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Abstract

Formulating a quantum theory of gravity lies at the heart of fundamental theoretical
physics. This collection of lecture notes encompasses a selection of topics that were
covered in six mini-courses at the Nordita PhD school “Towards Quantum Gravity”. The
scope was to provide a coherent picture, from its foundation to forefront research, em-
phasizing connections between different areas. The lectures begin with perturbative
quantum gravity and effective field theory. Subsequently, two ultraviolet-complete ap-
proaches are presented: asymptotically safe gravity and string theory. Finally, elements
of quantum effects in black hole spacetimes are discussed.
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1 Introduction

The formulation of a quantum theory of gravity is one of the most challenging and fascinating
questions in fundamental physics. It has attracted increasing interest since the middle of the
previous century. Especially in the last decades, new theoretical progress has been made in de-
veloping different quantum gravity (QG) approaches and gaining new insights into quantum
aspects of gravity. In addition, the new trinity of gravitational observations — precision cos-
mology, gravitational wave (GW) astronomy, and black hole (BH) shadows — has opened up
a unique possibility for testing new physics beyond classical General Relativity (GR), thus of-
fering concrete hopes of detecting quantum-gravitational signatures with future observations.

In a broad and diverging research field such as QG, it can be hard to keep up. On the one
hand, working on different approaches and following orthogonal directions hinders construc-
tive communication across communities. Indeed, experts disagree not only on the answers,
but even on the questions that one should ask. On the other hand, researchers who are not yet
familiar with the topic may find it difficult to grasp the big picture, the main essence under-
pinning specific approaches, and the reasons behind apparently contradicting ideas. In such a
state of affairs, it becomes essential to debate, learn from the developments and milestones of
other approaches, and find common grounds.

The Nordita Scientific Program “Quantum Gravity: from gravitational effective field theories
to ultraviolet complete approaches” was a one-of-a-kind event in the field of QG. It included
not only an intensive three-week workshop with talks and extensive discussion sessions [1], but
also a one-week PhD school titled “Towards Quantum Gravity” that kicked off the program. The
school was structured into six mini-courses consisting of six hours of lectures each, for a total
of 36 hours. The aim was to provide students and early-career researchers with a broad (yet
partial) overview of the basics of QG, enabling them to follow more advanced and specialized
talks during the subsequent three-week workshop.

These “Lectures in Quantum Gravity” collect and unify the content of five of the mini-courses
taught at the PhD school, including some extra material. An important aspect is that the var-
ious sections are not disconnected from each other: a great effort has been made to provide
a coherent picture, connecting topics that often appear disconnected in forefront research.
Special care has been taken to use the same conventions and notations across sections. Addi-
tionally, where useful, references to other sections have been made in the hope of highlighting
how different topics are connected or even build on one another. We hope that these arrange-
ments contributed creating a pedagogical and coherent set of lectures, thus facilitating the
reader in studying the material and grasping the subject as a whole, rather than in discon-
nected patches. All mini-courses were recorded and are available on the YouTube channel
@Quantumgravity.nordita. The links to the individual lectures are given at the beginning of
each section.

The lectures start with an introduction to perturbative QG, where GR is quantized in the
framework of perturbative quantum field theory (QFT). The degrees of freedom, the graviton
propagator, and the failure of perturbative renormalizability are analyzed in detail. The last
part of this first mini-course exploits these basics to discuss a first approach to QG: quadratic
gravity as a perturbatively renormalizable QFT. Subsequently, in the second mini-course, grav-
itational effective field theory (EFT) is introduced, presenting both applications and limita-
tions. Consistency constraints from the requirements of unitarity and causality are derived.
More advanced topics related to scattering amplitudes are then discussed as necessary tools
to study the implications of EFT in QG. Perturbative QG and EFT are the building blocks that
different QG approaches must recover at low energies.

The third and fourth mini-courses focus on two examples of ultraviolet (UV)-complete
approaches to QG. The third mini-course introduces the general notion of non-perturba-
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tive renormalization and its application to QG, resulting in a theory known as asymptotically
safe quantum gravity (ASQG). Advanced computational methods to study non-perturbative
renormalization group (RG) flows and the existence of interacting fixed points are presented,
such as the heat kernel technique and the functional renormalization group (FRG). In particu-
lar, an explicit FRG calculation and fixed-point analysis are performed for the Einstein-Hilbert
truncation. Some more advanced topics and physical consequences of ASQG are then dis-
cussed. The fourth mini-course presents a QG-oriented introduction to string theory (ST).
After motivating ST as a proposal to address QG problems, the lectures focus on weakly in-
teracting closed strings, introduce the worldsheet formulation and study the implications at
both low and high energies. In the low-energy regime, the connection with gravitational EFTs
is outlined. Furthermore, high-energy scattering between closed strings is studied, including
the derivation of the Virasoro-Shapiro amplitude for graviton scattering and a discussion of
the BH transition.

The last mini-course is devoted to the study of quantum effects in BH spacetimes. The
phenomenon of particle creation in a gravitational collapse is presented. After introducing el-
ements of QFT in curved spacetime, the lectures concentrate on the derivation of the Hawking
radiation in the case of a collapsing null shell. Different choices of vacuum states are analyzed,
and the distinction between the physical understanding of Hawking radiation in static and col-
lapsing BHs is explained. In the final part, the information loss problem is also discussed.

The sections reflect the structure of the PhD school, and are organized as follows.

Sec. 2: “Introduction to perturbative quantum gravity” by Luca Buoninfante.
Sec. 3: “Gravitational effective field theory and positivity bounds” by Anna Tokareva.

Sec. 4: “Non-perturbative renormalization group and asymptotic safety” by Benjamin Knorr and
Alessia Platania.

Sec. 5: “Introduction to string theory” by Ivano Basile.
Sec. 6: “Quantum effects in black hole spacetimes” by Francesco Di Filippo.

Sec. 7: Several FAQ on aspects of QG are answered, especially in relation to the topics that
were covered in the lectures.

Sec. 8: Overall thoughts about the PhD school are jointly shared by all the lecturers and con-
cluding remarks are drawn.

We hope that these lecture notes will become a useful reference on QG for experts who might
use them as a manual to refresh their minds on some specific topics when necessary, for lec-
turers who need a pedagogical and modern exposition of the subject to complement other
textbooks, and for researchers who are less familiar with the basics or want to learn more
about QG. Having said that, it is now time to wish the reader a great journey into the QG
universe!
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Conventions and notation

Units. We work in natural units (unless otherwise stated) that are defined by setting the
reduced Planck constant and the speed of light equal to one:

h=1=c. (1.1

In this system of units the reduced Planck mass is related to Newton’s constant by the formula

1
V81Gy

To avoid carrying factors of 87, we will find it useful to work in terms of Mp; instead of Gy .

Mp = (1.2)

Metric signature. In these lectures we adopt the mostly plus convention for the metric sig-
nature. This means that the flat line element in Cartesian coordinates in a d-dimensional
spacetime is given by

ds? = —(dx®)? + (dx1)? + (dx?)* + (dx*)* + - =, dxPdx”, (1.3)
where the Minkowski metric reads
(nyy) = diag(—1,+1,+1,+1,...). (1.4)

In the mostly plus convention, timelike separations are negative definite and spacelike sepa-
rations are positive definite.

Fourier transform. The function f (x) and its Fourier transform f (p) are related by

ddx

1= | G

f)e®*,  flp)= J d¥xf (x)e P, (1.5)

where p - x = p,x* =n,,p"x".
Given the definitions in (1.5), the Fourier transform of the partial derivative is

dip ok .
a,uf(x) = W(lpu)f(p)e = a,u — 1Py - (1.6)

This implies that the Fourier transform of the d’Alembertian in Minkowski spacetime, i.e.
O =n""3,0,, is given by O — —p?.

Curvature tensors. The Christoffel symbol is defined as

1

Fp‘” = Egpo (a,ugov + avgua - aaguv) .

The covariant derivatives for contravariant and covariant vectors are defined as

v __ % v P _ _ TP

VY=g,V 4T VP and V.V, =3,V,—T" V,,
respectively, and with these formulas the generalization to tensors with a generic number of
lower and upper indices can be easily obtained. Here we always assume that metric compati-
bility holds true, i.e. V8ur =0, and that torsion is zero. Therefore, we always work with the
Levi-Civita connection, i.e. the Christoffel symbol.
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The commutation relations for two covariant derivatives acting on contravariant and co-
variant vectors are

[V,, Vo VO =VHR7, ~  and  [V,,V,]V,=-V,R° (1.7)

wvp?

respectively, where the Riemann tensor with one index up is defined as

o _ o _ o o a _ 1o a
R Wp—a,,f' 1o apr MV+F avFHp r apFlw.

Lowering the upper index with the metric tensor we obtain the completely covariant Riemann
tensor:

Ruspo = 5 (8405 8uc + 8uBo8yp — %838up — 0uBpGre) + 8ap (T, T, —T%, TP ). (1.8)

N[

Finally, the Ricci tensor is defined by

Rye =RP =8 PR",  =8" Ry, (1.9)

vp

and the Ricci scalar by
R=R",=g"R,,. (1.10)
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2 Introduction to perturbative quantum gravity

Lecturer: Luca Buoninfante, Radboud University Nijmegen
Email address: luca.buoninfante@ru.nl

Lecture recordings:

Lecture 1:  https://youtu.be/hVrlbQLAbck
Lecture 2:  https://youtu.be/6aiJPDf-y4g
Lecture 3:  https://youtu.be/ySYiNvuiLsI
Lecture 4:  https://youtu.be/uY5vnB19BtQ

Abstract:

In this set of lectures we will challenge the framework of perturbative quantum field
theory by applying it to the study of gravitational interaction. First, we will analyze
quantum aspects of general relativity: we will identify on-shell and off-shell degrees
of freedom, derive the graviton propagator and show the failure of perturbative renor-
malizability. In particular, we will determine the form of the propagator in covariant
and non-covariant gauges, and provide a detailed study of one-, two- and higher-loop
divergences. Second, we will demonstrate that by adding quadratic curvatures to the
Lagrangian it is possible to achieve strict renormalizability. We will discuss several fea-
tures of quadratic gravity, including uniqueness and predictivity. At the same time, we
will highlight the open questions. These lectures are also intended for anyone interested
in other approaches to quantum gravity, since a good understanding of perturbative
quantum gravity is always a desirable starting point for doing something else.

Preface

The aim of this course is to study quantum aspects of gravity by applying the same tools and
methods that we usually use for other fundamental interactions such as the electromagnetic,
weak and strong ones. In other words, we want to formulate a QFT of the gravitational inter-
action to describe phenomena in which both gravitational and quantum effects are relevant.

In these lectures what we really mean by the expression “QFT” is “perturbative QFT”. This
means that we assume quantum field fluctuations to interact weakly and make an expansion
in powers of the interaction couplings. You may be worried that this is not a satisfactory way
to handle quantum aspects of gravity, but it is! Or, to put it more humbly, it is the best we can
do to start analyzing quantum features of the gravitational interaction. In the same way that
we quantize electromagnetic waves, we can ask whether a similar quantization prescription
can be used to quantize gravitational waves in regimes where the interactions are weak.

One of the successes of the perturbative QFT framework when applied to the Standard
Model of Particle Physics (SM) is that it is very restrictive in terms of selecting physical theories.
In fact, by assuming certain principles we can almost uniquely fix the kinetic and interaction
terms in a Lagrangian. This feature makes the QFT framework very predictive. At the same
time, these Lagrangians are the same ones that are inserted into a path integral to perform
non-perturbative analyses, such as studies of instanton configurations. In other words, the
perturbative QFT framework also provides a good starting point for non-perturbative studies
that may be needed in regimes where the perturbative approach may fail.

For these reasons I strongly believe that a good understanding of perturbative QG (i.e.
gravitational interaction quantized in the framework of perturbative QFT) is fundamental to
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deal with quantum-gravitational physics. One of the important messages of this course will be
that the expression “perturbative QG” does not just correspond to quantum GR, but it refers
to any possible consistent perturbative QFT of gravitational interaction. In particular, we will
show that in four spacetime dimensions there exists a unique gravitational Lagrangian that
is compatible with the symmetries (i.e. invariance under diffeomorphisms and parity) and
geometric structure (i.e. metric compatibility and zero torsion) of GR, and that at the same
time extends the Einstein-Hilbert Lagrangian with additional quadratic-curvature terms, giving
rise to a strictly renormalizable QFT of gravity.

The lecture notes are organized as follows.

Sec. 2.1: We introduce elements of classical GR by working in the Lagrangian formalism.

Sec. 2.2: We start analyzing quantum aspects of GR in the framework of perturbative QFT.
We consider metric fluctuations around the Minkowski background and focus on the free
theory (with no self-interactions). We determine the physical degrees of freedom, derive
the graviton propagator in different ways, and discuss the canonical quantization. We
will work in both cases of covariant and non-covariant gauges.

Sec. 2.3: We introduce self-interactions for the graviton field, explain the need to introduce
Faddeev-Popov fields, and discuss unitarity. Furthermore, we make a detailed analy-
sis of one-loop, two-loop and higher-loop divergences without going into complicated
technicalities. In particular, we show the failure of perturbative renormalizability in GR.

Sec. 2.4: We introduce operators of mass dimension equal to four in the action and show that
the resulting gravitational theory — known as quadratic gravity — is strictly renormaliz-
able in four spacetime dimensions. We discuss various features of quadratic gravity such
as degrees of freedom, propagator, power counting renormalizability, and make a com-
parison with the EFT of GR. We explain the success of this gravitational QFT in terms of
uniqueness and predictivity and, at the same time, highlight the open questions.

Sec. 2.5: We draw conclusions and share future perspectives for perturbative QG and beyond.

App. 2.A: We present a concise review of the fundamental fundamental principles on which
the standard perturbative QFT framework is based, in particular the notions of locality,
unitarity, and perturbative renormalizability.

App. 2.B: We provide additional details about the spin-projector formalism that will be used
for the computation of the graviton propagator in both GR and quadratic gravity.

I will not follow a single reference such as a review article or a book, but I will use various
sources scattered throughout the literature combined with a more personal (sometimes emo-
tional!) way of presenting the topic. However, review articles, lecture notes and textbooks
that I found particularly well-written and useful, and from which I have learned a lot about
perturbative QG, are

* M. J. G. Veltman, Quantum Theory of Gravitation, Conf. Proc. C 7507281 (1975) [2]
* G.’t Hooft, Perturbative Quantum Gravity, World Scientific (2003) [3]

* R. Percacci, An Introduction to Covariant Quantum Gravity and Asymptotic Safety, World
Scientific (2017) [4]

e J. E Donoghue, M. M. Ivanov and A Shkerin, EPFL Lectures on General Relativity as a
Quantum Field Theory, arXiv:1702.00319 [hep-th] [5]

* L. L. Buchbinder and I. Shapiro, Introduction to Quantum Field Theory with Applications
to Quantum Gravity, Oxford University Press (2023) [6]

10
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2.1 Elements of GR

2.1.1 Action and field equations

GR has provided a fantastic description of classical aspects of the gravitational interaction over
a wide range of length scales. In fact, by introducing minimal couplings between gravity and
matter and assuming the existence of a small cosmological constant, GR predictions have been
tested from length scales of order 10~°m (through torsion balance tests of Newton’s law [7])
to distances of order 10%°m (through late-time cosmological observations [8]).

The starting point for the Lagrangian formulation of GR is the Einstein-Hilbert action

1
Seulgl = oz J d*x/—g (R—2A), 2.1

where k2 = 8nGy, Gy being Newton’s constant, while A is the cosmological constant whose
measured value is of order 107°2m™2 [8,9]. The coupling between gravity and matter can be
described by introducing the matter action S,, which a functional of the metric and any type
of matter field such as scalars, fermions, and gauge bosons.

Using the relations

1
5(v —g):—Ev—gguv(Sg/“), (2.2)

1

Ry, = Eg"p [VoVub8or+VeV068up — VoV 68—V V6800 | » (2.3)

we can vary the total action with respect to g*” and obtain the Einstein’s field equations’

2
= Gy +Agyy = KZTW, (2.4)

1 1 1
0=05(Sgy+S,) = J d*x/—g [ﬁ (RM — —guR+ Agw) - ETw] S5gh”

where we have introduced the Einstein tensor, G, = Ruv_%gu +R, and the stress-energy tensor

;o 2 8Sn
= g g

which is conserved, V,,T#" = 0, consistently with the Bianchi identity, V,,G"” = 0.

(2.5)

2.1.2 Diffeomorphism invariance

The total action Sgy +S,, is invariant under diffeomorphisms, namely under the transformation
xP — x™M(x) (2.6)

such that both x*(x’) and x’#(x) are invertible smooth functions.
An infinitesimal diffeomorphism reads

xP— xH(x) = x* + M(x), 2.7)

1Rigorously speaking, to have a well-defined variational problem we have to add the well-known Gibbons-
Hawking-York boundary term to cancel total derivative terms containing covariant derivatives of metric variations,
ie. V,6g,,, which do not vanish on the boundary. For simplicity, we do not explicitly consider this term in the
action.

11
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where {#(x) is an infinitesimal vector that depends on the spacetime point x*. We can easily
find how the spacetime metric transforms under an infinitesimal diffeomorphism by recalling
that g,,,(x) is a (0,2) tensor that under (2.6) transforms as

E/’xp dx°
gl“’( ) X/t B x /ngU( )
age age 2.8
=(6“p_3x’“)(5va_8x”’)gpa(x) @8
= Zuy() = 8o (X)3,0P (x) = 85, (%), LP (x) + O(?)
where we used the fact that ai,u =57 xn + O(¢) and introduced the notation J, = aiu'

On the other hand, if we Taylor expand the metric, we get
81, (x") = g1,(X) + 8,8, () + O(L2), 2.9)

where we used the fact that J, g (x)Cp pgw(x’)é’p + 0% = 0p 8uv(X)CP + o).

Combining (2.8) and (2.9) we can obtain the metric variation defined at the same space-
time coordinate x, which tells us how the metric field changes under an active infinitesimal
diffeomorphism:?

5Z:guv(x) = g;w(x) - guv(x)
= —{P(x)) 8uy(x) — g1up (%18, 0P (x) — g, (x) 3,87 (x) (2.10)
= _v,ui:v(x) - vvg‘u(x) .

Using the last equation we can derive the following Noether identity:

1 5 (v/—=g(R—2A)) 1
0=25,Sgn = 7 f d*x 5% 5¢8uy = — d*x /=g (V,G")¢,, (2.11)

which must be true for any arbitrary ¢, thus we get the Bianchi identity for the Einstein tensor,
V,G*" =0, as a consequence of diffeomorphism invariance of the action. If we demand the
invariance of the matter action under diffeomorphism, we consistently obtain that the stress-
energy tensor is covariantly conserved, i.e. V,,T#” = 0.

2.1.3 Degrees of freedom

The spacetime metric g,,,(x) is a rank-two tensor, thus in four spacetime dimensions it has 16
components. We now want to determine the number of physically independent components.

First of all, since the metric tensor is symmetric in its two indices, we go from 16 to 10 com-
ponents. Then, we can use diffeomorphism invariance to further reduce this number. Indeed,
the invariance of the action under (2.6) or (2.10) tells us that we can gauge away four met-
ric components by making some suitable choice of the arbitrary vector ¢, with u =0,1,2,3.
This allows us to kill four unphysical degrees of freedom off-shell, i.e. without using the field
equations: 10—4 = 6.

Since gauge invariance hits twice, we should be able to kill four additional unphysical met-
ric components on-shell, i.e. using the field equations. In fact, some components of Einstein’s
equations are not dynamical because they do not contain second-order time derivatives. This
can be understood by analyzing Bianchi’s identity more closely:

0=V,G" = ac;owaclurM LGPV +TY GHP. (2.12)

2t is an active diffeomorphism because the metrics g,’w(x) and g,,,(x) are evaluated at two different spacetime
points P’ and P that are described by the same value of the coordinate x in their respective coordinate systems.

12
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The right-hand side can vanish only if G°” is of first order in time derivatives. This implies
that the (u = 0, v) components of the Einstein equations, i.e. G°” = x2T°”, are not dynamical,
but they are four constraints on the metric. Although this is not a rigorous proof, it suggests
that in the end we get 6 —4 = 2 independent metric components, i.e. two physical dynamical
degrees of freedom.

In the next section, we will show that in the language of QFT these physical degrees of
freedom correspond to the £2 helicities of the graviton.

2.1.4 Metric fluctuations and action expansion

To formulate GR as a QFT, the first thing to do is to identify the classical field fluctuation that
needs to be quantized and promoted to an operator. We separate the spacetime metric into
two parts:

guv(X) = g, (x) + 2Kk, (x), (2.13)

where g,,,(x) is treated as a background that in general can be position-dependent, whereas
h,,(x) is a metric fluctuation such that k|h,,| <1 in some coordinate system. The latter is
the field fluctuation which will then be quantized, and whose excitations give rise to quantum
states populated by particles called gravitons. The constant factor 2k has been chosen to have
a canonically normalized field as we show below. By convention, all the quantities computed
in terms of the background metric are indicated with a “bar”, e.g. the covariant derivative ?
the Riemann tensor pra and all its contractions. Consistency of the approach requires that
the indices of V » Ruypos hyy and all other fields (except g,,) are raised and lowered with
&u»» .8 the trace of the graviton field is h = g""h,,,. By contrast, the indices of g,,,, the full
covariant derivative V, and the full Riemann tensor R are raised and lowered with the
full metric g,

Our aim is to expand the Einstein-Hilbert action in powers of the fluctuations so that we
can identify kinetic and interaction terms, i.e.

uvpo

Senlg +2xh]1=SO1g1+ 518, h]+ SO g, k] + -+ SU g, h] +. (2.14)
where
sOgl= — f d*x /=3 (R—2A),

Wrz p1= Lo 4y 55EH

_ 1
Sé%{)[g,h] = Z(ZK)ZJ- d*y,d%y,

h,uv(}’) >

5gu1 121 (}’1)5guzv2(J’2) g§=3

h,u1 21 (yl )hll«z Vo (}’2) >

" 884, (Y1) 8,0, (V)| o

n)r - 1
Seilg:h] = —(2x)" f dty;---dy T O+ Ry, 00,

(2.15)

therefore does not contribute to
(1)

The zeroth order term S(O) is a constant with respect to hy,,,

any dynamics involving graviton fluctuations and can be neglected. The first order term S;
proportional to the field equations evaluated on the background g, = &,,,, which we assume

13
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to be a solution of the Einstein equations therefore it gives a vanishing contribution:

Stulg,h]= fd“ [ 55.0) f d*xy/—g(x)(R(x) — 2A)}

hyy(y)
g8=8

) . e (2.16)
= [ aty —g(y)[R (1)~ 58" (RO +8 (y)A]hw(y)

=0.

The higher-order terms are the relevant ones. Sy (2) is quadratic in h,, and corresponds to the

kinetic part of the action from which we can der1ve the propagator, while S w1th n > 3 are
the interaction terms from which we can derive n-point vertices, i.e. cubic, quartlc, and so on.

To calculate Sg{) it is simpler to directly consider the second order variation of the action,
ignoring the fact that we have four-dimensional Dirac deltas to take into account when taking
functional derivatives. Thus, we have

1
Sinlg, hl= 56(2)SEH[gr,h]
= 4_2 x[6(6(v—¢g)R+v—gdR)],_, (2.17)
- 4 (2) — — <(2)
= fd [6®(V—g)R+25(v—g)6R+/—g6®R] _, .

Using the formulas for the expansions of the inverse metric and the Christoffel symbol

g“”z§“”—2xh“”+4x2h“ph”’ +..., (2.18)
I, =T, +xgh (Vohyo +Vohy, =V, h,0) (2.19)

we can derive the expansion of the curvature tensors, in particular that for the Ricci scalar (see
also refs. [4,6]):

i} 1
R=R+6R+ E5(2)R+... ,
6R=2x(V,V,h"" —V?h—R""h,,),

3 — —
5@R = 452 (vahvah‘” +2h,, V2hH — 2V, h? VR (2.20)

+2V,h? V*h —4h,, VY hPY + 21, VH R

- - 1.- - -
~Vuhyp VPR — 0¥ + 2R h“PhW) :

uvpo

Moreover, the expansion of the metric determinant up to second order is given by
— 1
v—g= \/—_g+5(\/—_g)+§5(2)(\/—_g)+...
5(v=8) = vEwh, 69 (v/7g) = vE K2 (12~ 20y, h)

We now have all the ingredients to explicitly evaluate (2.17). Indeed, substituting the
above expansions for the Ricci scalar and the metric determinant into (2.17), integrating by
parts and using commutation relations for the covariant derivatives, we get the following ex-
pression for the second-order contribution to the action:

(2.21)

5(2)[8,h]—Jd4xw/ '[——Vphvah’”+v hP Voh# =V hV A + ;v hVPh

uvpo
(2.22)

1. s 1, _ _
— (R—24) (hwh“ —h )+(h“php"—hh“”)RW+h“PhwR

14



SciPost Physics Lecture Notes Submission

From the last equation we can now clearly understand the reason why we inserted a factor of
2k in the metric perturbation (2.13), so that the kinetic term is in canonical form, i.e. the field
h,, is canonically normalized.

uv

The interaction terms Sé’;l)[ Z,h] with n > 3 can be derived in a similar manner, by consid-
ering the higher-order expansions of the inverse metric, determinant and curvature tensors.
The cubic order contribution is already too complicated, and its explicit form is not needed
for the purpose of these lectures. What we must observe is that an n-th order interaction term
has the following dependence on k and hy,,:

S™W[g,h]l~O(x"2h"), n>3, (2.23)

namely the coupling of an nth-order interaction term is k"2 =1/ M{}l_z.

2.2 GR as a QFT: free theory

The main goal of this section is to formulate a perturbative QFT of the gravitational interaction,
i.e. to quantize the metric fluctuation h,, in the framework of perturbative QFT, compatible
with the standard principles of locality, symmetries, unitarity and strict renormalizability. For
readers unfamiliar with these concepts, especially that of strict renormalizability, we recom-
mend reading section 2.A before starting to study the quantization of GR.

In this and subsequent sections we only focus on metric fluctuations around the Minkowski
background, and analyze the free theory (no self-interaction) up to possible linear couplings to
matter. We will discuss graviton polarization and helicity, determine the off-shell and on-shell
degrees of freedom, and derive the propagator. It will be instructive to perform the analysis
in both covariant and non-covariant gauges. In particular, we will compute the propagator
in the Feynman gauge using the covariant de Donder gauge fixing, and in the Prentki gauge
using a non-covariant gauge fixing. Furthermore, we will derive the graviton propagator for
a generic de Donder gauge fixing using the spin-projector formalism, which will allow us to
identify both off-shell and on-shell degrees of freedom.

2.2.1 Linearization around Minkowski spacetime

We set A = 0 and g, = nw.g‘ This also means that the background covariant derivative
becomes the ordinary partial derivative®, @M = J,, and all the curvature tensors vanish when
evaluated on the background, i.e. R,,,s = Ryyp0() = 0. Now the trace reads h = n*’h,,,
and we simply use the box symbol for the flat d’Alembertian, O = n""3,d,.

Kinetic action. The quadratic action (2.22) around the Minkowski background reduces to
ptuv

s&n,n]l = J d*x [—%a hy,@PhH + 3,hP 3, hoH — 3,hd b + %aphaph] L2249

It is convenient to recast the action (2.24) into an equivalent form up to total derivatives.
Integrating by parts and symmetrizing, we can write

1
i, h] = f d4x§th“”p"hpa, (2.25)

where the kinetic operator is defined as

3From a physical point of view, we are assuming that we are in a region of spacetime where the cosmological
constant is negligible and the background metric can be approximated by Minkowski.
“To be more precise, this is true in Cartesian coordinates that are the ones we use here.
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KKveo E%(nupnva+nuanvp)u_nuvnpau+nuvapaa+npaauav

1 Y0 g v Y, g Yo (2.26)
—E(nw’a 2% +nh?3v0P + n"PoH3% + n*°o4ar),
and satisfies the following symmetry properties:
KH7PO = K"HPO = KHYIP = KPOHY (2.27)

Matter coupling. We can also add a matter contribution S, to the action and expand in
metric fluctuations up to linear order in h,,:

68
Sm[n+2Kh]=Sm[n]+2de4x 5gm

hyy + O(K*h%)
Hw (2.28)
=S,[nl+ Kf d*x T"h,,, + O(x%h?),

where we have used the definition in (2.5) for the stress-energy tensor.

Linearized diffeomorphisms. The metric transformation under diffeomorphism in (2.10)
can be written in terms of xh,,, as

S¢huy =V, 0, + V8,
= 3,8+ 3,y + 2k (hyp8,8° +h,y, 3,LP + (P B hy,)

where we have replaced {,, - —2x{,, so that ¢, has mass dimension zero, consistent with a

canonically normalized field h,,, of mass dimension one.
It is easy to show that the action S](ZZH)

transformation (2.29), i.e.

Schyy=08,0,+3,0, =  5:52n,rl=0. (2.30)

(2.29)

[0, h] is invariant under the zeroth order of the field

This means that there is a gauge redundancy in the theory: most of the components of the
symmetric tensor h,,, are unphysical, as we will explain in more detail below.

Furthermore, the invariance of the matter action at the linear level requires that the stress-
energy tensor satisfies the conservation law g, T"” = 0.

Linearized field equations. The linearized field equations are given by

po - _
KW hpa— KT,y

1 1
= Dhuv—EnWDh+nW6p (8Uhp°—§8"h) (2.31)

1 1
-3, (aphpv— 5avh) -3, (aphpM -~ Eauh) = KTy,

and the trace reads
—20h +20,0,hP? = —«T, (2.32)

where T = n#"T,,. The solution to (2.31) is not uniquely determined because if h,, is a
solution, then h,,, + J,¢, + 9,¢, will be a solution as well. In fact, we need to impose a
gauge condition to eliminate this redundancy. In what follows we determine the independent
physical solutions of the field equations by performing the analysis in two different equivalent
ways: first, we impose the covariant de Donder gauge condition; second, we impose the non-
covariant radiation (or Coulomb) gauge.
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2.2.2 Graviton polarizations: covariant gauge

A convenient covariant gauge is the de Donder one and is defined by the condition
1
aphpv—iavh =0, (2.33)

which corresponds to the linearized version of the harmonic gauge g,,,8"” or oo =0.
If we impose (2.33), the linearized field equations simplify enormously,

1
Ohyy = S0 = KTy (2.34)

Let us now work in vacuum, i.e. in the spacetime region where Tw(x) = 0, and solve
the linearized field equations there. The vacuum trace equation is Oh = 0, which gives the
following wave equation:

Oh,,, =0. (2.35)

The solution is given by
B () = €, (P)eP + €5 (P, pP=—pi+p’=0, (2.36)

where €, is called polarization tensor, and it can in general depend on the momentum, and
the condition p? = 0 means that the field h,,, will be associated with massless particles when
quantized.

We now want to determine the independent components of the polarization tensor. To do
so, we can exploit the de Donder gauge condition expressed in terms of ew,eip"‘ ,

1
p‘ueuv - Epve =0, €= T)’”%v, (2.37)

that can be used to eliminate four components of the polarization tensor: 10 —4 = 6. More-
over, we can still make a gauge transformation h; , =hyy+9,0,+ 3,0, as long as the condi-
tion (2.33) is preserved:

1 1
0=25, (aphm— 5avh) =0°(8,¢,+8,{,)— 70 (28,¢°)=0¢,, (2.38)
which is the so-called residual gauge condition and whose solution reads

£,(x)=r,(p)eP* +ri(ple ¥,  p*=—pZ+p?=0. (2.39)

We can choose the vector r,, (i.e. {,) with v =0, 1, 2, 3 to eliminate four additional components
of the polarization tensor. Therefore, we get 10 —4 — 4 = 2 independent on-shell degrees of
freedom.

Let us explicitly find the independent physical on-shell components. To simplify the anal-
ysis, we can rotate the spatial vector p in such a way that it is parallel to the %-axis, i.e. we
choose

p*=(%0,0,p°), p°=p°, (2.40)

for both h,,, and ¢, since they both satisfy a homogeneous wave equation.
The de Donder gauge condition (2.37) gives the following four equations:

1
y=0: 600+630+§6=0,

y=1: €91+ €31 =0,
o1 Tl (2.41)
v=2: 602+€32:0,

1
y=3: 603+€33—§€:0.
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Then, we can make the gauge transformations €’

=€,,+1ip,ry,+ip,r, and choose r, to set
5

uv
some of the polarization tensor components to zero:

Ip: 600:0, rq: 60120, ry: 60220, rs: 633:0. (242)

The set of equations (2.41) and (2.42) give eight conditions which allow to express all com-
ponents of the polarization tensor in terms of two independent ones. Combining (2.41)

and (2.42) we get that the only non-vanishing components are €1, = €57 and €17 = —€y5:
0 O 0 o0
[0 e e O ()
Cuv 0 €19 —€117 O =€fn euv + €12 e,uv 5 (2.43)
0 O 0 O

where we have defined the two independent polarizations

00 0 O 000 O
01 0 0 0010

+) _ 0 —

=1 00 -1 0 |7 Cw 0100 (2.44)
00 0 O 0000

In summary, working in the de Donder gauge, we found that the graviton field satisfies
a wave equation, is transverse and traceless, and propagates only two physical degrees of
freedom on-shell. In coordinate space, the transverse and traceless conditions are

g,h*, =0,  h=n"h,,=0. (2.45)

Helicity. We are interested in finding the helicity of the two propagating degrees of freedom.
This can be done by finding the eigenstates of the rotation matrix around the 2-axis,

1 0 0
0 cosf sin@

= O O O

4 —
R%,(0)= 0 —sin® cosh ’ (2.46)
0 0 0
whose eigenvalues are ¢'*? A = j, being the helicity.

We can easily check that ef:;) and e‘(fv) are not eigenvectors of (2.46). However, we can
make the change of basis

1 1
e(t2) — = (o(+) 4 () e(2) = = (o(H) _jo(¥)
€y /2 (euv tie,y ) > €uv /2 ( uv — Leuy ) > (2.47)
and show that .
RP,(0)eUPR 7(0) = e*20e(iD A =2, (2.48)

This means that the graviton field propagates two independent massless degrees of freedom
with helicity +2 and —2, respectively, i.e. the graviton polarization tensor can be expressed as
a linear combination of el(:;z) and el(;vz):

1

2 2) — 2 2
Euy = 73 (en —1512)3(Jr )+ 7 (e + 1612)6( )= €(+ )+ 65“, ), (2.49)
where we have defined
1 1
et2) = — —i (+2) e =_—_ (=2)
€y = ﬁ(ell lelz)ew , €y = ﬁ(ell +l€12)€ . (2.50)
°For example, we can choose ry = —€4/(2ip,) to get e, = 0; the analog procedure can be applied to the other

three components. Note that with an abuse of notation we continue to denote the gauge-transformed polarization
by the symbol €, and not with e:”.
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2.2.3 Graviton polarizations: non-covariant gauge

It is instructive to determine the independent physical components of the graviton field consid-
ering a different gauge and to show that the result is the same as in the previous subsection, as
expected. In particular, we impose the following non-covariant gauge condition, also known
as radiation gauge,

oh',=0, u=0,1,2,3, (2.51)

where the Latin index only runs over the spatial coordinates i = 1,2,3. In this gauge, the
vacuum field equations become

Ohy,y — 1,00 +ny0heo + 8,0,k + 8.k, + 8,h, =0, (2.52)

where the dot stands for the derivative with respect to time, i.e. "= J,. Unlike the covariant
de Donder gauge, in the radiation gauge, some of the components of the field equations are
not wave equations, but constraints that are important to determine the number of indepen-
dent physical components of the graviton field. This also means that we cannot yet use the
dispersion relation p? = 0, but we will derive it below after imposing various constraints.

To simplify our analysis, we choose again a frame in which p; = 0 = p, as in (2.40). For
the time being, we Fourier transform only in space, i.e. J; — ip;, and with an abuse of notation
we denote the Fourier-transformed graviton field by the same symbol, but now it is a function
of the time coordinate and the spatial momentum, i.e. h,, = h,,(t, ).

The radiation gauge assumes a very simple form in the spatial-momentum Fourier space,

0= lp] iL = ip3h3u = h30 == h31 == h32 = h33 = O, (253)

thus four components are already killed: 10—4 = 6. We now have to inspect the field equations
and find the four constraints that will eliminate four additional components.
The (0,0) component gives

Then, since h = —hgg + hq11 + hyy = —hgg (with hy3 = 0) we also get h1; = —hy,.

Using hoq = —h, the components (0, 1) and (0, 2) of the field equations give hg; = hgy =0,
while the (0, 3) is identically satisfied.

The (1,1) and (2, 2) components are

respectively. Using h;; = —h,, we get the constraint h = 0, which also implies hyy = 0, thus it
follows that hy; and h4, solve the same harmonic oscillator equation with frequency p; which
corresponds to a wave equation if we Fourier transform back to space. If we choose hy;, we
have

hyy +p3hy; =0. (2.56)

The (1,2) component is already in the harmonic oscillator form, i.e.
}.112 +p§h12 = 0 . (2.57)

The remaining components are (1,3), (2,3) and (3, 3) that are identically satisfied after im-
posing the other constraints that we have derived.

As expected, we have found that the graviton field has only two independent physical
components, i.e. hy; and hy,. If we Fourier transform also in the time coordinate and call the
fully Fourier transformed field €,,,, we get
(—p§+p§) €11 =0, (—p§+p§) €12=0, (2.58)
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that are satisfied if and only the massless dispersion relation holds, i.e. p?> = —p% + p§ =0.
As done in the previous section, we can introduce the polarizations eg;) and el(fv) or the

helicity eigenvectors el(;;z) and e‘(;,z), and reach the same conclusions as in the de Donder
gauge. Therefore, we have shown that imposing two completely different gauges, we get the
same result. This confirms that (on-shell) physics does not depend on the gauge choice.

Before concluding this part, it is worth mentioning that in the radiation gauge, it is not
necessary to explicitly impose a residual gauge condition because the radiation gauge together
with the on-shell constraints completely determine the physical polarizations. Indeed, if we
consider gauge transformations that leave the radiation gauge-invariant, we get

V3, +38,(87¢;)) =0, (2.59)

which in Fourier space and in the frame p; = 0 = p, reads —p%rv —p,psrs = 0. It is easy to
show that, if p; # 0, the last equation is satisfied if and only if r, = 0 for u = 0,1,2,3. The
gauge redundancy always hits twice, but how the “twice” acts depends on the type of gauge
condition.

2.2.4 Graviton propagator: covariant gauge

The propagator is defined as the inverse of the kinetic operator (K‘l)wpa. However, the
kinetic operator in (2.26) or (2.67) is not invertible: this can be shown by noticing that there
exists a non-zero tensor V,,, such that K*"??V,, = 0, which implies that the kernel of the
kinetic operator is not empty. It is easy to find such a tensor because we know that the theory

is invariant under the gauge transformation (2.30). Indeed, we have

Voo =085+ 3:C,, KHPoV,, =0. (2.60)

Covariant gauge fixing. To make the kinetic operator invertible, we have to add a gauge-
fixing term to the action. We now choose the de Donder gauge fixing defined as

1 1
ng[n,h]:—afd4xfufu, Fu= 0", — 2 d,h, (2.61)

where a is a gauge-fixing parameter.
Integrating by parts, the gauge-fixing contribution can be written as

1
Seelm,h] = J d*x EhuvKgfvpahpo , (2.62)

where
KHYPO = lanuvnpau _ % (MH¥8P 3% +nP73H3")

; il
o2 (2.63)
+ b (n*P373% +nh?30v9P +n"Po+9% +n"?aHar).
a
Therefore, the total quadratic action now reads
~ 1.
8P, ] = S8, h]+Sgln, h] = J d*x S KPP Ry (2.64)
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where

o 1 1
KHYPO = RHYPO +K:;pa =3 (M*Pn¥ +nHonP)O— (1 — ﬁ) n*'nP’0

1
- (1 - —) (n""3°P9° + PO 34d")
a

1 1
=3 (1 - —) (n*P 3737 +nM93879P +n"P 3137 + 0¥ oHaP).
a
(2.65)
The new kinetic operator including the gauge-fixing term is invertible, in particular
K¥PIV,, #0. (2.66)
In momentum space (9, — ip,,) the kinetic operator reads®
- 1 1
K7 (p) == 2 ("™ +0"7n"")p* + (1 - —) n""nPp?
2 2a
1
- (1 - _) (n""pPp? +n7p"p”) (2.67)
a
1 1
+3 (1 - —) (n"Pp"p? + 7 p"p? + 0" p¥p? + 1" pHp”P).
a

Kinetic operator inversion. The propagator in momentum space G,,,,,(p) is defined as the
inverse of the kinetic operator (2.67) through the following relation:

G, PPIK,," () =117, (2.68)
or, equivalently,
Guvap IR (D) =110, (2.69)
where
1,7 = %(5;’5;’ +8,06,7),  Luypo = %(nupma + MypMyo) (2.70)

is the identity in the space of rank-four symmetric tensors, and the factor i is inserted accord-
ingly to our convention for the Feynman rules.

The propagator G,,,,,,(p) can be written as a linear combination of the elements of a basis
in the space of rank-four symmetric tensors. From Lorentz invariance, we can easily find a
basis given by the following five independent elements:

1

B )Wg(p) = NupMvo T Nuo Nvp > (2.71)
2) _

B uvpa(p) = NuvNpo > (2.72)

1
B(S)W(,(P) =2 (MuvbpPo + NpoPuby) » (2.73)
@ _1 )
uvpo(P) = 2 (MupPsPo + MuoPPp + NypPuPo + NyoPuPp) » (2.74)

() _ 1

B ng(P) - (pT)zp,upvpppcr . (2.75)

5With an abuse of notation we call the momentum-space quantities with the same symbol of their position-space
counterparts, but we explicitly write the momentum dependence.
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Thus, the propagator can be written as

5

Gupo(P) = _lecj(p)B(”W(p), (2.76)
=

where c;(p) are momentum-dependent coefficients. To completely derive the propagator, we
have to substitute (2.76) into (2.69) and find the coefficients cj(p) that solve the tensor equa-
tion.

Since the brute-force calculation can be lengthy, in this subsection we compute the propa-
gator in the so-called Feynman gauge, in which the kinetic operator simplifies, thus rendering
its inversion easier. Then, in section 2.2.6 we will use a more efficient method to derive the
propagator for a generic de Donder gauge-fixing parameter by using the spin-projectors for-
malism.

Feynman gauge. The Feynman gauge corresponds to the choice a = 1 of the gauge-fixing pa-
rameter. From (2.67) we can notice that in this gauge, all the terms containing non-contracted
momenta (i.e. non-contracted derivatives) are set to zero, and only the contribution propor-
tional to p? (i.e. to O0) survive:

o 1
R (p) == ("7 + 070" —n""nP7) p?

(2.77)
=a(p) ("’ + " n*)+ b(p)n*"n"7,
where we have defined a(p) = —p?/2 and b(p) = p?/2.
We now make the following ansatz for the propagator in the Feynman gauge:
G () =AP) (MupMvo + Mpovp) + BOIMusn por (2.78)

where the momentum-dependent coefficients A(p) and B(p) are two unknowns to be deter-
mined. Substituting (2.78) into (2.69) with the kinetic operator given by (2.77), we can find
the expressions for A(p) and B(p) that solve the equation. We have

= ~ (a=1
Gl ap PRV (0) = 2aA[ 0005 + Moy | +[2DA+2aB +4bB]1,,mp0

uvaf
i (2.79)
= 5 (n,upnva + nvpnua) 5
which is satisfied if and only if
2Aq = = i
a=—
2 <  A(p)=-B(p)= - (2.80)
2bA+ 2aB +4bB =0 2p
Therefore, the graviton propagator in the Feynman gauge reads
gy =1 1 ( ) 2.81
/.vaa(p)_ Epz—ie nupnvo+nuonvp_nuvnpa > (2.81)

where we also introduced the Feynman prescription for how to shift the poles, i.e. p? — p%—ie
with € — 0%.
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Remark. A nice feature of the propagator in the Feynman gauge is that it is manifestly Lorentz
covariant and does not depend on uncontracted momenta, which makes computations more
efficient in most of the cases. At the same time, one caveat of the covariant gauge is that before
contracting with some conserved stress-energy tensor and going on-shell, it is not clear how
many components of G, are the physical ones. Furthermore, from (2.81) it is not clear
what is the spin structure of the propagator, i.e. what are the spin components of the off-shell
degrees of freedom. In the next two subsections we address these two points.

2.2.5 Graviton propagator: non-covariant gauge

The propagator in (2.81) has many components with poles at p? = —(py)? + p2 = 0 and it
is not clear how many independent ones there are and whether any of them have negative
residues. A similar situation occurs in the case of Yang-Mills theory when using the covariant
Lorenz gauge fixing. In that case, it is possible to use a non-covariant gauge fixing and to work
in the Coulomb gauge to make the number of independent poles manifest. A similar procedure
can be implemented in Einstein’s gravity.

Non-covariant gauge fixing. We now consider the following non-covariant gauge-fixing
term:

1 .
ng[’l’],h] = —a J d4XFu]:‘u, FH = 3ih:“ (282)

where the Latin index only runs over the spatial coordinates i = 1,2, 3. Integrating by parts

we can write Sgr = f d4x%thK:fvPahpU, where
Kgfvpff — z (nupnwnaj + o VinPl 4 P phinoT 4 nvonulnm) al.aj . (2.83)

The full kinetic operator K¥*P? = KH"PY + ]K: /P in momentum space now reads

3 1
RE7(p,p) = =7 ("0 +0"n"*)p* + 1" 7p* = (n""pPp® + "7 p¥p")
1 1 1
+3 [n“" (p”p" —=p ”13") + 0t (p”pp —=p ”13") (2.84)
a a
1 1
+n'? (p“p" - ;P“ﬁ") +n" (p“P” - ;13“13")] ,

where we have defined p* = (0, p;, P2, p3) = (0, P).

To simplify our analysis, we choose again the reference frame in which p, = 0 = p3,
i.e. we rotate the spatial part of the four-momentum p along the 2-axis, so that we have
p* = (—po,0,0,p3) and p* = (0,0, 0, p3), and their squares are p? = —pg+p§ and p? = p%, re-
spectively. In this frame, the independent non-zero components of the kinetic operator (2.84)
are

2 2
{0101 _ 0202 _ %p%, 0303 _ 5_3’ {1313 _ 2323 _ _P? n % (1 _ l)pg’
a a
ROOUL = 0022 — ;2 [R0113 _ 70223 _ _P02P3 , K103 = {2203 — pp . (2.85)
- - 1 . 9
R1122 — 2 f1212 _Epz, R1133 = 2233 = p2_ 2.
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Kinetic operator inversion. It is convenient to recast the kinetic operator and the propagator
into matrix form in order to make the inversion more efficient. We define the vector

h= (hoo»ho1> ho2, hos, h11, Mg, hys, hog, hog, hss) (2.86)

and the 10 x 10 symmetric matrix K whose elements are

KK = gkERKE k£ €{00,01,02,03,11,12,13,22,23,33}, Kk le{1,2,...,10},
(2.87)
where each value of the hatted indices correspond to unique values of the unhatted ones,
ie. k> kandl — ¢, for example 1 <= 00, 2 < 01, and so on.” The coefficients skt
symmetry factors defined as s**”” = 1, s*"PP = 2 with u # », and s*"°? = 4 with u # »,
p # o. Thus, the quadratic action can be recast as

~ 1 Ao adp 1 PO
§@ == dhx D Ry =< | dxh-RAT (2.88)

( 0 0 0 0 —2p2 0 0 —2p? 0 0 \
0 é 0 0 0 0 —2pops3 0 0 0
0 0 é 0 0 0 0 0 —2pops 0
0 0 0 é 2pop3 O 0 2pop3 0 0

g=|m 0 0 me 0 000 gl ()
0 0 0 0 0 —2p 0 0 0 0
0 —2pop; O 0 0 0 —2p +2(1 é)p% 0 0 0
—2p2 0 0 2pops p> O 0 0 0 p*—p?

0 —2pops O 0 0 0 0 —2p2+2(1 é)p% 0

\ 0 0 0 0 p?—p2 0 0 p>—p? 0 _Z(fg ]

Inverting (2.89) we can find the propagator for a generic gauge-fixing parameter a. In
matrix form we have

i G +5p §)-»ip 2apg 1 Y @g
- 0 0 p el 0 P 0 3
03 3 3 3 P
2| — —
0 (p3 ’”’0) 0 0 0 0 —2 _ 0 0
p3Bapt+p3) Pp3(3apg+p3)
2 — -
0 0 (p 3P 0) 0 0 0 0 0 —2%0__
pZ(Bapd+p3) p3(3apg+p3)

2280 0 0 2 o 0 0 0 0 0
P3 P3
-1 -1 1

5 =1 0 0 ) o L o0 0

Gg=i 4p3 2p2 2p2 ., (2.90)
0 0 0 0 0 —Zﬁ 0 0 0 0
0 —20 0 0 0 —5%—% 0 0 0

p3(3apo+p3) 6ap0+2p3
= 0 0 0 z,% 0 0 2‘1712 0 0
P3
0 C— R 0 o0 0 0 —5%5 0
p3(3ap0+p3) 6ap0+2p3
2
\ 2 0 0 0o 0 o0 0 0 o = }

4p3 2p3

where the imaginary unit was again inserted according to our convention for the Feynman
rules, i.e. GK=11.

Do not get confused by the notation in (2.87): K are the components of a rank-four tensor, while K*' is a
10 x 10 matrix. For example, K!! = s0000[g0000 — [g0000 [x12 — (000170001 — 91g0001 "apd 50 on.
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Prentki gauge. As done in the case of the covariant gauge fixing, we can further simplify the
propagator by choosing a suitable value of the gauge-fixing parameter. We take a — 0, which
corresponds to the so-called Prentki gauge [2,10], and obtain the following expression for the
graviton propagator in matrix form:

_p2

(57 © 00 5 0 0 00

o}%ooo 0 0 0 00O

3
001%0000 00
3

0O 0 00 O O 0O 0 00
N _1 s § L
G0 —i| =37 0 0 0 55 0 0 g5 00 (2.91)

0 0 00 0 5 0 0 00

2p

0O 0 00 O O 0O 0 00

-1 1 —1

7 0 00 35 0 0 35 00

0O 0 00 O O O 0 00

\o 0 0 0 O 00000]

To determine the number of independent physical components in the propagator we can
compute its eigenvalues and check how many of them have a pole at p?> = 0. The ten eigen-
values A; can be found by solving the characteristic equation

, A4 (14 4p2) (1 +24p?) (2— Ap2)* (1 — Ap? — 8A2p?
det(g(“zo)—kﬂ)zo PN ( tAp )( +2Ap )( 53) ( p p3):0,
2(p?)?p,
(2.92)

whose solutions are

2 2)2 4
2 p*+4/(p?)? +32p;
A=Ay =A3=24,=0, A5:A6_E’ A7 =-— 4p? )
24 (o2 43202 i ’ (2.93)
—p~++/(p?)?* +32p; 2
Ag = ) 39:_p2’ Ao=——.

4p§

We can now explicitly see that only two eigenvalues, A9 and A, have a physical pole at
p? = —pj + p3 = 0. This means that the graviton propagates only two degrees of freedom,
which is consistent with the counting of on-shell degrees of freedom performed above.

For the sake of completeness, we also show the tensor form of the physical part of the
propagator in the Prentki gauge and in the reference frame p, = 0 = p5. This corresponds to

the 3 x 3 subspace {11, 12,22} of the matrix (2.91):

- _ 1 = - - -
Gle=0(p, p) = T (6,006 + 6,00 vp — 8w o)+ (2.94)

where we have defined

5,y = diag(0,1,1,0), (2.95)
and introduced the Feynman prescription. The dots stand for additional terms that do not have
poles at p? = 0 and are proportional to 1/ p§ and 1/ pgz these contributions are associated to
the remaining elements of the matrix (2.91).

The graviton field projected on the physical subspace {11,12,22} is transverse and trace-
less, and propagates only two helicities. Indeed, we can obtain the on-shell graviton field by
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acting with the residue of the propagator (2.94) at p2 = 0 on h*:

. . — - 1 X X
plleo[lngL%p?(p’p)]hpa =5 (e,(fv) (pfj) + eiw) E)o_))hpo (2.96)

where we have used the relation

5upbyo+6

o= BB = €66 1 60060, 2.97)

uod

It is worth noting that the structure of the propagator in the Prentki gauge which con-
tains the pole contributions is the same as in the Feynman gauge (2.81) up to the replacement
Nyy — Oy This confirms what we alluded to above, that is, not all components of the propa-
gator in the Feynman gauge correspond to physical propagating degrees of freedom, and that

by switching to a non-covariant gauge we can manifestly reveal the physical ones.

2.2.6 Graviton propagator: spin projectors

We now derive the propagator for a generic de Donder gauge-fixing parameter by using the
spin-projector formalism through which we can easily identify the spin structure of the off-
shell components. We introduce the spin projectors without giving too many details, but the
reader is encouraged to check section 2.B for an expanded discussion. To warm up, we first
apply the formalism to the case of the photon propagator in quantum electrodynamics (QED)
and then move to Einstein’s gravity.

Warm up: photon propagator
Consider the free action for a photon with the Lorenz gauge fixing:
1 -
Sy= | d*x [——F FW— — (9,A4" ] d*xA,K*"A,, 2.98
A f 4 28 £ (@) 2 ) SR (2.98)
KM = nH"O (1——)8“8” (2.99)
3

Here, £ is a gauge parameter that plays the same role as a in gravity. We want to rewrite
the kinetic operator in terms of its spin components and then invert it to find the propagator
whose spin structure will then be manifest.

Under the rotation group SO(3) the four-vector A;, can be decomposed into two irreducible
representations: a scalar (4,) and a three-vector (4;), that is

A,€001. (2.100)

Working in momentum space, we can define the following projector operators

PuP» _ PuPy

61'“/ == n'uv - p2 ) wuv - p2 ) (2.101)
that are idempotent and orthogonal,
0,p0°,=0,, WP = w,,, 0o, =0, (2.102)
and form a complete set
6, "+w,"=6," = Ouy + @py =Ny - (2.103)
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Since the projectors are idempotent, their trace equals their rank. This means that the trace is
equal to the dimension of the corresponding irreducible representation (i.e. 2j + 1):

"0, =3=21)+1, 1w, =1=200)+1, (2.104)

which means that 6,,, projects along the spin-one component and w,,,, along the spin-zero.

Besides forming a complete set of projectors, {6, w} also form a basis in the space of sym-
metric rank-two tensors. Therefore, we can express the photon kinetic operator as a linear
combination of the spin projectors, and in momentum space we have

R = _p? [Qw 4 %ww] . (2.105)

The propagator can be found by solving the tensor equation QMP]KP y = iny,,. Making the
ansatz G,,(p) = A(p)6,, + B(p)w,,, and using the idempotency and orthogonality proper-
ties of the projectors, we can easily determine the two unknowns, i.e. A(p) = —i/p? and
B(p) = —i&/p?. Thus we obtain

Go(p) = —é (6y +Ewpy) - (2.106)

Note that the propagator contains all four (physical and unphysical) degrees of freedom. How-
ever, w,,, is proportional to the four-momentum p,,, therefore it does not contribute to an am-
plitude when we contract the propagator with some external conserved current. By contrast,
6, does contribute and carries the off-shell propagating degrees of freedom of the photon
field. Indeed, the photon has three degrees of freedom off-shell. The longitudinal component
of 6, disappears on-shell due to gauge invariance. This counting of off-shell and on-shell
degrees of freedom shows that one component is killed purely off-shell, then another one is
eliminated on-shell: gauge invariance hits twice.

Graviton propagator

We now apply the same procedure to the gravitational case where the graviton field is a sym-
metric rank-two tensor and the kinetic operator and the propagator are symmetric rank-four
tensors.

Under the rotation group SO(3) a symmetric rank-two tensor h,,, can be decomposed into

two scalars (the spatial trace 9; jhij and h%), a spin-one (h°) and a traceless spin-two (h):
hW*e0o00102. (2.107)

For these four irreducible blocks we can introduce the following four spin projectors

@) 21 1
P pvpo E (QHP Ovo + Q.UUQVP)_ gepwepo >
(1) 1
P = = (04p Wror + Opg @yp + 01y 0o + 015y )
o %( 0@+ O o+ Orp Dy + B ) (2.108)
(0, _
P wvpo ge,uvepa 5
o) _
P uvpo WyyWpo -

They are idempotent and orthogonal, that is

(b0)  apGib)
P 4 7) a

po _ <ijsabp(i,a) po
" =oY6YP uy (2.109)

B
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and form a complete set

7)(2) + 7)(1) + 7)(0,5) + P(O;W)

uvpo uvpo uvpo uvpo = ]lLWPU : (2'110)

Since the projectors are idempotent, their trace equals their rank. This means that the trace is
equal to the dimension of the corresponding irreducible representation (i.e. 2j + 1):

1Hvpo p(2) =5=2(2)+1,
uvpo
1Hveo p) =3=2(1)+1,
uvpo (2.111)
]luvpafp(o’s) =1= 2(0) +1,
uvpo
uvpo (o,w) =1 =
1 P Mvpa_1_2(0)+1,

which means that P® projects along the spin-two component (the traceless h;;), PD along
the spin-one (ho;), P**) along one of the spin-zero (spatial trace) and P**) along the other
spin-zero (hgg).

Unlike the case of the photon, the complete set of projectors is not sufficient to form a
basis in the space of symmetric rank-four tensors. Indeed, we can notice that the basis element
B® in (2.73) cannot be obtained from the four projectors introduced above. This means

uvpo
that we need to add an additional element to close the basis, and we choose it as follows

(0,%) _ (0,sw) (0,ws)
P uvpo =P uvpo +P uvpo’ (2.112)
where 1 1
(0,sw) _ (0,ws) _
uvpo ﬁ ur@pao > P uvpo ﬁwuvepo, (2.113)
from which we can reconstruct the missing element B(g)wpa to close the basis.

Let us emphasize that the operators P(®*) and P®**) are not projectors, indeed they are
not idempotent, do not contribute to any completeness relation, and are not orthogonal to the
spin projectors. However, they satisfy some relations which together with those in (2.109) can
be written in the following compact form:

(iab) applicd) po _ cijsbepliad) po
plia) abpled) 0o _ giigheplad oo, (2.114)

where the notation and conventions for the labels is explained in the appendix below (2.274).

Using the completeness relation (2.122) and the identities

B

nuvnpc = (37)(0’5) + P(O’W) + \/§’P(O’X))uvpo
— o, 0,
nuvaa + npawuv - (‘/573( ¥ + 2P( W))Mvpa ’ (2115)

1
2 (nupww T Nuoc@yp + NvoDup + Nyp "’W) =(PW+ ZP(O’W))uvpa )

we can rewrite the momentum-space kinetic operator with the de Donder gauge fixing (2.65)
as

KHVPU(p) = _pZ[p(Z)uva + lp(l)uwo + (21 _ 2) pOs)uvpo

“ “ (2.116)
+ L powurpo _ ﬁp(o,x)wpo] _

2a 2a
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The propagator can be found by first expressing G,,,,,(p) as a linear combination of the
basis elements with with some unknown coefficients, i.e.,

2 1 0,
é@wo@)=A@ﬂﬂLwa+B@ﬂﬂLWU+C@ﬂﬂSLWU (2.117)
-+ D(p)P(O’W)WpG +E (p)P(O’X)Wpa ’

substituting the latter into (2.69) and solving the tensor equation for the unknown coefficients.
The relations (2.114) make this computation very straightforward, and it can be shown that

i i i i (4a—3 i V3

A =5 B =—5Q, C = S 5> D = N E = -
()=—=. B@)=—a, (@)=, Do)=— (2], Ee)= 53

(2.118)

which give the following expression for the graviton propagator in a generic de Donder gauge

fixing:

b

I ) 1500, ©))
gHVPU(p) - _I;[,P wvpo E,P uvpo +aP uvpo
Ve (2.119)
4a—3__ow) 3,.(0,%)
T P wvps ~ 2 P wvpo |-

Note that the propagator contains all ten (physical and unphysical) degrees of freedom.
However, 77(1), P(O’W), and also P(O’X), are proportional to the four-momentum Pus therefore
they do not contribute to an amplitude when we contract the propagator with some external
conserved stress-energy tensor. By contrast, P and P(®*) do contribute and carry the off-shell
degrees of freedom of the graviton field. Indeed, the graviton has six degrees of freedom off-
shell: five coming from the spin-two (j, = +2,+1,0,—1,—2) and one from the spin-zero. What
happens when going on-shell is that, due to gauge invariance, the contribution of the j, = £1
helicities vanish and the longitudinal component j, = 0 is canceled by an equal term coming
from the spin-zero projector, thus only the two helicities +2 contribute on-shell. Similarly
to the case of the photon propagator, this counting of the off-shell and on-shell degrees of
freedom is consistent with the fact that gauge invariance hits twice: four degrees of freedom
are killed purely off-shell (that is why we have six of them off-shell) and additional four degrees
of freedom are eliminated on-shell.

Therefore, the gauge-independent spin structure of the graviton propagator is given by

; i
GEns )=~ (P2 pe = 3P 0pe | (2.120)

Let us also observe that the spin-zero component comes with a minus sign unlike the spin-
two that comes with the usual positive sign (up to our convention for the Feynman rule that
requires the factor —i). In general, such type of opposite signs in the propagator may create
troubles. However, in this case the minus sign is harmless because the spin-zero is not a
propagating degree of freedom on-shell and, moreover, its opposite sign is actually necessary
to cancel the longitudinal component of the spin-two projector [11], and to consistently obtain
the correct counting of degrees of freedom on-shell,® as explained before. In section 2.4 we will

81t is worth to mention that in theories of massive gravity, the flat propagator is given by (—i)P(Z) voo! (p*+m?),
where m is the mass of the massive graviton. In this case, the number of off-shell and on-shell degrees of freedom
coincides and is equal to five. We can notice that the naive massless limit m — 0 does not recover the graviton
propagator in GR because there is no spin-zero projector to start with. This is the well-known Van Dam-Veltman-
Zakharov discontinuity [12,13].
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encounter propagators with additional components carrying opposite signs that can propagate
on-shell. In this case, a more careful analysis is needed in order to understand whether such
type of propagator can be physically viable.

2.2.7 Canonical quantization

We can implement the canonical quantization for the free graviton field h,,, by following sim-
ilar steps as in the case of the photon field. Since we have already identified the independent
field components, for example those in (2.49) if we work in the helicity basis, we can pro-
mote h,,, to an operator and decompose it in terms of creation and annihilation operators by
summing over the two physical helicity eigenvalues £2.

Commutation relations
The quantum graviton field can be written as an infinite superposition of plane waves weighted

by the polarization tensors in the helicity basis and the annihilation/creation operators:

eMpipx 4 gt (g

—ip-x
Am (27‘[)3 2(,0 p.A€ uv® pl wy ): (2.121)
+2 -2

h,uv(x) =

where w; = 4/p2 = [p| and e(iz) were defined in (2.50). The annihilation and creation

operators aj ; and aﬁ respectlvely, satisfy the following commutation relations:

[a50.a5 0 ]=0=[a},.al, ;1. [aps.a], ,]=20520)6;26F(F—p"). (2.122)
We can define a unique Poincaré-invariant (non-interacting) vacuum |0) as
a3 10)=0. (2.123)

Furthermore, we can construct states populated by free particles called gravitons by acting
with the creation operator on the vacuum. The first state on the top of the vacuum is the one
containing a single graviton with momentum p and helicity A, and it is given by

B,A) =a] 5.210) - (2.124)

Issues with self-interactions

The above quantization procedure works very well in the case of a free theory, but things might
get very complicated and unclear when self-interactions O(x" ?h?) are included. Complica-
tions are due to both non-linearities and gauge symmetry. It is true that we have managed
to identify the physical on-shell degrees of freedom, i.e. the states that would be attached to
external legs in a Feynman diagram. However, degrees of freedom that do not propagate on-
shell can still contribute to virtual processes and appear off-shell in an internal line propagator.
Furthermore, to prove the unitarity of the S-matrix, generally speaking, we have to show that
imaginary parts of loop diagrams (left-hand side of the optical theorem) are equal to the sum
over cut diagrams of lower order (right-hand side of the optical theorem); see section 2.A.3.
In the cutting procedure, internal lines become external, and unwanted degrees of freedom
could appear on-shell. This situation would be catastrophic for the consistency of the theory
and its viability.

This type of difficulties were first noticed by Feynman in both Yang-Mills and GR [14]. He
realized that unitarity could be restored by manually adding new diagrams containing loops
of spin-zero particles carrying —1 factors as if they obeyed fermionic statistics. Soon after, de
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Witt [15], Faddeev and Popov [16] realized that these fields with the opposite statistics arise
naturally from a path integral construction in gauge theories. They are now named Faddeev-
Popov ghost fields: they were probably called ghosts because they only appear as internal lines
and never contribute as external on-shell degrees of freedom.’

It is worth mentioning that it is possible to find a gauge in which the Faddeev-Popov fields
fully decouple, and the canonical quantization becomes more doable. This gauge is sometime
called axial gauge. While this could be useful in Yang-Mills theory, working with the axial
gauge in the gravitational case is horrible because the renormalization procedure becomes
more obscure due to the appearance of non-covariant counterterms that one has to carefully
take care of [17,18].

In this section, we do not really need the Faddeev-Popov fields. However, since in the
next section we will start introducing gravitational self-interactions, for completeness we will
briefly introduce them by mentioning some of the relevant features and explicitly show that
they never appear as propagating on-shell degrees of freedom.

2.3 GR as a QFT: interacting theory

So far we have mainly focused on the quantum structure of the kinetic term and degrees of
freedom in GR. However, to do physics we need to take into account interactions, and that
is what we are going to do in this section. In section 2.3.1 we introduce the Faddeev-Popov
ghost fields in both cases of covariant and non-covariant gauge fixing. In section 2.3.2 we
discuss some aspects of unitarity. Finally, in section 2.3.3 we prove that GR is perturbatively
non-renormalizable, and analyze the structure of UV divergences.

2.3.1 Faddeev-Popov fields

The action for the Faddeev-Popov fields can be found by determining how the gauge-fixing
term transforms under a gauge transformation, i.e. under the diffeomorphism (2.29) in the
case of Einstein’s gravity. The full gravitational action including gauge fixing Sqr and Faddeev-
Popov ghost term Sgy, is given by

1 1
Stg.n.h] =55 f d*xy/—gR—— f d*x Fun"" Fy + Sgnlg.m, k1, (2.125)
where!®
- o0F,
Segnlg,m,h] = [ d"x¢ 57, (2.126)
¢, is called ghost field, while ¢, is the anti-ghost field, and they are anti-commuting. Here we

only consider the Minkowski background, but the same construction can be easily generalized
to a generic background metric g, (see section 4.2.7).
We can rewrite the functional derivative of the gauge fixing as

8Fy  5Fu hpy 8,

8¢, Shye 60,  Bhy,

(6,"V,+6,"7,). (2.127)

°In section 2.4 we will use the word “ghost” with a different meaning, i.e. for fields whose kinetic term (or their
propagator) has the wrong sign. So, please, do not get confused by the two different meanings!

19To be more precise, we should write (2.126) as a double integral fd“xd“ y because the functional derivative

. . . b . .
depends on two spacetime points x and y, i.e. 3 C:((;()) , and Dirac deltas §(x —y) need to be taken into account to

kill one of the integrations. However, as already mentioned when we expanded the gravitational action in metric
fluctuations, for simplicity we neglect the four-dimensional Dirac deltas coming from the functional derivatives
and assume that the additional integrations are carried out.
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Substituting this into the action (2.126), we obtain

ae o 0Fu
Sgnlg,m,h]=— | dixe= (Voco +Voc,) - (2.128)
po

o0 F, . . - . .
To evaluate 5 we need to first tell which gauge fixing we are working with. Let us
po

now consider both cases analyzed above when we derived the propagator: first, the covariant
gauge fixing in (2.61) and second, the non-covariant one in (2.82).

Covariant gauge fixing. To take the functional derivative it is convenient to first symmetrize
JF,, in (2.61) as follows

1 1
S HCR TR R

Then, the derivative with respect to h,, is

o0F, 1
__[2

1
— gap PAoc)\_ —.,PO
= (6,707 +6,07)~In au]. (2.130)
po
Substituting this into the action (2.126) we get the following expression for the Faddeev-Popov
action:

sgh=fd4xa“(apvpcu+apv“cp—auvpcp). (2.131)

If we expand in metric fluctuations, we can identify the zeroth order kinetic term of the
Faddeev-Popov fields around the Minkowski background:

Seh = J d*xe#0c, + O(xh). (2.132)

The interaction contribution O(xh) contains only terms that are linear in h,,,, ¢, and c*, that

is, the graviton, the Faddeev-Popov ghost and anti-ghost fields couple only via a cubic vertex
that is linear in the coupling k. This fact becomes manifest if we use (2.29) for the expression
of V¢ + Vs, in (2.128).

Non-covariant gauge fixing. In the case of the non-covariant gauge fixing in (2.82), sym-
metrizing we get

1 B :
Fu=5(8,6"+5,05)5,'"hap, (2.133)
and the derivative with respect to h,, gives

o0F,
oh

1 .
- _ psS O os P iqv
=3 (5,,6.7+6,°5")8,a". (2.134)
po
Substituting into the action (2.126) we get
Sgn = J d*x e (8'V i+ 3'V,c,) (2.135)
and if we expand in metric fluctuations we can identify the zeroth order kinetic term:

Sen = J d*x¢,(8,70'0% +n""3'8,) c, + O(xh). (2.136)

32



SciPost Physics Lecture Notes Submission

2.3.2 Unitarity

In our gravitational QFT, we expect quantum probabilities to be conserved, for example the S-
matrix operator should be unitary. One can actually show that the optical theorem is satisfied
order by order in perturbation theory [19]. Unitarity also requires that no gauge and Faddeev-
Popov degrees of freedom propagate on-shell; instead, depending on the selected gauge fixing,
they can propagate off-shell as internal lines in loop diagrams.

In what follows we show some tree-level computations to convince ourselves that unitarity
is indeed preserved.

Tree-level optical theorem

From section 2.3.2 we know that one of the implications of the optical theorem is that the
imaginary part of an elastic amplitude must be positive. Let us verify this property for the
simplest type of elastic amplitude we can imagine, that is, a graviton going into itself:

A151(p?) = (=)(=1)* €7 G000 (PP (2.137)

where (—i)? comes from the two vertices and the third —i comes from the overall multiplicative
factor of the amplitude according to our convention for the Feynman diagrams.

We can choose any gauge we like for the propagator. For example, let us choose the ex-
pression in the Feynman gauge obtained in (2.81). Then, using the Sokhotski—Plemelj formula

1
p2—ie

1
=P.V. (—2) +ins(p?), (2.138)
p
where P.V. stands for the Cauchy principal value, we obtain
1
Im [Al_ﬂ(pz)] = n5(p?) [e*‘“’ew— Eln‘“’ewlz] = 7r6(p2)e*‘“’ew >0. (2.139)

In the last step we have used the fact that the Dirac delta §(p?) makes the graviton on-shell, and
this implies that the trace of the polarization tensor is zero because €5, = —e;;. Therefore, we
have shown that the imaginary part of the amplitude is positive, in agreement with the optical
theorem.

Faddeev-Popov fields are unphysical

As mentioned above, Faddeev-Popov fields are very important for the consistency of the the-
ory, in particular their off-shell contribution is needed to cancel unwanted intermediate states
on the right-hand side of the optical theorem, and thus to preserve perturbative unitarity.
In fact, the contributions coming from the Faddeev-Popov ghost and anti-ghost fields always
compensate the ones of the (non-residual and residual) gauge components of the graviton
field [14, 15]. This also means that the ghost and anti-ghost states, together with the non-
physical polarization states of the graviton, can be projected out of the physical Hilbert space
in a way compatible with gauge invariance and unitarity.

Looking at the expression of the kinetic term in the covariant gauge (2.132), it seems that
a 1/0 pole could arise after the inversion of the kinetic operator. However, this pole is not
physical but a gauge artifact, similarly to the poles of the unphysical gauge components of the
graviton propagator in the de Donder gauge (2.119). The crucial point is that Faddeev-Popov
ghosts can propagate off-shell through loops, but they never appear as on-shell degrees of
freedom, otherwise unitarity would be violated.

As done for the graviton propagator in section 2.2.5, we can work in the non-covariant
gauge where the Faddeev-Popov propagator can be shown to have no pole at p? = 0 [2,10].
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Choosing the frame p* = (p°,0,0,p?), the kinetic term of the Faddeev-Popov fields in the
non-covariant gauge (2.136) can be written in the following form

Sgh = f d*x EMK%CV + O(xh), (2.140)

where
2

P% 0 0 _%Ps

0 —-p; O 0

0 0 —p; O
—ip2 0 0 —2p?

py _
Kb = (2.141)

Since the kinetic operator of the Faddeev-Popov fields in the non-covariant gauge does not
depend on py, its inverse cannot depend on p* = —p? + p3, therefore no pole at p> can appear
in the propagator. Since this is an on-shell result, it will be valid in any other gauge. Thus, no
Faddeev-Popov particle can ever appear on-shell.

2.3.3 Failure of perturbative renormalizability

To determine whether a local QFT is perturbatively renormalizable, we just need to look at
the mass dimension of the interaction couplings (see section 2.A). From (2.23) we know that
the gravitational couplings in GR are proportional to inverse powers of the Planck mass, i.e.
K"2=1/ MP'}I_Z with n > 3, therefore the mass dimensions are always negative and the theory
is perturbatively non-renormalizable:

A,=[xk"?]=2-n<0, n>3. (2.142)

Given a loop diagram G containing E external legs and V,, vertices with n > 3 legs, the corre-
sponding superficial degree of divergence is given by (see (2.249))

5(G)=4—E— Y VoA, (2.143)

and increases with the number of vertices since A, < 0.

To check the failure of perturbative renormalizability even more explicitly, we can con-
sider a generic L-loop integral and compute how it scales with the internal momenta at high
energies. If we do that, we have

1 1
fd4k"‘d4k > ﬁﬁ % kz'._kZ ~ k2L+2(L—I+V) =k2L+2, (2.144)
L-loops — V-vertices

I-internal propagators

where we have used the fact that the graviton propagator goes like 1/k?, that the vertex
contains always two powers of momenta, and we chose the most divergent case for which all
vertex momenta are internal. Thus, from (2.144) we see that the UV divergence of the integrals
become worse if the number of loops increase, implying that the theory is perturbatively non-
renormalizable.

We now analyze the structure of one-loop, two-loop and higher-loop divergences.

2.3.4 One-loop divergences

Loop computations in QG are very hard, and an explicit derivation cannot be shown easily.
However, thanks to symmetry and power counting arguments, we can easily guess the tensor
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(@) (b)

© ()
Figure 2.1: (a) Tadpole diagram; (b) bubble diagram; (c) one-loop three-vertex di-
agram with external lines attached to three-vertices; (d) one-loop three-vertex dia-
gram with one external line attached to a three-vertex and two external lines attached

to a four-vertex. Wavy external lines correspond to gravitons, while the solid internal
lines correspond to either graviton or Faddeev-Popov propagators.

structure of loop divergences without performing tedious computations which, instead, are
needed to determine the exact numerical coefficients.

Let us start with one-loop corrections to the graviton propagator in pure GR, i.e. with no
coupling to matter, for the time being. In particular, we are interested in one-loop diagrams
with two external graviton legs and either graviton or Faddeev-Popov propagators as internal
lines (they both behave as 1/p? in de Donder gauge). The loop will contain either one or two
internal propagators, namely we can have either a tadpole (fig. 2.1a) or a bubble (fig. 2.1b)
diagram. Depending on the number of vertex momenta that are associated to internal lines,
we can have different types of UV divergences.

* The tadpole only contributes with power-law divergences. If all momenta in the vertex
are internal, we have a quartic divergence; if only one vertex momentum is internal,
we have a cubic divergence; if no vertex momentum is internal, we have a quadratic
divergence.

* The bubble contributes with both power-law and logarithmic divergences. If all mo-
menta in the two vertices are internal, we have a quartic divergence; if three vertex
momenta are internal, we have a cubic divergence; if only two vertex momenta are in-
ternal, we have a quadratic divergence; if only one vertex momentum is internal, we
have a linear divergence; if all vertex momenta are external, we have a logarithmic
divergence.

The power-law divergences are set to zero if we work in dimensional regularization,'!
therefore we only need to focus on the logarithmic divergences coming from the bubble dia-
gram which have the following schematic form:

11 dk
ppppf d4kﬁﬁk2k2 ~ppppf o (2.145)

This means that the counterterm needed to cancel the divergence has to contain four pow-
ers of the momentum, i.e. in coordinate space fourth order derivatives acting on the metric

with other types of regularizations (such as a cutoff regularization), some of the power-law divergences con-
tribute to the renormalization of Newton’s constant and the cosmological constant, while others do not appear
because of symmetry reason (e.g. the cubic and linear divergences would violate parity invariance).
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fluctuation. Since the Einstein-Hilbert Lagrangian only contains second-order derivatives, the
structure of the counterterm associated to (2.145) is not contained in the original bare La-
grangian.

Furthermore, we can consider one-loop n-graviton vertex corrections with n external gravi-
tons. For example, the one-loop contributions to the three-graviton vertex are shown in
fig. 2.1c and fig. 2.1d. Also in this case, we can make a power counting analysis, and find
the logarithmic divergences whose functional structure contains fourth order derivatives act-
ing on the metric field.

The question we need to ask now is: what local terms containing fourth order derivatives
and respecting diffeomorphism invariance can we add to the action? Answering this question
is easy, and the possible fourth order terms contributing to the one-loop divergent part of the
effective action are

) 1
rg] d*x /=g 1R + R, RMY + C3R 1o o REPO

&

(2.146)

+c4R

W,(,R“p Yo+ CSVHVVR‘” + CGDRi| ,

where cq,...,cq are constant coefficients and 1/e = 1/(4—d) is the simple pole divergence in
dimensional regularization. We now show that only two out of the six terms may contribute.

The sixth term is a total derivative and can be neglected up to surface terms. The fifth
is also a total derivative and, actually, is equal to the sixth due to the Bianchi identity, i.e.
V,V,R"” = 0OR/2. The fourth term can be written in terms of the third by using the cyclic
identity R;[,yo] = O which implies R, ,,R*F"7 = %RMPUR“”P 9. Furthermore, using the fact
that in d = 4, the Gauss-Bonnet combination v/=g(R,,sR""?? —4R,,,R"” + R?) is locally a
total derivative,'? we can express the square of the Riemann tensor in terms of R? and R,,R*”
plus boundary terms. Thus, in end we can recast the divergent part of the one-loop effective
action into

1
r[g]= ;Jd‘*x,/—g [aR? +bR,,,R*] (2.147)

where a = ¢; —c3—c¢4/2 and b = ¢, + 4(c3 + c4/2) are two redefined coefficients.
The exact numerical factors were computed for the first time by 't Hooft and Veltman in
the de Donder-Feynman gauge [10], and they found

=t -1 7 (2.148)
(4m)2 120 (47)2 20

Although we are neglecting the boundary terms in (2.147), it is worth to mention that
they are important for the renormalization of the theory, as they do contribute to the one-loop
effective action [10,20,21]. For example, the Gauss-Bonnet invariant appears with coefficient
—@g—g and can be computed from the one-loop three-graviton vertex diagrams in fig. 2.1c
and fig. 2.1d [21]. In fact, the Gauss-Bonnet and OIR divergences also have important physical
implications due to their contribution to the conformal anomaly when gravity is coupled to

conformal matter [4,6].

One-loop finiteness in pure gravity: field redefinition

It can be shown that in pure gravity, the one-loop divergent terms in (2.147) can be absorbed
by a “renormalization” of the metric field due to the fact that the integrand in (2.148) is

125ee [4] for a pedagogical proof that the Gauss-Bonnet term is locally a total derivative.
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proportional to the vacuum field equations of the classical theory. More precisely, given a
metric field g,, and the action

S'lg)= Senlg]+ Ty [s], (2.149)
we can find a field redefinition
8uv = 8,,(8,a,b) = g, + Agy,(a, b) (2.150)
such that, perturbatively in a and b, we have
Selg] + Ty [8] = Senlg + Ag] + O(a*, b%,ab) = Senlg'1+ O(a®, b, ab),  (2.151)

where the terms O(a?, b2, ab) are expected to contribute to higher-loop and higher-curvature
orders. While the bare metric g,,, and the counterterm Ag,,, are infinite, the one-loop renor-
malized metric field g; , is finite.

The expression of Ag,, can be found by imposing that the first-order variation of the

Einstein-Hilbert action under the metric transformation (2.150) is equal to Féilv)[g], ie.

ASgylg] f d*x/— Aguv F(gllv)[g] . (2.152)

Making the ansatz Ag,,, = Ag,,,R+BR,,,, where Aand B are two coefficients to be determined,
we find

1
ASgylg] = Jd4xv ( ngR) (AguvR+BRuv

) . (2.153)
= —f d*x/—g 72 [— (A+ EB)R2 +BRWR‘“’] ,
which equals F(gw)[g] if
1 B 2
E:_Z(A+_) A= (2a+b)
£ 2K 2 - € (2.154)
b__ B K
g 2K2 B= _?2b

Therefore, the field redefinition needed to absorb the one-loop divergence in pure gravity reads

7

2
K
g, = 8uv+ - [(2a+b)g,,R—2bR,, ]

B K2 (11 R 7R)
= 8w T 10(4mee \ 3 B '

(2.155)

Note that, strictly speaking, we never imposed the field equations, but only used the fact
that l"éilv) is proportional to them, i.e. the field redefinition was performed off-shell. Another
way to rephrase the one-loop finiteness is saying that the one-loop divergent contribution
vanishes on-shell, i.e. Féllv) onsheg = 0 When G, =0=R,, =0.

In the presence of a non-vanishing cosmological constant A # 0, pure Einstein’s gravity is
still one-loop renormalizable because the one-loop divergence can be absorbed by a logarith-
mic renormalization of the metric field and the Newton’s constant off-shell. In this case, we

would have

23
S T8 =S 1 g, | Ve, e
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where the last term can be absorbed into a renormalization of the Newton’s constant. Another
way to rephrase this argument is to say that on-shell (i.e. R, = g,,A) the one-loop diver-

gence becomes rtd = —m % f d*x ,/—g A2, which can be absorbed by a logarithmic

77 div lon-shell T T
renormalization of the cosmological constant.

Remark. Although the field redefinition (2.155) does not change the physics at the level of
the action, one may still wonder whether it changes the quantum properties of the theory, for
example by introducing new terms in the path-integral through the generation of a non-trivial
Jacobian from the transformation of the path-integral measure. The Jacobian associated to the
field redefinition (2.155) has the schematic form det(1+X ) where X takes into account deriva-
tives of Ag,, with respect to g,,. Introducing anti-commuting fields g and g, the Jacobian
can be written as

det(1+X) = f DGDqet] 4'xa0+X0q (2.157)

from which it follows that the propagators of g and g are constant. Since the field redefinition
is local, X is also local and the interactions involving § and g are local as well. Therefore,
all loops made with ¢ and g contain integrals of polynomials which vanish in dimensional
regularization. It follows that the Jacobian is equal to one, which means that perturbatively
the local field redefinition (2.155) does not affect the path integral.

One-loop finiteness in pure gravity: gauge-fixing dependence

Remember that the one-loop result in (2.148) was obtained in the de Donder-Feynman gauge.
In fact, the divergent part of the one-loop effective action depends on the gauge fixing, and

this is the key feature behind the one-loop finiteness of pure Einstein’s gravity, because there
exists a gauge choice such that '}
gaug div | off-shell

gauge fixing (2.61) to

= 0. In other words, if we generalize the de Donder

1 1+p
Sgelm,h]= - f d4x.7-"u.7-"“ , Fu = 3vhu” — Tauh, (2.158)
the quadratic-curvature coefficients in (2.148) turn out to be gauge-fixing dependent, i.e.
a = a(a,B) and b = b(a, B). Then, there exist specific values of the gauge parameters a,

and f, such that [22]

(1) _
Ty (2 Bs) |off—shell =0. (2.159)

This fact related to the one-loop finiteness via the field redefinition discussed above. Since
on-shell physics is independent of the gauge-fixing parameters, the difference of the one-loop
divergent effective action evaluated for two different choices of gauge parameters must be
proportional to the field equations, i.e. it must vanish on-shell. Indeed, it can be shown
that [6,22]

1 1 1 6Sgn
Félv) (al’ ﬁl)_réw) ((12, /52) = E d4foV5g ’ (2160)

uv

where f,, is some symmetric tensor function that depends on a;, f3;.

If we choose a, = a, and 3, = f3, such that I‘éilv) (aq, By) =0, we get
1 1 6S
I (ay, 1) = = J d'xfy, =, (2.161)
€ 8uv

namely the divergent part of the one-loop effective action is proportional to the field equations.
In particular, if we work in the de Donder-Feynman gauge a; = 1, f#; = 1 we get the result in
(2.148) with f,,, = Ag,,R + BR,,,, where A and B are those in (2.154).

38



SciPost Physics Lecture Notes Submission

In summary, since there is a choice of gauge parameters such that the divergent part of
the one-loop effective action vanishes, it follows that I‘éilv) is zero or proportional to the field
equations of the classical theory. However, it should be remarked that the coefficient of the one-
loop divergent contribution proportional to the Gauss-Bonnet invariant is gauge-independent
and never vanishes.

One-loop divergences and coupling to matter

The previous discussion strongly relies on the fact that matter couplings were absent. However,
if the interactions with matter are switched on, then Einstein’s gravity turns out to be one-loop
non-renormalizable. In fact, the one-loop divergence (2.148) is no longer proportional to the
field equations since

0(Sgy+S,) 1

1
_ — uv _ = uvp _ 27Uy
5., ) g (R 2g R—«“T ) . (2.162)

In this case the field redefinition of the metric would generate terms like K?ZRWT‘“’ and K;RT
that cannot be absorbed in the initial bare action Sgy +S,,, and that on-shell would be propor-
tional to squares of the stress-energy tensor, i.e. T, T"” and T2. This also means that there is
no choice of the gauge-fixing parameters that would make the one-loop divergence vanish.

One may hope that some special combinations of matter fields make the one-loop diver-
gence disappear, but this generically does not happen, especially if we consider the physical
scenario of SM Lagrangians coupled to GR.

In summary, pure Einstein’s gravity is one-loop renormalizable but Einstein’s gravity cou-

pled to matter is not.

2.3.5 Two-loop divergences

One might hope that the same cancellations could also occur at higher loops, but this is not
the case. In fact, pure GR is perturbatively non-renormalizable starting from two loops, as we
now explain.

Making again a power-counting analysis, we can understand that the two-loop divergences
can appear in different ways: sextic divergences that renormalize the cosmological constant,
quartic divergences that are proportional to R and renormalize Newton’s constant, quadratic
divergences proportional to four-derivative terms, i.e. R and R, R"”, and logarithmic diver-
gences multiplying terms with six derivatives acting on the metric. The latter is the only type
of two-loop divergence that would show up in dimensional regularization. Since the vertices
contain only two powers of momenta, the logarithmic two-loop divergences will come from
two-loop diagrams containing three external gravitons on-shell.

The tensorial structure of the two-loop divergence as a function of the metric perturbation
h,, and the derivatives J,, with the three external gravitons taken on-shell, can be fully de-
termined up to a numerical coefficient. Indeed, if we work in de Donder gauge, the graviton
field is traceless and transverse (see (2.45)), thus the only functional structure which contains
six derivatives acting on the metric perturbation and does not vanish on-shell is [20,21]

x°h*’ 8,8,0,hP? 853, 0,h"” . (2.163)

Note that other functional structures depending on the d’Alembertian O = J,d" do not
contribute because they vanish on-shell. The five powers of k in (2.163) can be understood
as follows: three powers are needed for the canonical normalization of the graviton field (i.e.
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Figure 2.2: Set of diagrams that contribute with logarithmic divergences to the diver-
gent part of the two-loop quantum effective action. Wavy external lines correspond
to gravitons, while the solid internal lines correspond to either graviton or Faddeev-
Popov propagators.

kh,, is dimensionless), while the remaining two powers are needed to give the right dimension
to the divergent part of the two-loop effective action. Therefore, we expect the covariant form
of (2.163) to be proportional to curvature invariants of mass dimension equal to six multiplied
byx?=1/ lel.

All possible diagrams that could give a non-vanishing contribution proportional to (2.163)
are those with three external gravitons attached to three distinct vertices, and are shown in
fig. 2.2. Two-loop diagrams with two external lines attached to the same vertex cannot gen-
erate two-loop divergences proportional to (2.163), thus we do not show them. Moreover,
one can find that the divergent part of the two-loop diagram in fig. 2.2h vanishes, whereas
the diagram in fig. 2.2g only contributes with a double pole divergence in dimensional reg-
ularization [20,21]. However, we will show below that double pole divergences are absent
on-shell.

As done in the one-loop case, we can find the covariant tensor structure of the divergent
part of the two-loop effective action using the locality of counterterms and diffeomorphism
invariance, whereas the exact numerical coefficient can only be determined by performing an
explicit computation. Furthermore, without much effort, we can also determine the pole order
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of the two-loop divergence in dimensional regularization, i.e. whether it is a simple pole 1/¢,
or a double pole 1/¢2. We first derive the tensor structure of the two-loop divergence, and
then focus on the order of the pole.

Tensor structure of counterterms

The two-loop counterterm must be proportional to something like
r®g] o Kzf d*x/—g R, (2.164)

where R is an invariant of mass dimension six that contains contractions of metric tensors,
Riemann curvatures and covariant derivatives. The possible contractions, neglecting irrelevant
boundary terms, are [23]

3
V,RVHR, VR, VPR¥, R®, RR,R™, R,RR)”, RR,,,oR*P7,
R

Ry RyoR*P™, RPR™PR, . . R

uvpo
U P prach
R" P R7P.

Y pooal (2.165)
a

uvpo B ’ uvpo

First, we note that all terms except the last two are proportional to the classical vacuum field
equations. This means that they can be absorbed by a redefinition of the metric field that gen-
eralizes (2.155) with additional terms of mass dimension four, e.g. ngZ, 8uvRooRP7, RR,y,,
V.V,R, and so on. Moreover, it can be shown that the last two cubic invariants in (2.165) are
linearly dependent. This follows from the identity

RW gPo RUP _o, (2.166)
po af uv

that in four spacetime dimensions is always true due to antisymmetrization over five indices.

More explicitly, it reads [4]

0=4R,,,cRP7PR"”  —8R

6 LWPURH ap R"*P 4 (terms proportional to R,,andR). (2.167)

uvpo B

This means that up to contributions proportional to the vacuum field equations the last in-
variant in (2.165) can be expressed in terms of the next-to-last one. Therefore, the tensor
structure of the two-loop counterterm is given by

Ty L8] o< &° J d*x /=g RyypoR""  jRP7P . (2.168)

What still remains to be determined is the pole order of the two-loop divergence and, of course,
the exact numerical coefficient.

Absence of double pole divergence

In general, in the framework of perturbative QFT, a two-loop divergence can appear with both
simple (1/¢) and double (1/¢2) poles in dimensional regularization; the latter is determined
by one-loop subtractions that must be implemented correctly to avoid the appearance of in-
consistent non-local UV divergences. It can actually be shown that if a QFT is finite up to N
loops, then the N + 1 loop divergence will contain only a simple pole [24,25]. This means that
since Einstein’s gravity (without matter) is finite at one loop, the two-loop divergence must
contain only a simple pole.

This result can be proven as follows. Since pure gravity is finite at one loop, if we im-
plement the field redefinition we can then calculate the two-loop contribution to the effective
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action without using counterterms and one-loop subtractions. This means that the two-loop
divergence will have the following schematic form:

¢, C
28(—1 + —2), (2.169)

e g2

where u is the renormalization scale whose power 2¢ is needed to compensate the 2(4 — €)
dimension of two-loop integrals in dimensional regularization, while C; and C, are local func-
tions.

The two-loop calculation can also be performed in an alternative way, using counterterms
and one-loop subtractions, i.e. without making any field redefinition. In this case, the expres-
sion of the two-loop divergence will not contain any u® and schematically reads

/ /
ﬁ % , (2.170)
e g2
where C] and C; are local functions.
Since the two computations must give the same result on-shell, we have

C ¢/ c!
—2) =142 (2.171)

C
(1+2€1HM+...)(—1+ 3
e €

e g2’
Equating equal powers of 1/, it follows that C, must vanish because C; is a local function and
cannot contain any logarithmic dependence. We get C; = C{ #0and Cy, = Cé =0, so double
poles are absent in the two-loop divergence of pure Einstein’s gravity.

This result was confirmed by an explicit calculation of the diagrams in fig. 2.2, and the final
expression of the gauge-independent divergent part of the two-loop effective action, including
the exact numerical coefficient, is given by [20,21,26]

(2) _ 209 4 a
le[g] m fd X+ — Ruvpa RPU /5 (2172)

and is also known as the Goroff-Sagnotti counterterm. It is worth to mention that the full off-
shell expression of the divergent part of the two-loop effective action contains double poles,
but their tensor structure is proportional to the classical vacuum equations and vanishes on-
shell. In other words, a field redefinition can be performed to reabsorb these divergences in a
renormalization of the metric tensor, thus the only true gauge-independent divergence at two
loops is the one in (2.172).

2.3.6 Higher-loop divergences

No explicit computations of loop divergences higher than two have been performed in the
perturbative QFT approach to GR. However, it is still possible to determine the covariant form
of the leading divergences up to numerical coefficients. Indeed, it can be easily shown that
the leading divergent contribution to the L-loop effective action in d = 4 is given by [27]

r'Ylg] oc k" Jd“x\/—gR, (2.173)

where now R is a local function of mass dimension equal to 2L +2, independent of x, and con-
structed in terms of L —k + 1 Riemann tensors and 2k covariant derivatives, where 0 < k < L.
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The power of x can be determined as follows. Since an n;-leg vertex is proportional to
k"2 an L-loop diagram with V vertices will be proportional to  to the power

v 14
> ini—2)=>n;—2v. (2.174)
i=1 i=1

Using the fact that an internal propagator is always connected to two vertices, we can write

14
> in=2I+E, (2.175)

i=1

where I is the number of internal propagators and E the number of external graviton legs.
Substituting the last equation into (2.174), we get

|4
D (ni—2)=21+E—2V =2L—2+E, (2.176)
i=1

where in the last step we used the topological identity I —V = L — 1. Since E powers of k
are needed for the canonical normalization of E external graviton fields, we are only left with
2L — 2, which is exactly the power of k shown in (2.173).

Let us emphasize that the structure (2.173) is only valid for the leading L-loop divergences,
while power law divergences are not captured. For example, in the case of two loops we can
have quadratic power-law divergences that are proportional to R? and R,,,R*”. Furthermore,
it is also worth to mention that, while at two loops the double pole divergence is absent due
to the one-loop finiteness of pure GR, at loops higher than two similar cancellations do not
happen, and all possible pole orders are expected to be present.

2.3.7 What to do next?

At this point, several questions could be raised: what does the failure of perturbative renor-
malizability of GR mean? Are we implementing the quantization of gravity in the right way?
Is the perturbative approach insufficient for the quantization of GR? Is the QFT framework
not suitable to describe quantum aspects of gravity? Are we working with the wrong set of
degrees of freedom? Are we missing some enhanced or broken symmetry? Can the quantum
and gravitational worlds be compatible at all?

EFT of GR

First of all, let us clarify that QFT and GR are compatible, at least in the low-energy regime: the
failure of perturbative renormalizability does not imply that GR cannot be treated as a QFT.
In fact, one can formulate a consistent EFT of GR that is valid up to some cutoff energy scale
(e.g., the Planck mass Mp, ~ 10'® GeV in pure gravity), in such a way that QG predictions can
be trusted up to finite errors proportional to inverse powers of the cutoff [28,29]. In this case,
the local part of the gravitational Lagrangian will contain all possible infinite counterterms
that are compatible with the symmetries of GR:

1
SEFT = J d4x v —8 [ﬁ (R - ZA) + ale + asz,R‘W
K (2.177)

+asx*R® + a,x*R

wpoRP g RP + ]

B

where the dots stand for all possible local contractions of metric tensors, Riemann tensors and
covariant derivatives. If matter is absent, we know that all terms proportional to the classical
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field equations can be removed by a metric field redefinition, while if matter is present, the
EFT of GR can also capture corrections coming from terms like R?, R, ,R"”, R3, etc. The co-
efficients a,, a,,as, ay, ... are dimensionless, and their renormalized value can be determined
up to errors proportional to powers of E/Mp;, where E is the characteristic energy scale of the
physical process. When the coupling with matter is switched on, it can be shown that the UV
cutoff of the EFT becomes lower than the Planck scale [30]; see also section 5.1.

It is important to observe that in the EFT of GR, the additional operators in (2.177) do
not introduce new degrees of freedom, that is, the massless graviton remains the only physical
particle in the gravitational spectrum.

One approach to QG is to be (temporarily) happy with a low-energy EFT description and
to forget about any specific form of UV completions and/or non-trivial departures from GR.
See section 3 for applications of the EFT of GR.

Non-perturbative renormalizability?

Although GR is perturbatively non-renormalizable, it might happen that the quantum theory
possesses an interacting UV fixed point. This would imply that the Einstein-Hilbert action
supplemented with all possible infinite tower of higher-curvature contractions that are com-
patible with diffeomorphism invariance is non-perturbatively renormalizable, a property that
the perturbative QFT approach would fail to capture. In this case, quantum aspects of gravity
would be better described in the non-perturbative QFT framework, and the corresponding QG
approach is known as ASQG [31]. Both continuum FRG techniques [4,32] and lattice meth-
ods [33] have been proposed as computational tools to prove the existence of an interacting
fixed point. One such lattice method is known as causal dynamical triangulations (CDT), and
it is sometimes also seen as a different QG approach.

In section 4, the general notion of non-perturbative renormalization and the FRG method
are introduced, and their application to QG is discussed.

Beyond-QFT approaches?

Another possibility could be that the framework of QFT is not suitable for capturing quantum
aspects of gravity at the fundamental level. While the EFT treatment, which is QFT-based,
could be trusted to study quantum-gravitational physics at low energies, it might happen that
the high-energy behavior of the gravitational interaction cannot be consistently described with
the tools of QFT. Along this direction, there are several types of proposals. On one side, there
are approaches that try to formulate a theory of quantum spacetime at a full non-perturbative
level: these include loop quantum gravity [34], causal set theory [35], and non-commutative
geometry [36], and in some of them spacetime is fundamentally discrete. On the other side,
there is the framework of ST [37,38] where the concept of a spacetime metric is somehow
emergent from more fundamental stringy degrees of freedom in terms of which one aims at
formulating a unified UV-complete quantum theory of all interactions.
An introduction to ST is given in section 5.

Insist a little more on the perturbative QFT framework?

While we might be strongly tempted to immediately abandon the perturbative QFT framework
after learning that GR is perturbatively non-renormalizable, there is actually an obvious ques-
tion we should still ask ourselves before starting to think about other approaches to QG: is the
perturbative QFT framework applied to gravity only useful for describing GR as an EFT in the
low-energy regime? In the remainder of this section, we will show that the answer is negative.
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In fact, a similar story happened for the other forces of nature, for example the weak
interaction. In this case, Fermi theory turned out to be perturbatively non-renormalizable.
Was this a problem for a consistent quantization of the weak interaction in the framework
of QFT? Obviously not! Indeed, the real story is that Fermi theory is a non-renormalizable
EFT valid at energy scales below 100 GeV] and its perturbative completion is the electroweak
theory which is a “strictly” renormalizable QFT [39]. Let us recall that in this context the word
“strictly” means that the interaction couplings that govern the UV behavior of the theory are
dimensionless (see section 2.A.4 for a detailed discussion of power-counting renormalizability
and the definition of strict renormalizability).

It should be noted that in the last century, a very important theoretical achievement in fun-
damental physics has been the realization that “strict” renormalizability can be a powerful and
predictive criterion for selecting fundamental Lagrangians in the framework of perturbative
QFT. In fact, all SM interactions (electromagnetic, weak and strong) are described as “strictly”
renormalizable QFTs. Therefore, the most logical and conservative question to ask is:

[ Is there any “strictly” renormalizable QFT of gravitational interaction?

The answer is positive: in d = 4 there exists a unique “strictly” renormalizable QFT of
gravity that is metric compatible, has zero torsion and preserves the symmetries (diffeomor-
phism and parity invariance) of GR. Its Lagrangian contains operators of mass dimensions up
to four, in particular these include curvature invariants up to quadratic order. This theory is
known as quadratic gravity [40-45].

Hence, it is important to understand what perturbative QFT and strict renormalizability
can still tell us about gravity at a more fundamental level and, in particular, whether they can
still be considered a powerful framework and a predictive criterion to describe new physics
beyond GR. These are the questions we are going to critically assess in the last part of this
section.

2.4 Quadratic gravity

In this section, we aim at exploring several features of quadratic gravity. We will first introduce
the classical action and the field equations. We will then move to quantum aspects, derive the
propagator, determine the degrees of freedom, and show power-counting renormalizability.
We will make a comparison between quadratic gravity and the EFT of GR in order to clarify
some points that are sometimes misunderstood. We will also highlight the uniqueness and
predictive power of the theory as consequences of strict renormalizability. Finally, we will
discuss the main open questions in relation to the massive spin-two ghost and the high-energy
behavior of the theory, around which debates are still ongoing. Due to the lack of “spacetime”,
in this last section we will provide less computational details than in previous ones. However,
we will touch on all the relevant conceptual points and also make contact with experiments,
while trying to keep the explanations pedagogical.

2.4.1 Action and field equations

We want to consider the general gravitational action that contains invariants of mass dimen-
sion up to four. From the analysis of one-loop divergences in GR performed in section 2.3.4,
we already know that the general expression in (2.146) can be reduced to two independent
curvature invariants up to boundary terms, these are R? and R,,R"”. However, instead of
working with the square of the Ricci tensor, it is now convenient to introduce the squared
Weyl tensor, as we will explain below.
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The Weyl tensor is defined as the trace-free part of the Riemann tensor, and in d = 4 it
reads

1 1
Cuvpo = Ruvpo + 5 (guaRvp - gupRva + ngRMU - gvaRup) + 6 (g,upgva - g,uagvp)R-
(2.178)
Using the relation

C

1 2
urpo "7 = RyypoRMPT — 2R, R + ZR2, (2.179)

and the fact that the Gauss-Bonnet term

V=8 €= /=g (RyypoR"*P? —4R,,,R*” + R?) (2.180)

is locally a total derivative, we can replace R,,R"" in terms of R%?and C

oo CHP7 plus bound-
ary contributions:

1 1

1
— 2
RMVRI'W = ECHVpGCMVPU + gR — E@ (2.181)

Therefore, the classical action of quadratic gravity can be written as'®

1 1 C €
ngZEJd4x\/__g|:§(R—2A)+EORZ_EZCMVPGCMWJU]; (2.182)

where ¢, ¢, are dimensionless constants; the numerical coefficients and signs have been cho-
sen for convenience, as will become clear when the propagator is derived and the masses of
the degrees of freedom are determined.

The quadratic gravity action is still invariant under diffeomorphisms: if we perform the
metric transformation & ¢&uv I (2.10), we get 6 ¢Sqg = 0.

The classical field equations are given by [46]

1 1 o 1
3 (RW — S8R+ Agw) +3 (gWEIR— V,V,R+RR,,— ZgWRZ) —2¢5By =Ty,

(2.183)
where B, = (VFV7 + %RP")C“p o 1s the so-called Bach tensor, which is traceless. Since in
four spacetime dimensions, the Bach tensor can be written solely in terms of Ricci scalar and
Ricci tensor,

1 1 1 1 )
pr = 50Ruy + 2 (29, V, = 28,0 |R= 0V, VR,
1 1 1 1,
_EVPVVRPM_gR'RHV—i_RHPRpV_Z(RpURPU_gR )gpAU

B
(2.184)

then we can also rewrite the field equations solely in terms of the Ricci scalar and the Ricci
tensor, without Riemann or Weyl tensors, i.e.

1

1 2 (¢ 1
3 (RM — 5g,”R + Agw) + 3 (— + cz) (gWI:lR— V,V,R+RR,,— ZgWRZ)

2
1 2 J2 P 1 po
— o ORyy + 58y ER =V, VR =V, V,RP, + 2R PRy, = = €uRpoRPT | =Ty
(2.185)

13The subscript “qg” stands for “quadratic gravity” and should not be confused with “QG” which is used as the
acronym for “quantum gravity” in these lecture notes.
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The trace equation does not depend on c, because the Weyl tensor, and thus also the Bach
tensor, is traceless. Indeed, it reads

1
——5(R—4A)+coOR=T. (2.186)

The presence of operators with mass dimension equal to four implies that the dynamics of
the metric in quadratic gravity is determined by fourth-order derivative field equations. This
means that more boundary conditions are needed to find the solutions, and we may also expect
the appearance of new degrees of freedom in addition to those of GR.

2.4.2 Propagator and degrees of freedom

As done in the case of GR, we can formulate quadratic gravity as a perturbative QFT by quan-
tizing metric fluctuations around some background and in a regime in which interactions are
sufficiently weak. Then, we can identify kinetic and interaction terms, derive the propagator,
determine the physical degrees of freedom, and investigate the UV behavior of the theory to
understand whether the criterion of (strict) renormalizability is satisfied.

Since the action contains fourth order derivatives acting on the metric, we expect two types
of contributions to the kinetic term: a standard two-derivative term dhdh, and an additional
one with four derivatives 92hd2h. This means that we have two options to normalize the
mass dimension of the field and define the expansion in fluctuations: we can choose a mass
dimension equal to one as done in GR, or we can work with a dimensionless field. It turns
out that the former option is more suitable for low-energy physics, while the latter captures
the essence of the high-energy behavior of the theory. Having a dimensionless field in the UV
regime drastically distinguishes quadratic gravity from the EFT of GR, as we will explain in
section 2.4.4.

Expansion in metric fluctuations. Assuming that the cosmological constant is negligible, let
us expand around the Minkowski background and, for the time being, choose the following
form of the metric perturbation:

Suv = Ny +2hy,, (2.187)
where h,, is dimensionless.
The action can be expanded as
Sqsln +2h] = S0, h]+SE=[n, h], (2.188)
where the kinetic term is given by
1 1 1
SP[n,h] = f d*x [Ehmu (E — CZD) h —he (ﬁ — cZD) d,3,h"”

1 1 1 1 1
+h (ﬁ - 5(2C0 + CZ)D) 8M3,,h‘“’ - Eh (E — 5(2C0 + CZ)D) Oh (2189)

1
+§(co —c)h,,, %0 Vapaahpg] ,

while the interaction part 85223)[17, h] contains terms of different type. Schematically, we have
1
— %R, d*h",  cd%h". (2.190)
K
Note that the first two lines in the kinetic term (2.189) contain the same tensor structures as
in GR, while the third line contains a new type of structure with four uncontracted derivatives.
If we take the limits ¢, — 0 and ¢y — 0, while keeping all the other parameters and the field

fixed, we recover the expression for the kinetic term in GR derived in (2.24) up to a canonical
normalization factor for the graviton field.
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Kinetic operator. Since we are interested in deriving the propagator, it is convenient to
rewrite the kinetic term as a bilinear form, so that we can identify the kinetic operator. After
symmetrization of the various terms in (2.189), we obtain

1
(2) — 4, = uvpo
Sge M7= f d*x ShyKgg® hpo (2.191)
where the kinetic operator is defined as
oo _1 vo oV 1 vy po 1 1
KUPT == (P + M n"P)| = —c,0 |O—n""nP7 | = — =(2¢o + )0 |O
qg 2 K2 K2 3

1 1
+(n*70rP3% +nP°243") (ﬁ - 5(2c0 + CZ)D)

1 1 (2.192)
—5 (n*P3v37 +nh?3Y9P + P IH37 + ¥ *aP) (—2 —cZEI)
K
2
+ g(co —cy)0H070°P 07,
and satisfies the following symmetry properties:
Kg‘g”p" = ]Kggpo = Kg‘g”"p = Kgg”“’. (2.193)

In terms of the spin-projector operators introduced in section 2.2.6 (see also section 2.B), the
kinetic operator in momentum space can be written as

2
Kg‘gpo = —% [77(2)‘“'90 (1 + chzpz) —2p0surpo (1 + chopz)] . (2.194)

Propagator. Similarly to the GR case, also here the kinetic operator is not invertible. This
means that we need to introduce a gauge fixing. The same de Donder gauge used in GR
would already be enough to invert the kinetic operator but, since we now have derivatives up
to fourth order, other types of covariant gauge-fixing terms could also be chosen. A generic
local form for the gauge fixing is given by [4, 6]

1
Sgtln,h] = oz J d*x F,Y"F,, (2.195)
where
— v 1 + ﬁ VY — v v
Fu=oh,—— =gk, Y =qt 14y +0dka”, (2.196)

a, B, v, and w being gauge-fixing parameters. For example, if one is interested in studying
the UV behavior of the theory, then a gauge fixing containing fourth-order derivatives may be
computationally more suitable.

Rewriting (2.195) in terms of the spin projectors and adding it to (2.194), we obtain an
invertible operator which can be easily inverted by using the orthogonality properties of the
spin projectors. Since the procedure is similar to that performed in the case of GR, we will
skip the details of the calculation here. In particular, we are mainly interested in the gauge-
independent part of the propagator which contains also information about the particle content
of the theory. Up to a normalization factor of x2, the propagator is given by [40]
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2(2) 2.~(0,s)
G (p)=—i P e P uvpo
qguvpo p2(p2 + mg) 2p2(p2 + m%)
. - p(0s) @)
__t 73(2) _ l,P(O,s) _ P uvpo P uvpo
B A R
(2.197)

where the dots represent gauge-dependent terms whose spin structure would not contribute
if we multiply the propagator by a conserved stress-energy tensor.
Let us now make some comments.

* Because of fourth-order derivatives coming from the quadratic-curvature terms in the ac-
tion (2.182), the UV behavior of the propagator in quadratic gravity is more suppressed
than the GR one, that is, it falls off like ~ 1/p* instead of ~ 1/p2. This aspect is crucial
for the renormalizability of the theory, as we will explain in section 2.4.3.

* Using a partial-fraction decomposition, in the second line of (2.197) we split the propa-
gator into three terms: the GR one (with massless poles) plus two additional contribu-
tions. The second term corresponds to a massive spin-zero degree of freedom, while the
third term to a massive spin-two. Their squared masses are respectively given by

1 M 1 M
mgzz—:—m, mgzz—z—m (2.198)
K CO CO K C2 C2

To avoid tachyons we must have ¢, > 0 and ¢, > 0, which explains the chosen convention
for the signs in front of the quadratic-curvature invariants in the action (2.182).

* The additional degrees of freedom are not gauge artifacts and, in general, all contribute
to the gravitational particle spectrum. In total, quadratic gravity has 24145 = 8 on-shell
degrees of freedom.

* We could have guessed the gauge-independent part of the propagator just by looking at
(2.197). Indeed, since the additional modes are massive, their individual contributions
in (2.194) can be (formally) inverted without requiring any gauge fixing. Therefore,
knowing the gauge-independent part of the massless graviton propagator in GR, then
the two additional massive components can be found by inverting the terms proportional
to ¢y and ¢, in (2.194).

* While the additional spin-zero component has the standard sign in front, the additional
spin-two component has the opposite sign. This also means that the individual kinetic
term corresponding to this massive spin-two field will have a sign opposite to standard
two-derivative fields.'* Fields characterized by an opposite sign in front of their kinetic
term and propagator are called ghosts. In section 2.4.5, we will discuss the significance
and implications of the presence of such a massive spin-two ghost, and in section 2.4.6
we will highlight the open questions in relation to unitarity and stability.

141t is possible to introduce auxiliary fields and rewrite the action (2.182) in terms of an Einstein-Hilbert term
plus contributions containing kinetic terms for the additional spin-zero and spin-two fields plus interactions. In
particular, it can be shown that the kinetic term of the massive spin-two is equal to a Fierz-Pauli Lagrangian with
a minus sign in front [47,48].
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* The GR propagator is recovered in the limits ¢, — 0 and ¢, — 0, that in terms of the
masses translate into m3/Mg — oo and m3/Mg — oo, respectively. From a more
physical point of view, the GR limit can be understood as a low-energy regime where we
can expand in |p?|/ m% < 1 and |p?|/ m% < 1, so that the additional massive degrees of
freedom are integrated out.'®

2.4.3 Renormalizability

We now want to show that quadratic gravity is strictly renormalizable by power counting. To
do so, we already know that we have to look at the mass dimension of the interaction couplings
that are relevant in the UV regime (see section 2.A.4). At high energies, the terms with four
powers of momenta dominate in both the propagator and the vertices in quadratic gravity.
This means that the UV behavior of quadratic gravity is governed by a dimensionless field h,,
and dimensionless couplings c, and c,.

Power counting

Given a loop diagram G containing E external legs, the corresponding superficial degree of
divergence in quadratic gravity is given by (see (2.249))

6(G)=4—E, (2.199)

which is independent of the number of vertices because the relevant couplings are dimension-
less, i.e. A, = 0 in the general formula (2.249) derived in the appendix. Therefore, only
Green’s functions with E < 4 external legs need to be renormalized, and the renormalization
of these has to be implemented at all loop orders. This implies that quadratic gravity is strictly
renormalizable (not super-renormalizable).

More explicitly, let us consider a generic L-loop integral and calculate how it scales with
the internal momentum at high energies. If we do that, we have

1 1
Jd“kmd“k X G X SRR SN SRy O (2.200)
L-loops — V-vertices

I-internal propagators

where we have used the fact that the propagator goes like 1/k*, the dominant vertices con-
tain four powers of momenta k*, and we chose the most divergent case for which all vertex
momenta are internal. From (2.200) we see that the degree of UV divergence of the loop
integrals do not become worse if the number of loops increases, it actually remains the same.
This implies that the same counterterms can be used to renormalize the theory at any loop
order. Therefore, the theory is perturbatively (strictly) renormalizable.

Tensor structure of counterterms

Some skeptics might still wonder whether loop divergences require counterterms not con-
tained in the initial bare action. For example, since UV divergences are local, then someone
could still ask why no local higher-curvature counterterm, such as R>, R,”pURp Ua ﬁRaﬁ me,.
is generated by renormalization. Although the answer to this question is already contained in

coy

15In general, in theories with ghosts, the vacuum may be unstable, and the notion of integrating out a ghost may
not be justified. For example, even if the ghost is very heavy, but has negative energy, it could be easily produced
at very low energies, thus destabilizing the vacuum. However, by implementing alternative quantizations that
are compatible with unitarity and renormalizability (see section 2.4.5) one can avoid this problem and prove the
stability of the vacuum (at least perturbatively).
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(2.199) and (2.200), we can explicitly show that no operator of mass dimension greater than
four appears at any loop order.

In d = 4 spacetime dimensions, operators of mass dimension higher than four need to be
multiplied by couplings of negative mass dimension. Since the quadratic-curvature coefficients
are dimensionless, [cy] = 0 = [c,], the only dimensionful scales that could possibly appear
as coefficients of higher-dimensional operators generated at some loop order are k = 1/Mp,
and A. However, we know that in the UV regime the most dominant part of the propagator
contains four powers of momenta. Schematically, the UV behavior of the propagator, including
the cosmological constant, can be written as

1 uv 1
AMZ +M2p2 + cop* + cop*  cop* +copt

(2.201)

Moreover, the possible vertices are schematically proportional to AMgl, Mgl p2, cop* and c,p*.
Therefore, the UV-divergent contribution of any loop diagram can only be proportional to
combinations of the couplings A, My, ¢y and ¢, that have mass dimension equal or greater
than zero. In particular, no combination which has an overall negative mass dimension can
appear.

Therefore, the possible counterterms have the same form as the terms already contained
in the initial bare action (2.182), i.e. they are given by

AL, R, R?, C

oo CHP (2.202)

where A is a constant of dimension four which renormalizes the cosmological constant Alel,
the second term renormalizes the Planck mass, and the other two renormalize the dimension-
less couplings ¢y and c,. It is important to mention that the renormalization procedure also
generates boundary terms, i.e. the Gauss-Bonnet invariant ¢ in (2.180) and OR [4,6,49-51],
but since these in turn do not feed back into the renormalization of the other terms, they can
be safely neglected.

We have thus confirmed that quadratic gravity does not require additional counterterms to
be renormalized, and is therefore perturbatively renormalizable. For completeness, we should
note that the full proof of renormalizability also requires showing that the renormalization
procedure does not break the gauge symmetry of the theory, and this can be done by proving
the Becchi-Rouet-Stora-Tyutin (BRST) invariance of the effective action at any loop order. This
was proven for the first time in [40]; see also [45] for a recent review.

Loop expansion

While in GR, the loop expansion is controlled by inverse powers of the Planck mass at both
low and high energies, i.e. (1 /MP%I)L_1 where L is the number of loops, in quadratic gravity
it is controlled by dimensionless couplings in the high-energy regime. Indeed, if we consider
an L-loop diagram whose integrand contains I, spin-zero and I, spin-two components of the
four-derivative propagator, V; vertices proportional to ¢y and V, vertices proportional to c,,
we can check that the loop expansion in the UV is controlled by the following dimensionless
combination of parameters:

IV, L-1 I~V -1
Yo 01 o) 21
&) G -G @) 209
Co C2 C2 Co
where we have used the relations I = Iy +1,, V = V; + V,, and the topological identity

L —1 =1-—V. The smaller this dimensionless quantity, the better the behavior of the per-
turbative expansion.
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If we define the couplings g, and g, via the relations

1 1
80= > 8&2=—, (2204)
Co C2

the quantity in (2.203) can be written as

IV, IV,
(@) D g =(&) g (2.205)
82 80
If gy and g, (i.e. ¢y and ¢y) are not too different in order of magnitude, then the loop expansion
is controlled by gé_l and gé_l. Therefore, the larger the quadratic-curvature coefficients, the
better the behavior of the perturbative expansion.

Because of this kind of high-energy behavior, in quadratic gravity the following canonical
normalization for the metric perturbation is often used:

hyy — czh‘”’ (2.206)
which would give the following schematic expansion for the action:
Co M, 1 Co Mg
See~ | d*x|[hd*h+—=ho*h+ —ho’h+ — | ho*h* + =hd*h* + —ho*h?
C2 C2 Ve C2 €
1\ M2 (2.207)
+--~+(—) (ha“h”—l+C—°ha4h"—1+—”hazh“—1)+...].
C2 C2 C2

Running couplings

One-loop computations of beta functions in quadratic gravity have been performed by various
authors [49-52]. The Planck mass (i.e. Newton’s coupling) and the cosmological constant
do not exhibit a physical running since no unique momentum dependence in physical ob-
servables can be identified and no momentum-dependent form factors can be derived for the
Einstein-Hilbert part of the action [53,54]. On the other hand, the coefficients ¢, and ¢, (or,
equivalently, g, and g,) do run as a function of the physical momentum.*®

The beta functions of the quadratic-curvature couplings were initially computed in [49-
51]. In particular, [51] concluded that quadratic gravity can be asymptotically free at the price
of having a negative R? coefficient. This means that the couplings g, and g, would flow to zero
in the UV regime if and only if the additional massive spin-zero is a tachyon (cy = Mgl / mg <0).
However, a recent calculation [52] has argued that the old results do not capture the physical
running, and cannot be relied upon to study the momentum dependence of g, and g,. This
criticism is based on the fact that previous calculations included contributions from tadpoles
that have no dependence on the physical momentum, and left out finite infrared terms due
to the four-derivative nature of quadratic gravity. The main outcome of the new computation
in [52] was that asymptotic freedom could be achieved without tachyons.

It is believed that further investigations are needed to definitely answer the question of
what the physical and gauge-invariant running couplings are in quadratic gravity.

16Beta functions can also be computed for the boundary terms & and OR [6,50,51,55]. Even though they are
usually neglected when boundary effects are not important, they still contribute to the conformal anomaly [6].
While the beta function for & has been fully computed, for the surface term OR only partial results exist in the
literature [50].
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Coupling to matter

So far we have not considered the matter contribution and its coupling to gravity. In fact, we
must ask whether the property of renormalizability is preserved also when matter is coupled
to gravity. It can be easily understood that if we couple the SM to quadratic gravity, we can still
obtain a strictly renormalizable QFT of gravity and matter if we also introduce the following
non-minimal coupling between the Higgs field H and the metric field [40,41]:

J d*x+/—g E|H|’R, (2.208)

where £ is a dimensionless interaction coupling. Here we assume that the SM also includes
renormalizable mass terms and Yukawa interactions to take into account the non-zero masses
of neutrinos. In this strictly renormalizable QFT of quadratic gravity coupled to the SM with
the inclusion of the non-minimal coupling (2.208), the free parameters that have to be renor-
malized and fixed by experiments are finite in number: they are given by those of SM plus Gy,
A, cq, c9, and &.

2.4.4 Quadratic gravity vs. EFT of GR

We now want to address a simple question regarding the difference between the EFT of GR
and quadratic gravity, which sometimes causes confusion and misunderstanding.

Let us consider a characteristic energy E < Mp such that we can reliably truncate the EFT
expansion in (2.177) up to quadratic order in the curvatures by committing errors proportional
to (E/Mp)*:

1
SEFT >~ J d4X v —g [ﬁR + ale + aZRW,R’W] N (2.209)

where we have again neglected the cosmological constant as it is not important for our dis-
cussion. In addition, couplings to matter can also be present. Up to boundary terms, the
expression (2.209) has the same structure as the action of quadratic gravity in (2.182). So,
the question we want to ask is: since these two actions have the same structure, do they
describe the same physics at energies of order E < Mp? The short answer is: No!

Let us make some remarks and explain the crucial differences between the EFT of GR and
quadratic gravity.

* Perturbative renormalizability: First of all, we emphasize again that while the EFT
of GR is perturbatively non-renormalizable, quadratic gravity is strictly renormalizable.
This crucial distinction between the two theories can be understood in several ways and
brings completely different physical implications.

* Perturbation theory: The perturbative expansion in the two theories is defined in two
drastically different ways. In the EFT, the kinetic term is still given by that of GR, i.e.
it only contains second-order derivatives. On the other hand, in quadratic gravity the
kinetic term contains both second- and fourth-order derivatives. This difference also
implies that only in quadratic gravity it makes sense to describe the UV regime in terms
of a metric fluctuation with mass dimension equal to zero.

* Quadratic-curvature coefficients: In the EFT of GR, the quadratic-curvature terms can
be generated by loop corrections or could also have a microscopic origin (e.g. see sec-
tion 5.3.2). If we are in the regime of validity of the perturbative QFT framework, we
expect the renormalized value of the dimensionless coefficients a; and a, to be of order
one or smaller. On the other hand, the coefficients ¢ and ¢, in quadratic gravity are free
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parameters that in principle could be renormalized to any value, even very large ones.
In fact, the larger their value, the better the behavior of the loop expansion.

* Weak vs. strong coupling: While a; and a, appear only in the vertices in the EFT,
the coefficients ¢, and c, appear also in the propagator due to the four-derivative struc-
ture of the kinetic term. This means that the loop expansion in the UV regime in the two
theories is defined in terms of two different expansion parameters. Indeed, as partly dis-
cussed in section 2.4.3, the loop diagrams in the EFT of GR are proportional to powers
of a;, a, and to (1/ MSI)L_l, where L is the number of loops. By contrast, loop diagrams
in quadratic gravity are proportional to (1/co)! ™%, (1/c5) ™!, and other types of dimen-
sionless combinations; see (2.203). This difference makes the meaning of weak and
strong coupling depend on whether one considers one theory or the other. In particular,
what is perturbative and weakly coupled for quadratic gravity (large c, and c,) would
be non-perturbative and strongly coupled for the EFT (large a; and a,).!” Vice versa,
what is non-perturbative and strongly coupled for quadratic gravity (small ¢, and c,)
would be perturbative and weakly coupled for the EFT of GR (small a; and a5).

* Field redefinition: From the last items, it becomes clear that the same field redefinition
used in section 2.3.4 to remove the quadratic-curvature terms in pure GR at one loop,
does not work in the case of quadratic gravity. This latter theory, in fact, is characterized
by classical field equations different from Einstein’s, and contains additional degrees of
freedom that can be understood as non-perturbative modifications with respect to the
propagator in GR: new physical poles appear.

* Degrees of freedom: In the EFT of GR, the massless graviton is the only active degree
of freedom at energies E < Mp,. By contrast, in quadratic gravity, additional degrees of
freedom can become active at energy scales E of the order of or larger than the masses
my = Mp/4/¢o and my = Mp,/ ,/c; defined in (2.198).

All these differences can also have important physical implications. Indeed, besides higher-
curvature corrections, the EFT of GR in (2.209) with its coupling to matter does not really
introduce new physics at energy scales E < Mp;. On the other hand, quadratic gravity could in
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