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Abstract

Einstein’s theory of General Relativity allows for the possibility of the existence of remarkable and exotic

macroscopic objects. Two examples are black holes and white holes. For the first, the evidence for their

existence is overwhelming, and their properties have been studied in detail. White holes, on the other

hand, have not received as much attention, and their existence is still an open question.

Although we have not had any confirmed detections, white holes are still solutions to Einstein’s equa-

tions. These are truly strange objects that defy our physics, but so do black holes up to this day. That is

why further study of the formation and dynamics of these objects is necessary. A better understanding

may reveal important implications for black hole physics and cosmology, which can change our under-

standing of the universe.

In this thesis, we analyse a model for a white hole originating from an inverted Oppenheimmer-

Snyder collapse. We study the possible solutions of this model, depending on the initial conditions.

In addition, we study the dynamics of the white hole, with a first approach through the quasinormal

modes. Finally, to compare our results with the state-of-the-art work, we review the more recent literature

addressing quasinormal modes of a Schwarzschild white hole.

Keywords

White Holes; Black Holes; Matching; Carter-Penrose diagrams; Quasinormal modes.
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Resumo

A teoria da Relatividade Geral de Einstein permite a existência de objetos macroscópicos notáveis e

exóticos. Dois exemplos são os buracos negros e os buracos brancos. No primeiro caso, as evidências

da sua existência são abundantes e as suas propriedades foram estudadas em detalhe. Os buracos

brancos, por outro lado, não receberam tanta atenção, e a sua existência ainda é uma questão em

aberto.

Embora não haja uma detecção confirmada, os buracos brancos ainda são soluções das equações

de Einstein. São objetos realmente estranhos que desafiam a nossa fı́sica, mas o mesmo acontece

com os buracos negros até hoje. É por isso que é necessário continuar a estudar a formação e a

dinâmica destes objetos. Uma melhor compreensão pode revelar implicações importantes para a fı́sica

de buracos negros e para a cosmologia, transformando a nossa compreensão do universo.

Nesta dissertação, analisamos um modelo para um buraco branco que surge de um colapso de

Oppenheimmer-Snyder invertido. Estudamos as possı́veis soluções deste modelo, dependendo das

condições iniciais. Além disso, estudamos a dinâmica do buraco branco, com uma primeira abordagem

através dos modos quasinormais. Por fim, de forma a comparar os nossos resultados com a literatura,

revemos um dos poucos e mais recentes trabalhos sobre estes modos para um buraco branco em

Schwarzschild.

Palavras Chave

Buracos Brancos; Buracos Negros; Colagem; Diagramas de Carter-Penrose; Modos quasinormais;
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Introduction
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Since Karl Schwarzschild discovered the first exact solution of the Einstein equations, the world of

cosmology and astrophysics was never the same. Over the years, many important physicists and math-

ematicians have studied this spacetime, providing enlightenment on this topic, as well as new questions

and challenges. They have shown us the possibilities that different black hole spacetimes bring to our

universe, enhancing our understanding and knowledge to a different level. It is for me an honour to work

on their shoulders and through their work. For all these different black hole spacetimes, going back

to Schwarzschild, we are presented with consequences and outcomes that have shocked the world of

physics. However, a common trait in all of them, is the fact that there are always two opposite ob-

jects present, in both simple and complex solutions. As an example, we present the maximal analytical

extension of Schwarzschild, Reissner-Nordström (RN) and Kerr spacetimes.

Figure 1.1: Maximal analytical extension of Schwarzschild spacetime [1].

Figure 1.2: Maximal analytical extension of Reissner-Nordström [2] (left) and Kerr [3] (right) spacetimes.
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Comparing the last two diagrams with the Schwarzschild one, we see that by simply adding a charge

Q for RN, or a spin a for Kerr, the outcomes are radically different. However, despite their differences,

it is clear that all diagrams possess future and past singularities. These spacetimes feature two objects

that, despite both having a singularity, present opposite properties that make these solutions even more

interesting. The more well-known object is the black hole (BH). This astrophysical object is present in

some spacetimes possessing in its centre a veiled singularity [4]. Inside the BH, spacetime is so bent

that neither matter nor even light can escape past a specific radius called the event horizon. They are

one of the simplest objects in our universe, characterised, at their final stages, simply by their mass and,

in more complex cases, their spin and/or charge, according to the no hair theorem [5]. However, it is

worth mentioning that it has become widely accepted that BHs have practically no charge. These are,

without a doubt, some of the most exotic and extreme objects in our universe, defying the physics and

the laws of the universe. Nonetheless, it is through their darkness that we may find some light.

These objects have been extensively studied over the years, from their formation by Oppenheimer

and Snyder [6], to the James Webb Space Telescope exploring other formation possibilities. Phenomena

associated with BHs have been uncovered, from Hawking radiation [7] to superradiance [8], a radiation-

enhancement process with important implications in searches for dark matter and physics beyond the

Standard Model. Quasinormal modes, first discussed by Vishveshwara [9], are characteristic oscillations

independent of the initial configuration. These modes are exponentially dampened, and can help us

understand the dynamics and stability of BHs. Recently, we even got the first images capable of offering

a visualization of these objects. BHs, due to their simplicity and extreme nature, possess enormous

potential to answer other important questions in cosmology and other fields, as well as for the discovery

of new physics.

In addition, there is a less well-known object inherently associated with the BH, namely the white

hole (WH), which is the object possessing the past singularity in Fig. 1.1. Since Einstein’s theory exhibits

time-reversal symmetry, it must allow for an object with the reverse properties of a BH to be present in

the maximal analytical solution. Born from this past singularity, this object expels everything inside it,

and nothing from outside can cross the WH event horizon, located also at r = 2M for the Schwarzschild

metric.

Unfortunately, there are no known astrophysical phenomena or formation mechanisms analogous to

gravitational collapse that can create these objects. There has never been a confirmed detection in our

universe, despite the possibility of several candidates under appropriate conditions [10]. Unlike its close

relative, WHs have not received much attention from the scientific community. These objects are indeed

one of the most exotic and extreme ones ever proposed, raising many challenges in their physics, but

so did BHs. With this in mind, the existence of WHs is still an open question, as well as their place

in physics, and their role in the universe. Nevertheless, it is important to study WHs more thoroughly,
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not only for their potential to address certain questions in cosmology, but also for their close connection

with BHs. Indeed, some proposals have been made to connect these two objects in order to solve BHs

physics challenges and create provoking possibilities [11, 12]. Some other works have been presented

to solve some WH difficulties, where, for certain spacetimes, this object becomes a great candidate for

the Big Bang. In addition to this provoking hypothesis, some authors have proposed that the formation

of a BH leads to the creation of a WH/ Big Bang to originate a new universe [13, 14]. However, putting

aside these proposals and looking at an isolated WH, there are still some important challenges for its

existence: it typically possesses an erratic behaviour of continuous emission of matter, radiation and

information, which has never been detected, and moreover raises difficult physical questions.

It is precisely the combination of these challenging aspects with great potential that motivates us

to write this work. We will try to address both by making a detailed study of WHs in the case of the

Schwarzschild metric. Amongst the different possibilities for time-reversed collapses originating WHs,

there is a particular solution where this object recollapses into a black hole. This isolated time-reversed

collapse/recollapse for the WH has been proposed in various contexts [15, 16, 17, 18], and brings us a

step closer to understanding these objects.

The main purpose of this work is then to study WHs in Scharzschild under different initial conditions.

We start by revising the maximal analytical solution for the WH for the simplest case possible, using the

Schwarzschild metric. This study is useful for the later part of the work, especially for the construction

of the Carter-Penrose diagrams. In addition, we also calculate the surface gravity for the WH.

Our next goal is to adapt the Oppenheimer-Snyder collapse, by matching a Friedman-Lemaı̂tre-

Robertson-Walker (FLRW) universe with a WH, so that the Big Bang singularity shares the WH one. To

do that, we start by thoroughly studying the FLRW metric, in the most general case including the cosmo-

logical constant, obtaining its Ricci tensor to write the Einstein field equations. Through the conservation

of the stress-energy tensor, we proceed to deduce the Friedman equations and, consequently, study the

possible behaviours of a spherical dust cloud described by this metric. The following step is to match

this metric with the Schwarzschild-de Sitter solution (to consider the more general case). This allows us

to match the reversed dust collapse with the WH so that one can ensure that these two together form a

full solution of the Einstein field equations.

By solving the Friedman equations, we obtain three different behaviours of the surface of the dust

cloud exiting the WH. We proceeded to study the reversed collapse case in more depth and its matching

with the WH metric. We focus on the specific case where there is a recollapse leading to a BH, allowing

the WH to have a finite lifetime, and solving one of their major problems. According to the different

behaviours of the surface of the dust cloud, it is possible to obtain the Carter-Penrose diagrams for each

case, thus improving the understanding of the matched solution. Again, we concentrate on the reverse

collapse, considering different diagrams with or without the intersection of the WH and BH horizons.
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In the following section, we focus on studying the dynamics of the WH by looking at scalar field and

gravitational perturbations, whose equation of motion we obtain for the first case. This study primarily

aims to find the quasinormal modes of the WH by adapting the boundary condition at the horizon for

this object. We take the opportunity to analyse simpler potentials like Poschl-Telller and Dirac delta, in

preparation for considering the actual potential given by the Schwarzschild metric. In addition, we also

consider approximated methods such as WKB, and conclude by trying to find the QNMs numerically

using direct integration, a similar method to the one used by Chandrasekhar and Detweiler. Throughout

this section, a parallel is always made for the BH. For both potentials, Poschl-Teller and Dirac delta, we

were unable to find any QNMs. It was also not possible to find them using the WKB approximation or

the direct integration method, indicating that, if these QNMs exist, they are very unusual and hard to find

when comparing with the BH QNMs. After a thorough review of the literature, we found that a WH mode,

defined here by the change in the horizon’s boundary condition, has been considered. These modes

have mostly been studied for the Kerr spacetime, as well as for its Schwarzschild limit, where they take

a different form and can be obtained analytically. We have made a proposal to reinterpret these modes

as being WH QNMs, providing physical arguments as well as support from independent work in this

research area.

Throughout this work we will use geometrized units, that is, we will set G = c = 1.

5



2
Maximal analytical extension of a

Schwarzschild white hole
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In order to study the maximal analytical extension of the WH, we must revise Carter-Penrose dia-

grams [19]. To introduce this topic, which will be used throughout this thesis, one can start by defining

the Minkowski metric in spherical coordinates, given by

ds2 = −dt2 + dr2 + r2dΩ2, (2.1)

where dΩ2 is the standard metric for S2. After performing the change of coordinates for the retarded and

advanced time parameters, respectively

u = t− r,

v = t+ r,
(2.2)

the metric presents the required form

ds2 = −dudv + r2dΩ2. (2.3)

These are null coordinates, and from r = 1
2 (v − u) we see that v ≤ u since r ≥ 0. Finally, to compactify

the spacetime we use the change of coordinates given by

u = arctanh(ũ),

v = arctanh(ṽ).
(2.4)

This allows us to construct the Carter-Penrose diagram of the Minkowski spacetime [20]. To ob-

tain the maximal analytical extension for the WH in the simplest possible way, one can start with the

Schwarzschild metric given by

ds2 = −fdt2 + f−1dr2 + r2dΩ2, with f = 1− 2M

r
, (2.5)

where M is the mass of the BH. The following step is to perform a change of coordinates in the met-

ric, putting it in the conformal form, and then choosing the WH region. This leads us to defining the

Eddington-Finkelstein coordinates, as well as the retarded and advanced time parameters:

u = t−
∫ (

1− 2M

r

)−1

dr = t− r − 2M log |r − 2M |,

v = t+

∫ (
1− 2M

r

)−1

dr = t+ r + 2M log |r − 2M |.
(2.6)

Then to study the domain r < 2M for the WH, one can write the metric as

ds2 =

(
1− 2M

r

)
dudv = −

(
2M

r
− 1

)
dudv′, (2.7)
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where v′ = −v, which leads to the coefficient being negative, as we desired for the conformal form.

Therefore, we obtain

u+ v′ = −2r − 4M log |r − 2M | ∈ (−4M log(2M),+∞), (2.8)

and by setting

v′′ = v′ + 4M log(2M), (2.9)

we obtain

u+ v′′ > 0. (2.10)

For the domain of r > 2M the metric in (2.7) is already in the required form and we see that

v − u = 2r + 4M log |r − 2M | ∈ (−∞,+∞). (2.11)

Finally, using the coordinate transformation in (2.4) for both regions, the following diagrams can be

obtained

(a) r = 0
i−i−

H−H−

(b)

i0i0

i+

i−

I +

I −

H+

H−

Figure 2.1: Carter-Penrose diagrams for (a): Schwarzschild WH region for r < 2M possessing the past singularity,
and for (b): the Schwarzschild exterior region for r > 2M .

Since we are only interested in the WH region, we can glue these two diagrams together by the past

horizon, obtaining the result for the maximal analytical extension

8



r = 0

i0

i+

i−i−

I +

I −

H−

H+

Figure 2.2: Carter-Penrose diagram for the maximal analytical extension of a Schwarzschild WH.

We can also obtain the maximal analytical solution for Schwarzschild, as it will be useful for the next

section. By the same method we can take the region for r < 2M and write the metric as

ds2 =

(
1− 2M

r

)
dudv = −

(
2M

r
− 1

)
du′dv, (2.12)

with u′ = −u. Analogously to what we did before for the WH we have,

u′ + v = 2r + 4M log |r − 2M | ∈ (−∞, 4M log(2M)), (2.13)

which by setting

u′′ = u′ − 4M log(2M) (2.14)

we have

u′′ + v < 0 (2.15)

If we apply the coordinate rescaling (2.4), we obtain the triangle in Figure 2.3(a). This can be glued to

the exterior region of r > 2M to obtain the diagram for the domain of (v, r) represented in Figure 2.3(b)

9



(a)

r = 0
i+i+

H+H+

(b)

r = 0

i0

i+

i−

i−

I +

I −

H−

H+

Figure 2.3: Carter-Penrose diagrams for (a): black hole region for r < 2M possesing now the future singularity,
and for (b): the glued diagram of the black hole with the exterior region.

We can also simultaneously glue both the black and WH regions for r < 2M to the exterior region

of r > 2M . In addition, since they are invariant under reflections with respect to t = 0, we can glue

a mirror-reversed asymptotically flat region for r > 2M . This region glued to the last horizons H+,H−

represents a universe causally disconnected from the original region for r > 2M and is united to this last

one through a wormhole. This final diagram in Figure 2.4 represents the maximal analytical extension

of Schwarzschild

r = 0

r = 0

i0

i+

i−i−

i+

i0

I +

I −

I +

I −

Figure 2.4: Carter-Penrose diagram for the maximal analytical extension of Schwarzschild spacetime.

Additionally, one can easily calculate the surface gravity for a WH, by first considering the Schwarzschild

metric written in the retarded Eddington-Finkelstein coordinates (2.6), which takes the following form:

ds2 = −fdu2 − 2dudr + r2dΩ2 . (2.16)

The surface gravity at a Killing horizon is defined by

ηa∇aη
b = kηb , (2.17)
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where ηa is a suitably normalized Killing vector field. For the Schwarzschild in Schwarzschild coordinates

we have ηa = (1, 0, 0, 0), and when applying the change of coordinates mentioned above the Killing

vector retains its form. Using Eq. (2.17), we arrive at

k = −1

2

∂

∂r

(
1− 2M

r

)
. (2.18)

Therefore, for the Schwarzschild WH with mass M , the surface gravity is k = − 1
4M as one could expect.
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3
Time-reversed Oppenheimer-Snyder

collapse for a white hole

12



3.1 Introduction

By following [21], one can understand the concepts necessary for the adaptations needed to turn the

solution described in Fig. 3.1 into a WH.

Figure 3.1: Carter-Penrose diagram for the Oppenheimer-Snyder collapse, representing a homogeneous and
isotropic sphere of dust collapsing and forming a black hole, merging into Schwarzschild spacetime.

The objective here would be to time-reverse this solution in order for it to describe a WH. The dust

sphere would come out of the singularity, from its collapsed state, and be expelled with radial symmetry

through the event horizon. This otherwise can be seen as a sphere of dust coming out of an object

possessing a singularity, the WH.

Looking at the diagram in Fig. 3.1, to obtain the behaviour described, one has to time reverse this

collapse, which, by the nature of Einstein field equations, is still a solution. To reach this point, further

analysis is necessary to obtain the behaviour of the dust sphere and the glueing with the WH solution to

construct the Carter-Penrose diagram in detail. Here we will mainly follow [21, 19]

Firstly, the most important concept was to define the metrics, with one being the classic Schwarzschild

metric. As for the one describing the interior of the dust sphere, the FLWR metric can be used in order

to describe a homogeneous isotropic spacetime with spherical symmetry. These metrics are given by

ds2− = −dτ2 + a2(τ)

(
1

1− kr2
dr2 + r2dΩ2

)
, (3.1)

ds2+ = −fdt2 + f−1dr2 + r2dΩ2, with f = 1− 2M

r
. (3.2)

Here, a(τ) represents the scale factor, k the curvature of the spatial sections, and t and τ both represent

time, with different notation to avoid confusion.
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3.2 The FLRW model

As one can see in the metric (3.1), k has not been fixed, and can have values of −1, 0 or 1 depending

on the spatial geometry chosen. In addition, the scale factor a(τ) describes the temporal radial evolution

of the dust sphere. To have a better understanding of this universe, one has to obtain the Friedman

equations by solving the Einstein field equations, given by

Rµν − 1

2
gµνR+ Λgµν = 8πTµν . (3.3)

We consider the cosmological constant Λ to be nonzero for now. To obtain the Ricci tensor and scalar,

we must first calculate the Christoffel symbols using (A.2). Taking into account the metric (3.1), defining

∂τa(τ) = ȧ and writing g̃ij for the spatial metric divided by a2, with i, j = 1, 2, 3, the non-zero Christoffel

symbols are the following:

Γt
ij = ȧag̃ij ; Γi

tj =
ȧ

a
δij ;

Γr
rr =

kr

1− kr2
; Γr

θθ = −r(1− kr2) ; Γr
ϕϕ = −r sin2 θ(1− kr2);

Γθ
rθ = Γθ

θr = Γϕ
rϕ = Γϕ

ϕr =
1

r
;

Γθ
ϕϕ = − sin θ cos θ ; Γϕ

ϕθ = Γϕ
θϕ =

1

tan θ
.

(3.4)

Given all the Christoffel symbols, one can obtain the Ricci tensor to reach the Einstein equations. The

only nonzero Ricci tensor components, given by (A.1), are

Rtt = −3
ä

a
; (3.5)

Rrr =
aä

1− kr2
+

2ȧ2

1− kr2
+

2k

1− kr2
=
grr
a2

(äa+ 2ȧ2 + 2k); (3.6)

Rθθ =
grr
a2

(äar2 + 2ȧ+ 2k); (3.7)

Rϕϕ = äar2 sin2 θ + 2ȧ2r2 sin2 θ + 2kr2 sin2 θ =
gϕϕ
a2

(äar2 + 2ȧ+ 2k). (3.8)

From these components, we find that the Ricci scalar is given by

R = gµνRµν =
6

a2
(äa+ ȧ2 + k). (3.9)

Before writing the equations, one has to define the energy-momentum tensor Tµν for our case, which is

a homogeneous and isotropic sphere of pressureless dust, having four-velocity uµ = (1, 0, 0, 0), which

14



leads to the only nonvanishing component being

Ttt = ρ(τ), (3.10)

with ρ(τ) being the density of the sphere. Therefore, the temporal part of the equation (3.3) gives

− 3
ä

a
+ 3

ä

a
+ 3

(
ȧ

a

)2

+ 3
k

a2
− Λ = 8πρ(τ), (3.11)

which can be transformed into (
ȧ

a

)2

=
8πρ(τ) + Λ

3
− k

a2
. (3.12)

For the spatial part, using Eq. (3.12) we obtain

ä

a
=

Λ− 4πρ(τ)

3
. (3.13)

Another important law, which is very useful for our work, is the conservation of the stress-energy tensor,

given by

Tµν
;ν = Tµν

,ν + Γµ
ναT

αν + Γν
ναT

µα = 0. (3.14)

By looking at the case of µ = τ and taking into account (3.10) one gets

∂τρ(τ) + 3
ρ(τ)

a(τ)
∂τa(τ) = 0, (3.15)

which after some algebra gives us

ρ(τ)a3(τ) = β, (3.16)

with β being a constant. Finally, we can use this result in Eq. (3.12) and solve with respect to ȧ to get

ȧ2 =
8πβ

3a
+
a2Λ

3
− k. (3.17)

This equation is fairly complex, and it would be very difficult to obtain an analytical solution. However, to

have a better understanding of a(τ) one can see this equation above as the conservation of energy of a

particle moving in a one-dimensional effective potential defined as

V (a) = −
(
8πβ

3a
+
a2Λ

3

)
, (3.18)

with energy −k. To understand the behaviour of a(τ), one can plot the effective potential V (a) for 3

different values of 8πβ
3 = A after setting Λ = 3 (which corresponds to taking the cosmological radius as

the length unit), and then plot the constant energy lines for each value of k = −1, 0, 1:
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Figure 3.2: Effective potential for the Friedman equation, having 3 horizontal lines representing the kinetic energy
for the three different values of k possible. In addition, we represent the potential for three different
initial conditions around the red horizontal line of k = 1. These three representations indicate all
the possible behaviours that this universe can have: a spherical or de Sitter-like universe (green), an
Einstein universe (orange), and a hyperbolic or flat universe (blue).

One can easily see that there is a critical value for the case where k = 1, given by α =
√
3
9 . It is

possible to see that for the blue case, we have similar behaviour to the hyperbolic and flat universes

where a(τ) increases over time. For the orange case, we have an unstable equilibrium, where the

attraction force is matched by the repulsion force of the cosmological constant, giving rise to the Einstein

universe. Finally, the green curve shows us that, depending on the initial conditions, we can have a de

Sitter-like universe or, our main focus due to the reasons mentioned in the introduction, the spherical

model, where the sphere of dust reaches a maximum radius and recollapses to a singularity.

3.3 Matching

3.3.1 Extrinsic curvature

We now show how to obtain a single solution by matching the Schwarzschild and FLRW metrics along

a surface that we will call S. To do this, we have to check that their extrinsic curvature is equal on both

sides of the surface S. We can use one of the definitions of the second fundamental form as a Lie

derivative, given by

K =
1

2
Lng|TS . (3.19)
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From here on, we mainly follow [20], evaluating the Lie derivative at a certain hypersurface in the FLRW

side, which we shall call S1. In this case, we choose S1 by fixing r ≡ σ = σ0 (we change the name of the

radial coordinate to avoid confusion with the radial coordinate in Schwarzschild), and write the induced

FLRW metric as

ds2|S1
= −dτ2 + a2(τ)

(
σ2
0dθ

2 + σ2
0 sin

2 θdϕ2
)
. (3.20)

As a consequence, we have the following normal vector to the surface S1:

n =

√
1− kσ2

a(τ)

∂

∂σ
. (3.21)

Using Cartan’s magic formula, one can compute the Lie derivative, given as

LXω = iXdω + d(iXω) . (3.22)

The Lie derivative for the dτ and dr components of the metric is zero in both cases, since we are

evaluating the derivative at S1. Therefore, the non zero components are given by dθ and dϕ

Ln(a
2(τ)σ2dθ2) = 2a(τ)σ

√
1− kσ2dθ2, (3.23)

Ln(a
2(τ)σ2 sin2 θdϕ2) = 2a(τ)σ

√
1− kσ2 sin2 θdϕ2. (3.24)

Finally, when summing all the components we get

K− = a(τ)σ0

√
1− kσ2

0(dθ
2 + sin2 θdϕ2). (3.25)

Moving on to the other metric, we use the more general Schwarzschild-de Sitter metric to possibly

include a cosmological constant:

ds2+ = −H(r)dt2 +H(r)−1dr2 + r2dΩ2, with H(r) = 1− 2M

r
− Λr2

3
. (3.26)

Similar to what we did before, we choose a spherically symmetric timelike hypersurface, S2 using a

parametrization of the form {
t = t(τ)

r = r(τ)
(3.27)

(their exact form of these functions is left to the matching conditions). We have a first constrain coming

from the timelike property, and assuming the parametrization to be by proper time:

−Hṫ2 +H−1ṙ2 = −1 . (3.28)
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Using this condition, we can then write our induced metric as

ds2+ = −dτ2 + r2(τ)(dθ2 + sin2 θdϕ2). (3.29)

When comparing with the metric in (3.20) we obtain the first matching condition:

r(τ) = a(τ)σ0. (3.30)

Since S1 is ruled by timelike geodesics, so does S2, and so in addition r(τ) and t(τ) must also satisfy

the radial geodesic equation. Therefore, using (3.28) and the Euler-Lagrange equations, we get{
Hṫ = E

−Hṫ2 +H−1ṙ2 = −1
⇔

{
Hṫ = E

ṙ2 = E2 − 1 + 2M
r + Λr2

3

. (3.31)

To assure that equations (3.30), (3.31) and the Friedman equation (3.17) are compatible, we must then

have {
E =

√
1− kσ2

0

M = σ3
0
4πβ
3

. (3.32)

This requires that 1 − kσ2
0 > 0, and it is easily shown that the mass parameter in the Schwarzschild-de

Sitter spacetime is related to the density by

M =
4π

3
r3(τ)ρ(τ). (3.33)

To calculate the extrinsic curvature, we can consider a family of spherical shells, including S2, with s

being the parameter indexing the shells. To take the following step one needs to employ the Gauss

Lemmas stated in Appendix B, which lead to writing the metric as

ds2+ = −dτ2 +A2(τ, s)ds2 + r2(τ, s)(dθ2 + sin2 θdϕ2) . (3.34)

Notice that the normal vector now takes the form

n =
1

A

∂

∂s
. (3.35)

Using Cartan’s magic formula (3.22), the second fundamental form becomes

K+ =
1

2
(indg + d(ing))|TS2

= r(n · r)(dθ2 + sin2 θdϕ2) .

(3.36)
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On the other hand, we can also write n in Schwarzchild-de Sitter coordinates as

n = −H−1ṙ
∂

∂t
+Hṫ

∂

∂r
, (3.37)

in order for it to be unit and orthogonal to

ṫ
∂

∂t
+ ṙ

∂

∂r
. (3.38)

Therefore, using this form for n and taking into account equation (3.31) and (3.32) one obtains

K+ = r(τ)
√
1− kσ2

0(dθ
2 + sin2 θdϕ2) , (3.39)

which by the matching condition (3.30) shows that the extrinsic curvatures are equal for both metrics.

Therefore, one has shown that one can glue these metrics to obtain a solution of the Einstein equations.

3.3.2 Carter-Penrose diagrams

In this section, we take Λ = 0 for simplicity. Our objective is to construct the Carter-Penrose diagram for

the solution resulting from matching the metric (3.1) to the Schwarzschild metric (3.2). In the case of no

recollapse, for instance, with k = 0, we can assume that all solutions are defined for τ > 0, with a true

singularity at τ = 0 (the Big Bang). Then one can write the metric (3.1) as

ds2− = −dτ2 + a2(τ)[dρ2 + ρ2dΩ2]

= a2(τ)[−dt2 + dρ2 + ρ2dΩ2]

= a2(τ)[−dt2 + dρ2] + r2dΩ2 ,

(3.40)

with ρ ∈ [0,+∞) and r = a(τ)ρ. Setting 8πβ
3 = A, we have

∫ +∞

0

dτ

a(τ)
=

∫ +∞

0

da

aȧ
=

∫ +∞

0

da

a
√

A
a

= +∞ . (3.41)

Therefore, the metric is conformal to the region (0,+∞)× [0,+∞) of the Minkowski spacetime. With this

information from the FLRW diagram, one can match it with the Schwarzschild diagram shown in Fig. 2.2

to obtain the Carter-Penrose diagram depicted in the following figure.
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r = 0

r = 0

i0

i+

i−

S

I +

I −

H

r = 0

r = 0

Figure 3.3: Carter-Penrose diagram for the FLRW universe matched to the Schwarzschild WH region. The diagram
represents a homogenous, isotropic sphere of dust expanding radially out of the WH, from its collapsed
state and continuing to do so through infinity.

We now move on to the spherical universe, the case with recollapse that we want to focus on. As we

have seen in Fig. 3.2, one has to consider k = 1, and so that we can rewrite (3.1) as

ds2− = −dτ2 + a2(τ)[dψ2 + sin2 ψ dΩ2]

= a2(τ)[−dt2 + dψ2 + sin2 ψ dΩ2]

= a2(τ)[−dt2 + dψ2] + r2dΩ2 ,

(3.42)

where ψ ∈ [0, π] , r = a(τ) sinψ and

t =

∫ τ

0

dτ

a(τ)
. (3.43)

Since we are in the recollapsing case, there exists a tmax such that, using Eq. (3.17), one obtains

t =

∫ τmax

0

dτ

a(τ)
= 2

∫ amax

0

da

aȧ
= 2

∫ A

0

da

a
√

A
a − 1

= 2π . (3.44)

Therefore, the metric is conformal to the region (0, 2π)× [0, π] of the Minkowski spacetime. This case is

fairly more complex, and deserves more attention since we matched this metric with the Schwarzschild

metric. One of the aspects to be careful about is determining where or if the horizons meet in the final

Carter-Penrose diagram. To do that, one can start by noticing that these horizons are ruled by radial null

geodesics in FLRW, leading to

∫ σ0

σi

dσ√
1− σ2

=

∫ τ0

τi

dτ

a(τ)
=

∫ a0

ai

da

aȧ
=

∫ ai

a0

da

a
√

A
a − 1

, (3.45)
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where these integrals are being evaluated from the intersection of the horizons to the surface S where

we have the condition (3.30), leading to a0 = 2M/σ0. For ai this must be the maximum of the function,

where the sphere starts to contract, which is given by A. Finally, by solving the integrals and using (3.32)

one obtains

arcsin (σ0)− arcsin (σi) = 2 arctan

(√
1

σ2
0

− 1

)
. (3.46)

Therefore the condition for the horizons to intersect is

arcsin (σ0) > 2 arctan

(√
1

σ2
0

− 1

)
. (3.47)

This condition may or may not be satisfied, depending on the initial conditions chosen, and so it is

possible to construct the two following variants of the Carter-Penrose diagrams:

(a)

r = 0

r = 0

i0

i+

i−

S

I +

I −

H+

H−

r = 0

r = 0

r = 0

(b)

r = 0

r = 0

i0

i+

i−

S

I +

I −

H+

H−

r = 0

r = 0

r = 0

Figure 3.4: Carter-Penrose diagrams for (a): FLRW recollapsing universe matched to a Schwarzschild exterior
in the case where the horizons do not intersect and (b): FLRW recollapsing universe matched to a
Schwarzschild exterior with the intersection of the horizons inside the FLRW region. For both diagrams,
we have a homogeneous, isotropic sphere of dust expanding radially through the event horizon, but
eventually slowing down, reaching a maximum radius, and then collapsing to create a black hole.

Having obtained all the diagrams, one can have a complete understanding of all possible solutions,

their outcomes, and evolutions. Now, one can try and study the details and obtain more information

about them, starting from studying the dynamics and stability.
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4
White hole QNMs: toy models

22



4.1 The wave equation

In the next sections, we will study the dynamics of the WH. To do that, we will start by trying to find the

quasinormal modes analytically using toy models. We will focus primarily on scalar and gravitational

perturbations, and we will look for QNMs of a WH, which is essential for us to understand the dynamics

of this object. To obtain these results, we propose a change in the boundary condition at the horizon,

and interpret the results as being the ones from a WH.

We start this segment by considering a simplified action from [22] involving a complex scalar field

with mass mS = µℏ:

S =

∫
d4x

√
−g
(

1

2k
(R− 2Λ)− 1

2
gµνΨ∗

,µΨ,ν − µ2

2
Ψ∗Ψ

)
. (4.1)

We can then separate the Lagrangian into two terms, the scalar field Lagrangian and the Einstein-Hilbert

Lagrangian R
2k − Λ

k . By varying this action with respect to Ψ, one can easily obtain the Klein-Gordon

equation:

(□− µ2)Ψ = 0 . (4.2)

In order to separate Eq. (4.2) one can use the ansatz in [23] to write Ψ as

Ψ(t, r, θ, ϕ) =
∑
l,m

∫
dωe−iωtR(r)

r
Ylm(θ, ϕ) , (4.3)

where Ylm(θ, ϕ) are the spherical harmonics. The next step is to consider the metric (3.2) and use the

tortoise coordinate r∗ defined by dr/dr∗ = f(r) to obtain the equation

[
d2

d2r∗
+
(
ω2 − V (r)

)]
R(r) = 0 , (4.4)

with

V (r) = f(r)

(
µ2 +

l(l + 1)

r2
+
f ′(r)

r

)
(4.5)

and (
∂2θ + cot θ∂θ

)
Ylm(θ) +

(
l(l + 1)− m2

sin2 θ

)
Ylm(θ) = 0 . (4.6)

The general form of Eq. (4.5) defined in [24] shows not only the dimension and Λ dependency of this

equation, but, most importantly, the spin of the type of perturbation. The most important values for the

spin are s = 0,±1,±2, representing scalar, electromagnetic, and gravitational perturbations, respec-

tively. That way, in a 4-dimensional spacetime, the most general way to represent the potential is given

by

V (r) = f(r)

(
l(l + 1)

r2
+ (1− s2)

(
f ′(r)

r
− (4− s2)Λ

2

))
. (4.7)
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As one can see, the full form of Eq. (4.4) with the Regge-Wheeler potential (4.5) is fairly complex and dif-

ficult to study. To prepare the following sections, we will consider different and increasingly more complex

potentials for equation (4.4) to study the existence of quasinormal modes. In regards to the boundary

conditions, we will adapt them in order to emulate a WH by always imposing outgoing behaviour at the

analogue of the event horizon.

4.2 Delta-function potential

Let us consider the general form of Eq. (4.4) having µ = 0, with the potential now given by a Dirac delta,

leading to the following equation:
∂2ψ

∂r2∗
− ∂2ψ

∂t2
− V0δ(r∗)ψ = 0. (4.8)

To begin solving this equation, one can start by using the Laplace transform, defined as

Lf(s) =
∫ +∞

0

e−stf(t)dt , (4.9)

where we can consider s to have the form −iω. By applying the Laplace transform to Eq. (4.8) one

obtains
d2Ψ̃

dr2∗
+
(
ω2 − V0δ(r∗)

)
Ψ̃ = iωψ(t = 0) = I(r∗) . (4.10)

Here we have considered the scalar field to be initially static, so that ∂tψ(t = 0) = 0. The next step is to

define two independent solutions, for two separate regions of the potential, given by

Ψ̃L =

{
eiωr∗ , r∗ −→ −∞
Ae−iωr∗ +Beiωr∗ , r∗ −→ ∞

. (4.11)

Ψ̃R = eiωr∗ , r∗ −→ ∞ (4.12)

Since we are considering a WH, we have reversed the BH boundary conditions (e−iωr∗ ) by imposing only

outgoing waves at the horizon. In addition, to impose continuity at r∗ = 0, we can infer that 1 = A + B.

From here one can integrate Eq. (4.10) in the interval (−ϵ, ϵ), which by taking the limit when ϵ −→ 0 yields

∂r∗Ψ̃|+ϵ
−ϵ = V0Ψ̃(r∗ = 0) . (4.13)

Which leads to the following equation:

∂r∗Ψ̃L+
(0)− ∂r∗Ψ̃L−(0) = V0Ψ̃(r∗ = 0) . (4.14)
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With Ψ̃(r∗ = 0) = 1 and assuring continuity along the two solutions in (4.11), one arrives at the following

system of equations: {
1 = A+B

B −A− 1 = V0

iω

⇔

{
B = 1− iV0

2ω

A = iV0

2ω

. (4.15)

After explicitly obtaining A and B, one can start to look at the approximate solution for a distant observer.

For simplicity, we consider the solution of Ψ̃ for large distances, given by

Ψ̃r∗→∞ = Ψ̃R

∫ +∞

−∞

I(r∗)

W
Ψ̃Ldr∗ , (4.16)

where

WWH = 2ωiA = 2ωi

(
iV0
2ω

)
= −V0 . (4.17)

This result implies that there are no poles in the integral for these boundary conditions. Therefore, it

is not possible to obtain the quasinormal modes for this type of potential. This result already shows a

major difference when compared to the BH case where we have

WBH = 2ωiABH = 2ωi− V0 , (4.18)

indicating that there is a QNM for ω = −iV0/2. Nonetheless, one can still try to consider a faraway

observer and find the approximated solution for large distances:

Ψ̃r∗→∞ = Ψ̃R

∫ +∞

−∞

I(r∗)

W
Ψ̃Ldr∗ =

eiωr∗

2A

∫ +∞

−∞
ψ(t = 0)

(
Ae−iωr∗ +Beiωr∗

)
dr∗ . (4.19)

Here we consider a solution with initial data ψ(t = 0) = δ(r∗ − r0) to solve the integral, obtaining

Ψ̃r∗→∞ =
eiω(r∗−r0)

2
+

B

2A
eiω(r∗+r0) . (4.20)

By inverting the Laplace transform, we have

ψr∗→∞ =
1

4π

∫ +∞

−∞
eiω(r∗−r0−t)dω +

1

4π

∫ +∞

−∞

B

A
eiω(r∗+r0−t)dω . (4.21)

Using the definition of the Dirac delta as an improper integral, the equation becomes

ψr∗→∞ =
1

2
δ(r∗ − r0 − t)− i

4πV0

∫ +∞

−∞
(2ω − iV0) e

iω(r∗+r0−t)dω . (4.22)

When looking at the integral, there is a necessary condition for it to be non-zero, given by t > r∗ + r0,

due to the time shift presented in the exponential. For simplicity, we can define a = a(r∗, t) = r∗ + r0 − t
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so that we can write

− i

4πV0

∫ +∞

−∞
(2ω − iV0) e

iωadω =− 1

2

∫ +∞

−∞

eiωa

2π
dω − i

2πV0

∫ +∞

−∞
ωeiωadω

=− 1

2
δ(r∗ + r0 − t)− i

2πV0

∫ +∞

−∞
ωeiωadω .

(4.23)

Here, again, we have used the definition of the Dirac delta and are left with the last integral. However,

one can look at the integral in (4.23) as the inverse Fourier transform of the function iω. The inverse

Fourier transform of this function is well established and results in

− 1

V0
δ′(a) = − 1

V0
δ′(r∗ + r0 − t) . (4.24)

Therefore, the solution is finally given by

ψWH
r∗→∞ =


1
2δ(r∗ − r0 − t) , t < r∗ + r0

1
2δ(r∗ − r0 − t)− 1

2δ(r∗ + r0 − t)− 1
V0
δ′(r∗ + r0 − t), t > r∗ + r0

. (4.25)

We can also compare this result with the BH case with V = 2V0δ(r∗) having

ψBH
r∗→∞ =


1
2δ(r∗ − r0 − t) , t < r∗ + r0

1
2δ(r∗ − r0 − t) + V0

2 e
V0(r∗+r0−t), t > r∗ + r0

. (4.26)

When comparing these two solutions, Eqs. (4.25) and (4.26), we see that both contain half of the initial

signal moving towards the right. However, there is a clear distinction in the signal that initially travels in

the other direction. For simplicity, let us consider r0 > 0, so that half of our initial condition propagates

towards infinity, representing our first term. The difference in behaviour occurs when the other half of

the signal, traveling in the opposite direction, interacts with the potential. Due to the boundary condition

for the BH, the resulting term is a negative exponential, where the signal dissipates over time, which

agrees with the fact that there is a BH QNM. This is completely different for the WH solution, which has

no QNMs. Due to the boundary condition on the WH horizon, the terms resulting from the interaction

have non-decaying properties, representing a combination of signals propagating to infinity. However,

the functions that represent these signals are non-smooth and difficult to interpret. To remedy this,

we can consider a different initial condition for this potential. After obtaining equation (4.19) for the

approximated solution, instead of using a Dirac delta for ψ(t = 0), one can use a Gaussian function of

the form γe−α(r∗−r0)
2

. Using this initial condition, one can identify the integrals as the Fourier transform
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of the Gaussian. In this case, Eq. (4.19) takes the form

Ψ̃r∗→∞ =
eiωr∗

2A

∫ +∞

−∞
γe−α(r∗−r0)

2 (
Ae−iωr∗ +Beiωr∗

)
dr∗

=
eiωr∗

2
γ

∫ +∞

−∞
e−α(r∗−r0)

2

e−iωr∗dr∗ + eiωr∗
B

2A
γ

∫ +∞

−∞
e−α(r∗−r0)

2

eiωr∗dr∗

=
eiωr∗

2
γ

∫ +∞

−∞
e−α(r∗−r0)

2

e−iωr∗dr∗ − eiωr∗
iω

V0
γ

∫ +∞

−∞
e−α(r∗−r0)

2

eiωr∗dr∗

−eiωr∗
1

2
γ

∫ +∞

−∞
e−α(r∗−r0)

2

eiωr∗dr∗

=

(
1

2

(
eiω(r∗−r0) − eiω(r∗+r0)

)
− iωeiω(r∗+r0)

V0

)√
π

α
γe−

ω2

4α .

(4.27)

Then one can invert the Laplace transform, leading to

ψWH
r∗→∞ =


1
2γe

−α(r∗−r0−t)2 , t < r∗ + r0

1
2γe

−α(r∗−r0−t)2 − 1
2γe

−α(r∗+r0−t)2 + 2γα
V0

(r∗ + r0 − t)e−α(r∗+r0−t)2 , t > r∗ + r0

.

(4.28)

When comparing Eq.(4.28) to Eq. (4.25), we can see the clear similarities between them, where for

each Dirac delta we now have a gaussian, showing us smooth terms for our approximate solution. We

can now analyze and physically interpret the solution obtained for the WH. At the start, as we described

earlier, the solution is trivial. It is when the incoming wave reaches the potential at t = r∗+r0 that we can

see the effects of the WH. Fig. (4.1) gives a clearer representation of the BH and WH cases. Due to our

WH boundary condition, we are imposing outgoing waves coming out of the horizon at r = 2M . These

signals moving towards the potential will also interact with the signal coming from our initial condition.

The WH boundary condition is fairly strong, in the sense that these outgoing waves will prevent any

ingoing signals from reaching the horizon by interacting with them. That is essentially what is happening

in the second part of the solution in Eq. (4.28). At the Dirac delta potential, the incoming half gaussian

is totally reflected from this interaction with the outgoing terms through the potential, and a second term

also rises from this interaction. Looking at the last term, we see that the value of V0 plays the role of a

regulator of this signal. As V0 → 0 this term explodes, indicating that, without a potential, an infinitely

strong signal would be needed to interact with our initial condition. Inversely, for large values of V0 we

would see this last term reaches very small values.
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Figure 4.1: Carter-Penrose diagrams of the Schwarzschild region with the representations of the black hole (a)
and WH (b) solutions for the Dirac delta potential. In (a), we see that the initial signal (red) reaches
the potential, originating a dissipative term, which agrees with the quasinormal mode found for the BH.
For (b), the difference in the boundary condition on the horizon becomes clear, as an impulse (blue) is
emitted from the WH to cancel the part of the initial signal that is transmitted across the potential.

4.3 Poschl-Teller potential

In this case, one can begin from Eq. (4.4), now considering the Poschl-Teller potential, to obtain

d2Ψ

d2r∗
+

(
ω2 − V0

cosh2 α(r∗ − r̄∗)

)
Ψ = 0 . (4.29)

Here, r̄∗ is the point where the potential reaches its maximum, with V0 being the maximum value. It is

easy to see that α has the property α2 = (−2V0)
−1d2V/dr2∗(r̄∗). In this case, we impose the solutions to

satisfy the following WH boundary conditions:{
Ψ ∼ e−iω(t−r∗) , r∗ −→ −∞ (r −→ rh) (only outgoing at the horizon)
Ψ ∼ e−iω(t−r∗) , r∗ −→ ∞ (only outgoing at infinity in flat spacetime)

. (4.30)

Here, the only difference for the BH case, is just the ingoing wave e−iω(t+r∗) at the horizon. To find the

solution, we follow [24] where one starts by defining a new variable ξ =
(
1 + e−2α(r∗−r̄∗)

)−1
that allows

one to show that
1

cosh2 α(r∗ − r̄∗)
=

4e−2α(r∗−r̄∗)(
1 + e−2α(r∗−r̄∗)

)2 = 4ξ(1− ξ) . (4.31)

Then, with some algebra, one can write

d2ξ

dr2∗
= −

(
e−4α(r∗−r̄∗) − e−2α(r∗−r̄∗)

)
= −4α2ξ(1− ξ)(2ξ − 1) , (4.32)
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as well as (
dξ

dr∗

)2

= 4α2e−4α(r∗−r̄∗)ξ4 = 4α2ξ2(1− ξ)2 . (4.33)

So, finally, using all these results, Eq. (4.29) takes the following form:

ξ2(1− ξ)2
d2Ψ

dξ2
− ξ(1− ξ)(2ξ − 1)

dΨ

dξ
+

[
ω2

4α2
− V0
α2
ξ(1− ξ)

]
Ψ = 0 . (4.34)

It is also important to note that near spatial infinity 1−ξ ∼ e−2α(r∗−r̄∗) and near the horizon ξ ∼ e2α(r∗−r̄∗).

If we then define the variables a =
(
α+

√
α2 − 4V0 − 2iω

)
/(2α), b =

(
α−

√
α2 − 4V0 − 2iω

)
/(2α), c =

1− iω/α and assume that the solution has the form Ψ = (ξ(1− ξ))−iω/(2α)y, we obtain a hypergeometric

equation for y (see [25]):

ξ(1− ξ)∂2ξy + [c− (a+ b+ 1)ξ]∂ξ − aby = 0 . (4.35)

The general solution for the hypergeometric equation is given by

Ψ =Aξiω/(2α)(1− ξ)−iω/(2α)F (a− c+ 1, b− c+ 1, 2− c, ξ)

+B(ξ(1− ξ))−iω/(2α)F (a, b, c, ξ) ,
(4.36)

where F is the hypergeometric function. Up to this point, we have still not imposed boundary conditions

for neither a BH nor a WH. Let us first consider a BH, taking into account that F (a1, a2, a3, 0) = 1 and

that near the horizon ξiω/(2α) ∼ eiωr∗ , we see the first and second terms representing outgoing and

ingoing waves, respectively. Therefore, BH boundary conditions require A = 0. To study the behaviour

at infinity, one uses the ξ −→ 1 − ξ transformation law for the hypergeometric function [25] to expand it,

leading to

ΨBH = Bξ−iω/(2α)(1− ξ)−iω/(2α)

[
(1− ξ)iω/(α)Γ(c)Γ(a+ b− c)

Γ(a)Γ(b)
F (c− a, c− b, c− a− b+ 1, 1− ξ)

+
Γ(c)Γ(c− a− b)

Γ(c− a)Γ(c− b)
F (a, b, a+ b− c+ 1, 1− ξ)

]
.

(4.37)

Then, according to the boundary conditions at infinity, we have either 1/Γ(a) = 0 or 1/Γ(b) = 0, which

leads to the existence of QNMs for BHs, given by

ωBH = ±
√
V0 − α2/4− iα(2n+ 1)/2, n = 0, 1, 2, ... . (4.38)

Now, considering the WH, imposing (4.30), we can only have outgoing waves in the horizon in Eq. (4.36),

which requires B = 0. The solution is then given by

ΨWH = Aξiω/(2α)(1− ξ)−iω/(2α)F (a− c+ 1, b− c+ 1, 2− c, ξ) . (4.39)
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To study the behaviour at infinity, one uses the ξ −→ 1 − ξ transformation law for the hypergeometric

function to obtain the following result:

ΨWH =Aξiω/(2α)(1− ξ)−iω/(2α)×

×
[
(1− ξ)iω/(α) Γ(2− c)Γ(a+ b− c)

Γ(a− c+ 1)Γ(b− c+ 1)
F (1− a, 1− b, c− a− b+ 1, 1− ξ)

+
Γ(2− c)Γ(c− a− b)

Γ(1− a)Γ(1− b)
F (a− c+ 1, b− c+ 1, a+ b− c+ 1, 1− ξ)

]
.

(4.40)

When we consider the case for spatial infinity, we see that the term outside the parentheses becomes an

outgoing wave, and the hypergeometric functions go to 1. According to the boundary conditions (4.30),

we must ensure that the wave remains outgoing. Therefore, one must force the first term to go to 0 by

imposing 1/Γ(a− c+1) = 0 or 1/Γ(b− c+1) = 0. However, in both arguments of the Gamma functions,

ω vanishes. Although different approaches were also tried, the results were similar, once again showing

that there are no quasinormal modes for this potential in the WH case.
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5
QNMs of Schwarzschild spacetime
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As mentioned earlier, the complexity of the equation described in (4.4) does not allow one to solve the

wave equation analytically. After trying to use some toy models to emulate the potential and obtaining

their solutions, we can now take a different approach. In this chapter, we shall try to use different

numerical methods in order to calculate the quasinormal modes for the WH and compare them with the

black hole results.

5.1 WKB approximation

Moving closer to the potential of Eq. (4.5), we can start by trying the Wentzel–Kramers–Brillouin (WKB)

approximation. The procedure consists of dividing the potential into 3 regions, where the middle one is

limited by the zeros of the function, Q = ω2−V (r). In the next figure, we show an example of a potential,

where x1 and x2 denote the turning points, delimiting the 3 zones, and xg the minimum or maximum,

depending on the sign of the potential.

Figure 5.1: WKB method example for a negative potential [26]. With this figure becomes clear that for this approxi-
mation, the potential Q defined earlier is divide into three zones, delimited by the zeros of the function
and centered in its minimum xg.

Under these assumptions, we can apply this same method for our case by expanding Q in a Taylor

series to the second order around the maximum r̄∗ of the potential:

Q = ω2 − V ∼ Q0 +Q′′
0(r∗ − r̄∗)

2/2 . (5.1)

Then by using this result in equation (4.4), it can be approximated to

d2Ψ

d2r∗
+

[
Q0 +

1

2
Q′′

0(r∗ − r̄∗)
2

]
Ψ = 0 . (5.2)

This equation, describing zone II, possesses an exact solution in terms of the parabolic cylinder func-
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tions, given by

Ψ = ADν(z) +BD−ν−1(iz) , with z = (2Q′′
0)

1
4 ei

π
4 (r∗ − r̄∗) (5.3)

and ν = −iQ0/
√
2Q′′

0 − 1/2. Regarding conventions, for this subsection on the WKB method only, we

will use the convention in [27], which, in a nutshell, reverses the signs on the exponentials. This was

chosen so that one can compare both works more easily. For reference, we show the sign conventions

in the following image:

Figure 5.2: Illustrative graph of the function Q for Schwarzschild accompanied by the signal convention used in this
subsection, which is contrary to the one used throughout the rest of the work.

Continuing the WKB method, it is important to note that the WKB solutions, outside the turning points,

that is, in the zones I and III presented figuratively in Fig. 5.1, are given approximately by [27, 28]

ΨIII ≈ Q−1/4 exp

(
±i
∫ r∗

r2∗

[Q(t)]1/2dt

)
,

ΨI ≈ Q−1/4 exp

(
±i
∫ r1∗

r∗

[Q(t)]1/2dt

)
.

(5.4)

Focusing on these integrals, with Q(t) given by (5.1), one can denote
√
Q(t) as the derivative of F (t),

and so ∫ r1∗

r∗

[Q(t)]1/2dt =

∫ r1∗

r∗

dF

dt
dt = [F (r1∗)− F (r∗)] . (5.5)

According to equation (5.4), this result allows to state that

ΨWH
I ≈ Q−1/4 exp (±i [F (r1∗)− F (r∗)]) ∝ Q−1/4 exp (∓iF (r∗))

B.C.−−−→ Q−1/4 exp (iF (r∗)) ,

ΨBH
I ≈ Q−1/4 exp (±i [F (r1∗)− F (r∗)]) ∝ Q−1/4 exp (∓iF (r∗))

B.C.−−−→ Q−1/4 exp (−iF (r∗)) ,

ΨIII ≈ Q−1/4 exp (±i [F (r∗)− F (r2∗)]) ∝ Q−1/4 exp (±iF (r∗))
B.C.−−−→ Q−1/4 exp (−iF (r∗)) .

(5.6)
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By examining the difference in the solutions for both zones, one can conclude that, for zone I, the

exponentials have the opposite signal. This implies that one must kill the term with the negative signal

to obey the WH boundary conditions, and the opposite for the BH case. To look at the behaviour in

spatial infinity and in the horizon, we used the asymptotic expansion of the parabolic cylinder [27], with

the results for r∗ −→ +∞ given by

Ψ ∼ Be−3iπ(ν+1)/4z−(ν+1)ez
2/4 +

(
A+B

√
2π

Γ(ν + 1)
e−iπ(ν+1)/2

)
zνe−z2/4 , (5.7)

and for r∗ −→ −∞

Ψ ∼ Ae−3iπν/4zνe−z2/4 +

(
B +A

√
2π

Γ(−ν)
e−iπν/2

)
z−(ν+1)ez

2/4 . (5.8)

Looking first to the case of the BH, the exponentials e−z2/4 in Eqs. (5.7,5.8) represent the waves moving

away from the potential; therefore, the boundary conditions require B = 0 and Γ(−ν) = 0. This last

condition implies that
Q0√
2Q′′

0

= −i (n+ 1/2) , n = 0, 1, 2, ... . (5.9)

Having reached this result, we can apply it in equations (4.4) and (4.5), where we can use [27] notation

to write the equation in a more general case, including the three types of perturbation:

[
d2

d2r∗
+ ω2 − f(r)

(
µ2 +

l(l + 1)

r2
+ (1− s2)

2M

r3

)]
R(r) = 0 , (5.10)

with l being the angular harmonic index. According to our definition of Q, we have

Q′ =2Mµ2

(
1

r2

)
− 2λ

(
1

r3

)
− 6M(1− s2 − λ)µ2

(
1

r4

)
+ 16M2(1− s2)

(
1

r5

)
,

Q′′ =− 4Mµ2

(
1

r3

)
+ 6λ

(
1

r4

)
+ 24M(1− s2 − λ)µ2

(
1

r5

)
− 80M2(1− s2)

(
1

r6

)
,

(5.11)

with λ = l(l + 1). In order to simplify the calculations and avoid cubic equations, we can consider µ to

be 0. In this case, the extremal point of −Q is given by r = r0 = 3M
2λ (λ − 1 + s2 + [λ2 + (1 − s2)2 +

(14/9)λ(1− s2)]1/2). Then, by using Eq. (5.9) with radial coordinates in units of M , we have

ω2 = f(r0)

(
λ

r20
+

2(1− s2)

r30

)
− i
√
2Q′′

0(n+
1

2
) . (5.12)

In the following tables, we present the frequency results for the fundamental modes (n = 0), with units

of M = 1, and for the three different types of perturbations, which agree perfectly with [27]:
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l Re ω Im ω

2 0.399 −0.0883
3 0.617 −0.0923
4 0.822 −0.0939

Table 5.1: Quasinormal modes imaginary and real parts computed using the WKB approximation for the
Schwarzschild black hole for gravitational perturbations (s = ±2).

l Re ω Im ω

2 0.506 −0.0961
3 0.692 −0.0961
4 0.880 −0.0962

Table 5.2: Quasinormal modes imaginary and real parts computed using the WKB approximation for the
Schwarzschild black hole for scalar perturbations (s = 0).

l Re ω Im ω

2 0.481 −0.0944
3 0.673 −0.0953
4 0.866 −0.0956

Table 5.3: Quasinormal modes imaginary and real parts computed using the WKB approximation for the
Schwarzschild black hole for electromagnetic perturbations (s = ±1).

Considering now the WH case, if we look first at (5.8) and considering that, by the boundary con-

ditions, the term ez
2/4 is proportional to the outgoing terms in (5.6), then, since we only want outgoing

terms in horizon, A must be 0. This conditions leads to Eq. (5.7) to have the following form

Ψ ∼ Be−3iπ(ν+1)/4z−(ν+1)ez
2/4 +B

√
2π

Γ(ν + 1)
e−iπ(ν+1)/2zνe−z2/4 . (5.13)

Again, since we only want to keep the e−z2/4 term, now proportional to the outgoing wave, we have that

B = 0. Therefore, we show that through WKB, it is not possible to obtain quasinormal modes for the

WH.

5.2 Direct integration

In this section, we will try to use the direct integration method in equation (4.4) in order to numerically

obtain the quasinormal modes of a black and white hole. This will be done using Mathematica, and we

will use a similar method used by Chandrasekhar and Detweiler [29]. The code starts by defining our

equation and variables using the nomenclature in [30], considering the case of 4 dimensions to recover

equations (4.4) and (4.5), but we will use gravitational and scalar perturbations to compare the accuracy

of this code with other works.
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After carefully defining our setup, we proceed to obtain a series near the event horizon limit. In this

series, we impose a purely ingoing or outgoing wave boundary condition, depending on whether we are

in the BH or WH case, using the ansatz

Ψ = (r − rh)
∓iωrh

∞∑
n=0

hn(r − rh)
n with rh = 2M . (5.14)

After obtaining the series, the same process is performed for the large distance limit (that is, near infinity),

in order to obtain an approximate solution for both limits of r. For this limit, we use the ansatz

Ψ = eiωr∗

∞∑
n=0

gn
rn
. (5.15)

This ansatz implies a totally outgoing wave as a boundary condition, as required in both cases. For both

series, it was necessary to include at least 10 orders to obtain stability.

The next step is to define a function, which we denote as INT, to perform an integration, divided into

two parts. After receiving the parameters, one can first use the horizon series to define the equation

and the boundary conditions to integrate it using the function “NDSolve” from the horizon to a matching

point, which we denote as rm. Subsequently, the same is done for the infinity series, integration from

rm to a sufficiently large distance defined by the user. Then, a linear combination of the two solutions is

constructed, and we fix the ratio of the coefficients for the linear combination to be C0. Finally, the INT

function receives the parameters (rm, l, ϵ and infinity value) and returns the jump of the first derivative at

rm for a given ω. Here, the infinity value is just a sufficiently large distance and ϵ is just a residual value

that is added in the integration to avoid errors during the calculations at the horizon.

Ultimately, to obtain the quasinormal modes, we use the expression returned by the function INT and

search for ω in order for the first derivative to be continuous. To do this, we use the function “FindRoot”,

using an initial guess for the values of the quasinormal modes. Finally, we obtain the result for ω and

calculate the absolute value of the expression returned by the function INT, using the value of ω obtained.

This value is denoted as residue; since its expression represents the condition for the derivative to be

continuous, it indicates how good that value ω is, depending on how close it is to zero. Then both ω and

residue values are presented, allowing us to understand the quality of the quasinormal mode obtained.

Due to the units used in the compared works, we have set 2M = 1 for gravitational perturbations and

M = 1 for the scalar perturbations.

To test the precision of our results, we compared them with the values for the black hole quasinormal

modes in [31], for the gravitational perturbation case. As mentioned earlier, one has to provide an initial

guess for ω. Regarding the first modes with n = 1, 2 and l = 2, the code was able to reach good

precision with a less precise guess. However, for the rest, one had to give much less precise guesses

to obtain a result, but still avoid previous modes. In the following tables, we present the results obtained
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from this comparison.

Results Ref. [31] δ(%)
n Re ω Im ω Re ω Im ω Re Im

1 0.747343 −0.177925 0.747343 −0.177925 0 0
2 0.699995 −0.540018 0.693422 −0.547830 0.95 1.43

Table 5.4: Quasinormal modes imaginary and real parts in 2M = 1 units, computed using the direct integration
numerical method for the Schwarzschild black hole for gravitational perturbations for l = 2. The values
are then compared with [31] trough their deviation.

Results Ref. [31] δ(%)
n Re ω Im ω Re ω Im ω Re Im

1 1.19889 −0.185406 1.198887 −0.185406 2.5× 10−4 0
2 1.10005 −0.560173 1.165288 −0.562596 5.6 0.43

Table 5.5: Quasinormal modes imaginary and real parts in 2M = 1 units, computed using the direct integration
numerical method for the Schwarzschild black hole for gravitational perturbations for l = 3. The values
are then compared with [31] trough their deviation.

After comparing these results, it becomes clear that this method can indeed produce good results to

some extent. For the first quasinormal modes for l = 2 and l = 3, the results are very satisfying, with

practically no difference from the reference results. However, as one looks for modes for higher n, the

errors start to grow. For both l = 2 and l = 3 there was no sufficiently small initial guess that would not

lead to previous modes in n = 3 or lead to incorrect values or errors with the “FindRoot” function. In

the case of n = 2, some of the parameters had to be altered compared to n = 1 to obtain satisfactory

results. Finally, one can conclude that this code seems to produce good results for the first modes, but

higher order modes will not be pursued in further sections, since it leads to either wrong results or no

convergence.

We conducted a similar study for the scalar case, where we now compared our results with those in

[32]. In this case, l took the values of 0, 1 and 2, and, for each first mode n = 0, the accuracy was very

satisfying. However, for the rest of the values of n, it was not possible to obtain reliable results, due to

errors in the calculation. In the following tables, we present the results of the comparison.

Direct Integration Ref. [32] δ(%)
l Re ω Im ω Re ω Im ω Re Im

0 0.1103 −0.1042 0.1105 −0.1049 0.16 0.65
1 0.2929 −0.0977 0.2929 −0.0977 0 0
2 0.4836 −0.0968 0.4836 −0.0968 0 0

Table 5.6: Quasinormal modes imaginary and real parts in M = 1 units, computed using the direct integration
numerical method for the Schwarzschild black hole for scalar perturbations for n = 0. The values are
then compared with [32] trough their deviation.

Once again, the table shows that the code can indeed produce very good and precise results when
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comparing these quasinormal modes. For the first overtones, it is clear that this code produces very

satisfactory results. However, compared to the gravitational case, it was not able to find other modes

inside the multipole. Despite trying different guesses, it was not possible to converge or even obtain

results without errors occurring in the “FindRoot” function for other modes than those presented in the

table. Nevertheless, for the first overtones, this method has shown very promising and accurate results;

our future research will take that into account. To test how the parameters of the function influenced

the results, we analyzed those variables, presented in the Appendix C. The objective here was to study

the quality of our numerical values when varying each parameter separately. This allowed us to find

the optimal range for each parameter, in order to obtain the best possible results for the future possible

quasinormal modes that one can calculate.

5.3 White hole QNMs

As we have mentioned in earlier sections, to obtain the QNMs for the WH we have to change the

boundary condition at the horizon. This change consists in imposing a purely outgoing wave at the

horizon and maintaining a purely outgoing wave at infinity as well. The modes for these specific boundary

conditions have already been considered in the literature, and are denoted as “left”-total transmission

modes (TTMLs). Analogously, if one keeps the boundary condition at the horizon as purely ingoing, and

at infinity we also impose purely ingoing, we have “right”-total transmission modes (TTMRs).

These total transmission modes (TTMs) were first considered for the Kerr spacetime, in the context

of algebraically special modes, by Wald [33] and in more detail by Chandrasekhar [34]. In general, for

Kerr, these and other modes have to be determined using analytical approximations or numerically, with

[35, 36] shedding light on those results and theory. Fortunately, for the Schwarzschild limit a = 0, the

TTMs and their complex frequencies can be determined analytically. For this case, with gravitational

perturbations, the frequencies take on the purely imaginary values

Ωl = − i

12
(l − 1)l(l + 1)(l + 2) . (5.16)

These TTMLs have in fact been considered to be applied exclusively to black holes. Our proposal in

this work is to instead consider these modes as being the QNMs of a WH. In fact, Maassen van den

Brink [37] has rigorously proven that, for Schwarzschild, the modes Ωl are simultaneously QNMs and

TTMLs, but not TTMRs. Therefore, this could be an argument in favor of our proposal. Since all these

modes are, in fact, calculated purely for the Schwarzschild spacetime, instead of assuming that all of

them belong to a BH, one can, through the boundary conditions, attribute these quasinormal modes to

a specific object. Accordingly, since Ωl are simultaneously QNMs and TTMLs, these can instead still

be QNMs, in Schwarzschild, but for the WH. Due to the purely imaginary nature of these modes, the
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evidence for stability becomes clear for WHs in this case. The exponential possesses no oscillatory

terms, which leads to a smooth and purely exponential decay of the intensity’s signal with time. This

shows that there is indeed stability in the WH system when applying gravitational perturbations.

In relation to the results obtained by direct integration, unfortunately, they were not satisfactory. After

fully adapting the code, and looking for results, we have only found two viable values. Eventhough both

were practically on the negative imaginary axis, neither of them presented strong enough convergence

or compatible behaviours, and the rest of the results were even worse in these aspects. It was also not

possible to obtain acceptable values when looking for the modes in (5.16). In other words, direct integra-

tion is not suitable to numerically determine purely imaginary QNMs expected for the WH. Despite the

fact one can obtain them analitically, it would be of interest to find them numerically or semi-analytically.

It is also important to note that, from this point of view, the modes presented in (5.16), do not agree with

the results obtained in Ref. [38].
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6
Conclusions
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The main motivation for this work was to study the WH carefully, providing a basic setup for its formation,

evolution, and dynamics. The WH, which has not received a lot of attention, is a very exotic and inter-

esting object with the potential to help us understand black holes and our universe, making it important

to further understand it.

We started by reviewing the maximal analytical solution for the Schwarzschild WH and the construc-

tion of the corresponding Carter-Penrose diagram, and also calculated the surface gravity for the WH.

To address the formation and evolution of this object, it was necessary to consider a time-reversed

Oppenheimer-Snyder collapse through a matching perspective. To do this, a careful study of the FLRW

model was made, and the Friedman equation was obtained. Through the matching of the FLRW and

Schwarzschild-de Sitter metrics, we obtained a new solution to Einstein’s field equations. Taking the

cosmological constant to be zero, by simplicity, after reversing and redefining our time parameter, we

were able to obtain the Carter-Penrose diagrams for the WH solutions originating from a time-reversed

Oppenheimer-Snyder collapse. This made it possible to understand the different evolutions of the WH.

For k = 0 ,−1 (where k is the spatial curvature parameter of the FLRW solution), we have a dust sphere

coming out of the singularity, crossing the horizon, and radially expanding indefinitely. In the more inter-

esting case, for k = 1, we have the dust sphere exiting the WH, expanding until it reaches a maximum

radius, and then recollapsing into a black hole. Showing the existence of this solution is of the utmost

importance, since it solves two major challenges of a WH: the absence of a confirmed detection and

the non-stop emission of matter and radiation. The recollapse into a black hole revives the possibility of

existence for these objects and adds a greater complexity and depth to their evolution.

In the second part of this thesis, we were interested in studying the dynamics of the WH in Schwarzschild.

Our main objective was to carefully build a rigorous and solid basis for studying the stability of this ob-

ject, given the absence of relevant information in the literature. To do this, we studied the quasinormal

modes of a WH, starting by obtaining the wave equation for a scalar field in Schwarzschild. The crucial

difference in comparison with the black hole case is the boundary condition at the horizon, where it was

imposed to have only outgoing waves. Starting by using a semi-analytical approach, we tried to obtain

the QNMs for selected potentials, Dirac delta and Poschl-Teller, finishing with the WKB approximation.

For these three cases, we found that there were no quasinormal modes, but it was still possible to find

the solutions to the equations of motion for some cases, always making a parallel with the black hole

case. We also made a more in-depth analysis and interpretation of the Dirac delta solution, where it was

possible to understand the weird behaviour and interactions of the solutions.

By proceeding to use a numerical technique, the direct integration method was chosen to calculate

the QNMs of Schwarzschild spacetime, both for black and WHs. We started by studying the quality

of the results for the black hole case, using different types of perturbations. To a certain degree, the

values obtained were very satisfactory when compared with the literature. To improve these results, a
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parameter analysis was made to determine the best interval of initial values leading to the best precision

possible. Through a thorough review of the literature, it was clear that modes calculated for the WH

boundary conditions do exist, and are called left total transmission modes. These also exist in the

Schwarzschild limit and can be obtained analytically for this case. In this thesis, we argue, for the

first time, that these QNMs should be considered not as black hole QNMs, but rather as WH QNMs.

Following this argument, we concluded there can be stability in the WH system, as the QNMs decay

exponentially with time. Unfortunately, due to the purely imaginary nature of these modes, the results

from the direct integration method were not satisfactory, and it was not possible to obtain convergence

for those values.

Besides the work already presented for the dynamics of the WH, there are many other aspects that

should be further studied. The use of other numerical methods, such as the continued fraction method,

can also be used in order to successfully obtain the QNMs for the Schwarzschild WH. It is also important

to make a more complete study of the recollapse solution and its dynamics. Such work may help uncover

the potential of this interesting evolution and shed some light on WHs. These and other aspects show

that the research on the WH is far from over, and further work is essential.
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A
Fundamental equations

Rµν = ∂ρΓ
ρ
µν − ∂µΓ

ρ
νρ + Γρ

ρλΓ
λ
µν − Γρ

µλΓ
λ
ρν . (A.1)

Γα
µν =

1

2
gαλ(∂νgλµ + ∂µgλν − ∂λgµν) . (A.2)

47



B
Mathematical Lemmas

B.1 Lemma 1

Let (M, g) be a Riemannian or a Lorentzian manifold and S ⊂ M a hypersurface whose normal vector

field n satisfies g(n, n) ̸= 0. The hypersurfaces St obtained from S by moving a distance t along the

geodesics orthogonal to S remain orthogonal to the geodesics.

B.2 Lemma 2

Let (M, g) be a Riemannian or a Lorentzian manifold and p ∈M . The hypersurfaces St obtained from p

by moving a distance t along the geodesics through p remain orthogonal to the geodesics.
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C
Parameter analysis

To test how the parameters of the function INT influenced the results, we decided to use the overtones

of l = 2, 3 for the gravitational case, and l = 1, 2 for the scalar case due to the better precision obtained.

One of the parameters is the matching point, denoted as rm, where we evaluate the derivative. This point

is where we match both integrations of the horizon and infinity series, representing the maximum and

minimum limits of the integral respectively. Another parameter is the infinity, which is just a sufficiently

large value for the limit of the inifinity series integration. Finally we are left with the parameter ϵ that is

just a residual value added to the horizon limit to avoid singularities errors. The usual values used were

20, 10 and 10−4, for rm, infinity and ϵ respectively, and those should be assumed unless said otherwise.

The value for rm was chosen to be almost equally distant from both the horizon and infinity. Taking into

account that for the overtones the results were very stable, we will analyse the residue value so that, for

each variation of each parameter, we find the optimal range to obtain the best quality possible for the

results. Then, for each of these 3 parameters, we will see how the absolute value changes with each

parameter variation, as long as no errors occur, allowing us to understand the optimal range for these

parameters. In the following tables, we present the matching point analysis, where the values of ω have

remained stable and equal to (5.4,5.5) for gravitational perturbation, and to (5.6) in the scalar case.
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C.1 Matching point analysis

C.1.1 Gravitational perturbation

rm Residue

2 9.7× 10−11

3 4.4× 10−11

4 1.3× 10−11

5 9.5× 10−12

6 8.4× 10−12

7 4.1× 10−12

8 3.7× 10−12

9 1.8× 10−12

10 4.4× 10−13

rm Residue

11 8.5× 10−13

12 4.6× 10−13

13 4.1× 10−13

14 1.3× 10−13

15 2.6× 10−13

16 3.9× 10−14

17 8.4× 10−14

18 6.4× 10−14

19 4.1× 10−14

Table C.1: Residue value evolution for different
values of the matching point, in a
Schwarzschild black hole for a gravita-
tional perturbation, using the direct inte-
gration numerical method, for l = 2.

rm Residue

2 1.96× 10−10

3 1.9× 10−11

4 4.2× 10−11

5 8.5× 10−12

6 1.4× 10−11

7 5.3× 10−12

8 1.02× 10−12

9 2.2× 10−12

10 6.8× 10−13

rm Residue

11 4.4× 10−13

12 4.3× 10−13

13 4.8× 10−13

14 1.9× 10−13

15 2.2× 10−13

16 4.94× 10−14

17 1.9× 10−13

18 7.3× 10−14

19 5.2× 10−14

Table C.2: Residue value evolution for different
values of the matching point, in a
Schwarzschild black hole for a gravita-
tional perturbation, using the direct inte-
gration numerical method, for l = 3.

Figure C.1: Residue value evolution for different values of the matching point, in a Schwarzschild black hole for a
gravitational perturbation, using the direct integration numerical method, for l = 2 and l = 3.
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C.1.2 Scalar perturbation

rm Residue

2 −
3 7.5× 10−10

4 −
5 3.2× 10−11

6 4.4× 10−11

7 2.0× 10−11

8 −
9 7.1× 10−11

10 3.3× 10−12

rm Residue

11 1.1× 10−11

12 2.3× 10−12

13 3.9× 10−12

14 3.5× 10−12

15 5.9× 10−12

16 1.3× 10−12

17 1.5× 10−12

18 2.6× 10−12

19 4.3× 10−13

Table C.3: Residue value evolution for different
values of the matching point, in a
Schwarzschild black hole for a scalar
perturbation, using the direct integration
numerical method, for l = 1.

rm Residue

2 −
3 9.7× 10−10

4 1.4× 10−10

5 9.7× 10−11

6 9.4× 10−12

7 3.9× 10−11

8 9.3× 10−12

9 8.0× 10−12

10 1.2× 10−11

rm Residue

11 6.7× 10−12

12 2.5× 10−12

13 3.9× 10−12

14 4.5× 10−12

15 4.8× 10−12

16 1.0× 10−12

17 1.7× 10−12

18 1.7× 10−12

19 1.0× 10−12

Table C.4: Residue value evolution for different
values of the matching point, in a
Schwarzschild black hole for a scalar
perturbation, using the direct integration
numerical method, for l = 2.

Figure C.2: Residue value evolution for different values of the matching point, in a Schwarzschild black hole for a
scalar perturbation, using the direct integration numerical method, for l = 2 and l = 3.

The evolution with the matching point is quite clear, with a significant decrease as we move rm closer

to the designated ”infinity”. However, after the matching point reaches values of 10/11, there is some

stabilization, and a final decrease for the infinity limit. In terms of optimal values for rm, the region 10 to

14 seems to be the most suitable, where we have fewer oscillations, in order to assure stability.

C.2 Epsilon analysis

The following analysis presents the evolution of the residue value with the parameter ϵ going from 10−1

to 10−10. For some of these values, there was also a difference in ω, so it was decided to present those

values for all the cases.
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C.2.1 Gravitational perturbation

ϵ Residue ω

10−1 3.2× 10−14 0.747343− 0.177925i
10−2 5.8× 10−14 0.747343− 0.177925i
10−3 6.4× 10−15 0.747343− 0.177925i
10−4 4.4× 10−13 0.747343− 0.177925i
10−5 6.1× 10−12 0.747343− 0.177925i
10−6 5.1× 10−11 0.747343− 0.177925i
10−7 − −
10−8 − −
10−9 − −
10−10 3.4× 10−14 0.048325− 0.194419i

ϵ Residue ω

10−1 6.6× 10−14 1.19889− 0.185406i
10−2 1.9× 10−13 1.19889− 0.185406i
10−3 1.2× 10−13 1.19889− 0.185406i
10−4 6.8× 10−13 1.19889− 0.185406i
10−5 2.2× 10−12 1.19889− 0.185406i
10−6 3.2× 10−11 1.19889− 0.185406i
10−7 1.3× 10−10 1.19889− 0.185406i
10−8 − −
10−9 2.01× 10−12 0.107376− 0.227515i
10−10 7.1× 10−13 0.107376− 0.227515i

Table C.5: Residue value evolution for different values of the ϵ, in a Schwarzschild black hole for a gravitational
perturbation, using the direct integration numerical method, for l = 2 (left) and l = 3 (right).

C.2.2 Scalar perturbation

ϵ Residue ω

10−1 1.1× 10−12 0.292936− 0.09766i
10−2 1.2× 10−12 0.292936− 0.09766i
10−3 9.8× 10−13 0.292936− 0.09766i
10−4 3.3× 10−12 0.292936− 0.09766i
10−5 2.7× 10−11 0.292936− 0.09766i
10−6 2.8× 10−10 0.292936− 0.09766i
10−7 − −
10−8 − −
10−9 − −
10−10 1.3× 10−11 0.0833395− 0.13145i

ϵ Residue ω

10−1 7.2× 10−13 0.483644− 0.0967588i
10−2 8.5× 10−13 0.483644− 0.0967588i
10−3 7.6× 10−13 0.483644− 0.0967588i
10−4 1.2× 10−11 0.483644− 0.0967588i
10−5 4.4× 10−11 0.483644− 0.0967588i
10−6 3.7× 10−10 0.483644− 0.0967588i
10−7 3.3× 10−10 −
10−8 − −
10−9 − −
10−10 − −

Table C.6: Residue value evolution for different values of the ϵ, in a Schwarzschild black hole for a gravitational
perturbation, using the direct integration numerical method, for l = 1 (left) and l = 2 (right).

From these tables, it is clear that, in general, the optimal value for ϵ should be 10−3. For both l = 2 and

l = 3 for the gravitational case and l = 1 for the scalar case, the minimum value of residue is achieved

for that value, showing some consistency in this parameter influence. For the smaller ϵ, some errors

occurred in the code, which undermined its viability, but it still achieved some error-free results in some

cases. However, from the values of ω, it is clear that these are not the best choices for this parameter.

C.3 ”Infinity” values analysis

For the last part of this section, we analyze how different values for infinity influence the results and their

quality. For that, we try increments of 10, but always using half this distance for rm. That way, we can
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still compare these results with the rest, since there is coherence in the way that the quasinormal modes

were calculated.

C.3.1 Gravitational perturbation

Infinity Residue

10 8.3× 10−12

15 1.9× 10−12

20 4.4× 10−13

25 3.3× 10−13

30 1.4× 10−13

35 8.3× 10−13

40 1.6× 10−12

Infinity Residue

10 1.8× 10−11

15 4.4× 10−13

20 6.8× 10−13

25 1.6× 10−13

30 5.0× 10−12

35 9.5× 10−13

40 1.7× 10−12

Table C.7: Residue value evolution for different values of “infinity”, in a Schwarzschild black hole for a gravitational
perturbation, using the direct integration numerical method, for l = 2 (left) and l = 3 (right).

C.3.2 Scalar perturbation

Infinity Residue ω

10 3.0× 10−11 0.292954− 0.0976576i
15 4.3× 10−11 0.292937− 0.0976598i
20 3.3× 10−12 −
25 5.6× 10−12 −
30 1.4× 10−11 −
35 2.4× 10−11 −
40 1.6× 10−10 −

Infinity Residue

10 7.3× 10−11

15 2.2× 10−11

20 1.2× 10−11

25 5.1× 10−12

30 1.1× 10−11

35 4.3× 10−11

40 2.5× 10−10

Table C.8: Residue value evolution for different values of “infinity”, in a Schwarzschild black hole for a gravitational
perturbation, using the direct integration numerical method, for l = 1 (left) and l = 2 (right).

For this evolution, the majority of the values of ω did not change and remained equal to those obtained in

tables (5.4,5.5,5.6). From the tables, one can see that the best values for the infinity distance are around

25 and 30. The values of the residue decrease significantly at first, reaching an optimal minimum, and

then oscillating to larger values. However, for the matching point, we have always used half of the infinity

distance, so some variations can occur, but that will be the most suitable interval for the integration.
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D
State-of-the-art review and analysis
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In this appendix, we reviewed the state-of-the-art work [38] addressing white hole quasinormal

modes, to compare our results and proposals. To do that, we start with a brief and general view of

this work and its arguments. We proceed to make a more thorough analysis, including some prior works

and arguments used to obtain the results in this final paper.

D.1 Overview

This section was written prior to a thorough mathematical review of Sections II and III, as well as of

some of the references important to this paper. Therefore, this subsection only presents the basic and

most important points of the article, and can be used as the base for a more thorough and rigorous

review. In the Introduction, we are presented with a general overview of the project, based on linear

perturbations. Instead of Schwarzschild coordinates, it was decided to use Bondi-Sachs coordinates ,

which are based on outgoing null cones. The previous work to linearize Einstein equations using these

coordinates, and test them in numerical relativity codes, was done in [39] and [40], which we will also

review, as they are the base for this article. After obtaining the usual second-order ODE, it is said

that the results obtained for the quasinormal modes are not the standard ones. This is unusual, since,

from the reader’s point of view, it seems to be difficult to connect the results obtained for the QNM with

physical problem specifications such as boundary conditions or other properties. In the beginning, we

are presented with two different hypersurfaces, with fields having different directions of propagation at

the horizon and at infinity, for the black and white holes. However, it does not seem to be clear how

these specific characteristics are integrated into solving the problem.

After carefully following the arguments and logic of Sections II and III, it seems that there is still

an ambiguity regarding the boundary conditions, or other relations that would indicate for which object,

region or hypersurface the QNM’s are being calculated. Possibly, this problem may be answered in other

papers cited, namely [39, 40]. Still in these sections, we find equation 5 of the paper, given by

x3(1− 2xM)
d2J2
dx2

+ 2
dJ2
dx

(2x2 + iνx− 7x3M)− 2(x(l2 − l − 2)/2 + 8Mx2 + iν)J2 = 0. (D.1)

This is the central piece in this problem, from where all the asymptotic solutions and numerical integra-

tions are derived. Moving on to the results, a final estimate for the lowest mode is obtained with the value

ν = 0.883 + i(0.641) + 0.003k, with k being a complex number satisfying |k| ≤ 1. There is also another

quasinormal mode ν = 1.06+ i(0.63), that unfortunately is not investigated further. This section ends by

stating that a quasinormal mode of a Schwarzschild BH is at ν = 0.37367 + i(0.08896), and that, when

using this value in the code, it shows not to be a quasinormal mode of Eq. (D.1). These statements are

mentioned in the conclusion, and, in order to avoid this discrepancy, the authors propose to interpret

these QNMs as being those of a white hole. In addition, they highlight the crucial dependency of these

55



results on the validity of Eq. (D.1). There has been no subsequent, independent derivation, but it has

been subject to consistency checks in [40], and for M = 0, has been tested as solutions in numecrical

relativity codes based on the Bondi-Scahs metric [41, 42]. Nevertheless, the author’s proposal does not

seem to be totally rigorous, or even well-founded. The offered perspective seems to present a method for

calculating QNMs without the clear specifications mentioned above. This method presents results that

do not match the established QNM for the BH, nor is the established one compatible with Eq. (D.1). The

WH proposal seems to be weak, since throughout the paper there does not seem to be any indication

of boundary conditions that relate the result to this object.

D.2 Thorough Review

To start this review, we begin the analysis of [25] to understand the origin of equation (D.1).

D.2.1 Formalism: Bondi-Sachs metric

This formalism, used in the numerical evolution of Einstein’s field equations, is characterized by using

a family of outgoing null hypersurfaces. It uses u to label these hypersurfaces, xA (A = 2, 3) to label

the the null rays, and r as a surface area coordinate along the rays. Therefore, using the coordinates

xα = (u, r, xA), the Bondi-Sachs metric takes the form

ds2 = −
(
e2β
(
1 +

W

r

)
− r2hABU

AUB

)
du2 − 2e2βdudr − 2r2hABU

BdudxA + r2hABdx
AdxB , (D.2)

where hABhBC = δAC and det(hAB) = det(qAB), with qAB the unit sphere metric. In this work, stereo-

graphic coordinates xA = (q, p) are used, for which the unit sphere metric is given by

qABdx
AdxB =

4

P 2
(dq2 + dp2), with P = 1 + q2 + p2. (D.3)

It also introduces a complex dyad qA defined by

qA =
P

2
(1, i) , (D.4)

the quantities

J = hABq
AqB/2 and U = UAqA (D.5)

and, in addition, the complex differential eth operators ð and ð̄ [43]. Einstein’s equations, written in the

form Rαβ = 8π
(
Tαβ−

1
2gαβT

)
, are then classified as: hypersurface equations with R11, q

AR1A, h
ABRAB

forming a hierarchical set for β, U and W ; evolution equation qAqBRAB for J ; and constrains using R0α.
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An evolution problem is normally formulated in the region of spacetime between a timelike or null

worldtube Γ and future null infinity, with free initial data J given on u = 0. Boundary data for β, U,W, J ,

that satisfies the constraints, are required on Γ. In the case where the spacetime contains a single

Schwarzschild black hole, Γ is usually taken to be the past event horizon r = 2M .

D.2.2 Spin-weighted spherical harmonics

This work uses spin-weighted spherical harmonics sYlm [44, 45] and, as basis functions, the functions

sZlm defined as

sZlm =
1√
2
[sYlm + (−1)m ×s Ylm] for m > 0 ,

sZlm =
i√
2
[(−1)m ×s Ylm −s Ylm] for m < 0 ,

sZl0 =sZl0 ,

0Zlm =Zlm .

(D.6)

Some important properties of these functions are the facts that they are orthonormal and real. They also

satisfy

ð̄ðZlm = ðð̄Zlm = L2Zlm , ð̄ð2Zlm = (L2 + 2)ðZlm ,

ð̄2ð2Zlm = ð2ð̄2 = L2(L2 + 2)Zlm ,
(D.7)

with L2 = −l(l + 1), and

ðZlm =
√

−L21Zlm; ð2Zlm =2 Zlm

√
−l(l − 1)L2(l + 2) . (D.8)

D.2.3 The linearized Einstein equations for the Bondi-Sachs metric

This article considers a matter distribution in the format of a thin, low-density shell around a Schwarzschild

black hole or vacuum. The shell is taken to be spherical and placed at at r =constant, but with varying

density ρ. The density and metric quantities are considered as being of first order, i.e ρ, J, β, U,w = O(ϵ)

with W = −2M + w and M being the mass of the black hole. Ignoring terms of order O(ϵ2) and using
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the ansatz above, the following forms for the hypersurface equations and evolution equations are found:

R11 :
1

r
∂rβ = 2πT11 ,

qAR1A :
1

2r
(4ðβ − 2rð(∂rβ) + rð̄(∂rJ) + r3∂2rU + 4r2∂rU) = 8πqAT1A ,

hABRAB : (4− 2ðð̄)β +
1

2
(ð̄2J + ð2J̄) +

1

2r2
∂r(r

4ðŪ + r4ð̄U)− 2∂rw = 8π(hABTAB − r2T ) ,

qAqBRAB : −2ð2β + ∂r(r
2ðU)− 2(r −M)∂rJ −

(
1− 2M

r

)
r2∂2rJ + 2r∂u∂r(rJ) = 8πqAqBTAB .

(D.9)

The constraint equations (needed only off the matter shell) are also evaluated, leading to (in the vacuum):

R00 :
1

2r3
(r(r − 2M))∂2rw + ðð̄w + 2(r − 2M)ðð̄β −Mr(ðŪ + ð̄U)

− 4r(r − 2M)∂uβ − r3∂u(ðŪ + ð̄U) + 2r∂uw) = 0 ,

R01 :
1

4r2
(2r∂2rw + 4ðð̄β − ∂r(r

2ðŪ + r2ð̄U)) = 0 ,

qAR0A :
1

4r2
(2rð∂rw − 2ðw + 2r2(r − 2M)(4∂rU + r∂2rU) + 4r2U + r2(ðð̄U − ð2Ū)

+ 2r2ð̄∂uJ − 2r4∂u∂rU − 4r2ð∂uβ) = 0 .

(D.10)

D.2.4 Eigenfunction decomposition

It is proposed that the metric quantities can be written as

J = J0(r) cos(νu)ð2Zlm , U = U0(r) cos(νu)ðZlm ,

β = β0(r) cos(νu)Zlm , w = w0(r) cos(νu)Zlm .

(D.11)

For these purposes, l,m, r0 and ν are regarded as fixed. Later, the time variation will be expressed as

eiνu, but initially the dependence needs to be explicitly kept real. Choosing these basis functions as

eigenfunctions of the relevant operators, one can apply the above ansatz to the equations in (D.9):

1

r
∂rβ0 cos(νu)Zlm = 2πT11 ,

1

2r
(4β0 − 2r∂rβ0 + r(2 + L2)∂rJ0 + r3∂2rU0 + 4r2∂rU0) cos(νu)ðZlm = 8πqAT1A ,(
2(2− L2)β0 + (L2(L2 + 2))J0 +

1

r2
∂r(r

4L2U0)− 2∂rw0

)
cos(νu)Zlm = 8π(hABTAB − r2T ) ,(

−2β0 + ∂r(r
2U0)− 2(r −M)∂rJ0 −

(
1− 2M

r

)
r2∂2rJ0 − 2rν

sin(νu)

cos(νu)
(J0 + r∂rJ0)

)
cos(νu)ð2Zlm = 8πqAqBTAB .

(D.12)
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In this set, a possible error was detected in the second equation. After using the ansatz (D.11), we

have arrived at ∂rJ0 instead of just J0, as in the paper. Given the following procedures, this change can

implicate major differences in the final equation (D.1), and consequently in the final results. Nonetheless,

we proceed with the review ignoring this error, keeping the derivative, to later see the impact that it might

have.

D.2.5 Solution procedure

It is stated that the first equation in (D.12) shows that β0 takes a constant value, β0+, in the region r > r0,

and β0− for r < r0; we will assume β0− = 0. Then it is argued that the second and the last equations

in (D.12) constitute a coupled system of ordinary differential equations in U0(r) and J0(r). Once this

system is solved, the third equation of (D.12) can be solved for w0(r). For simplicity, the case l = 2

(implying L2 = −6) is considered. Taking r > r0 and removing the common factors, we have

4β0+ − 4r∂rJ0+ + r3∂2rU0+ + 4r2∂rU0+ = 0 , (D.13)

18β0 + 24J0+ − 6

r2
∂r(r

4U0+)− 2∂rw0+ = 0 , (D.14)

− 2β0+ + 2rU0+ + r2∂rU0+ − 2(r−M)∂rJ0+ − r2
(
1− 2M

r

)
∂2rJ0+ + 2riν(J0+ + r∂rJ0+) = 0 . (D.15)

The ansatz in (D.11) is then used in the constraints in (D.10) to simplify them. To obtain the central

equation in (D.1), it is argued that one can manipulate the first and third equations (D.13), (D.15) to

obtain it, taking into account that J2(x) = d2J0+/dx
2 and x = 1/r. The best way to do that is to take the

U0+ terms in Eq. (D.13) and substitute in Eq. (D.15). One can first change variables for x, which makes

equations (D.13), (D.15) take the following form:

4β0+ + 4x∂xJ0+ + x∂2xU0+ − 2∂xU0+ = 0 , (D.16)

− 2β0+ +
2

x
U0+ − ∂xU0+ +

2iν

x
J0+ + (2Mx2 − 2iν)∂xJ0+ + (2Mx3 − x2)∂2xJ0+ = 0 . (D.17)

However, after many attempts, using different methods, differentiating and substituting, in r or x coordi-

nates, we could not reach equation (D.1). After careful review and consideration, taking into account the

possible error earlier and the poor physical argumentation, as described in the overview, we decided to

terminate the review of this work.
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