34) does not have
compact support in ω. Then we ought to deform the integration contour C in the
way shown in Fig. 8. Two features are evident from eq. (3.38): (i) there is an essential
singularity at ω = 0 and additionally, a branch cut extending all the way along the
negative imaginary axis, and (ii) whenever I(ω) = 0 (equivalently, whenever the
reflectivity is divergent), there is a pole. These are also shown in Fig. 8. The branch
cut leads to the late-time polynomial decay of Ψ (known as tails), whereas the poles
correspond to the quasinormal modes (QNMs) of the BH. The contributions of the
different part of the integration contour are analysed in further detail in Refs. [24,
138, 303, 358] (see more recent developments in [163] and references therein).

3.3.3 Quasinormal Modes

QNMs correspond to zeros of the incident amplitude. These are frequencies for
which the two boundary conditions (in-going at the horizon and out-going at
infinity) are satisfied simultaneously. Therefore one may think of QNMs as the
natural frequencies of oscillation of the BH. These are similar to the normal modes
of vibration of a string, but as evident from Fig. 8, they are complex numbers. This
is a consequence of the fact that the problem (3.30) is not self-adjoint. Hence there
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are no normal modes but quasinormal modes with complex frequencies, which do
not span the full space of solutions, and which are not bounded. The consequences
of the fact that the linearised perturbations of a BH are governed by a non-normal
operator are far-reaching and still under deep scrutiny, see [12, 29, 69, 101, 139, 261,
359, 457] and references therein.

For each value of ℓ, m 3, let us label each of the poles of the reflectivity with an
index n = 0, 1, . . . in increasing order of |ℑω|. With this ordering there are two
QNMs for each label ℓmn with different sign in the real part of the frequency. We
label the modes where sgn(ℜωℓmn) = sgn(m) as co-rotating and annotate them with
a + label. Modes where the sign of the real part is the opposite as the sign of m are
dubbed counter-rotating, and given a − label. Hence, QNMs are characterised by
four labels, (ℓ, m, n,±).

The contribution due to a given QNM enclosed in C to Ψ can be written ex-
actly [61]. Since there is a degeneracy in m, and hence co and counter-rotating
modes are physically equivalent for a Schwarzschild BH, let us label now the modes
only with (ℓn). The excitation of the (ℓn) modes is given by the contribution due to
the Residue Theorem to (3.39)

Ψℓn =
−e−iωℓnt

2ωℓn

( dI
dω

)−1∣∣∣
ω=ωℓn

∫ ∞

2M
Zωℓn ψin f dr ≡ e−iωℓntBℓn

∫ ∞

2M
Zωℓn ψin f dr , (3.40)

where the Bℓn are often referred to as quasinormal excitation factors (QNEF). Re-
markably these are geometric factors, independent of the source term or the initial
perturbation. Physically they can be thought of as susceptibilities which determine
how “easy” it is to excite a given QNM. If the source term has compact support in
r, the integral in (3.40) trivially amounts to a finite value. However, if the source
does not have compact support, the integral diverges in general. Nevertheless, an
appropriate deformation of the contour near the singular points (the horizon and
infinity) can render the integral finite [217, 224, 303].

The second difficulty is finding the frequencies corresponding to these QNMs.
The spectrum of frequencies is shown in Fig. 9. We distinguish three methods to
compute them, although this does not aim to be an exhaustive list. Apart from
the methods discussed here, there are a number of approximations one can use to
estimate the QNM frequencies, e. g., in the large ℓ limit.

• Shooting methods. We can extend the procedure carried out for the scattering
problem to find the frequencies ω for which I(ω) = 0. A bisection method
(or more sophisticated root-finding algorithms) can be used to find QNM
frequencies, then. The main advantage of this method is that it is remarkably
simple to implement, meaning it generalizes easily to other scenarios. How-
ever, it requires of an initial guess that must be sufficiently close to the real
QNM frequency for the root-finding algorithm to converge. Additionally the
numerical integration of eq. (3.30) is delicate and requires sufficient precision
at high frequencies, or for large values of ℓ.

3 Notice that the m modes are all degenerate for a Schwarzschild BH. Rotation will break this
degeneracy.
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Figure 9 First 8 QNM frequencies of the Schwarzschild BH for ℓ = 2, 3, 4, 5. The fundamental
mode is the mode with the smallest value of |ℑ(ωM)|.. The real part of the frequency of
this mode corresponds, for each ℓ, with the transition at which the reflectivity changes from
1 to 0 in Fig. 7.

• Leaver’s method. This method [302] is based on noticing that one can reduce
solving (3.30) to a three-term recursion relation. In order to do so, let us start
by writing the ansatz

ψ =
( r

2M
− 1
)ρ( r

2M

)−2ρ
e−ρ(r/2M−1)

∞

∑
n=0

an

(
1− 2M

r

)n
, ρ = −2iMω .

(3.41)

This ansatz has the required ingoing behaviour at the event horizon. Plugging
this into (3.30) yields the three-term recursion relation

αnan+1+βnan + γnan−1 = 0 ,

αn =n2 + 2(ρ + 1)n + 2ρ + 1 ,

βn =−
(

2n2 + 2n(4ρ + 1) + 8ρ2 + 4ρ + (ℓ+ 2)(ℓ− 1)− 1
)

,

γn =n2 + 4ρn + 4ρ2 − 4 .

(3.42)

Above it is implied that a−1 = 0. The out-going boundary condition at large
distances is satisfied if the series expansion is regular, i. e., if ∑ an < ∞, which
is true for minimal solutions to the recursion relation. Now, minimal solutions
are given in terms of a continued fraction [202]

an+1

an
=
−γn+1

βn+1−
αn+1γn+2

βn+2−
. . . . (3.43)
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This can be thought of as an effective boundary condition for n = ∞. The
ratio a1/a0 can be determined directly from the recursion relation (3.42) as
a1/a0 = −β0/α0. Combining these two equations we obtain a nonlinear
algebraic equation for the QNM frequencies

0 = β0 −
α0γ1

β1−
α1γ2

β2−
α2γ3

β3−
. . . . (3.44)

This equation can be truncated at a sufficiently large n and solved numerically
for the QNM frequencies. Leaver’s method has shown to lead to highly
accurate results.

• Hyperboloidal method. Another option in order to impose the boundary
conditions is to find suitable coordinates such that the constant “time” slices
become null close to infinity and the event horizon. These coordinates are
dubbed hyperboloidal coordinates and are, arguably, the best suited coordinates
to perform calculations in perturbation theory around BH spacetimes [471].
Such a change can be achieved by a transformation of the form τ = t− H(r),
where H(r) is dubbed a height function, and different choices for this height
function are discussed in [369]. One may additionally compactify the radial
coordinate, say, through the transform σ = 4M/r− 1, such that r = [2M, ∞)
is mapped to σ ∈ [−1, 1]. Then, regular solutions must automatically satisfy
the in-going and out-going boundary conditions at the horizon and infinity,
respectively. Spectral or pseudospectral methods discussed in the previous
chapter become particularly useful in this context. The RWZ equations change
form, but they still can be cast as an eigenvalue problem Lψ = ω2ψ for
some linear operator L. Under a spectral decomposition, the problem of
finding QNMs reduces to finding the eigenvalues of a matrix. Obviously
this is tremendously advantageous as it does not require any initial guess,
and moreover, it produces the frequencies of several overtones in a single
calculation. The main difficulty of carrying out this calculation is of a technical
nature – as discussed previously, the RWZ equations are not self-adjoint, and
hence numerical methods to find the eigenvalues of the non-normal matrix L
are prone to instabilities. Highly accurate methods that work with sufficient
precision are, thus, a strict requirement of the hyperboloidal approach.

3.3.4 Time Domain Response

To conclude this chapter, we consider the time-domain solution to the RWZ equa-
tions. For simplicity we focus on the source-free case, where the perturbations are
sourced instead by some initial data, given by a Gaussian pulse located sufficiently
far away. Based on (3.39), we expect the solution to take the form

Ψℓ =
∞

∑
n=0

Ψℓne−iωℓnt

︸ ︷︷ ︸
QNMs

+ΨB + ΨF , (3.45)
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Figure 10 Ringdown extracted at future null infinity for ℓ = 2, and compactly supported
initial data. We observe a prompt signal followed by a QNM-driven relaxation, which at
some point transitions to a power-law decay.

where ΨB,F are the contributions of the branch-cut and of the two quarter-circles in
the integration contour, respectively. If we extract Ψℓ at I+, and at late times, the
branch cut contribution becomes

ΨB|I+(u) =
∞

∑
p=0

ΨTail
p u−2−ℓ−p +

∞

∑
p=2

ΨTail,Log
p u−2−ℓ−p log(u) , (3.46)

where the leading order term, which dominates at late times, is often dubbed
Price’s law [229, 230, 389, 390], and the appearance of higher-order terms, including
log-terms, is discussed [44, 45, 121, 242, 244]. Notice that the branch cut also has a
contribution at early times due to the essential singularity at ω = 0 [303]. Finally,
the term ΨF corresponds to the direct propagation of the initial data and thus, if
that is compactly supported, we have that the contribution of ΨF vanishes after a
certain time.

We compare this expectation against the direct numerical solution of the RW
equation in the time-domain (3.21), constructed using the general principles dis-
cussed in Chapter 2. Results are shown in Fig. 10, and details of the numerical
implementation can be found in [229, 399].

The extracted ringdown signal close to I+ is shown in Fig. 10. We can visually
identify three distinct regimes – an early-time response, with growing amplitude, a
QNM-driven ringdown, and a slowly-decaying late-time tail. Let us now imagine
that we detect this signal in a noisy detector with, say, stationary Gaussian noise
with a fixed amplitude. We can use Bayesian inference to infer the leading QNM
of the signal during the ringdown-dominated regime. In particular, following the
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Figure 11 1 and 2σ confidence intervals on the marginalized (ωR, τ)-distributions for a
simulated signal injected in Gaussian noise. Different starting times are shown in different
colors, as indicated in the legend.

discussion of Chapter 2, we try to model the signal between u− uPeak ∈ [uRD, uEnd]
as a single QNM

Ψ = Ae−iωt+ϕ , ω = ωR − i/τ , (3.47)

and infer jointly the four parameters (A, ϕ, ωR, τ). We set uniform priors and
use nested sampling as implemented in NestedSamplers.jl [320], enabled via
Bat.jl [421]. The 1 and 2σ confidence intervals of the marginal frequency distri-
bution, for different ringdown start times uRD, are shown in Fig. 11. We now note
clearly an important effect of BH ringdown, relevant even at the level of linear
perturbations: models based on a superposition of damped sinusoids are not a
consistent description of the signal very close to the peak [68]. This is but one of the
many difficulties of ringdown data analysis.

• When does each regime start and end? From the frequency-domain analysis it is
not possible to point down precisely when does, e. g., the contribution of the
tail begin to be important. Exact knowledge of the initial data and the source
is required for this, which in general is not available. A sensible and minimal
requirement is that our inferred physical parameters are independent of the
transition times that we define [39].

• How many QNMs? Our frequency-domain solution (3.45) contains formally an
infinite amount of overtones. Most of these (those with n ≥ 3 for ℓ = 2) have
a quality factor Q = ℜω/2ℑω < 1/2, meaning that they are overdamped
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modes, and thus extremely challenging to infer. On the other hand, they are
generically excited [61, 162, 213]. A common way to avoid this issue is to only
consider the QNM-driven regime after some time u > uRD which is large
enough for most of these overtones to be significantly damped, and therefore
we can safely truncate the overtone sum in (3.45). On the other hand, doing
so “throws away” the loudest part of the signal, making the data analysis
challenge even more challenging [39, 70, 92, 116, 143, 147].

• Fitting or projecting? When working with Hermitian systems, whose solution
can be expanded on a basis of normal modes, one can simply project the
solution onto the subspace generated by one normal mode. A clear example
is the projection onto spherical harmonics that we perform to decompose
the GW signal. BH perturbations are not governed by a Hermitian problem.
The most natural approach, then, is to fit the signal to some template model
composed, e. g., by a superposition of QNMs. Some additional control can be
achieved through Bayesian inference [116]. There are, nonetheless, alternative
approaches to infer the QNM content of a GW signal which we do not discuss
here [322, 475].

We will return to discuss these issues in more detail in Chapter 5 when discussing
the extraction of quadratic QNMs from time-domain solutions to the second-order
perturbations about a Kerr BH. We refer the interested reader to [68] and references
therein for a comprehensive overview of this problem, and further details that have
been omitted here.
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N O N L I N E A R D Y N A M I C S I N T H E B L A C K H O L E
R I N G D O W N

Embrace beautiful lies
– the chronic insanity of the sane

— Sarah Kane, 4:48 Psicosis



4
P E RT U R B AT I O N S O F R O TAT I N G B L A C K H O L E S

Written while listening to music composed by Dmitri Shostakovich.

4.1 introduction

Solving Einstein equations is a daunting task even in highly symmetric settings. Just
one year after the publication of Einstein’s work on General Relativity, Schwarzschild
found a solution describing a vacuum, static, and spherically symmetric space-
time [423]. Two years later, Lense and Thirring set the foundations to include the
effects of rotation perturbatively [306]. However, an exact solution describing ro-
tating, stationary spacetimes remained elusive for nearly 50 years. Kerr [274, 275]
achieved this coinciding with the first astronomical hints of what we now recognize
as BHs, sparking a surge of activity in General Relativity and the geometrody-
namics of rotating BHs. One must not forget how remarkable this solution is. In
Chandrasekhar’s words: In my entire scientific life [...] the most shattering experience has
been the realization that an exact solution of Einstein’s equations [...] provides the absolutely
exact representation of untold numbers of massive black holes that populate the Universe.

A major achievement in the dynamics of rotating spacetimes, i. e., Kerr BHs,
was realizing that their (perturbative) dynamics is governed by a single equation.
Teukolsky [441] showed that the perturbation to certain scalars constructed out of
the Weyl curvature satisfied decoupled wave equations. Such decoupling should
not come out as a surprise, but simply as a consequence of the special algebraic
structure of the Kerr geometry [71, 415]. This equation is also separable, which once
again should not come out as a surprise given the algebraic symmetries of the Kerr
metric [113]. Nevertheless, the Teukolsky equation has proven foundational to study
the dynamics of BHs and their emission of GWs.

In this chapter we revisit the problem of perturbations around Kerr BHs. First, we
discuss some generalities about the Kerr geometry, including its algebraic structure,
symmetries, and geodesic motion on the Kerr spacetime. Next, we focus on pertur-
bations of Kerr BHs. We derive Teukolsky equation in vacuum, and discuss how to
include arbitrary sources. We discuss two approaches to the metric reconstruction
problem, and discuss the gauge and frame invariance of perturbations. Finally,
we derive the second-order Teukolsky equation governing next to leading order
vacuum perturbations to rotating BHs, which will be foundational to the following
chapter of this thesis.

51
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4.2 the kerr metric

The Kerr spacetime, in Boyer-Lindquist coordinates (t, r, θ, ϕ), takes the form

ds2 =−
(

1− 2Mr
Σ

)
dt2 − 4aMr sin2 θ

Σ
dtdϕ +

Σ
∆

dr2

+ Σdθ2 +
[
∆ +

2Mr(r2 + a2)

Σ

]
sin2 θdϕ2 ,

(4.1)

where

Σ = r2 + a2 cos2 θ , ∆ = r2− 2Mr+ a2 = (r− r+)(r− r−) , r± = M±
√

M2 − a2 ,
(4.2)

where r± are the locations of the outer (+) and inner (−) horizons. The outer horizon
is a Killing horizon. Indeed, it is generated by the null vector χa = (∂t)a + ΩH(∂ϕ)a,
which is a linear combination of Killing vectors, where ΩH = a/2Mr+ is the angular
velocity of the horizon. As ΩH = const we say that the Kerr horizon rotates rigidly.

Clearly, two horizons exists only when a < M. Such BHs are called subextremal.
Whenever a = M the two horizons coincide and the solution is dubbed extremal.
We will not consider the case where a > M, which contains a naked singularity.
We will also not pay much attention to the interior of the Kerr BH geometry
r < r+ for two main reasons: (i) it is causally disconnected from future null
infinity, meaning it is inaccessible to exterior observers and thus of no observational
significance within classical gravity; and (ii) the inner horizon is unstable due to
mass inflation [382], casting doubts on the validity of the Kerr geometry to describe
the interior spacetime, at least close to the inner horizon. Suffices to say that the
Kerr BH has a ring singularity at r = 0, θ = π/2 corresponding to the root of Σ.

By analyzing the metric at large distances, r ≫ M and a/r ≪ 1 the Kerr spacetime
takes the simple form

ds2 = −
(

1− 2M
r

)
dt2 +

(
1+

2M
r

)
dr2 + r2(dθ2 + sin2 θdϕ2)− 4aM

r
sin2 θdtdϕ , (4.3)

which is simply the asymptotic metric (weak field) of a mass M rotating with
angular momentum J = aM. Thus, we can identify the parameters (M, a) with the
mass and spin of the BH.

Another relevant surface of Kerr BHs is the ergoregion. The spacetime itself is
rotating, resulting in dragging of inertial frames. In particular, this means that the
timelike Killing vector ξ = ∂t becomes null outside the outer horizon. Physically this
means that a timelike observer is forced to rotate in solidarity with the BH; and
static observers cannot exist inside the ergoregion. The location of the ergoregion is
thus defined by the roots of ξaξa = −gtt, i. e.,

rO = M +
√

M2 − a2 cos2 θ . (4.4)

The presence of an ergoregion is a remarkable property of Kerr BHs, in particular
enabling the Blandford-Znajek process which possibly powers galactic jets. A simple
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version of this is the Penrose process: a particle launched from rest towards the
ergoregion, with energy E0, fissions into two equal particles with mass m1 = qE0.
For an external observer, as gtt < 0, one of the fission products may appear to have
a negative energy. If that particle falls into the horizon, the escaping particle must
have gained energy, due to energy and angular momentum conservation. Indeed,
the efficiency of the process is, assuming equatorial motion [83]

E1

E0
=

1
2

(
1 +

√
2M(1− 4q2)

rfission

)
. (4.5)

Clearly, for E1 > E0 the fission must take place at rfission < 2M(1− 4q2) < 2M, i. e.,
inside the ergoregion. An infalling particle with (apparent) negative energy density
does not make the BH area decrease. That would be a blatant violation of Hawking’s
area theorem. Instead, the infalling particle decreases the BH mass M, but it also
spins-down the BH, in such a way that the irreducible mass Mirr =

√
Mr+/2 grows.

4.2.1 Coordinates

The Boyer-Lindquist coordinates are geometric, in that they follow naturally from the
symmetries of the spacetime: indeed, t and ϕ are parameters along integral curves of
stationary Killing vectors. Other geometrically motivated choices are possible, such
as the coordinates introduced by Doran [174], and coordinates constructed directly
from the Killing spinor structure of the Kerr spacetime, see 2.5.2. in [16] or Appendix
D in [198]. Other useful coordinates are hyperboloidal coordinates. We construct now
horizon-penetrating hyperboloidal coordinates, which we also compactify. This will
later allow for efficient numerical implementation of the Teukolsky equation, as
hyperboloidal coordinates naturally account for the boundary conditions required
to study BH perturbations.

First, let us write the spacetime in (ingoing) Eddington-Finkelstein coordinates

dv = dt + dr⋆ − dr , dφ = dϕ +
a

r2 + a2 dr⋆ , (4.6)

where we have generalized the tortoise coordinate dr⋆ = (r2 + a2)/∆dr. Next,
we aim to find hyperboloidal coordinates T = T(v, r) and R = R(r). Following
the minimal gauge prescription we want to change the time coordinate with a r-
dependent height function, T = v + h(r) such that the ingoing characteristic speed
vanishes at r = ∞. As discussed in Appendix C3 of [409], this is achieved by the
transformation

T = v− r− 4M log r , R =
r2

h
r

, (4.7)

where we have chosen the compactification length such that R ∈ [0, rh].
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4.2.2 Algebraic Structure

The Kerr metric is algebraically type D, meaning it has two repeated principal null
directions. A principal NP tetrad is the Carter tetrad, which in Boyer-Lindquist
coordinates is

ℓa =
1√

2∆Σ

(
r2 + a2, ∆, 0, a

)
,

na =
1√

2∆Σ

(
r2 + a2,−∆, 0, a

)
,

ma =
1√
2Σ

(
ria sin θ, 0, 1,

i
sin θ

)
,

(4.8)

where

ζ = r− ia cos θ , (4.9)

is the proportionality constant in front of the Killing spinor, i. e., if we choose a spin
dyad (oA, ιA) aligned with the tetrad (4.8), then κAB = −2ζo(AιB) is a Killing spinor.
As discussed in Chapter 2 this means that the only non-vanishing Weyl scalar is

Ψ2 = −M
ζ3 . (4.10)

Additionally, the only non-vanishing GHP spin coefficients are

ρ = −ρ′ = −ζ−1

√
∆

2Σ
, τ = τ′ = − ia sin θ

ζ
√

2Σ
, (4.11)

The Carter tetrad is related to the often-used Kinnersely tetrad by

ℓa =

√
∆

2Σ
ℓa

K , na =

√
2Σ
∆

na
K , ma =

ζ̄√
Σ

ma
K . (4.12)

From the existence of the valence (2, 0)-Killing spinor, and the fact that the Killing
vector ξa = (∂t)a, which can be checked by simply evaluating (2.37) using (4.8)–
(4.11), we deduce that Kerr also has a Killing tensor (2.39), and a second Killing
vector ηa given by (2.40), which, in this case, is just ηa = a2(∂t)a + a(∂ϕ)a.

4.2.3 Kerr Geodesics

Let us now review briefly the problem of motion in the Kerr geometry. Let ua(τ) be
the 4-velocity of a given trajectory, which we take to be timelike or null depending
on whether uaua = ϵ = −1 or uaua = 0. Two conserved quantities are constructed
from the Killing vectors

E = −ξaua , L = a−1
(

ηaua + a2E
)

, (4.13)
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corresponding to the energy and angular momentum (in the direction of the BH
spin). The Killing tensor leads to an additional conserved quantity, the Carter
constant [114]

Q = uaubKab − (L− aE)2 . (4.14)

In terms of these conserved quantities, and with respect to the Mino-Carter time
dλ = Σ−1dτ [341], the geodesic equation is reduced to first-integrals

( dr
dλ

)2
=R(r) ,

( dθ

dλ

)2
=Θ(θ) ,

dt
dλ

=
r2 + a2

∆

[
E(r2 + a2)− aL

]
+ a
(
L− aE sin2 θ

)
,

dϕ

dλ
=

a
∆

[
E(r2 + a2)− aL

]
+
L

sin2 θ
− aE ,

(4.15)

where we have introduced the potentials [221, 338]

R(r) =
[
E(r2 + a2)− aL

]2
− ∆

[
Q+ (aE − L)2 − ϵr2

]
,

Θ(θ) =Q+ a2(E2 − ϵ2) cos2 θ −L2 cot2 θ .
(4.16)

The motion of timelike and null geodesic is fully characterised in terms of the
constants of motion E ,L,Q, ϵ, and can be classified according to the number and
location of the roots of the radial and polar polynomials. Analytical solutions to the
geodesic equations exist in terms of elliptic functions [176, 221, 338].

A particularly interesting class of geodesics are bound, null geodesics, usually
referred to as lightrings. These are closely linked to the high-frequency behaviour of
GWs [103], and offer an interesting observational target with very large baseline
interferometry, providing an alternative path to measuring the mass and spin of
supermassive BHs [321]. We now focus on this case, and set ϵ = 0. Since bound
null orbits must be spherical, we seek orbits located at zeros of the radial potential
R(rLR) = R′(rLR) = 0. The only physically admissible class of solutions to these
two equations is [440]

L
E =− r3

LR − 3Mr2
LR + a2(rLR + M)

a(rLR −M)
,

Q
E2 =−

r3
LR

(
r3

LR − 6Mr2
LR + 9M2rLR − 4a2M

)

a2(rLR −M)2 .

(4.17)

Physical solutions to these equations are confined to a finite range, which we denote
by rLR ∈ [rLR+ , rLR− ]. The two extremes are achieved for equatorial orbits, when
Q = 0. In fact, these are just the prograde and retrograde lightrings

rLR± = 2

[
1 + cos

(
2
3

arccos
(
∓|a|

M

))]
, (4.18)
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Figure 12 Shape of the photon shell as a function of the lightring radius for three different
values of the dimensionless spin, represented with different colors. The dashed lines
represent the location of the outer horizon for each spin.

and satisfy M ≤ rLR+ ≤ 3M ≤ rLR− ≤ 4M. Those are lightrings which are purely
equatorial (since Q = 0), and degenerate to the Schwarzschild unique lightring
rLR(a = 0) = 3M, which is the unique double root of the radial potential when
a = 0. However, there is a continuous spectrum of lightrings spanning a photon shell
between [rLR+ , rLR− ] for Kerr black holes, which perform certain polar libration, and
are fully characterized by (4.17) 1. The polar libration can be characterized by the
roots of the polar potential. If we let z = cos θ, these roots are given by

z2 =
(a2E2 −Q−L2) +

√
(a2E2 −Q−L2)2 + 4a2Q
2a2 . (4.19)

The maximum angular libration allowed as a function of the lightring radius is
shown in Fig. 12 for different values of the dimensionless BH spin. Chapter 6 will
discuss in detail the connection between lightrings and perturbations of rotating
BHs.

4.3 linear perturbations

We now consider linear perturbations of the Kerr geometry, i.e., let the metric and
the stress energy tensor be

gab = gKerr
ab + εḣab +O(ε2) , Tab = εṪab +O(ε2) , (4.20)

1 Notice that the sign of E matters only to determine a time orientation for the null geodesic. Otherwise,
E merely corresponds to a choice of units, and L/E and Q/E2 are the dimensionless quantities
which parametrize null geodesics.
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where ε ≪ 1 is a book-keeping small number. First, we will show that vacuum
perturbations are governed by the Teukolsky equation. Next, we discuss Wald’s
identity, which relates to Teukolsky equation in the presence of sources, and use it
to reconstruct the metric by the method of Hertz potentials. We review an additional
method of metric reconstruction, and finally tackle the problem of gauge and frame
invariance to linear order.

4.3.1 Teukolsky Equation

Let us begin with the Penrose Wave Equation (2.9), and project it with oAoBoCoD.
Doing so, we obtain an equation for Ψ0 = oAoBoCoDΨABCD,

O0[Ψ0] +O1[Ψ1] +O2[Ψ2] = 0 , (4.21)

where Oi are given by

O0 =þþ′ − ðð′ − ρ̄þ− (4ρ + ρ̄)þ′ + τ′ð + (4τ + τ̄′)ð′

+ 4(ρρ′ + κκ′ − ττ′ − σσ′)− 2Ψ2 ,
O1 =10Ψ1 − 4(κρ̄′ − στ̄) + 4(þ′(κ·)− ð′(σ·)) ,

O2 =3
[
(ρ + ρ̄)σ− (τ + τ̄′)κ + ðκ − þσ + Ψ0

]
.

(4.22)

Linearising (4.21) around a type D background immediately leads to

O̊0[Ψ̇0] + Ȯ2[Ψ̊2] = 0 . (4.23)

However, notice that one of Ricci identities is

ðκ − þσ− κ(τ + τ̄′) + σ(ρ + ρ̄) + Ψ0 = 0 . (4.24)

This is just O2. Hence, O2 = 0 in vacuum, at all orders. We have arrived at Teukol-
sky’s equation

O̊0[Ψ̇0] ≡ O0Ψ̇0 = 0 , (4.25)

where the Teukolsky operator is simply O0 on a type D background, which can be
rewritten as

O0 = (þ− 4ρ− ρ̄)(þ′ − ρ′)− (ð− 4τ − τ̄′)(ð′ − τ′)− 3Ψ2 . (4.26)

Taking primes of this equation we obtain the equivalent operator for Ψ4

O4 = (þ′− 4ρ′− ρ̄′)(þ− ρ)− (ð′− 4τ′− τ̄)(ð− τ)− 3Ψ2 , O4Ψ̇4 = 0 , (4.27)

and satisfies the Teukolsky equation with spin weight s = −2. Equivalently, we
could have started taking the ιAιBιCιD projection of (2.9), and we would have arrived
at the same point mirroring these steps.
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The Teukolsky operator (4.26) coincides with the wave operator □ up to lower
order terms. Thus it should not come out as a surprise that one can also find a
complete set of commuting operators, building upon the separability of the wave
equation discussed in Chapter 2. In fact, we can write a generalized Teukolsky
equation for spin s perturbations,

O(s) = (þ− 2sρ− ρ̄)(þ′− ρ′)− (ð− 2sτ− τ̄′)(ð′− τ′)− (2s2− 3s + 1)Ψ2 , (4.28)

which reduces to the Klein-Gordon equation when s = 0, and O(+2) = O0,O(−2) =
O4. This operator commutes with the two Killing vectors ξa, ηa, and with the two
operators [16]

Rs =ζζ̄(þ− ρ− ρ̄)(þ′ − 2sρ′) +
2s− 1

2
(ζ + ζ̄)Lξ ,

Ss =ζζ̄(ð− τ − τ̄)(ð′ − 2sτ′) +
2s− 1

2
(ζ − ζ̄)Lξ ,

(4.29)

where in terms of GHP quantities, acting on a quantity X ◦
= (p, q), the Lie derivative

along ξa is

Lξ = −ζ(−ρ′þ + ρþ′ + τ′ð− τð′)− p
2

ζΨ2 −
q
2

ζ̄Ψ̄2 . (4.30)

The spin-s Teukolsky operator can thus be written simply as

ζζ̄O(s) = Rs − Ss . (4.31)

When s = 0, we have that R0 = Q is just the Carter operator. The key observation
is that, upon global factors that can be absorbed appropriately, the operators Rs,Ss
depend only on the radial and angular coordinate, respectively, apart from the
(Killing-generated) coordinates t, ϕ. Thus (4.31) implies immediately the separa-
tion of variables of Teukolsky equation. For convenience, we write the separated
equations now in terms of the Kinnersley tetrad for s = 2. Letting

Ψ̇0 = e−iωt ∑
ℓ,m

+2Rℓmω(r)+2Sℓm(θ, ϕ; aω) , (4.32)

where ℓ, m are spherical harmonic indices, meaning ℓ ≥ 2 and m ∈ [−ℓ, ℓ], the
radial and angular functions satisfy the separated equations

[
d
dz

(
(1− z2)

d
dz

)
+ a2ω2z2 − (m + sz)2

1− z2 − 2aωsz + C

]
sSℓm(θ, ϕ; aω) =0 ,

[
∆−s d

dr

(
∆s+1 d

dr

)
+

K2 − 2is(r−M)K
∆

+ 4isωr− sλℓm

]
sRℓmω =0 ,

(4.33)

where we remind that z = cos θ, and we have introduced C = sλℓm + 2aωm− a2ω2,
and K = ω(r2 + a2)− am. The eigenvalue sλℓm is sometimes dubbed the angular
separation constant. Notice that as ϕ is a Killing vector, the spheroidal harmonics
are eigenfunctions

sSℓm(θ, ϕ; aω) = sSℓm(θ, 0; aω)eimϕ . (4.34)
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4.3.2 Wald’s Identity

We could have decided to work with the Penrose wave equation in the presence
of sources. In the symmetric spinor notation, this is just the curl of (2.8), i. e.,
C C †Ψ = C C Φ. The perturbations of the Ricci tensor can be related to the mat-
ter perturbations, i. e., the perturbations of the stress-energy tensor, via Einstein
equations, E [ḣ]ab = 8πṪab, where E [ḣ] is, in essence, the Lichnerowicz operator,

E [ḣcd]ab = −∇a∇bḣc
c −∇2ḣab + 2∇c∇(aḣb)c + g̊ab

(
∇2ḣc

c −∇c∇dḣcd

)
. (4.35)

Keeping track of the source terms in our derivation of Teukolsky equations we
would find a non-vanishing right-hand side,

O0Ψ̇0 = S0[Ṫab] , O4Ψ̇4 = S4[Ṫab] . (4.36)

In order to do so, it is useful to relate the NP components of the perturbed stress-
energy tensor with the spinor components of the perturbed Ricci tensor,

Ṫll =Φ̇00′ ≡ oAoBōA′ ōB′ΦABA′B′ , Tln = Φ̇11′ +
Λ
4

, Tlm = Φ̇01′ ,

Ṫnn =Φ̇22′ , Tnm = Φ̇12′ , Tmm = Φ̇02′ , Tmm̄ = Φ̇11′ −
Λ
4

.
(4.37)

A lengthy calculation, which simply mirrors the steps taken in the previous section,
leads to

S0 =
1
2
(ð− τ̄′ − 4τ)

[
(þ− 2ρ̄)Ṫlm − (ð− τ̄′)Ṫll

]

+
1
2
(þ− 4ρ− ρ̄)

[
(ð− 2τ̄′)Ṫlm − (þ− ρ̄)Ṫmm

]
,

S4 =
1
2
(ð′ − τ̄ − 4τ′)

[
(þ′ − 2ρ̄′)Ṫnm − (ð′ − τ̄)Ṫnn

]

+
1
2
(þ′ − 4ρ′ − ρ̄′)

[
(ð′ − 2τ̄)Ṫnm − (þ′ − ρ̄′)Ṫmm

]
.

(4.38)

Finally, notice that we can also write the Weyl scalars as some operator acting on
the metric perturbation, i. e., T0[ḣab] = Ψ̇0, and equivalently for Ψ̇4. A short-cut to
finding this operator is to project onto components (2.26). Alternatively, one may
work directly from the definition to obtain

2T0 =(ð− τ̄′)(ð− τ̄′)ḣll + (þ− ρ̄)(þ− ρ′)ḣmm

−
[
(þ− ρ̄)(ð− 2τ̄′) + (ð− τ̄′)(ρ− 2ρ̄)

]
ḣlm ,

(4.39)

and T4 = T ′0 . Putting all of this together, we obtain an operator identity

O0

[
T0(ḣab)

]
= S0

[
E(ḣcd)ab

]
, (4.40)

together with its primed version. This is sometimes referred to as Wald’s identity,
as it was first written in this form by Wald in [454]. Nevertheless, this is based on a
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series of remarkbale works by Cohen and Kegeles [144, 268], and Chrzanowski [141],
who deserve no less credit. The identity itself, nevertheless, is already contained
in Teukolsky’s original work [441]. The usefulness of this identity, which was the
original goal of these authors, is to generate a metric perturbation ḣab which is a
solution to the linearised Einstein equations, given a solution to Teukolsky equation,
say, Ψ̇0. This is the topic of the next subsection.

4.3.3 Metric Reconstruction via Hertz potentials

The problem of metric reconstruction is the following: suppose we have a solution of
the (vacuum) Teukolsky equation, say, O0ψ = 0. Can we use it to generate a metric
perturbation ḣab that is a solution to the linearised Einstein equations, E [ḣab] = 0?
Moreover, what is the connection between T0,4[ḣab] and the original solution ψ?
This is the matter of this section. The method we present here is based on Hertz
potentials, and sometimes is referred to as Cohen, Chrzanowski, and Kegeles (CCK)
metric reconstruction [141, 144, 268].

Let us begin with the abstract operator identity OT = SE , where these are
linear differential operators acting on some functional space, say, of scalar fields (for
simplicity). Before moving forward, we ought to define the adjoint of an operator L,
which we denote L†. This is nothing but the unique operator satisfying

φL[ϕ]−L†[φ]ϕ = ∇aJ a , (4.41)

for some current J a. This definition generalizes trivially to tensor fields, and to
tensorial operators. Thus, it follows easily that the GHP connection is skew-adjoint
Θ†

a = −Θa (and so is the usual covariant derivative). Using this and the definition
of the GHP spin coefficients, it is straightforward to find that

þ† =− þ + ρ + ρ̄ , (þ′)† = −þ′ + ρ′ + ρ̄′ ,

ð† =− ð + τ + τ̄′ , (ð′)† = −ð′ + τ′ + τ̄ .
(4.42)

Let us now assume that the operator E is self-adjoint, E = E †. This is true for the
Einstein equations, as E is quadratic in the skew-adjoint operator ∇a (4.35).

Now, let us go back to the operator identity, and assume that we have a solution
ψH satisfying O†ψH = 0. We will call this a Hertz potential. Then, φ = S†ψH satisfies
E † φ ≡ Eφ = 0, i. e., we found a solution to the equation Eφ = 0. Applying this to
the identity (4.40) we find that

E [ḣab] = 0 ⇐= ḣab = 2ℜS†
i [ψH]ab , O†

i ψH = 0 , i = 0, 4 . (4.43)

A few observations are in order. First of all, this is only valid for vacuum perturba-
tions. Recently, an extension of this formalism that accounts for matter fluctuations
by correcting the metric perturbation appropriately has been put forward, but it is
yet to be implemented in complex scenarios [223, 245, 448]. Secondly, the resulting
metric fluctuation is in a very particular gauge, in particular, either in the ingo-
ing radiation gauge (IRG) if we use i = 0 in (4.43), or in the outgoing radiation
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gauge (ORG) if i = 4. The IRG (respectively ORG) satisfies ℓaḣab = 0 (respectively
naḣab = 0). To avoid confusion, let us summarise this explicitly:

ḣIRG
ab =2ℜS†

0 ψIRG , O†
0ψIRG = 0 , ℓaḣIRG = 0 ,

ḣORG
ab =2ℜS†

4 ψORG , O†
4ψORG = 0 , naḣORG = 0 .

(4.44)

The third observation is that if we compute the Weyl scalars Ψ̇0,4 associated to ḣab
obtained from (4.43), we do not recover the Hertz potential ψH. Instead, we find the
radial and angular inversion equations:

Ψ̇0 =
1
4

þ4ψ̄IRG
H =

1
4

ð4ψ̄ORG
H +

3M
4ζ4 LξψORG

H ,

Ψ̇4 =
1
4

ð′4ψ̄IRG
H =

3M
4ζ4 LξψIRG

H =
1
4

þ′4ψ̄ORG
H .

(4.45)

Here we have just uncovered the Teukolsky-Starobinski identities relating Hertz
potentials in ingoing/outgoing radiation gauges.

4.3.4 Metric Reconstruction via Transport Equations

The above construction works quite generically, but inverting the equations (4.45)
is, in general, complicated. Separable solutions like QNMs can be more easily
dealt with (see e.g. [59] and references therein), but the implementation of the
CCK method quickly becomes complicated when dealing with an initial value
problem. For that purpose, constructive procedures that directly obtain the metric
perturbation ḣab in terms of some Weyl scalar which solves Teukolsky equations
Ψ̇0,4 are preferred. Such was the approach first taken by Chandrasekhar [128], and
also in Ref. [22]. Here we revisit the presentation of this approach by [319], which we
will later apply in Chapter 5. In particular, we reproduce the results of [319] in terms
only of GHP quantities and equations, somewhat simplifying all the calculation.

To make things concrete, we will assume in this case knowledge of Ψ̇4. Moreover
we fix a frame following Campanelli & Lousto [95]

l̇a =
1
2

ḣllna , ṅa =
1
2

ḣnnℓa + ḣlnna , ṁa = ḣnmℓa + ḣlmna−
1
2
(ḣmm̄ma + ḣmmm̄a) ,

(4.46)

where the perturbed tetrad legs with upper indices are obtained by swapping the
sign of the hxy components. We also want to reconstruct the metric in the ORG.
This is not the unique choice possible, but it is possibly the simplest. The ORG
condition naḣab = 0 together with the traceless condition gabḣab (which can always
be assumed for radiation gauges of type II spacetimes in vacuum, see [388]) implies
immediately

ḣnl = ḣnn = ḣnm = 0 , ḣmm̄ = 0 . (4.47)
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One can check that all is consistent by writing the metric perturbation in terms
of (4.46) as

ḣab = 2ℓ̇(anb) + 2ℓ(aṅb) − 2ṁ(am̄b) − 2m(a ˙̄mb) . (4.48)

Moreover, this frame choice together with the ORG condition guarantees that κ̇′ =
ρ̇′ = 0. The rest of the perturbed spin coefficients can be written in a straightforward
manner in terms of the metric perturbations. For completeness, we list them here.
First, the unprimed coefficients are

2κ̇ =2(þ− ρ̄)ḣlm − (ð + τ − τ̄′)ḣll ,

2σ̇ =(þ + ρ− ρ̄)ḣmm + 2(τ̄′ − τ)ḣlm ,

2ρ̇ =(ð′ + τ′)ḣlm − (ð− τ̄′ + 2τ)ḣlm − ρ′ḣll ,

2τ̇ =(þ′ − ρ′)ḣlm + τ′ḣmm ,

(4.49)

and for the primed coefficients

2σ̇′ =(þ′ + ρ′ − ρ̄′)ḣm̄m̄ ,

2τ̇′ =(þ′ − ρ̄′)ḣlm̄ + τḣm̄m̄ .
(4.50)

Now we introduced perturbed GHP derivative operators. These satisfy a Leibnitz
rule with respect to the metric perturbations, so that we can write

(Dη)̇ = D η̇ + Ḋη , D ∈
{

þ, þ′, ð, ð′
}

, (4.51)

when acting on any GHP scalar η. The perturbed operators are defined by their
action on GHP scalars with weight, say, η

◦
= (p, q).

þ̇η =ℓ̇aΘaη − ℓa
(

pω̇a + q ˙̄ωa

)
η , þ̇′η = ṅaΘaη − na

(
pω̇a + q ˙̄ωa

)
η ,

ð̇η =ṁaΘaη −ma
(

pω̇a + q ˙̄ωa

)
η , ð̇′η = ˙̄maΘaη − m̄a

(
pω̇a + q ˙̄ωa

)
η ,

(4.52)

where ω̇a is the perturbed GHP connection (which is a GHP field itself, unlike the
original connection ωa, the same manner that the perturbation of the Christoffel
symbols is a tensor while the Christoffel symbols themselves are not), given by

4ℓaω̇a =− (þ′ + ρ′ − ρ̄′)ḣll − (ð + 2τ − τ̄′)ḣlm̄ + (ð′ − 2τ̄ + 3τ′)hlm ,
naω̇a =0 ,

4maω̇a =− (þ′ − ρ′ − 2ρ̄′)ḣlm + (ð′ + τ′ − τ̄)ḣmm .

(4.53)

Using these, we can mimic the steps of [319] to find a hierarchy of transport
equations, starting from Ψ̇4. As a first step, we use one of Ricci identities (2.27) to
find σ̇′, and one of Bianchi identities (2.28) to find Ψ̇3:

(þ′ − ρ′ − ρ̄′)σ̇′ = Ψ̇4 , (þ′ − 4ρ′)Ψ̇3 = (ð− τ)Ψ̇4 . (4.54)
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Now we can use (4.50) to directly find ḣm̄m̄ in terms of σ̇′. Recall now that ḣmm = ḣm̄m̄.
With this in mind, we can return to Ricci identities, and after some algebra, obtain an
equation for τ̇′ in terms of known quantities, while the linearised Bianchi identities
gives an equation for Ψ̇2

þ′τ̇′ = Ψ̇3 −
1
2
(2σ̇′ − ḣm̄m̄ρ′)(τ − τ̄′) , (þ′ − 3ρ′)Ψ̇2 = (ð− 2τ)Ψ̇3 . (4.55)

Once again, the second equation of (4.50) now allows us to find ḣlm̄ = ḣlm. Finally,
there are multiple approaches to find an equation for ḣll. Mimicking the previous
structure, we can find a first order transport equation. However, this equation may
not have the most desirable decay properties. Second-order equations like the one
discussed in [319] may be better suited for analytical calculations or proving decay
estimates. By working with the linearised Einstein equations, and in terms of the
perturbed GHP derivatives, we find

(þ′+ ρ′− ρ̄′)ḣll = (ð′+ τ′)ḣlm− (ð+ 2τ− τ̄′)ḣlm̄ +
2
ρ′
[
Ψ̇2− (ð̇− ˙̄τ′)τ′− (ð− τ̄′)τ̇′

]
.

(4.56)

This completely reconstructs the metric perturbation in ORG in terms of first-order
transport equations in þ′, starting from Ψ̇4. Although these transport equations
were already presented in NP form in [319], this derivation, which is GHP covariant
at all steps, is novel. Writing the equations in GHP form not only simplifies the
algebra, but introduces a sanity check at all steps (checking that the GHP weights of
both sides of every equation match), and the discrete symmetries such as the prime
operation allow us to relate certain equations to each other in a simple way.

4.3.5 Gauge and Frame Invariance

Finally, let us consider whether the perturbations to the Weyl scalars Ψ̇0,4 have any
physical significance. In particular, a desirable property would be their invariance
under gauge transformations, as well as under Lorentz rotations of the NP frame.
Suppose we act with a small diffeomorphism Ξ = εΞ̇, and with NP frame rotations
of type I, II, and III generated by small parameters a = εȧ, b = εḃ, Λ = 1 + εΛ̇, and
θ = εθ̇, where the transformations are defined in (2.14). An arbitrary transformation
for a Weyl scalar, say, Ψ0, is simply given by

Ψ0 →LΞ

(
RI I I RI I RIoAoBoCoDΨABCD

)

=LΞRI I I

(
Ψ0 + bΨ1 + b2Ψ2 + b3Ψ3 + b4Ψ4

)

=LΞ

(
Λ2e2iθΨ0 + bΛeiθΨ1 + b2Ψ2 + b3Λ−1e−iθΨ3 + b4Λ−2e−2iθΨ4

)
.

(4.57)
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Similar expressions can be found for all other components. If we now expand to
first order, and retaining all possible terms, we find

Ψ̇0 →Ψ̇0 + LΞ̇Ψ̊0 + 2(Λ̇ + iθ̇)Ψ̊0 + 4ḃΨ̊1 = Ψ̇0 ,

Ψ̇1 →Ψ̇1 + LΞ̇Ψ̊1 + ȧΨ̊0 + (Λ̇ + iθ̇)Ψ̊1 + 3ḃΨ̊2 = Ψ̇1 + 3ḃΨ̊2 ,

Ψ̇2 →Ψ̇2 + LΞ̇Ψ̊2 + 2ȧΨ̊1 + 2ḃΨ̊3 = Ψ̇2 + LΞ̇Ψ̊2 ,

Ψ̇3 →Ψ̇3 + LΞ̇Ψ̊3 + 3ȧΨ̊2 − (Λ̇ + iθ̇)Ψ̊3 + ḃΨ̊4 = Ψ̇3 + 3ȧΨ̊2 ,

Ψ̇4 →Ψ̇4 + LΞ̇Ψ̊4 + 4ȧΨ̊3 − 2(Λ̇ + iθ̇)Ψ̊4 = Ψ̇4 ,

(4.58)

where the last equality holds on a type D background and a principal NP tetrad.
Thus, for the Kerr spacetime, Ψ̇0 and Ψ̇4 are invariant under gauge transformations
and under frame transformations.

4.4 second order perturbations

Finally, let us briefly discuss second-order fluctuations around the Kerr metric in
vacuum. In particular we consider the problem where

gab = gKerr
ab + εḣab +

1
2

ε2ḧab , (4.59)

and the stress energy tensor vanishes at all orders. As we have discussed in the
previous section, the first order problem is fully described by either Ψ̇0 or Ψ̇4, and
the metric perturbation ḣab can be reconstructed in a radiation gauge following
either of the two procedures described above.

We can follow similar steps as in the previous section to derive the equation that
governs second order fluctuations. Starting from (4.21) and proceeding schematically,
the following equation holds

O̊0[Ψ̈0] = −Ȯ0[Ψ̇0]− Ȯ1[Ψ̇1] ≡ S (2)0 [ḣ, ḣ] , (4.60)

where the right hand side is, effectively, a quadratic functional of the metric pertur-
bation ḣab, and the perturbed operators are simply the linearisation of (4.22). For
completeness we write here the source term in terms of GHP operators

−1
2
S (2)0 [ḣ, ḣ] =4

[
σ̇(ð′ − τ′)− κ̇(þ′ − ρ′) +

(
(ð− τ̄′)ρ

)
˙−
(
(þ− ρ̄)τ

)
˙
]
Ψ̇1

+
[(

ðð′ − þþ′
)
˙+
(

4ρ(þ′ − ρ′) + ρ̄þ′ − ρ′þ
)
˙

−
(

4τ(ð′ − τ′) + τ̄′ð′ + τ′ð
)
˙+ 2Ψ̇2

]
Ψ̇0 ,

(4.61)

where a dot after a bracket denotes the perturbation of the whole bracket.
In order to know the dynamics of second order fluctuations in vacuum, it suffices

to solve an inhomogeneous Teukolsky equation, with source term (4.61). This is
sufficient in order to infer, e.g., the GW strain at future null infinity, as it can be read
directly from Ψ̈4 in an appropriate gauge. However, the problem of computing the
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second-order metric fluctuation ḧab from Ψ̈4 is more complicated. Although similar
techniques as the ones discusses in the previous section may apply, this remains an
open problem at the time of writing this thesis.

Finally, let us briefly discuss the gauge and frame invariance of Ψ̈0 (a similar
discussion applies to Ψ̈4). Going to second-order in (4.57), and using that the
background is type D leads to

Ψ̈0 → Ψ̈0 + 2LΞ̇Ψ̇0 + 4(Λ̇ + iθ̇)Ψ̇0 + 8ḃΨ̇1 + 2ḃ2Ψ̊0 . (4.62)

Thus, Ψ̈0 is, per se, neither gauge nor frame invariant. Campanelli and Lousto
devised a prescription to add a quadratic piece in ḣab that compensates for this
freedom, building a second-order frame and gauge invariant object. We refer the
interested reader to Section IV of [95] for further details on this construction.



5
Q UA D R AT I C Q UA S I N O R M A L M O D E S

Written while listening to music composed by Olivier Messiaen.

5.1 introduction

The BH ringdown is an especially appealing dynamical setting to test our under-
standing of General Relativity and BH physics in the strong gravity regime. The BH
spectroscopy program is concerned with the details of the relaxation to equilibrium
of a BH after a merger, and it requires precise theoretical predictions to be compared
against data [65, 67, 68]. In particular, the frequencies of the quasinormal modes
(QNMs) are a benchmark prediction of General Relativity, and they have been used
to validate the consistency of theoretical calculations based on Kerr BHs against
LIGO-Virgo-KAGRA observations [5, 7, 8, 82, 115, 117, 120, 149, 150, 193, 429].

Most prior work on ringdown was done within linear perturbation theory, which
is valid when the backreaction of the perturbations on the spacetime is negligible.
However, right after the merger of two BHs backreaction is significant, and nonlinear
phenomena have been identified in several studies (see e.g. [9, 39, 134, 318, 342, 419,
477]). In order to achieve high-precision ringdown tests, it is critical to understand
the transition between the nonlinear and the linear regime.

A paradigmatic nonlinear effect are quadratic quasinormal modes (QQNMs):
loosely speaking, these are driven, quadratic (and therefore, nonlinear) combina-
tions of QNMs. The presence of these driven modes is predicted by second-order
perturbation theory [85, 218, 252, 300, 319, 354, 372, 409], and they play an important
role in particular in the higher harmonics of the GW strain waveform emitted during
a binary BH merger [134, 318, 342]. The space-based interferometer LISA will likely
observe these modes [464], confirming a nonlinear prediction of General Relativity
and enhancing the BH spectroscopy program.

In this chapter we study the excitation of QQNMs of a Kerr BH using second-
order perturbation theory, building upon the framework of Chapter 4. We show that
(i) second-order perturbation theory predicts the excitation of QQNMs, with an am-
plitude in agreement with Numerical Relativity simulations, (ii) the amplitude ratio
is largely independent of the initial conditions, and therefore, can be tested against
observations, paving the way towards nonlinear BH spectroscopy, and (iii) the high-
frequency excitation of QQNMs is subtle, with results hinting towards a possible

66
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breakdown of perturbation theory for fine-tuned initial conditions, motivating a
further scrutiny of this regime, which we carry out in Chapter 6.

5.2 what are quadratic qnms?

First of all, let us discuss in detail what are QQNMs with a simple example which
is, nevertheless, physically motivated. Consider a one–dimensional string with
extremes fixed at x = 0, L, restricted to move in the (x, y)–plane. The position of
each infinitesimal element of mass of the string r⃗ at a time t is given by

r⃗(t) = (x + ξ(x, t), η(x, t)) , (5.1)

The equation of motion governing the dynamics of the string is

ρ0
∂2

∂t2 r⃗ =
∂

∂x

(
τŝ
)

, ŝ =
r⃗′

||⃗r′|| (5.2)

where the prime denotes a derivative with respect to x, ρ0 is the (constant) density
of the string, and τ is the stress. Usually the stress is taken to be constant, but this
is strictly speaking not true. In fact we can write

τ

ρ0
= c2

T + c2
L

(
||⃗r′|| − 1

)
, c2

T =
τ0

ρ0
, c2

L =
τ0 + E

ρ0
, (5.3)

with E the Young modulus of the material of the string, and τ0 the stress of the
string at equilibrium. The equations of motion for longitudinal and transverse
perturbations take the form

∂2ξ

∂t2 − c2
Lξ ′′ =(c2

L − c2
T)η
′∆ ,

∂2η

∂t2 − c2
Lη′′ =(c2

T − c2
L)(1 + ξ ′)∆ ,

(5.4)

where

∆ =
(1 + ξ ′)η′′ − η′ξ ′′

[
(η′)2 + (1 + ξ ′)2

]3/2 . (5.5)

Now let us consider small transverse perturbations η = ϵη̇ + . . . , and suppose
ξ = ϵ2ξ̈ + . . . . To leading order, we have that transverse fluctuations just satisfy a
one-dimensional wave equation, as expected:

∂2η̇

∂t2 − c2
Lη̇′′ = 0 =⇒ η̇ = ηn sin

(
λnx

)
e−iω(T)

n t , ω
(L/T)
n = cL/Tλn , (5.6)

where λn = nπ/L. To leading order ∆ = η̇′′ +O(ϵ2), so the non-linear transverse
fluctuations are dominated by

∂2ξ̈

∂t2 − c2
Lξ̈ ′′ = (c2

L − c2
T)η̇
′η̇′′ . (5.7)
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The solution is simply given by

ξ̈ =
c2

T − c2
L

2λ3
n

[
2ηnη̄n

(ω
(L)
2n )2

+
η2

ne−iω(T)
2n t

(
(ω

(L)
2n )2 − (ω

(T)
2n )2

) +
η̄2

neiω(T)
2n t

(
(ω

(L)
2n )2 − (ω

(T)
2n )2

)
]

. (5.8)

Remarkably we observe that small transverse vibrations to the string source lon-
gitudinal fluctuations oscillating at twice the frequency. This is often referred in
acoustics and in nonlinear optics as higher harmonic generation. In particular, the
modes oscillating with frequency ω

(T)
2n = 2ω

(T)
n are the second harmonics. In the

presence of dissipation, these would become QQNMs. We emphasize that these are
longitudinal modes oscillating with (twice) the characteristic frequency of transverse
modes, i. e., these modes are oscillating with frequencies that are not in the longitu-
dinal spectrum. Whenever this is the case, ω

(T)
2n → ω

(L)
2n , the denominators diverge

and the system is said to be in resonance. Nevertheless any (small) dissipation in
the equations destroys the resonance condition, so this will not be a concern when
discussing BH QQNMs.

A similar discussion holds for BH perturbations. Suppose the first-order pertur-
bations are governed by two QNMs,

Ψ̇4 = ∑
I=1,2

AIe
−iωℓI mI nI

tRℓInI (r)−2SℓImI (θ, ϕ; aωℓImInI ) , (5.9)

following the notation of the previous chapter. The second-order perturbations are
governed by

O4Ψ̈4 = S4[ḣ, ḣ] . (5.10)

It is not hard to convince oneself that as source term is quadratic in the metric
perturbation, it must be of the form

S4[ḣ, ḣ] ⊃ ∑
I,J=1,2

AI AJe
−i(ωℓI mI nI

+ωℓJ mJ nJ
)tR̃I×J(r)S̃I×J(θ)ei(mI+mJ)ϕ . (5.11)

Other combinations involving the complex conjugates are also possible and expected.
In any case, we are now dealing with an inhomogeneous wave equation, with a
source term which drives the system with frequency ωℓ1m1n1 + ωℓ2m2n2 . As time-
translations are a symmetry of the Teukolsky equation, [O4,Lξ ] = 0, it follows that
the inhomogeneous solution contains terms of the form

Ψ̈4 ⊃∑
ℓ,m

∑
I,J=1,2

R(ℓ,m)
I×J AI AJe

−i(ωℓI mI nI
+ωℓJ mJ nJ

)tR̈(r)−2Yℓm(θ, ϕ)δm
mI+mJ

, (5.12)

where we choose to re-express the solution as a sum over spherical harmonics. The
quantities R(ℓ,m)

I×J are dubbed QQNM ratios and measure the susceptibility of certain
mode combinations to be excited. We refer to the modes (ℓ1, m1, n1) and (ℓ2, m2, n2)
as parent modes, and the QQNM oscillating with frequency ωℓ1m1n1 + ωℓ2m2n2 as
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daughter mode. We also notice that there angular selection rules apply: the azimuthal
number of the daughter mode must satisfy m = m1 ±m2 (the negative sign arising
from the case where a mode couples to the complex conjugate of another mode). Due
to the spherical-spheroidal mixing of Kerr BHs, there is no constraint on the polar
number ℓ beyond |ℓ| ≥ m. For nonrotating BHs (a = 0), spherical symmetry enforces
a selection rule on ℓ, given by |ℓ1 − ℓ2| ≤ ℓ ≤ ℓ1 + ℓ2. The angular harmonics that
do not satisfy this selection rule are not significantly excited for moderately rotating
BHs.

Computing and understanding the dependence of these QQNM ratios on the
initial conditions, the BH spin, and the parent mode harmonic numbers is the goal
of this Chapter, and one of the major contributions of this thesis. We highlight that
these can play a role akin to QNM frequencies in BH spectroscopy since they can be
computed quite accurately with perturbative methods, and then compared against
GW observations, providing a clean test of General Relativity in the strong-field
regime, and based on nonlinear effects.

5.3 methods

We tackle this problem through a two step-process: first, we solve numerically the
first- and second-order Teukolsky equations as an initial value problem. Secondly,
we extract posterior probability distributions for the amplitudes of parent and
daughter modes, and use them to estimate the QQNM ratio.

5.3.1 Time-domain Evolution of Second Order Teukolsky Equation

We numerically solve the linear and quadratic Teukolsky equations employing the
code described in Ref. [409]. The code solves the Teukolsky equation and metric
reconstruction equations on a horizon-penetrating, hyperboloidally compactified
domain (4.7). At each time step, we first solve the linear Teukolsky equation for
Ψ̇4, then we solve the transport equations to reconstruct the metric perturbation ḣab
in the ORG, as explained in Chapter 4, and use them to source the second order
Teukolsky equation.

Initial data for Ψ̇4 is given by:

Ψ̇4(t = 0) = ϕ0 −2Pm
ℓ (ϑ)e

imϕ , (5.13)

ϕ0 = A
(

r−rl
ru−rl

)2(
ru−r
ru−rl

)2
exp

(
− 1

r−rl
− 2

ru−r

)
θ(r− rl)θ(ru − r) .

Above, sPm
ℓ denotes the spin-weighted associated Legendre function, the numbers

ℓ and m are constants which characterize the angular structure of the initial data,
and θ denotes the Heaviside step function. The parameters {A, rl, ru} characterize
the initial profile, fixing respectively its amplitude, lower and upper radius. The
initial velocity profile, ∂tΨ̇4, is chosen so that the pulse moves towards the BH. We
additionally set ḣab (t = 0) = 0. While these initial data do not satisfy the Einstein
constraint equations, so long as |m| ≥ 2 the constraint violating modes propagate
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Figure 13 Linear (top) and
quadratic (bottom) perturba-
tion to the Weyl scalar Ψ4 at
future null infinity for (ℓ, m) =

(2, 2) (top) and (4, 4) (bottom),
and for different BH spins,
as indicated by the colorbar.
The perturbation is sourced
by an incoming initial pro-
file with {A, rl/rh, ru/rh} =

{0.01, 1.5, 2.5} in the notation
of (5.13). For the black line
(a/M = 0.5) we show the ref-
erence time when the quadratic
mode attains its maximum
(dashed), and the constraint-
violating region (in beige).

off of our computational domain in a finite amount of time TR [409]. We set Ψ̈4 = 0,
ḧab = 0, which satisfies the second-order Einstein constraint equations.

As the numerical grid represents a hyperboloidal slicing of the Kerr background,
we can extract Ψ̇4 and Ψ̈4 directly at future null infinity. We then project those
quantities onto spin-weighted spherical harmonics. We show the representative
evolution for different BH spins in Fig. 13. In that figure, the BH is initially perturbed
by an incoming mode with ℓ = m = 2. The largest daughter harmonic is the
ℓ = m = 4, shown in the lower panel. Its excitation is delayed, as we wait to initialise
the evolution until constraint violating modes have abandoned our computational
domain. Nevertheless, this has no impact on our ability to study second-order
modes.

The simulations were run with a spin-dependent base grid resolution, because
higher resolution is needed as the BH approaches extremality. For each run we
used two different (but close-by) resolutions. The number of radial and angular
points used in the runs,

(
Nx, Ny

)
, is listed in Table 1. In order to test the numerical

convergence of our code, we fix the BH spin to a/M = 0.7 and we assume initial
conditions such that rl = 1.5rh, ru = 2.5rh. We consider three runs with

(
Nx, Ny

)
=

(188, 24) , (190, 24) , (192, 24). In Fig. 14 we show an independent residual test for
these three runs. The residual H ∼ ℑhll checks that the reconstructed metric is real,
and should be zero by virtue of (4.56). As usual, the time axis in the figure is such
that t = 0 denotes the peak of the second-order perturbations. Constraint violations
leave our computational domain at times TR < 0 (i.e., in the region marked by
hatched gray lines); at later times, the residuals converge rapidly to zero. Higher
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Figure 14 Independent residual stemming from the reality of the reconstructed metric
components H (see Ref. [409]) as a function of time, for a BH spin a/M = 0.7, and for high
(Nx, Ny) = (192, 24), medium (Nx, Ny) = (190, 24) and low (Nx, Ny) = (188, 24) resolutions.
The hatched region at t < 0 (where t = 0 is the peak of the second order perturbations) is
not used for the Bayesian inference. At times t > 0 the residuals are small and converging
to zero. The inset shows that the residuals are smaller for higher resolutions as expected,
although the difference is small, because the resolutions are very close to each other.

a/M Low Resolution High Resolution

0 . . . 0.5 (184, 24) (186, 24)
0.5 . . . 0.9 (190, 24) (192, 24)
0.9 . . . 1 (196, 28) (198, 28)

Table 1: Resolution levels (Nx, Ny) for different BH spins.

resolutions generally lead to smaller values of the residuals, as expected. Notice
that the chosen resolutions are very close to each other and the convergence of
the code is exponential, therefore the difference between resolutions is only visible
in the inset. Even though the residuals are small and converging to zero at times
t ≥ TR, some truncation error is inevitably present in the simulations. We use this
truncation error, which we estimate by computing the difference between the high
and low resolutions defined in Table 1, to construct a time-dependent likelihood
function, as already introduced in Chapter 2.

5.3.2 Bayesian Inference of Mode Amplitudes

To compare our results with Numerical Relativity results, such as Refs. [134, 342], we
study the strain amplitude h instead of Ψ4. Our numerical simulations end before
we observe a power-law tail, and the modeling starting time imposed by the metric
reconstruction implies that the initial burst should not affect our calculations. Hence,
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for each of the spherical modes we consider a template consisting of a superposition
of damped sinusoids

hℓm(t) =
∞

∑
ℓ′=2

∞

∑
n=0

[
Aℓ′mn e−i(ωℓ′mn(t−t0)+ϕℓ′mn)

+ Aℓ′−mn e−i(ωℓ′−mn(t−t0)+ϕℓ′−mn)
]

, (5.14)

with t > t0 and the complex frequencies ωℓ′mn correspond to the QNMs of a
perturbed Kerr BH.1 All amplitudes and phases are defined with respect to the
reference time t0 = 0, which we choose to coincide with the peak of the second-
order perturbation (see Fig. 13). The sum on ℓ′ is due to spherical-spheroidal
mode mixing [65, 66, 89, 273, 315]. We compute the mixing coefficients using
the Black Hole Perturbation Toolkit [74]. The first term in (5.14) corresponds to
“corotating” (prograde) modes with ℜωℓmn > 0, while the second corresponds to
“counterrotating” (retrograde) modes with ℜωℓ−mn < 0, which are increasingly
suppressed for large values of a/M [65, 307, 309]. As our model assumes a QNM-
driven regime, we can analyze ψ4,ℓm and reconstruct the strain amplitudes by a
simple frequency rescaling: Aℓmn = (2ω2

ℓmn)
−1AΨ

ℓmn, at future null infinity. This
rescaling is in good agreement with an alternative calculation in which we compute
the strain h through two direct integrations in time of Ψ4, and then extract the
amplitude of h, but it avoids the integrations (which increase numerical noise).

We refer to each of the two contributions to a given (ℓm) multipole of h as a
“mode,” each with an amplitude Aℓmn and a phase ϕℓmn, treated as two unknown
parameters to be inferred from the numerical data.

Properly accounting for errors on the fitting parameters is crucial, because some
of the subdominant contributions can be comparable to the numerical resolution
(this is true, e.g., for counterrotating modes and near-extremal spins). For this
reason, we address the fitting problem through Bayesian inference [262]. In this way
the numerical error is folded in the inferred parameters, yielding not only a point
estimate of the quantities of interest, but the full information available at a given
resolution (including the uncertainties).

The complex QNM frequencies are uniquely determined by the Kerr BH mass
(which enters only as a scaling factor) and spin of each simulation. We choose
uniform priors on all sampling parameters within the ranges lnA ∈ [−15, 0] for
the linear contributions, lnA ∈ [−35,−5] for the quadratic contributions, and
ϕ ∈ [0, 2π]. The dominant uncertainty in the reconstruction is introduced by the
resolution error, so we consider a gaussian likelihood, with an error at each time
given by the difference between the two highest resolutions available. This choice
guarantees a conservative and unbiased mode extraction, as we verified by simulat-
ing and recovering mock ringdown signals superimposed to the numerical error. To

1 The frequencies correspond to a Kerr BH with mass and spin fixed by the initial conditions. Changes
in the mass and spin are proportional to (ḣab)

2, and thus, they do not affect the evolution of Ψ̇ and
Ψ̈ to second order in perturbation theory. Higher-order perturbations (starting at cubic order, i.e.,

...
Ψ)

would be sensitive to this effect [399, 419].
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perform the extraction, we developed a dedicated python package, bayRing, which
we make publicly available [1].

The waveform model is interfaced through pyRing [118], the QNM frequencies
are computed through the qnm [436] package, and the high-dimensional parameter
space exploration is achieved through the parallel nested sampling algorithm [431],
as implemented in raynest [165]. We use 128 live points, and 256 maximum Markov
Chain Monte Carlo (MCMC) steps. For each analysis, we run 4 parallel explorations,
and combine them in a unique posterior distribution by weighting them through
their Bayesian evidence. This last step is crucial to ensure that our estimate does not
depend on the random initial seed (the most challenging fitting models contain up
to 14 free parameters).

A challenging step is how to decide which modes to include in the analysis.
The vast range of initial conditions and BH spins that we explore implies that
some modes will be well above numerical uncertainties, while others (in particular,
counterrotating modes) will be comparable to numerical uncertainties. Including all
such contributions in every case is computationally prohibitive, so we adopt a more
practical approach. Rather than assuming that a given set of modes is present in the
data, we first agnostically extract the spectral content of the simulations.

We start by focusing on three representative simulations, with low-mid-high spins
a/M = {0.3, 0.5, 0.7}, and analyze each of them (for the linear and quadratic sectors
separately) using a “free modes” model:

h(t) =
N

∑
i=0
Ai e−i[ωi(t−t0)+ϕi] , (5.15)

where ωi
R = Re(ωi), τi = 1/Im(ωi), Ai, and ϕi are now all free parameters. To

ensure that we are in the QNM-driven regime, we set t0 = 10M. Note that t0 = 0
corresponds to the peak of the quadratic mode, which is typically ∼ 20M after the
peak of the linear modes, ensuring that we are well into the QNM-driven regime.
Besides the standard settings stated in the main text, we choose additional priors
on the frequency and damping time in the ranges MωR ∈ [−2, 2], τ/M ∈ [1, 50].
To prevent “mode switching” during sampling, we order the modes by decreasing
frequency.

As expected, the free modes posteriors latch onto the predicted Kerr frequencies
(uniquely determined by the known mass and spin for each simulation) of several
dominant contributions, e.g. {220, 2-20, 320, 3-20, 221} in the linear case. All the
modes we consider have a clear overlap with a single GR prediction, making their
identification unambiguous. We keep adding modes as long as the Bayesian evidence
favours their inclusion. Equivalently, we stop adding modes once the residuals that
we obtain are smaller than the error induced by the numerical resolution. By this
procedure we conclude that we must include N = 4 modes.

Now that we have agnostically singled out the dominant contributions, we repeat
the fit using Eq. (5.14). However, now we fix the complex frequency to the predicted
Kerr value and we vary the starting time t0 ∈ [0, 25]M, in steps of M. We start
by fixing the dominant mode (the 220 in the linear case) and we add the modes
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Figure 15 Left: Amplitude of the 220 mode (top) and Bayesian evidence − log Z as a
function of the starting time of the fit, t0, for a black hole with spin a/M = 0.7. Each
line corresponds to a different mode content; the legend indicates the last mode added to
the template (in order: 220, 2-20, 221, 320, 3-20). Shaded regions represent the 90% Bayesian
inference confidence interval, including numerical uncertainties. Right: Same as in the
left panel, for the ℓ = m = 4 sector. The bottom panel shows that adding modes beyond
440, 4-40, 220× 220 reduces the Bayesian evidence, and the extracted amplitude of the
quadratic mode becomes less stable, with larger oscillations.

selected above one by one in order of decreasing amplitude, as determined by the
free-frequency modes fit. This procedure has proven to be successful in a wide
range of QNM extraction problems, ranging from perturbation theory to full binary
simulations [39].

In the top left panel of Fig. 15 we show how the amplitude of the 220 mode
is impacted by the addition of other modes (as indicated in the legend). When
fitting using only the 220 mode, the amplitude displays large variations at early
times (shaded regions indicate the uncertainty induced by the numerical resolution).
When including the first overtone (221) mode, the amplitude variation is greatly
reduced, and the 220 late-time amplitude varies by 1%. Adding the 320 mode further
reduces the amplitude variation. On the contrary, adding the next dominant mode
3-20 has a negligible impact on the 220 mode amplitude (which remains constant),
and instead decreases the evidence very slightly (due to the logarithmic scaling in
Fig. 15, this is not immediately evident in the figure). Our mode-addition procedure
has reached convergence and no more additional modes need to be included.

The same method is then applied to the quadratic sector, this time quantify-
ing the impact on the extraction of the 220× 220 mode amplitude. In this case,
comparatively larger variations of the amplitudes are present, which are however
compatible with the wide error bars (dictated by the numerical resolution), shown
as shaded regions in Fig. 15. Again, saturation of the evidence is observed for all
times considered. Remarkably, this occurs when only the fundamental prograde
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and retrograde mode 440 and 4-40 are present, in addition to the quadratic mode
220× 220. Including any other mode only decreases the Bayesian evidence. This
procedure sets the “default” set of modes used in this work. In order to correctly
resolve the physical QNM content of the system in the quadratic sector, we must
take into account 7 modes (corresponding to 14 free parameters).

Finally, we estimate the error by “marginalizing” over the starting time in the
following way. For each run, we extract the amplitude posteriors at starting times
t0/M = {15, 17.5, 20, 22.5, 25}. Earlier times are excluded because we observe large
variations in the parameters, indicating that a pure QNM description is not applica-
ble yet. The final estimate of the amplitude is then constructed by combining all
of the posterior samples from each of the inferences, and extracting the mean and
standard deviation of the combined posterior samples. This amounts to considering
each of the inferences as part of the same random process. Such procedure results in
a conservative estimation of the error bars, since small variations due to the starting
times or mode inclusion will enlarge the tails of the distribution.

5.4 results

Using the method described in the previous section, from each numerical evolution
we can infer the value of the nonlinear ratio as

R(ℓ′,m′)
(ℓ1,m1,n1)×(ℓ2,m2,n2)

=
A(ℓ′,m′)

(ℓ1,m1,n1)×(ℓ2,m2,n2)

A(ℓ1,m1,n1)
×A(ℓ2,m2,n2)

, (5.16)

where A(ℓ′,m′)
(ℓ1,m1,n1)×(ℓ2,m2,n2)

denotes the amplitude of the mode oscillating with fre-
quency ω(ℓ1,m1,n1)

+ ω(ℓ2,m2,n2) extracted in the (ℓ′, m′) harmonic. We have produced
a catalog of runs with varying initial conditions and BH spins, as well as different
initially excited angular harmonics. We now summarize our results on each of these
effects.

5.4.1 Independence on Initial Conditions

Let us focus simply on the case where the only excited harmonic is (ℓ, m) =
(2, 2). The leading order nonlinearity in this case is captured by the QQNM ratio
R(4,4)

(2,2,0)×(2,2,0) ≡ R(2,2,0)×(2,2,0). We have explored a range of initial conditions, and
our results are summarized in Fig. 16.

The overall amplitude A of the initial perturbation is a scaling factor, hence it
must factor out of the ratio, but there could be nontrivial dependence of this ratio
on other parameters, such as the location of the inner boundary, rl, and the “width”
of the initial pulse, w = ru − rl. In Fig. 16 we show that the ratio is only mildly
dependent (if at all) on rl and w. The figure shows that the mild dependence on
initial conditions is valid for all values of the spins. Notice that for smaller spins,
due to the increased relevance of counterrotating modes, the uncertainties in the
extraction are larger.
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Figure 16 Ratio R220×220 as a function of the width of the initial pulse w = ru − rl , for a
BH spin a/M = [0.3, 0.7, 0.95] (in red, blue, green, respectively) and rl = 1.5rh. When a
given value of w represents multiple points, those are computed using different values of rl ,
further showing that the ratio depends only very mildly on the initial conditions.

The uncertainties in the extraction also become larger as the pulse becomes wider
(w ≥ 3rh) or it is placed further away from the horizon (rl ≥ 2rh). This is due to
two reasons: the numerical evolution code uses a compactified grid, and thus it
needs more resolution to resolve features that are further away from the horizon.
Moreover, initial pulses located far away correspond to a larger value of TR, and
this affects the time window of the signal available for the fit.

Although from the point of view of a frequency-domain calculation this ratio is
naturally independent of the initial conditions [79, 86, 87, 277], it is nevertheless
a nontrivial consistency check that time-domain evolutions confirm this. In fact,
this shows that the QQNM excitation is insensitive to the prompt response, or to
nonlinear couplings between prompt and QNM excitations.

5.4.2 Dependence on the BH Spin

The dependence on the spin can be studied in a similar way. We now assume the
pulse to be at rl = 1.5rh, with width w = rh. In this case, a frequency domain
argument immediately shows that the QQNM ratio should naturally depend on the
BH spin, for the same reason as the QNM excitation factors depend on the BH spin.

This expectation is confirmed in Fig. 17: the ratio R220×220 is indeed spin-
dependent and decreases with spin, ranging roughly between R220×220 = 0.16
for a/M = 0.2 and R220×220 = 0.08 for a/M = 0.98. These variations are much
larger than the estimated uncertainties, or than possible variations due to the
mild dependence on the initial conditions. The values that we extract, moreover,
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Figure 17 Ratio R220×220, as a function of the spin of the remnant BH, showing a clear
dependence with the spin. The gray dashed line represents the best fit to a power law in
terms of the surface gravity, R220×220 = R0 + (Mκ)p, see (5.17). We also represent the values
for the QQNM ratio obtained originally from NR in [134] (referred to as Cheung et al.)
and [342] (referred to as Mitman et al.). The blue dashed line corresponds to the linear
hyperfit reported in [135], based on a catalogue of NR simulations.

are remarkably close to the resulting nonlinear ratio reported in [134, 342]. The
spin-dependence of R220×220 is well explained by a power law of the surface grav-
ity κ =

√
M2−a2

2M(M+
√

M2−a2)
: our results are well fitted to an expression of the form

R220×220 = R0 + (Mκ)p, with

R0 = 0.058± 0.003, p = 1.61± 0.03 . (5.17)

Uncertainties in the ratio extraction become smaller for rapidly spinning BHs,
since at low spins counterrotating modes are as important as corotating ones. As a
consequence, especially for the quadratic modes, our template should be enhanced
with all the counterrotating contributions [65, 135, 307, 309], including the highly
damped overtone and mode-mixing ones [65, 66, 89, 273, 315], severely complicating
the inference problem and increasing computational cost. These contributions
include, for example, mode-mixing terms such as the 640 mode or the 541 overtone,
as well as additional quadratic terms such as 220× 2-20 mode. Frequency domain
calculations [87, 277] are better suited to achieve an accurate calculation of the
QQNM ratio. Our results, on the other hand, demonstrate that in an initial value
problem with remarkably different initial conditions as after a binary BH merger,
the excitation of QQNMs is governed by the same physics.
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5.4.3 Dependence on the Angular Harmonic

Finally, we aim to investigate how does the QQNM ratio behave when one ap-
proaches the high-frequency or eikonal regime, corresponding to ℓ≫ 1. This limit
can be associated to a null geodesic congruence centered at the light ring (LR) with
an expansion determined by Lyapunov’s exponent [103, 333, 422]. It can also be
understood as fluctuations about the Penrose limit adapted to the LR, made precise
in [196], an approach which we study in Chapter 6.

To simplify the problem, we will restrict to Schwarzschild BHs. Moreover, we
focus on the mode-coupling between fundamental modes n1 = n2 = 0, for ℓ1 = m1
and ℓ2 = m2. Thus, we denote the short-hand

Rℓ
ℓ1×ℓ2

= R(ℓ,ℓ)
(ℓ1,ℓ1,0)×(ℓ2,ℓ2,0) . (5.18)

Notice that since we work with non-spinning BHs, we can easily recover the m-
dependence from Rℓ

ℓ1×ℓ2
, since this dependence is fully captured by 3j symbols,

which govern the overlap of three (possibly spin weighted) spherical harmonics,

Rℓ
ℓ1m1×ℓ2m2

∝

(
ℓ1 ℓ2 ℓ

m1 m2 −m1 −m2

)
. (5.19)

Now, estimating the ℓ → ∞ limit of 3j symbols allows us to rescale our results
giving

R2ℓ
ℓm1×ℓm2

≃ (−1)m1+m2

(
2
ℓπ

)1/4

e−
(m1−m2)

2

4ℓ R2ℓ
ℓℓ×ℓℓ , (5.20)
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valid when m1, m2 ≲
√
ℓ, for the case when ℓ1 = ℓ2. For the second case that we

will study in detail, ℓ1 = ℓ, ℓ2 = 2, we have instead

Rℓ+2
ℓm1×22 ≃

(−1)ℓ+m1

4

(
1 +

m1

ℓ

)2
Rℓ+2

ℓℓ×22 , (5.21)

uniformly in |m1| ≤ ℓ.
In order to avoid the difficulties associated to the excitation of multiple counter-

rotating modes, we infer the amplitudes using a minimization algorithm — jaxqualin [135].
We have validated this against our results based on Bayesian inference, finding very
good agreement in the extraction of QQNM ratio. Moreover, pushing to higher
values of the angular number ℓ requires a very high resolution in the angular
direction, increasing rapidly the computational cost. We refer to this method of
extracting the QQNM amplitude as Scattering, as it is based on the time-domain
scattering of Gaussian pulses off a non-spinning BH.

We compare our results with calculations in the frequency domain, based on [86,
87]. This method (dubbed Leaver onward) is based on a solution of the Regge-
Wheeler-Zerilli equations at second order with QNM boundary conditions using
the Leaver algorithm, extending the method introduced in Chapter 3. The solutions
are obtained as an infinite series whose coefficients can be computed with arbitrary
precision in Mathematica. This means that the accuracy of the method is very high.

Our results are summarized in Fig. 18. We have focused on two distinct ratios,
R2ℓ

ℓ×ℓ, and Rℓ+2
ℓ×2. In the first case, the ratio seems to approach a constant value as

ℓ→ ∞ — therefore motivating whether a calculation of the QQNM in the eikonal
regime could directly estimate analytically this constant. The second case is more
puzzling: the ratio seems to grow linearly with ℓ. We obtain Rℓ+2

22×ℓℓ ∝ ℓ, hinting
towards a divergence as ℓ→ ∞. Naturally one could worry that such a divergence
would imply that perturbation theory is not valid at high enough frequencies, since
the second order modes could in principle have a much larger amplitude than
the leading order modes. Here we argue that this can not be the case, at least for
physically reasonable initial conditions.

The perturbative expansion on which linear and quadratic modes is based is not
necessarily guaranteed to converge. It can break down if certain resonances between
modes are present [41, 72, 73, 260, 463]. Upon direct examination, one can conclude
that such resonances do not occur, at least for the lower ℓ modes, with low overtone
number, for Schwarzschild. However, a breakdown of perturbation theory can still
occur if the nonlinear ratio describing the coupling between several incoming modes
with wave number ki, and resulting in a mode with wave number k ≳ ki, diverges
as k→ ∞. Let us be more precise. Suppose that the nonlinearity is quadratic, hence
leading to a three wave interaction [355], or equivalently, a vertex in a Feynman
diagram with valence 3. Assume that the coupling coefficient in that vertex, i.e., the
nonlinear ratio between the amplitude of the outgoing (quadratic) mode, and the
incoming (linear) modes, scales as R(k) ∼ |k|α for some positive power α. If the
initial conditions are such that Ak ∼ k−(α−δ) for any positive value of δ, perturbation
theory will break down for sufficiently high wave number, regardless of how small
the initial perturbations are.
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How does this translate to our original problem? For a Schwarzschild BH, the
angular number ℓ plays the role of the wave number k, and the leading order
nonlinearity is quadratic. The amplitudes that are important in order to describe a
breakdown of perturbation theory are the amplitudes of the metric perturbation,
Aℓ. Let us examine the ℓ× 2 coupling discussed above, where we observe precisely
a linear growth with wave number R(ℓ) ∝ ℓ. Thus, if we could excite the BH with
initial data such that ℓAℓ → ∞ as ℓ→ ∞, perturbation theory would break down.
We argue that such an initial spectrum is not physical. Indeed, consider a point
particle being shot radially towards a Schwarzschild BH. If it is shot exactly towards
the center, in the ultrarelativistic regime, this leads to a spectrum Aℓ ∼ ℓ−2 [432].
Thus, this is clearly not enough to trigger an instability, since the high-frequency
modes are not sufficiently excited. We can imagine an enhancement of this high-
frequency content by increasing the impact parameter with which the particle is
thrown into the BH, until reaching the critical impact parameter. Close to that
value, we would expect the spectrum to be bounded by that of a massless particle
orbiting the LR. In that case, the total energy diverges [47], but from the energy flux
computed in a single orbit, we can estimate Aℓ ∼ ℓ−3/2. Once again, this does not
meet the condition we established to trigger a breakdown of perturbation theory.

A possible interpretation of this impossibility is that the nonlinear ratio in this case
scales asR(ℓ) ∼ ω(ℓ), since, in the eikonal regime, ωℓ = Ωℓ+O(ℓ0), where Ω is the
orbital frequency of the LR. Thus, a breakdown of perturbation theory only occurs
if the initial spectrum satisfies Aℓωℓ → ∞. The Rayleigh-Jeans spectrum, typically
associated with thermal states in hydrodynamics, is given by Aℓωℓ = const. [355].
Therefore, not even a thermal state would be enough to trigger an instability.
Perturbation theory of nonspinning BHs is safe.

5.5 conclusions

The full nonlinear content of Einstein’s equations is currently accessible only via
simulations in numerical relativity. However, essential insight can be obtained with
various degrees of approximation. The next step in a BH spectroscopy program
requires the understanding of second-order effects. We uncovered essential aspects
of such higher-order terms, demonstrating independence on initial conditions, and
a strong but predictable dependence on the BH spin.

Remarkably, our results concerning the spin-dependence of the quadratic vs linear
amplitudes ratio are in good agreement with the values reported from full nonlinear
numerical simulations. These results are in agreement with numerical relativity sim-
ulations of scattering of wavepackets [476], and with frequency-domain perturbative
calculations [277]. The predictability of the QQNM ratio from perturbation theory,
and its solid observational prospects with LISA and third-generation detectors [464],
make it an exciting prospect for testing General Relativity in the nonlinear regime,
and expanding the breadth of BH spectroscopy to account for nonlinear effects.

Moreover, we have demonstrated that the QQNM ratios scale in a nontrivial
way with the angular harmonic ℓ. Some of the angular mixing channels asymptote
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constant values, hinting that calculations in the eikonal regime may be able to
provide analytical estimates which are relatively accurate at moderate frequencies
too. On the other hand, other angular channels such as the QQNM ratio Rℓ+2

22×ℓℓ
studied here appear to grow linearly with ℓ. This might seem to imply a breakdown
of BH perturbation theory for some specific initial conditions. However, as argued
above, these initial conditions need to be fine tuned and do not seem to be excited
by simple physical processes, such as high-energy sources plunging into a BH.
This opens a window towards exploring analytical methods to understand the
high-frequency limit of the nonlinear ratio that excites quadratic modes in more
generic configurations, as well as for Kerr BHs. The next chapter of this thesis 6

is devoted precisely to this, studying second-order perturbations of Kerr BHs in
the high-frequency regime, by mapping the problem to studying perturbations on
plane wave spacetimes, clarifying some of these questions.



6
Q UA D R AT I C Q UA S I N O R M A L M O D E S AT T H E L I G H T R I N G

Written while listening to music composed by Franz Schubert.

6.1 introduction

Quadratic quasinormal modes (QQNMs) are an exciting prospect to probe gravity
in the nonlinear regime. Chapter 5 showcased both the predictive power of pertur-
bation theory and its rapidly increasing difficulty beyond linear order. In particular,
the computational difficulty, and necessity to deal with numerical results, is not
a desirable feature of a perturbative approach which is precisely implemented to
avoid solving Einstein’s equations numerically, but in their full glory.

Within the regime of linear perturbation theory, the high-frequency or eikonal
limit provides a clear correspondence that allows for both analytical (or semian-
alytical) calculations with remarkable accuracy, as well as a powerful intuition,
in order to understand the QNM frequencies of rotating BHs. This is based on a
correspondence between QNMs and bound null geodesics (lightrings), which can
be made precise by studying the high-frequency limit of the perturbation theory
equations [68, 103, 219, 333, 358, 385, 422]. The question that we tackle in this chapter
is whether this correspondence extends to QQNMs, and if so, whether the high
frequency limit can allow for a tractable perturbation theory of rotating BHs beyond
linear order. We anticipate that the answer is positive in both cases.

The key realization is that capturing non-linear effects perturbatively is most
straightforward when the linearized problem is itself simple or under excellent
control. On this account, the perturbation theories on curved space that are best
understood are those on Lorentzian symmetric spaces: Minkowski [186, 451], Anti-
de Sitter (AdS) [13, 112, 168, 170, 182, 214, 263, 314, 394, 412, 413], de Sitter (dS) [30,
56], or Cahen-Wallach (a class of plane waves [91]) spacetimes [212, 248, 334].

More recently, it has been appreciated that a version of the eikonal limit and
the corresponding quasinormal modes can be captured by the physics of plane
waves [196, 265]. The reason is that these plane waves appear in the limit of
a geometry near null geodesics; a construction formalized by Penrose [373]. In
particular, the Penrose limit near the lightring of a BH maps the local curvature
dynamics, directly tied to high-frequency QNMs, to the dynamics of perturbations
around a plane wave. This correspondence is particularly simple for the class of
equatorial lightrings. In that case, the corresponding plane wave spacetime is a

82
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Cahen-Wallach plane wave. It is thus reasonable to expect that a perturbation
theory can be developed comparable in detail to those on AdS and dS backgrounds
which, at least to some approximation, can be connected to an interesting aspect
of BH mergers. It is this that we set out to do here more systematically. Notice
that the high-frequency limit also has interesting observational perspectives, both
connecting dynamical GW emission with lightring measurements [15, 264, 321], or
in hierarchical triples [99, 418].

In this Chapter, we develop the framework to study second-order perturbations
around plane waves. In particular we propose a partial gauge and frame fixing
based on the geometry of algebraically type N spacetimes which we dub geodesic,
parallel, and transverse (GPT) gauge. This gauge and frame fixing guarantees that
the amplitudes of QQNMs on the Weyl scalar are physically meaningful, and
invariant under the residual gauge freedom. We also present a complementary
approach for second-order perturbations restricted to homogeneous plane waves,
based on the construction of metric harmonics. Both frameworks are used to study
the excitation of QQNMs in homogeneous plane waves arising as Penrose limits of
the equatorial lightring of Kerr. We compute the ratio describing the excitability of
QQNMs for arbitrary mode-coupling combinations, including all overtone indices,
and uncover a set of selection rules, inherited from the algebraic properties of
the background. Special cases of these ratios have also been discussed recently in
Refs. [269, 377].

The remainder of this chapter is structured as follows. First, in section 6.2, we
review plane wave spacetimes, and discuss how certain classes of plane waves
emerge as approximate descriptions of lightrings for BH spacetimes. We emphasize
that the approximation in particular captures an eikonal branch of quasinormal
modes. Next, in section 6.3 we discuss perturbation theory up to second order,
including a novel geometric gauge and frame-fixing approach on plane waves.
Then we further restrict to homogeneous plane waves, specifically those describing
equatorial lightring physics. We discuss mode solutions for this case, establishing
their relationship with the simple and inverted harmonic oscillator in section 6.4, as
well as discussing an alternative approach based on metric perturbations. Finally,
we discuss the excitation of QQNMs, first for a nonlinear scalar toy model, and then
for the full case of Einstein gravity in section 6.5.

Conventions. Notably this chapter uses a mostly minus metric signature (+,−,−,−)
and the Riemann tensor’s sign given by [∇a,∇b]Vc = RabcdVd.

6.2 plane waves

In this work we consider nonlinear fluctuations about a family of background
spacetimes that belong to the class of plane waves. In Brinkmann coordinates, the
line element reads

ds2 = −Aij(u)xixjdu2 + 2dudv− dx2 − dy2 . (6.1)



6.2 plane waves 84

where xi, xj ∈ {x, y} and Aij is an arbitrary symmetric matrix depending on the
coordinate u. A more general discussion of parallel, plane-fronted waves can be
found in [437]. That the spacetime metric (6.1) indeed describes a type of parallel,
plane-fronted wave can be seen as follows. First, the metric takes the form of
flat space (in double null coordinates) plus a gravitational deformation ∼ du2. In
addition, the null vector field ℓa = (∂v)

a is covariantly-constant (or parallel),

∇aℓb = 0 , (6.2)

so it is also a Killing vector field (∇(aℓb) = 0). This shows that the gravitational
deformation ∼ du2 propagates at the speed of light along ℓa. Finally, eq. (6.1) is
plane-fronted in the sense that transverse surfaces of constant u, v are flat. It should
be stressed, though, that the spacetimes (6.1) are not asymptotically flat, since the
gravitational deformation extends infinitely along ℓa (see [251] for a discussion
on the causal structure of pp-waves). The quadratic dependence in x and y of the
deformation ∼ du2 is sometimes called the plane-wave condition. It allows us to
interpret the spacetime (6.1) quite literally as a two-dimensional (potentially time-
dependent) harmonic oscillator. This is seen easily in the case that Aij(u) = Aij is a
constant matrix. In that case, as it is also symmetric, without loss of generality it
can also be taken to be diagonal. Denoting the eigenvalues to be −Ω2 and Λ2, the
metric has the following (complex-valued) Killing vectors,

a± =
e±iΩu
√

2Ω
(±iΩx∂v + ∂x) , b± =

e∓Λu
√

2Λ

(
∓Λy∂v + ∂y

)
, 1 = i∂v . (6.3)

These Killing vectors span the Heisenberg algebras of the simple and inverted
harmonic oscillators,

[a−, a+] = 1 , [b−, b+] = i1 , (6.4)

where all other commutators vanish. In the case of arbitrary Aij(u) one loses the
isometry generated by ∂u, but it can be shown that (6.1) still enjoys a Heisen-
berg Killing algebra (see e.g. [437]). We will distinguish three subcases within the
geometry (6.1),

1. General: δij Aij(u) ̸= 0 and Aij(u) ̸= constant.

2. Vacuum: δij Aij(u) = 0,

3. Homogeneous: Aij(u) = constant.1

Whenever the vacuum condition holds, then eq. (6.1) is a Ricci-flat geometry for any
u-dependence of Aij(u). The homogeneous case will still be of interest even when it

1 Note that this class should more properly be referred to as symmetric (or Cahen-Wallach [91]),
homogeneous plane waves being slightly more general [77]. However, we believe that the analysis
we do for this case would generalize to the broader class of homogeneous plane waves, although at
an algebraic cost which we avoid in this work.
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is not a solution of vacuum Einstein’s equations, as it involves an additional Killing
vector containing the u-direction. However, it is the vacuum and homogeneous case
with ∂u a Killing vector that will be of most relevance in this work.

In general, plane-wave spacetimes emerge naturally in several physical scenarios.
Most importantly for our purposes, the geometries (6.1) appear as Penrose limits [76]
as reviewed next.

6.2.1 Penrose Limits

In a precise sense, the spacetime in the neighborhood of a null geodesic γ resembles
a gravitational plane wave. This observation follows after performing a specific
“zoom-in” of the spacetime close to γ, known as a Penrose limit [373]. This is
introduced by first writing the spacetime metric in Penrose coordinates (u, V, Yi)
adapted to the geodesic,2

ds2 = 2dudV + a(u, V, Yi)dV2 + 2bi(u, V, Yi)dVdYi + gij(u, V, Yi)dYidY j , (6.5)

with i, j = 1, 2, and where ∂u = ∇V is tangent to a twist-free null geodesic con-
gruence. The latter can always be taken such that γ corresponds to the curve
(u, V = 0, Yi = 0). Next, the idea consists in performing a “zoom-in” towards γ

while “blowing-up” the spacetime metric in such a way that one recovers a finite,
well-defined geometry. Precisely, this is realised by performing an inhomogeneous,
constant coordinate re-scaling

(u, V, Yi) = (u, λ2Ṽ, λỸi) , λ ∈ R , (6.6)

and then taking the limit

ds2
γ := lim

λ→0
λ−2ds2 = 2dudṼ + gij(u, 0, 0)dỸidỸ j . (6.7)

We say that ds2
γ, obtained this way, is the Penrose limit of the original metric

ds2 along γ. Given that the Ricci tensor is invariant under constant conformal
transformations, Rab(g) = Rab(λ

2g), it is guaranteed that if ds2 is Ricci-flat, then so
are its Penrose limits ds2

γ. The coordinates (u, Ṽ, Ỹi) are known as Einstein–Rosen
coordinates for the plane wave. These have the advantage of exhibiting manifestly
many of the symmetries of spacetime but, in general, they are not globally defined.
Instead, we choose to work in Brinkmann coordinates (u, v, xi), which preserve γ as
the curve (u, v = 0, xi = 0), are global coordinates, and cast the metric in the form
of eq. (6.1) (see e.g. [77] for an explicit construction)

ds2
γ = −Aij(u)xixjdu2 + 2dudv− dx2 − dy2 . (6.8)

Furthermore, it can be shown that in these coordinates the symmetric matrix Aij(u)
is given by [78]

Aij(u) = RabcdEa
i Eb

+Ec
j Ed

+

∣∣∣
γ(u)

, (6.9)

2 Here we follow [76], where one can also find a description of the Penrose limit based on null Fermi
normal coordinates.
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where Rabcd is the Riemann tensor of the original spacetime, and (Ea
+, Ea

−, Ea
i ) is a

null frame where Ea
+ is tangent to a null congruence containing γ and Ea

−, Ea
i are

parallelly-propagated along Ea
+. Equation (6.9) shows explicitly and covariantly the

amount of information retained about the original spacetime, which is the same
tidal information as encoded in the null geodesic deviation equation. In addition, it
allows one to think of the Penrose limit formally as a map (ds2, γ) 7→ Aij(u) and
yields a powerful way of computing it (especially using the 2-spinor formulation
of (6.9), see [133, 445]). For example, the Penrose limit along an equatorial null
geodesic in a Kerr BH reads [133] (see also [196, 246, 298, 371]),

ds2 = −3Mb2

r(u)5

(
y2 − x2

)
du2 + 2dudv− dx2 − dy2 , (6.10)

where M is the BH mass, r(u) is a solution to the Kerr geodesic equation for
the radial coordinate, and b = L/E is the geodesic’s “impact parameter”, with
E ,L its conserved energy and azimuthal angular momentum. In general, this is
an inhomogeneous plane wave, but it becomes homogeneous if one chooses the
equatorial geodesic to be one of the lightrings, where r(u) = constant. In that
situation, the coordinates x and y can be thought of as measuring the distance away
from the original geodesic along the polar and radial directions, respectively. This
case is discussed in detail in Section 6.4, and is of special importance due to the
correspondence between these lightrings and the eikonal regime of QNMs.

6.2.2 Algebraic Description

According to Petrov’s classification (see Chapter 2), the plane wave spacetime (6.1)
is of type IV (also known as type N) where the unique principal null direction
(PND) is defined by the parallel null vector ∂v. Consequently, the geometry (6.1)
has a very simple description in terms of the GHP formalism. Indeed, in terms of
the null frame

ℓ = ∂v , n = ∂u +
Aij(u)

2
xixj∂v , m =

(
∂x + i∂y

)
/
√

2 , (6.11)

all spin coefficients and Weyl scalars vanish except for

κ′ =
1

2
√

2
(∂x − i∂y)

(
Aij(u)xixj

)
, Ψ4 = −1

4
(∂x − i∂y)

2
(

Aij(u)xixj
)

, (6.12)

and their complex conjugates. In particular, this means that the directional GHP
derivatives are just the ordinary directional derivatives along the null frame (6.11),
since the GHP connection vanishes. One can easily verify the GHP-covariant expres-
sions,

þκ′ = 0 , þΨ4 = 0 , ð′κ′ = −Ψ4 , (6.13)

which will be useful in the next sections. Other useful expressions that only hold in
the particular frame (6.11) are

κ′ =
1
2

ð′
(

Aij(u)xixj
)

, Ψ4 = −1
2

ð′2
(

Aij(u)xixj
)

, ðκ′ =
1
2

δij Aij(u) ,
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(6.14)

and the wave operator is

□ ≡ ∇a∇a = 2(þ′þ− ð′ð) . (6.15)

As is often the case in algebraically special spacetimes, the fact that most GHP quan-
tities of the background vanish will drastically simplify the analysis of gravitational
fluctuations. This is therefore the approach to perturbation theory that we take next.

6.3 perturbation theory

Throughout this section we will consider vacuum plane waves, thus setting δij Aij(u) =
0 in eq. (6.1). Our goal is to describe the propagation of linear and quadratic gravi-
tational fluctuations on such backgrounds. The approach presented here focuses on
solving for the fluctuations of the spacetime curvature, rather than the fluctuations
of the metric itself, given that these capture the physical degrees of freedom of the
gravitational field. In section 6.4.2 we will instead show how to address the problem
from a pure metric perspective in the special case of homogeneous background
plane waves.

Our formalism follows as closely as possible the formalism introduced for pertur-
bations of Kerr BHs in Chapter 4. However, the gauge choices are adapted to the
geometry of plane waves. This is made manifest by our choice of a perturbed tetrad,
which does not match the choice of Ref. [95], see (4.46).

Our starting point is the projection of the Penrose Wave equation (2.9) onto the
spin dyad leg parallel to the PND, which we already wrote in (4.21). We remind
the reader of our notation, where every quantity Q is assumed to admit a formal
perturbative expansion

Q = Q◦ + ϵQ̇+
1
2!

ϵ2Q̈+ ... (6.16)

Here Q◦ denotes the value of Q in the plane wave background, ϵ≪ 1 is a perturba-
tive book-keeping parameter (that we omit in general) and the over-dot notation
stands for the operators Q̇ = dQ/dϵ|ϵ=0, Q̈ = d2Q/dϵ2|ϵ=0, etc, and should not be
confused with a total space or time derivative of Q. We will sometimes abuse the
notation and write Q◦ = Q if there is no risk of confusion.

Taking into account that the only non-vanishing GHP quantities of our back-
ground are κ′ and Ψ4 given by (6.12), eq. (??) expanded at first- and second-order
readily gives

First order:
(
þ′þ− ð′ð

)
Ψ̇0 = 0 , (6.17)

Second order:
(
þ′þ− ð′ð

)
Ψ̈0 = −2

(
Ȯ0Ψ̇0 + Ȯ1Ψ̇1 + Ȯ2Ψ̇2

)
. (6.18)

At first order, one encounters a decoupled equation for Ψ̇0, which is analogous to
Teukolsky’s equation for Ψ̇0 [441], see (4.26). However, as in the case of perturbations
of Kerr, the second order equation requires knowledge of the full metric perturbation
at first order. Before computing this, let us begin by discussing the gauge freedom
at first and second order in perturbation theory.
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6.3.1 Gauge Considerations

Following the general transformation rules (recall (4.57)), in a plane wave back-
ground, the Weyl scalar Ψ0 is fully gauge-invariant at first order, but not at second
and higher orders,

Ψ̈0 7→ Ψ̈0 + 2Lξ̇Ψ̇0 + 8ḃΨ̇1 + 4(Λ̇ + iθ̇)Ψ̇0 , (6.19)

where the notation for frame rotations was introduced in (2.14). In particular, only
first-order gauge parameters contribute to the transformation, but not second-order
ones (ξ̈a, ä, ...). This is due to the fact that Ψ̇0 is itself gauge-invariant. Our approach
to deal with gauge symmetry in this work consists in fixing partially the linear gauge
freedom, by imposing some conditions that are both physically and mathematically
well-defined. This ensures that several quantities we compute related to Ψ̈0 are
physically meaningful, and invariant under the residual gauge freedom. This applies
specially to the QQNM excitation ratios computed in section 6.5.

Consider a spacetime that is a vacuum deformation of our plane wave. We chose
our frame so that ℓa is tangent to a twist free geodesic null congruence, and na and
ma are parallelly-propagated along ℓa, that is,

ℓa = ∇au , ℓa∇aℓ
b = ℓa∇anb = ℓa∇amb = 0 , (6.20)

where u is a function satisfying ∇au∇au = 0 (which implies ℓa∇aℓb = 0 automati-
cally). Notice this frame can always be constructed, at least locally. Thus, eqs. (6.20)
are exact statements that are valid to all orders, in particular they hold for our back-
ground frame (6.11), and imply the vanishing of several spin coefficients and their
fluctuations. With this choice, we will be able to impose three geometric conditions
that define our linear gauge, up to certain residual freedom. We describe them
next, showing that each condition can always be met for any solution to the linear
equations, and identifying the remaining gauge transformations that preserve them.

1. Geodesic condition: Our first gauge choice is to set

ℓ̇a = 0 . (6.21)

That this is always possible can be seen as follows. Linearising the first equa-
tion in (6.20), we find ℓ̇a = ∇au̇, and this can be set to zero through a diffeo-
morphism with ξ̇v = −u̇ (where ξ̇v = ℓaξ̇a). Notice that the choice (6.21) is
equivalent to taking the function u, which satisfies ∇au∇au = 0 nonpertur-
batively, as a coordinate. This fact motivates calling eq. (6.21) the geodesic
condition.

The gauge parameters that leave (6.21) invariant satisfy

0 = Lξ̇ℓa +
˙̄bma + ḃm̄a + Λ̇ℓa , (6.22)

and projecting this equation along the null frame, we find

∂vξ̇v = 0 , ḃ = ma∇a
(
ξ̇v
)

, Λ̇ = −na∇a
(
ξ̇v
)

. (6.23)
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That is, the generators of class II and class III rotations ḃ and Λ̇ cannot act
independently, but only together with a diffeomorphism whose component ξ̇v
is v-independent. Finally, we remark that in this gauge hvv = −(gabℓaℓb )̇ = 0.

2. Transverse condition: The next gauge choice is

ℓahab = 0 . (6.24)

To show that this gauge can always be achieved, consider acting on any
solution hab with a diffeomorphism whose component ξ̇v is constant, while
the remaining components are generic and denoted ξ̇ I ≡

{
ξ̇u, ξ̇x, ξ̇y

}
. This

satisfies (6.23) so it preserves (6.21). Then, imposing that the transformed
metric satisfies (6.24) one immediately finds

0 = ℓa(hab + 2∇(aξ̇b)) =⇒ ξ̇ I = −
∫

hvIdv , with I = {u, x, y} . (6.25)

In obtaining this, it is useful to notice that in our coordinates Γa
bv = 0, and

that since (6.21) holds then hvv = 0. Now, imposing that the gauge parameters
leave invariant (6.21) (so ∂vξ̇v = 0) and (6.24), it readily follows that

ξ̇ I = −v∂I ξ̇v + ĊI , ∂vĊI = 0 , with I = {u, x, y} , (6.26)

where ĊI are v-independent functions that arise as integration constants. Thus,
the diffeomorphisms allowed by (6.21) and (6.24) are entirely fixed by the
v-independent functions ξ̇v and ĊI through (6.26), although we notice that in
general ξ̇ I can exhibit a linear dependence on v. We also remark that in this
gauge (ℓa)˙=

(
gabℓb

)
˙= −habℓb = 0. For a discussion on the transverse gauge

condition in more general (type I I) spaces we refer the reader to [388].

3. Parallel condition: The final requirement follows by consistency with our non-
perturbative choice eq. (6.20), that the frame is parallelly propagated along ℓa.
At linear order, that statement reads

(
ℓb∇bXa

)
˙= ℓb∇bẊa − Γ̇c

abXcℓ
b = 0 , (6.27)

where we used that (ℓa)˙= 0 and defined

Γ̇a
bc ≡

1
2

gad (∇bhcd +∇chbd −∇dhbc) , Xa ≡ {ℓa, na, ma} . (6.28)

Assuming that the geodesic and transverse conditions (eqs. (6.21) and (6.24))
hold, it can be verified by direct computation that

ṅa =
1
2
(−hnnℓ

a + hnm̄ma + hnmm̄a) ,

ṁa =
1
2
(−hnmℓ

a + hmm̄ma + hmmm̄a) ,
(6.29)
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is parallely propagated along ℓa, i.e., it satisfies eq. (6.27), and it is also a
well-defined perturbed GHP frame since it satisfies

hab = 2
(
ℓ(aṅb) − ṁ(am̄b) −m(a ˙̄mb)

)
. (6.30)

We notice that this frame can also be obtained by applying to the frame
in Ref. [95] a linear class II rotation with parameter ȧ = (1/2)hnm. Finally,
requiring that the gauge parameters leave invariant the parallel condition
eq. (6.27) only imposes two new constraints,

∂v ȧ = ∂vθ̇ = 0 , (6.31)

as can be readily checked.

In sum, we have found that at linear order it is always possible to impose the
geodesic, parallel and transverse conditions (equations (6.21), (6.24) and (6.27)
respectively), and we should call this the geodesic, parallel and transverse (GPT)
gauge. We have also shown that the gauge parameters generating the residual
gauge freedom are fixed by the v-independent (but otherwise arbitrary) functions
ξ̇v, ĊI , ȧ, θ̇, through equations (6.23) and (6.26).

The fact that the GPT gauge is based on a frame parallelly-propagated along a
null geodesic ensures that the associated curvature scalars are physically meaningful
(the choice of a non-inertial null frame could induce unphysical features on the
corresponding Weyl scalars). In addition, although the GPT gauge still allows a
significant amount of gauge freedom, we will see that the corresponding transfor-
mation of Ψ̈0 (given in (6.19)) leaves invariant the observables we will focus on in
section 6.5.

6.3.2 First-order Perturbations

In order to reconstruct the metric perturbation ḣab in terms of the linearised cur-
vature fluctuation Ψ̇0, we follow the adjoint operator method (CCK metric recon-
struction) already presented in Chapter 4. Given a GHP scalar ΨH

◦
= (−4, 0) that

satisfies the wave equation
(

þ′þ− ð′ð
)

ΨH = 0 , (6.32)

one can generate a solution for the metric perturbation in the transverse gauge (6.24)
by simply acting on ΨH with differential operators. We refer to ΨH as the Hertz
potential. In turn, from the reconstructed metric perturbation and benefiting from
the work done in Section 6.3.1, the complete solution for the GHP quantities in the
GPT gauge can be obtained in terms of ΨH. Once we have the action of the adjoint
operator S†

0 , we find the metric perturbation, and from that, everything follows in a
straightforward manner. We list the solution next, where the quantities that vanish
are omitted:
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• Metric perturbation:

ḣab =− ℓaℓb

(
ð2ΨH + ð′2Ψ̄H

)
+ 2ℓ(amb)þðΨH + 2ℓ(am̄b)þð′Ψ̄H

−mambþ2ΨH − m̄am̄bþ2Ψ̄H ,
(6.33)

which satisfies the transverse condition ℓahab = 0.

• Frame perturbations:

ṅa =
1
2

(
ℓað2ΨH −maþðΨH

)
+ c.c. , ṁa =

1
2

(
ℓaþð′Ψ̄H − m̄aþ2Ψ̄H

)
, (6.34)

which follow by plugging (6.33) into eq. (6.29), and is automatically in the
geodesic and parallel gauge.

• GHP spin coefficients:

κ̇′ =
1
2

ð′3Ψ̄H , ρ̇′ =
1
2

ð′2þΨ̄H , σ̇ = −1
2

þ3Ψ̄H , τ̇ = −1
2

ð′þ2Ψ̄H , (6.35)

which follow by simply perturbing their definitions and plugging (6.33) and
(6.34) in the resulting expressions. We also used the equation satisfied by the
Hertz potential (6.32) in order to simplify expressions and show that several
perturbations of spin coefficients vanish. As expected, κ̇ = ρ̇ = 0, signalling
that ℓ remains a geodesic, twist-free congruence in the perturbed spacetime.

• GHP connection 1-form:

ω̇a = −
1
2

(
ð′2þΨ̄H

)
ℓa +

1
2

(
ð′þ2Ψ̄H

)
m̄a , (6.36)

which again follows by perturbing the definition of ωa and using (6.33) and
(6.34).

• Weyl Scalars:

Ψ̇n = −1
2

þ(4−n)ð′nΨ̄H , (6.37)

obtained again by perturbing their definitions and using (6.33) and (6.34). In
order to present the Weyl scalars in this simple form, we also used the Hertz
potential equation (6.32).

Before considering second order perturbations, let us show how from (6.37) a
version of the Teukolsky-Starobinsky identities on type N spacetimes follows:

þmð′4−mΨ̇n = þ4−nð′nΨ̇4−m , (0 ≤ m, n ≤ 4) , (6.38)

which relate the perturbations of the various Weyl scalars among themselves. Al-
though these expressions have been obtained by working in the GPT gauge, we
remark that the only ones that are not gauge-invariant in general are those involving
{Ψ̇3, Ψ̇4}.
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6.3.3 Second-order Perturbations

With the solution and operators introduced in Section 6.3.2, it is straightforward
to obtain the source term of the second-order Teukolsky equation. The procedure
is not too different than in obtaining (4.61), where we make extensive use of the
perturbed GHP operators, in order to keep GHP covariance order by order. We find

(
þ′þ− ð′ð

)
Ψ̈0 = −2

(
Ȯ0Ψ̇0 + Ȯ1Ψ̇1 + Ȯ2Ψ̇2

)
≡ S+ + S− , (6.39)

where

2S+ =
(

þ6Ψ̄H

)(
ð′2Ψ̄H

)
+ 4
(

þ5Ψ̄H

)(
ð′2þΨ̄H

)
+ 6
(

þ2ð′2Ψ̄H

)(
þ4Ψ̄H

)

+ 4
(

þ3Ψ̄H

)(
ð′2þ3Ψ̄H

)
+
(

þ2Ψ̄H

)(
ð′2þ4Ψ̄H

)
− 2
(

ð′þΨ̄H

)(
ð′þ5Ψ̄H

)

− 6
(

ð′þ3Ψ̄H

)2
− 8
(

ð′þ2Ψ̄H

)(
ð′þ4Ψ̄H

)
, (6.40)

2S− =
(

þ2ΨH

)(
ð2þ4Ψ̄H

)
+
(

ð2ΨH

)(
þ6Ψ̄H

)
− 2
(

ðþΨH

)(
ðþ5Ψ̄H

)
. (6.41)

It is useful to distinguish these two terms depending on whether they involves
products of Ψ̄H with itself (in S+), or combinations of ΨH with Ψ̄H (in S−). These
will lead to source terms which oscillate with different frequencies, so we refer to
these as the ++ and the +− channels. The master equation (6.39) describes generic
second order curvature fluctuations on a non-homogeneous plane wave background,
in terms of the Hertz potential which generates the first order metric fluctuations.
We note that, when written in coordinates, our source term reduces to previous
results in the literature [269], although this agreement was not entirely expected
given that frame gauges are different.

6.4 homogeneous plane waves

The previous discussion and results are valid for the general vacuum plane waves (6.1),
which have arbitrary symmetric Aij(u) of vanishing trace. From now on we will
restrict to homogeneous plane waves of the form

ds2 = −
(

Λ2y2 −Ω2x2
)

du2 + 2dudv− dx2 − dy2 , (6.42)

for which the analysis simplifies. However, as noted in Section 6.2.1, such spacetimes
still capture physical regimes of great interest – they emerge as the Penrose limit
along the equatorial LRs of a Kerr BH.
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In more detail, the LR Penrose limit of a Kerr BH with mass M and dimensionless
angular momentum a/M yields the metric (6.42) with Λ = Ω, and3

Ωp,r = Λp,r =
12M

(
r2

p,r − 2Mrp,r + a2
)

(rp,r −M)2r3
p,r

, rp,r = 2M
[
1+ cos

(2
3

arccos(∓a/M)
)]

,

(6.43)

where rp,r are the prograde and retrograde radii of the equatorial LRs. We notice
that the vacuum condition Λ = Ω holds in (6.43), since the Penrose limit of a
Ricci-flat solution like Kerr is Ricci-flat, too. However, below we will retain some
more generality by allowing Λ ̸= Ω and assume Λ, Ω > 0, unless stated otherwise.

6.4.1 Scalar Wave Equation

The wave equation in a general plane wave □Φ = 0 is simply given by

2Φ,uv −Φ,xx −Φ,yy + AijxixjΦ,vv = 0 . (6.44)

Thus, if Aijxixj = Λ2y2 −Ω2x2, we can find solutions of the form

Φ = eipuu+ipvvX(x)Y(y) , (6.45)

for (at this point) arbitrary values of pu, pv. Solutions of the form (6.45) are just one
of several ways to separate the wave equation on plane wave spacetimes. Notably, a
separation in Rosen coordinates (6.7) is also possible, which has a slightly different
flavour. However, it will be solutions of the form (6.45) that most explicitly have
a close connection to QNMs. Plugging in the ansatz (6.45) leads to two separated
equations

X′′ − p2
vΩ2x2X =(C− pu pv)X ,

Y′′ + p2
vΛ2y2Y =− (C + pu pv)Y ,

(6.46)

where C is a separation constant. We immediately recognise the equations for the
simple and inverted harmonic oscillators (SHO and IHO, respectively), with an
extra term. We comment on the well-known algebraic relation between modes on
symmetric plane waves and the SHO and IHO below. For now, we simply remark
that the general solution can be written in terms of parabolic cylindric functions.

If we see these plane waves as corresponding to the Penrose limit of a LR, then
the x direction corresponds to the periodic θ direction, whereas the y direction
is the radial direction with respect to the BH. In [196] it was argued that mode

3 Remark that, from the perspective of the plane wave (6.42), one can always scale u→ cu and v→ v/c.
From the perspective of the Penrose limit, this would amount to choosing a different affine time
parameter. The choice (6.43) chooses this affine time to relate directly to the asymptotic Killing time
with respect to which the quasinormal modes in the BH spacetime are defined, to straightforwardly
compare.
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solutions that are regular (bounded) along the x direction, and purely outgoing
(and in fact asymptotically divergent) along the y direction oscillate at the same
QNM frequencies as eikonal QNMs in Kerr. This is the class of solutions we will
be focusing on. To that aim, let us first introduce the following family of off-shell
modes,

Φ(pu,pv,nx,ny) ≡ eiupu+ivpv−|pv|Ω x2
2 −ipvΛ y2

2 N(pv,nx,ny)Hnx

(√
|pv|Ωx

)
Hny

(√
ipvΛy

)
,

(6.47)

with nx, ny non-negative integers, Hnx,y (ξ) denote Hermite polynomials, and we
choose normalization factors N(pv,nx,ny) given by

N(pv,nx,ny) =





1
2nx+ny π

Γ
(

1−nx
2

)
Γ
(

1−ny
2

)
, nx, ny even ,

1
2nx+ny πny

Γ
(

1−nx
2

)
Γ
(

1− ny
2

)
, nx even, ny odd ,

1
2nx+ny πnx

Γ
(

1− nx
2

)
Γ
(

1−ny
2

)
, nx odd, ny even ,

1
2nx+ny πnxny

Γ
(

1− nx
2

)
Γ
(

1− ny
2

)
, nx, ny odd .

(6.48)

This normalization guarantees that when evaluated at the location of the central
geodesic x = y = 0, corresponding to the original geodesic whenever the plane
wave spacetime is a Penrose limit, the mode is normalized to 1 when it is non-
vanishing. If instead the mode vanishes there, the constant guarantees that its
x- and y-derivatives at x = y = 0 are given by a natural dimensionful quantity,
independent of the mode number (

√
|pv|Ω for the x-direction and

√
ipvΛ for the

y-direction). The modes (6.47) are eigenfunctions of the wave operator,

□Φ(pu,pv,nx,ny) = 2pv

[
sgn(pv)Ω

(
nx +

1
2

)
+ iΛ

(
ny +

1
2

)
− pu

]
Φ(pu,pv,nx,ny) , (6.49)

so, solutions to the free wave equation (or similarly the equation for the Hertz
potential (6.32)) are simply eigenfunctions corresponding to the zero eigenvalue.
This imposes a quantization condition for pu:

pu = sgn(pv)Ω
(

nx +
1
2

)
+ iΛ

(
ny +

1
2

)
. (6.50)

Since we are assuming Ω, Λ > 0, these modes are purely outgoing in the y-direction
and decay exponentially along u, while their real frequencies pv can have arbitrary
sign.

The quantization condition allows us to establish a dictionary between the modes
of a plane wave which emerges as the Penrose limit of the equatorial LR of a
Kerr BH, with the high frequency or eikonal limit of the BH QNMs. Indeed, let
pv = mΩp,r correspond to the azimuthal harmonic number, and let nx = ℓ− |m|,
ny = n. Here, ℓ is the polar spherical harmonic index, and n is used to denote
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the overtone index. Using this dictionary, and plugging in the value of Ω and Λ
given in Eq. (6.43), we find that pu = ωℓmn becomes the subleading correction to
the frequency of QNMs in the eikonal or high frequency regime [196].

A more algebraic approach to the modes (6.47) starts from the observation that,
in homogeneous plane waves, the isometry algebra generators are

a± =
e±iΩu
√

2Ω
(±iΩx∂v + ∂x) , b± =

e∓Λu
√

2Λ

(
∓Λy∂v + ∂y

)
,

1 =i∂v , HΩ,Λ = ∓i∂u .
(6.51)

These span the harmonic oscillator algebra

[a−, a+] = 1 , [HΩ, a±] = ±Ωa± , [b−, b+] = i1 , [HΛ, b±] = ∓iΛb± . (6.52)

This implies in particular that a± and b± act, through the Lie derivative, as “raising”
and “lowering” operators for the nx and ny modes (6.47). Specifically, defining the
number operators Nx = −La+La− and Ny = iLb+Lb− these modes are such that

NxΦ(pu,pv,nx,ny) = −La+La−Φ(pu,pv,nx,ny) = nx pvΦ(pu,pv,nx,ny) ,

NyΦ(pu,pv,nx,ny) = iLb+Lb−Φ(pu,pv,nx,ny) = ny pvΦ(pu,pv,nx,ny) ,

L∂u Φ(pu,pv,nx,ny) = ipuΦ(pu,pv,nx,ny) ,

L∂v Φ(pu,pv,nx,ny) = ipvΦ(pu,pv,nx,ny) .

(6.53)

Up to the normalization, for pv > 0, they could have thus been generated by acting
with La+ and Lb+ on the fundamental (Gaussian) mode Φ(pu,pv,0,0). However, for
pv < 0, it is in fact a+ that acts as a lowering operator while a− is the raising
operator.

This algebraic approach to the mode functions (6.47) is of course well-known, so
we will not go into further details here. However, before using these modes, together
with the simple form of the wave operator acting on them (6.49), to go to higher
order in perturbation theory by solving the master equation (6.39), we will discuss
how the same algebraic approach can just as well be used to approach the metric
perturbations head-on. We should point out here that in a different (“coherent state”
as opposed to “number”) basis, not particularly well-suited to the description of
QNMs, tensor harmonics on plane wave spacetimes have also been described for
instance in [10, 334].

The above discussion is strictly only valid for the symmetric plane waves (6.42),
which are a special case of homogeneous plane waves of special interest in relation
to the Penrose limit of equatorial lightrings. However, any homogeneous plane wave
has an additional Killing vector involving (though not necessarily identically to) ∂u
to extend the Heisenberg algebra (6.52) common to all plane waves. Thus, while not
as simple as (6.53), we expect that the above discussion as well as the remainder of
this section can be generalized beyond the symmetric plane waves to homogeneous
plane waves [77, 78, 192].
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6.4.2 Metric Perturbations

Just as the scalar wave equation reduced to an algebraic expression when acting on
the modes satisfying (6.53), the linearized Einstein equations around a homogeneous
plane wave will turn out to reduce to algebraic equations in terms of (symmetric)

tensor modes h(pu,pv,nx,ny)

ab which satisfy4

Nxh(pu,pv,nx,ny)

ab = −La+La−h(pu,pv,nx,ny)

ab = nx pvh(pu,pv,nx,ny)

ab ,

Nyh(pu,pv,nx,ny)

ab = iLb+Lb−h(pu,pv,nx,ny)

ab = ny pvh(pu,pv,nx,ny)

ab ,

L∂u h(pu,pv,nx,ny)

ab = ipuh(pu,pv,nx,ny)

ab ,

L∂v h(pu,pv,nx,ny)

ab = ipvh(pu,pv,nx,ny)

ab .

(6.54)

For each set of mode numbers (pu, pv, nx, ny), there will be ten independent such

modes. Four of those, generated by similarly constructed vector modes V(pu,pv,nx,ny)
a

NxV(pu,pv,nx,ny)
a = −La+La−V(pu,pv,nx,ny)

a = nx pvV(pu,pv,nx,ny)
a ,

NyV(pu,pv,nx,ny)
a = iLb+Lb−V(pu,pv,nx,ny)

a = ny pvV(pu,pv,nx,ny)
a ,

L∂uV(pu,pv,nx,ny)
a = ipuV(pu,pv,nx,ny)

a ,

L∂vV(pu,pv,nx,ny)
a = ipvV(pu,pv,nx,ny)

a ,

(6.55)

are pure gauge. Four more will be eliminated by the vacuum Einstein equations,
and the final two dynamical, gravitational degrees of freedom turn out to be
generated by the Hertz potential method (6.33), when taking the Hertz potentials to
be proportional to the scalar modes Φ(pu,pv,nx,ny).

6.4.2.1 First-order perturbations

The diagonalization of L∂u and L∂v is readily achieved. Therefore, motivated addi-
tionally by our expectations from the scalar modes, define

V(pu,pv,nx,ny,I)
a = eiupu+ivpv e−

|pv |Ω
2 x2−i pvΛ

2 y2
Ṽ(pu,pv,nx,ny,I)

a (x, y) ,

h(pu,pv,nx,ny,I J)
ab = eiupu+ivpv e−

|pv |Ω
2 x2−i pvΛ

2 y2
h̃(pu,pv,nx,ny,I J)

ab (x, y) .
(6.56)

We expect to find four independent vector modes, which we therefore label by
an additional index I ∈ {n, ℓ, x, y} as well as the labels of the representation
(pu, pv, nx, ny) defined by the (vector version of the) relations (6.55). Similarly, we
expect ten independent tensor modes for each (pu, pv, nx, ny), such that in eq. (6.56)
we have added a symmetric I J label to the tensor modes.

There are two complementary approaches that are useful for constructing modes
satisfying eqs. (6.55) and (6.54). The first is to start by finding the “ground states” or

4 Although here we can proceed formally with Λ ̸= Ω, we remark that gravitational fluctuations are
only sensible if the background is on-shell, Λ = Ω.
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fundamental modes and subsequently raising the mode number using the properties
of the algebra (6.52). The second approach simply relies on solving the differential
equations implied by (6.55) and (6.54). In order to do this explicitly for the different
vector and tensor modes, it is useful to decompose in components with respect the
frame (n, ℓ, E(x), E(y)), where in terms of the principal null frame (6.11)

E(x) =
1√
2
(m + m̄) = ∂x , E(y) =

1
i
√

2
(m− m̄) = ∂y . (6.57)

Explicitly, we decompose

Va = Vℓna + Vnℓa −VxE(x)
a −VyE(y)

a , (6.58)

and so on. Note in particular the sign choices.
To cross-check, we have applied both the algebraic and differential equations

methods. However, as both methods are straightforward we do not enter into further
details about these derivations. Instead, we simply quote the result

Ṽ(pu,pv,nx,ny,n)
a = N(pv,nx,ny,n)Hnx(

√
|pv|Ωx)Hny(

√
ipvΛy)ℓa ,

Ṽ(pu,pv,nx,ny,x)
a = N(pv,nx,ny,x)Hnx(

√
|pv|Ωx)Hny(

√
ipvΛy)E(x)

a

− i
√

Ω/4|pv|
(
−2nxHnx−1(

√
|pv|Ωx) + Hnx+1(

√
|pv|Ωx)

)
Hny(

√
ipvΛy)ℓa ,

Ṽ(pu,pv,nx,ny,y)
a = N(pv,nx,ny,y)Hnx(

√
|pv|Ωx)Hny(

√
ipvΛy)E(y)

a

− i
√

iΛ/4pvHnx(
√
|pv|Ωx)

(
−2nyHny−1(

√
ipvΛy) + Hny+1(

√
ipvΛy)

)
ℓa ,

Ṽ(pu,pv,nx,ny,ℓ)
a = N(pv,nx,ny,ℓ)Hnx(

√
|pv|Ωx)Hny(

√
ipvΛy)na

− i
√

iΛ/4pvHnx(
√
|pv|Ωx)

(
−2nyHny−1(

√
ipvΛy) + Hny+1(

√
ipvΛy)

)
E(y)

a

− i
√

Ω/4|pv|Hny(
√

ipvΛy)
(
−2nxHnx−1(

√
|pv|Ωx) + Hnx+1(

√
|pv|Ωx)

)
E(x)

a

+
1

2p2
v

(
2pu pv + p2

v(Λ
2y2 −Ω2x2)

)
Hnx(

√
|pv|Ωx)Hny(

√
ipvΛy)ℓa .

(6.59)

Here we have kept the normalizations N(pv,nx,ny,I) arbitrary for now.

The mode Ṽ(pu,pv,nx,ny,ℓ) is clearly the most complicated, it is also the only one
which can contribute to ℓaVa ̸= 0. Conveniently, it turns out that this mode is pure
gauge (for pv ̸= 0)

V(pu,pv,nx,ny,ℓ)
a =

N(pv,nx,ny,ℓ)

ipvN(pv,nx,ny)
∂a

(
Φ(pu,pv,nx,ny)

)
. (6.60)
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As a result, in the above formulation, it is particularly convenient to impose the
gauge ℓaVa = 0. Tensor modes are given instead by

h̃(pu,pv,nx,ny,nn)
ab = N(pv,nx,ny,nn)Hnx(

√
|pv|Ωx)Hny(

√
ipvΛy)ℓaℓb ,

h̃(pu,pv,nx,ny,xn)
ab = N(pv,nx,ny,xn)Hnx(

√
|pv|Ωx)Hny(

√
ipvΛy)E(x)

(a ℓb)

− i

√
Ω

4|pv|

(
Hnx+1(

√
|pv|Ωx)− 2nxHnx−1(

√
|pv|Ωx)

)
Hny(

√
ipvΛy)ℓaℓb ,

h̃(pu,pv,nx,ny,yn)
ab = N(pv,nx,ny,yn)Hnx(

√
|pv|Ωx)Hny(

√
ipvΛy)E(y)

(a ℓb)

− i

√
iΛ
4pv

Hnx(
√
|pv|Ωx)

(
Hny+1(

√
ipvΛy)− 2nyHny−1(

√
ipvΛy)

)
ℓaℓb ,

h̃(pu,pv,nx,ny,xx)
ab = N(pv,nx,ny,xx)Hnx(

√
|pv|Ωx)Hny(

√
ipvΛy)E(x)

a E(x)
b

− 2i

√
Ω

4|pv|

(
Hnx+1(

√
|pv|Ωx)− 2nxHnx−1(

√
|pv|Ωx)

)
Hny(

√
ipvΛy)E(x)

(a ℓb)

−Ω2x2Hnx(
√
|pv|Ωx)Hny(

√
ipvΛy)ℓaℓb ,

h̃(pu,pv,nx,ny,xy)
ab = N(pv,nx,ny,xy)Hnx(

√
|pv|Ωx)Hny(

√
ipvΛy)E(x)

(a E(y)
b)

− i

√
iΛ
4pv

Hnx(
√
|pv|Ωx)

(
Hny+1(

√
ipvΛy)− 2nyHny−1(

√
ipvΛy)

)
E(x)
(a ℓb)

− i

√
Ω

4|pv|

(
Hnx+1(

√
|pv|Ωx)− 2nxHnx−1(

√
|pv|Ωx)

)
Hny(

√
ipvΛy)E(y)

(a ℓb)

−
√

iΛ
4pv

Hnx(
√
|pv|Ωx)

(
Hny+1(

√
ipvΛy)− 2nyHny−1(

√
ipvΛy)

)

×
√

Ω
4|pv|

(
Hnx+1(

√
|pv|Ωx)− 2nxHnx−1(

√
|pv|Ωx)

)
ℓaℓb ,

h̃(pu,pv,nx,ny,yy)
ab = N(pv,nx,ny,yy)Hnx(

√
|pv|Ωx)Hny(

√
ipvΛy)E(y)

a E(y)
b

− 2i

√
iΛ
4pv

Hnx(
√
|pv|Ωx)

(
Hny+1(

√
ipvΛy)− 2nyHny−1(

√
ipvΛy)

)
E(y)
(a ℓb)

+ Λ2y2Hnx(
√
|pv|Ωx)Hny(

√
ipvΛy)ℓaℓb .

(6.61)
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The reason for introducing modes satisfying (6.54) is that they do not mix under
the linearized wave equation and, moreover, render them algebraic. Consider for
the vector example the Maxwell equations5

F(pu,pv,nx,ny)

ab = ∇a A(pu,pv,nx,ny)

b −∇b A(pu,pv,nx,ny)
a , ∇aF(pu,pv,nx,ny)

ab = 0 , (6.62)

where we take A(pu,pv,nx,ny) to be a sum of the modes (6.55) with constant coefficients
AI for the relevant mode labeled by I ∈ {n, ℓ, x, y}. Just like the scalar wave equation,
the Maxwell equations (6.62) impose the mass-shell or dispersion relation (6.50)
(pv ̸= 0)

pu = sgn(pv)Ω
(

nx +
1
2

)
+ iΛ

(
ny +

1
2

)
. (6.63)

In addition, they eliminate one further (“longitudinal”) combination of the vector
modes. We are left with the expected two physical “transverse” electromagnetic
polarizations for each set of spacetime mode numbers:

A(pu,pv,nx,ny)
a = AxV(pu,pv,nx,ny,x)

a + AyV(pu,pv,nx,ny,y)
a . (6.64)

These two physical degrees of freedom can be generated by a Hertz potential ΦH
satisfying the massless scalar wave equation as in the gravitational case.

Analogously to the Maxwell equations for the vector modes, the Einstein equa-
tions impose eq. (6.63) and eliminate all but two gravitational polarizations. These
polarizations are captured exactly by one scalar Hertz potential and its conjugate
mode. It is of course precisely this description in terms of scalar Hertz potentials,
and closely related Weyl scalars that were used in the GHP formulation in Section
6.3.2. We find that the GHP formulation is ultimately more efficient to discuss
the non-linearities. Nevertheless, let us conclude our discussion of a more directly
metric-based approach by discussing non-linearities in this formulation.

6.4.2.2 Second-order perturbations

The crux of perturbation theory on homogeneous plane waves at non-linear orders
is that it trivializes as soon as the source terms can be decomposed into modes
such as (6.47), (6.55), or (6.54). While this is true regardless of whether we are
dealing with scalars, vectors, or tensors, the actual decomposition naturally becomes
more difficult at higher spin. However, if the source is again in the form of a sum
of eigenfunctions of the wave operator, solutions to the inhomogeneous equation
become readily available. For the scalar wave equation, the above claim is immediate.
Consider

□Φ = SΦ(pu,pv,nx,ny) , (6.65)

5 We use A instead of V to emphasize the difference between electromagnetic gauge potentials, for
which we impose equations of motion, and general vector fields V for which we do not.
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for some constant S. Then using (6.49), a particular solution is given by

Φ =
SΦ(pu,pv,nx,ny)

2pv

[
sgn(pv)Ω

(
nx +

1
2

)
+ iΛ

(
ny +

1
2

)
− pu

] . (6.66)

In the next section, we will discuss how a source of the form (6.65), or in general a
linear combination of such sources, can be found for a toy example and the master
equation (6.39).

Consider instead the sourced Maxwell equations

∇a (∇a Ab −∇b Aa) = A( Î)V(pu,pv,nx,ny, Î)
a , (6.67)

where A( Î) are constants and Î ∈ {x, y, ∥} runs over the three divergence free
combinations 6 of the modes, which in particular for a non-resonant source (meaning
pu does not satisfy eq. (6.63))

V(pu,pv,nx,ny,∥)
a = V(pu,pv,nx,ny,n)

a − pv

2pu − (2ny + 1)iΛ− (2nx + 1)Ω
V(pu,pv,nx,ny,ℓ)

a ,

(6.68)

where we have assumed that N(pv,nx,ny,n) = N(pv,nx,ny,ℓ) in eq. (6.55). Up to the
decomposition of the right-hand side into the mode sum, eq. (6.67) is the form that
second-and higher order perturbation equations will take. The solution to (6.67) is
given by

Aa =

A( Î)
(

V(pu,pv,nx,ny, Î)
a − c(pu,pv,nx,ny, Î)V

(pu,pv,nx,ny,ℓ)
a

)

2pv

[
sgn(pv)Ω

(
nx +

1
2

)
+ iΛ

(
ny +

1
2

)
− pu

] , (6.69)

which is a simple generalization of the scalar case (6.66). The second term in (6.69)
comes from the gauge ambiguity in inverting the wave equation. To stay in our

preferred gauge despite the appearance of the V(pu,pv,nx,ny,ℓ)
a modes in divergence

free combination V(pu,pv,nx,ny,∥)
a for the source, we would simply choose c(pu,pv,nx,ny,ℓ)

to cancel that component while c(pu,pv,nx,ny,y) = c(pu,pv,nx,ny,x) = 0. For the case of
electromagnetic perturbations, one may imagine non-linearities arising from an
effective Heisenberg-Euler Lagrangian but our ultimate interest is of course in tensor
perturbations and General Relavity, which we discuss next.

For the linearized Einstein equation7 with a single mode source no new complica-
tions arise with respect to the Maxwell example. That is, the solution to

Ġ[hab] = A(K̂)h(pu,pv,nx,ny,K̂)
ab , (6.70)

6 We need the right-hand side to be a conserved current, or more directly, because of the divergence of
the left-hand side [∇b,∇a]Fνµ = 2RαµFαµ = 0.

7 While not necessary in general, when discussing the Einstein equations, we will always set Λ = Ω
in order for the vacuum Einstein equation of the background to be satisfied.
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where Ġ is the linearized Einstein tensor, is given by

hab = −
2A(K̂)h(pu,pv,nx,ny,K̂)

ab

2pv

[
sgn(pv)Ω

(
nx +

1
2

)
+ iΛ

(
ny +

1
2

)
− pu

] . (6.71)

Here we have left implicit a further projection associated to the gauge choice,
resulting from the fact that divergence free modes labeled by K̂, which are the
allowed sources to (6.70) as in the Maxwell example, are not in our chosen gauge.
In conclusion, as advertised, the core problem is to find the mode decomposition of
any given source. Subsequently, the solution of the wave equation is trivial.

As a simple illustration consider the example of two linear nx = ny = 0, pv > 0,
on-shell gravitational modes sourcing a second order mode

hab = ∑
i∈{a,b}

(
h(i)+ h(p(i)u ,p(i)v ,0,0,+)

ab + h(i)× h(p(i)u ,p(i)v ,0,0,×)
ab

)
, (6.72)

where, for the sake of this example, p(a)
v , p(b)v > 0 and eq. (6.63) is satisfied. In

addition, for clarity, we introduce the following (divergence free) combinations of
the tensor harmonics starting from the definitions in (6.54)

h(p(i)u ,p(i)v ,nx,ny,+)

ab = h(p(i)u ,p(i)v ,nx,ny,xx)
ab − h(pu,pv,nx,ny,yy)

ab

+
(2nx + 1)Ω− i(2ny + 1)Λ

p(i)v

h(p(i)u ,p(i)v ,nx,ny,nn)
ab ,

h(p(i)u ,p(i)v ,nx,ny,×)
ab = 2h(p(i)u ,p(i)v ,nx,ny,xy)

ab ,

(6.73)

which, combined with (6.63), solve the homogeneous, linearized Einstein equations.
A direct computation one can find the second order Einstein tensor G̈ to be

G̈ab[h
(a)
+ , h(b)+ ] =

ih(a)
+ h(b)+

2(p(a)
v + p(b)v )

{
Ω (1− i)

2p(a)
v p(b)v

[

(
2i(p(a)

v )4 + (1 + 4i)(p(a)
v )3p(b)v + 6i(p(a)

v )2(p(b)v )2 + (1 + 4i)(p(b)v )3p(a)
v + 2i(p(b)v )4

)
h(xx)

ab

−
(

2i(p(a)
v )4 − (1− 4i)(p(a)

v )3p(b)v + 6i(p(a)
v )2(p(b)v )2 − (1− 4i)(p(b)v )3p(a)

v + 2i(p(b)v )4
)

h(yy)
ab

]

+
Ω2

p(a)
v p(b)v (p(a)

v + p(b)v )

(
2(p(a)

v )4 + (p(a)
v )3p(b)v + 2(p(a)

v )2(p(b)v )2 + p(a)
v (p(b)v )3 + 2(p(b)v )4

)
h(nn)

ab

+
(
(p(a)

v )2 + p(a)
v p(b)v + (p(b)v )2

)(
h(ℓℓ)ab −

2Ω(1 + i)

p(a)
v + p(b)v

h(nℓ)ab

)}
,

(6.74)

and similarly for the (+,×) and (×,×) polarizations (which we omit for brevity).
For definiteness we have fixed the normalizations N(pv,nx,ny,I J) = 1 and for simplicity
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we distinguish the following three contributions from different polarizations: h(a)
+ h(b)+ ,

h(a)
+ h(b)× (yielding also (a) ↔ (b)), and h(a)

× h(b)× as well as labeling the modes only
with their tensor index, not including the common mode label which are implicitly
(p(a)

u + p(b)u , p(a)
v + p(b)v , 0, 0).

More important than the explicit expression is that it is decomposed solely in
terms of modes h(p′u,p′v,0,0)

ab with nx = ny = 0. As a result La− G̈ = Lb− G̈ = 0. To
see that this must have been the case, note that G̈ is built as a linear combination
of terms including products of gab, hab, and its covariant derivatives. Now for
isometries ξ, [Lξ ,∇a] = 0. Therefore, together with La−hab = Lb−hab = 0 for the
parent mode, by our choice of the linear perturbations (6.72), it indeed follows that
La− G̈ = Lb− G̈ = 0. In turn, this implies that G̈ satisfies the conditions of (6.54) with
nx = ny = 0 . Thus, it can be decomposed in such modes as shown explicitly in
(6.74). Finally, after performing this decomposition into the nx = ny = 0 modes
(6.61), the second order metric perturbations are immediately found using (6.71).

While a similar direct computation is still possible for more complicated modes,
it naturally becomes more tedious. Therefore, we avoid working with the linearized
Einstein equations and tensor harmonics in favor of the master equation (6.39) of
the GHP formulation and scalar harmonics (6.47).

6.5 quadratic quasinormal modes

Linear perturbations on certain homogeneous plane waves can be related to the
high-frequency regime of the QNMs of a Kerr BH, through the Penrose limit
identification. This motivates exploring a similar connection between second order
perturbations on the plane wave and BH QQNMs. The particular solution to the
second order Teukolsky equation on the plane wave will contain source-driven
modes, which oscillate with frequencies that correspond to the sum or the difference
of the frequencies of linear QNMs. Recent works [269, 377] have taken some first
steps towards analysing these QQNMs and relate them to the QQNMs of Kerr BHs,
albeit restricting to modes with nx = ny = 0, and only those generated by the S+
term. In this section, we will discuss the QQNMs on the plane wave arising from
all possible mode combinations, and identifying general selection rules. In order to
do so, we first introduce the solutions of a scalar toy model that showcases most
of the technical difficulties in a simpler setting, and then discuss our results in the
gravitational case.

6.5.1 Scalar QQNMs

Before addressing the full gravitational case, it is illustrative to consider as a toy
model a nonlinear wave equation for a scalar field. We consider the cubic self-
interaction leading to the equation of motion

□Φ + Φ2 = 0 , (6.75)
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where we look for solutions of the form Φ = ϵΦ̇ + 1
2 ϵ2Φ̈. The leading order solu-

tion corresponds to modes of the homogeneous plane wave, as discussed before.
Generically, we can assume the leading order solution to be a superposition of two
modes (as defined in (6.47))

Φ̇ = AaΦ(p(a)
v ,n(a)

x ,n(a)
y ) +AbΦ(p(b)v ,n(b)

x ,n(b)
y ) , (6.76)

where, when not listed, it is implied that pu is fixed by (6.63), as required to be
a leading order solutions to the wave equation (we also note that a, b are merely
labels, and not indices running in any set).

The next-to-leading order, which is the first order sensitive to the nonlinearity,
satisfies the equation

□Φ̈ =− 2A2
a

(
Φ(p(a)

v ,n(a)
x ,n(a)

y )
)2
− 2A2

b

(
Φ(p(b)v ,n(b)

x ,n(b)
y )
)2
− 4AaAbΦ(p(a)

v ,n(a)
x ,n(a)

y )Φ(p(b)v ,n(b)
x ,n(b)

y )

=Saa + Sbb + 2Sab .
(6.77)

The particular solution can be decomposed in three pieces Φ̈ = Φ̈aa + Φ̈bb + 2Φ̈ab
where □Φ̈I J = SI J for I, J = a, b. It turns out that the source term can be generally
written in terms of a linear combination of infinitely many eigenfunctions of the
wave operator Φ(pu,pv,nx,ny), as

SI J =
n(I)

y +n(J)
y

∑
n′y=0

∞

∑
n′x=0

s
(n′x,n′y)
I J AIAJΦ

(p′u,p′v,n′x,n′y) , I, J = a, b , (6.78)

where p′u = p(I)
u + p(J)

u and p′v = p(I)
v + p(J)

v , and

s
(n′x,n′y)
I J = −2IxIy ,

Ix =
∫ ∞

−∞

√
|p′v|Ωdx

2n′x n′x!
√

π
H

n(I)
x

(√
|p(I)

v |Ωx
)

H
n(J)

x

(√
|p(J)

v |Ωx
)

Hn′x

(√
|p′v|Ωx

)
e−(|p

′
v|+∆

2 )Ωx2
,

Iy =
∫

C

√
ip′vΩdy

2n′y n′y!
√

π
H

n(I)
y

(√
ip(I)

v Ωy
)

H
n(J)

y

(√
ip(J)

v Ωy
)

Hn′y

(√
ip′vΩy

)
e−ip′vΩy2

,

(6.79)

where ∆ = |p(I)
v |+ |p(J)

v | − |p′v| is only non-zero whenever sign(p(I)
v ) ̸= sign(p(J)

v )
and we will comment on the Iy integration contour C later. As discussed in the
previous section, by performing this decomposition in eigenfunctions of □, the
solution to the second order equation becomes trivial, since Φ̈ can then be written
as a superposition of eigenfunctions. We translate the difficulty from solving an
inhomogeneous differential equation, to expanding the source term in terms of the
Φ(p′u,p′v,n′x,n′y), i.e., computing the integrals Ix,y.

The structure of these integrals shows why the sum in Eq. (6.78) only includes a
finite amount of terms in the y direction, whereas it includes (in general) an infinite
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amount of terms in the x-direction – if n′y > n(I)
y + n(J)

y then Iy = 0, since it is
the projection of a lower degree polynomial onto a higher order degree Hermite
polynomial. Moreover, as it is exactly this polynomial decomposition we need, we
can avoid the subtleties in choosing the appropriate integration contour in (6.79), by
defining Iy in terms of this polynomial decomposition. We cannot use such a finite
polynomial decomposition for the x-integral Ix in general, but here the integral
over the real line is always absolutely convergent.

The application of various identities of Hermite polynomials would allow us to
write the integrals in (6.79) more explicitly. Alternatively, we can observe that

∫
dxxke−ax2

=
1 + (−1)k

2
a−

1+k
2 Γ
(1 + k

2

)
. (6.80)

Thus, we can expand the integrands in (6.79) in terms of expressions of the
form (6.80), and solve it analytically, once we know the Taylor coefficients of the
product of Hermite polynomials. Abstractly we can write

Ix =
1

2nx nx!
√

π

n(I)
x

∑
α=0

n(J)
x

∑
β=0

n′x

∑
γ=0

χ
n(I)

x ,α
χ

n(J)
x ,β

χn′x,γ

(1 + (−1)α+β+γ

2

)
Γ
(1 + α + β + γ

2

)

×

√√√√ |p(I)
v |α|p(J)

v |β|p′v|γ+1

(|p′v|+ ∆/2)α+β+γ+1 ,

Iy =
1

2n′y n′y!
√

iπsgn(p′v)

n(I)
y

∑
α=0

n(J)
y

∑
β=0

n′y

∑
γ=0

χ
n(I)

y ,α
χ

n(J)
y ,β

χn′y,γ

(1 + (−1)α+β+γ

2

)
Γ
(1 + α + β + γ

2

)

×

√√√√ (p(I)
v )α(p(J)

v )β

(p′v)α+β
,

(6.81)

where χn,k are simply the coefficients of the Hermite polynomials, i.e., Hn(x) =

∑ χn,kxk. Whenever ∆ = 0 (which is the case for the Saa,Sbb terms, and for Sab

whenever p(a)
v and p(b)v have the same sign), the sum only contains a finite amount

of terms in the x direction as well. We will come back to the physical interpretation
of this issue in terms of overtone excitations when discussing the gravitational case.
However, another point of view from the perspective of the Hermite polynomials is
that one can formally absorb a change in sign in pv in the mode number condition
(6.53) and the quantization condition (6.63) by analytically continuing in x and nx.
While generalization of Hermite polynomials with non-integer nx can be made

sense of, they are no longer polynomials. In any case, once the s
(n′x,n′y)
I J have been
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determined, for instance using (6.79) and (6.81), the second order perturbation is
found to be

Φ̈I J = ∑
n′x,n′y

R(n′x,n′y)
I×J AIAJΦ

(p′u,p′v,n′x,n′y) ,

R(n′x,n′y)
I×J =

s
(n′x,n′y)
I J

|p′v|Ω(1 + 2n′x) + ip′vΩ
(

1 + 2n′y
)
− 2p′v p′u

,

(6.82)

where the denominator in R(n′x,n′y)
I×J is just the eigenvalue of the wave operator

corresponding to Φ(p′u,p′v,n′x,n′y). Notice that there are no resonances at second or-
der. A resonance would occur if p′u satisfies the on-shell condition (6.50), which
would make the denominator in (6.82) vanish. However, since p′u = p(a)

u + p(b)u , the
resonance condition would correspond to

sgn(p′v)
(

n′x +
1
2

)
+ i
(

n′y +
1
2

)
=sgn(p(a)

v )
(

n(a)
x +

1
2

)
+ sgn(p(b)v )

(
n(b)

x +
1
2

)

+ i
(

n(a)
y + n(b)

y + 1
)

,
(6.83)

which has no solution for any combination of positive integers n(a,b)
x,y , n′x,y. Above

we have introduced the nonlinear ratios R(n′x,n′y)
I×J . It is important to emphasize that

these ratios are dependent on the normalization of the mode functions Φ(pu,pv,nx,ny).
If one were to choose a different normalization for the modes Φλ, the ratios are also
transformed,

Φ̃λ = αλΦλ =⇒ R̃(n′x,n′y)
I×J =

αλI αλJ

αλ′
R(n′x,n′y)

I×J . (6.84)

However, despite this arbitrariness they still encode physically meaningful infor-
mation. For example, consider a single parent mode Φ̇a = Φ̇b = AΦ(pv,nx,ny) that
does not vanish at the central geodesic γ (the LR from the Penrose limit perspec-
tive). Then, the quantity Φ̈aa|γ/

(
Φ̇a|γ

)2 which is independent of any normalisation
choice, is given by

Φ̈aa|γ(
Φ̇a|γ

)2 = ∑
n′x,n′y

R(2n′x,2n′y)
a×a , (6.85)

as follows from (6.82) (notice self-couplings only connect to even modes). We
note that this can be extended straightforwardly to more general parent mode
configurations.

Further care is needed whenever p′v = 0. This can occur whenever p(a)
v = 0

or p(b)v = 0, or whenever p(a)
v = −p(b)v ≡ pv. The first case is trivial, and never

appears by our choice of linear modes. The second case is potentially interesting,
as it corresponds to two oscillatory modes, whose non-linear combination is a
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non-oscillatory mode. This is clear since the source term does not depend on v, and
is a purely damped contribution in the u direction

Sab =e−2Ω(n(a)
y +n(b)

y +1)ue−|pv|Ωx2
H

n(a)
x

(√
|pv|Ωx

)
H

n(b)
x

(√
|pv|Ωx

)

× H
n(a)

y

(√
ipvΩy

)
H

n(b)
y

(√
−ipvΩy

)
.

(6.86)

In this sense, these modes could be related to a nonlinear memory effect [343, 344].
If the source term does not depend on v, then the particular solution to the sourced
wave equation does not depend on v either. While the wave equation is readily
solved, the solutions take on a very different character than the quadratic quasinor-
mal modes, which are our main interest in the remainder. Moreover, they can take
us out of the Penrose limit approximation (contribute at a higher eikonal order [253,
254]) and are best understood as renormalizing the background spacetime within
a class of spacetimes which retain ∂v as an isometry. We leave a more complete
discussion of these contributions to future work. In addition, the existence of such
perturbations indicates that there are likely driven quasi-resonances at third-order
in perturbation theory, which would also be interesting to investigate further.

6.5.2 Gravitational QQNMs

The gravitational case shares many similarities with the scalar toy model discussed
above. In precise terms we consider a linear fluctuation of Ψ̇0, which is the superpo-
sition of two distinct modes

Ψ̇0 = AaΦ(p(a)
v ,n(a)

x ,n(a)
y ) +AbΦ(p(b)v ,n(b)

x ,n(b)
y ) . (6.87)

Whenever p(a/b)
v ̸= 0, such perturbation is generated by the Hertz potential

ΨH ≡ Ψ(a)
H + Ψ(b)

H = − 2
(

p(a)
v

)4 ĀaΦ̄(p(a)
v ,n(a)

x ,n(a)
y )− 2

(
p(b)v

)4 ĀbΦ̄(p(b)v ,n(b)
x ,n(b)

y ) , (6.88)

by virtue of Eq. (6.37).
The second order Teukolsky equation for Ψ̈0 is, in terms of the Hertz potential

□Ψ̈0 = 2(S+ + S−) , (6.89)

with S± defined in Eqs. (6.40)-(6.41), and the factor of 2 appears since O0 =
þ′þ− ð′ð = 1

2□.
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Now, writing Ψ(I)
H = e−ip(I)

v vψ
(I)
H , and making use of the fact that þΨ(I)

H =

−ip(I)
v Ψ(I)

H , with I = a, b, we can rewrite the equation as

□Ψ̈0 = ∑
I,J=a,b

(
S+I J + S−I J

)
,

S+I J = −
1
2

ei(p(I)
v +p(J)

v )v

[
−2
(
(p(I)

v )5p(J)
v + 4(p(I)

v )4(p(J)
v )2 + 3(p(I)

v )2(p(J)
v )2

)
ð′ψ̄(I)

H ð′ψ̄(J)
H

+
(
(p(I)

v )6 + 4(p(I)
v )5p(J)

v + 6(p(I)
v )4(p(J)

v )2 + 4(p(I)
v )3(p(J)

v )3 + (p(I)
v )2(p(J)

v )4
)

ψ̄
(I)
H ð′2ψ̄

(J)
H

]

+ (I ↔ J) ,

S−I J = −(p(I)
v )4ei(p(I)

v −p(J)
v )v
[
(p(I)

v )2ψ̄
(I)
H ð2ψ

(J)
H + (p(J)

v )2ψ
(J)
H ð2ψ̄

(I)
H + 2p(I)

v p(J)
v ðψ̄

(I)
H ðψ

(J)
H

]
.

(6.90)

The source, hence, decomposes into two possible channels: an additive channel (+)
and a difference channel (−). Thus, if the linear fluctuations are excited with two
different frequencies, these drive a total of 6 different QQNM frequencies: 3 in the
additive channel (aa, bb, and ab = ba channels), and 3 in the difference channel (ab,
ba, and the “zero-frequency” channel with contributions from both aa and bb).

Notice that the source term hence involves quadratic combination of the linear
solutions, with up to second order spatial derivatives, due to the action of the ð
operator. Building upon the results of the scalar toy model, we postulate that each
of the source terms can be written uniquely as

S+I J =
n(I)

y +n(J)
y +2

∑
n′y=0

∞

∑
n′x=0

s
(n′x,n′y)
I J AIAJΦ

(p′u,p′v,n′x,n′y) , p′u = p(I)
u + p(J)

u , p′v = p(I)
v + p(J)

v ,

S−I J =
n(I)

y +n(J)
y +2

∑
n′y=0

∞

∑
n′x=0

t
(n′x,n′y)
I J AIĀJΦ

(p′u,p′v,n′x,n′y) , p′u = p(I)
u − p(J)

u , p′v = p(I)
v − p(J)

v .

(6.91)

Each of the source coefficients s
(n′x,n′y)
I J , t

(n′x,n′y)
I J can be written as a product of two

integrals in the x and y direction, respectively. However, the integrals will involve
more general polynomials than the product of two Hermite polynomials – indeed
notice that the maximum degree in the y direction is now n(I)

y + n(J)
y + 2, since there

are up to two derivatives. Additional care is needed to deal with the Gaussian
exponential factor which is present whenever p(a)

v and p(b)v have the same (different)

sign in t
(n′x,n′y)
ab (respectively s

(n′x,n′y)
ab ).
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The solution is then readily written in terms of the source coefficients as

Ψ̈0 = ∑
I,J=a,b

n(I)
y +n(J)

y +2

∑
n′y=0

∞

∑
n′x=0

(
++

R
(n′x,n′y)

I×J AIAJΦ
(p(I)

u +p(J)
u ,p(I)

v +p(J)
v ,n′x,n′y)

+
+−
R

(n′x,n′y)

I×J AIĀJΦ
(p(I)

u −p(J)
u ,p(I)

v −p(J)
v ,n′x,n′y)

)
,

++

R
(n′x,n′y)

I×J =

s
(n′x,n′y)
I J N−1

(p(I)
v +p(J)

V ,n′x,n′y)

|p(I)
v + p(J)

v |Ω(1 + 2n′x) + i(p(I)
v + p(J)

v )
[
2i(p(I)

u + p(J)
u ) + Ω(1 + 2n′y)

] ,

+−
R

(n′x,n′y)

I×J =

t
(n′x,n′y)
I J N−1

(p(I)
v −p(J)

V ,n′x,n′y)

|p(I)
v − p(J)

v |Ω(1 + 2n′x) + i(p(I)
v − p(J)

v )
[
2i(p(I)

u − p(J)
u ) + Ω(1 + 2n′y)

] .

(6.92)

As in the BH case, there are no contributions which oscillate with a frequency

∝ e−i(p(a)
u +p(b)u )u, i.e., modes that could be associated to a −− channel. Notice that the

fact that there is no −− channel follows from Eq. (6.39) and Ψ̇i ∼ Ψ̄H (Eq. (6.37)).
Additionally we highlight that the denominator never vanishes, i.e., the system is
never resonant up to second order in perturbation theory away from p′v = 0 (see
discussion above for the scalar case).

Here it is worth to emphasise two aspects about the physical significance of our
quadratic ratios. First, even though they transform non-trivially under a different
choice of mode normalisation (see eq.(6.84)), they still measure invariantly the
quadratic excitations of the curvature scalar Ψ0 at the LR, i.e., x = y = 0, as
compared to the first order fluctuations. Just as in the scalar case (see discussion
below eq.(6.84)), one can define

Ψ̈0|x=y=0= ∑
I,J=a,b

(++

R I×J
(
Ψ̇0,I |x=y=0

) (
Ψ̇0,J |x=y=0

)
+

+−
R I×J

(
Ψ̇0,I |x=y=0

) ( ¯̇Ψ0,J |x=y=0

)
,

(6.93)

where the light ring ratios are

++

R I×J = ∑
n′x,n′y

++

R
(2n′x,2n′y)

I×J ,
+−
R I×J = ∑

n′x,n′y

+−
R

(2n′x,2n′y)

I×J . (6.94)

These expressions are a priori particular to our choice of normalization (6.48), which
was specifically taken for the (even-even) modes to be unit at x = y = 0. However,
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taking as an example the oscillating second order component related to a single
parent mode, one has8

Ψ̈++
0,aa|x=y=0

(
Ψ̇0,a|x=y=0

)2 =
++

Ra×a = ∑
n′x,n′y

++

R
(2n′x,2n′y)

a×a . (6.95)

The left-hand-side is a physically meaningful quantity, independent of any mode-
normalisation choice, and is given merely by the sum of our quadratic ratios. In fact,
this is what motivates our choice of normalisation. Had we chosen a different one,
then the right-hand-side of (6.95) would be an artificially-weighted sum of ratios
instead.

The second aspect to emphasize is the behaviour of these ratios under gauge
transformations. Our GPT gauge, introduced in Section 6.3.1, is adapted to a null
frame that is parallelly-propagated along a twist-free, null geodesic congruence.
This choice of “inertial” null frame ensures that the associated curvature scalars
are physically meaningful. In addition, the quadratic curvature ratios are invariant
under the residual gauge symmetry within the GPT gauge. To see this, we recall that
at second order Ψ̈0 transforms, in general, according to (6.19). However, in order to
respect the GPT gauge, the gauge parameters must be fixed by the v-independent
(but otherwise arbitrary) functions ξ̇v, ĊI , ȧ, θ̇, via equations (6.23) and (6.26). If at
linear level one has two excited QNMs, so that Ψ̇0 is of the form

Ψ̇0 = AaΦ(p(a)
v ,n(a)

x ,n(a)
y )+AbΦ(p(b)v ,n(b)

x ,n(b)
y ) = Aaeip(a)

v vψa(u, x, y)+Abeip(b)v vψb(u, x, y) ,
(6.96)

then none of the residual gauge transformations acting on Ψ̈0 via (6.19) can have

a v-dependence of the forms ei(p(a)
v +p(b)v )v or e±i(p(a)

v −p(b)v )v, so they leave the ++
and +− channels invariant. The only exception is the fine-tuned configuration
2p(I)

v = p(J)
v , since in that case the QQNM frequency p(J)

v − p(I)
v in the +− channel is

precisely p(I)
v , one of the parent-mode frequencies, so that particular QQNM would

be affected by the residual gauge transformations.
The computation of the ratios proceeds in the same fashion as for the scalar toy

model. Our code, written in Mathematica, is available in [1].

6.5.3 Selection Rules

Before directly calculating the excitation of QQNMs we comment on certain selec-
tion rules that determine which modes are excited for any given mode combina-
tion. Let us consider the quadratic combination of two modes, (p(a)

v , n(a)
x , n(a)

y )×
(p(b)v , n(b)

x , n(b)
y ). We must distinguish two cases, depending on the relative sign

8 Note that only parent modes with even overtone indices contribute to (6.93), as these are non-
vanishing on the LR, and similarly (6.95) is only defined for such even mode, but similar ratios could
be defined for spatial derivatives at x = y = 0 that would be sensitive to odd overtones.
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between p(a)
v and p(b)v . As discussed in the previous section, the QQNMs (the source-

driven solution to the second order Teukolsky equation) can be decomposed in
eigenvalues of the wave operator (6.66), labelled by (p′u, p′v, n′x, n′y). The allowed
values for these labels are:

• sgn(p(a)
v ) = sgn(p(b)v ). In this case we have

++ : p′u = p(a)
u + p(b)u , p′v = p(a)

v + p(b)v , 0 ≤ n′• ≤ n(a)
• + n(b)

• , • = {x, y} ,

+− : p′u = p(a)
u − p(b)u , p′v = p(a)

v − p(b)v , 0 ≤ n′x < ∞ , 0 ≤ n′y ≤ n(a)
y + n(b)

y ,

−+ : p′u = p(b)u − p(a)
u , p′v = p(b)v − p(a)

v , 0 ≤ n′x < ∞ , 0 ≤ n′y ≤ n(a)
y + n(b)

y ,
(6.97)

where the −+ channel is obtained by swapping a ↔ b in the +− channel.
There is an additional selection rule related to the parity of the overtones,
which applies in all channels,

n′• mod 2 = n(a)
• + n(b)

• mod 2 , • = {x, y} , (6.98)

which simply follows from the well-defined parity of the linear modes.

• sgn(p(a)
v ) ̸= sgn(p(b)v ). In this case, the overtone selection rules for the ++ and

+− channels flip:

++ : p′u = p(a)
u + p(b)u , p′v = p(a)

v + p(b)v , 0 ≤ n′x < ∞ , 0 ≤ n′y ≤ n(a)
y + n(b)

y ,

+− : p′u = p(a)
u − p(b)u , p′v = p(a)

v − p(b)v , 0 ≤ n′• ≤ n(a)
• + n(b)

• ,
(6.99)

where we don’t write the −+ channel for brevity, and the parity selection
rule (6.98) still applies.

The selection rules for p′u, p′v trivially follow from the structure of linear modes (6.47).
The parity rule, once again, simply follows from the fact that these are quadratic
combinations of functions with well-defined parities. The only selection rules which
are not trivial are those affecting the overtone excitation.

Already in the scalar toy model 6.5.1 we emphasized that there are two distinct
cases which could lead to the excitation of either a finite or an infinite number
of n′x overtones, which we refer to respectively as “finite (excitation) channels” or
“infinite (excitation) channels”. This is related to whether the factor ∆ in eq. (6.79)
vanishes, or not. Whenever ∆ ̸= 0, which occurs whenever sgn(p(a)

v ) = sgn(p(b)v )

in the +− channel, or whenever sgn(p(a)
v ) ̸= sgn(p(b)v ) in the ++ channel, the

absolute value in the x-dependent Gaussian exponential acts as an obstruction, and
the decomposition of the source term in Hermite polynomials now requires and
infinite amount of terms. This explains why n′x can be arbitrarily large in the +−
and −+ cases in (6.97), and in the ++ case in (6.99).



6.5 quadratic quasinormal modes 111

Focusing now on the finite excitation channels,a naive counting of the polynomial
powers gives that an overtone of mode number up to n′ = n(a) + n(b) + 2 could
be excited, where the +2 is a consequence of the spatial derivatives in (6.40)–
(6.41). On the other hand, we find that the maximal overtone number is, instead,
n′ ≤ n(a) + n(b). A special case of this selection rule is that the coupling between
fundamental modes does not excite overtones. This was already observed and
explained on symmetry grounds in metric perturbation approach of Section 6.4.2.
Next, we extend this argument, in terms of the Einstein tensor, to the Weyl scalar
and subsequently generalize it.

The argument we used to show that the second order metric sourced by funda-
mental modes was itself composed only of fundamental tensor modes made use of
the following statements,

La− G̈ = Lb− G̈ = 0 , [Lξ ,∇µ] = 0 , ξ an isometry. (6.100)

Before continuing, we should emphasise that we considered the case where p(a)
v , p(b)v >

0 and complex metric perturbations or, equivalently, just the ++ channel. If the
signs of both pv are flipped, the role of a+ and a− is reversed, but the argument
still holds. On the other hand, if one of the contributing linear modes is lowered
by a− while the other is lowered by a+, such as when sgn(p(a)

v ) ̸= sgn(p(b)v ) in
the ++ channel, the argument is bound to fail, as expected given that this would
correspond to an infinite excitation channel. For brevity, we will not continuously
emphasize these different mode combinations. Rather we again just present the
argument for the ++ channel with p(a)

v , p(b)v > 0, leaving implicit the analysis with
a+ ↔ a− for the other finite excitation channels.

First, we want to show that the a−, b− operators anhilate the quadratic Ψ̈0
9.

The Weyl tensor C̈abcd is so anhilated by the same argument that we applied to
the Einstein tensor. Therefore the only remaining question is to establish how do
La− and Lb− act on the background and perturbed frames. We find, by a direct
computation

La±ℓ =Lb±ℓ = 0 , La±m = ±−i
2

e±iΩuℓ , La±m̄ = ±−i
2

e±iΩuℓ ,

Lb±m =± i
2

e±Λuℓ , , Lb±m̄ = ±−i
2

e±Λuℓ . (6.101)

Therefore La− and Lb− clearly annihilate C̈abcdℓ
ambℓcmd by the symmetries of the

Weyl tensor. On the other hand, noting ℓ̇ = 0 in the GPT gauge we adopted and,
using eq. (6.34)

Ċabcdℓ
aṁbℓcmd = −1

2
Ċabcdℓ

am̄bℓcmdþ2Ψ̄H . (6.102)

9 Here we assume that we can always isolate the ++ contribution in second-order quantities with
well-defined pu, pv, such as Ψ̈0.
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This too is annihilated by La− or Lb− since both þ2Ψ̄H and Ċabcdℓ
am̄bℓcmd are (again

when restricted to the p(a)
v + p(b)v modes and using (6.101) as well as symmetries of

the Weyl tensor). Finally,

Cabcdℓ̈
ambℓcmd = Cabcdℓ

am̈bℓcmd = Cabcdℓ
aṁbℓcṁd = 0 , (6.103)

because, for the background, only Ψ4 ̸= 0. We conclude that two parent modes
with n(a)

y = n(b)
y = 0 can only couple to a mode of n′y = 0 and, similarly, two parent

modes with n(a)
x = n(b)

x = 0 in a finite excitation channel can only couple to a mode
of n′x = 0.

Running through the same logic for n(a)
y , n(b)

y ̸= 0 and acting with more than

n(a)
y + n(b)

y derivatives, we similarly conclude that n′y ≤ n(a)
y + n(b)

y and analogously

for n(a)
x , n(b)

x ̸= 0 in a finite excitation channel. This represents a rather remarkable
cancellation. In fact, minor changes of the source terms (6.40)-(6.41) would break
this selection rule. In fact, it is a prime example of a feature that is more readily
understood from the metric perturbation approach of Section 6.4.2, even though the
master equation (6.39) is typically more convenient for calculations. Confirming that
this selection rule is satisfied serves as a consistency check both in the derivation of
the source term for the second order master equation, as well as for our calculation
of the excitation of QQNMs.

Let us now connect these selection rules with the selection rules for QQNMs
for Kerr BHs. Recall that QNMs are labelled by three indices (ℓ, m, n), which are
related to the plane wave representations via pv = mΩ, nx = ℓ− |m|, and ny = n,
where the QNM frequencies are ωℓmn = pu, with pu satisfying (6.63). Moreover
the plane wave approximation requires |ℓ− |m|| ≪ ℓ. For QQNMs we have [277,
401] that (ℓ(a), m(a), n(a)) × (ℓ(b), m(b), n(b)) → (ℓ′, m′), with m′ = m(a) ± m(b) (in
the ++ and +− channels), and ℓ′ ≥ |m′| is arbitrary. The QQNM has frequency
ω′ = ω(a)±ω(b). Notice that QQNMs in Kerr cannot be easily decomposed in radial
overtones, unlike the decomposition we achieve here. Our results hence suggest that
such a decomposition may be possible, likely following the construction of a radial
scalar product following [316, 317], or the bilinear form of [224]. Leaving aside the
issue of the overtone decomposition, our selection rules for p′u, p′v are identical to
the selection rules for ω′, m′, as expected.

Interpreting the selection rules for the overtones is more subtle. First, as noted,
no decomposition of the BH QQNMs is usually made in the radial overtones, cor-
responding to ny in the Penrose limit. Therefore, these selection rules are likely
an emergent phenomenon in the high-frequency limit, although it would be inter-
esting to investigate this further. Similarly, at least for a Kerr BH, with potentially
unbounded ℓ′, the selection rules for nx are likely emergent. On the other hand,
for a Schwarzschild BH, the situation of the nx modes is more transparent. In
that case, ℓ′ is additionally constrained to satisfy |m′|, |l(a) − l(b)| ≤ ℓ′ ≤ l(a) + l(b).
Therefore, it follows that at most l(a) + l(b) −max

(
|m(a) ±m(b)|, |l(a) − l(b)|

)
+ 1

modes are excited. In the ++ channel, by the relation nx = ℓ− |m|, this becomes
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exactly the n(a)
x + n(b)

x + 1 modes that are excited in the finite excitation chan-
nels. On the other hand, for the +- channel, this becomes instead n(a)

x + n(b)
x +

1 +
(
|m(a)|+ |m(b)| −max

(
|m(a) −m(b)|, |l(a) − l(b)|

))
number of modes that are

excited with |m(a)−m(b)| ≤ max (m(a), m(b)) and |l(a)− l(b)| ≤ max (l(a), l(b)). There-
fore, because by assumption l(a) ∼ |m(a)| ≫ 1 and l(b) ∼ |m(b)| ≫ 1, it follows
that the number of modes excited is large, or in fact infinite in the geometrical
optics approximation. This is indeed what is found for the corresponding infinite
excitation channels.

6.5.4 QQNM Excitation

The simplicity of the homogeneous plane wave background allows us to provide
analytical formulas for the ratios describing the QQNM excitation in quite general
cases. We first examine the coupling of fundamental modes with different values of
p(a)

v ̸= p(b)v , and then discuss the self-coupling of overtones.

6.5.4.1 Fundamental modes

We begin by examining the coupling between fundamental modes, i.e., couplings of
the form (p(a)

v , 0, 0)× (p(b)v , 0, 0), where p(a)
v ̸= p(b)v , generically. We must distinguish

two cases, depending on whether the signs of the eigenvalues in v coincide or differ.
Our results can be summarized in the following concise formulas. For the ++ sector,
we have

++

R
(0,0)

(p(a)
v ,0,0)×(p(b)v ,0,0) =

i(p(a)
v + p(b)v )4

(p(a)
v )3(p(b)v )3

(
with p(a)

v ≥ p(b)v > 0
)

,

++

R
(2n,0)

(p(a)
v ,0,0)×(p(b)v ,0,0) =−

(−1/2
n

)(
i + 2(1 + i)n
1 + 2(1 + i)n

)
(p(a)

v )1−n(p(b)v )n−3

(
1 +

p(b)v

p(a)
v

)9/2

,

(
with p(a)

v ≥ |p(b)v | > 0 > p(b)v

)
,

(6.104)

where n is any non-negative integer. For the +− sector instead we find

+−
R

(2n,0)

(p(a)
v ,0,0)×(p(b)v ,0,0) =21−2n

(
2n
n

)(
i + 2(1 + i)n
1 + 2(1 + i)n

)
(p(a)

v )1−n(p(b)v )n−3

(
1− p(b)v

p(a)
v

)1/2

,

(
with p(a)

v ≥ p(b)v > 0
)

,

+−
R

(0,0)

(p(a)
v ,0,0)×(p(b)v ,0,0) =−

2ip(a)
v

(p(b)v )3
,

(
with p(a)

v > |p(b)v | > 0 > p(b)v

)
.

(6.105)

The scaling for the ratios leading to the fundamental mode is shown in figure 19.
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Figure 19 Absolute value of the ratios
++

R,
+−
R for the coupling between (p(a)

v , 0, 0) ×
(p(b)v , 0, 0) → (0, 0), exciting the fundamental mode, in logarithmic scale. We exclude the
cases where p(a)

v + p(b)v = 0 (for ++) and p(a)
v − p(b)v = 0 (for +−), since those correspond

to zero frequency modes, as well as the zero-frequency parent modes.

We find that generically these ratios decay as p(a)
v ∼ |p(b)v | → ∞, but they can grow

to be large whenever one of the two eigenvalues becomes large, while the other one
remains finite. We examine the asymptotic behavior later.

Notice that as required by the selection rules, the overtone number is conserved
in the y-direction. Therefore, the combination of fundamental modes only leads to
the excitation of overtones in the x-direction within the infinite-excitation channels.
As n≫ 1, the amplitude of the n–th overtone decays as

∣∣∣∣∣
++

R
(2n,0)

(p(a)
v ,0,0)×(−|p(b)v |,0,0)

∣∣∣∣∣ ∼
∣∣∣∣∣
+−
R

(2n,0)

(p(a)
v ,0,0)×(|p(b)v |,0,0)

∣∣∣∣∣ ∼ n−1/2

(∣∣∣p(b)v

∣∣∣

p(a)
v

)n

. (6.106)

In the high-frequency regime, i.e., taking p(a)
v , |p(b)v | ∼ pv → ∞, but keeping p(a)

v −
|p(b)v | = δ fixed and finite, the ratios scale as

++

R
(0,0)

(pv,0,0)×(pv−δ,0,0) =
16i
p2

v

(
1 +

δ

pv

)
+O(p−4

v ) ,

+−
R

(0,0)

(pv,0,0)×(δ−pv,0,0) =−
2i
p2

v

(
1 +

3δ

pv

)
+O(p−4

v ) ,

++

R
(2n,0)

(pv,0,0)×(δ−pv,0,0) =(−1)n
(−1/2

n

)(
i + 2(1 + i)n
1 + 2(1 + i)n

)√
δ9

p13
v

+O(p−15/2
v ) ,

+−
R

(2n,0)

(pv,0,0)×(pv−δ,0,0) =21−2n
(

2n
n

)(
i + 2(1 + i)n
1 + 2(1 + i)n

)√
δ

p5
v
+O(p−7/2

v ) ,

(6.107)
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where pv ≫ δ > 0. Thus, in the high-frequency limit all of these ratios vanish, albeit
not at the same rate. Moreover, whenever we take δ≪ pv, the contributions to one
of the channels – the one responsible for the infinite excitation channels – become
highly suppressed. In the limit δ→ 0, corresponding to p(a)

v ± p(b)v = 0, the ratio in
this channel vanishes identically. As discussed previously, additional care is needed
to treat these modes, since they do not depend on v. In a way, they play a similar
role as the metric-completion piece when reconstructing the second-order metric
perturbation in Kerr and we leave their study to future work.

Finally we note that if p(a)
v → ∞ keeping p(b)v fixed, the ratios grow linearly

with p(a)
v . This is reminiscent of the result for a similar mode combination found

for Schwarzschild BHs in the high-frequency regime in [88]. This reinforces the
expectation that the exploration of QQNMs in plane waves may shed light towards
the structure and excitation of QQNMs in BHs, although further work is necessary
to connect these two in a precise manner.

6.5.4.2 Self-excitation

Next we discuss the self-excitation of overtones, i.e., couplings with p(a)
v = p(b)v = pv,

n(a)
x = n(b)

x = nx, and n(a)
y = n(b)

y = ny. We focus on the ++ sector and assume
for simplicity that pv > 0. This means that we restrict to study the coupling of
overtones within finite excitation channels. We emphasize that the code that we
make available [1] can compute arbitrary couplings. We find

++

R
(2nx,0)

(pv,nx,0)2 =
(−1)nx iαnx

p2
v

,
++

R
(nx,0)

(pv,nx,0)2 = (1+(−1)nx)
βnx

2p2
v

,
++

R
(0,0)

(pv,nx,0)2 =
γnx

p2
v

,

(6.108)

where αn, βn, γn are coefficients whose behavior is illustrated in figure 20. We notice
that |γnx | = αnx , while |βnx | < αnx for all nx > 0. This hints that the excitation
of different overtones occurs in a symmetric way – the minimum and maximum
overtone number possible are excited with the same amplitude up to a phase.
Figure 20 also shows that αnx , |βnx | → const. seemingly as nx → ∞ for odd and even
nx separately. Notice also that these ratios scale as p−2

v , which is the same scaling
found for the fundamental modes. This scaling depends on the fact that we are
normalizing the Weyl scalar Ψ̇0 of the modes at the LR, and different normalizations
would lead to somewhat different scalings, as discussed in Eq. (6.84), although see
again also the ratio (6.95) for the invariant physical implication of this result.

For the excitation of overtones in the y direction, we note the following crossing
symmetry between x ↔ y:

++

R
(n′x,n′y)

(pv,nx,ny)2 = −
(

++

R
(n′y,n′x)

(pv,ny,nx)2

)∗
. (6.109)

In fact, this holds even if the two parent modes have different pv, as long as they
are in the finite excitation channel. Clearly, the x and y directions behave differently
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Figure 20 Left. Scaling of the self-coupling ratios |
++

R
(n′x ,0)

(pv,nx ,0)2 | as a function of the parent
overtone nx, for different values of n′x. Red squares, blue stars, and red points correspond
to αnx , βnx , γnx in Eq. (6.108) respectively. Remark |γnx | = αnx . Right. Scaling of the same
self-coupling ratios as a function of the child overtone index n′x, for different values of
the parent overtone number nx. The same behavior is found when swapping the x and y
directions, see also (6.109).

in the infinite excitation channel. Regardless (6.109) implies that for the couplings
in (6.108), we can restrict our discussion to self-excitation of overtones in the x-
direction. These are analyzed in more detail in figure 20. The panels in this figure
show the absolute values of the coefficients αn, βn, γn from (6.108) as a function of
nx (left) and the excitation of different overtones, as given by their value of n′x, due
to the self-coupling (pv, nx, 0)× (pv, nx, 0) → (n′x, 0) (right). We observe that the
spectrum of overtone excitations is symmetric with respect to the parent overtone.
It leads to a somewhat flat spectrum, slightly favoring the excitation of the most
extreme overtone numbers n′x = 0 and n′x = 2nx. The odd and even parity overtones
group themselves, yielding somewhat quantitatively different values. Again, this
difference is sensitive to our choice of normalization of the modes. We have opted
for a “local” choice of normalization which is physically based on the values the
Weyl scalar (even) or its derivatives (odd) takes at the reference geodesic (x = y = 0).

6.6 conclusions

Probing the non-linear regime of gravity is a challenging task. In this chapter we have
taken one further step in this direction by studying the back-reaction of perturbations
on plane wave spacetimes. Plane wave geometries are not only interesting in their
own right, they also appear ubiquitously as approximate geometries near null
geodesics. Specifically, near equatorial light-rings of Kerr black holes, a special class
of Lorentzian symmetric (Cahen-Wallach) plane waves emerge, which capture an
asymptotic branch of quasinormal modes. The non-linearities around such plane
waves can thus be interpreted in terms of quadratic quasinormal modes.

We have studied second-order perturbations on general plane wave spacetimes,
using a purely GHP-covariant formalism. We reduce the problem of studying second-
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order perturbations to solving a sourced master wave equation, where the source is
written in terms of a Hertz potential generating the first-order metric perturbations.
Along the way, we also derive Teukolsky-Starobinsky identities for generic plane-
wave spacetimes. Additionally, we present a complementary framework built upon
metric perturbations for the case of plane waves with additional Killing vectors.
While we expect this approach to work for the entire class of homogeneous plane
waves, we work it out explicitly for the previously mentioned Lorentzian symmetric
plane waves. Here, the algebraic structure of the plane waves reduces to that
of simple and inverse harmonic oscillators, and the Killing vectors can be used
to generate tensor harmonics, which in turn reduce Einstein’s equations to mere
algebraic equations. Such an approach based on metric perturbations, evades entirely
the difficulty of reconstructing the metric from curvature perturbations.

Finally, we use our perturbation frameworks to define and compute the excitation
of quadratic quasinormal modes, and measure their excitation in the second-order
fluctuations of the Weyl scalar Ψ0. Our work here extends previous work [269,
377], by computing the excitation of QQNMs for arbitrary combinations of linear
modes. The second-order fluctuations of the curvature scalar Ψ0 can always be
written as a (possibly infinite) sum of eigenfunctions of the wave operator – this
allows us to uncover emergent selection rules in the overtone numbers of the
quadratic quasinormal modes. We provide analytical formulas for some relevant
mode couplings as well as providing a code in [1], which can compute them more
generally.

The excitation of QQNMs presented here is motivated by and related to the
high-frequency limit of QQNMs of rotating BHs. The linear modes of symmetric
plane waves correspond to the high frequency limit of Kerr QNMs through a par-
ticular identification of quantum numbers. Therefore, we can put in (approximate)
correspondence the QQNMs excited in the plane wave spacetime to certain QQNMs
in a Kerr black hole – indeed, their frequencies would match. Our results capture
the second order curvature fluctuations evaluated exactly at the equatorial LR of the
Kerr black hole. Moreover, as discussed in previous sections, our results depend on
a gauge (and frame) which builds upon the geometric properties of homogeneous
plane waves. Therefore, the main steps that should be taken to perform a precise
match with the black hole quadratic quasinormal modes are: (i) matching the gauge
and frame used in describing perturbations of Kerr to the GPT gauge presented
here, and (ii) translating the ratio extracted at the lightring to the ratio extracted at
future null infinity. We leave this for future work.

Another aspect of the second order perturbations which we leave to future
work are zero-frequency modes, which appear in certain quadratic combinations.
These zero-frequency modes likely cannot be interpreted as QQNMs of a black hole.
Nevertheless, it would be interesting to better understand these contributions simply
from the point of view of plane wave perturbation theory in its own right as well
as in relation to the effective gravitational stress-energy tensor for the background
that should be solved self-consistently with geometrical optics perturbations, as
discussed already in [253, 254].
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In addition to the immediate extensions of the present work suggested above,
there is significant potential to bring more of the existing literature on plane wave
spacetimes, sometimes already containing higher order perturbative results, to
bear on or reinterpret them in light of the non-linear ringdown. To be sure, such
extensions would only represent a highly particular limit of the ringdown problem
and, in many instances, it will only be a toy model. Yet, it may not be entirely unfair
to say that the Cahen-Wallach plane wave stands to the ringdown as the de Sitter
space does to the cosmic microwave background. Thus, we believe that it would be
a worthwhile pursuit.



7
R I N G D O W N O F A D Y N A M I C A L S PA C E T I M E

Written while listening to music composed by Sergei Rachmaninoff.

7.1 introduction

The excitation of higher harmonics during the ringdown is an exciting prospect.
However, this is not the only nonlinear effect present in the relaxation of BHs to
equilibrium. Borrowing from nonlinear optics, one may also expect effects such
as spectral broadening, manifesting e. g., as time-varying QNM frequencies. This
effect is evident if one takes into account that the BH horizon changes its area by
several percent in the early ringdown stages [348]. If the BH mass and spin are
dynamical, so are its QNMs, and a model based on a superposition of linear QNMs
with fixed frequencies and amplitudes is not the best model. This is one of the
(multiple) reasons why ringdown models based on a superposition of QNMs, such
as the model used in Chapter 3 or Chapter 5, are only accurate several cycles after
the peak of the GW emission [5, 117, 119, 148, 149]. In this chapter we attempt to
understand how does a BH with a varying mass relax to equilibrium, and how to
model its ringdown emission.

Given the violent merger process, leading to considerable luminosities in GWs,
accounting for the changing mass and spin in the early stages of the ringdown
is necessary in order to have waveform models that accurately describe the early
postmerger stage. It turns out that a dynamically changing BH mass and spin
can excite a plethora of modes [419] (see also [42, 450]). The analysis of these
effects has been performed focusing on scalar fields in anti-de Sitter space, thus
providing only a qualitative picture and guide for how would the mechanism work
in asymptotically flat space, where the structure of infinity and the dynamics are
drastically different. It is therefore important to include asymptotically flat BHs
in the framework. We will significantly improve and extend previous studies, by
considering a setup where backreaction due to absorption can be modelled exactly,
at the cost of restricting to configurations that are close to spherical symmetry.

More precisely, we consider linear fluctuations of gravitational and pure radiation
fields around Vaidya’s spacetime, the latter being an exact solution to Einstein’s
equation describing accretion of radiation by a BH. This setup allows us to discuss
in detail the effects of the mass change in the ringdown waveform. In particular, we
provide a model that, by coupling the amplitudes, frequencies and phases to the

119
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evolving mass of the BH, is able to accurately capture the whole waveform, even
in regimes where the timescale of the mass change is comparable to the oscillation
frequency of the QNMs. An open question which we are also able to answer – in
the negative – concerns possible echoes of GWs [100, 106], caused by reflections
off the infalling matter. We find no evidence for such a phenomena within our
setup. Previous studies of perturbations on Vaidya spacetime [9, 140] were restricted
to scalar perturbations, which do not couple to neither the gravitational nor the
pure radiation fluctuations. These studies already showed the coupling between
the ringdown frequencies and the instantaneous mass of the BH. We extend them
in several directions, by considering gravitational perturbations and uncovering
the coupling to matter fluctuations, as well as by providing heuristic and accurate
models of the ringdown signal on a Vaidya spacetime.

The chapter is organized as follows: first, in section 7.2 we provide a simple
heuristic argument that nevertheless captures some of the main features of ringdown
in an accreting spacetime. In section 7.3 we discuss the exact framework that we
will be working with (gravitational perturbations in Vaidya spacetime), obtaining
the master equation describing axial perturbations and discussing our numerical
methods. We study our solutions in section 7.4, including extracting the mode
content from the signal and finally proposing a novel waveform model based on
time–varying amplitudes and frequencies, which captures better the waveform in
the presence of accretion. We summarize our findings in Section 7.5.

7.2 heuristics

As a first exercise, we consider a simplified problem that may, however, illustrate
some of the main features of BH relaxation in the presence of accretion. In particular,
we will deal with the case of a very quick accretion process. The regime of very
slow or adiabatic accretion presents additional difficulties due to the presence of
possible secular effects, and we leave its study for future work.

Take a BH with initial mass m1 relaxing in a ringdown process. The metric
perturbation h can be recovered, up to gauge redundancies [141, 454], from the Weyl
scalar Ψ̇[1]

4 ≡ Ψ̇, where we remind that dotted quantities refer to linear perturbations.
In addition, the superscript [1] indicates that the perturbation is to be taken with
respect to the BH spacetime with mass m1. For simplicity we take the curvature
perturbation to be a pure quadrupole QNM, with angular number ℓ = 2.

Now consider that at some time, t1, the BH undergoes an “instantaneous” mass
increase m1 → m2 with m2 > m1. Then, the evolution of the Weyl scalar at t > t1,
denoted by Ψ̇[2], is governed by the wave operators of the BH with mass m2,
O[2]Ψ̇[2] = 0, subject to the initial conditions at t1 given by a QNM of the BH with
mass m1, that is, Ψ̇[1](t = t1). At intermediate times t > t1 the solution can be
approximated by a superposition of QNMs ψ

[2]
n of the larger BH

Ψ̇[2](t, r) =
∞

∑
n=0

c[2]n e−iω[2]
n (t−t1)ψ

[2]
n (r) (7.1)
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where c[2]n are excitation factors to be determined from the initial conditions at
t = t1, ω

[2]
n are the QNM frequencies of the BH with mass m2 and ψ

[2]
n are the

radial wavefunctions of the QNMs with frequency ω
[2]
n . In [224] (see also [419]) it

was shown that such QNM excitation coefficients can be computed from the initial
conditions by projecting them onto QNMs using a bilinear form, denoted ⟨⟨· , · ⟩⟩,
with respect to which QNMs with different frequencies are orthogonal. This bilinear
arises from the conserved current induced by the definition of the adjoint operator,
together with the discrete Z2 symmetry of Kerr mapping (t, ϕ) 7→ (−t,−ϕ) in
Boyer-Lindquist coordinates 4. Indeed, the Teukolsky operator defines a current πa
via

O†
4(Υ)Υ̃− ΥO4(Υ̃) = ∇aπa[Υ̃, Υ] , (7.2)

for some Υ, Υ̃. This current is trivially conserved if O†
4Υ = O4Υ̃ = 0. A symmetry

operator C mapping solutions of the adjoint to solutions of the original operator
defines now a bilinear form

⟨⟨Υ1 , Υ2 ⟩⟩ ≡
∫

Σ
⋆π[CΥ1, Υ2] . (7.3)

Taking C to be precisely the time-azimuthal angle simultaneous reversal frequency
(corresponding to simultaneously reversing time and the direction of the BH spin)
leads to the bilinear form defined in [224]. For nonrotating BHs, in Schwarzschild
coordinates and relative to a Kinnersley tetrad, this is

⟨⟨Υ1 , Υ2 ⟩⟩ =m4/3
2

∫

Σ
dr dθdϕ

sin θ

r4 f 2

{
Υ1

∣∣∣ t→−t
ϕ→−ϕ

(
r2

2 f
∂t − 2

(
r− m2

2 f

))
Υ2

+Υ2

[(
r2

2 f
∂t − 2

(
r− m2

2 f

))
Υ1

]

t→−t
ϕ→−ϕ



 ,

(7.4)

where 2 f = 1− 2m2/r. This bilinear is not well-defined for solutions that do not
have compact support on the spacelike constant-time slice Σ. However, its definition
can be extended by appropriately deforming the integration contour in the radial
coordinate, analytically continuing this into the complex plane. By doing this, the
QNM excitation coefficients are simply recovered as

Υ = ∑
ℓmn

cℓmnΥℓmn , ⇐⇒ cℓmn =
⟨⟨Υ , Υℓmn ⟩⟩
⟨⟨Υℓmn , Υℓmn ⟩⟩

, (7.5)

with Υℓmn being QNMs labelled by the usual angular and overtone numbers 3.
Making use of this bilinear form, if Ψ̇[1](t = t1) are initial conditions, then we can

write

c[2]n =
⟨⟨Ψ̇[1](t = t1) , ψ

[2]
n ⟩⟩

⟨⟨ψ[2]
n , ψ

[2]
n ⟩⟩

. (7.6)
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Figure 21 Decoherence factor Q = |C00 − 1| as a function of the relative change of mass
δm/m2, in absolute value (blue), and argument (red), written as Q = |Q|e−iArg(Q).

Now if for simplicity we take the initial perturbation to consist only of the funda-
mental mode (n = 0), the solution at all times can be written as

Ψ̇(t) = A0





e−iω[1]
0 tψ

[1]
0 , t < t1 ,

∑∞
n=0 e−i(ω[1]

0 −ω
[2]
n )t1C0ne−iω[2]

n tψ
[2]
n , t > t1 .

(7.7)

Above we have defined the mixing coefficients Ckn,

Ckn =
⟨⟨ψ[1]

k , ψ
[2]
n ⟩⟩

⟨⟨ψ[2]
n , ψ

[2]
n ⟩⟩

. (7.8)

Thus, at late times we can observe two distinct effects: (i) the off-diagonal terms
C0n excite overtones of the final BH from the initial fundamental mode. This can be
seen as an absorption induced mode excitation (AIME) effect [419]. (ii) The diagonal
term, C00, can be generically different than 1. This results in a renormalization of
the amplitude of the fundamental mode, a similar effect to that of second order
perturbation theory [300]. We refer to this process as a decoherence effect, since in
practice the absorption is causing the initially coherent signal of a single mode to
become a superposition of several modes, with different amplitudes.

We can then quantify which fraction of the initial QNMs amplitude projects into
the fundamental mode of the BH after accretion, and which fraction is transmitted
into certain number of overtones through AIME. We define the decoherence factor
Q as

Q ≡ C00 − 1 =
⟨⟨ψ[1]

0 , ψ
[2]
0 ⟩⟩

⟨⟨ψ[2]
0 , ψ

[2]
0 ⟩⟩

− 1 . (7.9)

This factor estimates how different is the amplitude that we would measure of the
fundamental mode before and after accretion. Figure 21 shows that the decoherence
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grows approximately linearly with the change of mass δm = m2 − m1 (although
higher order terms become important as δm becomes larger), consistently with [419].
Moreover, the decoherence degree can be as large as ∼ 10% for an accretion
process where the mass changes only by a few percent. Although we will discuss
in Section 7.5 in more detail the phenomenological implications of our work, this
already suggests that absorption can have a large effect in the amplitude evolution
of QNMs.

The mass transition considered in this section is “instantaneous”, and thus should
only be regarded as an illustrative example. In what follows we consider instead a
physically well-defined set up, where the effects of accretion on GWs are incorpo-
rated nonperturbatively.

7.3 framework

The aim of this chapter is to explore the effects of accretion on the free oscillations of
a BH. To do so we will consider fluctuations of exact solutions of GR that describe
BHs accreting high frequency radiation, e.g. GWs. This set up allows us to account
for the non-linear interactions between gravity and in-falling matter, while retaining
the relative simplicity of perturbation theory.

7.3.1 Pure Radiation Fields and Vaidya spacetimes

A pure radiation field, or null dust [437], is a spacetime satisfying

Gab = ΦKaKb , KaKa = 0 , (7.10)

where Ka and Φ are a null vector and a function. Conservation of the energy-
momentum tensor (an immediate consequence of (7.10)) implies that Ka is geodesic,
and without loss of generality, by simultaneous rescalings of Φ and Ka, it can be
chosen to be affinely parametrised

Ka∇aKb = 0 . (7.11)

Physically, this is a spacetime describing the high-frequency (eikonal) approxima-
tion to unpolarized radiation, with energy density Φ, propagating along the null
direction Ka. This class of spacetimes was introduced by Vaidya [452], and have
proved useful in a wide range of physical scenarios ever since.

In double null coordinates (u, v, θ, ϕ), the spherically symmetric line element
reads [216] 1

ds2 = −2 f (u, v)dudv + r2(u, v)dΩ2 , (7.12)

which are well-defined coordinates as long as f (u, v) ̸= 0. Above, r is the area
radius function, and dΩ2 denotes the metric on the unit round 2–sphere. Without

1 The factor 2 is perhaps unconventional, but we choose to include it to follow the convention of [9,
216]. For the Schwarzschild geometry with mass m, 2 f = (1− 2m/r).
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loss of generality, Ka can be taken to point along one of the null directions, say
K ∼ ∂u. Then, up to rescalings of Ka that depend on v only, Eq. (7.11) fixes

K =
1

f (u, v)
∂u . (7.13)

The remaining equations do not fix the solution completely, and allow the free choice
of a “mass-profile function” m(v) (in terms of the Riemann tensor, m = 1

2r3Rθϕ
θϕ

)[458].
Restricting to mass profiles with ∂vm(v) ̸= 0, Einstein’s equations can be reduced
to a transport equation for r(u, v) along ∂v (the direction transverse to the null dust
Kµ),

∂vr = −ε

(
1− 2m(v)

r

)
, ε ≡ − ∂vm(v)

2|∂vm(v)| , (7.14)

which has a unique solution once an initial condition r(u, v0) is prescribed. Then,
the functions f and Φ are2

f = 2ε∂ur , Φ = −4ε
∂vm
r2 = 2

|∂vm|
r2 . (7.15)

Notice that the second of these equations implies that the weak-energy condition
holds automatically. We shall restrict to solutions with f > 0 in the regime of
validity of the double null coordinates, and fix the time orientation by declaring Ka

in (7.13) to be future-oriented (so that ∂u and ∂v are future-oriented, too). Along the
trajectories of Ka the area-radius function r(u, v) varies according to

Ka∇ar = 2ε . (7.16)

Therefore, increasing (ε < 0) or decreasing (ε > 0) profiles of m(v) correspond to
in-going or out-going pure-radiation fields, respectively. We will consider smooth
mass profiles that interpolate between constant initial and final values

m (v→ ±∞) = m2
1

, (7.17)

and will choose the asymptotic condition for the flow equation (7.14) of r(u, v) as
follows. At a slice v = vmax, where vmax ≫ 1 is taken large enough to achieve the
condition

∣∣∣∣∣
m2 −m(vmax)

m2

∣∣∣∣∣≪ 1 , (7.18)

we demand that r(u, vmax) satisfies

r(u, vmax) =
m2 −m1

|m2 −m1|
vmax − u

2
(7.19)

− 2m(vmax) ln
∣∣∣∣
r(u, vmax)

2m(vmax)
− 1
∣∣∣∣ . (7.20)

2 We have implicitly made some non-generic choices in reducing the equations of motion to (7.14) and
(7.15) [458], but the class of solutions considered here are general enough for our purposes.
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Figure 22 Lines of constant u for the mass profile (7.21), with m2 = 1.5m1, v1 = 5, and
τ = 0.5. The red line shows the evolution of the mass profile 2m(v). Lines below this mass
profile have always r′ < 0 and fall inevitably towards the singularity.

This choice allows us to interpret (u, v), at large v, as the usual retarded and
advanced times corresponding to the asymptotic state of the Vaidya background.
The future event horizon and future null infinity are located at u → ∞, v → ∞,
respectively.

Before considering a specific example, we notice that given an in-going pure-
radiation solution associated to r(u, v) with increasing mass profile m(v) (i.e. where
f , Φ, K... are constructed from r(u, v) and m(v) using the equations above), there
is an out-going pure-radiation solution associated to r̃(u, v) ≡ r(−u,−v) with
decreasing mass profile m̃(v) ≡ m(−v). As a case study, consider a mass function
of the form

m(v) = m1 +
m2 −m1

2

(
1 + tanh

[v− v1

τ

])
, (7.21)

where the mass increases from m1 → m2 in a time-scale controlled by the parameter
τ. This allows us to easily model different kinds of situations: ranging from the
almost adiabatic increase of mass to very sudden changes. Integrating equation
(7.14) numerically subject to condition (7.19), one finds a solution that describes a
spherically symmetric BH increasing its mass from m1 to m2, as illustrated in the
causal diagram in Fig. 22.

7.3.2 Linear Fluctuations

Fluctuations of pure radiation fields consist of a gravitational perturbation ḣab and
the matter fields perturbations Φ̇ and K̇a, governed by equations (7.10) linearised on
the background introduced above. While our background is spherically-symmetric,
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the fact that it is not vacuum entails a coupling between ḣab, Φ̇ and K̇a that makes
the analysis considerably more involved. Here we build on the formalism already
introduced in Chapter 3 to derive the equations of motion in a gauge-invariant
manner. Being concerned mostly with free oscillations of BHs, in this work it
will suffice to restrict to the axial sector of the fluctuation. Since the spacetime is
non-vacuum, our starting point must be the linearised Einstein equations (3.18).
Introducing the Regge-Wheeler (RW) master variable Ψ as in (3.19), the linearised
Einstein equations lead to a (sourced) master equation for Ψ 3

r2∇A

(
r−2∇A(rΨ)

)
− ℓ(ℓ+ 1)− 2

r
Ψ = r2εABKB∇A (Φv) ,

KA∇A

(
r2Φv

)
= 0 ,

(7.22)

where v is the odd-parity perturbation to the null vector K̇a,

K̇a = vXIdzI , (7.23)

and the second equation in (7.22) is the linearised conservation of the stress energy
tensor.

In double-null coordinates, evaluating the above equations on the background
implies that we can substitute the derivatives of r(u, v) by

∂vr = −ε

(
1− 2m(v)

r

)
, ∂ur =

f (u, v)
2ε

, ∂2
uvr = −m(v) f (u, v)

r2 . (7.24)

Remarkably, the second of Eqs. (7.22) can be solved exactly for v, giving

v =
F(v)
r2Φ

, (7.25)

where F(v) is a free function of v, which corresponds to an initial condition for v. In
parallel, the first equation in (7.22) gives

[
∂2

uv −
f
r

(
3m(v)

r2 − ℓ(ℓ+ 1)
2r

)]
Ψ =

2 f
r2 εF(v) , (7.26)

which is the master wave equation we are seeking for. In a static background of
mass m one recovers the classic RW equation (in particular, the only consistent
choice in that case is F(v) = 0, as follows from (7.25) and the fact that for constant
m one has Φ = 0).

Equations (7.25)–(7.26) are one of our main results. Matter perturbations are com-
pletely determined once F(v) is prescribed and do not depend on the gravitational
sector Ψ. Axial GWs, on the other hand, are sourced by matter fluctuations in a very
simple way. We can contrast this behaviour to axial perturbations of perfect fluids in

3 Here, upper case latin indices run from 0 to 1, and all the geometric pieces (such as the volume form
εAB and covariant derivative ∇A) are associated to the metric gAB induced on surfaces of constant
spherical angles.
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Figure 23 Upper half of the Penrose diagram describing Vaidya spacetime. The horizon
grows due to absorption of null matter falling (red shaded region). Here, {u0, v0} represent
the region where we impose the initial conditions (blue curve), and {umax, vmax} control
how close does our grid get to the horizon and null infinity, respectively.

stationary backgrounds [42, 108, 109, 131, 443], where the gravitational fluctuation
satisfies an homogeneous equation. In the other extreme are polar fluctuations (not
considered here) which couple efficiently to the matter sector even in static space-
times [108, 109]. Thus, results (7.25)–(7.26) are an interesting outcome of dealing
with a special type of matter, null radiation, in a non-stationary background.

7.3.3 Numerical Framework

We will solve the previous master equation numerically, making use of a character-
istic algorithm. Here, we present the details of the numerical evolution, as well as
the class of initial conditions that we will consider. The master equation that we are
dealing with has the general form

∂2
uvΨ + V(u, v)Ψ = S [F] , (7.27)

where Ψ is the master variable, V(u, v) is the potential and S is a source term that
depends on the matter fluctuations F. We consider a finite discrete grid in the range
[u0, umax]× [v0, vmax], as shown in Fig. 23.

In order to prescribe initial conditions, we assume that the v = v0 surface is
located far enough that we can set Ψ(u, v0) = 0, giving initial data only in the
Ψ(u0, v) surface. We consider a Gaussian wave packet

Ψ(u0, v) = Ψ0 exp
(
− (v− vΨ)

2

σ2
Ψ

)
. (7.28)

Whenever we consider nonvanishing matter fluctuations, the profile F(v) will also
be given by a Gaussian of the form (7.28).

The evolution proceeds through the usual characteristic algorithm [229]. We
integrate the equations from left to right at each new constant v slice. The first order



7.4 results 128

equations of the background (7.14)–(7.15) are solved using a fourth order finite
difference approximation. The time update for the wave equation is given by

ΨN = ΨE + ΨW −ΨS +
∆u∆v

2
VS(ΨE + ΨW)− SS , (7.29)

where N, E, S, W denote the north, east, south and west points as seen from the
Penrose diagram, and ∆u, ∆v are the grid resolutions in the u and v directions.
A challenging point of the evolution appears when solving the radial equation
Eq. (7.14), which needs instant conditions given by Eq. (7.19). In order to efficiently
solve for the initial conditions, we combine two different algorithms, depending
on whether r⋆ = (v − u)/2 is large enough [229]. When r⋆ is large, a simple
root–finding algorithm converges quickly. When r⋆ ≲ 0, we iterate the equation
in its form r/2m2 = 1 + exp[(r⋆ − r)/2m2] until the desired accuracy is achieved.
We denote the solution close to the horizon as ΨH ∼ Ψ(umax, v), and at infinity
ΨI+ ∼ Ψ(u, vmax). We have tested the accuracy of our algorithm by recovering
the Schwarzschild QNM frequencies to good accuracy, as well as Price’s law tail
exponents, as will be discussed below. Moreover, our code shows the expected
convergence rate when increasing resolution. The code is implemented in Julia

and is made available in [1].

7.4 results

Once we have set up our problem and described the numerical methods employed
to solve it, we move towards our goal of understanding ringdown processes in an
accreting spacetime. First, we discuss the general features of the problem, including
the excitation of a ringdown process by matter fluctuations. Secondly, we attempt
to extract the mode characteristics on short timescales. Finally, we introduced a
novel model, adapted to dynamical scenarios, and show convincing evidence that it
outperforms the usual damped sinusoids framework.

7.4.1 General Features

The evolution of the master variable Ψ (directly related to the GW strain h), is shown
in Fig. 24, for a background (7.21) with (v1/m1, τ/m1) = (100, 10) and different
intensity of accretion, as measured by m2/m1. In the following, we focus on the
dominant quadrupolar ℓ = 2 mode. For m2 = m1 we are simply describing the
dynamics of slightly disturbed vacuum Schwarzschild BHs. For m2/m1 = 1.5 on
the other hand, we are discussing a violently accreting spacetime, which saw a 50%
increase in its mass on a very short timescale (roughly 5 light-crossing times).

Consider first a sourceless evolution, where matter fluctuations are set to zero
(F in Eq. (7.26) vanishes). The top panels show the evolution for different values
of the final mass m2, with the black line corresponding to the evolution on a
purely Schwarzschild background m2 = m1. This relaxation process is known as
quasinormal ringdown and can be understood as leakage from the light ring [64,
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Figure 24 Top: Evolution of the quadrupolar gravitational master variable Ψ extracted at
a. the horizon, b. a fixed radius r∗ = 20m1, and c. null infinity. Matter fluctuations vanish,
while initial conditions are given by (7.28) with (Ψ0, vΨ/m1, σΨ/m1) = (1, 15, 2.5), evolving
on a Vaidya background (7.21) with (v1/m1, τ/m1) = (100, 10) and m2/m1 as indicated in
the legend. The shaded yellow region representswhere the background is most dynamical.
Bottom: Evolution of Ψ with trivial initial conditions, Ψ0 = 0, sourced only by matter
fluctuations. In this case, m2 = 1.2m1.

65, 173, 191, 219, 333, 439]. At early times it is the same for all backgrounds, since
all backgrounds have same m1; thus the light ring properties are identical early on.
During this stage,

Ψ ∼ e−iωQNMt = e−t/τQNM cos(ωR
QNMt + ϕ) , (7.30)

where we assumed that there is a dominant QNM frequency which we write as

ωQNM = ωR
QNM − i/τQNM . (7.31)

One might therefore expect that early relaxation is described as above with m→ m1,
an expectation which is consistent with our results.

However, once accretion starts, the region near the light ring changes and so does
the relaxation of the spacetime. Spacetimes with larger mass relax with a lower
frequency and over longer timescales. Indeed, from Fig. 24, we observe that at early
and late times the behaviour is as in Eq. (7.30) with m→ m1,2, respectively, with a
transient in between. We will explore this in more detail below. Notice, also, that
the relaxation changes both in the waveforms extracted at the horizon (panel a) and
in the waveform extracted at future null infinity (panel c). The frequency change as
seen from I+ is a direct consequence of the fact that the light ring grows.

We also see power-law tails at very late times, when the field decays as Ψ ∼
t−p [137, 138, 303, 390] at fixed radius and at null infinity. Similar power law tails
form at the horizon, but only at much later times, for the class of initial conditions
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Figure 25 a. Relative error in the frequency δ f compared to the Schwarzschild value, see
Eq. (7.32). b. Same, but for the damping time. c. Extracted amplitude, normalized with
respect to the initial amplitude. The shaded regions represent starting times such that the
fitting window overlaps with the region where spacetime is most dynamical. Oscillations
of the extracted values at late times are due to contamination with numerical noise of the
signal. In all panels, we take m2/m1 = 1.05 and τ = 5(25) in blue (red), and fit over a
window containing 6 half-periods with a template containing one free damped sinusoid.

considered here. The exponent of the tail in this case is in agreement with Price’s
law [390], (t−7 for this case) when extracting at a fixed radius (panels b-e). Despite
the spacetime being dynamical, it asymptotes towards a Schwarzschild background,
hence we expect Price’s law to be satisfied [229, 243].

The bottom panels of Fig. 24 show the excitation of gravitational perturbations due
to a matter fluctuation. We consider a matter profile for F(v) given by a Gaussian
pulse analogue to (7.28), centered at v1 = 50m1, with fixed amplitude and vary
the width σ (see legend in panel f). We find that very thin profiles excite a larger
overtone contribution, as can be seen from the rapid decay at early times at the
horizon, whereas wider pulses excite the tail more efficiently, as is clearly seen in
panels d–f, consistently with [61]. It is important to remark that in this case the
matter fluctuations satisfy a first-order evolution equation that could be solved
analytically, so there are no “matter” modes. As a consequence, the evolution of the
gravitational perturbations Ψ is qualitatively equivalent to having a non–zero initial
condition for Ψ.

7.4.2 Mode Content of a Dynamical Ringdown

Once we have numerical evolutions of gravitational perturbations in the Vaidya
background, we consider the problem of modelling those waveforms. Since the
matter fluctuations do not add additional dynamical modes, for simplicity we
consider only the case where the matter fluctuations vanish (therefore, the equation
is homogeneous), and the gravitational perturbations are sourced by some initial
conditions. Moreover, the frequency content should be independent on whether
the perturbations are extracted at infinity or at the horizon. Since the matter that is
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accreted into the BH falls along the ∂u null direction, studying the waveform at the
horizon (which is transverse to ∂u) provides a cleaner picture. Thus, in the following
we will study the metric perturbation at the horizon, Ψ ≡ ΨH.

Ultimately we are describing a ringdown process, therefore, the fundamental
ingredient of the waveform model used to describe the signal is expected be a
combination of damped sinusoids, as in Chapter 3. We define the amplitudes with
respect to the peak of the waveform. We employ a least squares fitting algorithm [195,
313], with performance boosted via automatic differentiation. We choose initial
conditions for the algorithm by sampling from uniform priors in the ranges A ∈
[0, 1], ϕ ∈ [0, 2π], m1ωR ∈ [0, 1] and τ/m1 ∈ [1, 20]. We iterate on the algorithm until
the mismatch between the reconstructed waveform ΨR (i.e. the waveform evaluated
at the best fit parameters) and the numerical signal is below a certain threshold. We
have tested our algorithm by simulating mock data and extracting accurately the
parameters, even in the presence of Gaussian noise.

By looking at Fig. 24-a, we can already observe that the waveform changes
behaviour during the transient, in a way that depends on the value of the change of
mass δm = m2 −m1. When the mass changes, the oscillation frequencies and the
damping time change. This is to be expected: intuitively the behaviour at early times
should be governed by some combination of QNMs of the BH with mass m1, and at
late times the same should be true for a BH with mass m2: hence, the dimensionless
quantity ωR m(v) should be the same at early and late times, although it may
oscillate in the transient.

In order to test this, we extract the average frequency over a time span [v1, v1 + vN],
where vN is chosen such that the signal contains approximately N half-periods, and
we choose N = 6 4. This serves as an estimate for the “instantaneous” frequency,
amplitude, and phase of the signal. We do so using different starting times, and
show our results in Fig. 25. We use only one damped sinusoid in these fits.

First, we define the frequency and damping time shifts

δωR =
∣∣∣1− m(v)ωR

m1ωQNM
R

∣∣∣ , δτ =
∣∣∣1− m1τ

m(v)τQNM

∣∣∣ , (7.32)

where ωR and τ are the extracted oscillation frequency and damping time, and
m1ωQNM

R , m1τQNM are their QNM values for Schwarzschild with mass m1. Since we
are re–scaling by the appropriate mass dimension, we expect, as Fig. 25 shows, that
these errors go to zero as v1 → 0, ∞. As one could naturally expect, when the mass
absorption occurs more adiabatically (red line), the error in the frequency extraction
is larger for a larger fraction of the evolution. On the other hand, when the mass
absorption occurs very abruptly, the frequency errors δωR and δτ are quite small
(of the order of ∼ 10−4 or below, notice that the scale is logarithmic), except for a
very short time, related to the time when the background is dynamical, where they
become larger than for their adiabatic counterpart.

4 This was the smaller value of N capable of recovering accurate enough the frequencies in tests
containing Schwarzschild waveforms.
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Figure 26 Left: Ratio between the final amplitude, A(∞), extracted at v ≥ v1 + 4τ, and
the initial amplitude, extracted at v = 50, for different values of the background profile
{m2, τ}, as indicated in the legend. The dashed black line represents the (absolute value
of the) re–scaled decoherence factor Q̃, as defined in Eq. (7.33). Right: Same, but for the
phase difference. In this case the black dashed line represents the complex argument of the
decoherence factor.

The right panel in Fig. 25 shows the evolution of the amplitude of the fundamental
mode, A(v1) ≡ A0, where the fit occurs over 6 half–periods starting at v1. For
convenience we normalize the amplitude with respect to the amplitude measured at
early times (but once it is compatible with a constant), which we label as A(0). We
observe that at early times it is constant, which hints that a single damped sinusoid
is providing an accurate representation of the signal. It is only at very late times
that it becomes constant again, but the final value of the amplitude is substantially
smaller than the initial one. Remarkably, it does not depend on the timescale at
which the background changes, τ.

We remark that at all times the mismatch between the reconstructed waveform
and the numerical data is always below ∼ 10−3. The mismatch achieves its largest
values whenever the fitting window overlaps with the timescale where the BH mass
is growing more significantly.

Taking one step further towards modelling the signal, we extract directly the final
(initial) amplitudes and phases, A(∞) (A(0)), ϕ(∞) (ϕ(0)), in the regime where they
are approximately constant. If the discussion in Sec. 7.2 is a good approximation,
these should be related directly to the QNM decoherence factor Q, as defined in
Eq. (7.9). However, that factor relates the amplitudes as referred to the time at which
the mass changes (that time is given by v1 in the mass profile (7.21)). On the other
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hand, the amplitudes and phases extracted from the fits are referred to the peak of
the waveform, vpeak. Thus, we would expect a relation given by

Ã(∞)

Ã(0)
= (1 +Q) eiω(∞)(v1−vpeak)

eiω(0)(v1−vpeak)
≡ Q̃ , (7.33)

where Ã = Aeiϕ is the complex amplitude, and ω(∞) (resp. ω(0)) are the final
(initial) ringdown frequencies of the fundamental mode. Fig. 26 shows the extracted
values for the absolute value and the phase from three different regimes: τ =
1, 10, 50, ranging from non–adiabatic, to a more adiabatic situation, as a function of
the mass increase δm = m2−m1. Our extracted values from the fit agree surprisingly
well with the rescaled decoherence factor Q̃. The agreement is remarkably good for
all values of τ considered. On the other hand, the largest value of τ considered is
only comparable to a few decades of decay of the fundamental mode frequency,
and thus it is not yet exploring the really adiabatic regime. Pushing beyond this
regime would require specifically targeted numerical methods that go beyond the
scope of this work.

7.4.3 A Dynamical Ringdown Model

The previous analysis motivates a template that goes beyond damped sinusoids with
fixed amplitudes and frequencies. Having knowledge of the mass function m(v),
and some analytical control as given by the decoherence factor Q ∼ αδme−iβδm

(with α ∼ 4.19 and β ∼ 5.03), obtained by fitting the results of Fig. 21), we propose
the following model, with only two free parameters:

Ψ =ℜ
(

A(v)eiω(v)v
)

,

A(v) =Ã
[
1 + Q̃

δm(v)
m2 −m1

]
, ω(v) =

m1ω220

m(v)
,

(7.34)

this is, the (complex) amplitude interpolates between some initial value Ã (which
contains the two free parameters of the model), and a final amplitude given by
Q̃Ã, and the ringdown frequency evolves according to m1ω220/m(v). In the above,
δm(v) = m(v)− m1, and m(v) is the time–varying mass, and ω220 is the (dimen-
sionfull, complex) ringdown frequency of the Schwarzschild fundamental mode
with mass m1. We refer to this model as the dynamical ringdown (DR) model, to
distinguish it from the usual (linear) ringdown templates with constant amplitudes
and frequencies. At this stage, this model is only adapted to a single mode. However,
extending it to contain overtones and capture their time dependence, as well as the
AIME effect, is possible, but we leave that for future explorations.

In order to compare this model with the usual damped sinusoids, we consider a
situation that resembles somewhat more closely what could happen after merger.
We consider a reasonably mild accretion process, m2/m1 = 1.05. The accretion
occurs “shortly” after the peak of the waveform, since we set v1 ∼ 27, with a
timescale comparable to the decay rate of the fundamental mode, τ = 10m1. We
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Figure 27 Numerical waveform (black) for a BH accreting 5% of its initial mass m2/m1 = 1.05
with v1 = 40 and τ = 10, extracted at the horizon. The initial data has (AΨ, vΨ, σΨ) =

(1, 10, 2). Overlapped, we show the injected waveform into Gaussian white noise and the
reconstructed waveforms using the damped sinusoids (DS) model (blue) and the dynamical
ringdown (DR) model (red), starting the fit at vstart = 10. The yellow band represents the
times at which spacetime is highly dynamical.

inject our numerical waveforms into Gaussian white noise, defining at each timestep
tj

Ψinjection[tj] = Ψnum[tj] + ε[tj] , ε ∼ N (0, σ = 10−4) . (7.35)

We fit the waveform with both a damped sinusoids model containing one single
damped sinusoid (we refer to this as the DS model), and with the DR model defined
above. Comparing the performance of both models using the mismatch would not
be completely fair, since they also contain different number of parameters. For this
reason, we compute the Bayes factor between both models, defined as

BDR/DS =
p(d|DR)
p(d|DS)

, (7.36)

where p(d|DR(DS)) is the evidence for the model DR (DS) when observing the data
d (see Chapter 2). As in Chapter 3, we compute the evidence sampling from the
posterior distribution using nested sampling [431]. Our priors are uninformative
uniform distributions in the ranges ln A ∈ [−5, 2] 5, f ∈ [0, 1], τ ∈ [1, 20] and
ϕ ∈ [0, 2π]. We sample using 64 live points, achieving fast convergence.

The reconstructed waveform for the different models, compared to the injected
waveform (including noise) as well as the numerical waveform, is shown in Fig. 27.
A simple visual inspection shows that the DR model captures much better the

5 For efficiency we sample on ln A rather than on the amplitude itself.
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dynamical evolution of the waveform, even in the presence of noise. While the
DS model is not able to capture the change in, e.g., the frequency and damping
time of the ringdown due to accretion, this is perfectly captured by the DR model.
Moreover, the amplitude and phase is consistent all throughout the evolution. The
Bayes factor further supports this, obtaining a value of

logBDR/DS ∼ 3× 104 . (7.37)

This is very strong quantitative evidence, beyond the qualitative evidence provided
by Fig. 27, that in the presence of accretion a model containing varying ampli-
tudes and frequencies is preferred with respect to a damped sinusoids (with fixed
amplitudes and frequencies).

7.5 discussion

We have studied gravitational perturbations of accreting spacetimes, namely a
Vaidya geometry describing a BH growing through accretion of null radiation fields.
This setup mimics that of a highly dynamical spacetime – like that resulting from
the coalescence of equal-mass BHs. Our interest in this problem is to complete
our knowledge of the relaxation stage of BHs, and to understand whether one can
extend a ringdown description based on (dynamical) damped sinusoids to earlier
stages of the coalescence.

We showed that axial matter perturbations can be freely specified, and that they
in turn source gravitational fluctuations that relax in a ringdown at late times.
However, for the setups we considered, with null radiation being accreted, we find
no evidence of other effects, such as echoes, that can arise in some situations due to
the coupling to matter.

Our results indicate that accreting BHs have quasi-characteristic modes, which are
now a function of their mass, as might be expected for mass-changing spacetimes.
Their ringdown process is qualitatively described by damped sinusoids, but with
varying frequencies and amplitudes. By coupling these to the BH mass we provide
a template, which might be useful in interpreting results from full nonlinear sim-
ulations of BH spacetimes. Another interesting question regards the behaviour of
fluctuations when the accretion happens very slowly. For the timescales considered
here we find that the accretion timescale does not seem to play a significant role,
but a careful analysis of the adiabatic limit is left for future explorations.

Breaking down the stationarity assumption of the background metric opens the
way for new physics, of interest in realistic astrophysical scenarios. The framework
developed here can be a starting point to study the gravitational dynamics in the
presence of accretion in several configurations, such as its imprint on the inspiral of
small bodies, or extending our findings to include a (time–varying) BH spin.
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T U R B U L E N C E O F T R A P P E D G R AV I TAT I O N A L WAV E S

Written while listening to music composed by Manuel de Falla.

8.1 introduction

So far in this thesis we have worked only under the assumption that General
Relativity is correct at all relevant astrophysical scales, and that merging compact
objects are Kerr BHs. From the theoretical point of view it is interesting to entertain
alternative hypothesis to understand generic smoking guns that deviations of
General Relativity will exhibit, in order to search for them. We emphasise that
current data from GW measurements and very long baseline interferometry are all
compatible with Kerr BHs [7, 14, 15, 36, 321].

One possibility is to consider compact objects that evade the final state conjecture,
i. e., that can arise as alternatives to BHs as the end state of gravitational collapse, for
instance. Classic examples are geons [460], boson stars [266, 308, 414], or more exotic
alternatives such as fuzzballs [335], gravastars [336], or black bubbles [159–161, 215].
We refer generically to all these models as BH mimickers [106]. In this chapter,
we analyze whether nonlinear effects can render generic BH mimickers unstable,
or source interesting turbulent dynamics, that could potentially lead to distinct
observational signatures.

GW observations from compact binary mergers directly test the Kerr hypothesis
against varios BH mimicker models [100, 106], for instance, searching for GW
echoes [106, 190, 286, 326], reporting only negative results thus far [7]. An alternative
approach is to investigate the generic dynamical properties of these objects. This
implies questioning, e.g., how would such an object form dynamically, and its linear
and nonlinear stability. Generically, horizonless objects that are also compact possess
a stable lightring (LR). These are circular orbits where light rays can remain trapped
indefinitely. Ref. [272] showed that the presence of stable LRs was associated to a
slow decay of linear perturbations, and it was conjectured that this would lead to a
nonlinear instability. The physical insight was that the trapping of high frequency
modes for a very long time could trigger BH formation, collapse, or disperse of the
whole configuration. We refer to this as the LR instability conjecture. The goal of
this work is to examine some of its fundamental aspects in the nonlinear regime.

Following the publication of [272], Ref. [104] investigated the perturbative prop-
erties of BH mimickers with stable LRs. In particular, as it was already known

136
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for some stellar models [191], these objects have long-lived modes. Heuristic argu-
ments favouring the presence of a nonlinear instability were discussed, as well. This
problem has also been investigated from the numerical point of view, focusing on
particular classes of mimickers that are solutions of well posed equations of motion.
Ref. [231] showed that radial perturbations of scalarized, charged BHs with a stable
LR, do not trigger any instability. In the context of boson stars, Ref. [153] claimed
a generic instability for rotating boson stars with stable LRs, with a moderate
timescale. The fate of the instability depends on the model under consideration,
in some cases resulting in the collapse to a BH, while in others the star migrates
towards a less compact configuration, without LRs. However, recent works [189,
329, 426–428] have failed to reproduce this instability in different regimes.

This problem is also directly related to the stability of higher dimensional black
strings and black rings which also can possess stable LRs. Ref. [57] proved in that
case the slow decay of linear perturbations, and conjectured a similar nonlinear
instability. Morally, this problem is closely related to the turbulent instability of
pure anti-de Sitter (AdS) space with reflective boundary conditions [41, 72, 73, 168,
171], albeit the presence of focusing due to the gravitational potential in AdS single
out that scenario.

This chapter is motivated by a recent study [58], which investigates the dynamics
of a defocusing cubic wave equation on a spacetime with stable trapping. That
worked demonstrated a direct turbulent cascade in angular modes from numerical
evolutions of localised initial data. Based on their numerical results, the authors
of [58] conjectured that higher-order norms of the solution can grow unbounded in
time for generic initial data, in stark contrast with the decay properties typically
seen when trapping is unstable (as in asymptotically flat black hole spacetimes
like Schwarzschild). We start this chapter by proving the aforementioned conjec-
ture using perturbation theory and improved numerical simulations. Moreover,
we demonstrate the development of a turbulent regime comparing perturbative
analyses, dimensionally reduced models, and numerical simulations. Our results
demonstrate that stable light rings do not confine as AdS does: even at high fre-
quencies, the radiation can be distributed in a number of overtones, which are
long-lived and localized not at the LR itself, but within a “light shell” with non
negligible thickness. Therefore, arguments based on the hoop conjecture to invoke
the formation of BHs at the LR are bound to fail.

The structure of the chapter is as follows. First, we revisit the model spacetime
and nonlinear wave equation of Ref. [58] in Sec. 8.2. In Sec. 8.3 we solve the linear
problem, studying the quasinormal mode spectrum of the system, and identify
properties of the long-lived modes. We then examine the stability question from a
mathematical point of view in Sec. 8.4. We compute the growth rate of higher-order
norms within the perturbative regime for a simplified configuration. Furthermore,
we show how this calculation accurately estimates the growth of the norms obtained
from the numerical evolution of the nonlinear wave equation in a spacetime with
stable trapping. Lastly, we examine the development of a turbulent regime, and the
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end state of this process, in Sec. 8.5, and we conclude with a brief discussion of
future prospects in Sec.8.6.

8.2 a simple geometry with a stable light ring

The LR instability is conjectured generically for many scenarios, based only on
the existence of a closed, compact region with null trapping, such as a stable LR.
However, the dynamics of different BH mimicker models are vastly different, since
they involve different additional matter fields, or modified equations of motion.
In order to isolate the role of stable trapping at triggering a nonlinear instability,
we design a simple geometry (which is not a solution of Einstein equations) with
a single stable LR. The nonlinear wave equation we consider on this spacetime
captures some of the features of Einstein equations [58]:

□gΦ = κΦ3 , (8.1)

where κ is a positive coupling constant that controls the strength of the nonlinearity,
Φ : M → R is a real field taking values in the manifold M, endowed with
the Lorentzian metric g. The operator □g is the d’Alembertian of the spherically
symmetric metric

gµνdxµdxν = − f (r)dt2 + f−1(r)dr2 + r2dΩ2 , (8.2)

where the radial function f (r) will be specified below, and dΩ2 is the area element
of the unit 2-sphere. The choice of a cubic nonlinearity is motivated by the form
of Einstein’s equations in vacuum. While the spacetime we are considering is not
a solution of vacuum Einstein’s equations, we motivate the choice of the function
f by requiring that it has a pair of LRs at tunable locations. A simple functional
choice that achieves this behaviour is

f = 1− 8r2

R2(4− α2) + (2+α)2

R2 r4
, (8.3)

where R is the location of the stable LR, and 0 < α < 1 is a parameter that controls
how “deep” is the cavity that forms at the stable LR. Notice that this spacetime has
a vanishing ADM mass. This will further show that the features associated to the
so called LR instability are exclusively due to the presence of the stable trapping
region, and not sensitive to the low frequency structure of the geometry.

We can reduce the problem to a set of coupled ODEs by expanding the field in
spherical harmonics. Additionally, to simplify the problem even further, and focus
on the same scenario as [58], we will restrict to axisymmetric modes. Thus, we can
write

Φ = ∑
ℓ

ϕℓ

r
Yℓ,0(θ) . (8.4)
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Under this expansion, the nonlinear wave equation (8.1) becomes

Oℓϕℓ = κ ∑
ℓ1ℓ2ℓ3

Iℓℓ1ℓ2ℓ3

f
r2 ϕℓ1ϕℓ2ϕℓ3 , (8.5)

where I is the overlap between the spherical harmonics, defined as

Iℓℓ1ℓ2ℓ3
=
∫

4π
dΩYℓ1,0Yℓ2,0Yℓ3,0Yℓ,0 , (8.6)

which can be shown to be given by the following sum of products of Wigner
3j-symbols

Iℓ1ℓ2ℓ3
ℓ =

ℓ1+ℓ2

∑
j=|ℓ1−ℓ2|

2j + 1
4π
Cℓℓ1ℓ2ℓ3

(
ℓ1 ℓ2 j
0 0 0

)2(
j ℓ3 ℓ

0 0 0

)2

,

Cℓℓ1ℓ2ℓ3
=
√
(2ℓ1 + 1)(2ℓ2 + 1)(2ℓ3 + 1)(2ℓ+ 1) .

(8.7)

The system is, thus, governed by the following linear operator

Oℓ = −∂2
t + f ∂r

(
f ∂r

)
− Vℓ , Vℓ = f

(ℓ(ℓ+ 1)
r2 − ∂r f

r

)
. (8.8)

The normalized potential for different values of ℓ is shown in Fig. 28. The geometry,
by construction, possesses a stable LR at r = R, which leads to trapping of radiation,
as well as an unstable LR located at r ≥ R.

Despite the nonlinear term, global solutions to Eq. (8.1) in the spacetime of a
Schwarzschild black hole exist [37, 357], and these arguments can be extended to
our model spacetime. For this kind of nonlinearity, global existence follows from
the conservation of energy, and the rate of decay of linear perturbations plays no
role. The conserved energy norm is simply

Enl[Φ](t) =
∫

Σt
d3x
√
−g Ttt , (8.9)

where Σt is a t = const. hypersurface, and Ttt is a component of the stress-energy
tensor, given by

Tab = ∂aΦ∂bΦ− 1
2

gab

(
∂cΦ∂cΦ +

Φ4

2

)
. (8.10)

Energy conservation can be proven directly by taking the time derivative of (8.9),
applying the equations of motion and integrating by parts. Additionally, we can
define high-order norms of order k, which can be seen as norms on the Sobolev
space defined at each temporal slice, namely

∥∥∥D(k)Φ(t)
∥∥∥

2
=
∫

Σt
d3xγij∂

(k)
i Φ∂

(k)
j Φ , (8.11)

where γij is the spatial metric on the t = const slice labeled by Σt. If we turn off
the nonlinearity, i.e., when κ = 0, these nonlinear norms are bound uniformly, and
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Figure 28 Normalized potential Ṽℓ = ℓ−1(ℓ+ 1)−1r−2Vℓ, defined in Eq. (??), with α = 0.05,
for different values of the angular number ℓ, including the eikonal limit (in black). The
stable LR (denoted with a plus sign) is located at r = R. There is always another (unstable)
LR, associated to the local maximum of the potential, at r > R. Additionally, we show for
an arbitrary value of ω2 (purple dotted line), the three classical turning points ra,b,c which
define the boundaries between the classically allowed and forbidden regions in the WKB
approximation.

the local energy decays. More precisely, if Ω is a non-empty and bounded compact

region, which does not change with time, and we denote by
∥∥∥D(k)

Ω Φ(t)
∥∥∥

2
, the norm

defined in Eq. (8.11), but integrating only over the compact region, i.e., Σt ∩Ω, we
have [58]

∥∥∥D(k)
Ω Φ(t)

∥∥∥
2 κ=0
≤ CΩ,k

log(2 + t)2

k+1

∑
s=0

∥∥∥D(s)Φ(0)
∥∥∥

2
. (8.12)

However, as evidenced from the numerical simulations presented in [58], this
property no longer holds in the presence of the nonlinear term. This is one of the
major attributes we analyze in the following sections.

8.3 linear perturbations

Before analysing the nonlinear problem, it is important to understand key aspects of
the linearised problem. In this Section, we will discuss the spectrum of the linearised
problem, showing that there exists a family of long-lived modes associated with the
stable LR. We characterise the frequencies and damping times of these modes by
combining exact numerical methods with approximate methods valid in the eikonal
regime.
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8.3.1 Direct Integration

Let us solve the linear equation Oℓϕℓ = 0 subject to out-going boundary conditions
as r → ∞, and look for solutions that are regular at the origin. This regularity
condition can be seen as ϕℓ ∼ rℓ+1 as r → 0 1. Solutions satisfying these boundary
conditions are QNMs. Using a shooting method as described in Chapter 3, we solve
the equation in the frequency domain by writing ϕℓ = e−iωℓnteℓn(r).

f ∂r

(
f ∂r(eℓn)

)
+ (ω2

ℓn − Vℓ)eℓn = 0 , (8.13)

subject to eℓn ∼ rℓ+1 as r → 0, and eℓn ∼ eiωℓnr⋆ as r → ∞, where the tortoise
coordinate r⋆ is defined as the coordinate which satisfies dr⋆ = f−1dr. We “shoot”
for the QNM frequencies ωℓn by requiring that the solutions constructed from each
boundary match smoothly at some intermediate radius [63, 127]. This unveils an
infinite set of QNM frequencies and radial functions, labeled by the integer n, for
each angular harmonic. The n = 0 mode is the longest-lived, and therefore called
the fundamental mode. Modes with n > 0 have successively shorter damping times,
and are referred to as the overtones of the system. This method is only efficient for
the first few angular harmonics. For higher angular harmonics, we evaluate the
QNM frequencies using two different approximate methods, described below.

8.3.2 WKB Approximation

Let us briefly review the application of the Werners–Kramers–Brillouin (WKB)
approximation to find the long-lived modes of a system. The approximation in this
case corresponds to a perturbative expansion in 1/ℓ, and thus is accurate for high
wavenumbers. However, it has also been shown to be very accurate [367] in the
presence of long-lived modes, i.e., in order to capture modes of the system with
very large quality factors.

Let us begin by considering the WKB ansatz, ϕℓ ∼ epSp(r)−iωpt, with p = ℓ+ 1/2
so that the linear equation becomes

S′′

p2 + (S′)2 +
(

ω̃2
p −U

)
=

χ

p2 , (8.14)

where the prime denotes derivatives with respect to the tortoise coordinate, i.e.,
S′ = f ∂rS, the rescaled frequency is ω̃ = ω/p, and the potential splits into the WKB
potential U = f r−2 and the correction χ, given by

χ =
f

4r2 −
f ′

r
. (8.15)

The solution between the turning points ra and rb can be found as an asymptotic
series in 1/p. Indeed, writing S = S0 + pS1 + p2S2, one gets

1 Irregular solutions behave as ϕℓ ∼ r−ℓ.
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S0 =± i
∫ r

ra

√
|Q(x)| dx

f (x)
, S1 = −1

4
log |Q|

S2 =± i
8

∫ r

ra

[
U ′′(x)
Q(x)3/2 +

5
4
U ′(x)
Q(x)5/2 −

4χ(x)√
Q(x)

]
dx

f (x)
,

(8.16)

where Q(x) = ω̃2
p −U (x). Remarkably, the first two terms in the expansion do not

depend on the source term χ [171]. Therefore, we will truncate the expansion at the
first order in p.

We now can use this expression to construct the solution in the four regions
in which our problem is divided. We start from the outermost region, which we
label region IV, where rc ≤ r < ∞. In general, the solution in that region, which is
classically allowed, has the form

ϕIV
ℓ =

A√
pQ1/4 eipη+(r,rc) +

B√
pQ1/4 e−ipη+(r,rc) , η±(r, ra) =

∫ r

ra

√
±Q(x)

dx
f (x)

.

(8.17)

As r → ∞, Q → ω̃ becomes constant. Outgoing boundary conditions correspond
to

ϕℓ → eiωr⋆ , (8.18)

as r → ∞. Thus, out-going boundary conditions are equivalent to requiring that
B = 0. For simplicity, we will then put A = 1, which is just an overall normalization
constant.

The solution in region III, rb ≤ r ≤ rc, can be written as

ϕI I I
ℓ =

C1√
p|Q|1/4 epη−(r,rb) +

C2√
p|Q|1/4 e−pη−(r,rb) . (8.19)

The constants C1 and C2 are not independent, but instead are fixed by connection
formulas, which match this solution to the solution in region IV. The connection
formulas in this case yield

C1 = −ie−(pηcb−iπ/4) , C2 =
1
2

e(pηcb+iπ/4) , (8.20)

where ηcb = η−(rc, rb). Following the same logic, the solution in region II, ra ≤ r ≤
rb, has the form

ϕI I
ℓ =

C3√
pQ1/4 eiη(r,ra) +

C4√
pQ1/4 e−iη(r,ra) , (8.21)

where the connection formulas now yield

C3 = e−i(pηba−π/4)
(

C2 −
i
2

C1

)
, C4 = ei(pηba−π/4)

(
C2 +

i
2

C1

)
. (8.22)
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Finally, the solution in region I, 0 < r ≤ ra, is given by

ϕI
ℓ =

C5√
p|Q|1/4 epη−(r,ra) +

C6√
p|Q|1/4 e−pη−(r,ra) , (8.23)

with

C5 = −i
(

C3eiπ/4 + C4e−iπ/4
)

, C6 =
1
2

(
C3eiπ/4 − C4e−iπ/4

)
. (8.24)

As r → 0 the WKB phase becomes divergent, due to the divergence of the potential.
Thus, in order to have a regular solution at r → 0, we need C6 = 0. Inserting the
connection formulas the regularity condition becomes

e2ipηcb
(

1 + e2ipηba
)
+ i
(

e2ipηba − 1
)
= 0 , (8.25)

which, in the large p limit is dominated by the first term, yielding

eipηba + e−ipηba = 0 . (8.26)

This condition is just the Bohr–Sommerfeld quantization rule

pηba ≡
∫ rb

ra

√
ω2 − Vℓ

dr
f (r)

= π
(

n +
1
2

)
, (8.27)

where n denotes the overtone index.
We can now compute the leading order scaling of the frequencies with the angular

number ℓ. Indeed, by expanding around the stable light ring r ∼ R, and keeping
only the leading order term, V ∼ ℓ2 f (R)/R2, the Bohr–Sommerfeld condition yields

ω = Ωℓ+O(ℓ0) , (8.28)

where Ω =
√

f (R)/R is the frequency of the stable LR. Similarly, the imaginary
part scales as the tunnelling probability between regions II and IV

log τ ∼ 2ηbc ∼ γℓ+O(ℓ0) , γ =
π( fLR− −Ω2)√

2Q(2)
LR−

. (8.29)

8.3.3 Breit-Wigner Resonances

We usually think of QNMs as poles of the scattering matrix, but an alternative
viewpoint is to think them as Breit–Wigner resonances in the scattering amplitude.
Using this idea, Chandrasekhar and Ferrari [129, 130] designed an efficient algorithm
to find the frequencies of the longest lived modes.

We start by integrating outwards, ensuring that the solution is regular at the origin.
At large distances, the outgoing solution takes the form ϕℓ ∼ A cos(ωr) + B sin(ωr).
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Figure 29 Breit–Wigner function A(ω) for ℓ = 4, 6, 8 and α = 0.2. Each local minimum
corresponds to a long-lived QNM. The dashed lines correspond to the calculation of the
real part of the frequency using the WKB method, showing a good agreement between both
methods.

Near the frequency of a long-lived mode, the scattering amplitude has the following
behaviour:

A(ω) ≡ A2 + B2 ∼ (ω−ωR)
2 + ω2

I , (8.30)

where the real part of the frequency ωR acts as the effective energy of the state,
and ωI as its decay rate. Then, the longer lived modes can be found by identifying
the minima of A(ω), which correspond to ωR. Then, the imaginary part can be
computed as

ωI =

√
2A(ωR)

A′′(ωR)
. (8.31)

It is important to note that this approach makes no approximations on the potential,
as opposed to the WKB approach. Its main advantage with respect to the direct
integration method, discussed below, is that in order to find the modes we just
need to search for the minima of A along the real line, whereas in the direct
integration case we search for zeros of the Wronskian in the complex plane, which is
computationally more involved. The characteristic behaviour of A(ω), from where
the real part of the QNM frequencies can easily be read, is shown in Fig. 29.

The Breit–Wigner method refines the frequency obtained from the WKB method.
However, it requires significantly more numerical precision for higher angular
numbers to accurately resolve the small imaginary part of the QNMs.

8.3.4 Spectrum

These methods allow us to obtain the fundamental QNM frequency for both the
first angular harmonics (via direct integration) and higher harmonics (via WKB or
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Figure 30 Oscillation frequency (left) and damping time (right) of the first few QNMs for the
modeled spacetime with α = 0.166. The exact values, computed with a direct integration,
are shown as orange stars. Filled markers are computed using the WKB approximation,
whereas the empty markers have been computed through the Breit–Wigner (BW) method.
As expected, all three methods start showing good agreement for the higher harmonics
ℓ ≳ 6.

Breit–Wigner). The results can be visualised by writing ωℓn = νℓn − i/τℓn, where
νℓn is the real part of the frequency of the QNM, and τℓn its damping time. In
particular, Fig. 30 shows how the damping time τℓnR ∼ eγℓ grows exponentially
with ℓ, with γ given by (8.29). These results confirm the intuition that modes with
higher multipolar index ℓ are more efficiently trapped by the potential. Additionally,
we confirm that the oscillation frequency scales linearly with ℓ as νℓ ≈ Ωℓ.

For the higher angular harmonics, Fig. 30 shows that these numerical solutions
are in agreement with the WKB approximation, as well as a method based on
Breit–Wigner resonances. Notice that the direct integration method requires higher
numerical precision to accurately resolve the higher ℓ harmonics. Since this becomes
quickly a computationally expensive task, we only compute up to ℓ = 10.

These frequencies can also be extracted from the numerical simulations of Ref. [58],
when using small initial data, to stay within the regime of validity of the linear
theory. We highlight that for each ℓ, there is a finite number of long-lived modes
with different overtone index n = 0, . . . , Nℓ. The highest possible overtone index for
a long-lived mode Nℓ can be estimated in the WKB approximation, as the largest
integer such that

Nℓ +
1
2
≤ 1

π

∫ rLR−

ra

dr
f

√
f (rLR−)

r2
LR−

− Vℓ . (8.32)

Evaluating this expressions for the considered geometry, reveals that Nℓ ≲ αℓ where
α ∈ [1/3, 1/2]. Thus, in the high frequency regime, where all the damping times
can be assumed to be much larger than any relevant dynamical timescale, there is
not just one, but a large number of long-lived modes.
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8.4 growth of the norms

Let us now examine the stability of the nonlinear problem, i.e., when κ ̸= 0. While
the nonlinear energy norm (8.9) is conserved, the higher order Sobolev norms (8.11)
may not be conserved. Note that one can also can define higher order energy-like
norms as

E(k)
nl [Φ](t) =

∫

Σt
d3x
√
−g (T(k))tt , (8.33)

with

T(k)
ab = ∂

(k)
a Φ∂

(k)
b Φ− 1

2
gab

(
gcd∂

(k)
c Φ∂

(k)
d Φ +

Φ2

2

)
. (8.34)

These norms, as opposed to the Sobolev norms (8.11), involve time derivatives,
as well as the potential term. Ref. [58] presented numerical evidence that second
order derivatives (related to the second order Sobolev norms) grow within their
simulation time for sufficiently large initial data. It was conjectured that all norms
with k > 1 grow for arbitrarily small initial data. In this Section we address this
question by computing the rate at which both Sobolev and energy-like higher order
norms grow, in the perturbative regime (therefore, for arbitrarily small initial data),
in a simplified model. Lastly, we show, with additional numerical evidence, that the
growth of the norms in the 3 + 1 dimensional model follows a similar rate.

8.4.1 Two-Dimensional Model

Let us begin by considering a simplified scenario. We consider the nonlinear wave
equation on the circle S1. This system is not dissipative, and its spectrum of normal
modes can be computed analytically. Concretely, let us solve the initial value problem




−∂2

t Φ + ∂2
xΦ = Φ3 ,

Φ(t = 0, x) = ϕ0(x) , ∂tΦ(t = 0, x) = 0 ,
(8.35)

where x ∈ S1, or equivalently, Φ(t, x) = Φ(t, x + 2π). We will make one more
simplifying assumption: let us assume that the initial data is composed of a single
mode. This means that we choose ϕ0 to be

ϕ0 = ϵ cos(nx) , n ∈N . (8.36)

We will further assume that we are in the perturbative regime, so that ϵ≪ 1. The
solution, up to next to next to leading order (NNLO), can be written as

Φ = ϵϕ(1) + ϵ3ϕ(3) + ϵ5ϕ(5) +O
(

ϵ6
)

, (8.37)
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where

ϕ(1) = cos(nx) ,

ϕ(3) =a1(t) cos(nx) + a3(t) cos(3nx) ,

ϕ(5) =b1(t) cos(nx) + b3(t) cos(3nx) + b5(t) cos(5nx) .

(8.38)

This results from expanding the higher-order equations into the normal modes of
the circle with static initial data, represented by a cosine series. The nonlinearity is
captured by the dependence of the modes on time. In particular, the time dependent
coefficients satisfy the following equations of motion

ä1 + n2a1 =− 3
4

cos3(nt) , ä3 + (3n)2a3 = −1
4

cos3(nt) ,

b̈1 + n2b1 =− 3
4

cos2(nt)(3a1 + a3) , b̈3 + (3n)2b3 = −3
4

cos2(nt)(a1 + 2a3) ,

b̈5 + (5n)2b5 =− 3
4

cos2(nt)a3 .

(8.39)

This system admits an analytic solution up to this order, but we omit the exact
expressions for brevity. What is important for the current discussion is that the
resonant terms on the right side of the above equations cause terms that grow
secularly. To NLO we find linear growth in time, e.g., a1 ∝ t sin(nt), and to NNLO
we observe terms that grow like t2. This means that the NLO solution is only
valid up to times when t ≤ O(ϵ−1), and the NNLO solution is only valid up to
t ≤ O(ϵ−1/2). A two-timescale expansion [276] would be necessary to find a solution
valid for larger timescales.

We can now calculate the equivalents of the Sobolev and energy-like higher-order
norms in this situation. While the computation is straightforward, it is somewhat
lengthy, and details are omitted (see Appendix C in [396]). In this case, the Sobolev
and energy higher-order norms are expressed as follows:

∥∥∥D(k)Φ
∥∥∥

2
=
∫

S1
dx
(

∂
(k)
x Φ

)2
,

E(k)
nl [Φ](t) =

∫

S1
dx
[(

∂
(k)
t Φ

)2
+
(

∂
(k)
x Φ

)2
+

Φ4

4

]
,

(8.40)

and the Sobolev norm, up to NNLO is given by

∥∥∥D(k)Φ
∥∥∥

2
=ϵ2πn2k

[
cos2(nt) + 2ϵ2 cos(nt)a1(t)

+ ϵ4
(

2 cos(nt)b1(t) + a1(t)2 + 32ka3(t)2
)]

.
(8.41)

As we can see, the NNLO contribution has terms that grow like t2 with slope 32k

which depends on the order of the norm that we are considering. Let us be more
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explicit about this. If we define the rolling average over a period T of the initial
mode as

⟨ f (t)⟩T ≡
n

2π

∫ T+π/n

T−π/n
dt f (t) , (8.42)

for any function f (t), then, the rolling average of the Sobolev norm, after considering
the time dependent mode coefficients is

⟨
∥∥∥D(k)Φ

∥∥∥
2
⟩T =

π

2
ϵ2n2k

(
1+

3ϵ2

642

[
6 cos(2nT)− 1

]
+

72ϵ4

n2

[
(360+ 32k)T2 +O(T)

])
.

(8.43)

It is now explicit that ⟨
∥∥∥D(k)Φ

∥∥∥
2
⟩T ⊃ ϵ632kT2, whereas the other terms are either

constants, or purely oscillatory terms. Thus, if we fix the period T and the amplitude
of the initial data ϵ, we find that the higher-order norms have grown more relative
to the lower-order norms. This is consistent with a direct energy cascade: if energy
is flowing towards higher frequency modes, this must lead to faster growth of
the higher energy norms since those weigh more heavily than the high-frequency
content.

A similar behavior occurs for the energy-like higher-order norms. Indeed, we find
that

⟨E(k)
nl [Φ]⟩T =πn2kϵ2

(
1 +

3ϵ2

64

[ 3
n2k + n−2

(
6k− 1 + 3(1 + (−1)k) cos(2nT)

)]

+ ϵ4
[32(k−1) − 1

1024n2 T2 +O
(

T, T2 cos(nT)
)])

.

(8.44)

By setting k = 1 we recover a constant value, as expected,

⟨E(1)
nl [Φ]⟩T = πn2ϵ2 +

3ϵ4

8
= constant . (8.45)

We have also checked that the NNLO term vanishes exactly, even before taking the
average. However, for the higher-order norms, we observe the same behaviour for
both the Sobolev and energy-like norms, i.e., the norms grow as ϵ6ckT2, where ck is
some monotone function of k, which depends on the precise definition of the norm.
Note that the energy-like norms must have ck=1 = 0, whereas this restriction does
not apply to the Sobolev norms, which can grow even at first order.

8.4.2 Four-dimensional Model

Building on our analysis of the two-dimensional model, we now return to the
original four-dimensional setup to apply the insights gained and further explore
its behavior. Unlike the simpler nonlinear wave equation on a circle, the four-
dimensional system exhibits several key differences. First, it is dissipative: because
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the scalar field can escape to infinity rather than remain perfectly trapped at
the stable LR, the mode frequencies are complex. Second, in the 2-dimensional
case, frequencies of normal modes are commensurate. In contrast, for the four-
dimensional setup, the sum of two (or more) QNM frequencies does not generically
match the frequency of any other QNM, so the system is not at an exact resonance.

Although notable differences exist between the previous model (the nonlinear
wave on the circle) and the physical scenario of interest, we can still examine
whether the signature of growing higher-order norms emerges here. A key similarity
is evident: if we excite the system with the ℓ = L, n = 0 mode, modes with
ℓ = 3L, 5L, . . . subsequently appear, hinting at a direct cascade of energy.

Estimating the full higher-order Sobolev or energy norms from numerical solu-
tions is a complicated task. Extracting reliable estimates of higher derivatives–and
thus higher-order norms–from numerical solutions can quickly become cumber-
some, as each (numerical) differentiation compounds the approximation error. One
may also require (numerical) interpolation for the (numerical) integration over
the domain. Nonetheless, building on the results of [58], we know that angular
derivatives at the LR can grow rapidly for large initial data, which indicates that
the angular terms in both Sobolev and energy norms might increase as well.

We solve the nonlinear wave equation (8.1), for axisymmetric initial data, using
the numerical method described in Ref. [58]. We prescribe initial data localised
around the stable LR. Since this is a trapping region, the field is confined at the LR,
and its radial structure remains largely unchanged. Therefore, we can confidently
estimate the total energy norm by extracting only the norm at the LR itself. We
define, assuming additionally an axisymmetric configuration, the norm at the LR as

∥∥∥D(k)Φ(t)
∥∥∥

2

LR
=
∫

r=R
sin θdθdϕ

(
|∂(k)θ Φ|2

)
, (8.46)

and conjecture that all the norms scale in a similar manner, i.e., E(k)
nl [Φ(t)] ∼∥∥∥D(k)Φ(t)

∥∥∥
2
∼
∥∥∥D(k)Φ(t)

∥∥∥
2

LR
. Now, if the field at the LR is expanded in spherical

harmonics (assuming axisymmetry)

Φ = ∑
ℓ

cℓYℓ,0(θ) , (8.47)

then one can compute the localized norm at the LR, up to a positive numerical
factor b, as

∥∥∥D(k)Φ(t)
∥∥∥

2

LR
= 2πb ∑

ℓ

ℓ2kc2
ℓ . (8.48)

Without loss of generality, we will now set b = 1. The challenging part about
extracting the behavior of these norms from numerical simulations is that, due to
numerical errors, we only have access to the lower order multipoles, roughly, ℓ ≲ 16.
In particular, for the values of α, R that we choose for numerical purposes, α = 0.166
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and R = 0.229 (chosen to agree with [58], which make it simpler for the potential
well to be numerically resolvable after compactification), the damping time of the
ℓ = 2 mode is only τ20/R ∼ 103 (see Fig. 30). If we excite initially the ℓ = 2 mode,
we will only see the norm growth on timescales shorter than this decay timescale,
t ≪ τ20. From the 2-dimensional model, we may expect that the norm grows as
ϵ4t2, as shown in 8.44. The high power of the amplitude ϵ in this scaling makes it
challenging to observe the norm growth for small initial data, even for the higher
order norms.

We examine the norm ratio

R(k)
LR ≡

∥∥∥D(k)Φ(t)
∥∥∥

2

LR∥∥D(k)Φ(0)
∥∥2

LR

, (8.49)

in Fig. 31, for different values of k, and an initial amplitude of ϵ = 1.5 (which sets
us away from the perturbative regime). Figure 31 shows how this norm ratio grows
in an approximately linear fashion with ϵ4t2 (mind this scaling for the horizontal
axes), during timescales shorter than the linear decay time of the fundamental
mode. However, since the amplitude of the initial data may not be considered small,
the agreement between this Figure and Eq. (8.44) is remarkable. Moreover, we can
observe how the higher order norms (larger values of k) grow faster than the lower
values of k. This is the same feature present already in the two-dimensional model.
The ratio does not initially start at 1 for the higher-order norms because we average
over multiple time points, and the rapid energy exchange between modes makes
this transient phenomenon difficult to resolve.

These results provide analytical evidence that in the presence of stable trapping,
nonlinear dynamics lead to a direct energy cascade, which in turn results in growing
higher-order norms. In particular, higher-order norms grow faster than lower-order
norms, and the growth rate seems to be polynomial in time. The norms do not
diverge in finite time–it has been already established the global existence of solutions
for this equation. This implies, in particular, that for any initial data ϵ and finite
time T, we can always find an integer K(ϵ, T) such that norms with order k ≥ K
have grown more than a certain factor of their initial value, regardless of how small
this initial data is.

8.5 the end state of the gravitational turbulent cascade

The previous discussion throws light to answer a question posed in previous
work [58] related to the behaviour of higher-order norms in nonlinear systems in
the presence of stable trapping. As we have found, all these norms grow, regardless
of how small the initial data is. These higher order norms do not have a clear
physical interpretation. In fact, the only norm with a well-defined physical meaning
is the energy norm (8.9), which is actually conserved. The growth of these norms is
interpreted as a consequence of the direct energy cascade. However, major significant
questions remain unanswered. How does this cascade develop, and what are its
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Figure 31 Ratio of the k-th order norm with respect to its initial value for different values
of k, as indicated in the legend. The initial values are defined as in Eq. (8.49), at different
times, with respect to the rescaled time ∝ ϵ4t2/R2, a factor based on Eq. (8.44). We choose
a relatively large amplitude ϵ = 1.5, in principle outside of the regime of validity of
perturbation theory, where the initial data excites only the ℓ = 2 mode. We set α = 0.166
and R = 0.229 in (8.3).

properties? What is the end state of this dynamic process? In this section, we set
ourselves to address these questions.

8.5.1 Two-Dimensional Model

As done in the previous Section, let us start with the lower-dimensional model,
i.e., the nonlinear cubic wave equation in the circle. We evolve numerically the
system of Eq. (8.35) with a pseudospectral strategy, following Chapter 2. We use
the ApproxFun.jl package [361] to compute the nonlinear term in real space, and
then evolve the Fourier representation of the equation in time using an explicit,
fourth order Runge–Kutta method. After each step, we dealias the latter half of
the Fourier modes to filter out contributions that can numerically contaminate
the lower-frequency modes [81]. An important test is to check the accuracy and
convergence of our implementation. We do so by estimating the lowest order norm
of the residual, defined as

||Φ(N1) −Φ(N2)|| ≡
(

∑
n∈min(N1,N2)

|ϕ(N1)
n − ϕ

(N1)
n |2

)1/2

, (8.50)

where Φ(N) is the solution obtained using a total N modes, and ϕN
n is the coefficient

of each of the modes for that particular solution. In Fig. 32 we show that the
resolution error is several orders of magnitude below the norm of the solution,
which estimates the accuracy of our method. Further, we show that doubling the
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Figure 32 The norm defined in Eq. (8.50) for the highest resolution solution (using N = 256)
in solid, black line, compared with the residuals between medium and high resolutions
(N = 128, 256, respectively) in blue, and the residual between medium and low resolutions
(N = 128, 64, respectively), in red. Overlapped and as a thicker, translucent gray line, we
represent the rescaled residual between the medium and high resolutions, scaled by the
convergence factor consistent with fourth-order convergence.

resolution decreases the error by a factor of 24, as expected for a fourth order
method.

We prepare the evolution by exciting the two modes n = 10, 11, both with
amplitude ϵ = 20 (i.e., far away from the expected regime of validity of perturbation
theory), and evolve the system until (long times) T ≳ ϵ−2. In Fig. 33 we present
the evolution of the resulting spectrum, where we can see the development of an
inertial range, characterized by a polynomial law, which can be interpreted as a
direct energy cascade towards higher frequencies.

The development of an inertial range in the long- term dynamics of this nonlinear
equation suggests an interpretation in terms of wave turbulence [290, 355, 467,
468]. We follow the derivation presented in [355]. Assuming that we treat small
fluctuations with respect to the trivial solution, we can trade tracking the exact
value of field modes {ϕk(t)} for the average particle number nk(t) ∼ ⟨|ϕk(t)|2⟩. The
evolution equations for the field are replaced, then, by the kinetic wave equation

dnk
dt

= C[nk] , (8.51)

where C[nk] is the collision integral. We refer the interested reader to [355] for
further details. A cubic nonlinearity leads to a so called four wave kinetic process.
One way of seeing this is that, if we would draw the perturbative problem of the
excitation of NLO modes from linearized solutions using Feynman diagrams, we
would draw a vertex with four legs (three incoming linear modes can excite a
NLO mode). Building upon this intuition, we can decompose the collision integral
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Figure 33 Field spectrum |ϕn| at different wavenumber n for large initial data with amplitude
ϵ = 20, initially excited in the modes n = 10, 11. The different colors indicate the field
spectrum at different times, as indicated by the colorbar. The spectrum at the final time of
the simulation, t = 5000 ≈ ϵ2 is shown as a wider, red line. It agrees with the predicted
Kolmogorov–Zakharov scaling n−3/2 (dashed black line). The resolution of this simulation
is N = 1024 modes.

into two different contributions, C[nk] = κ2↔2C2↔2[nk] + κ3↔1C3↔1[nk], where the κ

coefficients are numbers and of minor importance. Each of these is given by

C2↔2[nk] =
∫

dk1dk2dk3W2↔2

[
(n1 + n2)n3nk − n1n2(n3 + nk)

]
,

C3↔1[nk] =
∫

dk1dk2dk3W3↔1

[
(n1 + n2)n3nk − n1n2(n3 − nk)

]
,

(8.52)

where the weights of the integrals are

W2↔2 =δ(k1 + k2 + k3 − k)δ(ω1 + ω2 −ω3 −ωk) ,
W3↔1 =δ(k1 + k2 + k3 − k)δ(ω1 + ω2 + ω3 −ωk) .

(8.53)

Recall that for the wave equation in the circle, the dispersion relation is just ωk = |k|.
Thus, the C2↔2 operator corresponds to processes that conserve the particle number,
while C3↔1 to processes that violate particle number conservation. Therefore, as
opposed to other systems which also involve three wave interactions, such as the
nonlinear Schrödinger equation [187], or a model for gravitational waves propagat-
ing in flat space [201, 203, 204], the system only has one conserved quantity (the
energy presented in (8.9)). This implies that the only possible inertial regime in
the turbulent state must be a direct cascade. On the other hand, if κ3↔1 = 0, then
there would be an additional conserved quantity (particle number), which would
be associated to an inverse cascade.

There are special solutions to the kinetic wave equation which are stationary,
i.e., ṅk = 0, under the assumption that there is dissipation acting at low and high
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frequencies, and the system is being injected energy at some scale [290, 467] (which
is not the case for the model we are interested). In this scenario, there exist solutions
of the form nk ∼ k−ν, in the regime bounded by the dissipation scales, which is
known as the inertial regime. These spectra are known as Kolmogorov-Zakharov
(KZ) spectra, and there are many techniques devoted to compute the power of these
spectra ν precisely. For four wave equations, the direct energy cascade is associated
to a power ν = 3/2 [145]. In Fig. 33 we find good agreement between the late time
solution and this prediction.

Equipped with these expectations, we can now address the question about the end
state of the nonlinear wave equation in this two-dimensional model, for small initial
data. If there is no dissipation, a direct energy cascade towards higher energies
ensues, ultimately spreading energy across all possible modes. In the asymptotic
state, t → ∞ all modes are excited with negligible amplitude (since the initial
amount of energy in the system was finite), and the solution loses regularity in
the asymptotic time, as evidenced by the fact that the higher order norms diverge
as t→ ∞. However, in most physical situations we expect the system to dissipate
energy beyond some scale k ≥ kDiss. The development of a KZ-like inertial range
requires of continuous injection of energy, precisely to compensate this dissipation.
In the absence of energy injection, the end state would just be Φ = 0, i.e., the
trivial solution. We emphasise that other nonlinear equations (for example, those
for which the global existence of solutions is not guaranteed) or initial data very far
from the perturbative regime, where this analysis based on weak wave turbulence
does not hold, might exhibit different phenomenology at late times, such as, e.g.,
time-periodic solutions.

8.5.2 Nonlinear Waves on the Sphere

The previous model allowed for a straightforward analysis of the end state but has
several limitations. One of the main limitations, in particular, is that the dispersion
relation ω2

k = k2 only matches the dispersion relation of the long-lived modes in the
eikonal regime. On the other hand, there is a physically motivated approximation
that does not add much complexity, and can be put in closer contact with our
original problem more directly.

After analysing the radial structure of numerical solutions to the nonlinear wave
equation on the model spacetime [58], it is apparent that the waves are confined to
a region close to the stable LR, i.e., at r = R. Indeed, Fig. 34 shows the radial profile
of the ℓ = 2 (the initially excited mode), and the ℓ = 4 mode (excited nonlinearly)
at late times. The localisation near the LR can be explained by comparing it with
the radial profile of the fundamental modes, shown as dashed lines, which show
good agreement (improved with increasing ℓ values).

Accordingly, we can consider a simplified model, which consists of the dimen-
sional reduction of our original problem to the sphere located at the LR (as done in
Ref. [58] to measure the evolution of the ℓ-spectrum). As we will show, eliminat-
ing the radial direction of the problem allows for significant simplifications. The
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Figure 34 Normalised radial profile of the ℓ = 2 and ℓ = 4 modes extracted for a numerical
simulation with weak coupling, ϵ = 0.1, after t/R = 103, where the initial data excites only
the ℓ = 2 mode (solid lines). The dashed lines represent the radial profile of the fundamental
mode associated to each ℓ mode. The agreement between both lines shows that most of the
content of both linearly and nonlinearly excited modes, at large times, is contained in the
fundamental mode, and peaks close to the stable LR.

radial dimension is important insofar as it provides the mechanism for dissipation
through radiation leaking toward infinity. However, this dissipation can also be seen
as a tunnelling process, akin to quantum mechanics, without needing to resolve
the dynamics in the radial direction. We can always add these tunnelling rates a
posteriori as dissipation coefficients, which are given by the damping times of the
fundamental spherical harmonic modes.

To be precise, let us focus at the surface r = R, where the induced metric is

ds2
r=R = − f (R)dt2 + R2dΩ2 = −dT2 + R2dΩ2 , (8.54)

where we have re-scaled time as T =
√

f (R)t. We examine the nonlinear wave
equation in this geometry, i.e., □gR Φ = κΦ3, where now Φ : S2 × R → R is a real
field. Expanding in spherical harmonics, and assuming axisymmetry, we can write
Φ = ∑ℓ ϕℓ(T)Yℓ,0(θ), so that the nonlinear wave equation reads

d2ϕℓ

dT2 +
ℓ(ℓ+ 1)

R2 ϕℓ = κ ∑
ℓ1ℓ2ℓ3

Iℓ1ℓ2ℓ3
ℓ ϕℓ1ϕℓ2ϕℓ3 . (8.55)

Assuming that the initial data has small amplitude ϵ, we can find perturbative
solutions up to next to leading order. As in Sec. 8.4, we write ϕℓ = ϵϕ

(1)
ℓ + ϵ3ϕ

(3)
ℓ ,

and for initially static initial data, we have that the leading order solution is just

ϕ
(1)
ℓ = Aℓ cos(ωℓT) , Rωℓ =

√
ℓ(ℓ+ 1) . (8.56)

Going back to the original time coordinate, we find that the oscillation frequency
ωℓT = νℓt, with ν2

ℓ = Ωℓ(ℓ+ 1), matching the WKB result, which is also obtained
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when fitting the QNM frequencies obtained through direct integrations. Therefore,
the reduction to the sphere captures accurately the real part of the frequency of the
fundamental, long-lived modes. To NLO, writing Λ = {ℓ | Aℓ ̸= 0}, we obtain the
equation

ϕ̈
(3)
ℓ +

ℓ(ℓ+ 1)
R2 ϕ

(3)
ℓ =

κ

4 ∑
j∈Λ3

I j
ℓAj1Aj2Aj3Fj(T) , (8.57)

where j = (j1, j2, j3), and

Fj(T) = ∑
σ1,σ2=±1

cos(Ωσ1σ2
j T) , Ωσ1σ2

j = ωj1 + σ1ωj2 + σ2ωj3 . (8.58)

The ℓ-th mode would be resonant if one of Ωσ1σ2
j = ωℓ for some j ∈ Λ3. If j = ℓ,

then Ω+−
ℓ = Ω−+ℓ = ωℓ, which is actually the only possibility. In particular, if the

initial data consists of a single mode, Λ = {ℓ0}, the only resonant mode at next to
leading order is itself, ℓ0. For this case, we can then write the third order solution,
as

ϕ
(3)
ℓ =





κIℓ0
ℓ A3

ℓ0
4 ∑σ1,σ2=±1 Gσ1,σ2

ℓ,ℓ0
(T) , ℓ ̸= ℓ0 ,

κIℓ0
ℓ0
A3

ℓ0
8ωℓ0

t sin(ωℓ0t) +O(t0) , ℓ = ℓ0 ,
(8.59)

where

Gσ1,σ2
ℓ,ℓ0

(T) =
cos(ωℓT)− cos(Ωσ1σ2

ℓ0
T)

ω2
ℓ − (Ωσ1σ2

ℓ0
)2

, (8.60)

is a purely oscillatory term, which combines the homogeneous modes and the
non-linearly excited (cubic) modes. Note that we write Ωσ1σ2

ℓ0
= Ωσ1σ2

(ℓ0,ℓ0,ℓ0)
. Therefore,

for ℓ ̸= ℓ0 (e.g., for ℓ = 3ℓ0) the solution is purely oscillatory, and it excites both
homogeneous and cubic modes with an amplitude which is cubic in the linear
amplitude Aℓ0 . The ℓ = ℓ0 mode, however, features a secular linear growth in time,
as well as sub-leading, oscillatory pieces. The results are the same for a general set
of initially excited modes, Λ̃. Generically we have that ϕ

(3)
ℓ ∼ t sin(ωℓT) if ℓ ∈ Λ̃,

and otherwise, ϕ
(3)
ℓ ∼ cos(ωℓT) whenever ℓ /∈ Λ̃. This implies that all energy norms

grow at the same rate, independently of the order of the norm.
Although resonances only occur exactly within each mode separately, at large

values of ℓ we have that Rωℓ ≈ ℓ+ 1/2. Then, in the large ℓ limit, we have

Ω+−
j = ωj1+j2−j3 , Ω++

j = ωj1+j2+j3+1 , (8.61)

and similarly for the other two possible combinations. Therefore, as ℓ grows more
modes become almost exactly resonant. This dispersion relation is also the disper-
sion relation of linear waves on the Möbius open strip. Intuitively, this can be seen
as arising from the fact that axisymmetric waves on the sphere are waves in the
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Figure 35 Root mean square value of the amplitude of each mode ϕℓ extracted at the LR
for an evolution of the complete spacetime, with amplitude ϵ = 1/2 in the notation of
Ref. [58] (solid lines), and for a comparable amplitude, including artificial dissipation, for
the nonlinear wave equation on the sphere (dashed lines). The shaded bands denoted an
estimate of the numerical error for the 3 + 1 evolution, obtained by comparing two different
resolutions. The agreement is remarkable for the most dominant modes at early times, but
it breaks down at later times, and for the higher ℓ modes.

closed interval [0, π], subject to the periodicity relation Φ(θ) = Φ(θ + 2π). A simple
way to achieve this is by requiring the anti-periodicity condition Φ(θ) = −Φ(θ + π),
which under an appropriate rescaling is the condition naturally satisfied by sections
of the fibre bundle associated to the Möbius strip double cover of the circle.

To understand the dynamics at longer time scales, we will solve the equations
numerically. To facilitate a better comparison with the complete system, we will
include the dissipation rate for each mode by formulating the evolution equation
for each mode as follows:

ϕ̈ℓ +
ℓ(ℓ+ 1)

R2 ϕℓ +
2
τ̂ℓ

ϕ̇ℓ = (Φ)3
ℓ , (8.62)

where the right hand side contains the nonlinear term, and we have added a
dissipative term with a timescale τ̂ℓ = τℓ/(ΩR2), with τℓ the damping time obtained
by fitting the WKB results to an exponential law. This equation is solved numerically
using the same code as for the two dimensional scenario, but expanding instead on
a basis of Legendre polynomials. We first test that, by doing this, we can reproduce
the dynamics of the four-dimensional problem, at least in the regime where the
initial data is small enough.

Figure 35 shows the numerical solution to the four-dimensional problem extracted
at the LR as solid lines, and the numerical solution to (8.62) as dashed lines, after
matching the amplitude of the initial data and rescaling the time appropriately.
The uncertainty due to numerical error is shown as solid translucent bands, and
is estimated by comparing two runs with resolution ∆x = 2.5× 10−3, and ∆x/2.
Clearly the numerical error is significant for the large ℓ modes after t/R ≳ 100.
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However, even the ℓ = 8, 10 modes are reasonably well resolved up to the times
shown in the Figure, and we can draw some conclusions by comparing with the
2 + 1 model.

The agreement for the lower ℓ modes is very good, especially at early times. At
late times, even for low ℓ, we observe oscillations which are not present in the 2 + 1
model. These are likely due to the excitation of different overtones within each
angular harmonic ℓ, which have different amplitude at the LR. We also observe that
the agreement is much worse for the higher ℓ modes, even at early times. There is a
physical reason why we should not expect the higher ℓ modes to agree as well as
the lower ℓ modes to a dimensionally reduced problem: higher ℓ modes support
several long-lived modes (overtones), where only the fundamental mode is confined
at the LR.

On the one hand, the fundamental mode n = 0 is always a long-lived mode,
and has a radial support centered around the LR, with a radial spread δ

(r)
ℓ,n=0 ∼

ℓ−1/2 [104]. On the other hand, the highest overtone which is still long lived 2,
n = Nℓ, has a radial support which does not depend on ℓ, δ

(r)
ℓ,n=Nℓ

∼ rLR− . The
modes with intermediate overtone number, for a fixed value of ℓ, have a radial
width which is proportional to its overtone number. Therefore, once these higher
overtones start to play an important role in the nonlinear dynamics, the problem is
not confined to a sphere located exactly at the LR, but rather at a spherical shell with
finite thickness, that supports a finite amount of modes for each angular harmonic
ℓ. We can see this phenomenon in Fig. 36.

This analysis implies that the dimensional reduction to the sphere might not be
a good approximation for high-frequency modes since long-lived overtones may
play a significant role. However, we can still gain some insights by analysing the
behaviour at large times outside of the perturbative regime. In comparison to the
two-dimensional model, we can anticipate a difference: In 1 + 1 dimensions the
dispersion relation was simply ω2

k = k2, hence, ωk1+k2+k3 = ωk1 + ωk2 + ωk3 , and as
a consequence, the kinetic wave equation received contributions from the collision
operator C3↔1. However, in the sphere the dispersion relation is R2ω2

ℓ = ℓ(ℓ+ 1),
and the combination of three modes onto a single mode is not resonant.

We can also observe this behaviour by analysing the NLO in perturbation theory.
In particular, since the kinetic wave equation does not receive contributions from
C3↔1, and this term was responsible for the violation of the conservation of particle
number, in its absence, we expect that the system undergoes both a direct energy
cascade and an inverse cascade governed by the particle number (also known as
waveaction) [204, 355]. We can find hints of this process happening in Fig. 37, e.g., in
the form of “revivals” of low ℓ modes. These appear, for example, in the form of
changes in the amplitudes of a lower ℓ mode and a decay of the amplitude of higher
ℓ modes. For example, near t/R ∼ 400 we see the amplitude of the ℓ = 2, 4 modes
grow significantly, while there is a decay in the amplitude of ℓ = 6. Notice, for

2 By this, we mean the highest overtone, such as its damping time being larger than a certain threshold,
or simply the largest overtone number that can be found as a solution to the Bohr-Sommerfeld
quantization condition in the WKB regime.
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Figure 36 Normalised radial profile of the long-lived overtones of the ℓ = 10 angular
harmonic. Although the fundamental mode is localised very close to the LR (vertical-
black dashed line), the higher overtones span a larger radial width, approximately ranging
between the unstable LR, and its symmetric point in the potential, occupying all the filled
gray region.

instance, the similarities between the dynamics of these modes, and the dynamics
of radial modes of a scalar field in AdS for initial conditions within islands of
stability [41], where also an inverse cascade is present.

The long-term dynamics of nonlinear waves on the sphere, in the presence of
artificial dissipation in the manner of Eq. (8.62), results of a combination of several
effects. On the one hand, we have a dual cascade: energy cascade, from low to high
frequencies, and particle number cascade, from high to low frequencies. However,
we also have dissipation, which is (exponentially) more efficient at low frequencies.
Due to the presence of this low-frequency dissipation, the inverse energy cascade just
facilitates the dissipation of energy at low frequencies in the system. The resulting
turbulent behavior is, thus, only dominated by the direct energy cascade, as can be
seen in Fig. 38. The Figure shows that the high frequency sector seems described by
a KZ scaling. Although it is rather difficult to extract precise information about the
KZ exponent, the scaling ϕℓ ∼ ℓ−3/2, characteristic of a direct energy cascade on a
four wave interaction [231], appears as a good approximation. On the other hand, at
low frequencies we observe the effect of dissipation, which suppresses significantly
the spectrum for ℓ ≲ 10.

The development of an inertial range requires the dissipation of high-frequency
radiation. However, the nonlinear wave model considered here lacks any intrinsic
mechanism to provide this. In realistic scenarios, such dissipation can arise from
the absorption of scalar waves or GWs by matter [80, 188, 226, 279, 280, 370, 395],
or from quantum effects.

For a KZ spectrum to persist in the inertial range, energy must be injected at a
constant rate. One possible mechanism for this is accretion, which could inject GWs
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of the system, as depicted in the legend. The system is initialized in the ℓ = 10, 11 modes,
both with equal amplitude ϵ =
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hints of an inverse cascade, as a correlated growth/decay of the amplitudes of lower ℓ

/ higher ℓ modes. For example, this explains the rapid growth of the ℓ = 2 mode near
t/R = 400, together with a decay of the ℓ = 6 mode.
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Figure 38 The power spectrum |ϕℓ| at different times (as indicated by the colorbar), for
the same configuration presented in Fig. 37. The latest time available is represented with
a thick-dark red line. At high frequencies, the spectrum is consistent with a Kolmogorov–
Zakharov-type scaling ϕℓ ∼ ℓ−3/2 (black dashed line), as in the two dimensional model.
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into the stable LR and sustain the KZ spectrum. However, this requires additional
physical ingredients beyond the mere existence of a stable LR. In the absence
of continuous energy injection, dissipation–inevitable at low frequencies, even in
vacuum–dominates, and the KZ spectrum is not a stationary solution. Consequently,
in the regime of validity of weak wave turbulence, we conjecture that the end state
is always the trivial one, Φ = 0.

8.6 discussion and outlook

Several horizonless black hole mimickers and higher-dimensional spacetimes are
known to admit stable light rings, which can efficiently trap high-frequency ra-
diation, including gravitational waves. Consequently, small perturbations in such
spacetimes decay slowly [57, 272]. While it has been conjectured that this slow decay
could trigger a nonlinear instability, the existing numerical and analytical evidence
remains inconclusive.

Recent numerical work [58] has provided evidence that a stable LR can induce
a turbulent cascade capable of transferring energy to higher frequencies. In this
work, we extend this analysis by further investigating the dynamics of this cascade
in the perturbative regime. Our results indicate that the sole presence of a stable LR
does not necessarily lead to instability. In particular, for the nonlinear cubic wave
equation considered here, we argue that the trivial solution Φ = 0 remains stable
under small perturbations.

One important aspect of our analysis concerns the regularity of solutions. Non-
linear wave equations are generally prone to energy-cascading phenomena. By
examining a two-dimensional model, we have confirmed that higher-order norms
of the solution grow rapidly, with a rate that increases with wave number. This
growth leads to a gradual loss of smoothness over time. We find that a similar
behaviour occurs in the presence of a stable LR, reinforcing the evidence for a direct
energy cascade. However, while such turbulence redistributes energy, it does not
necessarily imply a global instability. In particular, the absence of an uncontrolled
energy accumulation in any particular mode suggests that the system does not
undergo a catastrophic breakdown.

A key question is whether this turbulent cascade could still lead to a physical
instability over sufficiently long timescales. To address this, we have studied the
long-term dynamics of a dimensionally reduced system, which describes waves
propagating exactly at the LR. This model effectively captures the dynamics of
low-ℓ modes, and our numerical simulations reveal hints of a dual cascade, where
energy flows both towards higher frequencies (direct cascade) and towards lower
frequencies (inverse cascade). When artificial dissipation is introduced at high
frequencies, an inertial range emerges, characterised by a Kolmogorov–Zakharov
spectrum. However, it is important to recognise that this model may not accurately
describe the high-frequency behaviour. In particular, a family of long-lived radial
overtones exists for large angular numbers, supported within a finite-thickness
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spherical shell centered around the light rings. This suggests that conclusions from
the reduced model should be treated cautiously, and further research is needed.

If the considered system with a stable light ring, were to be unstable, and the
nonlinear back-reaction of the scalar field on the geometry were included, at least
the following possible outcomes could be expected: the formation of a black hole
at the LR; the emergence of time -periodic solutions (e.g., quasimode solutions
exhibiting an uniform decay rate slower than inverse logarithmically in time); or
the evolution toward a state without a stable LR altogether (as, e.g., conjectured
in Ref. [153] for spinning boson stars but recently reconsidered in Ref. [329]).
Regarding the first scenario, since radiation is only partially trapped within a finite-
width shell, the formation of a black hole starting from arbitrarily small initial
data appears inconceivable. This expectation aligns with the arguments presented
in [58]. Unlike the case of pure AdS, where nonlinear wave interactions lead to
the focusing of energy at a single point [73], in this type of spacetimes, the energy
remains distributed across an extended region. Additionally, we find no evidence
for the formation of time-periodic solutions, which require both (i) high-frequency
dissipation and (ii) a continuous energy injection mechanism. In the absence of
sustained energy input, they must eventually decay. Our results suggest that, after
a sufficiently long time, the radiation either escapes the light ring or disperses into
high-frequency modes with negligible amplitude. Based on this analysis, nonlinear
waves propagating in spacetimes with stable light rings appear dynamically stable
within the framework considered here.

Several aspects remain unexplored: what is the role of horizons in this turbulent
cascade? On the one hand, a horizon would enhance dissipation, reinforcing the
arguments against the instability. On the other hand, topological considerations
imply that in four-dimensional asymptotically flat spacetimes, the presence of a
horizon and a stable light ring necessitates a second unstable light ring, leading to
additional complexity. Additionally, our analysis is simply based on a scalar field
model while capturing some essential nonlinear dynamics, does not account for full
gravitational interactions. Since trapped radiation at the light ring can, in principle,
modify the light ring’s properties, the backreaction effects in a fully relativistic
setting could introduce additional dynamical features that the nonlinear behavior
arising solely from the self-interaction of the scalar field does not capture. Lastly,
rotation can amplify radiation, either through partial absorption at the surface of the
black hole mimicker or via the presence of ergoregions [83]. Studying these effects
in a well-posed matter model remains an important next step. Recent work [427,
428, 435] supports the picture drawn in this Chapter.



Part III

I N T E R A C T I O N O F G R AV I TAT I O N A L WAV E S W I T H
V I S C O U S M AT T E R

Well, there’s so many sinking
Now you’ve got to keep thinking

You can make it through these waves

— Joni Mitchell, Blue
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D I S S I PAT I V E R E L AT I V I S T I C H Y D R O D Y N A M I C S

Written while listening to music composed by Ludwig van Beethoven.

9.1 introduction

This second part of the thesis is devoted to understanding the interaction between
gravitational waves (GWs) and matter. This is motivated for two main reasons. First,
to understand the dynamics of neutron stars. These stars are extremely compact,
and the properties of the cold and ultradense matter in their interior remain an
open question. GW observations of merging neutron stars can help us understand
their composition, but in order to do so we must achieve an excellent understanding
of the interplay between stellar dynamics and GW emission.

The second motivation is the propagation of GWs through the Universe. The Uni-
verse is hardly empty, and less so the environments where BHs likely merge: galactic
centers, globular cluster, or active galactic nuclei are filled with dust, accreted gas,
dark matter, and other compact objects. The presence of these environments leaves
imprints modifying the two-body dynamics during binary coalescences [46, 167,
175, 178, 433], but it also may affect how GWs are propagated. One way in which
this occurs is through gravitational lensing [420]. However, the nature of GWs
means that there are other possible signatures, e. g., bright counterparts to BH
mergers, which carry important information about the astrophysical cradles where
GW signals are born.

A crucial observation is that GWs couple dynamically to fluids through their
viscosity. Therefore, this part of the thesis is particularly dedicated to the interaction
of GWs with viscous matter. This was originally observed by Hawking [237], and
Weinberg [459] in the context of propagation of GWs through cosmological history,
but also applies to the propagation of GWs through slabs of matter [188, 226,
325, 370, 384]. Indeed, a GW propagating through a perfect fluid is not altered
(except for a possible redshift due to the fluid’s self-gravity). On the other hand, a
GW propagating through a viscous fluid is partially absorbed and reflected by it.
Dissipative effects in hydrodynamics play the same role as conductivity does with
respect to the propagation of electromagnetic waves.

Fortunately, the same physical description applies both to neutron stars and to
astrophysical environments, to a large extent. Both regimes fall within the regime of
hydrodynamics, i. e., complex macroscopic material bodies that, close to equilibrium,

164
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can be described in terms of thermodynamic variables. In order to account for
viscous effects, we study hydrodynamics as an effective field theory [292, 293].
In this chapter we introduce our viewpoint on hydrodynamics, and we present
the relativistic version of the Navier-Stokes equation that we will work with in
subsequent chapters. In particular, we discuss in some depth the well-posedness
of dissipative hydrodynamics. This builds heavily on recent works by Bemfica,
Disconzi, Noronha [54], and Kovtun [293], and therefore this well-posed, causal,
and stable theory of relativistic and dissipative fluid dynamics is often dubbed
BDNK hydrodynamics.

9.2 hydrodynamics as an effective field theory

Fluid dynamics is a field theory compatible with Noether’s theorem and the fun-
damental spacetime symmetries. General covariance leads to the conservation of
the stress energy tensor ∇bTab = 0. Additional internal symmetries of the matter
under consideration, e. g.the U(1) baryon number conservation, lead to additional
conservation laws, such as the conservation of the particle current ∇a Ja = 0.

The fundamental assumption is that matter admits a description in terms of a
small number of macroscopic variables. These are typically taken to be one timelike
vector field ua (normalised so that uaua = −1), representing the fluid velocity, and
two scalars – the temperature T, and the chemical potential µ. The most general
stress energy tensor and particle number current written in terms of two scalars
and one vector takes the following form

Tab =E uaub +P∆ab +Qaub + uaQb +T ab ,
Ja =N ua +J a ,

(9.1)

where E ,P ,N are arbitrary scalar functions of (T, µ, ua), Qa,J a are transverse
vectors, i. e., uaQa = ubJ b = 0, and T ab is a transverse and traceless symmetric
tensor. Above ∆ab = gab + uaub is the projector onto the fluid’s worldline. A hydro-
dynamic theory is specified once certain constitutive relations, relating the quantities
E ,P ,N ,Qa,J a, T ab to the thermodynamic variables T, µ, ua are specified. Gener-
ically we say that a hydrodynamic theory is zeroth, first, or second-order if the
constitutive relations involve no derivatives, first derivatives, or second derivatives,
respectively, of the thermodynamic variables. Generically one may write

E =ε + E (1) +O(∂2) , P = p + P (1) +O(∂2) , N = n +N (1) +O(∂2) ,

Qa =(Qa)(1) +O(∂2) , J a = (J a)(1) +O(∂2) , T ab = (T ab)(1) +O(∂2) ,
(9.2)

where we note that there are no zeroth order contributions to the heat and particle
number flux Qa, J a, and the stress tensor T ab, since one cannot construct trans-
verse tensor fields without derivatives of the thermodynamic variables. Since we will
only consider first order theories, we remove the superscript (1) from the dissipative
corrections to the stress energy tensor, E ≡ E (1). Additionally we label ε, p, n the
zeroth order values of the scalar quantities, whose interpretation is discussed below.
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By performing this expansion in gradients, we are treating hydrodynamics as an
effective field theory. The effective field theory framework allows us to formalise
going from a microscopic theory of interacting particles to a hydrodynamic theory
built upon thermodynamic variables. We construct a hydrodynamic theory by
integrating out degrees of freedom up to a given power of the characteristic length
scale of interactions in the microscopic theory, which can be taken to be the mean
free path ℓmfp. At zeroth order we only retain the thermodynamic variables, which
vary on lengthscales much larger than the mean free path. The gradient expansion
becomes naturally an expansion in powers of ℓmfp, if we take into account that
|∂aT| ≪ |T/ℓmfp|. The transport coefficients which will appear relating quantities
like E to the thermodynamic variables can, thus, be related to n-point functions
and correlators in the underlying microscopic theory. Knowledge of the chemical
reaction rates can be used to directly estimate the scale of these transport coefficients,
see [20, 210, 211].

The effective field theory of hydrodynamics is not completely free. In particular,
a sensible physical requirement emerges by considering the entropy current [258]

TSa = pua − Tabub − µJa , (9.3)

with s The second-law of thermodynamics requires that the entropy is never de-
creasing. Therefore, one may naturally require (for a first-order theory) either of the
following two conditions

Effective 2nd Law: ∇aSa ≥ 0 +O(∂3) ,
Strict 2nd Law: ∇aSa ≥ 0 .

(9.4)

The first requirement takes into account that we have truncated the stress-energy
tensor. As long as we are in the regime of validity of the effective field theory, i. e.,
as long as the gradients are small enough, then these two conditions for entropy
production are equivalent. However the first condition allows for theories where
entropy can decrease. This should not be read as a physical effect, but rather a
smoking gun that one is applying the effective description beyond its regime of
validity. On the other hand, the strict second law version may be more appealing, as
it never leads to apparent violations of thermodynamics. Nevertheless, as we shall
discuss below, it is too restrictive.

Zeroth order hydrodynamics, also known as the theory of a perfect fluid, corre-
sponds to the following stress energy tensor and particle number current

Tab = εuaub + p∆ab , Ja = nua . (9.5)

Locally we can construct a frame aligned with the fluid velocity, and flat coordinates,
so that the stress energy tensor takes the form Ta

b = diag(−ε, p, p, p), and Ja =
(n, 0, 0, 0). From the point of view of this frame, then ε clearly denotes the fluid’s
energy density, p the equilibrium pressure, and n the equilibrium density of the
U(1) charge, i. e., particle number density.
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The equations of motion can be summarised as

ua∇aε + (ε + p)∇aua =0 ,

ub∇bua +
∂p
∂ε

∇a
⊥ε

ε + p
=0 ,

ua∇an + n∇aua =0 ,

(9.6)

where ∇a
⊥ = ∆ab∇b is the derivative orthogonal to the fluid flow. We can now show

that this corresponds to a perfect fluid. The entropy current (9.3) is just

TSa = (p + ε− µn)ua ≡ Tsua , (9.7)

with s the entropy density. It is now straightforward to show that the entropy current
is covariantly conserved. Indeed, the equations of motion directly imply that

∇a(TSa) = ua∇a p− nua∇aµ = sua∇aT = Sa∇aT , =⇒ ∇aSa = 0 . (9.8)

where in the second equality we make use of the thermodynamic law dp = Tds +
ndµ. This immediately leads to the desired conservation law. As expected, zeroth-
order hydrodynamics does not generate any entropy, and we are well justified
labelling it as a perfect fluid 1.

9.3 relativistic navier-stokes

9.3.1 A First Approach

Let us restrict ourselves for a moment to barotropic fluids, with equations of state
p = p(ε), where the speed of sound is simply c2

s = dp/dε. In this case, we can set
the chemical potential to zero µ = 0, and the only thermodynamic variables are
(ε, ua). This is the regime that we will consider in subsequent chapters, although
we will later present the more general formulation of first-order hydrodynamics.
In this case, a naive generalization from Navier-Stokes to relativistic Navier-Stokes
would prescribe the following constitutive relations

E = Qa = 0 , P = −ζϑ , T ab = −2ησab , (9.9)

where ϑ = ∇aua is the fluid expansion, σab = ∇(a
⊥ub) − ϑ∆ab/3 is the shear, and

ζ, η are the bulk and shear viscous coefficients. Notice how this new stress energy
tensor explicitly depends on first-order derivatives, therefore leading to a first-order
theory of hydrodynamics. This formulation was first introduced by Landau and
Lifshitz [301], by requiring that there is no momentum in the fluid’s local frame.
The new equations of motion are

ua∇aε + (ε + p)ϑ =ζϑ2 +
1
2

ησabσab ,

(ε + p)ub∇bua + c2
s∇a
⊥ε =ζϑub∇bua +∇a

⊥(ζϑ) + ∆a
b∇c(ησbc) .

(9.10)

1 Shocks, being only weak solutions to the equations of motion, can generate entropy flux even for a
perfect fluid.
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We can notice two things from these equations. First of all, the entropy is no longer
conserved. The entropy current remains given only by Sa = sua, but its divergence
can be shown to be, after an explicit calculation shown, e. g., in [53])

∇aSa =
2ησabσab

T
+

ζϑ2

T
. (9.11)

The second-law is satisfied in a strict sense as long as η, ζ ≥ 0.
The second observation is that these equations are of mixed-order. The left-hand

side contains first order derivatives – in particular, it captures the evolution of the
energy density and fluid velocity along the flow direction. The right-hand side of
the second equation, though, contains explicitly second derivatives, e. g., ζ∇a

⊥ϑ =
ζ∆ab∇b∇cuc. The equations are of parabolic type, which means in particular that
they are not hyperbolic in any of the senses discussed in Chapter 2. The initial value
problem is not well-posed, which was understood early on [122, 295, 453], and lead to
the development of alternative formulations of relativistic hydrodynamics to include
the effects of dissipation, most notably the so-called Israel-Stewart theory [257, 259]
(see also [351] for the non-relativistic case). This theory is a second-order theory,
effectively promoting the viscous terms to new degrees of freedom, and prescribing
their evolution in a particular way. Although this approach has enabled major
advancements in relativistic hydrodynamics, Israel-Stewart theories have not been
demonstrated to be well-posed in full generality (only recently in some specific
cases, see e. g., Ref. [53]), and being second-order, they effectively include higher
order deviations with respect to equilibrium. Is this really necessary? Here we argue
that it is not, and that the key is to understand hydrodynamics as an effective field
theory.

9.3.2 A Minimal Frame Transformation

In effective field theory, it is common to consider field redefenitions. Indeed, one
may change the definition of the fundamental variables by a factor which depends
on first-order gradients. For instance, suppose we do the following redefinition of
the energy density

ε→ ε + aϑ , (9.12)

where a is some coefficient that may depend on the state of the fluid. At equilibrium,
ϑ = 0, and the energy density retains its original physical meaning. The constitutive
relations (9.9) change only by

E → aϑ , P → P + c2
s aϑ . (9.13)

We have not changed the physical content of the theory, but now the equations
of motion will be different. This is a consequence of working with a particular
truncation of an effective field theory to, in this case, first-order. This means that,
whatever frame we choose (e.g. whatever value of a), the physical results should
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not be very different, so long as we are within the regime of validity of first-order
hydrodynamics. On the other hand, this changes the character of the equations,
and in particular we can search for a frame transformation that renders the theory
well-posed.

A minimal frame transformation that makes the theory well-posed was proposed
in [49] and is given by

ε→ ε +A , ua → ua +
qa

ε + p
, (9.14)

with

A = a1

(
η +

3
4

ζ
)(ua∇aε

ε + p
+ ϑ
)

, qa = a2

(
η +

3
4

ζ
)(

ub∇bua + c2
s
∇a
⊥ε

ε + p

)
. (9.15)

The constitutive relations in this frame, which we refer to as minimal frame, are

E = A , P = c2
sA− ζϑ , Qa = qa , T ab = −2ησab . (9.16)

The equations of motion generalise (9.10) but reduce to that setting (a1, a2) = (0, 0),
and we refer to [49] for their exact form. However, notice that for a perfect fluid,
A = qa = 0 on-shell. Therefore the frame transformation (9.14) does not change the
physical meaning. This is referred to as a Type II frame transformation in [49].

Remarkably, Ref. [49] demonstrates that these equations are (locally) well-posed
if

a1 ≥
4

3c2
s

, a2 ≥
4a1

3(1− c2
s )a1 − 4c2

s
. (9.17)

Clearly, (a1, a2) = (0, 0), corresponding to the theory introduced before, do not
satisfy these constraints. This demonstrates that a well-posed first-order hydrody-
namics theory is possible. We paid a price in the process: the constitutive relations
are now notably more involved, and computing the entropy divergence shows that

∇aSa =
2ησabσab

T
+

ζϑ2

T
+O(∂3) ≥ 0 +O(∂3) , (9.18)

i. e., we now satisfy the 2nd law of thermodynamics only in an effective field
theory sense. The reader may now judge whether this is more or less desirable than
extending instead the system and treating a 2nd order theory such as Israel-Stewart
hydrodynamics. Nevertheless, certain physical scenarios may prefer either approach.

9.3.3 Landau-like and Eckart-like Frames

Let us now consider a general fluid, i. e., p = p(ε, n). The first attempts at describing
the relativistic generalisation of Navier-Stokes hydrodynamics were carried out by
Eckart [183] and Landau and Lifshitz [301]. The theories they obtained, i. e., the
particular constitutive relations they proposed, lead to an ill-posed initial value



9.3 relativistic navier-stokes 170

problem. Nevertheless, it is important to introduce them, as they consider two
complementary viewpoints to look at hydrodynamics out of equilibrium.

As discussed before, Landau and Lifshitz consider a parametrization such that the
velocity of a fluid element is such that there is no momentum in its local frame. This
corresponds to fixing the heat flux Qa = 0. We refer to frames where this condition
is satisfied as Landau-like. Instead, Eckart considers a frame where the local frame
sees no particle number flux. This corresponds to choosing instead J a = 0. Frames
satisfying this are said to be Eckart-like.

Landau-like Frames: Qa = 0 , Eckart-like Frames: J a = 0 . (9.19)

For completeness, we write here the stress-energy tensor and particle number
current proposed by both Eckart, and Landau and Lifshitz. However, we note that
these stress-energy tensors lead to acausal propagation of degrees of freedom and
an ill-posed initial value problem.

Tab
Landau =εuaub + (p− ζϑ)∆ab − ησab +O(∂2) ,

Ja
Landau =nua − σT∇a

⊥
(µ

T

)
+O(∂2) ,

Tab
Eckart =εuaub + (p− ζϑ)∆ab +Qa

Eckartu
b + uaQb

Eckart − ησab +O(∂2) ,

Ja
Eckart =nua +O(∂2) , Qa

Eckart = κT
ε + p

n
∇a
⊥
(µ

T

)
.

(9.20)

Above, σ is the heat conductivity, and η, ζ are the shear and bulk viscosities, as in
the previous case. One point to emphasize is that there is a frame transformation
that maps the Eckart frame into the Landau frame [293]. We will now discuss some
properties of first-order hydrodynamics in a general frame.

9.3.4 Thermodynamics and Well Posedness

Let us consider now the behaviour of small fluctuations around an equilibrium
solution of a general first-order theory. For simplicity, we restrict in this section
to fluctuations around flat spacetime, i. e., gab = ηab = diag(−1, 1, 1, 1), where
the equilibrium state is given by constant temperature, chemical potential, and
background fluid velocity ua

0∂a = ∂t. We consider a plane wave expansion of the
form ε = ε0 + ϵδεei(kx−ωt), ua = ua

0 + ϵδuaei(kx−ωt), where |ϵ| ≪ 1, and so on, with
δε, δua constants.

The linearised equations of motion stemming from the linearisation of the conser-
vation laws can be written as a matrix problem, MI JδY J = 0, where δY encapsulates
all the perturbed quantities, and MI J is a matrix of coefficients. The full expression
for MI J can be found in [241]. With a judicious choice of variables for δY, it can be
shown that MI J takes a block diagonal form, with two distinct non-trivial blocks.
One of them (which appears only once) can be associated to sound modes, and
the other one, which appears with multiplicity 2 in 3 + 1 dimensions, to shear or
transverse modes [293].
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Plane wave solutions exist only when det MI J = 0, which lead to two distinct
dispersion relations for sound modes ωsound(k) and shear modes, ωshear(k). We
say that a hydrodynamic theory is linearly stable if ℑ(ω(k)) ≤ 0 for all possible
wavenumbers k – in essence, small plane wave fluctuations around an equilibrium
solution do not grow. On the other hand, we say that a hydrodynamic theory is
causal if ℜ(ω(k))/|k| → C < 1 as |k| → ∞, i. e.arbitrarily high frequency modes do
not propagate faster than the speed of light. This point raises a clear concern, since
any truncated gradient expansion will not be valid in the limit k→ ∞, whereas we
are now requiring an ultraviolet condition to establish causality. Further discussions
on causality criteria can be found in Ref [297].

Hiscock and Lindblom [241] remarkably showed that any first-order theory
satisfying the second-law of thermodynamics in the strict sense (9.4) is linearly
unstable. In essence, their analysis consists on writing the most general stress-energy
tensor compatible with the strict formulation of the second law, and then proving
that there always exist unstable modes, by computing the eigenvalues of the matrix
MI J . The timescale of these unstable modes is remarkably short, casting doubts on
the usefulness of these theories. As we have already anticipated, however, this issue
is circumvented by an appropriate frame transformation. The condition imposed
in [241] is, simply, too restrictive to allow for a stable, well-posed theory of first-order
hydrodynamics.

9.3.5 BDNK Hydrodynamics

A number of works (see e. g. [209, 241, 304]) show that quite generically any first
order theory compatible with the second law of thermodynamics in a strict sense,
∇aSa ≥ 0, cannot be causal and stable. Bemfica, Disconzi, and Noronha [52, 53, 55],
and Kovtun [293] (hence the acronym BDNK) proved that sufficiently general frames
lead to causal and stable first order hydrodynamics. This finding has led to a large
flurry of activity in dissipative hydrodynamics, which we summarised in the next
section. We highlight that BDNK hydrodynamics has been proven to be well-posed
even when coupled to Einstein’s equations [53, 249]. From the well-posedness point
of view, at this point, one may conclude that first-order hydrodynamics stands on
more solid ground than most second-order Israel-Stewart-like theories.

A very general class of frames (Eckart-like), which can be shown to lead to a
causal and stable theory, is given by the following constitutive relations

E =τε

[
ua∇aε + (ε + p)ϑ

]
,

P =− ζϑ + τp

[
ua∇aε + (ε + p)ϑ

]
,

Qa =τQ(ε + p)ub∇bua + βε∆ab∇bε + βn∆ab∇bn ,

T ab =− 2ησab ,

(9.21)
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where N = J a = 0. The β coefficients are given by

βε =τQ

(∂p
∂ε

)
n
+

σT(ε + p)
n

(∂(µ/T)
∂ε

)
n

,

βn =τQ

(∂p
∂n

)
ε
+

σT(ε + p)
n

(∂(µ/T)
∂n

)
ε
.

(9.22)

The free transport coefficients of the BDNK theory are the three usual transport
coefficients ζ, η, σ (bulk and shear viscosities, and heat conductivity), and three
dissipation timescales τε, τp, τQ. These timescales multiply terms that vanish on-shell
for a perfect fluid, i. e., they arise as a result of type II frame transformations, as
in the minimal case. Therefore, one expects that changing the value of these τX
coefficients does not change physical effects, as long as we remain within the regime
of validity of first-order hydrodynamics.

Notice that these timescales multiply terms that are O(∂2) on-shell and thus are
taken to be zero in Eckart hydrodynamics. However, keeping them at the level of
the constitutive relations is necessary in order to guarantee causality and stability
of the theory.

Causality, as defined above, i. e., requiring that in the ultraviolet limit degrees
of freedom do not propagate faster than the speed of light, leads to the following
constraints

η, ζ, σ ≥0 , τε, τP, τQ > 0 ,
(ε + p)τQ >η ,

C2 ≥4(ε + p)τετQ

[
τP

(
(ε + p)c2

s τQ + σκs

)
− βε

(
ζ +

4η

3

)]
≥ 0 ,

2(ε + p)τετQ >C ≥ 0 ,

(ε + p)τετQ + σκsτp >C − (ε + p)c2
s τpτQ + βε

(
ζ +

4η

3

)
,

(9.23)

where

C = τε

(
(ε + p)c2

s τQ + ζ +
4η

3
+ σκs

)
+ (ε + p)τpτQ , (9.24)

and we have introduced the speed of sound for a general fluid

c2
s =

(∂p
∂ε

)
s
=
(∂p

∂ε

)
n
+

n
ε + p

(∂p
∂n

)
ε
, (9.25)

and

κs =
(ε + p)2T

n

(∂(µ/T)
∂ε

)
s
=

(ε + p)2T
n

(∂(µ/T)
∂ε

)
n
+ T(ε+ p)

(∂(µ/T)
∂n

)
ε
. (9.26)

Linear stability further imposes additional constraints on the transport coefficients,
which for brevity we do not write here, but rather refer to Eq.(48) in Ref. [53]. It is
remarkable that causality enforces that all the dissipation timescales must be strictly
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Well-posed

Ill-posed

∇aSa ≥ 0

Landau-like Eckart-like

LL Eckart

Minimal

BDNK

(9.14)

Figure 39 Schematic representation of the parameter space of first-order frames, distinguish-
ing them as (locally) well or ill-posed. The cross-hatched region represents Landau-like
frames, with Qa = 0, where the red dot is the Landau-Lifshitz hydrodynamics. The dotted
region represents Eckart-like frames, with J a = 0. The orange dot represents Eckart hydro-
dynamics, the light blue region the BDNK constitutive relations (9.21), and the dark blue the
minimal constitutive relations (9.16). The arrow indicates that this minimal hydrodynamics
is obtained via a frame redefinition from Landau-Lifshitz hydrodynamics given explicitly
in (9.14).

positive – under this conditions, the Eckart and Landau frames always exhibit
acausal behaviour. We will later show how we recover these causal conditions
by studying the causality of the equations describing linear propagations around
the background of a spherically symmetric, self-gravitating fluid configuration. A
summary of the different frame classes, their relations, and their well-posedness
properties is shown in Fig. 39.

9.4 outlook and state of the art

Relativistic hydrodynamics is remarkably more complex than its Newtonian coun-
terpart. One difficulty encountered in generalising the Navier-Stokes theory to
the relativistic regime is the ill-posedness of the most trivial generalisations, and
in fact, the apparent tension between the second-law of thermodynamics and
well-posedness of first-order hydrodynamics. Recent works have now properly
understood this tension, by noticing both that the second-law need not be satisfied
strictly, but only up to certain order in the effective gradient expansion; and that
frame transformations (field redefinitions) allow us to write equations of motion
that define a causal, well-posed, and linearly stable Cauchy problem [55].

The remainder of this thesis builds upon this framework to study the dynamical
properties of neutron stars, within the regime of validity of perturbation theory.
However, recent years have seen remarkable progress in the context of first-order
hydrodynamics. Here, we list some of these recent advancements. This list is not
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meant to be exhaustive, but rather to serve as a starting point to investigate this
fascinating field.

• Numerics: Numerically solving the well-posed equations of first-order hy-
drodynamics is one of the key advancements in this program. This problem
was first tackled in a series of works [363–365], which, among other things,
devised a conservative numerical scheme to evolve these equations. Within the
context of heavy-ion collisions, numerical results were first obtained in [43].
More recent developments in the context of numerical solutions can be found
in Refs. [50, 142, 267, 425].

• Neutron Star Dynamics: Beyond the works presented in the rest of this thesis,
other works have begun exploring the consequences of first-order hydrodynam-
ics in the perturbations of neutron stars. In particular, we highlight [90], which
tackles some formal aspects of radial perturbations for small values of the
viscosity, and [339], also studying radial perturbations within an approximated
regime. Other works [123, 124] have demonstrated (within Israel-Stewart hy-
drodynamics) that viscosity plays a significant role in altering the postmerger
GW emission in neutron star mergers. Therefore, further clarifying the role of
viscosity in the dynamics of neutron stars and their GW emission appears as a
promising direction, and a clear application of first-order hydrodynamics.

• Heavy-Ion Collisions: Within the context of heavy-ion collisions, we highlight
the recent results of [49], reproducing experimental values of the quark-gluon
plasma from first-order hydrodynamics.

• Magnetohydrodynamics: Recent work [31, 250] has extended these ideas to
develop a causal and stable first-order theory of dissipative magnetohydro-
dynamics. This may encounter very relevant applications to study extreme
astrophysical environments such as young neutron stars or accretion disks.
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P E RT U R B AT I O N S O F V I S C O U S S TA R S

Written while listening to music composed by Alban Berg and Arnold Schoenberg.

10.1 introduction

Neutron stars (NSs) are the most compact known astrophysical objects, aside
from BHs. The extreme densities achieved in their interiors make them a unique
laboratory to study nuclear and particle physics in extreme regimes, unattainable
with current experiments [393]. Neutron stars are cold — with temperatures ranging
between T ∼ 108 − 109K ∼ 0.01− 0.1MeV. Therefore by studying NS physics we
probe a complementary regime to that achieved in heavy ion collisions, which
produce short-lived nuclear matter at extreme temperatures T ∼ 150−−600MeV.
GWs emitted when a NS merges with another NS or a BH provide a bright probe
of cold nuclear physics at extreme densities, opening an avenue for new discoveries
in the intersection between astrophysics and particle physics [26, 60].

One frontier in the study of NS physics is the role of viscosity or, generically,
dissipative effects. The impact of shear viscosity is expected to be small compared
to the damping produced by the emission of GWs [155, 156, 310], but it can be
enhanced in the neutrino-dominated regime if there are relevant turbulent or non-
axisymmetric instabilities [20, 181, 278, 305, 392]. Bulk viscosity is important due
to the relevance of modified Urca processes [18–20, 93, 94, 123, 124, 346, 347], and
hyperons and strange quarks [17, 132, 210, 211, 360]. Precision GW asteroseismology
requires of a precise analysis of the impact of viscosity on the emission of GWs by
NSs, extending beyond the estimates of classical works [155, 156, 310]. Building the
foundations to tackle this gap is the goal of this Chapter. In addition, the possibility
of exotic stars composed wholly or partially of dark matter, or other states of matter,
where viscosity may play a more significant role, further reinforces the need to study
systematically the impact of viscosity in the emission of GWs. A final motivation,
already anticipated, is the interaction of GWs with viscous matter. The formalism
developed in this chapter will allow us to later study the scattering of GWs off a
viscous star, which will be the subject of subsequent chapters.

In order to do this, we need to specify a particular theory of dissipative hydrody-
namics. As discussed in the previous chapter, the extensions of the Navier–Stokes
hydrodynamics to the relativistic regime, first undertaken by Eckart [183] and
Landau [301] are problematic: they lead to instabilities because of their acausal

175
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character [240, 241]. Theories that include second-order gradients (Israel-Stewart
theories [257]) can solve these problems, but at the cost of introducing a more
complicated structure of differential equations. Recent progress in the perturbations
of Israel-Stewart theories can be found in Ref. [172]. Here we focus instead on
the BDNK hydrodynamics, which has the advantage of including only first-order
gradients — thus leading to a simpler system of equations, structurally speaking —
while providing a theory that can be causal and stable.

We expand on the formalism presented in Chapter 3 which builds upon a 2 + 2
decomposition of the spherically symmetric background. Since we deal with fluids,
whose velocity field determines a privileged direction in the Lorentzian sector of
the metric, we introduce an oriented, normalised frame adapted to the fluid velocity.
This is based on work by Gundlach and Martín-García [228, 331, 332], and allows
us to reduce the linearised Einstein equations in the presence of a fluid source to
scalar equations, in terms of gauge-invariant quantities.

In this chapter, we derive a coupled system of wave equations describing the
dynamics of axial perturbations to a viscous stars. We identify one of the axial
degrees of freedom with gravitational perturbations, whereas the other one is
associated to a viscous mode, with no analogue in the case of a perfect fluid. This is
akin to the appearance of a second sound mode for superfluid stars [23, 146, 311],
or to the appearance of an unstable pair of modes in classical hydrodynamics for
the Poiseuille flow, which are absent in the inviscid case [312]. Physically, this mode
corresponds to a rotational motion in the star, which oscillates with a frequency
proportional to the shear viscosity. Additionally we demonstrate that the even parity
perturbations can be described by a mixed system composed of five coupled wave-
like equations and one additional first-order equation (which can be interpreted as a
constraint). By analysing their causal structure, we show that there are propagating
degrees of freedom associated to (i) propagating GWs, (ii) a viscous mode induced
by the shear viscosity, (iii) fluid density perturbations, which are modified due to
the presence of bulk viscosity. Requiring that the propagation speed of each of this
modes respects causality allows us to recover explicitly the causal constraints of the
BDNK theory [54].

Throughout this chapter we make two simplifying assumptions. Firstly, we restrict
to radiating modes, i. e., we do not discuss the dynamics of radial modes (ℓ = 0
multipoles), or dipolar modes (ℓ = 1), leaving that analysis for future work. Secondly,
we assume that heat conductivity is negligible in the fluid — equivalently, that the
temperature of the fluid is zero. This allows us to eliminate one of the transport
coefficients of the BDNK theory and simplify somewhat the perturbative equations.
However, our framework should be readily applicable including thermal effects.

10.2 perturbative formalism

We build upon the 2 + 2 decomposition introduced in Chapter 3. Spacetime is
decomposed as a warped product between a Lorentzian 2-manifold and a sphere,
M = N 2 ×r2 S2. Additionally we will introduce a frame on N 2 adapted to the
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background fluid velocity, which will allow us to reduce all the tensorial equations
to scalar equations, while retaining gauge invariance.

10.2.1 Background Geometry

Recall that the background metric is decomposed as (3.1)

ds2 = gAB(y)dyAdyB + r2(y)γ̇I Jdθ Idθ J , (10.1)

and we introduced rvA = ∇Ar. The key difference is that we now introduce a frame
on the Lorentzian sector N 2 given by the pair (uA, nA), where uAuA = −1 is a
timelike vector, given by the background fluid velocity, and nA is a spacelike vector
orthogonal to it, i. e., uAnA = 0. The metric is given in terms of the frame by

gAB = −uAuB + nAnB . (10.2)

Additionally, there are only three other independent rank–2 tensors, which we label

pAB = uAuB + nAnB , qAB = uAnB + nAuB , ϵAB = −uAnB + nAuB . (10.3)

A general stress energy tensor can be written, in terms of these tensors, as

Tµνdxµdxν =
1
2

(
TggAB + Tp pAB − TqqAB

)
dyAdyB + r2TSγI Jdθ Idθ J , (10.4)

i.e., it is fully characterised by the four scalars {Tg, Tp, Tq, TS}. The normalisation of
the previous expression is chosen so that, e. g., qABTAB = Tq.

Additionally we introduce the frame derivatives

δ f = uA∇A f ∆ f = nA∇A f , (10.5)

and the scalars

U = uAvA , W = nAvA , µ = ∇AuA , ν = ∇AnA . (10.6)

Straightforward computations yield the following useful identities, which we will
apply repeatedly in what follows

∇AuB =nB(µnA − νuA) , ∇AnB = uB(µnA − νuA) ,

vAvA =−U2 + W2 , [∆, δ] f = µ∆ f − νδ f .
(10.7)

Einstein equations (3.5) can be reduced to 4 scalar equations in terms of these
variables and derivatives. Simply projecting (3.5) onto the projectors (10.3) and
using (10.6)–(10.7) yields

∆W − δU + νW − µU + 2v2 − r−2 =4πTg ,

−∆W − δU + νW + µU + v2 − 2W2 =4πTp ,
−δW − ∆U + µW + νU − 2UW =4πTq ,

∆W − δU + νW − µU + v2 − 1
2

R(2) =8πTS .

(10.8)



10.2 perturbative formalism 178

These equations can be used to eliminate three of the first order frame derivatives
of U, W. The only frame derivative that cannot be eliminated from these equations
can be instead obtain from the other 3 via commutation relations (10.7):

∆U = (µ−U)W − 2πTq . (10.9)

Finally, recall that for a two dimensional manifold, R(2)gAB = 2RAB, so we can
eliminate the Ricci scalar in terms of the scalars defined in (10.6) as

1
2

R(2) = δµ− ∆ν + µ2 − ν2 = −δU + ∆W + νW − µU + v2 − 8πTS . (10.10)

We will use the last equality to eliminate every instance of δµ− ∆ν.

10.2.2 Linear Perturbations

We consider linear perturbations to the spherically symmetric background intro-
duced before, gab = g̊ab + ϵġab +O(ϵ2). Following Chapter 3, for an arbitrary metric
perturbation, we can always find a unique gauge transformation (for multipoles
with ℓ ≥ 2) that casts it into the RW gauge (3.16). Equivalently, by working in the
RW gauge, our results can immediately be promoted to gauge-invariant expressions,
with knowledge of the gauge transformations (3.12)–(3.13). The metric perturbation
in the RW gauge can be written in terms of scalar variables as

ġabdxadxb =ḣABYdyAdyB + 2k̇AXIdyAdzI + r2ḣYqI JdzIdzJ ,

ḣAB =
1
2

(
ḣggAB + ḣp pAB − ḣqqAB

)
,

k̇A =k̇nnA − k̇uuA .

(10.11)

Similarly, the stress energy tensor is perturbed according to Tab = T̊ab + ϵṪab +O(ϵ2),
where

Ṫabdxadxb =
1
2

(
ṫggAB + ṫp pAB − ṫqqAB

)
YdyAdyB

+ 2
[(

ϑ̇nnA − ϑ̇uuA

)
XI +

(
ṫnnA − ṫuuA

)
YI

]
dyAdzI

+
[
ϑ̇SXI J + r2

(
ṫSYqI J +

˜̇tSYI J

)]
dzIdzJ .

(10.12)

Even (respectively odd) parity perturbations are governed by the (ḣ, ṫ) (resp. (k̇, ϑ̇))
variables). Recall that although we omit the harmonic indices ℓm, we assume that we
work with a single harmonic, with ℓ ≥ 2. The linearised Einstein equations (3.17),
which we wrote in Chapter 3 in tensorial form, can now be reduced to scalar
equations. If we denote the linearised Einstein tensor as Ġab = ĠE

ab + ĠO
ab, where the

E and O labels stand for even and odd components, we can expand each of these as

ĠO
abdxadxb =K̇AXIdyAdzI + K̇XABdzIdzJ ,

K̇A =K̇nnA − K̇uuA ,
(10.13)
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for the odd sector, and

ĠE
abdxadxb =ḢABYdyAdyB + 2ḢAYIdyAdzI + r2

[
ḢYqI J +

˙̃HYAB

]
dzIdzJ ,

ḢAB =
1
2

(
ḢggAB + Ḣp pAB − ḢqqAB

)
,

ḢA =ḢnnA − ḢuuA ,

(10.14)

for the even sector. The odd parity equations are given by

K̇u ≡δ∆k̇n − ∆2k̇u + 2(µ−U)∆k̇n + (2W − ν)δk̇n − ν∆k̇u +
(

4πTq + ∆µ− 2UW
)

k̇n

+
(

4π(Tg − Tp + 4TS) + 2(W2 + µU − νW)− v2 − ∆ν +
ℓ(ℓ+ 1)− 1

r2

)
k̇u = 16πϑ̇u ,

K̇n ≡δ2k̇n − δ∆k̇u + µδk̇n − 2U∆k̇u + (2W − ν)δk̇u +
(

2UW − 4πTq − ∆ν
)

k̇u

+
(

4π(2Tg + Tp + 2TS) + 2(µU − νW −W2) + ∆ν + ν2 − µ2 +
ℓ(ℓ+ 1)

r

)
k̇n = 16πϑ̇n ,

K̇ ≡∆k̇n + νk̇n − δk̇u − µk̇u = 8πϑ̇S .
(10.15)

The even parity equations were first written in [331]. We recover them here, where
the relation between our notation and theirs (MG) is 2ηMG 7→ ḣg, 2ϕMG 7→ ḣp,
2ψMG 7→ −ḣq, kMG 7→ ḣS. For convenience, we write them below:

Ḣg ≡− δ2ḣS + ∆2ḣS + U(∆ḣq − δḣp) + W(δḣq − ∆ḣp) + (ν + 4W)∆ḣS − (µ + 4U)δḣS

+ ḣp

(
8πTp + v2 − 2µU − 2W(ν + W)

)
+ 2ḣq

(
νU + (µ + U)W − 4π ṫq

)

− 1
2r2

(
(ℓ(ℓ+ 1) + 2)ḣg + 2(ℓ(ℓ+ 1)− 2)ḣS

)
= 8π ṫg ,

Ḣp ≡− δ2ḣS − ∆2ḣS + U(δḣg − ∆ḣq) + W(δḣq + ∆ḣg) + (µ− 2U)δḣS + (ν− 2W)∆ḣS

+
(

8πTg + 2µU − 2νW − v2 +
ℓ(ℓ+ 1) + 2

2r2

)
ḣp = 8π ṫp ,

Ḣq ≡− 2∆̇ḣS + U(∆ḣg − ∆ḣp) + W(δḣg + δḣp) + 2
[
(ν−W)δḣS − ∆ḣS

]

+
(

8πTG + 2µU − 2νW − v2 +
ℓ(ℓ+ 1) + 2

2r2

)
ḣq = 8π ṫq ,

Ḣu ≡∆ḣq − δḣg − δḣp − 2δḣS + 2
(

Uḣg + νḣq − µḣP) = 32π ṫu ,

Ḣn ≡∆ḣp − ∆ḣg − δḣq − 2∆ḣS + 2
(

Wḣg + νḣp − µḣq

)
= 32π ṫn ,

˙̃HS ≡ḣg = −16πr2 ˜̇tS ,

ḢS ≡2∆2ḣS − ∆2ḣp + ∆2ḣg − 2δ2ḣS − δ2ḣp − δ2ḣg + 2δ∆ḣq + 2
[
(ν + 2W)∆ḣS − (µ + 2U)δḣS

]

− (3µ + 2U)δḣp − (3ν + 2W)∆ḣp − µδḣg + ν∆ḣg + 2
[
(2µ + U)∆ḣq + (ν + W)δḣq

]

+ 2
[
4π(2TS + TP − TG) + v2 − 2µU − 2νW − 2ν2 − 2∆ν− r−2

]
ḣp

+ 2
[
2ν(µ + U) + 2µW + δν− ∆µ− 4πTq

]
ḣq −

(
16πTS +

ℓ(ℓ+ 1)
r2

)
ḣg + 32πTSḣS = 32π ṫS ,
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(10.16)

In addition to Einstein equations, it will be useful to write the projections of the
perturbation to the conservation of the stress energy tensor. Let us decompose it as

(
∇νTµν

)
ḋxµ =

(
ḂnnA − ḂuuA

)
YdyA +

(
ḂYI + ĊXI

)
dzI . (10.17)

For the odd sector, this leads to a single equation

Ċ ≡δϑ̇u − ∆ϑ̇n + (µ + 2U)ϑ̇u − (ν + 2W)ϑ̇n +
ℓ(ℓ+ 1)− 2

2r2 ϑ̇S

= TS(δk̇u − ∆k̇n) + ku

(
δTS + TS(µ + 2U)

)
− k̇n

(
∆TS + TS(ν + 2W)

)
,

(10.18)

whereas for the even sector we have

Ḃu ≡
1
2

(
δṫg − δṫp + ∆ṫq

)
+ Uṫg − (µ + U)ṫp + (ν + W)ṫq − 2UṫS −

ℓ(ℓ+ 1)
2

ṫu

=
1
4

[
2Tgδḣg + (2Tp − Tg)δḣp − Tqδḣq + (Tp + 2TS − Tg)δḣS

]

− ḣq

4

[
2UTq − 2(Tg − Tp)(ν + W) + δTq − ∆Tg + ∆Tp

]

− ḣp

4

[
2(µ + U)Tg − 2UTp − 2(ν + W)Tq + δTg − δTp − ∆Tq

]

− ḣg

4

[
2Tp(µU)− 2Tq(ν + W)− 2UTg − δTg + δTp − ∆Tq

]
− 2UTSḣS ,

Ḃn ≡
1
2

(
∆ṫg + ∆ṫp − δṫq

)
+ (ν + W)ṫp − (µ + U)ṫq − 2WṫS + Wṫg

=
1
4

[
2Tq(δḣp + δḣS)− (Tg + Tp)δḣq + (Tg + 2Tp)∆ḣp − 2Tq∆ḣq + Tg∆ḣg

+ 2(2TS − Tg − Tp)∆ḣS

]

− ḣg

4

[
2(µ + U)Tq − 2(ν + W)TP − 2WTg + δTq − ∆Tg − ∆Tp

]

+
ḣp

4

[
2
(

νTg + (µ + U)tq + W(tg + tp)
)
+ δTq + ∆Tg + ∆Tp

]

− ḣq

4

[
2
(
(µ + U)(Tg + tp) + Wtq

)
+ δTg + δTp + ∆Tq

]
− 2WTSḣS ,

Ḃ ≡∆ṫn − δṫu + (ν + 2W)ṫn − (µ + 2U)ṫu −
ℓ(ℓ+ 1)− 2

2
˙̃tS

=
1
4

[
Tpḣp − Tqḣ1 + (Tg − 2TS)ḣg + TSḣS

]
.

(10.19)

We emphasize that these equations are valid in full generality — no assumptions
have been made on the matter content, or on the background spacetime, beyond
spherical symmetry. Below, we restrict them to a stationary spacetime sourced by a
fluid, which will greatly simplify the algebra.
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10.3 matter content

The matter content is specified by the BDNK stress energy tensor, discussed in great
detail in Chapter 9. This stress energy tensor is given by the constitutive relations
of (9.21), which lead to

Tab =
(

ε + E
)

uaub +
(

p + P
)

∆ab +Qaub + uaQb + T ab , (10.20)

where ε and p denote the energy density and pressure, respectively, ∆ab = gab + uaub

is the projector onto the fluid’s worldline, and

E =τε

[
ua∇aε + (ε + p)ϑ

]
,

P =− ζϑ + τp

[
ua∇aε + (ε + p)ϑ

]
,

Qa =τQ(ε + p)ub∇bua + βε∆ab∇bε + βn∆ab∇bn ,

T ab =− 2ησab .

(10.21)

The β coefficients are defined in (9.22). We now assume that we deal with a cold
star, T = 0, and in addition, that we deal with barotropic matter, i. e., p = p(ε).
In that case, βn = 0, and βε = τQc2

s , where c2
s = dp/dε is the barotropic sound

speed (9.25). This is the stress energy tensor whose perturbations will source metric
perturbations.

10.3.1 Background Stress Energy Tensor

In spherical symmetry, it must be that the fluid velocity is purely on the Lorentzian
plane, uadxa = uAdyA, and thus, we can use it to generate a frame (the second vector
of the frame can be defined to be simply nA = ϵABuB). If, in addition, the fluid is
stationary, we immediately have that the fluid expansion vanishes, µ = ∇AuA = 0,
and similarly all derivatives along the fluid flow vanish, δε = δp = 0. We can also
choose stationary coordinates such that the warping factor r does not change with
the fluid flow. This leads to U = 0, which will allow us to greatly simplify the
equations. In particular, a straightforward calculation shows that the components of
the background stress energy tensor are, simply

Tg = p− ε , Tp = p + ε , Tq = −2τQ

(
ν(ε + p) + c2

s ∆ε
)

, TS = p . (10.22)

Remarkably all viscous corrections vanish, except in Tq. However, Einstein equations
on a stationary and spherically symmetric background (10.8) also enforce that Tq = 0.
Plugging these into Einstein’s equations leads to the closed-form system

∆p =− ν(p + ε) ,

∆ν =4π(p + ε)− r−2 ,

∆W =4π(p− ε)− ν(W + 2ν) + r−2 .

(10.23)

Plugging coordinate expressions for these equations will lead to the usual Tolman-
Oppenheimer-Volkoff (TOV) equations.
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10.3.2 Perturbed Stress Energy Tensor

Let us consider now perturbations to the matter content around an equilibrium
solution, of the form uµ = ůµ + ϵu̇µ, ε = ε̊ + ϵε̇, etc. Slightly abusing notation
whenever we write, e. g., ε, we mean the background values. Then, the perturbations
are simply given by

u̇µdxµ =
(

γ̇nA +
1
2

ġABuB
)
YdyA +

(
α̇YI + β̇XI

)
dzI ,

ε̇ =ω̇εY , ṗ = c2
s ε̇ .

(10.24)

Odd parity perturbations are generated by β̇, which captures differential rotation
in the star, while even parity perturbations are governed by density perturbations
˙̇ω, radial velocity perturbations ˙̇γ, associated to compression or expansion, and

differential rotation governed by ˙̇α. The components of the perturbed stress energy
tensor (10.12) can be computed in a straightforward way, finding

ϑ̇u =− εk̇u − (ε + p)β̇− τQ(ε + p)
(

δβ̇ + δk̇u

)
,

ϑ̇n =pkn − η
[
(ν− 2W)β̇ + ∆β̇ + δk̇n

]
,

ϑ̇S =− 2ηβ̇ ,

(10.25)

for the odd sector, and

ṫg =
1
2
(ε + p)ḣp +

1
2
(p− ε)ḣg − (1− c2

s )εω̇ + (V+ − 2η)

(
1
2

Wḣq − δḣS +
ℓ(ℓ+ 1)α̇

r2 − 2Wγ̇

)

+
V+

4

(
νḣq − δḣg − δḣp + ∆ḣq − 4∆γ̇− 4νγ̇

)
− τ−

[
εδω̇ + ∆ε

(
γ̇− ḣq

4

)]
,

ṫp =
1
2
(ε + p)ḣg +

1
2
(p− ε)ḣp + (1 + c2

s )εω̇ + (V− − 2η)

(
1
2

Wḣq − δḣS +
ℓ(ℓ+ 1)α̇

r2 − 2Wγ̇

)

V−
4

(
νḣq − δḣg − δḣp + ∆ḣq − 4∆γ̇− 4νγ̇

)
+ τ+

[
εδω̇ + ∆ε

(
γ̇− ḣq

4

)]
,

ṫq =
1
2
(p− ε)ḣq − 2(ε + p)γ̇− τQ

2

[
(ε + p)

(
δḣq + 4δγ̇ + ∆ḣg − ∆ḣp

)

+ 4
(

c2
s ε∆ω̇ + ν(p + c2

s ε)ω̇
)]

,

ṫu =− (ε + p)α̇− τQ

4

[
(ε + p)(ḣg − ḣp + 4δα̇) + 4c2

s εω̇

]
,

ṫn =η
[ ḣq

4
− ∆α̇− (ν− 2W)α̇− γ̇

]
,

ṫS =pḣS + c2
s εω̇− V − 2η − (ε + p)τp

4

(
δḣg + δḣp − ∆ḣq + 4∆γ̇ + ν(ḣq − 4γ̇)

)

− (V − η − (ε + p)τp)
(

δḣS −
W
2
(ḣq − 4γ̇)

)
− ∆ετp

4

(
ḣq − 4γ̇) ,
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(10.26)

for the even sector, where ˙̃tS = 0, and we have introduced the short-hands

V = ζ +
4
3

η , τ± = τε ± τp , V± = V ± (ε + p)τ± . (10.27)

We have used the background equations of motion for a stationary spacetime in
writing these. These expressions reduce to equations (76–82) in [332] in the inviscid
limit. Plugging these expressions into eqs. (10.15), (10.16), (10.18), and (10.19) leads
to a closed system of equations for the perturbed scalar variables in each sector. The
rest of this chapter is devoted to unveiling the structure and, as best as possible,
decoupling these systems of equations.

10.4 transformation to a coordinate system

It is often convenient to evaluate the expressions in a particular coordinate chart.
We note that our expressions are valid for coordinate charts with the same domain
of definition as the frame we introduced, this means, it may not be globally defined,
e.g., both in the exterior and interior regions of a horizon. The issue of global
definition of the frame is less important for spacetimes describing stars, which are
our focus here. In this work we will work with static coordinates in the areal gauge,
(t, r), valid everywhere but r = 0, where we must impose the regularity of our
solutions. The frame we choose is

uAdyA = −eν/2dt , nAdyA = eλ/2dr , (10.28)

The background metric is

gABdyAdyB = −eνdt2 + eλdr2 = −eνdt2 +
(

1− 2M
r

)−1
dr2 , (10.29)

where

λ = − log
(

1− 2M
r

)
, (10.30)

so that M(r) denotes the mass contained inside a sphere of radius r. At the surface
of the star, r = RS, the metric must match smoothly the Schwarzschild metric in the
exterior. Therefore, we must have that eν = 1− 2MS/RS, with MS and RS being the
mass and the radius of the star, respectively. The background scalars are

ν =
ν,r

2

√
1− 2M

r
, W =

1
r

√
1− 2M

r
, (10.31)

with µ = U = 0, and not to confuse the background scalar and the redshift factor.
The frame derivatives, expressed in terms of coordinate derivatives, become

δX = −e−ν/2 ∂X
∂t

, ∆X =

√
1− 2M

r
∂X
∂r

. (10.32)
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We will also use the tortoise coordinate, defined through

d
dr⋆

= e(ν−λ)/2 d
dr

. (10.33)

Writing now eqs (10.23) in these coordinates we recover the TOV equations

dM
dr

= 4πr2ε ,
dν

dr
=

2eλ

r2

(
M + 4πr3p

)
,

dp
dr

= − ε + p
2

dν

dr
. (10.34)

The TOV equations are solved once we specify an equation of state, and an initial
condition. For barotropic matter this takes the form p = p(ε), and a value for the
central energy density εc. The integration is stopped once the pressure vanishes,
condition that defines the surface of the star.

10.5 odd parity perturbations

Perturbations with odd parity are particularly simple. Already in the work of
Thorne and Campolattaro [443] it was discussed that axial perturbations of a star
are not dynamical — the only effect on the star is the onset of differential rotation.
Later [285, 287] it was noticed that the spacetime of a star indeed has a class of
strongly damped modes, dubbed w-modes or spacetime modes, corresponding to
gravitational waves. However, for a perfect fluid, these spacetime modes barely
couple to the motion inside the star, as discussed in Ref. [285]. By deriving the
equations describing the propagation of axial perturbation in a viscous fluid we
show that the situation changes if the fluid is viscous enough.

First, notice that we can use the equation K̇n to eliminate k̇u as

∂ku

∂t
= e−λ/2 ∂

∂r

(
rψ̇
)
+ 16πηeν/2β̇ , (10.35)

where we have introduced the master variable

ψ̇ = eν/2 k̇n

r
. (10.36)

The remaining equations, K̇S and Ċ can be used to obtain a coupled system of wave
equations for ψ̇ and β̇, given by

−∂2ψ̇

∂t2 +
∂2ψ̇

∂r2
⋆
− V ψ̇ =16πηeν/2

(∂ψ̇

∂t
+ aβ̇

)
,

−τQ
∂2β̇

∂t2 +
η

ε + p
∂2β̇

∂r2
⋆
+ η

(
b1

∂β̇

∂r⋆
+ b2

∂β̇

∂t
+ b3β̇

)
=c1

∂2ψ̇

∂t∂r⋆
+ c2

∂ψ̇

∂t
+ c3

∂ψ̇

∂r⋆
+ c4ψ̇ ,

(10.37)

where V is the usual Regge-Wheeler potential for a star [287]

V = eν

(
ℓ(ℓ+ 1)

r2 − 6M
r3 + 4π(ε− p)

)
, (10.38)
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and the coefficients a, b, c are

a =− eν/2

r

(
d log η

dr⋆
+

1
2

dν

dr⋆

)
,

b1 =
4πre(ν+λ)/2

K

(
2

d log η

dr⋆
+

dν

dr⋆

)
, b2 = −eν/2

( 1
η
+ 16πτQ

)
,

b3 =− 4πe(ν−λ)/2

rK

[
2eν
(

1 + eλ(ℓ(ℓ+ 1)− 1)
)
+

(
4e(ν+λ)/2r− r2eλ dν

dr⋆

)
d log η

dr⋆

+ re(ν+λ)/2
( dλ

dr⋆
+ 3

dν

dr⋆

)]
,

c1 =re−ν/2

(
τ − 8πre(ν+λ)/2 η

K

)
,

c2 =e−λ/2

[
τQ + 4πr

(
reλ dν

dr⋆
− 6e(ν+λ)/2

)
η

K − 8πr2eλ η

K
d log η

dr⋆

]
,

c3 =r , c4 = e(ν−λ)/2 .
(10.39)

We have introduced for convenience the short-hand

K =
dλ

dr⋆
+

dν

dr⋆
= 8πre(ν+λ)/2(ε + p) . (10.40)

Axial perturbations are described thus by two degrees of freedom, governed by two
coupled oscillator-like equations. An analysis of the characteristics of the problem
will rapidly show two (pairs of) modes propagating with characteristic velocities

1 and
√

η/[τQ(ε + p)], respectively. We then predict a new family of modes, with
no counterpart for a perfect fluid, since the restoring force is provided solely by
shear viscosity. The existence of these modes could not have been predicted based
solely on an analysis such as of Ref. [310]. Additionally, the fact that the dissipation
timescale τQ appears in the propagation speed of these modes signals that they
appear as a direct consequence of the BDNK formulation of hydrodynamics.

Notice that in the inviscid limit η = τ = 0, the second master equation becomes
just

∂β̇

∂t
= re−ν/2 ∂ψ̇

∂r⋆
+ e−λ/2ψ̇ = e−λ/2 ∂

∂r

(
rψ̇
)

. (10.41)

Therefore, using (10.35) this implies that, for a perfect fluid

∂β̇

∂t
=

∂k̇u

∂t
, (10.42)

consistently with [443].
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10.6 even parity perturbations

The sector of even parity perturbations is much richer in structure than the odd
parity. When discussing modes, one typically encounters a fundamental mode (f-
mode), together with a family of pressure modes (p-modes) [289]. Spacetime modes
(w-modes) are also present in this case [287]. In the presence of a non-vanishing
chemical potential, there appear also gravity modes (g-modes), as well as Rossby
(r-modes) in the presence of rotation [287]. It is natural to expect this structure to
become even more rich in the presence of viscosity. Thus, we first analyze in detail
the perfect fluid case, recovering known results in the literature, before analyzing
the viscous regime.

10.6.1 Inviscid Regime

Evidently ˙̃HS = 0 implies ḣg = 0, regardless of the presence of viscous terms. Next,
the equations Ḣn, Ḃn, and ḂS can be used to eliminate three time derivatives,

∂ḣq

∂t
=

∂ḣp

∂r⋆
− 2

∂ḣS

∂r⋆
+ ḣp

dν

dr⋆
,

∂α̇

∂t
=eν/2

( ḣp

4
− ϖ̇

)
,

∂γ̇

∂t
=

1
2

∂ḣ
∂r⋆
− ∂ϖ̇

∂r⋆
− ḣp

4
dν

dr⋆
.

(10.43)

Above we write the equations in terms of the enthalpy perturbation

ϖ̇ =
c2

s εω̇

ε + p
. (10.44)

Plugging these expressions into Ḣg − Ḣp we obtain a second order elliptic equation
for ḣS

∂2ḣ
∂r2 =

1
4r2

[
2r

∂ḣp

∂r
+ 2r

(
r

dλ

dr
− 6
)∂ḣ

∂r
+ 2eλ

(
ℓ(ℓ+ 1)2

)
ḣ

− 32π(ε + p)r2eλ

c2
s

ϖ̇ + eλ
(
ℓ(ℓ+ 1) + 2− 16πr2ε

)
ḣp

]
.

(10.45)

This equation can be sometimes interpreted as a constraint, and used in combination
with other equations to ensure a more accurate evolution of the system in numerical
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This work ḣp ḣq ḣ ϖ̇ ν λ

Ref. [353] 2(χ + k) 2ψ k H 2a 2b

Table 2: Comparison between the notation of this work and the notation of [353].

implementations [353]. Finally we can use Ḣg, ḢS, and Ḃu to obtain three coupled
wave equations for the remaining variables

−∂2ḣ
∂t2 +

∂2ḣ
∂r2

⋆
= −2e(ν−λ)/2

r
∂ḣ
∂r⋆

+ eν

[
ℓ(ℓ+ 1)− 2

r2 ḣS + 8π(ε + p)
(

1− 1
c2

s

)
ϖ̇

+
1
r2

(
e−λ + 4πr2(ε + p)

)
ḣp

]
,

−∂2ḣp

∂t2 +
∂2ḣp

∂r2
⋆

= e(ν−λ)/2

[(2
r
+ 2

dν

dr

)∂ḣp

∂r⋆
−
(8

r
− 4

dν

dr

) ∂ḣ
∂r⋆

]
+ eν

[
16π(ε + p)

(
1− 1

c2
s

)
ϖ̇

+

(
4e−λ

r2 −
ℓ(ℓ+ 1) + 4

r2 + 8π(3ε + p) + e−ν
( dν

dr⋆

)2
)

ḣp

]
,

−∂2ϖ̇

∂t2 + c2
s

∂2ϖ̇

∂r2
⋆
=

1− c2
s

8
dν

dr⋆

(
4

∂ḣ
∂r⋆
− ∂ḣp

∂r⋆

)
+ eν

[(
c2

sℓ(ℓ+ 1)
r2 − 4π(ε + p)(1 + 3c2

s )

)
ϖ̇

+

(
2πc2

s (ε + 3p)− e−ν

4

( dν

dr⋆

)2
)

ḣp

]
.

(10.46)

These equations recover (9)–(11) in [353] with the correspondence between our
variables and their notation written in Table 2.

We have three coupled wave equations and one additional elliptic equation. The
latter can be used to effectively eliminate one of the equations. Therefore it is natural
to expect two propagating degrees of freedom: one associated to gravitational
perturbations, propagating at the speed of light, and one associated to enthalpy
perturbations, propagating at the local sound speed. In the exterior, ϖ̇ = 0 and
the problem can be further reduced to a single wave equation, the Zerilli equation,
describing the propagation of GWs outside the star.

10.6.2 Viscous Regime

Viscous corrections turn the stress-energy tensor a first-order (in gradients) quantity,
and thus its conservation law, e. g., Ḃn, becomes a second-order equation. This means
that, unlike for the perfect fluid case, we cannot easily decouple the dynamics of
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α̇, γ̇. Viscosity promotes these to dynamical degrees of freedom, as in the axial sector.
The only variable that can be decoupled in this case is ḣq, finding

∂hq

∂t
=
(

. . .
)

P.F.
+ 8πη

[
eν/2

(
4γ̇− ḣq −

8e−λ/2

r
α̇
)
+ 4

∂α̇

∂r⋆
+ 2

dν

dr⋆
α̇
]

. (10.47)

The first term in brackets in the right-hand side denotes the value of the left-hand
side for a perfect fluid, so that we only write explicitly the novel viscous corrections.
We can also obtain easily the corrections to the elliptic equation for ḣ,

∂2ḣ
∂r2 =

(
. . .
)

P.F.
+ π(ε + p)eλ/2τε

[(
4
r
+
(

1− 1
c2

s

)dν

dr

)
(ḣq − 4γ̇)

+
8ℓ(ℓ+ 1)eλ/2

r2 α̇− 2e(λ−ν)/2
(∂ḣp

∂t
+ 4

∂ḣ
∂t

+
1
c2

s

∂ϖ̇

∂t

)
+ 2

∂ḣq

∂r
− 8

∂γ̇

∂r

]
.

(10.48)

The remaining equations, on the other hand, are very lengthy and unilluminating.
We make their Mathematica expressions available in [1]. These equations are ready
for their numerical solution once an equation of state, and a prescription for the
transport coefficients is specified. However we can still learn much by studying
the principal part of this system of equations. In particular we can learn about the
propagating degrees of freedom, and the new speeds appearing into the system,
as well as understand potential instabilities of the hydrodynamic formulation
employed. Let us define U⃗ to be a vector that contains the five evolution variables,
and let V⃗ = ∂tU⃗, and W⃗ = ∂r⋆U⃗. Then we have the following first order system,

∂tU⃗ =V⃗ ,

∂tW⃗ =∂r⋆V⃗ ,

∂tV⃗ =A∂r⋆W⃗ + B∂r⋆V⃗ + L1V⃗ + L2W⃗ + L3U⃗ .

(10.49)

The operators Li are lower order terms, i.e., they do not affect the principal part,
gathered in the matrices A and B. Therefore, setting them to zero will not change
the characteristics of the problem. For a similar reason, the first equation is always
lower order. The minimal system to study can be written compactly as

∂t

(
W⃗
V⃗

)
=

(
0 15

A B

)
∂r⋆

(
W⃗
V⃗

)
, (10.50)

where 15 denotes the five dimensional identity matrix. The matrices A and B are
given explicitly by

A =




1 0 0 0 0
0 1 64πη 0 0
0 0 η

(ε+p)τQ
0 0

0 0 0 V−(ε+p)τp
(ε+p)τQ

0

0 0 −8πc2
s η
(

1 + τQ
τε

)
0 −c2

s
τQ
τε




, (10.51)
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and

B =




0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

V−2η−(ε+p)τp
(ε+p)τQ

V−(ε+p)(τp−τQ)

4(ε+p)τQ
0 0 −1− τp

c2
s τQ

0 0 0 −c2
s

(
1 + τQ

τε

)
0




. (10.52)

The eigenvalues of the matrix, λi, correspond to the characteristic speeds of the
problem, c2

i = λ2
i . These are given by

c2
GW = 1 c2

Viscous =
η

(ε + p)τQ
, c2

± =
C1 ± C2

2(ε + p)τετQ
. (10.53)

The GW eigenvalue appears with multiplicity two, corresponding to two degrees of
freedom associated to the propagation of GWs. These are associated to (ḣ, ḣp), and
we know that one of them is actually non–propagating, because of the additional
elliptic equation (10.48). There appears a new pair of eigenvalues, whose propa-
gation speed is related to the ratio between shear viscosity and heat dissipation
transport coefficient, similarly to the novel degree of freedom in the axial sector. We
dub these modes viscous modes, and remark that they stop being dynamical in the
perfect fluid limit. The restoring force for these modes, related to differential rotation
induced by α̇, is provided by the shear viscosity. Finally, there is another pair of
degrees of freedom, which involves a complicated combination of all transport
coefficients, enclosed in C1 and C2. These are defined by

C1 =τε

(
(ε + p)c2

s τQ + V
)
+ (ε + p)τpτQ ,

C2 =

√
C2

1 − 4c2
s (ε + p)τετ2

Q

(
(ε + p)τp −V

)
.

(10.54)

Out of these two degrees of freedom, one of them corresponds to enthalpy pertur-
bations (i.e., modes associated to the ϖ̇ equation) in the perfect fluid case. These
modes get modified slightly in the presence of viscosity. The other mode has no
perfect fluid counterpart. A sensible guess is that it is related to expansive and
compressive motion in the fluid (i.e., to the dynamics of γ̇), where the bulk viscosity
provides the restoring force.

We also want to highlight that the only causality constraints emerging from these
analysis (which requires all the eigenvalues to be bounded, in absolute value, by
unity), are

τQ, τε, τp >0 ,
0 ≤ η ≤(ε + p)τQ ,

C2
1 ≥4c2

s (ε + p)τετ
2
Q

(
(ε + p)τp −V

)
,

0 ≤C1 + C2 ≤ 2(ε + p)τετQ .

(10.55)
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These constraints are identical to the causality constraints derived, in the context of
the full non-linear theory, in [54]. The only difference is due to the last constraint,
which is not evidently equivalent to the last constraint of [54], although it has
a very similar structure. This shows a very nontrivial consistency check of our
derivation. Notice that the constraints required for the nonlinear hydrodynamics
theory to be causal are identical to the constraints of the theory linearized around
any background (in particular, one that is flat) [54, 293].

10.7 conclusions

In this chapter we have presented a formulation for the study of non-spherical
perturbations of viscous stars, in BDNK hydrodynamics. This formulation allows
us to obtain a well-posed and causal linearised theory, which in turn can be used to
capture dissipative effects accurately. These may be important to alter and damp the
oscillation frequencies of normal modes of neutron (or other compact) stars, with
direct relevance for GW observations [60].

In the axial or odd sector we have shown that linearised perturbations are de-
scribed by two coupled wave equations. One of them describes the modified propa-
gation of GWs through the star, while the second wave equation governs differential
rotation of the star. This mode only becomes dynamical when including dissipative
effects, and it propagates at a velocity which depends on the local ratio between
the shear viscosity and the heat dissipation rate τQ. We explore the consequences of
these system of equations in the next chapters.

In the even or polar sector, the physics is richer. We first showed that our formula-
tion recovers the results for a perfect fluid when setting all transport coefficients to
zero. We provide a Mathematica notebook with the system of equations including
viscosity, and have examined its causal structure in detail. We uncover two novel
fluid modes: one of them associated with shear viscosity, and one of them likely
associated to bulk viscosity. Additionally we have shown that the propagation
speed of p-modes is altered in the presence of dissipative effects. Requiring that the
propagation speeds of all modes of the system are bounded by the speed of light
allows us to recover the BDNK causality constraints.

There are several limitations to this work, upon which this analysis can be
improved. The first one is studying the nonradiating multipoles ℓ = 0, 1. The ℓ = 0
sector is particularly interesting as it is related to the radial stability of stars. Recent
work in this direction has been tackled in Ref. [90]. Another aspect which we do
not discuss in detail is the matching with perturbations in the exterior of the star,
described by the Regge-Wheeler-Zerilli equations. We will discuss the axial case in
the next chapter, whereas the even-parity case is left for future work. The inclusion
of thermal effects — allowing for nonzero heat conductivity, and non-barotropic
equations of state — and the effects of magnetic fields [31] are promising future
directions that would allow us to more accurately predict the vibrational modes of
neutron stars.
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R E S P O N S E O F V I S C O U S S TA R S

Written while listening to music composed by Johannes Brahms.

11.1 introduction

The previous chapter 10 establishes a formalism to study the simultaneous pertur-
bations of spacetime and viscous fluids. Crucially this enables us to undertake the
main goal of this part of the thesis: to understand the interaction between GWs
and viscous matter. Knowledge of the microscopic structure of matter, or of the
large scale structure of our universe, and all the technology which our society is
built upon, are possible thanks to the coupling between light and matter. Reflection
and refraction of electromagnetic waves are consequences of Maxwell’s equations,
which are used to infer properties of the media, or sometimes nuisances that prevent
us from understanding phenomena occurring at large distances. The interaction
between GWs and matter, and the effects of matter in the generation of GWs is
a burgeoning field of research [46, 167, 175, 178, 188, 194, 226, 237, 280, 370, 433,
434, 446, 447]. In an era of precision GW physics and multimessenger astrophysics,
a precise understanding of the interaction of GWs and matter is necessary. We
highlight four aspects where this is particularly relevant:

1. the physics of accretion disks. GWs passing through may result in a heat up
of the disk, and as a consequence, in electromagentic signatures [279].

2. the physics of stars. Viscous dissipation plays an important role in spec-
troscopy [26, 155, 156, 310], can saturate f- and r-mode instabilities [27, 33,
156], or may quench the maximum-mass instability, possibly allowing for
larger-mass neutron stars, as well as significantly impact the after-merger
GW signal [124, 337, 347]. Previous works estimated the damping rate of
stellar modes due to internal dissipative processes based on energy balance
laws, motivated by the separation of scales between the mode oscillation rate
and the viscous dissipation timescale [155, 156]. A self-consistent, relativistic
calculation of the impact of viscosity on spectroscopy, in the context of a well
posed relativistic theory is, surprisingly, lacking or treated only partially [227].

3. the physics of superradiance. Dissipation mechanisms hint towards amplifica-
tion during the scattering of low-frequency GWs [83]. We will show that this
is indeed the case in the following chapter.
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4. the black hole paradigm. It has been argued that the rapid relaxation seen in
GW events must be associated with horizons, or then with a material with
abnormally large viscosity [466]. However, if electromagnetism is a good guide,
highly viscous materials without horizons should be very good reflectors of
GWs, possibly leading to characteristic signatures [384].

We begin by considering a toy model, due to Zeldovich [469], to explain why
we expect highly dissipative objects to reflect radiation efficiently [384]. Next, we
consider the scattering problem set-up, already introduced in chapter 3, in the
spacetime of a viscous star, where the viscosity is described by BDNK hydrodynam-
ics. The system of equations we consider is given in eqs. (10.37) in chapter 10. We
discuss in detail the boundary conditions at the surface of the star, as well as our
choice for the equation of state, and parametrization of the transport coefficients
in the star. We compute the reflectivity of the star in the relativistic regime. Finally
we discuss the quasinormal modes of viscous stars both in the decoupling regime
(Cowling and inverse Cowling approximations) as well as in the coupled case.

11.2 reflection from dissipating materials

Let ψ be a scalar field propagating in flat space, which is scattered at a planar
interface separating vacuum (region I, with z > 0), from a medium that absorbs the
scalar field with a constant α (region II, with z < 0). If the medium is at rest, the
scalar field propagation is well described by

□ψ + α∂tψ = 0 . (11.1)

Let us consider now a traveling wave ansatz

ψ =Aine−iωt+ikxx−ikzz + Aoute−iωt+ikxx+ikzz (region I)

ψ̃ =T e−iωt+ikxx−iKz , (region II) .
(11.2)

The equation of motion implies the following dispersion relations in each region

ω2 =k2
x + k2

z , (region I)

ω2 =k2
x + K2 + iωα , (region II) .

(11.3)

Now imposing that ψ and its derivative are continuous across the interface, we find
∣∣∣∣

Aout

Ain

∣∣∣∣
2

→ ω4α̃2

16(ω2 − k2
x)

2 +O(α̃4) , α̃→ 0

→ 1− 2
√

2(ω2 − k2
x)

ω
√

α̃
+O(α̃−1) , α̃→ ∞ ,

(11.4)

where we have introduced the dimensionless parameter α̃ = α/ω.
At small α̃, corresponding to α ≪ ω, analogous to low-viscosity fluids, the

reflectivity is small and the wave is almost perfectly transmitted from region I to
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region II. However when the damping is large, α≫ ω, the situation is reversed and
most of the incident wave is reflected back to region I.

This analysis extends in a straightforward way to spherical boundaries [98]. Notice
that similar results are also obtained when studying the scattering of sound waves
off planar interfaces separating a perfect fluid from a viscous one [340, 405] — in the
regime where viscosity is large, sound waves are reflected off the interface. Highly
absorbing materials are good reflectors of radiation. Notice that this behaviour
should not come as a surprise: this is the same behaviour we observe for the
reflection of electromagnetic waves off a perfect conductor.

11.3 set-up

We consider GWs scattering of a BDNK star. We restrict to axial parity perturbations,
which are governed by a system of coupled wave equations of the form

−∂2ψ̇

∂t2 +
∂2ψ̇

∂r2
⋆
− V ψ̇ =16πηeν/2

(∂ψ̇

∂t
+ aβ̇

)
,

−τQ
∂2β̇

∂t2 +
η

ε + p
∂2β̇

∂r2
⋆
+ η

(
b1

∂β̇

∂r⋆
+ b2

∂β̇

∂t
+ b3β̇

)
=c1

∂2ψ̇

∂t∂r⋆
+ c2

∂ψ̇

∂t
+ c3

∂ψ̇

∂r⋆
+ c4ψ̇ ,

(11.5)

where recall that ψ̇ is a master variable related to the metric perturbation, and β̇ is
the perturbed angular velocity of the fluid inside the star. The coefficients are given
in the previous chapter, eq. (10.39).

11.3.1 Properties of the Star and Causality

For simplicity, we focus on polytropic equations of state of the form

p = κε1+1/n . (11.6)

Unless otherwise specified, in this work we focus on a star with n = 0.8, κ =
700km−2.5, and central density εc = 3× 1015gcm−3, resulting in an object with mass
MS = 1.54M⊙, radius RS = 8.78km and compactness MS/RS = 0.259. Although
the star is relatively compact, these parameters render the star stable against radial
perturbations [288], and are approximately compatible with current constraints.

Additionally we prescribe the following dependence for the transport coefficients

η = η̂pRS , τQ = τ̂
p
ε

RS , (11.7)

with RS the radius of the star. This parametrization has the advantage that the
principal part of the β equation is regular even at the surface of the star, where
p, ε, p/ε→ 0. The BDNK causal constraints (9.23) enforce certain constrains upon
the dimensionless coefficients η̂ and τ̂. In order to find these, we need to specify
additional dependences of all transport coefficients. Let us choose

ζ = ζ̂ pRS , τε = τQ , τp =
p
ε

RS . (11.8)
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Figure 40 Regions of parameter space (assuming ζ̂ = 0) where all causality constraints (11.9)
are satisfied (blue), or where at least one of them is violated somewhere within the star
(red). The yellow (respectively green) lines represent the analytical bounds of eq. (11.10)
(resp. (11.11)).

We emphasize at this point that this prescription is arbitrary, as the BDNK transport
coefficients have not yet been computed for nuclear matter composing a star —
partial progress in this direction can be found in Refs. [363, 411]. Plugging this
parametrization and the polytropic equation of state into the constraints (9.23) leads
to

η̂ − τ̂
(

1 +
c2

s
Γ

)
<0 ,

ζ̂ +
4
3

η̂ −
(

1 +
c2

s
Γ

)
<0 ,

ζ̂ +
4
3

η̂ +
(

1 +
c2

s
Γ

)(
1− 2τ̂ + c2

s τ̂
)
<0 ,

(
ζ̂ +

4
3

η̂
)
(1 + c2

s )−
(

1 +
c2

s
Γ

)
(1− c2

s )(τ̂ − 1) <0 ,

(11.9)

where Γ = 1 + 1/n is the adiabatic index. A pair of sufficient but not necessary
conditions is

τ̂ > max
(

η̂, ζ̂,
2

1− c2
s

)
, 0 ≤ ζ̂ +

4
3

η̂ < 1 +
c2

s
Γ

. (11.10)

Further setting ζ̂ = 0 we can prove that

τ̂ > 1 +
4η̂

3
Γ(1 + c2

s )

(1− c2
s )(c2

s + Γ)
. (11.11)

These bounds are shown in detail in Fig. 40. Remarkably the total effective viscosity
is bounded above in order to retain a causal theory, while the dissipation timescale
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governed by τ̂ is bounded from below. Notice how these bounds are more strict
than those that would emerge simply examining the causal character of (10.37) –
which would lead only to τ̂ ≥ η̂.

11.3.2 Junction and Boundary Conditions

In order to solve the system (10.37) we need to impose certain boundary conditions.
First, at r = 0 we must impose regularity of the solutions. Regular solutions behave
as ψ̇, β̇ ∼ aψ,βrℓ+1. We enforce this by writing, close to the origin

ψ̇ = aψrℓ+1
(

1 +
N

∑
n=1

a(n)ψ rn
)

, β̇ = aβrℓ+1
(

1 +
N

∑
n=1

a(n)β rn
)

, (11.12)

and solving the equations close to r = 0 for the coefficients a(n)ψ,β. We find that
including the first N = 4 terms is enough to achieve accurate solutions.

At the surface of the star we must ensure that Israel’s junction conditions are
satisfied. These are given by requiring that the Einstein tensor Grµ(R+)−Grµ(R−) =
0 is continuous across the surface [256]. In order to enforce this it is sufficient to
require that Ṫrµ ∝ θ̇n = 0. This condition reads

η

[
2r2eλ/2 dψ̇

dt
+ eν/2

(
2r

dβ̇

dr
+ β̇(eλ − 5)

)]
= 0 . (11.13)

This recovers the non-rotating limit of eq.(40) in [227] (see also [383]). Our parametriza-
tion of the viscosity (11.7) guarantees that this is satisfies, as η = 0 at the surface of
the star. Junction conditions additionally require that ψ̇ and its radial derivative are
continuous across the surface of the star.

In the exterior region, β̇ = 0, and we only have to solve the RW equation for ψ̇.
At large distances we look for mononchromatic solutions (see the discussion of the
scattering problem in chapter 3)

ψ̇ ∼ Aine−iωt−iωr⋆ + Aoute−iωt+iωr⋆ . (11.14)

Based on this behaviour we define the reflectivity of the star as

R2(ω) =
|Aout|2
|Ain|2

. (11.15)

There is one last condition to take into account, stemming from the divergence of
several lower-order coefficients in the β̇ equation at the surface of the star. Requiring
that β̇ is regular in that limit enforces

zS
∂β̇

∂t
+

MSη̂

RS

∂β̇

∂r⋆
+

MS(5MS − 2RS)η̂

R3
S

β̇ = −MSη̂

zS

∂ψ̇

∂t
− RS

∂ψ̇

∂r⋆
− z2

Sψ̇ , (11.16)

where z2
S = 1− 2MS/RS. We enforce this condition when solving the equation

using the methods described below.
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11.3.3 Time Domain Implementation

We first solve the system of equations in the time domain. To ensure regularity at
the origin we re-scale the original variables as ψ̇ = rℓ+1ψ̃ and β̇ = rℓ+1β̃, and solve
for (ψ̃, β̃) instead. We cast the system in first-order form and solve it employing the
method of lines. Spatial derivatives are discretized using fourth order finite differ-
ence stencils, which make use of the fact that the functions have even parity close
to the origin. In order to ensure numerical stability, we add numerical dissipation,
through standard Kreiss-Oliger sixth order dissipation operators. The discretized
equations are then evolved using an explicit, fourth order Runge–Kutta method.
The time step is taken to be

∆t =
η̂

2τ̂

εc

εc + pc
∆r⋆ , (11.17)

where εc, pc are the central density and pressures, as to satisfy the Courant–
Friedrichs–Levy condition everywhere in the star. We enforce the regularity condi-
tion at the surface (11.16) at each timestep, solving the discretized version of (11.16)
and its time derivative to solve for β̃ and its derivative at the surface that satisfy the
regularity condition.

We consider initial data that mimics a monochromatic pulse, but with compact
support. In particular we consider

ψ̇(t = 0, r⋆) = ψ0
(r⋆ − r1)

4(r2 − r⋆)4

rℓ+128(r2 − r1)8 cos
(

Ωr⋆
)

, (11.18)

where Ω is the driving frequency and ψ = 0 whenever r⋆ /∈ [r1, r2]. The initial data
for the time derivative is taken so that the pulse is mostly incoming, ∂tψ(t = 0) =
∂r⋆ψ.

We test the convergence of the code by running it at different spatial resolutions,
∆r⋆ = h, 2h, 4h, with h ∼ 40m. We measure the convergence order Qh as

Qh = log2

(
||ψ2h − ψ4h||
||ψh − ψ2h||

)
. (11.19)

We show the convergence order for a typical run in Fig. 41. The convergence is
consistent with the expected fourth order convergence rate, except for at late times,
where back-reflection from the outer boundary is present. Notice that this does
not affect the time domain ringdown signal until much later times. We extract the
reflectivity by computing the GW flux sufficiently far away (typically rext = 500km.
In particular, we compare the in-coming flux (flux between t ∈ [0, t1] and out-going
flux (t ∈ [t1, t2]), where t1,2 are estimated manually. Then the reflectivity is

R2 =

∫ t1
0 ĖGW(t′)dt′
∫ t2

t1
ĖGW(t′)dt′

, (11.20)

with

ĖGW = lim
r→∞

1
8π ∑

ℓm

(ℓ+ 2)!
(ℓ− 2)!

|ψℓm|2 . (11.21)
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Figure 41 Ringdown signal extracted at rExt = 1000km (black) for a high resolution run
h ∼ 40m (corresponding to 4N = 512 points covering the interior of the star), and the
difference between the extracted signal between runs with medium and low resolutions
(blue), and medium and high resolution (green), rescaled by the convergence factor 2Qh = 24.
The overlap between the blue and green lines signals that the code is convergenging at the
expected rate.

11.3.4 Frequency Domain Implementation

We additionally solve the equations in the frequency domain, assuming a harmonic
time dependence of the form e−iωt for both ψ̇ and β̇. The system reduces to a system
of coupled ODEs. The ratio aψ/aβ is chosen such that the regularity condition at
the surface (??) is satisfied. Particularly, the ratio is found using a Newton-Raphson
method with an approximation to (??) at the surface obtained with a midpoint
method from the last gridpoint before it. For scattering calculations, the integration
for ψ̇ is continued into the exterior region up to r ∼ 100MS, where the reflectivity is
computed as

R2 =

∣∣∣∣∣
iω + ψ′/ψ

iω− ψ′/ψ

∣∣∣∣∣

2

, (11.22)

averaging over several oscillations.
We have checked that the numerical implementation shows the expected conver-

gence (in this case, second order, as the numerical integration scheme used is second
order). An additional check has been performed to ensure that the truncation of the
series expansion around the origin used to determine the functions at the first grid
point introduces a negligible amount of error. A comparison between truncations
using N = 3 and N = 5 shows that the relative different between the integrated
functions is, at most, 10−6 throughout the entire domain.
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Figure 42 Left: Reflectivity R2 for a quadrupolar (ℓ = 2) axial GW scattered off a compact,
viscous star with κ = 700km2.5, n = 4/5 and varying central density, in units of 1015g cm−3,
see legend. We set the transport coefficients to η̂ = 0.7 (solid lines), and η̂ = 0.15 (dotted
lines), keeping τ̂ = 10, as to ensure we are within the causal regime. The black dashed line
is reflectivity of a non spinning black hole with mass MS [83]. Green squares correspond
to reflectivity extracted from time domain simulations for ρc = 3, showing excellent
agreement between our two independent methods. Right: Same as on the left panel, but
changing the value of the shear viscosity η̂ as indicated in the legend. Dashed orange and
red lines correspond to configurations which violate the BDNK causality bounds, and as
a consequence result in amplification, R2 > 1. The inset panel shows the value of the
reflectivity at large frequencies, ωMS ≫ 1 showing good agreement with the Newtonian
limit and the dispersion relation (11.23).

11.4 reflectivity of a viscous star

We can now address one of the main questions in this third part of the thesis: what
is the interaction between GWs and a viscous, self-gravitating, compact fluid? Can a
sufficiently viscous fluid reflect GWs? Our results are summarized in Fig. 42. When
the radiation wavelength is large (small frequency), GWs barely interact with the
star, and R2 ≃ 1. For inviscid materials, the same happens at any frequency: the
wave penetrates the star but there is no dissipation, so it exits with a phase shift
and no absorption.

In the presence of viscosity, GWs interact with the star material and get partially
absorbed. Higher frequencies induce larger gradients and hence a more effective
absorption, resulting in smaller reflection. This mimics the reflection properties of
BHs (shown as a dashed black line in Fig. 42), for which the reflection coefficient
vanish when ωMS ≳ 1. This is also achieved by increasing the star compactness.

In fact, Fig. 42 shows that stars close to the threshold of radial stability have a
reflectivity curve similar to that of a non-rotating BH with the same mass. The large
frequency reflectivity of viscous stars can be explained simply by recovering the
dispersion relation satisfied by GWs passing through a viscous medium [384],

k2 =
ω2

c2

(
1 + i

16πGη

ω

)
. (11.23)
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This dispersion relation easily emerges taking the flat-space, dilute limit of (10.37),
freezing the fluid degrees of freedom, i. e., β̇ = 0. At large frequencies ω ≫ Gη, this
dispersion relation would lead to R2 = exp(−16πRSη), which captures accurately
our results in the right panel of Fig. 42. Notice that this absorption features are
different than the ones expected for models of exotic compact objects, based on a
partially absorbing surface [324].

Based on well known properties of electric conductors, and on the examples
we discussed concerning large dissipation, one is tempted to conclude that very
viscous fluids reflect GWs. In fact Press used this behavior to hypothesize a material,
“Respondium”, able to reflect GWs or act as a waveguide [384]. Increasing the
viscosity past the causal limit η̂ > 3/4, we observe a transition, which manifests
itself in two ways: (a) low-frequency waves are amplified, R2 > 1, typical of
systems with superluminal motion [83]; (b) at large frequencies, waves are no longer
absorbed efficiently, but instead are better reflected at the surface of the star as η

increases (cf. Fig. 42). Further evidence for efficient reflection is provided by the
wavefunction ψ penetrating less efficiently into the star once viscosity increases past
the causal bound. When attempting to reproduce these results from time domain
scattering experiments, we find an instability, hinting towards the presence of
unstable modes in the system. Therefore, highly viscous stars are, effectively, some
kind of “Respondium material”, and behave following the examples we worked
out above. However, these properties are manifest only when violating the BDNK
causality bounds, which are not present in the simplified examples. Therefore,
exploring alternative parametrizations of the viscosity or numerical simulations of
the full nonlinear problem is necessary to understand whether “Respondium”-like
behavior is possible, while respecting causality.

11.5 quasinormal modes

We now turn our attention to the quasinormal modes of viscous stars. As discussed
in chapter 3, QNMs correspond to frequencies ωn for which the incident amplitude
vanishes, Ain(ωn) = 0 — these are the purely (damped) oscillatory frequencies of
the star’s spacetime. The fact that we deal with a coupled system, rather than a
single equation, makes it challenging to numerically obtain the QNM frequencies of
viscous stars. We have found and tracked the evolution of a spacetime mode, and
confirmed its presence in time-domain evolution. However, we begin by discussing
the QNMs in the decoupled limit, which allows us to study the properties of fluid
viscous modes. These modes are a novel class of modes, without analogue in the
perfect fluid case, and one of the new results presented in this thesis.

11.5.1 Fluid Modes

We consider the dynamics of perturbations in the decoupled case, setting ψ̇ = 0.
This is reminiscent, although not exactly the same, as the Cowling approximation.
The Cowling approximation consists on studying the perturbations of a relativistic
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fluid around an equilibrium state in the curved background of a star, fixing the
spacetime metric. Here we have derived eqs. (10.37) in full generality, and only at
the end we set ψ̇ = 0. This consists on solving the second equation in (10.37) setting
ci = 0 for i = 1, . . . , 4. We impose regularity at the origin and the condition (??) at
the surface of the star.

We implement a spectral method decomposing the functions in Chebyshev poly-
nomials. The equation is written as a generalized eigenvalue problem, in a first
order formulation, i.e.,

LU⃗ = −iωBU⃗ , (11.24)

where U⃗ = (β̇, ∂r β̇, ∂tβ), ω is the complex QNM frequency, and the operators L
and B are differential operators that implement the equations of motion and the
boundary conditions. We have cross-checked that the spectrum obtained with this
method is recovered by a simple shooting routine with high accuracy, as well as
confirmed the stability of the recovered spectrum when increasing the number of
collocation points used in the discretization.

Our results for the spectrum, for different values of η̂, are shown in the left panel
of fig. 43, where we decompose the complex QNM frequency as ω = 2π f − i/τ.
First, we notice the appearance of non-oscillatory modes, with f = 0, which can be
long lived for small values of η̂ (we note that there is an additional non-oscillatory
mode with damping time ∼ 0.6ms for the η̂ = 0.1 case, which is outside the plot
range of the figure). Secondly, we see that the oscillatory modes have a damping time
which is comparable to that of spacetime modes, τ ∼ 10−2ms. More interestingly,
there is a large number of modes with a comparable damping time, but oscillatory
frequencies extending from f ∼ 1− 100kHz. The physical interpretation is that the
shear viscosity acts as a restoring force which makes these fluid modes oscillatory
(unlike in the perfect fluid case). This restoring force is very effective, thus resulting
in very efficient damping, as well as in rapidly oscillatory modes.

11.5.2 Spacetime Modes

Next we turn our attention to study the role of spacetime modes. This corresponds
to the inverse Cowling approximation — setting the fluid perturbations to zero,
β̇ = 0, and studying only the perturbations to the geometry. This approximation
proved particularly useful to discern, e. g., the spacetime origin of w-modes [28].
We thus solve the first equation in (10.37) setting β̇ = 0, using a shooting method
to extract the QNM frequencies. As η̂ → 0 we recover the perfect fluid value of
the fundamental spacetime mode, which is modified slightly in the presence of
viscosity. This is shown in the right panel of Fig. 43. Remarkably viscosity only
alters the frequency and damping time of this mode by a couple percent – this is
in contrast with the fundamental fluid mode obtained in the previous subsection,
which changes significantly as the viscosity increases.
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Figure 43 Left: Spectrum of the fluid modes for different values of the shear viscosity η̂, as
indicated in the legend, using always τ̂ = 10. We observe the appearance of another set of
purely damped modes along the axis, some of which are longer lived. Right: Frequency
of the fundamental oscillatory mode in the spacetime spectrum (blue), and in the fluid
spectrum (red), in the two decoupled limits, as a function of the shear viscosity η̂. Darker
colors correspond to larger viscosity values, as indicated by the colorbar. The yellow star
marks the value of the fundamental spacetime mode for a perfect fluid. The inset zooms in
to show the small variation of the spacetime mode with viscosity.

11.5.3 Coupled System

Finally we discuss the QNMs in the coupled system. Table 3 shows the value of
the QNM frequency obtained for the least-damped spacetime mode for different
values of the shear viscosity in the case where fluid and spacetime oscillations are
coupled, and in the decoupled case where fluid motion is frozen. The last column
shows the relative difference with respect to the QNM frequency in the perfect fluid
case, which is, at most, less than 10%. Increasing the shear viscosity η̂ results in a
smaller real frequency and a longer damping time. It is perhaps surprising that the
damping time of the QNM increases rather than decrease, but the variation is small
enough to be most likely negligible for astrophysical purposes.

η̂ τ̂ = 5 ICA δω(%)

0.05 (9.44, 46.5) (9.49, 46.7) (0.7, 0.4)
0.25 (9.24, 46.7) (9.43, 47.5) (2.9, 2.3)
0.45 (8.97, 47.0) (9.36, 48.3) (5.7, 4.1)
0.65 (8.78, 48.1) (9.29, 49.0) (8.4, 5.9)

Table 3: Fundamental spacetime mode written as ( f , τ), with f in kHz and τ in µs, for
τ̂ = 5 (second column), and in the inverse Cowling approximation (third column),
for different values of η̂. The last column shows the combined, relative difference
between the QNM frequency and the one of the same mode for a perfect fluid, in
percent value, for the two previous columns.
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Figure 44 Extracted frequency and damping time for η̂ = 0.7 and τ̂ = 10, varying the
starting time of the fit t0 (where t0 = 0 corresponds to the peak of the signal). The red
star corresponds to the frequency domain result for the fundamental spacetime mode. We
observe very good agreement with this calculations when the starting time is late enough,
as expected.

We show additional evidence of the existence of this mode in Fig. 44 by fitting
time-domain simulations to a superposition of damped sinusoids. The recovered
frequencies and damping time depend slightly on the starting time of the fit — this
is likely due to the presence of additional shorter-lived modes in the system — but
rapidly converges to the value we compute from the frequency domain calculation.
This serves to cross-validate our results across our two independent methods.

The main takeaway is that axial spacetime modes are dominated by the gravi-
tational potential of the star and thus, are not particularly sensitive to dissipative
processes in the star. However this shows that, in principle, one can use the frame-
work presented in the previous chapter 10, as well as in this chapter, to study the
impact of viscosity on different mode families of realistic neutron stars. Quantifying
the role of viscosity for the most relevant modes (in particular, f-modes), is a relevant
task for precision GW asteroseismology which we plan to study in the future.

11.6 conclusions

In this chapter we have presented new results describing the interaction of GW
with matter. In particular we show that GWs interact in a nontrivial way with
compact, viscous fluids. Viscosity induces absorption of GWs — we have calculated
the precise response of compact, self-gravitating fluid configurations to impinging
waves. Compactness enhances the absorption of GWs, to the point where extremely
viscous and compact stars respond to GWs in a very similar manner to a black hole
with the same mass. Additionally we show that once the viscosity becomes large
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enough — outside the regime where hydrodynamics is causal — stars can amplify
GWs. This is suspiciously similar to the overreflection found in the Poiseuille flow
due to the Orr mechanism [239]. Our results motivate the study of amplification of
GWs by rotating stars, which we undertake in the next chapter.

In the large frequency limit we recover results compatible with the dispersion
relation first introduced by Press [384]. Our findings are consistent with past
remarks [384]: a perfect reflector of GWs that does not violate energy conditions
would be more compact than a black hole. An interesting open question is whether
this requirement can be by-passed through quantum collective dynamics of matter
reacting to GWs [35].

Absorption of GWs leads to heating of the star. For the maximum allowed
η̂ = 3/4, ηmax = 1.5× 1031g/cm/s is comparable to the effective viscosity of a BH
with the same mass ηBH = 1.8× 1031g/cm/s [466]. This is much larger than the
usual shear viscosity expected for a NS [466]. However, the absorption is suppressed
by geometrical factors. For a supermassive BH coalescence of total mass M = 106M⊙
and a neutron star orbiting the binary at radius 103M, the fraction of GW energy
released by the binary that impinges on the neutron star ∼ 10−16. It is very low-
frequency radiation (in the low-frequency portion of Fig. 42) hence the energy
absorbed is≪ 10−14M⊙.

However, during the inspiral stage of binary neutron star mergers, dissipative
effects due to viscosity will alter the gravitational waveform through the dynamical
tidal deformabilities [136, 238, 407, 410], opening the possibility of constraining the
viscosities of neutron stars from gravitational wave observations.

We can extrapolate our results in the high-frequency regime to non self-gravitating,
thin circumbinary accretion disks around a BH binary, for which η = αρΩH2 [32,
46, 424], with ρ the local disk density, Ω the Keplerian orbital velocity and H the
disk height. Now,

Mη = 5× 10−12 α

10−2
M2ρ

10−6
MΩ
0.05

(
H

0.1M

)2

. (11.25)

We are now in the ω ≫ η regime. Hence, we find that the ratio between the
absorbed GW luminosity Labsorbed

GW ∼ Lpeak
GW Mη to the total disk luminosity Laccr ∼

Ṁ = fEddṀEdd is

Labsorbed
GW
Laccr

∼ 104 10−4

fEdd

106M⊙
M

α

10−2
M2ρ

10−6
MΩ
0.05

(
H

0.1M

)2

, (11.26)

where the peak GW luminosity for equal mass mergers Lpeak
GW ∼ 1023L⊙ [107]. GWs

from mergers can heat up accretion disks to an important level, consistently with
the findings in Ref. [279].
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S U P E R R A D I A N T A M P L I F I C AT I O N B Y R O TAT I N G S TA R S

Written while listening to music composed by Clara Schumann and Lili Boulanger.

12.1 introduction

That sound waves scattering off moving interfaces can be amplified is a well known
phenomena in fluid dynamics [340, 405]. In essence, sound waves scattering through
a moving interface can extract energy from the interface if their momentum is
low enough, getting dragged along in the interaction. In order to achieve this it
is crucial that the system is dissipative, i. e., that waves can be absorbed in the
interface. Zeldovich [469, 470] first realized that rotating BHs provide precisely
both ingredients: their horizon is a moving (rotating), dissipative interface where
low-frequency waves can be amplified. This amplification mechanism has since then
been dubbed superradiance [48, 83, 386], and has vast implications in the physics of
astrophysical BHs, e. g., related to the formation of jets [75], and for the search of
ultralight bosons [34, 158]. We refer the curious reader to [83] and references therein
for further details on superradiance in BH spacetimes.

In the previous chapter we have shown that a viscous, self-gravitating fluid can
absorb GWs. It is then natural to ask oneself whether GWs are amplified if said object
is rotating. The perturbative framework developed in previous chapters, augmented
to account for the effects of rotation, provides a self-consistent framework to answer
this question. This is remarkable, since it is a counterexample to two common
misconceptions: (i) that superradiance is due to the presence of an ergoregion, and
(ii) that superradiance relies on the existence of horizons. Both these facts had been
proved previously [98, 166, 406]. However, examples of superradiance in horizonless
spacetimes without ergoregions required the inclusion of electromagnetic fields,
endowing the star with conducting properties [98, 406]. This chapter shows that
this is not necessary if one allows the star to be viscous and, hence, dissipative. We
will show that rotating stars can generically amplify low-frequency GWs. This is an
important confirmation of Zeldovich’s arguments for the generic amplification of
waves off dissipative, moving interfaces.

Let us first review Zeldovich’s argument [470]. Consider an axisymmetric, macro-
scopic body rotating uniformly and rigidly about its symmetry axis. Let S, T denote
its mass, entropy, and temperature. Suppose now a wave packet with frequency
(ω, ω + dω) and azimuthal number m (which we will take to be positive) scatters

204
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off this body with a certain power P(ω)dω. Radiation with a specific frequency
and azimuthal number carries angular momentum at a rate (m/ω)P(ω)dω. If we
denote Z the fraction of the incident energy absorbed by the body, we have that its
change in energy and angular momentum is

Ė = ZPdω , J̇ =
mZ
ω

Pdω . (12.1)

We assume here that the frequency and multipolarity of the incident and scattered
waves are the same. Changing to the frame corotating with the body, the change of
energy is just

Ė0 = Ė−Ω J̇ = Ė
(

1− mΩ
ω

)
(12.2)

which increases the entropy Ṡ = Ė0/T by an amount

Ṡ =
ω−mΩ

ωT
ZPdω . (12.3)

Now the second law of thermodynamics Ṡ > 0 allows for the wave to extract energy
from the body, Z < 0, as long as ω < mΩ (for positive frequency modes). Notably
this argument neglects changes in the temperature of the object which we expect to
be present in a dissipative, self-gravitating fluid. As a consequence, the superradiant
condition ω < mΩ may not be exactly satisfied for realistic systems with complex
thermodynamics, but it should nevertheless be a good approximation.

Based on this thermodynamic argument, and in previous results [98, 406], we
should expect superradiance to occur for generic rotating bodies. This applies, in
particular, to BH mimickers that have free microstates—in particular, that they are
not themselves microstates, such as fuzzballs [335] or topological stars [38]. For a
self-gravitating body to mimic BH properties, one may expect that its entropy is
large, S ≲ SBH, and if the object also satisfies the Kovtun-Son-Starinets bound [291,
294], we can estimate the bodies shear viscosity as η/ηBH ≳ 4C2S/SBH, where
C = M/R is the horizonless body compactness. Highly compact bodies with a
large entropy must be very viscous, in particular much more so than neutron stars.
Dissipative effects cannot be overlooked when studying the dynamics of black hole
mimickers [11].

In this chapter we study in detail the impact of viscosity on the scattering of
GWs off a rotating, self-gravitating fluid. We do so in the slowly-rotating limit,
where we only keep terms that are linear in the bodies angular velocity Ω. This
comes at a cost: recall that the superradiant threshold is ω < mΩ, and thus only
frequencies that are O(Ω) are amplified. Since the equations contain terms of the
form ω2, our perturbative expansion is formally inconsistent, and quantitative
results must be taken with care. The main qualitative features presented here will
hopefully survive a second-order in Ω expansion—as a historical note, the r-mode
instability of rotating neutron stars was first observed in a first-order expansion
in Ω, suffering the same limitation as this work [25], and it was later confirmed
through a second-order expansion [27].
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First, we review the structure of slowly rotating stars. We present a toy model,
similar to the previous chapter, that allows us to illustrate some properties of
the amplification factors and modes of rotating stars. Next, we briefly explain
how to extend the perturbative framework to slowly rotating spacetimes, largely
following [366]. Finally we present our results for the amplification factors, showing
evidence of superradiant amplification, and interpret our findings.

12.2 slowly rotating stars

The metric of a slowly rotating star, to first order in the angular velocity Ω, is given
by [235, 236]

ds2 = −eν(r)dt2 + eλ(r)dr2 + r2dΩ2 − 2r2ϖ(r) sin2 θdtdϕ , (12.4)

where dΩ2 is the area element of the round unit 2-sphere. The mass aspect M(r) is
defined through e−λ = 1− 2M/r. The stress-energy tensor Tab describes a BDNK
fluid (9.21), where the fluid velocity at equilibrium is given by

u = e−ν/2
(

∂t + Ω∂ϕ

)
. (12.5)

Clearly this describes a self-gravitating fluid undergoing uniform rotation since
Ω is a constant. That this is the expected equilibrium state for astrophysical self-
gravitating fluids can be seen as follows. First, suppose there was some differential
rotation, i. e., let Ω = Ω(r). Two consecutive spherical shells of the star would shear
against each other, so viscosity would efficiently act against this differential rotation
on a timescale [438]. One can now estimate the timescale on which shear viscosity
would damp away all differential rotation [155] as

τη ∼ 28
(1015g cm−3

ρ

)5/4( T
109K

)2( R
10km

)
yr . (12.6)

Hot young neutron stars would shed away their differential rotation during their
first years of existence. As they cool down their outer core is expected to become
superfluid, which admits a very accurate description in terms of uniform rotation
on scales larger than the intervortex spacing (i. e., on scales of centimeters or meters).
To conclude: shear viscosity, as well as other mechanisms, act efficiently to shed
away all differential rotation in self-gravitating bodies. This is remarkably different
in accretion disks—we will come back to this point later.

As in the previous chapter we will restrict to barotropic fluids where the equation
of state is simply p = p(ε), and the star can be assumed to be cold, with negligible
heat conductivity σ = 0. The perturbative expansion we carry out assumes that
Ω ≪ ΩK = M1/2

S R−3/2
S , where ΩK is the (Keplerian) mass-shedding frequency

of the star. To O(Ω0) Einstein equations reduce, evidently, to the usual Tolman-
Oppenheimer-Volkoff equations (See (10.34) in chapter 10). The first order in Ω/ΩK
of Einstein equations leads to a second-order equation for the frame dragging
coefficient

ϖ′′ + 4
[1

r
− πreλ(ρ + p)

]
ϖ′ + 16πeλ(ρ + p)(Ω−ϖ) = 0 . (12.7)
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Figure 45 Radial profiles of the background functions of a slowly-rotating star with a poly-
tropic equation of state and n = 0.8, κ = 700km−2.5, and central density ε = 3× 1015gcm−3.
We normalize the redshift factor, mass aspect, pressure, and frame-draggin function by the
surface redshift, total mass, central pressure, and angular velocity, respectively.

After integrating the TOV equations, we integrate (12.7) for the auxiliary variable
ϖ̃ = Ω−ϖ. The initial condition is ϖ̃(0) = ϖ̃0, and ϖ̃′(0) = 0. Next we extract the
angular momentum and angular velocity of the star requiring continuity with the
exterior of a slowly rotating Schwarzschild spacetime (see section IVB in [462])

J = −ϖ̃′(RS)
R4

S
6

, Ω = ϖ̃(RS) +
2J
R3

S
. (12.8)

The quotient J/Ω = I determines the moment of the inertia of the star [235, 462].
In the following we will focus on polytropic equations of state (11.6), with n = 0.8,
κ = 700km−2.5, and central density ε = 3× 1015gcm−3. The radial profiles of the
background variables are shown in Fig. 45, where zS = 1− 2MS/RS is the redshift
at the surface of the star.

12.3 toy model

We first examine a toy model inspired by Zeldovich’s construction in [469]. Consider
a scalar field Φ propagating in the background of a slowly-rotating star, with a non-
minimal coupling to the rotation of the star that effectively accounts for absorption.
This is governed by the equation of motion

□Φ = αuµ∇µΦ , (12.9)

where α = α(r) is a non-negative, purely radial function with units of frequency. It
vanishes outside the star α(r > RS) = 0, and □ is the wave operator in the spacetime
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of a slowly rotating star. Here uµ is the fluid velocity, given in Eq. (12.5). Expanding
in spherical harmonics rΦ = ∑ℓm ϕℓmYℓm, neglecting mode coupling contributions,
and transforming to the frequency domain, we find

d2ϕ

dr2
⋆
+
(

ω2 − V
)

ϕ = iαeν/2(ω−mΩ)ϕ , (12.10)

where

V =
eν

r2

[
ℓ(ℓ+ 1) +

2M
r

+ 4π(p− ρ)
]
+ 2mωϖ . (12.11)

For low frequencies (ω < mΩ), the damping term on the right-hand side becomes
an amplification term. We integrate numerically this equation ensuring regularity
near the origin, and extract the reflectivity sufficiently far away from the star. In
order to do so, notice that far away from the star,

ϕ
r→∞−−−→ Aineiωr⋆ + Aoute−iωr⋆ . (12.12)

We define the reflectivity of the star as R2(ω) = |Aout/Ain|2. We consider two
models for dissipation: (i) α = α0/RS, a sharp cutoff at the surface of the star,
and (ii) α = α0

√
ρ, which smoothly approaches zero at the surface. The qualitative

behavior for both models is identical—frequencies below the superradiant bound
ω < mΩ are amplified, whereas waves are absorbed by the star past this bound.
Amplification increases with larger values of α, as one may naively expect. This
confirms that low-frequency waves propagating in a dissipative, rotating system
should be subject to superradiant amplification. This is true in the absence of
horizons or ergoregions, as discussed in the Introduction.

For this simple toy model we can also find the associated scalar QNMs, cor-
responding to values of the frequency ω for which Ain(ω) = 0. This allows us
to examine whether this system additionally possesses a superradiant instability.
QNM frequencies with a positive imaginary part (signalling exponential growth)
are clear smoking guns of a linear instability in the system. It is known [386] that a
superradiant instability requires a mechanism that traps waves—otherwise, waves
are scattered and amplified, but not in a runaway, unstable process. A natural
mechanism that may lead to such trapping is the emergence of stable lightrings,
which appear for extremely compact configurations. A constant density star ρ = ρc
will have a stable light ring whenever RS < 3MS (to linear order in the rotation
rate).

We adapt the previous method, shooting for the QNM frequency that satisfies this
condition. By slowly changing the dissipation rate α and the angular velocity of the
star Ω we can smoothly keep track of the evolution of the fundamental mode, shown
in the right panel of fig. 46. As the figure shows, the real part of the frequency of the
fundamental mode is always larger than the superradiant threshold, ℜω > mΩ. In
the regime where Ω≫ ΩsLR, the rescaled frequency ℜω/(mΩ)→ O(1) asymptotes
to a constant of order O(1), confirming the scaling ω ∼ m(Ω + ΩsLR). This behavior
is independent of the compactness of the star, provided it has a stable light ring.
Although not shown in the Figure, we report that the imaginary part depends only
very weakly on Ω.
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Figure 46 Left: Amplification factor R2 − 1 as a function of the dimensionless frequency
ω/mΩ for the toy model (12.9). Solid lines correspond to a constant α inside the star, which
has a sharp cutoff at the surface, whereas dashed lines correspond to a smooth profile
of α, which goes to zero smoothly towards the surface. The amplification factor scales
proportionally with α, as expected. Right: Real part of the frequency of the fundamental
mode, rescaled by mΩ, for m = 2, as a function of the angular velocity of the star, Ω, for
the model (12.9). The red (blue) lines correspond to constant density stars with radius
RS = 2.26MS (RS = 2.3MS). The dimensionless frequency ℜω/mΩ > 1 is always larger
than unity, signalling that the fundamental mode is outside the superradiant amplification
threshold, even at relatively large angular velocities of the star.

12.4 axial perturbations of slowly rotating stars

The theory of linear perturbations about a slowly rotating star was first studied
in [131, 284]. One of the key differences with respect to perturbations about non-
rotating, spherically symmetric spacetimes is that rotation provides a mechanism
to couple different angular harmonics—spherical harmonics are no longer the
harmonics that separate the equations of motion. To linear order in the rotation
parameter the ℓth axial multipole couples to the ℓ± 1th polar multipoles, and vice
versa. For the purpose of this chapter, which is to study the response of a rotating
star to incoming GWs, it is sufficient to focus on axial-led modes, neglecting the
coupling to polar modes [366]. This coupling would be important in order to carry
the calculation to second order in the rotation parameter.

Moreover, the framework developed in chapter 3, later refined in chapter 10 to the
specific case of perturbations of spacetimes sourced by fluid matter, is not exactly
suitable to discuss the slowly rotating case, as it relies so heavily on the spherical
symmetry of the background. Although an extension of that framework to the
slowly rotating case via a multiple parameter perturbative expansion is feasible,
we leave that for future work, and follow here instead the formalism summarized
in [366], which builds heavily upon [284]. As in the previous case we consider
metric and fluid perturbations of the form

gab = g̊ab + ϵḣab , ua = ůa + ϵu̇a , (12.13)
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where the metric perturbation, in the RW gauge, is simply given by

ḣAI = ḣℓm
A (r)X ℓm

I (zJ)e−iωt , (12.14)

where we recall that A = 0, 1 are the coordinates on the Lorentzian sector (t, r), and
I = 2, 3 are the angular coordinates zI = (θ, ϕ). We omit the ℓ, m label, keeping in
mind that the perturbation variables always refer to a concrete angular harmonic.
The fluid perturbation admits a similar expansion

δua = e−ν/2e−iωt
(

e−ν
[

β̇(Ω−ϖ) + Ωḣ0

]
Xϕ, 0,

β̇

r2Xθ,
β̇

r2 sin2 θ
Xϕ

)
, (12.15)

where the first component is such that δ(uaua) = 0. Einstein’s equations can be
written now in terms of the two metric perturbation components ḣ0, ḣ1, and the
fluid perturbation β̇. In particular, if we denote the linearised Einsten equations
by Ėab = Ġab − 8πṪab, its components admit the following expansion in spherical
harmonics

ĖAθ =α̃A
ℓm cos θ∂θYℓm −

βA
ℓm

sin θ
∂ϕYℓm + ηA

ℓm sin θYℓm

+ χA
ℓm sin θWℓm + . . . ,

ĖAϕ =βA
ℓm∂θYℓm +

α̃A
ℓm cos θ

sin θ
∂ϕYℓm + χA

ℓmXℓm + . . . ,

Ėθϕ =
gℓm

sin θ
∂ϕYℓm +

tℓm
sin θ

Wℓm + . . . ,

Ė− ≡Ėθθ −
Ėϕϕ

sin2 θ
= gℓm∂θYℓm −

tℓm

sin2 θ
Xℓm + . . . ,

(12.16)

where the dots denote terms of even-parity, and we have introduced

Xℓm =2∂ϕ

(
∂θ − cot θ

)
Yℓm ,

Wℓm =
(

∂2
θ − cot θ∂θ −

1
sin2 θ

∂2
ϕ

)
Yℓm .

(12.17)

Projecting these equations onto odd parity spherical harmonics leads to three
equations, which, after neglecting the mode coupling between even and odd parity
sectors, can be written as

ℓ(ℓ+ 1)βA
ℓm + im

[
(ℓ− 1)(ℓ+ 2)χA

ℓm + α̃A
ℓm + ηA

ℓm

]
=0 ,

ℓ(ℓ+ 1)tℓm + imgℓm =0 .
(12.18)

Similarly, if we let Ċa =
(
∇bTab

).
be the linearization of the conservation of the

stress-energy tensor, we can write

Ċθ =α̂ℓm cos θ∂θYℓm −
β̂ℓm
sin θ

∂ϕYℓm + η̂ℓm sin θYℓm

+ χ̂ℓm sin θWℓm + . . . ,

Ċϕ =β̂ℓm∂θYℓm +
α̂ℓm cos θ

sin θ
∂ϕYℓm + χ̂ℓmXℓm + . . . ,

(12.19)
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leading to the equation

ℓ(ℓ+ 1)β̂ℓm + im
[
(ℓ− 1)(ℓ+ 2)χ̂ℓm + α̂ℓm + η̂ℓm

]
= 0 . (12.20)

Therefore our task is reduced to computing the components of the linearised
Einstein equations and the linearised conservation of the stress energy tensor in this
expansion. The system of equations formed by (12.18)–(12.20) can now be used to
derive a system of two coupled wave equations.

First, we can use the t component (A = 0) of the first equation in (12.18) to
eliminate ḣ0, and the r component (A = 1) to eliminate ḣ′0, in terms of β̇, ḣ1.
Plugging these back into the r component of (12.18) and into (12.20) leads to two
coupled wave equations for the remaining variables. The second equation in (12.18)
is used to verify the correctness of the derivation. Instead of using ḣ1, we introduce
a RW-like variable ψ defined as

ḣ1 = re(λ−ν)/2
(

1− mϖ

ω

)
ψ̇ . (12.21)

In terms of this variable, the equations take the form

d2ψ̇

dr2
⋆
+
(

ω2c−2
ψ − Vψ

)
ψ̇ =C11

dψ̇

dr⋆
+ C12

dβ̇

dr⋆
+ C13β̇ ,

d2β̇

dr2
⋆
+
(

ω2c−2
Z − VZ

)
β̇ =C21

dZ
dr⋆

+ C22
dψ̇

dr⋆
+ C23ψ̇ ,

(12.22)

where the coefficients Cij are unilluminating and are given in an accompanying
Mathematica notebook [1]. The propagation speed of each of the modes receives a
purely imaginary correction with respect to their nonrotating value, c2

ψ = 1 + i∆,
and c2

Z = η[τQ(p + ε)]−1(1− i∆), with

∆ =
16πmr2e−ν/2

ℓ(ℓ+ 1)

(
Ω−ϖ

)[
(ε + p)τQ − η

]
. (12.23)

The nonrotating limit of Eqs. (12.22) recovers the equations of chapter 10 (see also
ref. [395]), whereas the perfect fluid limit recovers the master equation of [284].

We study the scattering of waves off the star. As in the previous chapter, we con-
sider solutions to (12.22) which are regular at the origin, and at large distances satisfy
an expansion of the form (11.14). We then compute the reflectivity as in (11.15). In
the exterior the propagation of GWs is governed by the slowly-rotating RW equation

d2ψ̇

dr2
⋆
+
(

ω2 − 4mω JS

r3 − VRW

)
ψ̇ = 0 , (12.24)

where

VRW = f (r)
[ℓ(ℓ+ 1)

r2 − 6MS

r3 +
24mJS(3r− 7MS)

ℓ(ℓ+ 1)ωr6

]
, (12.25)
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and f (r) = 1− 2MS/r. Since viscosity vanishes at the surface of the star, Israel
junction conditions [256] are trivially satisfied. Regularity of the equations then
imposes a boundary condition at the surface

A1
dβ̇

dr
+ A2β̇ + A3

dψ̇

dr
+ A4ψ̇ = 0 , (12.26)

where

A1 =η̂ℓ(ℓ+ 1)MSR4
Sz3

S ,

A2 =iR2
Sz2

S

[
4mJS + 2iℓ(ℓ+ 1)MSRSzSη̂ − R3

S

(
ℓ(ℓ+ 1)ω + 2mΩ−mℓ(ℓ+ 1)Ω

)]
,

A3 =ℓ(ℓ+ 1)
(

1− mΩ
ω

)
R6

Sz4
S ,

A4 =
2mJS

ω

(
6z2

S + iMSR2
SzSℓ(ℓ+ 1)ωη̂

)
+ ℓ(ℓ+ 1)R3

S

(
1− mΩ

ω

)(
z2

S − iMSR2
SzSωη̂

)
.

(12.27)

We adapt the shooting method implemented in the previous chapter to integrate
the equations ensuring this boundary condition is satisfied. In particular, we use
the DifferentialEquations.jl [391] package to solve the radial ODEs, and the
NLsolve.jl [111] package to ensure the boundary conditions are satisfied. Our code
is publicly available in [1], and has been tested against an independent routine writ-
ten in Mathematica, in addition to reproducing the results of [80] in the nonrotating
limit.

12.5 results

Our main result is shown in Fig. 47: rotating, viscous stars amplify radiation. This
is evident in the inset of the left panel, where the reflectivity exceeds unity, R2 > 1,
for frequencies ω ≲ mΩ. We also find that the maximum amplification increases
with the dimensionless shear viscosity. This parameter controls the absorption rate
in the high-frequency limit [80, 384], supporting the idea that stronger absorption
leads to shorter superradiant timescales. A similar result was found in Ref. [417],
in the context of spinning black hole mimickers constructed from the membrane
paradigm. The scattering of GWs off a membrane with with a given shear and bulk
viscosity also showed the presence of superradiant amplification at low frequencies.
However, this effect was classified as spurious in [417], because no ergoregions are
present at linear order in the spin. As we argue here, superradiance requires no
ergoregions—absorption (induced by viscosity) and rotation provide the necessary
mechanism for superradiant amplification.

Amplification is not confined to the classical superradiant regime 0 < ω < mΩ,
unlike known literature on black holes [83], conducting stars [102], or what one
may naively obtain by analyzing simplified models for dissipation (see Ref. [98]).
The linear-in-spin approximation leads to an inconsistent expansion, which might
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Figure 47 Left: Reflectivity as a function of the dimensionless frequency ωMS, for different
values of the dimensionless shear viscosity parameter η̂. The inset shows the amplification
R2 − 1 for frequencies lower than or comparable to the angular frequency of the star.
In all three cases we observe superradiant amplification, though the superradiant region
varies slightly in each case. We recover similar qualitative results as in [80] in the high-
frequency limit, where viscosity induces absorption. In this case, τ̂ = 500, and Ω/ΩK = 0.26.
Right: Amplification factor R2 − 1 as a function of the dimensionless frequency ω/mΩ, for
different values of the angular velocity of the star Ω/ΩK (see legend). Solid (dashed) lines
correspond to η̂ = 0.1(0.3), while τ̂ = 500 is fixed.

explain these features: on the one hand, we include terms which are quadratic
in ω ≲ Ω, while neglecting terms of O(Ω2). This is a known issue [26, 368],
which means that our quantitative results should be read with caution. Despite the
thermodynamic arguments justifying the presence of amplification and our results,
a second-order-in-spin calculation is required to confirm these results.

We investigate the dependence of superradiant amplification on parameter space
more thoroughly in the right panel of Fig. 47. Although not shown in the Figure,
we report a very mild dependence on τ̂. However, it is particularly challenging
to obtain accurate solutions, including superradiance, in the regime where η̂/τ̂ is
large, or at very low frequencies ω ≪ mΩK.

We find that the maximum amplification rate increases both with the rotation rate
and the shear viscosity: higher angular velocities mean more angular momentum is
available to be extracted from the star, whereas higher shear viscosity enhances the
absorption cross-section [80]. We emphasize again that superradiant amplification
occurs outside the classically allowed region, and this is enhanced by higher val-
ues of the dimensionless shear viscosity. On top of missing second-order-in-spin
effects [26], this hints that the thermodynamic argument presented may need to
account for nonequilibrium effects [169], possibly leading to a viscosity-dependent
superradiant threshold. Once again, a second-order-in-spin calculation is urgent to
clarify this.

Our results could be relevant for the physics of spinning ultracompact objects.
When the object is so compact that an unstable light ring is present, a stable light ring
must also feature in the geometry [152]. Perturbations around such objects decay
logarithmically in time [58, 104, 272, 474]. The slow decay of linearized fluctuations
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has led to the conjecture that nonlinearities may turn such objects unstable [104,
272], although recent results fail to find evidence of such instability [189, 329, 396].
Through numerical examination we found in previous sections that the frequency
of scalar modes trapped in ultracompact objects scales as ω ∼ m(ΩsLR + Ω), where
ΩsLR = eν/2/r is the angular frequency of the stable light ring in the nonrotating
limit, and Ω is the angular speed of the object. We expect the same behaviour to occur
for spacetime w-modes. By making the object compact enough, the lapse eν → 0
inside the object, so ΩsLR can be made parametrically small. However, the frame
dragging term ensures that the frequency of these trapped modes always exceeds
the superradiant threshold, ω > mΩ. Amplified waves are not trapped, and trapped
radiation is not amplified. This supports the linear stability of ultracompact objects,
even with rotation and dissipation, though it remains an open question whether an
instability could be triggered in the rapidly rotating limit, when ergoregions may
appear, or when accounting for nonlinear effects. One possible way an instability
could develop is whenever the star features (gravity) g-modes due to stratification,
which can have lower frequencies than mΩ (see Fig. 6 in Ref. [199]). A open question
would be to determine whether g-modes become superradiantly unstable in the
presence of viscosity.

The above concerns uniform rotation. From the above, it is also quite likely
that differentially rotating stars may be strongly impacted by viscous instabilities.
Indeed, the physics of viscous fluids may also render accretion disks—intrinsically
differentially rotating structures—dynamically unstable.

12.6 conclusions

In this chapter we have studied the superradiant amplification of GWs by ro-
tating viscous stars. Building upon Zeldovich’s arguments, we now provide a
first-principled example where superradiant amplification of GWs occurs without
horizons and without ergoregions. The only mechanism responsible for the super-
radiant amplification, as evidenced by the thermodynamic argument presented,
is the combination of absorption (provided, in this case, by dissipative effects in
the fluid), and frame-dragging. Together with the amplification of any massless
field by black holes [83, 386], of sound waves by fluids [62, 105] (recently reported
experimentally [449]), and of electromagnetic waves by conducting materials [51,
469] (recently reported experimentally [151]), our results paint a clear picture of
energy extraction by spinning objects.

Noticeably, our findings for the regime of superradiant amplification are consid-
erably more complex than previously reported in gravitational or electromagnetic
wave superradiance. However, we find a similarly rich pattern in the amplification
of sound waves at planar interfaces that separate an ideal fluid from a viscous
one [340, 405]. A followup problem is to examine the backreaction of superradiant
amplification onto the star, and consequent spindown, in the presence of dissipative
effects.
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Note that our analysis assumes slow rotation, retaining only terms linear in
ϵ = Ω/ΩK. However, by examining the regime ω ≲ Ω, we effectively incorporate
some O(ϵ2) contributions, formally beyond our approximation. This issue is known
from early studies of the r-mode instability [26]. Thus, results at high angular
velocities or low frequencies should be considered merely informative, serving as a
useful baseline. A second-order calculation, though technically challenging, would
be a natural next step to better quantify the amplification of radiation by rotating,
compact objects.



Part IV

C O N C L U S I O N

También será posible / que esa hermosa mañana
ni tú, ni yo, ni el otro / la lleguemos a ver.

Pero habrá que forzarla / para que pueda ser.

— José Antonio Labordeta, Canto a la Libertad
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F I N A L W O R D S

Written while listening to music composed by Gustav Mahler.

This thesis begun motivated by the counterintuitive dynamics of turbulence and
by the fascinating description of the gravitational interaction provided by General
Relativity. Moreover, this thesis has been carried out at a very particular moment
in time. This moment marks a transition between the first steps of gravitational
wave (GW) astronomy, and its adulthood. At this point in time, GWs are a reality.
Their detection and remarkable agreement with predictions of General Relativity [4,
7] confirms that Einstein’s theory is an accurate paradigm to describe even the
nonlinear encounters and mergers of extremely compact objects such as black holes
(BHs). The adulthood of GWs will answer key questions in the dynamics of stars
and galaxies, will chart the cosmological evolution of the Universe, and may provide
key insights towards understanding dark matter. However, a question hangs over
this transitional moment, whispering is this all?. Obviously not.

Increased accuracy in GW observations will allow us to put General Relativity
really under the microscope. The answer may lie in the next decimal place, and
we ought to look for that. In particular, this enhanced precision will force us to
understand the transition between a strongly nonlinear moment of spacetime (the
BH merger), and an approximately linear or laminar regime. The questions that
motivated this thesis on turbulence and nonlinear dynamics are just around the
corner, and our theoretical understanding must rise to the occasion. Similarly, the
next decades will likely see a revolution in our understanding of nuclear matter.
GW observations of merging neutron stars, in correspondence with progress in
particle physics experiments, will allow us to finally chart the phase diagram of
quantum chromodynamics. The humble goal of this thesis has been to advance our
knowledge of gravitation and the physics of BHs and neutron stars.

The first half of this thesis is devoted to the relaxation of BHs. The BH ringdown
stands as one of the most promising laboratories to probe General Relativity and, in
particular, to test the nonlinear dynamics of strong gravitational fields. Current Earth-
based observations are reaching incredible accuracies, even in the BH ringdown. A
remarkable example is the recent observation GW250114, achieving a signal to noise
ratio ∼ 40 in the ringdown alone [3]. This enabled the detection of two distinct
characteristic modes (QNMs) of the remnant BH, although with limited accuracy.
However, this heralds an era of multi-mode BH spectroscopy. The spaced-based
observatory LISA is perhaps the most exciting prospect for ringdown physics. In
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particular, ringdown GWs from merging supermassive BHs can be detected with
LISA with a signal-to-noise ratio that is one or more orders of magnitude larger
than GW250114 [67, 464]. This will enable extremely accurate BH spectroscopy
measurements, entering uncharted territory.

General Relativity is a nonlinear theory, and thus it should not come out as
a surprise that QNMs can couple nonlinearly. In nonlinear optics, for instance,
this effect is just dubbed higher-harmonic generation, and is the technological
basis behind, e. g., green laser pointers. Studying this effect in rotating BHs, and
predicting the amplitudes of quadratic QNMs is one of the key results of the
first half of this thesis. In Chapter 5 I present results obtained from the evolution
of a perturbed rotating BH including second-order effects. Carefully extracting
all possible mode content from the ringdown signal, these second-order effects
demonstrate the existence of higher-harmonics, i. e., QQNMs. I demonstrate that
the amplitude of the QQNMs is uniquely fixed by the amplitude of the parent
modes and the BH spin. This means that by measuring these amplitudes from
GW observations and contrasting them against theoretical results such as those
presented in this thesis we can test a prediction of General Relativity in the nonlinear
regime. Once again, LISA stands as a promising candidate to be able to carry out
such tests [464].

Chapter 5 also shows interesting features of the excitation of these QQNMs in
the high-frequency regime. This regime is not of direct relevance for astrophysical
BH mergers, but it raises important questions about the nonlinear stability of BH
spacetimes. Therefore, I explored in further detail these effects in Chapter 6. The
key realisation is twofold: (i) the spacetime close to any null geodesic may be well
approximated by a plane wave spacetime [374], and (ii) high-frequency perturba-
tions to a BH are localised close to the light ring, which is a null geodesic. Chapter 5

therefore studies, for the first time, second-order gravitational perturbations on a
plane wave spacetime in a systematic way. This enables the analytic calculation of
QQNM amplitudes, albeit relative to a frame adapted to the plane wave geometry,
and valid only at the light ring and not at infinity (where we observe the GW emis-
sion). However, the correspondence between BH perturbations and the dynamics of
plane waves beyond the linear regime initiated here is a promising avenue to study
nonlinear effects in BHs.

Next, the thesis moves on from higher harmonic generation to study another
effect of relevance in the transition between the merger towards the BH ringdown.
During the very first instants of the life of the “merged” BH, its mass and spin evolve
significantly. Properly studying that regime would require pushing perturbation
theory to third order, which is an open problem to this day. Instead, in Chapter 7 we
study perturbations of an exact solution to Einstein equations (the Vaidya spacetime),
describing a BH accreting a spherical shell of radiation. Although this is a simplifica-
tion, it allows us to clearly show spectral broadening: the BH no longer oscillates with
a concrete frequency, but rather with a frequency that evolves coherently with the
accretion of mass. The results presented in this chapter demonstrate our ability to
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model the time-evolution of the QNM frequencies, once we can model the growth
of the ringing BH.

Finally, Chapter 8 directly aims to connect turbulent dynamics with GW physics.
The setting is motivated by a conjecture related to the nonlinear stability of space-
times featuring stable trapping, i. e., regions where GWs can be trapped for a long
time. By studying a simplified wave equation, which aims to capture some features
of Einstein’s equations, our results show that once waves are trapped, they evolve
according to a direct energy cascade. Chapter 8 directly shows that if confined,
gravitational systems can lead to, e. g., Kolmogorov-Zakharov spectra, which are a
clear smoking gun of turbulence.

Overall, this first part of the thesis begins to draw a coherent picture regarding
nonlinear dynamics in the post-merger emission of GWs: (i) nonlinearities allow
for mode coupling, which manifests itself more strongly in the higher harmonics of
the signal, and will be observable in the near future, (ii) the dynamical evolution
of the BH in the early ringdown may lead to spectral broadening, and therefore to
time-dependent QNM amplitudes and frequencies, that will need to be modelled to
achieve high-accuracy BH spectroscopy, and (iii) in the presence of trapping, the
nonlinear development may be radically different. BHs are extremely leaky systems,
as GWs are easily radiated towards infinity, or fall towards the horizon. However,
BHs rotating close to the speed of light can confine GWs for a longer time, and we
can expect stronger signatures of nonlinear phenomena, or event turbulence, in the
ringdown of near-extremal BHs.

The second part of the thesis abandons vacuum to immerse itself in the dynamics
of matter fields in General Relativity. Hydrodynamics provides the most general
framework to study this, and in particular dissipative effects play a crucial role
at coupling the dynamics of matter with the propagation of GWs [237], which
is reviewed in Chapter 9. The model problem we consider is the perturbations
of a neutron star, which is driven out of equilibrium by incoming GWs. Firstly,
Chapter 10 sets the foundations to study problems like this. The result of this chapter
is a set of master equations describing both spacetime and fluid perturbations of
a spherically symmetric neutron star, capturing viscous effects in the context of
a well-posed theory of first-order hydrodynamics. Therefore, the results of this
chapter will be foundational towards future studies of the importance of viscosity
in the dynamics of neutron stars.

Next, Chapter 11 solves the aforementioned equations in a particular sector,
obtaining a number of novel results: (i) GWs can be absorbed by a neutron star, by
depositing energy into differential rotation, which is in turn dissipated through shear
viscosity, (ii) shear viscosity leads to the appearance of a new family of oscillation
modes of the star, with frequencies that we estimate as fη ∼ 1kHz, and damping
times that are strongly dependent on the scale of the viscous parameters, and (iii)
other oscillation modes of the star such as spacetime (w-) modes are affected by the
presence of viscosity. This paves the way to infer the scale of transport coefficients
from GW asteroseismology. Finally, chapter 12 extends this discussion to slowly-
rotating stars. This unveils a new phenomena: superradiance, demonstrating for the
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first time the amplification of low-frequency GWs in the absence of ergoregions and
horizons.

13.1 future directions

The research carried out in this thesis paves the way for a number of future research
directions. These are very concisely summarised here.

13.1.1 in Vacuum

1. Detection of QQNMs: LISA and third-generation detectors will likely have
enough sensitivity to enable the observation of QQNMs, emitted during the
merger of supermassive BHs. Accurate measurements of their amplitudes can
be contrasted with theoretical predictions and used as a novel test of General
Relativity. However, further efforts in GW data analysis specific to these new
detectors, as well as accurate and robust ringdown data analysis pipelines
are absolutely necessary to make these measurements a reality. Some recent
efforts in these directions are featured in Refs. [97, 380, 465].

2. Nonlinear dynamics of near-extremal BHs: Rapidly rotating BHs have much
larger quality factors than non rotating BHs. This leaves more time for the
nonlinear development of the spacetime disturbances after a BH merger.
Superradiance [180] can also amplify frequencies close to the fundamental
mode frequency in the near-extremal limit. All of these effects may lead
to strongly nonlinear and possibly turbulent dynamics. The observational
consequences are, nevertheless, limited by the existence or not of rapidly
rotating BHs in the Universe. Radiation effects already seem to impose a sharp
limit on the BH spin at a/M ≤ 0.998 [442].

3. Driven Turbulence: Most theoretical studies have restricted their attention to the
free relaxation of perturbed BHs. Although this is more comparable to astro-
physical scenarios such as BH mergers, it is not necessarily the regime where
one may expect nonlinear dynamics to take place. For instance, the nonlinear
dynamics of the ocean is heavily influenced by strong winds driving and
exciting surface waves. Triple systems are an astrophysically viable candidate
to drive a BH spacetime possibly into the nonlinear regime [418]. Recently,
Ref [323] has studied the development of an inverse turbulent cascade at the
BH horizon by driving a non rotating BH with GWs from the boundary of a
numerical simulation. This opens the door for many open questions regarding
driving spacetimes with GWs.

4. Higher Dimensions: The turbulent dynamics in 2 + 1 dimensional hydrody-
namics is different than in d + 1 with d ≥ 3. Is it possible that 4 spacetime
dimensions is special for gravitational physics? Studying nonlinear phenomena
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in higher dimensions can potentially answer this question, but is a remarkably
difficult problem, both perturbatively and numerically.

13.1.2 non Vacuum

1. Nonlinear dynamics of charged BHs: The simplest extension beyond vacuum
General Relativity is possibly provided by the Einstein-Maxwell system. In
particular, this allows to endow BHs with an electric (or magnetic) charge. Re-
markably, recent research has shown that within this theory, extremal BHs can
form dynamically in a finite amount of time from gravitational collapse [179,
270, 271]. The presence of additional matter fields can possibly enrich the non-
linear relaxation of BHs to equilibrium. Therefore, it is theoretically exciting
to question whether BHs in vacuum behave fundamentally different to BHs
coupled to matter fields.

2. Tides of viscous neutron stars: One of the main targets of GW observations
of merging neutron stars is improving our understanding of matter beyond
nuclear density. Current observations can give us information about the mass
and radius of the star - information that is, in essence, sensitive to the equation
of state. However, this is not sufficient to discern whether, e. g., there are decon-
fined quarks or hypernuclear matter in the core of neutron stars. The viscous
transport coefficients provide complementary information to the equation of
state, and are a particularly good probe of such physics [210, 211, 347]. One
way to measure these viscous coefficients from GW observations is through
the measurement of GW dephasing during the late inspiral. In the last stages
of the inspiral, dissipative tidal effects and tidal heating (in essence, dephasing
induced due to the friction between the tidal bulge and the star itself) are a
clear observational signature that is directly linked to viscous coefficients [410].
A first-principles calculation of the dissipative tidal effects of a neutron star
within a well-posed theory of hydrodynamics is still, remarkably, lacking.

3. Modes of viscous neutron stars: Another observational prospect of viscosity in
the GW emission of neutron star mergers is the frequency of f-modes. These
are the oscillation modes of the post-merger remnant (whenever it does not
immediately collapse into a BH), and depend not only on the equation of state,
but also on the scale of viscous effects [123, 124]. The framework developed
in this thesis provides a natural starting point to quantifying the impact of
viscosity on the f-modes of postmerger remnants.

4. Accretion disks: BHs may merge inside active galactic nuclei or accretion disks.
The GWs they emit do not travel through vacuum, and they will perturb the
disk out of equilibrium. The disk will later relax to equilibrium by emitting
electromagnetic radiation that can possibly be observable [279, 280]. Properly
studying the effect of GWs emitted inside and propagating through an ac-
cretion disk is a necessary step to quantify and model this electromagnetic
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emission. Bright counterparts to BH mergers would enable measurements of
the Hubble constant and directly link BH demographics to different formation
channels, answering key questions in cosmology and galactic dynamics.

13.2 epilogue

We are now leaving the “advent of GW astronomy” to enter into its adulthood.
These cosmic messengers, first predicted more than 100 years ago, and observed for
a decade now, are revolutionising our knowledge about the cosmos. It is impossible
not to feel excited about the answers that we will have in a decade, with incredibly
more accurate data enabled by upgrades to current detectors, as well as new GW
observatories such as LISA [21], Cosmic Explorer [403], and Einstein Telescope [328].
Moreover, it is impossible not to feel excited about which questions we will be
asking ourselves, enlightened by this new wealth of data. Only time will tell.

The conclusion of this PhD thesis means that, in a way, I am transitioning into
my scientific adulthood. This thesis has given me the brilliant opportunity to
study strong gravity systems from a variety of angles, balancing perturbation theory,
numerics, data analysis, and observations; and tackling both the nonlinear dynamics
of pure vacuum and the structure of some of the most complex stars in the cosmos.
GW science is ultimately an interdisciplinar effort, where insights from high-energy
physics, stellar dynamics, gravity, geometry, statistics, and computational physics
are necessary and interplay with each other.

The previous list of open questions, which directly feeds from the research of this
thesis, is just a small fraction of my own research interests. The whole landscape of
GW observations offers a vast wealth of exciting questions, ripe to be answered. I
find most beauty, and most pleasure, in tackling those problems where multiple
fields and points of view collide, those nails for which not one hammer is good
enough, and one may need to use the whole toolkit. I believe it is by bridging
those ideas that science advances. This makes the challenge ever more difficult, but
only more exciting, leaving only to hope that this road ahead is a long one, full of
adventure, full of discovery.
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