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Abstract

Carrollian geometry is a type of non-Lorentzian geometry that has gained considerable

traction in recent years. It has important applications to flat space holography due to its

relation to null hypersurfaces as well as to the physics of black holes and cosmology. One

arrives at Carrollian geometry by taking a small speed of light expansion of Riemannian

geometry and one arrives at Carrollian gravity in the same manner via the small speed

of light limit of general relativity. The goal of this thesis is threefold: to complete the full

derivation of NLO equations of motion of the Carroll expansion of GR (previously done

to truncated order), to show that the Carrollian expansion of Schwarzschild black holes

can be derived from general vacuum solutions to the evolution equation of the theory,

and to expand the Kerr metric for both the electric and magnetic limit of the Carrollian

expansion. In order to expand the Kerr metric, one needs to include odd powers of c in

the Carrollian expansion which will be explored in this thesis as well.
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1. Introduction

Albert Einstein’s theory of General Relativity (GR) published in 1915 is among the most

successful models within modern theoretical physics. It describes how the curvature of

spacetime induces what is often called the force of gravity, thus showing that it is not

actually a force but rather a manifestation of the geometry of spacetime. Einstein’s field

equations in 3+1 dimensions are a set of 10 nonlinear partial differential equations that

relate the matter distribution within a spacetime to its geometry. They are not exactly

solvable in general, thus requiring various simplifications or assumptions in order to

find analytic solutions. These include assumptions of symmetry, such as spherical

symmetry for the Schwarzschild solution, and limits such as the infinite speed of light

(𝑐) limit, often referred to as the non-relativistic (NR) limit of GR.

In 1923 Élie J. Cartan formulated a geometric theory of Newtonian gravity, referred to

as Newton-Cartan (NC) geometry [1, 2]. This framework makes manifest the connection

between Newtonian gravity and GR and allows one to study the NR limit of GR. In

particular one has the post-Newtonidan (PN) expansion for small speeds and weak

gravity which has had great success within astrophysics and cosmology [3–5]. The NR

limit 𝑐 → ∞ of gravity is made possible by the PN expansion where one expands in

powers of 1/𝑐. In theory, one is able to take the opposite limit, 𝑐 → 0 and expand GR in

powers of 𝑐. At first this might seem counter-intuitive, considering that the limit might

imply that the velocity of the observer is infinite compared to that of light, which is

impossible according to causality. However, one can instead interpret this limit as the

ultra-local limit of GR that collapses the light cone to a single line such that all spatially

separated points become causally disconnected. Jean-Marc Lévy-Leblond was the first

to consider the possibility of taking this limit for the Poincaré group in 1965 [6] and

coined the resulting structure Carrollian geometry. The Carroll limit of GR was first

considered in 1979 by Marc Henneaux [7] and recently in [8] using a more modern

approach of taking the Carroll limit of the Lorentz geometry.

Carrollian geometry and Newton-Cartan geometry are examples of non-Lorentzian

geometries, which have seen a resurgence of interest in recent years. These theories

allow for probing corners of GR that have useful applications of their own as well as

hinting at directions for more general solutions, this is especially relevant for theories

of quantum gravity. Holographic dualities are among the most promising theories of

quantum gravity that relate gravitational theories to field theories. The most developed

realization is that of the AdS/CFT correspondence [9] which establishes a link between

strongly coupled conformal field theories (CFTs), that live on the boundary of Anti-de

Sitter (AdS) space, and weakly coupled gravitational theories in asymptotically AdS

spacetime (one refers to the gravitational theories as existing in the bulk of the theory).

The properties of AdS spacetime endow the AdS/CFT correspondence with a lot of

elegance and simplicity which makes it a very attractive model to study. However, there

is great interest in establishing other types of holographic dualities that are better suited

to describing real-world observations in certain areas. Lifshitz holography [10, 11]

makes use of an extension of NC geometry, called torsional Newton-Cartan geometry

that describes the boundary of the theory, to arrive at a non-relativistic holography that

is well adapted to condensed matter problems.

Another reason for wanting to consider novel types of holographic dualities is the fact

that AdS spacetimes are not compatible with observations of our own universe. This

has spurred many researchers to try and construct de-Sitter or flat space holographic
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1. Introduction

dualities. One of the main hints to Carrollian geometry being relevant for flat space

holography is that on null hypersurfaces in Lorentzian theories, one naturally finds

Carrollian geometry. Incidentally, at light-like infinity, that is to say on the conformal

boundary of asymptotically flat spacetimes, one finds a null hypersurface. It would,

therefore, not be surprising if Carrollian geometry appeared in flat space holographic

dualities, which is indeed the case. The Carroll group has been shown to be relevant

to flat space holography [12] and conformal Carrollian field theory in 3D is applied

in celestial holograph where it describes gravity in 4D asymptotically flat spacetime

[13–16].

Apart from potential applications in holography, Carrollian geometry and gravity has

become an active field of research in the last few years [17–45], as well as having spawned

the research subject of Carrollian field theory [12, 17, 37, 42, 46–52]. Carrollian gravity

has been shown to have great potential for describing dynamics of various limits of

gravity, both with regards to black hole physics [25, 26, 47] as well as cosmology [46, 47].

Null hypersurfaces are induced on the event horizon of a black hole and, in accordance

with the discussion above, Carrollian geometry is thus a candidate for describing that

structure. The connection to cosmology is clearly seen when considering recessional

velocities far outside the Hubble sphere, there the velocity satisfies 𝑣 ≫ 𝑐 and thus

corresponding with the Carroll limit 𝑐 → 0. Carroll symmetry has also found another

application in string theory, where it has been shown that various theories exhibit

Carrollian worldsheet structure [53–61].

For both Newton-Cartan geometry and Carrollian geometry, one encounters a split

into a temporal and a spatial part, reminiscent of the 3+1 formalism of GR [62]. Before

expanding both theories one accounts for this split by introducing pre-non-relativistic

(PNR) variables for the NC theory and pre-ultra-local (PUL) for the Carrollian theory.

These two approaches lead to similar structure, the leading order of the PNR variables

gives NC geometry while the leading order of the PUL variables yields Carrollian

geometry, where both expansions have further geometric fields appearing at higher

orders. The PNR formalism is described in [63, 64] and the PUL in [8]. A duality that

can be formulated between the leading orders of the two theories is explored in [17, 65].

Although sharing many similarities, the NC and Carroll expansions differ a lot when

one begins to analyze the content of the expansion orders. The LO of NC geometry

only serves to constrain the theory and a kinetic term containing extrinsic curvature

first appears at next-to-next-to-leading order (NNLO). For Carrollian geometry, one

has interesting dynamics appearing at LO where such a kinetic term already appears.

Furthermore, The LO Carrollian geometry can be written in the form of constraint and

evolution equations as is done in the 3+1 formalism, which allows one to take initial data

that satisfies the LO equations and evolve it in time [8]. It turns out that, at LO one does

not yet have mass or energy present but at the order of 𝑐2
in the expansion one is able to

consider massive solutions due to the curvature terms that appear at that order in the

theory. In much of the literature on both expansions, one runs into the assumption of the

expansions being analytic in even powers of the expansion parameter, i.e. expanding

in powers of 1/𝑐2
for NC geometry and 𝑐2

for Carrollian geometry. We will, however,

encounter an example where this assumption breaks down for the Carrollian geometry,

specifically when considering the Carroll expansion of the Kerr metric, and thus we will

spend some effort into developing an expansion for all powers of 𝑐. This has been done

before for NC geometry in [66]. Thus, great care has to be taken when discussing higher

orders of the theories. As an example, the curvature terms discussed above appear at
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1. Introduction

NLO in the 𝑐2
expansion but get shifted to the NNLO order in the 𝑐 expansion.

Having derived the LO and NLO of the Carroll expansion allows one to consider the

so-called electric and magnetic sectors of the theory, the name coming from a comparison

to Maxwell theory [17, 67] where only the electric field or the magnetic field survive in

each respective limit. The leading-order of the Carroll expansion will be identified as

the electric theory while the magnetic theory is that of the truncated next-to-leading-

order. The truncation is imposed via a constraint on the LO, 𝐾𝜇𝜈 = 0, that makes the LO

vanish and the NLO then effectively becomes the ‘new’ leading-order. This has been

explored in detail in [46, 47]. These truncated NLO EOMs for Carrollian geometry have,

until now, been the only presentation of the Carrollian NLO.

1.1. Overview

This thesis begins with a review of a few key topics from general relativity in Section 2.

The concept of taking derivatives on a manifold is discussed in 2.1 and the Lagrangian

formulation of gravitational theories, specifically via the Einstein-Hilbert action, are

reviewed in 2.2. The section concludes with a review of the vielbein formalism 2.3.

Section 3 presents a review of the main concepts of Carrollian physics. We begin by

introducing Carroll transformations in 3.1 which will then be related to the Poincaré

algebra. In 3.2 we derive the Carroll algebra by taking the Carroll limit of the Poincaré

algebra. Then in 3.3 we will first gauge the Poincaré algebra and thereafter move onto

gauging the Carroll algebra to arrive at both the data for Carrollian geometry as well

as showing how one can, in a relatively simple manner, derive curvature terms using

said procedure. This is referred to as a first-order approach for obtaining Carrollian

geometry and is presented in [21]. For later illustrating the electric and magnetic sectors

of Carrollian geometry we will in 3.4 consider a simple example of a Carrollian scalar

field theory that can then be related to the Carroll expansion of GR.

In this thesis we will consider two ways in which to arrive at Carrollian geometry

and the second approach is that of a ultra-local expansion in the metric formulation

of GR around 𝑐 = 0, this will be the main approach considered in this thesis. In

order to prepare for the Carroll expansion we follow [8] by introducing PUL variables

that perform a split into a spatial and temporal part of the theory which can then be

Carroll expanded. We describe this process in Section 4 where in 4.1 we introduce

transformations of the PUL variables, the PUL and Carroll connections in 4.2 which are

then related to the Levi-Civita connection of GR in 4.3. We then show a few identities

for the connections in 4.4 along with Appendix A.1, define the variables of the curvature

in 4.5 and finally construct the PUL Einstein Hilbert action in 4.6.

Having defined the PUL expansion, we move on to deriving the Carrollian geometry

in Section 5. In anticipation of problems we encounter later in the thesis related to the

assumption that the expansion is analytic in 𝑐2
, we introduce two different approaches

to the expansion in 5.1. One where we expand in even powers of 𝑐 and one where

we consider all powers of 𝑐, which we call the 𝑐2
and 𝑐 expansion respectively. Some

details of these derivations have been relocated to Appendix B. Subsequently, we review

the leading-order of the Carrollian geometry in 5.2, following [8] and then in 5.3 we

derive the next-to-leading-order theory. This has not been done before in pre-existing

literature and will be the main result of the thesis. Again, detailed derivations for these

sections are found in Appendix C.

In addition to presenting the derivation of the LO and NLO equations of motion we
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1. Introduction

also show their spatial and temporal projections for both the 𝑐 and 𝑐2
expansion in

Section 6, the LO in 6.1 and NLO in 6.2. The Carroll expansion of GR spacetimes will be

considered in 6.3. The expansion of the Schwarzschild solution has been studied before

in [8, 47] and in this thesis the connection between those solutions and the evolution

equation of the LO theory will be made explicit. Furthermore, an attempt will be made

to derive the Carroll expansion of the Kerr metric where we will, as mentioned before,

have to consider the inclusion of odd powers in 𝑐. There also turns out to be an issue with

the electric limit of the Carrollian Kerr metric owing to super-leading terms appearing

in the expansion. The relation of these solutions to the general Carroll expansion will

be discussed and put into perspective. We conclude the thesis with Section 7 where the

results of the thesis are discussed as well as further directions for research.
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2. General relativity

Gravity arises due to the effects of the geometry of spacetime. This is well known and

was famously formulated by Einstein in his theory of general relativity. The theory

uses the Riemann curvature tensor as the geometric invariants along with an affine

connection that is both torsion-free and metric compatible. See [68, 69] for detailed

reviews of conventional general relativity. Later it was shown that one can relax both the

assumption of metric compatibility and the zero torsion of the connection, see e.g. the

Palatini formulation of gravity [70] and Einstein-Cartan theory [71], to find alternative

theories of gravity. This section shows some aspects and formalism of gravitational

theories that will be of use in this thesis.

2.1. Differentiation on a manifold

A general metric-affine theory is defined by three objects, the manifold ℳ, the metric

tensor 𝑔𝜇𝜈 and a metric affine connection which can be written as

Γ̄
𝜌
𝜇𝜈 = Γ

𝜌
𝜇𝜈 + 𝐾

𝜌
𝜇𝜈 + 𝐿

𝜌
𝜇𝜈, (2.1)

which defines a covariant derivative of an arbitrary tensor 𝑋

∇̄𝜌𝑋
𝜇1 ...𝜇𝑘

𝜈1 ...𝜈𝑘 = 𝜕𝜇𝑋
𝜇1 ...𝜇𝑘

𝜈1 ...𝜈𝑘 + Γ̄
𝜇1

𝜌𝜆𝑋
𝜆...𝜇𝑘

𝜈1 ...𝜈𝑘 + . . . − Γ̄𝜆𝜌𝜈1

𝑋
𝜇1 ...𝜇𝑘

𝜆...𝜈𝑘
− . . . (2.2)

Here, Γ
𝜌
𝜇𝜈 is the Levi-Civita connection, 𝐾

𝜌
𝜇𝜈 is usually called the contortion tensor and

𝐿
𝜌
𝜇𝜈 the disformation tensor. Their explicit expressions are

Γ
𝜌
𝜇𝜈 =

1

2

𝑔𝜌𝜆
(
𝜕𝜇𝑔𝜆𝜈 + 𝜕𝜈𝑔𝜇𝜆 − 𝜕𝜆𝑔𝜇𝜈

)
, (2.3a)

𝐾
𝜌
𝜇𝜈 =

1

2

(
𝑇

𝜌
𝜇 𝜈 +𝑇 𝜌

𝜈 𝜇 −𝑇𝜌
𝜇𝜈

)
, (2.3b)

𝐿
𝜌
𝜇𝜈 =

1

2

(
𝑄

𝜌
𝜇𝜈 −𝑄

𝜌
𝜇 𝜈 −𝑄

𝜌
𝜈 𝜇

)
, (2.3c)

where 𝑇
𝜌
𝜇𝜈 = 2 Γ̄

𝜌
[𝜇𝜈] is the torsion tensor and 𝑄𝜌𝜇𝜈 = ∇̄𝜌𝑔𝜇𝜈 the non-metricity tensor.

From this it is evident that imposing zero torsion 𝑇
𝜌
𝜇𝜈 = 0 and metric compatibility

∇̄𝜌𝑔𝜇𝜈 = 0, as for Einstein’s GR, we arrive at the Levi-Civita connection. We define the

covariant derivative in that case via ∇ without the bar on top. The contortion tensor

and non-metricity tensor are the geometric objects for theories of gravity along with the

Riemann curvature tensor

𝑅
𝜌

𝜇𝜎𝜈 = 2 𝜕[𝜎Γ̄
𝜌
𝜇]𝜈 + 2 Γ̄

𝜌
[𝜎 |𝜆|Γ̄

𝜆
𝜇]𝜈 (2.4)

and in general one can consider their role for various theories of gravity. The formal

study of these formulations of gravity is called the Geometric Trinity of Gravity, see [72]

for a useful review, but that is outside the scope of this thesis. Here, we merely highlight

the existence of torsion and non-metricity for later reference.

The motivation for defining a covariant derivative, as in (2.2), is often shown by

taking a partial derivative of a tensor, 𝜕𝜇𝑋𝛼
𝛽 , and showing that such an object does

not transform as a tensor under a general coordinate transformation. However, a more

5



2. General relativity

fundamental argument is found by considering that a tensor at a point 𝑃 lives on the

tangent plane to the manifold at 𝑃. Thus, when wanting to compare that tensor at two

different points, one runs into the problem of what it actually means to compare the

two since they live on two different tangent planes. We have to account for a change

of basis of the tangent space between the two points and this requires us to specify a

connection between the two, which we can further constrain via consistency conditions.

The covariant derivative thus requires the introduction of a new structure, Γ̄
𝜌
𝜇𝜈. We

can, however, define a different type of derivative that also transforms as a tensor, called

the Lie derivative:

£𝜉𝑋𝛼
𝛽 = 𝜉𝜎∇𝜎𝑋

𝛼
𝛽 −𝑋𝜎

𝛽∇𝜎𝜉
𝛼 − 𝜉𝜎𝑇𝛼

𝜎𝜆 𝑋
𝜆
𝛽 +𝑋𝛼

𝜎∇𝛽𝜉
𝜎 + 𝜉𝜎𝑇𝜆

𝜎𝛽 𝑋
𝛼
𝜆 , (2.5)

that does not require any extra structure. When the Lie derivative of a tensor field

vanishes, £𝑢𝑋𝛼...
𝛽... = 0, it is said to be Lie transported along the integral curve of 𝜉𝛼

.

2.2. Lagrangian formulation of theories of gravity

Under a coordinate transformation 𝑥𝛼 → 𝑥𝛼
′(𝑥𝛼), the volume element for 𝑑 + 1 dimen-

sions transforms as d
𝑑+1𝑥 = 𝐽 d

𝑑+1𝑥′, where 𝐽 = det[𝜕𝑥𝛼/𝜕𝑥𝛼′]. Writing the transforma-

tion of the metric as

𝑔𝛼′𝛽′ =
𝜕𝑥𝛼

𝜕𝑥𝛼′
𝜕𝑥𝛽

𝜕𝑥𝛽′
𝑔𝛼𝛽, (2.6)

and taking the determinant on both sides, we have

𝑔′ = 𝐽2𝑔 ⇒ 𝐽 =

√
𝑔′/𝑔, (2.7)

where 𝑔 = det[𝑔𝛼𝛽]. Now considering the transformation to be from a local Lorentz

frame 𝑥𝛼
′

to an arbitrary coordinate system 𝑥𝛼, we have 𝑔′ = det[𝜂𝛼𝛽] = −1, and the

transformation of the volume element becomes

d
𝑑+1𝑥′ = 𝐽−1

d
𝑑+1𝑥 =

√−𝑔 d
𝑑+1𝑥. (2.8)

Thus, for an arbitrary region ℳ of a spacetime manifold that is bounded by a closed

hypersurface 𝜕ℳ we can write up an action functional

𝑆 =

∫
ℳ

ℒ(𝑞,∇𝛼𝑞)
√−𝑔 d

𝑑+1𝑥, (2.9)

of a Lagrangian density ℒ(𝑞, 𝜕𝛼𝑞) for a field 𝑞(𝑥𝛼). Requiring that the variation of the

action vanishes, we arrive at the Euler-Lagrange equations of motion

𝜕ℒ
𝜕𝑞

− ∇𝜇
𝜕ℒ

𝜕(∇𝜇𝑞)
= 0. (2.10)

2.2.1. Einstein-Hilbert action

Here, we will give a heuristic argument for why the Einstein-Hilbert action is the simplest

possible scalar action for general relativity. For constructing a scalar action for general

relativity we start by considering our dynamical variable, the metric 𝑔𝜇𝜈. According

6



2. General relativity

to the Einstein equivalence principle, one can always find a local inertial frame where

the metric reduces to the Minkowski metric 𝜂𝜇𝜈 = (−1, 1, 1, . . .) and the first derivatives

of the metric are all zero. In other words, locally flat spacetime. Thus, we know that

we need a scalar that depends, at least, on the second derivatives of the metric. The

Riemann curvature tensor is the obvious candidate and it can be shown that the Ricci

scalar is the only independent scalar one can construct from the Riemann tensor. See

various textbooks on general relativity for more in-depth explanations.

It was David Hilbert who first argued this and presented the Einstein-Hilbert action:

𝑆EH =
𝑐4

16𝜋𝐺

∫
𝑀

𝑅
√−𝑔 d

𝑑+1𝑥, (2.11)

where 𝑅 is the Ricci scalar

𝑅 = 𝑔𝜇𝜈𝑅𝜇𝜈, (2.12a)

𝑅𝜇𝜈 = 𝑅
𝜌

𝜇𝜌𝜈 = 2 𝜕[𝜌Γ̄
𝜌
𝜇]𝜈 + 2 Γ̄

𝜌
[𝜌|𝜆|Γ̄

𝜆
𝜇]𝜈, (2.12b)

and 𝑅𝜇𝜈 the Ricci tensor, which is a contraction of the Riemann curvature tensor (2.4).

Later in this thesis we will expand the Einstein-Hilbert action to arrive at Carrollian

geometry.

2.3. Vielbein structure

When working with manifolds one has to choose coordinates for the tangent spaces,

often they are chosen as 𝑒(𝜇), i.e. based on our preexisting coordinate charts. It can be

convenient, however, to choose a set of vectors that comprise an orthonormal basis, 𝑒(𝑎),
which is defined as such:

𝑔
(
𝑒(𝑎), 𝑒(𝑏)

)
= 𝜂𝑎𝑏 , (2.13)

where 𝑔
(
𝑒(𝑎), 𝑒(𝑏)

)
is a general metric and 𝜂𝑎𝑏 the Minkowski metric. What this means

is that locally at each point the spacetime metric is the Minkowski metric. We can thus

express the old basis vectors using the new ones as

𝑒(𝜇) = 𝑒 𝑎
𝜇 𝑒(𝑎), (2.14)

where 𝑒 𝑎
𝜇 is an invertible 𝑛 × 𝑛 matrix which we call the tetrad or vielbein. Their inverse

is defined such that

𝑒
𝜇
𝑎 𝑒

𝑎
𝜈 = 𝛿

𝜇
𝜈 , 𝑒 𝑎

𝜇 𝑒
𝜇
𝑏
= 𝛿𝑎

𝑏
. (2.15)

Using these, (2.13) becomes:

𝑔𝜇𝜈 𝑒
𝜇
𝑎 𝑒

𝜈
𝑏
= 𝜂𝑎𝑏 , (2.16a)

𝑔𝜇𝜈 = 𝑒 𝑎
𝜇 𝑒 𝑏

𝜈 𝜂𝑎𝑏 , (2.16b)

where the second line is just a rewriting of the first.

Similarly, we can set up an orthonormal basis of one forms

�̂�(𝜇) = 𝑒
𝜇
𝑎 �̂�

(𝑎)
, �̂�(𝑎) = 𝑒 𝑎

𝜇 �̂�(𝜇)
, (2.17)
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2. General relativity

where we have made them compatible with the basis vectors in the following way:

�̂�(𝑎)𝑒(𝑏) = 𝛿𝑎
𝑏
. (2.18)

This results in allowing us to refer to a vector V (or a one-form) in whichever basis we

find convenient,𝑉𝜇 𝑒(𝜇) or𝑉 𝑎𝑒(𝑎). Therefore, we can write tensors with multiple indices

in either basis as:

𝑉 𝑎
𝑏
= 𝑒 𝑎

𝜇 𝑉
𝜇
𝑏
= 𝑒𝜈

𝑏
𝑉 𝑎

𝜈 = 𝑒 𝑎
𝜇 𝑒𝜈

𝑏
𝑉

𝜇
𝜈 . (2.19)

From (2.16) we can deduce that the Latin indices correspond to those of the flat Min-

kowski metric, 𝜂𝑎𝑏 . Thus, allowing us to raise and lower said indices via the flat metric.

Moreover, the Greek indices are then raised and lowered with the curved metric, 𝑔𝜇𝜈:

𝑒
𝜇
𝑎 = 𝑔𝜇𝜈𝜂𝑎𝑏 𝑒

𝑏
𝜈 . (2.20)

Having introduced a new basis to work in, we have to consider its transformation

properties. The orthonormal basis is not derived from any coordinate system and is

therefore independent of the coordinates. The basis can therefore be changed at will

and the transformation only has to preserve (2.13). The transformations that preserve

the flat metric in Lorentzian signature are the Lorentz transformations:

𝑒(𝑎) → 𝑒(𝑎′) = Λ𝑎
𝑎′(𝑥)𝑒(𝑎). (2.21)

We call these local Lorentz transformations (LLTs) because the tangent space is defined

in a single point 𝑝 and the transformations are thus only valid locally around said point.

The transformation of a tensor with mixed coordinate and orthonormal indices then

becomes:

𝑋
𝑎′𝜇′

𝑏′𝜈′ = Λ𝑎′
𝑎

𝜕𝑥𝜇
′

𝜕𝑥𝜇
Λ𝑏

𝑏′
𝜕𝑥𝜈

𝜕𝑥𝜈′
𝑋
𝑎𝜇
𝑏𝜈 . (2.22)

Now, that we have such tensors with mixed indices, it is important to account for them

appropriately in the covariant derivative. Just as we have the affine connection for

the coordinate based (Greek) indices (2.2), we now have a different connection for the

noncoordinate (Latin) indices called the spin- or Ehresmann connection, 𝜔 𝑎
𝜇 𝑏

. Thus,

taking the covariant derivative of the mixed index tensor in (2.22) yields:

𝒟𝜌𝑋
𝑎𝜇
𝑏𝜈 = 𝜕𝜌𝑋

𝑎𝜇
𝑏𝜈 + Γ̄

𝜇
𝜌𝜎𝑋

𝑎𝜎
𝑏𝜈 − Γ̄𝜎𝜌𝜈𝑋

𝑎𝜇
𝑏𝜎 − 𝜔 𝑎

𝜌 𝑐𝑋
𝑐𝜇
𝑏𝜈 + 𝜔 𝑐

𝜌 𝑏
𝑋
𝑎𝜇
𝑐𝜈 , (2.23)

where both connections appear.

Using the fact that a tensor should be independent of the basis we choose, we can

find a relationship between the spin connection and the affine connection. Considering

a covariant derivative of a vector, writing it first in a coordinate basis

𝒟𝑉 =
(
𝒟𝜇𝑉

𝜈) �̂�(𝜇) ⊗ 𝑒(𝜈)
=

(
𝜕𝜇𝑉

𝜈 + Γ̄𝜈𝜇𝜌𝑉
𝜌
)
�̂�(𝜇) ⊗ 𝑒(𝜈), (2.24)

and then in a mixed basis and converting to coordinate basis:

𝒟𝑉 =
(
𝒟𝜇𝑉

𝑎
)
�̂�(𝜇) ⊗ 𝑒(𝑎)
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2. General relativity

=

(
𝜕𝜇𝑉

𝑎 − 𝜔 𝑎
𝜇 𝑏
𝑉𝑏

)
�̂�(𝜇) ⊗ 𝑒(𝑎)

=

(
𝜕𝜇(𝑒 𝑎

𝜈 𝑉
𝜈) − 𝜔 𝑎

𝜇 𝑏
𝑒 𝑏
𝜌 𝑉

𝜌
)
�̂�(𝜇) ⊗ 𝑒𝜎𝑎 𝑒(𝜎)

= 𝑒𝜎𝑎

(
𝑒 𝑎
𝜈 𝜕𝜇𝑉

𝜈 +𝑉𝜈𝜕𝜇𝑒
𝑎

𝜈 − 𝜔 𝑎
𝜇 𝑏
𝑒 𝑏
𝜌 𝑉

𝜌
)
�̂�(𝜇) ⊗ 𝑒(𝜎)

=

(
𝜕𝜇𝑉

𝜎 +𝑉𝜈𝑒𝜎𝑎𝜕𝜇𝑒
𝑎

𝜈 − 𝜔 𝑎
𝜇 𝑏
𝑒𝜎𝑎 𝑒

𝑏
𝜌 𝑉

𝜌
)
�̂�(𝜇) ⊗ 𝑒(𝜎). (2.25)

We can now compare this with (2.24) which gives a relationship between the two

connections:

Γ̄𝜎𝜇𝜌 = 𝑒𝜎𝑎𝜕𝜇𝑒
𝑎

𝜌 − 𝜔 𝑎
𝜇 𝑏
𝑒𝜎𝑎 𝑒

𝑏
𝜌 , (2.26a)

𝜔 𝑎
𝜇 𝑏

= 𝑒
𝜌
𝑏
𝜕𝜇𝑒

𝑎
𝜌 − Γ̄𝜎𝜇𝜌𝑒

𝑎
𝜎 𝑒

𝜌
𝑏
, (2.26b)

where the second equation is merely a rearrangement of the first. Taking the covariant

derivative of the vielbein and inserting (2.26b)

𝒟𝜇𝑒
𝑎

𝜈 = 𝜕𝜇𝑒
𝑎

𝜈 − Γ̄𝛼𝜇𝜈𝑒
𝑎

𝛼 − 𝜔 𝑎
𝜇 𝑏
𝑒 𝑏
𝜈

= 𝜕𝜇𝑒
𝑎

𝜈 − Γ̄𝛼𝜇𝜈𝑒
𝑎

𝛼 −
(
𝑒
𝜌
𝑏
𝜕𝜇𝑒

𝑎
𝜌 − Γ̄𝜎𝜇𝜌𝑒

𝑎
𝜎 𝑒

𝜌
𝑏

)
𝑒 𝑏
𝜈

= 𝜕𝜇𝑒
𝑎

𝜈 − Γ̄𝛼𝜇𝜈𝑒
𝑎

𝛼 − 𝛿
𝜌
𝜈𝜕𝜇𝑒

𝑎
𝜌 + Γ̄𝜎𝜇𝜌𝑒

𝑎
𝜎 𝛿

𝜌
𝜈 = 0,

⇒ 𝒟𝜇𝑒
𝑎

𝜈 = 0, (2.27)

and we have arrived at the so-called vielbein postulate, i.e. that the vielbein vanishes

when taking the covariant derivative.
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3. Carroll symmetry and geometry

A standard procedure for simplifying general relativity is to take the infinite speed of

light limit, 𝑐 → ∞, which flattens the light cones, thus making information propagate

instantaneously. One often refers to this as the Galilean limit and one can interpret it

using a dimensionless parameter 𝑐/𝑣𝑐 with some characteristic velocity 𝑣𝑐 → 0, i.e. 𝑐

is infinite compared to 𝑣𝑐 . This characteristic velocity is that of an observer moving

at non-relativistic speeds and thus corresponds to the realm of classical physics of the

everyday world, Newtonian physics. Another limit one might take to simplify GR is the

𝑐 → 0 limit. This was first done by Lévy-Leblond where he took the 𝑐 → 0 limit of the

Poincaré group and called the result the Carroll group. The Carroll group gets its name

from the Red Queen’s race from Lewis Carroll’s Through the Looking Glass [73] where

Alice and the Red Queen run as fast as they can while standing still in the same spot.

Unlike the Galilean limit, one does not interpret the Carroll limit as having 𝑣𝑐 → ∞,

since this would mean a characteristic velocity greater than the speed of light. Instead,

one sets 𝑐 = 𝑐 𝜖 where the dimensionless 𝜖 is expanded around zero. Thus the Carroll

limit collapses the light cones to a line, making all spatially separated points causally

disconnected, i.e. ultra-local. Carrollian causal structure therefore implies that space is

absolute and points cannot move even when boosted. It is from this behavior one can

draw parallels to Carroll’s Red Queen’s race. This section will present an introduction

to Carroll symmetry and transformations which will then be used to derive the Carroll

algebra. We then gauge the Carroll algebra and further hint at a derivation of Carrollian

geometry via first-order formalism. Lastly, we introduce the electric and magnetic

sectors of Carroll theory via an example of a scalar field theory.

3.1. Carroll transformations

In general relativity the spacetime metric can be locally approximated by the Minkowski

metric, thus exhibiting Lorentz symmetry and translational symmetry:

𝑥𝜇 → 𝑥𝜇
′
= Λ

𝜇
𝜈𝑥

𝜈 + 𝑎𝜇, (3.1)

where Λ
𝜇
𝜈 are the Lorentz transformation matrices and 𝑎𝜇 is a constant vector in

spacetime. This transformation can be split into its temporal and spatial part using

𝑥𝜇 = (𝑐𝑡, 𝑥 𝑖):

𝑐𝑡 → 𝑐𝑡′ = Λ0

𝜈𝑥
𝜈 + 𝑎0 = 𝑐

(
Λ0

0
𝑡 +Λ0

𝑖

𝑥 𝑖

𝑐

)
+ 𝑎0

, (3.2a)

𝑥 𝑖 → 𝑥 𝑖
′
= Λ𝑖

𝜈𝑥
𝜈 + 𝑎 𝑖 = 𝑐

(
Λ𝑖

0
𝑡 +Λ𝑖

𝑗

𝑥 𝑗

𝑐

)
+ 𝑎 𝑖 . (3.2b)

This split results in Λ𝑖
𝜈 only corresponding to Lorentz rotations. The symmetries

presented here are captured by the Poincaré group, whose Lie algebra is defined by

[𝐽𝐴𝐵,𝑃𝐶] = 𝜂𝐴𝐶𝑃𝐵 − 𝜂𝐵𝐶𝑃𝐴 = 2𝜂𝐶[𝐴𝑃𝐵], (3.3a)

[𝐽𝐴𝐵, 𝐽𝐶𝐷] = 𝜂𝐴𝐶 𝐽𝐵𝐷 + 𝜂𝐵𝐷 𝐽𝐴𝐶 − 𝜂𝐵𝐶 𝐽𝐴𝐷 − 𝜂𝐴𝐷 𝐽𝐵𝐶

= 2

(
𝜂𝐶[𝐴𝐽𝐵]𝐷 − 𝜂𝐷[𝐴𝐽𝐵]𝐶

)
= 4𝜂[𝐶[𝐴𝐽𝐵]𝐷], (3.3b)

with all the other commutation relations being zero. The algebra has been generalized

to 𝑑 + 1 dimension with 𝜂𝜇𝜈 = diag(−1, 1, . . . , 1), i.e. the uppercase indices are as such:
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3. Carroll symmetry and geometry

𝐴 = 0, 1, . . . , 𝑑. The square brackets around indices represent anti-symmetrization in

the respective indices with a normalization factor of 1/𝑛! in front of it (𝑛 representing

the number of indices being anti-symmetrized). Now, the generators of the algebra are

defined as

𝑃𝐴 = 𝜕𝐴, (3.4a)

𝐽𝐴𝐵 = 𝑥𝐵𝜕𝐴 − 𝑥𝐴𝜕𝐵. (3.4b)

Now specifying further the transformations (3.2) to Lorentz boosts along the 𝑥 direc-

tion we get

𝑐𝑡 → 𝑐𝑡′ = 𝛾
(
𝑐𝑡 − 𝛽𝑖𝑥

𝑖
)
, (3.5a)

𝑥 𝑖 → 𝑥 𝑖
′
= 𝛾

(
𝑥 𝑖 − 𝛽𝑖𝑐𝑡

)
, 𝛾 =

1√
1 − 𝛽2

, (3.5b)

with the Lorentz boost parameter 𝛽𝑖 taking the values 0 ≤ |𝛽 | ≤ 1. If we wanted to take

the Galilean limit we would now define a boost parameter 𝑏 𝑖 = 𝑐𝛽𝑖 and take the limit

𝑐 → ∞ which would result in 𝑡′ = 𝑡, i.e. time being absolute, and we would arrive at

the Galilei algebra. Instead we define the boost parameter as 𝑏 𝑖 = 𝛽𝑖/𝑐 and get

𝑡′ = 𝛾
(
𝑡 − 𝑏𝑖𝑥 𝑖

)
𝑐→0−→ 𝑡′ = 𝑡 − 𝑏𝑖𝑥 𝑖 , (3.6a)

𝑥 𝑖
′
= 𝛾

(
𝑥 𝑖 − 𝑏 𝑖𝑐2𝑡

)
𝑐→0−→ 𝑥 𝑖

′
= 𝑥 𝑖 , (3.6b)

where the second term of the second equation vanishes due to the limit 𝑐 → 0, thus

space being absolute, and 𝛾 → 1 due to 𝛽𝑖 → 0. We have now derived the Carroll

boosts. Using these we further derive how partial derivatives transform under Carroll

boosts:

𝜕

𝜕𝑡′
=

𝜕𝑥

𝜕𝑡′
𝜕

𝜕𝑥
+ 𝜕𝑡

𝜕𝑡′
𝜕

𝜕𝑡
=

𝜕

𝜕𝑡
(3.7a)

𝜕

𝜕𝑥 𝑖′
=

𝜕𝑥

𝜕𝑥 𝑖′
𝜕

𝜕𝑥
+ 𝜕𝑡

𝜕𝑥 𝑖′
𝜕

𝜕𝑡
=

𝜕

𝜕𝑥 𝑖
+ 𝑏𝑖

𝜕

𝜕𝑡
(3.7b)

The Carroll boosts, along with spatial rotations and translations, define the Carroll

group. For a more in-depth treatment see [17, 46].

3.2. Carroll algebra

The Carroll algebra can, however, also be derived via a contraction of the Poincaré

algebra (3.3). We define

𝑃0 = 𝜖−1𝐻, 𝐽0𝑎 = 𝜖−1𝐶𝑎 , (3.8)

where we have introduced a split into a temporal part, represented by the generators

defined above where the parameter 𝜖 ∼ 𝑐 reintroduces factors of 𝑐, and the spatial

parts 𝑃𝑎 and 𝐽𝑎𝑏 . The lowercase indices, 𝑎 = 1, 2, . . . , 𝑑, are just the spatial part of the

uppercase indices from before. Since we are using the mostly plus signature, we can

raise and lower the lowercase indices via the Kronecker-𝛿 symbol. Using the Poincaré

11



3. Carroll symmetry and geometry

algebra, changing to lowercase indices and exchanging 𝜂𝑎𝑏 with 𝛿𝑎𝑏 , we get the following

commutation relations:

[𝐽𝑎𝑏 ,𝑃𝑐] = 2𝜂𝑐[𝑎𝑃𝑏] = 2 𝛿𝑐[𝑎𝑃𝑏], (3.9a)

[𝐽𝑎𝑏 ,𝑃0] = 2𝜂
0[𝑎𝑃𝑏] = 2𝜂

0[𝑎𝑃𝑏] = 0, (3.9b)

[𝐽0𝑎 ,𝑃𝑏] = 2𝜂𝑏[0𝑃𝑎] = 𝜂𝑏0𝑃𝑎︸︷︷︸
=0

−𝛿𝑏𝑎𝑃0, (3.9c)

[𝐽0𝑎 ,𝑃0] = 2𝜂
0[0𝑃𝑎] = −𝑃𝑎 − 𝜂0𝑎𝑃0︸︷︷︸

=0

, (3.9d)

[𝐽𝑎𝑏 , 𝐽𝑐𝑑] = 4𝜂[𝑐[𝑎 𝐽𝑏]𝑑] = 4 𝛿[𝑐[𝑎 𝐽𝑎]𝑑], (3.9e)

[𝐽𝑎𝑏 , 𝐽0𝑐] = 4𝜂[0[𝑎 𝐽𝑏]𝑐] = 2 (𝜂
0[𝑎 𝐽𝑏]𝑐︸ ︷︷ ︸
=0

−𝛿𝑐[𝑎 𝐽𝑏]0), (3.9f)

[𝐽0𝑎 , 𝐽0𝑏] = 4𝜂[0[0𝐽𝑎]𝑏] = −𝐽𝑎𝑏 , (3.9g)

where the terms including𝜂𝑎0 (with a mixture of 0 and lowercase index) vanish, since the

lowercase indices can never equal 0. We now rewrite the equations using the previously

defined contractions (3.8):

[𝑃𝑎 , 𝐽0𝑏] = 𝛿𝑎𝑏𝑃0 ⇒ 𝜖−1[𝑃𝑎 ,𝐶𝑏] = 𝛿𝑎𝑏𝜖
−1𝐻, (3.10a)

[𝑃0, 𝐽0𝑎] = 𝑃𝑎 ⇒ 𝜖−2[𝐻,𝐶𝑎] = 𝑃𝑎 , (3.10b)

[𝐽𝑎𝑏 , 𝐽𝑐0] = 2 𝛿𝑐[𝑎 𝐽0𝑏] ⇒ 𝜖−1[𝐽𝑎𝑏 ,𝐶𝑐] = 2𝜖−1𝛿𝑐[𝑎𝐶𝑏], (3.10c)

[𝐽0𝑎 , 𝐽0𝑏] = −𝐽𝑎𝑏 ⇒ 𝜖−2[𝐶𝑎 ,𝐶𝑏] = −𝐽𝑎𝑏 , (3.10d)

and thus, taking the limit 𝜖 → 0, we arrive at the Carroll algebra:

[𝐽𝑎𝑏 ,𝑃𝑐] = 2 𝛿𝑐[𝑎𝑃𝑏], (3.11a)

[𝐽𝑎𝑏 , 𝐽𝑐𝑑] = 4 𝛿[𝑐[𝑎 𝐽𝑏]𝑑], (3.11b)

[𝑃𝑎 ,𝐶𝑏] = 𝛿𝑎𝑏𝐻, (3.11c)

[𝐽𝑎𝑏 ,𝐶𝑐] = 2 𝛿𝑐[𝑎𝐶𝑏], (3.11d)

[𝐻,𝐶𝑎] = 0, (3.11e)

[𝐶𝑎 ,𝐶𝑏] = 0. (3.11f)

3.3. Gauging algebras

Gauge symmetry describes a redundancy in the description of a system’s configuration

[74], allowing the freedom to choose a specific gauge that makes it easier to examine

certain aspects of a theory and often simplifies calculations. To construct gauge theories

one can start with a Lie algebra and extend its global symmetries to local symmetries.

This process introduces gauge fields and connections, both of which have some freedom

of choice called gauge freedom. In this section we will first present a method to obtain

pseudo-Riemannian geometry by gauging the Poincaré algebra and thereafter the same

procedure is used for obtaining the Carrollian geometry by gauging the Carroll algebra.

For a review of gauging algebras see e.g. [75].
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3.3.1. Gauging the Poincaré algebra

For Einstein’s theory of general relativity we expect every point in a curved spacetime

to locally exhibit symmetries under Lorentz transformations and translations, i.e. every

point can locally be approximated by flat Minkowski spacetime. Thus, by taking the

Poincaré algebra and gauging it (making the global properties local), one can arrive at

GR. This can be done by various approaches but here we will use the that of [65].

A non-Abelian Lie algebra 𝑔 has in general a gauge field defined as

𝐴𝜇 = 𝐴 𝑎
𝜇 𝑇𝑎 , 𝑎 = 1, . . . , dim(𝑔), (3.12)

where 𝑇𝑎 are the generators of the algebra. The field 𝐴𝜇 used in gauging the Poincaré

algebra will thus consist of the generators of the algebra contracted with associated

gauge field components to leave only one coordinate space index:

𝐴𝜇 = 𝑃𝐴𝑒
𝐴

𝜇 + 1

2

𝐽𝐴𝐵 𝜔
𝐴𝐵

𝜇 , (3.13)

where 𝜔 𝐴𝐵
𝜇 = −𝜔 𝐵𝐴

𝜇 is imposed due to the antisymmetry of 𝐽𝐴𝐵. The field will

transform as

𝐴𝜇(𝑥) → 𝐴′
𝜇(𝑥) = 𝑈†(𝑥)𝐴𝜇(𝑥)𝑈(𝑥) +𝑈(𝑥)†𝜕𝜇𝑈(𝑥), (3.14)

with the local infinitesimal transformation:

𝑈(𝑥) = 𝑒Λ(𝑥) = 1+Λ(𝑥) + 𝒪(Λ2), (3.15)

thus giving:

𝐴′
𝜇 = (1−Λ)𝐴𝜇(1+Λ) + (1−Λ)𝜕𝜇(1+Λ)
= 𝐴𝜇 −Λ𝐴𝜇Λ−Λ𝐴𝜇 +𝐴𝜇Λ+ 𝜕𝜇Λ−Λ𝜕𝜇Λ

= 𝐴𝜇 +
[
𝐴𝜇,Λ

]
+ 𝜕𝜇Λ+ 𝒪(Λ2)

⇒ 𝛿𝐴𝜇 = 𝜕𝜇Λ+
[
𝐴𝜇,Λ

]
. (3.16)

Writing out the variation of (3.13) gives

𝛿𝐴𝜇 = 𝑃𝐴𝛿𝑒
𝐴

𝜇 + 1

2

𝐽𝐴𝐵 𝛿𝜔
𝐴𝐵

𝜇 . (3.17)

Now we can relate the two expressions. Defining Λ(𝑥) also in terms of the Poincaré

generators but contracted with some other tensors

Λ(𝑥) = 𝑃𝐴𝜁𝐴(𝑥) +
1

2

𝐽𝐴𝐵 𝜎
𝐴𝐵(𝑥), (3.18)

we insert it along with (3.13) into (3.16) and get:

𝛿𝐴𝜇 = 𝑃𝐴𝜕𝜇𝜁
𝐴 + 1

2

𝐽𝐴𝐵 𝜕𝜇𝜎
𝐴𝐵 +

[
𝑃𝐴𝑒

𝐴
𝜇 + 1

2

𝐽𝐵𝐶 𝜔 𝐵𝐶
𝜇 , 𝑃𝐷𝜁

𝐷 + 1

2

𝐽𝐸𝐹 𝜎
𝐸𝐹

]
= 𝑃𝐴𝜕𝜇𝜁

𝐴 + 1

2

𝐽𝐴𝐵 𝜕𝜇𝜎
𝐴𝐵 + 𝑒 𝐴

𝜇 𝜁𝐷 [𝑃𝐴, 𝑃𝐷]︸    ︷︷    ︸
=0

+1

2

𝑒 𝐴
𝜇 𝜎𝐸𝐹[𝑃𝐴, 𝐽𝐸𝐹]
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3. Carroll symmetry and geometry

+ 1

2

𝜔 𝐵𝐶
𝜇 𝜁𝐷[𝐽𝐵𝐶 , 𝑃𝐷] +

1

4

𝜔 𝐵𝐶
𝜇 𝜎𝐸𝐹[𝐽𝐵𝐶 , 𝐽𝐸𝐹]

= 𝑃𝐴𝜕𝜇𝜁
𝐴 + 1

2

𝐽𝐴𝐵 𝜕𝜇𝜎
𝐴𝐵 + 1

2

𝑒 𝐴
𝜇 𝜎𝐹𝐸2𝜂𝐴[𝐸𝑃𝐹]

− 1

2

𝜔 𝐶𝐵
𝜇 𝜁𝐷2𝜂𝐷[𝐵𝑃𝐶] +

1

4

𝜔 𝐵𝐶
𝜇 𝜎𝐸𝐹4𝜂[𝐸[𝐵𝐽𝐶]𝐹]

= 𝑃𝐴𝜕𝜇𝜁
𝐴 + 1

2

𝐽𝐴𝐵 𝜕𝜇𝜎
𝐴𝐵 + 𝑒 𝐴

𝜇 𝜎𝐹𝐴𝑃𝐹 − 𝜔 𝐶
𝜇 𝐷𝜁

𝐷𝑃𝐶

+ 1

2

𝜔 𝐵𝐶
𝜇 𝜎 𝐹

𝐵 𝐽𝐶𝐹 −
1

2

𝜔 𝐵𝐶
𝜇 𝜎 𝐸

𝐵 𝐽𝐸𝐶

= 𝑃𝐴

(
𝜕𝜇𝜁

𝐴 + 𝑒 𝐵
𝜇 𝜎𝐴𝐵 − 𝜔 𝐴

𝜇 𝐵𝜁
𝐵
)
+ 1

2

𝐽𝐴𝐵

(
𝜕𝜇𝜎

𝐴𝐵 + 𝜔 𝐶𝐴
𝜇 𝜎 𝐵

𝐶 − 𝜔 𝐶𝐵
𝜇 𝜎 𝐴

𝐶

)
. (3.19)

Comparing this to (3.17) we find the following variations:

𝛿𝑒 𝐴
𝜇 = 𝜕𝜇𝜁

𝐴 + 𝑒 𝐵
𝜇 𝜎𝐴𝐵 − 𝜔 𝐴

𝜇 𝐵𝜁
𝐵

(3.20a)

𝛿𝜔 𝐴𝐵
𝜇 = 𝜕𝜇𝜎

𝐴𝐵 − 𝜔 𝐴𝐶
𝜇 𝜎 𝐵

𝐶 + 𝜔 𝐵𝐶
𝜇 𝜎 𝐴

𝐶 , (3.20b)

which shows that 𝑒 𝐴
𝜇 and 𝜔 𝐴𝐵

𝜇 are the vielbein and spin connection respectively.

The transformationΛ(𝑥) as defined in (3.18) is a local transformation that exhibits local

spacetime translations that we would, however, like to replace with diffeomorphisms.

In order to do that, we can denote a new set of local transformations by �̄� where we

replace the parameter relating to local spacetime translations 𝜁𝐴 with a spacetime vector

𝜉𝜇 defined in the following way:

𝜁𝐴 = 𝜉𝜇𝑒 𝐴
𝜇 . (3.21)

Then we define

Σ =
1

2

𝐽𝐴𝐵

(
𝜎𝐴𝐵 − 𝜉𝜇𝜔 𝐴𝐵

𝜇

)
=

1

2

𝐽𝐴𝐵𝜆
𝐴𝐵

, (3.22)

which results in us being able to write:

Λ = 𝜉𝜇𝐴𝜇 +Σ (3.23)

= 𝜉𝜇
(
𝑃𝐴𝑒

𝐴
𝜇 + 1

2

𝐽𝐴𝐵 𝜔
𝐴𝐵

𝜇

)
+Σ

= 𝑃𝐴𝜁
𝐴 +�������1

2

𝐽𝐴𝐵 𝜉
𝜇𝜔 𝐴𝐵

𝜇 + 1

2

𝐽𝐴𝐵𝜎
𝐴𝐵 −�������1

2

𝜉𝜇𝐽𝐴𝐵𝜔
𝐴𝐵

𝜇 ,

where the last line recovers the original definition of Λ(𝑥) in (3.18). Inserting this new

definition of Λ(𝑥) into (3.16), we have:

𝛿𝐴𝜇 =
[
𝐴𝜇,Λ

]
+ 𝜕𝜇Λ

=
[
𝐴𝜇, 𝜉𝜈𝐴𝜈 +Σ

]
+ 𝜕𝜇(𝜉𝜈𝐴𝜈 +Σ)

= 𝜉𝜈
[
𝐴𝜇,𝐴𝜈

]
+

[
𝐴𝜇,Σ

]
+𝐴𝜈𝜕𝜇𝜉

𝜈 + 𝜉𝜈𝜕𝜇𝐴𝜈 + 𝜕𝜇Σ. (3.24)

The general field strength tensor is defined as

𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇 +
[
𝐴𝜇,𝐴𝜈

]
, (3.25)
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and looking at the last line, we notice that we have two out of three terms of the field

strength tensor contracted with 𝜉𝜈
. The transformation can thus be written as:

𝛿𝐴𝜇 =
[
𝐴𝜇,Σ

]
+𝐴𝜈𝜕𝜇𝜉

𝜈 + 𝜕𝜇Σ+ 𝜉𝜈𝐹𝜇𝜈 + 𝜉𝜈𝜕𝜈𝐴𝜇

=
[
𝐴𝜇,Σ

]
+ 𝜕𝜇Σ+ 𝜉𝜈𝐹𝜇𝜈 + £𝜉𝐴𝜇, (3.26)

where in the last line, two of the terms have been gathered into a Lie derivative of a

one-form. From this, the new local transformation is defined as

�̄�𝐴𝜇 = 𝛿𝐴𝜇 − 𝜉𝜈𝐹𝜇𝜈 (3.27a)

= £𝜉𝐴𝜇 + 𝜕𝜇Σ+
[
𝐴𝜇,Σ

]
, (3.27b)

where the Lie derivative of 𝐴𝜇 with respect to 𝜉𝜇 shows clearly that 𝐴𝜇 transforms

under diffeomorphisms. In other words, we have gone from having a local infinitesimal

transformation (3.16) using Λ(𝑥) that consists of translations and rotations, as per (3.18),

to having a local infinitesimal transformation (3.27b) using Σ which only consists of

Lorentz transformations, as can be seen in (3.22), as well as the diffeomorphism £𝜉𝐴𝜇.

We have turned the translational symmetry into a coordinate transformation.

Repeating the steps done to arrive at (3.19) but this time for �̄�𝐴𝜇 using (3.22) and

(3.13), we have

�̄�𝐴𝜇 = 𝑃𝐴 �̄�𝑒
𝐴

𝜇 + 1

2

𝐽𝐴𝐵 �̄�𝜔
𝐴𝐵

𝜇 (3.28)

= £𝜉𝐴𝜇 + 𝜕𝜇Σ+
[
𝐴𝜇,Σ

]
= £𝜉

(
𝑃𝐴𝑒

𝐴
𝜇 + 1

2

𝐽𝐴𝐵 𝜔
𝐴𝐵

𝜇

)
+ 𝜕𝜇

(
1

2

𝐽𝐴𝐵𝜆
𝐴𝐵

)
+

[
𝑃𝐴𝑒

𝐴
𝜇 + 1

2

𝐽𝐴𝐵 𝜔
𝐴𝐵

𝜇 ,

1

2

𝐽𝐶𝐷𝜆
𝐶𝐷

]
= 𝑃𝐴£𝜉𝑒 𝐴

𝜇 + 1

2

𝐽𝐴𝐵£𝜉𝜔 𝐴𝐵
𝜇 + 1

2

𝐽𝐴𝐵 𝜕𝜇𝜆
𝐴𝐵 + 1

2

𝜆𝐶𝐷
(
𝑒 𝐴
𝜇 [𝑃𝐴, 𝐽𝐶𝐷] +

1

2

𝜔 𝐴𝐵
𝜇 [𝐽𝐴𝐵, 𝐽𝐶𝐷]

)
= 𝑃𝐴£𝜉𝑒 𝐴

𝜇 + 1

2

𝐽𝐴𝐵£𝜉𝜔 𝐴𝐵
𝜇 + 1

2

𝐽𝐴𝐵 𝜕𝜇𝜆
𝐴𝐵 +𝜆𝐴𝐵𝑒

𝐵
𝜇 𝑃𝐴 +𝜆 𝐵

𝐶 𝜔 𝐶𝐴
𝜇 𝐽𝐴𝐵

= 𝑃𝐴

(
£𝜉𝑒 𝐴

𝜇 +𝜆𝐴𝐵𝑒
𝐵

𝜇

)
+ 1

2

𝐽𝐴𝐵

(
£𝜉𝜔 𝐴𝐵

𝜇 + 𝜕𝜇𝜆
𝐴𝐵 + 2𝜆 [𝐵

𝐶
𝜔 |𝐶 |𝐴]
𝜇

)
, (3.29)

where the last term in the last step becomes antisymmetrised since 𝐽𝐴𝐵 is antisymmetric.

This allows us to identify:

�̄�𝑒 𝐴
𝜇 = £𝜉𝑒 𝐴

𝜇 +𝜆𝐴𝐵𝑒
𝐵

𝜇 , (3.30a)

�̄�𝜔 𝐴𝐵
𝜇 = £𝜉𝜔 𝐴𝐵

𝜇 + 𝜕𝜇𝜆
𝐴𝐵 + 2𝜆 [𝐵

𝐶
𝜔 |𝐶 |𝐴]
𝜇 , (3.30b)

i.e. 𝑒 𝐴
𝜇 as the vielbein and 𝜔 𝐴𝐵

𝜇 the spin connection, both transforming under �̄� with

the infinitesimal local Lorentz transformation Λ𝐴𝐵
. Taking the covariant derivative, as

defined in (2.23), of the vielbein

𝒟𝜇𝑒
𝐴

𝜈 = 𝜕𝜇𝑒
𝐴

𝜈 − Γ
𝜌
𝜇𝜈𝑒

𝐴
𝜌 − 𝜔 𝐴

𝜇 𝐵𝑒
𝐵

𝜈 , (3.31)

(here we ignore the overbar on the connection that was used in Section 2) we know that

it should transform in the same way as the vielbein in (3.30a). Comparing that with

doing the �̄� transformation directly:

�̄�
(
𝒟𝜇𝑒

𝐴
𝜈

)
= 𝜕𝜇

(
�̄�𝑒 𝐴

𝜈

)
− �̄�

(
Γ
𝜌
𝜇𝜈𝑒

𝐴
𝜌

)
− �̄�

(
𝜔 𝐴
𝜇 𝐵𝑒

𝐵
𝜈

)
(3.32a)
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= £𝜉
(
𝒟𝜇𝑒

𝐴
𝜈

)
+𝜆𝐴𝐵

(
𝒟𝜇𝑒

𝐵
𝜈

)
, (3.32b)

we expand all terms in both lines and find a constraint for them to be equal.

Starting with one term at a time in the first line (3.32a):

𝑖) 𝜕𝜇
(
�̄�𝑒 𝐴

𝜈

)
= 𝜕𝜇

(
𝜉𝜎𝜕𝜎𝑒

𝐴
𝜈 + 𝑒 𝐴

𝜎 𝜕𝜈 𝜉
𝜎 +𝜆𝐴𝐵 𝑒

𝐵
𝜈

)
= 𝜕𝜇𝜉

𝜎𝜕𝜎𝑒
𝐴

𝜈 + 𝜉𝜎𝜕𝜇𝜕𝜎𝑒
𝐴

𝜈 + 𝜕𝜇𝑒
𝐴

𝜎 𝜕𝜈 𝜉
𝜎

+ 𝑒 𝐴
𝜎 𝜕𝜇𝜕𝜈 𝜉

𝜎 + 𝑒 𝐵
𝜈 𝜕𝜇𝜆

𝐴
𝐵 +𝜆𝐴𝐵𝜕𝜇𝑒

𝐵
𝜈 , (3.33a)

𝑖𝑖) − �̄�
(
Γ
𝜌
𝜇𝜈𝑒

𝐴
𝜌

)
= −𝑒 𝐴

𝜌 �̄�Γ
𝜌
𝜇𝜈 − Γ

𝜌
𝜇𝜈 �̄�𝑒

𝐴
𝜌

= −𝑒 𝐴
𝜌 �̄�Γ

𝜌
𝜇𝜈 − Γ

𝜌
𝜇𝜈

(
𝜉𝜎𝜕𝜎𝑒

𝐴
𝜌 + 𝑒 𝐴

𝜎 𝜕𝜌 𝜉
𝜎 +𝜆𝐴𝐵 𝑒

𝐵
𝜌

)
, (3.33b)

𝑖𝑖𝑖) − �̄�
(
𝜔 𝐴
𝜇 𝐵𝑒

𝐵
𝜈

)
= −𝜔 𝐴

𝜇 𝐵 �̄�𝑒
𝐵

𝜈 − 𝑒𝜈𝐵 �̄�𝜔
𝐴𝐵

𝜇

= −𝜔 𝐴
𝜇 𝐵

(
𝜉𝜎𝜕𝜎𝑒

𝐵
𝜈 + 𝑒 𝐵

𝜎 𝜕𝜈 𝜉
𝜎 +𝜆𝐵𝐶 𝑒

𝐶
𝜈

)
− 𝑒𝜈𝐵

(
𝜉𝜎𝜕𝜎𝜔

𝐴𝐵
𝜇 + 𝜔 𝐴𝐵

𝜎 𝜕𝜇𝜉
𝜎 + 𝜕𝜇𝜆

𝐴𝐵 +𝜆 𝐵
𝐶 𝜔 𝐶𝐴

𝜇 −𝜆 𝐴
𝐶 𝜔 𝐶𝐵

𝜇

)
,

(3.33c)

and then expanding the two terms in the second line (3.32b):

𝑖𝑣) £𝜉
(
𝒟𝜇𝑒

𝐴
𝜈

)
= £𝜉

(
𝜕𝜇𝑒

𝐴
𝜈 − Γ

𝜌
𝜇𝜈𝑒

𝐴
𝜌 − 𝜔 𝐴

𝜇 𝐵𝑒
𝐵

𝜈

)
= 𝜉𝜎𝜕𝜎𝜕𝜇𝑒

𝐴
𝜈 + 𝜕𝜎𝑒

𝐴
𝜈 𝜕𝜇𝜉

𝜎 + 𝜕𝜇𝑒
𝐴

𝜎 𝜕𝜈𝜉
𝜎 − 𝜉𝜎𝜕𝜎

(
Γ
𝜌
𝜇𝜈𝑒

𝐴
𝜌

)
− Γ

𝜌
𝜎𝜈𝑒

𝐴
𝜌 𝜕𝜇𝜉

𝜎

− Γ
𝜌
𝜇𝜎𝑒

𝐴
𝜌 𝜕𝜈𝜉

𝜎 − 𝜉𝜎𝜕𝜎
(
𝜔 𝐴
𝜇 𝐵𝑒

𝐵
𝜈

)
− 𝜔 𝐴

𝜎 𝐵𝑒
𝐵

𝜈 𝜕𝜇𝜉
𝜎 − 𝜔 𝐴

𝜇 𝐵𝑒
𝐵

𝜎 𝜕𝜈𝜉
𝜎
,

(3.33d)

𝑣) 𝜆𝐴𝐵
(
𝒟𝜇𝑒

𝐵
𝜈

)
= 𝜆𝐴𝐵

(
𝜕𝜇𝑒

𝐵
𝜈 − Γ

𝜌
𝜇𝜈𝑒

𝐵
𝜌 − 𝜔 𝐵

𝜇 𝐶 𝑒
𝐶

𝜈

)
. (3.33e)

Setting the two lines equal and canceling common terms, we are left with

𝑒 𝐴
𝜌

(
𝜕𝜇𝜕𝜈 𝜉

𝜌 − �̄�Γ
𝜌
𝜇𝜈 − Γ𝜎𝜇𝜈𝜕𝜎 𝜉

𝜌
)
−
�������
𝜔 𝐴
𝜇 𝐵𝜆

𝐵
𝐶 𝑒

𝐶
𝜈 + 𝑒 𝐶

𝜈

(
−�����𝜆𝐵𝐶𝜔

𝐴
𝜇 𝐵 +�����𝜆𝐴𝐵𝜔

𝐵
𝜇 𝐶

)
= 𝑒 𝐴

𝜌

(
−𝜉𝜎𝜕𝜎Γ

𝜌
𝜇𝜈 − Γ

𝜌
𝜎𝜈𝜕𝜇𝜉

𝜎 − Γ
𝜌
𝜇𝜎𝜕𝜈𝜉

𝜎
)
−
�������
𝜆𝐴𝐵𝜔

𝐵
𝜇 𝐶 𝑒

𝐶
𝜈 , (3.34)

which can be rearranged into the �̄� transformation of the affine connection:

�̄�Γ
𝜌
𝜇𝜈 = 𝜕𝜇𝜕𝜈 𝜉

𝜌 − Γ𝜎𝜇𝜈𝜕𝜎 𝜉
𝜌 + 𝜉𝜎𝜕𝜎Γ

𝜌
𝜇𝜈 + Γ

𝜌
𝜎𝜈𝜕𝜇𝜉

𝜎 + Γ
𝜌
𝜇𝜎𝜕𝜈𝜉

𝜎
, (3.35a)

= 𝜕𝜇𝜕𝜈 𝜉
𝜌 + £𝜉Γ

𝜌
𝜇𝜈. (3.35b)

It is evident that the affine connection transforms via a diffeomorphism under the �̄�
transformation.

Poincaré curvature

Since 𝐴𝜇 is expressed in terms of the Poincaré generators 𝑃𝐴 and 𝐽𝐴𝐵, we should also

be able to express the curvature 𝐹𝜇𝜈 in terms of those as well, contracted with some

16



3. Carroll symmetry and geometry

curvature tensors:

𝐹𝜇𝜈 = 𝑃𝐴𝑅
𝐴

𝜇𝜈 (𝑃) + 1

2

𝐽𝐴𝐵𝑅
𝐴𝐵

𝜇𝜈 (𝐽). (3.36)

These curvature terms, 𝑅 𝐴
𝜇𝜈 and 𝑅 𝐴𝐵

𝜇𝜈 , are then specified by inserting (3.13) into the

definition of the field strength tensor and using the Poincaré algebra as defined in (3.3):

𝐹𝜇𝜈 = 2 𝜕[𝜇𝐴𝜈] +
[
𝐴𝜇,𝐴𝜈

]
= 2 𝜕[𝜇

(
𝑃𝐴𝑒

𝐴
𝜈] + 1

2

𝐽𝐴𝐵 𝜔
𝐴𝐵

𝜈]

)
+

[
𝑃𝐴𝑒

𝐴
𝜇 + 1

2

𝐽𝐵𝐶 𝜔 𝐵𝐶
𝜇 , 𝑃𝐷𝑒

𝐷
𝜈 + 1

2

𝐽𝐸𝐹 𝜔
𝐸𝐹

𝜈

]
= 2𝑃𝐴𝜕[𝜇𝑒

𝐴
𝜈] + 𝐽𝐴𝐵 𝜕[𝜇𝜔 𝐴𝐵

𝜈] + 𝑒 𝐴
𝜇 𝑒 𝐷

𝜈 [𝑃𝐴,𝑃𝐷]︸   ︷︷   ︸
=0

+1

2

𝑒 𝐴
𝜇 𝜔 𝐸𝐹

𝜈 [𝑃𝐴, 𝐽𝐸𝐹]

+ 1

2

𝜔 𝐵𝐶
𝜇 𝑒 𝐷

𝜈 [𝐽𝐵𝐶 ,𝑃𝐷] +
1

4

𝜔 𝐵𝐶
𝜇 𝜔 𝐸𝐹

𝜈 [𝐽𝐵𝐶 , 𝐽𝐸𝐹]

= 2𝑃𝐴𝜕[𝜇𝑒
𝐴

𝜈] + 𝐽𝐴𝐵 𝜕[𝜇𝜔 𝐴𝐵
𝜈] − 𝑒 𝐴

𝜇 𝜔 𝐸𝐹
𝜈 𝜂𝐴[𝐸𝑃𝐹]

+ 𝜔 𝐵𝐶
𝜇 𝑒 𝐷

𝜈 𝜂𝐷[𝐵𝑃𝐶] + 𝜔 𝐵𝐶
𝜇 𝜔 𝐸𝐹

𝜈 𝜂[𝐸[𝐵𝐽𝐶]𝐹]

= 2𝑃𝐴𝜕[𝜇𝑒
𝐴

𝜈] + 𝐽𝐴𝐵 𝜕[𝜇𝜔 𝐴𝐵
𝜈] + 𝑒𝜇𝐵 𝜔 𝐴𝐵

𝜈 𝑃𝐴 − 𝜔 𝐴𝐵
𝜇 𝑒𝜈𝐵𝑃𝐴

+ 1

2

(
𝜔 𝐶𝐴

𝜈 𝜔 𝐵
𝜇 𝐶 𝐽𝐴𝐵 − 𝜔 𝐶𝐴

𝜇 𝜔 𝐵
𝜈 𝐶 𝐽𝐴𝐵

)
= 2𝑃𝐴

(
𝜕[𝜇𝑒

𝐴
𝜈] − 𝜔 𝐴𝐵

[𝜇 𝑒𝜈]𝐵

)
+ 𝐽𝐴𝐵

(
𝜕[𝜇𝜔

𝐴𝐵
𝜈] − 𝜔 𝐶𝐴

[𝜇 𝜔 𝐵
𝜈] 𝐶

)
. (3.37)

Comparing with (3.36) we identify:

𝑅 𝐴
𝜇𝜈 (𝑃) = 2 𝜕[𝜇𝑒

𝐴
𝜈] − 2 𝜔 𝐴𝐵

[𝜇 𝑒𝜈]𝐵 , (3.38a)

𝑅 𝐴𝐵
𝜇𝜈 (𝐽) = 2 𝜕[𝜇𝜔

𝐴𝐵
𝜈] − 2 𝜔 𝐶𝐴

[𝜇 𝜔 𝐵
𝜈] 𝐶

. (3.38b)

Returning to the vielbein postulate (2.27) and rearranging:

Γ𝛼𝜇𝜈𝑒
𝐴

𝛼 = 𝜕𝜇𝑒
𝐴

𝜈 − 𝜔 𝐴
𝜇 𝐵𝑒

𝐵
𝜈 , (3.39)

as well as contracting it with the inverse vielbein 𝑒
𝜌
𝐴

:

Γ𝛼𝜇𝜈𝑒
𝐴

𝛼 𝑒
𝜌
𝐴
= 𝑒

𝜌
𝐴

(
𝜕𝜇𝑒

𝐴
𝜈 − 𝜔 𝐴

𝜇 𝐵𝑒
𝐵

𝜈

)
⇒ Γ

𝜌
𝜇𝜈 = 𝑒

𝜌
𝐴
𝜕𝜇𝑒

𝐴
𝜈 − 𝑒𝜌

𝐴
𝜔 𝐴
𝜇 𝐵𝑒

𝐵
𝜈 , (3.40)

we have the affine connection in terms of vielbeine and the spin connection. Now taking

the antisymmetric part of the vielbein postulate

𝜕[𝜇𝑒
𝐴

𝜈] − Γ
𝜌
[𝜇𝜈]𝑒

𝐴
𝜌 − 𝜔 𝐴

[𝜇 𝐵
𝑒 𝐵
𝜈] = 0, (3.41)

and comparing to 𝑅 𝐴
𝜇𝜈 (𝑃), (3.38a), we find the following relationship:

𝑅 𝐴
𝜇𝜈 (𝑃) = 2 𝜕[𝜇𝑒

𝐴
𝜈] − 2 𝜔 𝐴𝐵

[𝜇 𝑒𝜈]𝐵 = 2Γ
𝜌
[𝜇𝜈]𝑒

𝐴
𝜌 . (3.42)

Thus, 𝑅 𝐴
𝜇𝜈 (𝑃) has been identified as the torsion tensor.
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3. Carroll symmetry and geometry

The Riemann curvature tensor, as defined in (2.4), has the following relation to the

commutator of the covariant derivative:

𝑅
𝜌

𝜇𝜈𝜎 𝑉𝜌 =
[
∇𝜇,∇𝜈

]
𝑉𝜌 + 2Γ

𝜌
[𝜇𝜈]∇𝜌𝑉𝜎. (3.43)

First, showing that

𝜕𝜇
(
𝑒
𝜌
𝐴
𝑒 𝐴
𝜎

)
= 𝑒 𝐴

𝜎 𝜕𝜇𝑒
𝜌
𝐴
+ 𝑒𝜌

𝐴
𝜕𝜇𝑒

𝐴
𝜎

= 𝜕𝜇𝛿
𝜌
𝜎 = 0

⇒ 𝑒 𝐴
𝜎 𝜕𝜇𝑒

𝜌
𝐴
= −𝑒𝜌

𝐴
𝜕𝜇𝑒

𝐴
𝜎 , (3.44)

which will be used in the following calculations. We then insert the relation found from

the vielbein postulate (3.40) and find:

𝑅
𝜌

𝜇𝜈𝜎 = −2 𝜕[𝜇
(
𝑒
𝜌
𝐴
𝜕𝜈]𝑒

𝐴
𝜎 − 𝑒𝜌

𝐴
𝜔 𝐴

𝜈] 𝐵
𝑒 𝐵
𝜎

)
− 2

(
𝑒
𝜌
𝐴
𝜕[𝜇𝑒

𝐴
𝜆 − 𝑒𝜌

𝐴
𝜔 𝐴
[𝜇 𝐵

𝑒 𝐵
𝜆

) (
𝑒𝜆𝐶𝜕𝜈]𝑒

𝐶
𝜎 − 𝑒𝜆𝐶𝜔

𝐶
𝜈] 𝐷

𝑒 𝐷
𝜎

)
= −2

[
𝜕[𝜇𝑒

𝜌
𝐴
𝜕𝜈]𝑒

𝐴
𝜎 − 𝑒 𝐵

𝜎 𝜕[𝜇𝑒
𝜌
𝐴
𝜔 𝐴

𝜈] 𝐵
− 𝑒 𝐵

𝜎 𝑒
𝜌
𝐴
𝜕[𝜇𝜔

𝐴
𝜈] 𝐵

− 𝑒𝜌
𝐴
𝜕[𝜇𝑒

𝐵
|𝜎 | 𝜔 𝐴

𝜈] 𝐵

+ 𝑒𝜌
𝐴
𝜕[𝜇𝑒

𝐴
|𝜆| 𝑒

𝜆
𝐶𝜕𝜈]𝑒

𝐶
𝜎 − 𝑒𝜌

𝐴
𝜕[𝜇𝑒

𝐴
|𝜆| 𝑒

𝜆
𝐶𝜔

𝐶
𝜈] 𝐷

𝑒 𝐷
𝜎

− 𝑒𝜌
𝐴
𝜔 𝐴
[𝜇 𝐵

𝑒 𝐵
|𝜆| 𝑒

𝜆
𝐶𝜕𝜈]𝑒

𝐶
𝜎 + 𝑒𝜌

𝐴
𝜔 𝐴
[𝜇 𝐵

𝑒 𝐵
|𝜆| 𝑒

𝜆
𝐶𝜔

𝐶
𝜈] 𝐷

𝑒 𝐷
𝜎

]
= −2

[
𝜕[𝜇𝑒

𝜌
𝐴
𝜕𝜈]𝑒

𝐴
𝜎 − 𝑒 𝐵

𝜎 𝜕[𝜇𝑒
𝜌
𝐴
𝜔 𝐴

𝜈] 𝐵
− 𝑒 𝐵

𝜎 𝑒
𝜌
𝐴
𝜕[𝜇𝜔

𝐴
𝜈] 𝐵

− 𝑒𝜌
𝐴
𝜕[𝜇𝑒

𝐵
|𝜎 | 𝜔 𝐴

𝜈] 𝐵

− 𝑒 𝐴
𝜆 𝑒𝜆𝐶︸  ︷︷  ︸
=𝛿𝐴

𝐶

𝜕[𝜇𝑒
𝜌
𝐴
𝜕𝜈]𝑒

𝐶
𝜎 + 𝑒𝜆𝐶 𝑒

𝐴
𝜆︸  ︷︷  ︸

=𝛿𝐴
𝐶

𝜕[𝜇𝑒
𝜌
𝐴
𝜔 𝐶

𝜈] 𝐷
𝑒 𝐷
𝜎

− 𝑒 𝐵
𝜆 𝑒𝜆𝐶︸ ︷︷ ︸
𝛿𝐵
𝐶

𝑒
𝜌
𝐴
𝜔 𝐴
[𝜇 𝐵

𝜕𝜈]𝑒
𝐶

𝜎 + 𝑒 𝐵
𝜆 𝑒𝜆𝐶︸ ︷︷ ︸
𝛿𝐵
𝐶

𝑒
𝜌
𝐴
𝑒 𝐷
𝜎 𝜔 𝐴

[𝜇 𝐵
𝜔 𝐶

𝜈] 𝐷

]
= −𝑒𝜌

𝐵
𝑒𝜎𝐴

(
2 𝜕[𝜇𝜔

𝐴𝐵
𝜈] − 2 𝜔 𝐶𝐴

[𝜇 𝜔 𝐵
𝜈] 𝐶

)
, (3.45)

where we have used the identity (3.44). Now in comparison with (3.38b) this gives:

𝑅
𝜌

𝜇𝜈𝜎 = −𝑒𝜌
𝐵
𝑒𝜎𝐴𝑅

𝐴𝐵
𝜇𝜈 (𝐽). (3.46)

Thus we have shown that the curvature tensor 𝑅
𝜌
𝜎𝜇𝜈 from (3.36) is the Riemann curva-

ture two-form and we have therefore constructed the building blocks of GR via gauging

the Poincaré algebra.

3.3.2. Gauging the Carroll algebra

The process of gauging the Carroll algebra is conceptually the same as for gauging the

Poincaré algebra, albeit with some modifications. The goal is to derive from the Carroll

algebra the data of the theory and then further Carrollian geometry. Here we will

follow a similar route as in [18]. We start by defining the gauge field 𝐴𝜇 in terms of the
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3. Carroll symmetry and geometry

generators of the Carroll algebra contracted with the associated gauge field components

in the following way:

𝐴𝜇 = 𝐻𝜏𝜇 + 𝑃𝑎𝑒 𝑎
𝜇 + 𝐶𝑎𝜔 𝑎

𝜇 + 1

2

𝐽𝑎𝑏𝜔
𝑎𝑏

𝜇 , (3.47)

with the transformation matrix defined as:

Λ = 𝜉𝜇𝐴𝜇 +Σ, Σ = 𝐶𝑎𝜆
𝑎 + 1

2

𝐽𝑎𝑏𝜆
𝑎𝑏

. (3.48)

We have here introduced a split of the Σ from before into a spatial and temporal part.

Likewise, in (3.47), we have split up the vielbein from the previous section, 𝑒 𝐴
𝜇 , into a

temporal part 𝜏𝜇 and a spatial part 𝑒 𝑎
𝜇

𝑒 𝐴
𝜇 = (𝜏𝜇, 𝑒 𝑎

𝜇 ). (3.49)

Then, we introduce another frame 𝑒
𝜇
𝐴
= (𝑣𝜇, 𝑒

𝜇
𝑎 ) consisting of the inverses of the two

vielbeine with the following properties:

𝑣𝜇𝜏𝜇 = −1, 𝑣𝜇𝑒 𝑎
𝜇 = 0, 𝜏𝜇𝑒

𝜇
𝑎 = 0, 𝑒 𝑎

𝜇 𝑒
𝜇
𝑏
= 𝛿𝑎

𝑏
. (3.50)

The contraction 𝑒 𝑎
𝜇 𝑒𝜈𝑎 can be found via:

𝑒
𝜇
𝐴
𝑒 𝐴
𝜈 = −𝑣𝜇𝜏𝜈 + 𝑒𝜇𝑎 𝑒 𝑎

𝜈

⇒ 𝑒
𝜇
𝑎 𝑒

𝑎
𝜈 = 𝛿

𝜇
𝜈 + 𝑣𝜇𝜏𝜈. (3.51)

The transformation of the field will again be as in (3.16)

𝛿𝐴𝜇 = 𝜕𝜇Λ+
[
𝐴𝜇,Λ

]
, (3.52)

which is then modified to

�̄�𝐴𝜇 = £𝜉𝐴𝜇 + 𝜕𝜇Σ+
[
𝐴𝜇,Σ

]
, (3.53)

identical to (3.27b). Using the given ingredients we now write the previous equation

explicitly:

�̄�𝐴𝜇 = 𝐻 �̄�𝜏𝜇 + 𝑃𝑎 �̄�𝑒 𝑎
𝜇 + 𝐶𝑎 �̄�𝜔 𝑎

𝜇 + 1

2

𝐽𝑎𝑏 �̄�𝜔
𝑎𝑏

𝜇 (3.54)

= 𝐻£𝜉𝜏𝜇 + 𝑃𝑎£𝜉𝑒 𝑎
𝜇 + 𝐶𝑎£𝜉𝜔 𝑎

𝜇 + 1

2

𝐽𝑎𝑏£𝜉𝜔 𝑎𝑏
𝜇 + 𝐶𝑎𝜕𝜇𝜆𝑎 +

1

2

𝐽𝑎𝑏𝜕𝜇𝜆
𝑎𝑏

+
[
𝐻𝜏𝜇︸︷︷︸
=0

+𝑃𝑎𝑒 𝑎
𝜇 + 𝐶𝑎𝜔 𝑎

𝜇 + 1

2

𝐽𝑎𝑏𝜔
𝑎𝑏

𝜇 , 𝐶𝑐𝜆
𝑐 + 1

2

𝐽𝑐𝑑𝜆
𝑐𝑑

]
= 𝐻£𝜉𝜏𝜇 + 𝑃𝑎£𝜉𝑒 𝑎

𝜇 + 𝐶𝑎
(
£𝜉𝜔 𝑎

𝜇 + 𝜕𝜇𝜆
𝑎
)
+ 1

2

𝐽𝑎𝑏

(
£𝜉𝜔 𝑎𝑏

𝜇 + 𝜕𝜇𝜆
𝑎𝑏

)
+ 𝑒 𝑎

𝜇 𝜆𝑐 [𝑃𝑎 ,𝐶𝑐]︸  ︷︷  ︸
=𝛿𝑎𝑐𝐻

+1

2

𝑒 𝑎
𝜇 𝜆𝑐𝑑 [𝑃𝑎 , 𝐽𝑐𝑑]︸  ︷︷  ︸

=−2𝛿𝑎[𝑐𝑃𝑑]

+1

2

𝜔 𝑎
𝜇 𝜆𝑐𝑑 [𝐶𝑎 , 𝐽𝑐𝑑]︸   ︷︷   ︸

=−2𝛿𝑎[𝑐𝐶𝑑]

+ 1

2

𝜔 𝑎𝑏
𝜇 𝜆𝑐 [𝐽𝑎𝑏 ,𝐶𝑐]︸   ︷︷   ︸

=2𝛿𝑐[𝑎𝐶𝑏]

+1

4

𝜔 𝑎𝑏
𝜇 𝜆𝑐𝑑 [𝐽𝑎𝑏 , 𝐽𝑐𝑑]︸   ︷︷   ︸

=4𝛿[𝑐[𝑎 𝐽𝑏]𝑑]
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3. Carroll symmetry and geometry

= 𝐻
(
£𝜉𝜏𝜇 + 𝑒 𝑎

𝜇 𝜆𝑎
)
+ 𝑃𝑎£𝜉𝑒 𝑎

𝜇 + 𝐶𝑎
(
£𝜉𝜔 𝑎

𝜇 + 𝜕𝜇𝜆
𝑎
)
+ 1

2

𝐽𝑎𝑏

(
£𝜉𝜔 𝑎𝑏

𝜇 + 𝜕𝜇𝜆
𝑎𝑏

)
+ 𝑒 𝑎

𝜇 𝜆𝑑𝑎𝑃𝑑 + 𝜔 𝑎
𝜇 𝜆𝑑𝑎𝐶𝑑 + 𝜔 𝑎𝑏

𝜇 𝜆𝑎𝐶𝑏 − 𝜔 𝑎𝑏
𝜇 𝜆𝑐𝑎 𝐽𝑏𝑐

= 𝐻
(
£𝜉𝜏𝜇 + 𝑒 𝑎

𝜇 𝜆𝑎
)
+ 𝑃𝑎

(
£𝜉𝑒 𝑎

𝜇 + 𝑒 𝑏
𝜇 𝜆𝑎

𝑏

)
+ 1

2

𝐽𝑎𝑏

(
£𝜉𝜔 𝑎𝑏

𝜇 + 𝜕𝜇𝜆
𝑎𝑏 − 2 𝜔 𝑐[𝑎

𝜇 𝜆𝑏]𝑐
)

+ 𝐶𝑎
(
£𝜉𝜔 𝑎

𝜇 + 𝜕𝜇𝜆
𝑎 + 𝜔 𝑏

𝜇 𝜆𝑎
𝑏
+ 𝜔 𝑏𝑎

𝜇 𝜆𝑏
)
, (3.55)

and see that we get the following transformation rules:

�̄�𝜏𝜇 = £𝜉𝜏𝜇 + 𝑒 𝑎
𝜇 𝜆𝑎 , (3.56a)

�̄�𝑒 𝑎
𝜇 = £𝜉𝑒 𝑎

𝜇 + 𝑒 𝑏
𝜇 𝜆𝑎

𝑏
, (3.56b)

�̄�𝜔 𝑎
𝜇 = £𝜉𝜔 𝑎

𝜇 + 𝜕𝜇𝜆
𝑎 + 𝜔 𝑏

𝜇 𝜆𝑎
𝑏
+ 𝜔 𝑏𝑎

𝜇 𝜆𝑏 , (3.56c)

�̄�𝜔 𝑎𝑏
𝜇 = £𝜉𝜔 𝑎𝑏

𝜇 + 𝜕𝜇𝜆
𝑎𝑏 − 2 𝜔 𝑐[𝑎

𝜇 𝜆𝑏]𝑐 . (3.56d)

Using the inverse relations in (3.50), we then find that the inverses transform as:

�̄�𝑣𝜇 = £𝜉𝑣𝜇, (3.56e)

�̄�𝑒
𝜇
𝑎 = £𝜉𝑒

𝜇
𝑎 + 𝑣𝜇𝜆𝑎 +𝜆 𝑏

𝑎 𝑒
𝜇
𝑏
. (3.56f)

We can repeat the same procedure as in the Poincaré case where one transforms the

covariant derivatives in the same way as the tensors themselves and then compares to

transforming it directly. But note that since the transformations of 𝑒 𝑎
𝜇 and 𝜔 𝑎𝑏

𝜇 are

identical to the expressions found when gauging the Poincaré algebra, see (3.30), we

will therefore find the same transformation of the affine connection as in (3.35a):

�̄�Γ
𝜌
𝜇𝜈 = 𝜕𝜇𝜕𝜈 𝜉

𝜌 + £𝜉Γ
𝜌
𝜇𝜈. (3.57)

Again, since 𝑒 𝑎
𝜇 transforms in the same way as before, the covariant derivative of 𝑒 𝑎

𝜇
will be the same as before (3.31)

𝒟𝜇𝑒
𝑎

𝜈 = 𝜕𝜇𝑒
𝑎

𝜈 − Γ
𝜌
𝜇𝜈𝑒

𝑎
𝜌 − 𝜔 𝑎

𝜇 𝑏
𝑒 𝑏
𝜈 . (3.58)

Writing

𝒟𝜇𝜏𝜈 = 𝜕𝜇𝜏𝜈 − Γ
𝜌
𝜇𝜈𝜏𝜌 − 𝜔𝜇𝑎 𝑒

𝑎
𝜈 , (3.59)

we can show that 𝒟𝜇𝜏𝜈 transforms just like 𝜏𝜇:

�̄�
(
𝒟𝜇𝜏𝜈

)
= 𝜕𝜇 �̄�𝜏𝜈 − 𝜏𝜌 �̄�Γ

𝜌
𝜇𝜈 − Γ

𝜌
𝜇𝜈 �̄�𝜏𝜌 − 𝑒 𝑎

𝜈 �̄�𝜔𝜇𝑎 − 𝜔𝜇𝑎 �̄�𝑒
𝑎

𝜈

= 𝜕𝜇(£𝜉𝜏𝜈 + 𝑒 𝑎
𝜈 𝜆𝑎) − 𝜏𝜌

(
𝜕𝜇𝜕𝜈 𝜉

𝜌 + £𝜉Γ
𝜌
𝜇𝜈

)
− Γ

𝜌
𝜇𝜈

(
£𝜉𝜏𝜌 + 𝑒 𝑎

𝜌 𝜆𝑎
)

− 𝑒 𝑎
𝜈

(
£𝜉𝜔𝜇𝑎 + 𝜕𝜇𝜆𝑎 −

����𝜔𝜇𝑏𝜆
𝑏
𝑎 + 𝜔 𝑏

𝜇 𝑎𝜆𝑏
)
− 𝜔𝜇𝑎

(
£𝜉𝑒 𝑎

𝜈 +��
��𝑒 𝑏

𝜈 𝜆𝑎
𝑏

)
= 𝜕𝜇(£𝜉𝜏𝜈) +����𝑒 𝑎

𝜈 𝜕𝜇𝜆𝑎 − 𝜏𝜌𝜕𝜇𝜕𝜈 𝜉
𝜌 + £𝜉

(
−Γ𝜌𝜇𝜈𝜏𝜌 − 𝜔𝜇𝑎 𝑒

𝑎
𝜈

)
−����𝑒 𝑎

𝜈 𝜕𝜇𝜆𝑎 +𝜆𝑎
(
𝜕𝜇𝑒

𝑎
𝜈 − Γ

𝜌
𝜇𝜈𝑒

𝑎
𝜌 − 𝜔 𝑎

𝜇 𝑏
𝑒 𝑏
𝜈

)
= £𝜉

(
𝒟𝜇𝜏𝜈

)
+𝜆𝑎

(
𝒟𝜇𝑒

𝑎
𝜈

)
,
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3. Carroll symmetry and geometry

which can also be done for 𝑣𝜈 and 𝑒𝜈𝑎 :

𝒟𝜇𝑣
𝜈 = 𝜕𝜇𝑣

𝜈 + Γ𝜈𝜇𝜌𝑣
𝜌
, (3.60a)

𝒟𝜇𝑒
𝜈
𝑎 = 𝜕𝜇𝑒

𝜈
𝑎 + Γ𝜈𝜇𝜌𝑒

𝜌
𝑎 − 𝑣𝜈𝜔𝜇𝑎 − 𝜔 𝑏

𝜇𝑎 𝑒
𝜈
𝑏
. (3.60b)

At this point we have derived the transformation rules and covariant derivatives of

the vielbeine for the Carroll algebra. This is sufficient for the remainder of the thesis and

we instead rely on an expansion around 𝑐 = 0 to derive Carrollian geometry in Section

4. For completeness, however, we will show how one can derive Carrollian geometry

using a gauging procedure.

Carroll curvature

Considering now the curvature 𝐹𝜇𝜈 and expressing it as:

𝐹𝜇𝜈 = 𝐻𝑅𝜇𝜈(𝐻) + 𝑃𝑎𝑅 𝑎
𝜇𝜈 (𝑃) + 𝐶𝑎𝑅 𝑎

𝜇𝜈 (𝐶) + 1

2

𝐽𝑎𝑏𝑅
𝑎𝑏

𝜇𝜈 (𝐽), (3.61)

and comparing with

𝐹𝜇𝜈 = 2 𝜕[𝜇𝐴𝜈] +
[
𝐴𝜇,𝐴𝜈

]
= 2

(
𝐻𝜕[𝜇𝜏𝜈] + 𝑃𝑎𝜕[𝜇𝑒 𝑎

𝜈] + 𝐶𝑎𝜕[𝜇𝜔 𝑎
𝜈] + 1

2

𝐽𝑎𝑏𝜕[𝜇𝜔
𝑎𝑏

𝜈]

)
+

[
𝐻𝜏𝜇︸︷︷︸
=0

+𝑃𝑎𝑒 𝑎
𝜇 + 𝐶𝑎𝜔 𝑎

𝜇 + 1

2

𝐽𝑎𝑏𝜔
𝑎𝑏

𝜇 , 𝐻𝜏𝜈︸︷︷︸
=0

+𝑃𝑐𝑒 𝑐
𝜈 + 𝐶𝑐𝜔 𝑐

𝜈 + 1

2

𝐽𝑐𝑑𝜔
𝑐𝑑

𝜈

]
= 2

(
𝐻𝜕[𝜇𝜏𝜈] + 𝑃𝑎𝜕[𝜇𝑒 𝑎

𝜈] + 𝐶𝑎𝜕[𝜇𝜔 𝑎
𝜈] + 1

2

𝐽𝑎𝑏𝜕[𝜇𝜔
𝑎𝑏

𝜈]

)
+ 𝑒 𝑎

𝜇 𝜔 𝑐
𝜈 𝛿𝑎𝑐𝐻 − 𝑒 𝑎

𝜇 𝜔 𝑐𝑑
𝜈 𝛿𝑎𝑐𝑃𝑑 − 𝜔 𝑎

𝜇 𝑒 𝑐
𝜈 𝛿𝑎𝑐𝐻 − 𝜔 𝑎

𝜇 𝜔 𝑐𝑑
𝜈 𝛿𝑎𝑐𝐶𝑑

+ 𝜔 𝑎𝑏
𝜇 𝑒 𝑐

𝜈 𝛿𝑐𝑎𝑃𝑏 + 𝜔 𝑎𝑏
𝜇 𝜔 𝑐

𝜈 𝛿𝑐𝑎𝐶𝑏 − 𝜔 𝑎𝑏
𝜇 𝜔 𝑐

𝜈 𝑎 𝐽𝑏𝑐

= 𝐻
(
2 𝜕[𝜇𝜏𝜈] + 2 𝑒 𝑎

[𝜇 𝜔𝜈]𝑎

)
+ 𝑃𝑎

(
2 𝜕[𝜇𝑒

𝑎
𝜈] + 2 𝑒 𝑏

[𝜇 𝜔 𝑎
𝜈] 𝑏

)
+ 𝐶𝑎

(
2 𝜕[𝜇𝜔

𝑎
𝜈] + 2 𝜔 𝑏𝑎

[𝜇 𝜔𝜈]𝑏

)
+ 1

2

𝐽𝑎𝑏

(
2 𝜕[𝜇𝜔

𝑎𝑏
𝜈] + 2 𝜔 𝑎𝑐

[𝜇 𝜔 𝑏
𝜈] 𝑐

)
, (3.62)

we have the following:

𝑅𝜇𝜈(𝐻) = 2 𝜕[𝜇𝜏𝜈] + 2 𝑒 𝑎
[𝜇 𝜔𝜈]𝑎 , (3.63a)

𝑅 𝑎
𝜇𝜈 (𝑃) = 2 𝜕[𝜇𝑒

𝑎
𝜈] + 2 𝑒 𝑏

[𝜇 𝜔 𝑎
𝜈] 𝑏 , (3.63b)

𝑅 𝑎
𝜇𝜈 (𝐶) = 2 𝜕[𝜇𝜔

𝑎
𝜈] + 2 𝜔 𝑏𝑎

[𝜇 𝜔𝜈]𝑏 , (3.63c)

𝑅 𝑎𝑏
𝜇𝜈 (𝐽) = 2 𝜕[𝜇𝜔

𝑎𝑏
𝜈] + 2 𝜔 𝑎𝑐

[𝜇 𝜔 𝑏
𝜈] 𝑐 . (3.63d)

The derivatives defined in (3.58) and (3.59) can now be set to zero to derive vielbeine

postulates:

Γ
𝜌
𝜇𝜈𝑒

𝑎
𝜌 = 𝜕𝜇𝑒

𝑎
𝜈 − 𝑒 𝑏

𝜈 𝜔 𝑎
𝜇 𝑏

, (3.64a)

Γ
𝜌
𝜇𝜈𝜏𝜌 = 𝜕𝜇𝜏𝜈 − 𝑒 𝑎

𝜈 𝜔𝜇𝑎 , (3.64b)

21



3. Carroll symmetry and geometry

and contracting the first of these with 𝑒𝜎𝑎 :

𝑒𝜎𝑎Γ
𝜌
𝜇𝜈𝑒

𝑎
𝜌 = 𝑒𝜎𝑎𝜕𝜇𝑒

𝑎
𝜈 − 𝑒𝜎𝑎 𝑒 𝑏

𝜈 𝜔 𝑎
𝜇 𝑏

= Γ
𝜌
𝜇𝜈

(
𝛿𝜎𝜌 + 𝑣𝜎𝜏𝜌

)
= Γ𝜎𝜇𝜈 + 𝑣𝜎Γ

𝜌
𝜇𝜈𝜏𝜌

= Γ𝜎𝜇𝜈 + 𝑣𝜎
(
𝜕𝜇𝜏𝜈 − 𝑒 𝑎

𝜈 𝜔𝜇𝑎

)
⇒ Γ𝜎𝜇𝜈 = 𝑒𝜎𝑎𝜕𝜇𝑒

𝑎
𝜈 − 𝑒𝜎𝑎 𝑒 𝑏

𝜈 𝜔 𝑎
𝜇 𝑏

− 𝑣𝜎𝜕𝜇𝜏𝜈 + 𝑣𝜎𝑒 𝑎
𝜈 𝜔𝜇𝑎 , (3.65)

gives us the affine connection written in terms of the vielbeine. Here we have inserted

(3.64b) into the penultimate line. Antisymmetrising (3.65):

Γ𝜎[𝜇𝜈] = −𝑣𝜎
(
𝜕[𝜇𝜏𝜈] − 𝜔[𝜇𝑎 𝑒

𝑎
𝜈]

)
+ 𝑒𝜎𝑎

(
𝜕[𝜇𝑒

𝑎
𝜈] − 𝜔 𝑎

[𝜇 𝑏
𝑒 𝑏
𝜈]

)
, (3.66)

we see that the two terms in brackets can be identified with 𝑅𝜇𝜈(𝐻) and 𝑅 𝑎
𝜇𝜈 (𝑃):

2Γ
𝜌
[𝜇𝜈] = −𝑣𝜌𝑅𝜇𝜈(𝐻) + 𝑒𝜌𝑎𝑅 𝑎

𝜇𝜈 (𝑃), (3.67)

where we have then found a relationship between two of the curvature terms and the

affine connection.

Now taking the Riemann tensor (2.4) and inserting (3.65):

𝑅
𝜌

𝜇𝜈𝜎 = −2 𝜕[𝜇Γ
𝜌
𝜈]𝜎 − 2Γ

𝜌
[𝜇|𝜆|Γ

𝜆
𝜈]𝜎

= −2 𝜕[𝜇
(
𝑒
𝜌
𝑎 (𝜕𝜈]𝑒 𝑎

𝜎 − 𝑒 𝑏
𝜎 𝜔 𝑎

𝜈] 𝑏) − 𝑣
𝜌(𝜕𝜈]𝜏𝜎 − 𝑒 𝑎

𝜎 𝜔𝜈]𝑎)
)

− 2

(
𝑒
𝜌
𝑎 (𝜕[𝜇𝑒 𝑎

|𝜆| − 𝑒 𝑏
𝜆 𝜔 𝑎

[𝜇 𝑏
) − 𝑣𝜌(𝜕[𝜇𝜏|𝜆| − 𝑒 𝑎

𝜆 𝜔[𝜇𝑎)
)

×
(
𝑒𝜆𝑐 (𝜕𝜈]𝑒 𝑐

𝜎 − 𝑒 𝑑
|𝜎 | 𝜔 𝑐

𝜈] 𝑑) − 𝑣
𝜆(𝜕𝜈]𝜏𝜎 − 𝑒 𝑐

|𝜎 | 𝜔𝜈]𝑐)
)

= −2

[
𝜕[𝜇𝑒

𝜌
𝑎𝜕𝜈]𝑒

𝑎
𝜎 + 𝑒𝜌𝑎𝜕[𝜇𝜕𝜈]𝑒 𝑎

𝜎︸         ︷︷         ︸
=0

−𝑒 𝑏
𝜎 𝜕[𝜇𝑒

𝜌
𝑎𝜔

𝑎
𝜈] 𝑏

− 𝑒𝜌𝑎𝜕[𝜇𝑒 𝑏
𝜎 𝜔 𝑎

𝜈] 𝑏 − 𝑒
𝜌
𝑎 𝑒

𝑏
𝜎 𝜕[𝜇𝜔

𝑎
𝜈] 𝑏 − 𝜕[𝜇𝑣

𝜌𝜕𝜈]𝜏𝜎

− 𝑣𝜌𝜕[𝜇𝜕𝜈]𝜏𝜎︸      ︷︷      ︸
=0

+𝑒 𝑎
𝜎 𝜕[𝜇𝑣

𝜌𝜔𝜈]𝑎 + 𝑣
𝜌𝜕[𝜇𝑒

𝑎
𝜎 𝜔𝜈]𝑎 + 𝑣

𝜌𝑒 𝑎
𝜎 𝜕[𝜇𝜔𝜈]𝑎

]
− 2

[
𝑒
𝜌
𝑎 𝑒

𝜆
𝑏
𝜕[𝜇𝑒

𝑎
|𝜆| 𝜕𝜈]𝑒

𝑏
𝜎 − 𝑒𝜌𝑎 𝑒𝜆𝑐 𝑒 𝑏

𝜎 𝜕[𝜇𝑒
𝑎

|𝜆| 𝜔
𝑐

𝜈] 𝑏 − 𝑒
𝜌
𝑎𝜔

𝑎
[𝜇 𝑏

𝜕𝜈]𝑒
𝑏

𝜎

+ 𝑒𝜌𝑎 𝑒 𝑐
𝜎 𝜔 𝑎

[𝜇 𝑏
𝜔 𝑏

𝜈] 𝑐 − 𝑒
𝜌
𝑎𝑣

𝜆𝜕[𝜇𝑒
𝑎

|𝜆| 𝜕𝜈]𝜏𝜎 + 𝑒
𝜌
𝑎𝑣

𝜆𝑒 𝑏
𝜎 𝜕[𝜇𝑒

𝑎
|𝜆| 𝜔𝜈]𝑏

− 𝑣𝜌𝑒𝜆𝑎𝜕[𝜇𝜏|𝜆|𝜕𝜈]𝑒 𝑎
𝜎 + 𝑣𝜌𝑒𝜆𝑎 𝑒 𝑏

𝜎 𝜕[𝜇𝜏|𝜆|𝜔
𝑎

𝜈] 𝑏 + 𝑣
𝜌𝜔[𝜇𝑎𝜕𝜈]𝑒

𝑎
𝜎

− 𝑣𝜌𝑒 𝑏
𝜎 𝜔[𝜇𝑎𝜔

𝑎
𝜈] 𝑏 + 𝑣

𝜌𝑣𝜆𝜕[𝜇𝜏|𝜆|𝜕𝜈]𝜏𝜎 − 𝑣𝜌𝑣𝜆𝑒 𝑐
𝜎 𝜕[𝜇𝜏|𝜆|𝜔𝜈]𝑐

]
= −2 𝑣𝜌𝑒𝜎𝑎

(
𝜕[𝜇𝜔

𝑎
𝜈] + 𝜔 𝑏𝑎

[𝜇 𝜔𝜈]𝑏

)
− 2 𝑒

𝜌
𝑏
𝑒𝜎𝑎

(
𝜕[𝜇𝜔

𝑎𝑏
𝜈] + 𝜔 𝑎𝑐

[𝜇 𝜔 𝑏
𝜈] 𝑐

)
= −𝑣𝜌𝑒𝜎𝑎𝑅 𝑎

𝜇𝜈 (𝐶) − 𝑒𝜌
𝑏
𝑒𝜎𝑎𝑅

𝑎𝑏
𝜇𝜈 (𝐽), (3.68)
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3. Carroll symmetry and geometry

we find a type of Carrollian curvature. This is a relatively easy way of obtaining

Carrollian geometry and can be used in formulating a dynamical theory, see [21], by

finding the Ricci tensor and scalar and inserting into the Eintein-Hilbert action (2.11).

We will not be using this formulation of Carrollian geometry further in this thesis.

3.4. Carrollian field theory

Having derived the Carroll algebra and geometry along with the Carroll transformations

we are now in a position to explore a Carrollian field theory. For the purpose of this

thesis we explore here the simple example of a real scalar field in order to illustrate the

so called electric and magnetic sectors of the Carroll limit. The names for the sectors

come from considering limits of Maxwell theory, see the seminal work [67] as well as

[76], first for 𝑐 → ∞ and later for 𝑐 → 0 as in [46, 47]. Here, we follow the presentation

in [46].

3.4.1. Scalar field

We start with a Lagrangian for a relativistic scalar field 𝜙

ℒ =
1

2𝑐2

(
𝜕𝑡𝜙

)
2 − 1

2

(
𝜕𝑖𝜙

)
2 −𝑉

(
𝜙
)
, 𝑉

(
𝜙
)
=

1

2

𝑚2𝑐2

ℎ̄2

𝜙2

, (3.69)

where we have assumed the potential to be quadratic, moreover, the scalar field trans-

forms under Lorentz boosts as

𝛿𝜙 = 𝑐𝑡𝛽𝑖𝜕𝑖𝜙 + 1

𝑐
𝛽𝑖𝑥

𝑖𝜕𝑡𝜙. (3.70)

Expanding the field around 𝑐 = 0 where we assume that the expansion is analytic in 𝑐2
,

we get

𝜙 = 𝑐Δ
(
𝜙0 + 𝑐2𝜙1 + 𝑐4𝜙2 + 𝒪

(
𝑐6

))
, (3.71a)

𝛿𝜙 = 𝑐Δ−1

(
𝛽𝑖𝑥

𝑖𝜕𝑡𝜙0 + 𝑐2

(
𝛽𝑖𝑥

𝑖𝜕𝑡𝜙1 + 𝑡𝛽𝑖𝜕𝑖𝜙0

)
+ 𝒪(𝑐4)

)
(3.71b)

= 𝑐Δ−1

(
𝛿𝜙0 + 𝑐2𝛿𝜙1 + 𝒪(𝑐4)

)
.

The factor of 𝑐Δ is there to show that one moves all factors of 𝑐 preceding the leading

order term of the expansion outside the brackets. Now, by expanding (3.70) in the same

way as above, we can generalize the Carroll boosts of the scalar field as:

𝛿𝜙0 = 𝛽𝑖𝑥
𝑖𝜕𝑡𝜙0, 𝛿𝜙𝑛 = 𝛽𝑖𝑥

𝑖𝜕𝑡𝜙𝑛 + 𝑡𝛽𝑖𝜕𝑖𝜙𝑛−1, 𝑛 > 0. (3.72)

The assumption of analyticity in 𝑐2
will later on in the thesis be shown to be inadequate

in certain cases, see Section 5.1, but for this example it is perfectly fine.

We write the Lagrangian for the free theory as

ℒ = 𝑐2Δ 1

𝑐2

[
1

2

(
𝜕𝑡𝜙

)
2 − 𝑐2

2

(
𝜕𝑖𝜙

)
2 − 1

2

𝑚2𝑐4

ℎ̄2

𝜙2

]
= 𝑐2Δ−2

[
1

2

¤𝜙2

0
+ 𝑐2

(
¤𝜙0

¤𝜙1 −
1

2

(
𝜕𝑖𝜙0

)
2

)
+ 𝒪

(
𝑐4

)]
(3.73)
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3. Carroll symmetry and geometry

= 𝑐2Δ−2

[
ℒ0 + 𝑐2ℒ1 + 𝒪

(
𝑐4

)]
, (3.74)

where we have:

ℒ0 =
1

2

¤𝜙2

0
, ℒ1 = ¤𝜙0

¤𝜙1 −
1

2

(
𝜕𝑖𝜙0

)
2

. (3.75)

We now want to check whether the Lagrangians are Carroll invariant. The rotational

and translational invariance is almost trivial since there are, of course, no free indices in

the Lagrangian. For checking the boost invariance we use the Carroll boosts (3.6) and

the transformation rules for the derivatives (3.7) defined before along with the fact that

the scalar field transforms as 𝜙′(𝑥′) = 𝜙(𝑥):

ℒ0 → ℒ′
0
=

1

2

(
𝜕𝑡′𝜙

′
0

)
2

=
1

2

(
𝜕𝑡𝜙0

)
2

= ℒ0 (3.76a)

ℒ1 → ℒ′
1
= 𝜕𝑡′𝜙

′
0
𝜕𝑡′𝜙

′
1
− 1

2

(
𝜕𝑖′𝜙

′
0

)
2

= 𝜕𝑡𝜙0𝜕𝑡𝜙1 −
1

2

(
(𝜕𝑖 + 𝑏𝑖𝜕𝑡)𝜙0

)
2

= 𝜕𝑡𝜙0𝜕𝑡𝜙1 −
1

2

(
𝜕𝑖𝜙0

)
2 − 𝑏 𝑖𝜕𝑖𝜙0𝜕𝑡𝜙0 −

1

2

𝑏2
(
𝜕𝑡𝜙0

)
2

= ℒ1 − ¤𝜙0𝑏
𝑖𝜕𝑖𝜙0 −

1

2

𝑏2 ¤𝜙2

0
. (3.76b)

From this it is clear that the leading-order Lagrangian ℒ0 is Carroll invariant while

ℒ1 is not, due to the extra terms that can not be written on the form of a total derivative.

However, when setting
¤𝜙0 = 0 via a Lagrange multiplier, essentially setting ℒ0 = 0, ℒ1

becomes Carroll invariant as well. What this effectively does is to kill the LO Lagrangian

while truncating the NLO Lagrangian so that it becomes the new leading order term.

Moreover, if one instead truncates (3.72) in the same manner, then ℒ1 is invariant under

the Carroll boosts. Drawing parallels from [67], we call the LO Lagrangian the electric

theory and the truncated NLO Lagrangian the magnetic theory. Later in this thesis, see

Section 5, we will derive the LO and NLO EOMs for the Carroll expansion and define

the electric and magnetic sector in an analogous manner to the discussion here.
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4. PUL expansion

Carrollian geometry can be derived from Lorentzian geometry by expanding around

the point 𝑐 = 0, i.e. the small speed of light expansion as presented in [8]. As ex-

plained before, in this limit the light cones close up and the theory becomes ultra-local.

Anticipating this behaviour, we introduce a pre-ultra-local (PUL) parameterisation of

the Lorentzian metric and vielbein that splits the metric and vielbein into a spatial and

temporal part. We can then consider the transformations of the PUL vielbeine and

define a suitable connection, which yields a so-called Carroll connection upon taking

the Carroll limit. We then relate it to the Levi-Civita connection, show some identities of

the PUL and Carroll connections and define a Ricci tensor and scalar using the Carroll

connection that we then further use to define the PUL Einstein-Hilbert action for the

theory.

4.1. Transformations of PUL vielbeine

The PUL parameterisation of the vielbein and its inverse looks like:

𝐸 𝐴
𝜇 =

(
𝑐𝑇𝜇, 𝐸 𝑎

𝜇

)
, 𝐸

𝜇
𝐴
=

(
−1

𝑐
𝑉𝜇

, 𝐸
𝜇
𝑎

)
, (4.1)

where𝑇𝜇 and𝑉𝜇
are a timelike one-form and vector, and𝐸 𝑎

𝜇 and𝐸
𝜇
𝑎 are the spatial parts

with the index 𝑎 = 1, 2, . . . , 𝑑, while the indices for the full vielbeine are 𝐴 = 0, 1, . . . , 𝑑.

This is the split of the vielbein into temporal and spatial vielbene. The vielbein and its

inverse transform under local Lorentz transformations Λ𝐴
𝐵

as:

𝛿𝐸 𝐴
𝜇 = Λ𝐴

𝐵𝐸
𝐵

𝜇 , 𝛿𝐸
𝜇
𝐴
= −Λ𝐵

𝐴𝐸
𝜇
𝐵

, (4.2)

with Λ𝐴𝐵 = −Λ𝐵𝐴
. Moreover, they are related to the metric in the following way:

𝑔𝜇𝜈 = 𝜂𝐴𝐵𝐸
𝐴

𝜇 𝐸 𝐵
𝜈 , 𝑔𝜇𝜈 = 𝜂𝐴𝐵𝐸

𝜇
𝐴
𝐸𝜈

𝐵 , (4.3)

which upon insertion of (4.1) gives the PUL parameterisation of the metric:

𝑔𝜇𝜈 = −𝑐2𝑇𝜇𝑇𝜈 + 𝛿𝑎𝑏𝐸
𝑎

𝜇 𝐸
𝑏

𝜈 = −𝑐2𝑇𝜇𝑇𝜈 +Π𝜇𝜈, (4.4a)

𝑔𝜇𝜈 = − 1

𝑐2

𝑉𝜇𝑉𝜈 + 𝛿𝑎𝑏𝐸
𝜇
𝑎𝐸

𝜈
𝑏
= − 1

𝑐2

𝑉𝜇𝑉𝜈 +Π𝜇𝜈
, (4.4b)

where Π𝜇𝜈 and Π𝜇𝜈
are symmetric tensors that represent the spatial part of the metric.

The variables just introduced then have the following properties:

𝑇𝜇𝑉
𝜇 = −1, 𝑇𝜇𝐸

𝜇
𝑎 = 0, 𝐸 𝑎

𝜇 𝑉
𝜇 = 0, 𝐸 𝑎

𝜇 𝐸
𝜇
𝑏
= 𝛿𝑎

𝑏
, (4.5a)

𝑇𝜇Π
𝜇𝜈 = 0, Π𝜇𝜈𝑉

𝜇 = 0, 𝐸 𝐴
𝜇 𝐸𝜈

𝐴 = 𝛿𝜈𝜇 = −𝑇𝜇𝑉𝜈 +Π𝜇𝜌Π
𝜌𝜈

. (4.5b)

Inserting (4.1) into (4.2):

𝛿𝐸 𝐴
𝜇 =

(
𝑐𝛿𝑇𝜇, 𝛿𝐸 𝑎

𝜇

)
=

(
Λ0

𝑏
𝐸 𝑏
𝜇 , 𝑐Λ𝑎

0
𝑇𝜇 +Λ𝑎

𝑏
𝐸 𝑏
𝜇

)
, (4.6)
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4. PUL expansion

𝛿𝐸
𝜇
𝐴
=

(
−1

𝑐
𝛿𝑉𝜇

, 𝛿𝐸
𝜇
𝑎

)
=

(
−Λ𝑏

0
𝐸
𝜇
𝑏
,

1

𝑐
Λ0

𝑎𝑉
𝜇 −Λ𝑏

𝑎𝐸
𝜇
𝑏

)
, (4.7)

and identifying that the transformation has also been split into its spatial part Λ𝑎
𝑏

and

temporal part 𝑐Λ𝑎 = Λ0

𝑎 (which are both finite in the 𝑐 → 0 limit), we find that the PUL

variables transform as:

𝛿𝑇𝜇 = Λ𝑎𝐸
𝑎

𝜇 , 𝛿𝑉𝜇 = 𝑐2Λ𝑎𝐸
𝜇
𝑎 , (4.8a)

𝛿𝐸 𝑎
𝜇 = Λ𝑎

𝑏
𝐸 𝑏
𝜇 + 𝑐2Λ𝑎𝑇𝜇, 𝛿𝐸

𝜇
𝑎 = −Λ𝑏

𝑎𝐸
𝜇
𝑏
+Λ𝑎𝑉

𝜇
. (4.8b)

From these we further find:

𝛿Π𝜇𝜈 = 𝛿𝑎𝑏
(
𝛿𝐸 𝑎

𝜇 𝐸
𝑏

𝜈 + 𝐸 𝑎
𝜇 𝛿𝐸 𝑏

𝜈

)
= 𝛿𝑎𝑏

(
𝐸 𝑏
𝜈

(
Λ𝑎

𝑐𝐸
𝑐

𝜇 + 𝑐2Λ𝑎𝑇𝜇

)
+ 𝐸 𝑎

𝜇

(
Λ𝑏

𝑐𝐸
𝑐

𝜈 + 𝑐2Λ𝑏𝑇𝜈

))
= 2 𝑐2Λ𝑎𝑇(𝜇𝐸

𝑎
𝜈) +������𝐸 𝑎

𝜈 Λ𝑎𝑐𝐸
𝑐

𝜇 +������𝐸 𝑎
𝜇 Λ𝑎𝑐𝐸

𝑐
𝜈 , (4.8c)

𝛿Π𝜇𝜈 = 2Λ𝑎𝑉 (𝜇𝐸𝜈)
𝑎 , (4.8d)

giving us the complete list of PUL vielbeine transformations. In a similar manner as

we defined the anti-symmetrization of indices, here the parentheses around indices

represent symmetrization with the same normalization factor 1/𝑛!. Having split the

vielbein (and its inverse) into the spatial and temporal PUL vielbeine, we are now in a

position to start considering the Carroll expansion around 𝑐 = 0.

Throughout the literature one mostly assumes that the PUL variables are analytic in

𝑐2
and can thus be expanded purely in even powers of 𝑐. Later in this thesis we show

that this is not always the case and therefore, we have to consider the full expansion by

including odd powers of 𝑐. This has not been done before for the Carroll expansion of

GR but a similar treatment for non-relativistic GR can be found in [66]. For now, we

define the general expansion as such:

𝑋 = 𝑥(0) +
∞∑
𝑗=1

𝑐𝑁𝑗𝑥(𝑗), (4.9)

where we can either choose 𝑁 = 1 for an expansion in 𝑐 or 𝑁 = 2 for 𝑐2
, as will be done

in Section 5.1. For the PUL variables we then have:

𝑉𝜇 = 𝑣
𝜇
(0) +

∞∑
𝑗=1

𝑐𝑁𝑗𝑣
𝜇
(𝑗), 𝑇𝜇 = 𝜏(0)𝜇 +

∞∑
𝑗=1

𝑐𝑁𝑗𝜏
(𝑗)
𝜇 , (4.10a)

𝐸
𝜇
𝑎 = 𝑒(0)

𝜇
𝑎 +

∞∑
𝑗=1

𝑐𝑁𝑗𝑒(𝑗)
𝜇
𝑎
, 𝐸 𝑎

𝜇 = 𝑒(0)
𝑎

𝜇 +
∞∑
𝑗=1

𝑐𝑁𝑗𝑒(𝑗)
𝑎

𝜇 , (4.10b)

Π𝜇𝜈 = ℎ
𝜇𝜈
(0) +

∞∑
𝑗=1

𝑐𝑁𝑗ℎ
𝜇𝜈
(𝑗) , Π𝜇𝜈 = ℎ

(0)
𝜇𝜈 +

∞∑
𝑗=1

𝑐𝑁𝑗ℎ
(𝑗)
𝜇𝜈, (4.10c)
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4. PUL expansion

and the transformation parameters are defined as:

Λ𝑎 = 𝜆𝑎(0) +
∞∑
𝑗=1

𝑐𝑁𝑗𝜆𝑎(𝑗), (4.11a)

Λ𝑎
𝑏
= 𝜆(0)

𝑎
𝑏
+

∞∑
𝑗=1

𝑐𝑁𝑗𝜆(𝑗)
𝑎
𝑏
. (4.11b)

Now, we insert these expansions into (4.8), giving the leading order transformations:

𝛿𝜏(0)𝜇 = 𝜆(0)𝑎𝑒
(0) 𝑎

𝜇 , 𝛿𝑣
𝜇
(0) = 0, (4.12a)

𝛿𝑒(0)
𝑎

𝜇 = 𝜆(0)
𝑎
𝑏
𝑒(0)

𝑏

𝜇 , 𝛿𝑒(0)
𝜇
𝑎 = −𝜆(0)

𝑏
𝑎
𝑒(0)

𝜇
𝑏 +𝜆(0)𝑎𝑣

𝜇
(0), (4.12b)

𝛿ℎ(0)𝜇𝜈 = 0, 𝛿ℎ
𝜇𝜈
(0) = 2𝜆𝑎(0)𝑣

(𝜇
(0)𝑒(0)

𝜈)
𝑎
, (4.12c)

which are found in the following manner:

𝛿𝑇𝜇 = 𝜆(0)𝑎𝑒
(0) 𝑎

𝜇 + 𝑐𝑁
(
𝜆(0)𝑎𝑒

(1) 𝑎

𝜇 +𝜆(1)𝑎𝑒
(0) 𝑎

𝜇

)
+ 𝒪

(
𝑐2𝑁

)
= 𝛿𝜏(0)𝜇 +

∞∑
𝑗=1

𝑐𝑁𝑗𝛿𝜏
(𝑗)
𝜇 , (4.13)

by matching terms with no powers of 𝑐. Comparing these LO vielbeine transformations

to the transformations acquired through gauging the Carroll algebra, (3.56), they are

evidently the same with regards to Lorentz rotations and boosts, i.e. ignoring the

diffeomorphisms.

4.2. The PUL and Carroll connection

The transformations (4.12) show clearly that 𝑣
𝜇
(0) and ℎ

(0)
𝜇𝜈 , the timelike vector and spatial

metric, vanish while their inverses, 𝜏(0)𝜇 and ℎ
𝜇𝜈
(0), do not. This means that the latter pair

are not invariant under Carroll boosts and in turn, the vanishing of covariant derivatives

can therefore not be ensured in all reference frames. In light of this, we choose an affine

connection Γ̃ such that 𝑣
𝜇
(0) and ℎ

(0)
𝜇𝜈 vanish with respect to the covariant derivative

∇̃𝜌𝑣
𝜇
(0) = 0, ∇̃𝜌ℎ

(0)
𝜇𝜈 = 0. (4.14)

This is the Carrollian version of the metric compatibility, ∇𝜌𝑔𝜇𝜈 = 0, mentioned in

Section 2.1. It is, however, impossible to enforce vanishing torsion on the theory, since

intrinsic torsion is always part of the general structure [77], even though the intrinsic

torsion can in some cases be zero.

Starting with the non-expanded PUL variables 𝑉𝜈
and Π𝜇𝜈, we define a connection

�̃�
𝜌
𝜇𝜈, called the PUL connection, associated with a covariant derivative

(�̃�)

∇𝜇 such that

(�̃�)

∇𝜇𝑉
𝜈 = 0,

(�̃�)

∇𝜌Π𝜇𝜈 = 0. (4.15)
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4. PUL expansion

As presented in [8] the connection can be written as

�̃�
𝜌
𝜇𝜈 = −𝑉𝜌𝜕(𝜇𝑇𝜈) −𝑉𝜌𝑇(𝜇£𝑉𝑇𝜈) +

1

2

Π𝜌𝜆
[
𝜕𝜇Π𝜈𝜆 + 𝜕𝜈Π𝜆𝜇 − 𝜕𝜆Π𝜇𝜈

]
−Π𝜌𝜆𝑇𝜈𝒦𝜇𝜆, (4.16)

where 𝒦𝜇𝜈 = − 1

2
£𝑉Π𝜇𝜈 is the extrinsic curvature which is purely spatial since

𝑉𝜇𝒦𝜇𝜈 = −1

2

𝑉𝜇£𝑉Π𝜇𝜈

= −1

2

(
𝑉𝜇𝑉𝜎𝜕𝜎Π𝜇𝜈 +𝑉𝜇Π𝜎𝜈𝜕𝜇𝑉

𝜎 +𝑉𝜇Π𝜇𝜎︸  ︷︷  ︸
=0

𝜕𝜈𝑉
𝜎

)
= −1

2

(
𝜕𝜎

(
𝑉𝜇𝑉𝜎Π𝜇𝜈

)
−𝑉𝜇Π𝜇𝜈𝜕𝜎𝑉

𝜎
)
= 0, (4.17)

and symmetric since Π𝜇𝜈 is symmetric. Moreover, since the extrinsic curvature is purely

spatial we are allowed to define

𝒦𝜇𝜈 = Π𝜇𝜌Π𝜈𝜎𝒦𝜌𝜎, (4.18)

i.e. the indices on the extrinsic curvature can be raised with the spatial metric Π𝜇𝜈
. This

is only defined for notational convenience and should not to be interpreted as anything

more than that.

We define the leading order of the connection as

Γ̃
𝜌
𝜇𝜈 = �̃�

𝜌
𝜇𝜈

��
𝑐=0

= −𝑣𝜌(0)𝜕(𝜇𝜏
(0)
𝜈) − 𝑣𝜌(0)𝜏

(0)
(𝜇 £𝑣(0)𝜏

(0)
𝜈)

+ 1

2

ℎ
𝜌𝜆
(0)

[
𝜕𝜇ℎ

(0)
𝜈𝜆 + 𝜕𝜈ℎ

(0)
𝜆𝜇 − 𝜕𝜆ℎ

(0)
𝜇𝜈

]
− ℎ𝜌𝜆(0)𝜏

(0)
𝜈 𝐾𝜇𝜆, (4.19)

where 𝐾𝜇𝜈 = −1

2
£𝑣(0) ℎ

(0)
𝜇𝜈 . The connection Γ̃

𝜌
𝜇𝜈, called the Carroll connection, is then

associated with the covariant derivatives (4.15).

4.3. The Levi-Civita connection

Having found the PUL connection, we can now relate it to the Levi-Civita connection

of GR. We begin by Carroll expanding the Levi-Civita connection via (4.4):

Γ
𝜌
𝜇𝜈 =

1

2

𝑔𝜌𝜎
(
𝜕𝜇𝑔𝜎𝜈 + 𝜕𝜈𝑔𝜇𝜎 − 𝜕𝜎𝑔𝜇𝜈

)
=

1

2

(
− 1

𝑐2

𝑉𝜌𝑉𝜎 +Π𝜌𝜎

) (
− 𝑐2

(
𝜕𝜇(𝑇𝜎𝑇𝜈) + 𝜕𝜈

(
𝑇𝜇𝑇𝜎

)
− 𝜕𝜎

(
𝑇𝜇𝑇𝜈

) )
+ 𝜕𝜇Π𝜎𝜈 + 𝜕𝜈Π𝜇𝜎 − 𝜕𝜎Π𝜇𝜈

)
=

1

2

(
1

𝑐2

𝑉𝜌
(
Π𝜎𝜈𝜕𝜇𝑉

𝜎 +Π𝜇𝜎𝜕𝜈𝑉
𝜎 +𝑉𝜎𝜕𝜎Π𝜇𝜈︸                                     ︷︷                                     ︸

=£𝑉Π𝜇𝜈

)
+𝑉𝜌 𝑉𝜎𝑇𝜎︸︷︷︸

−1

2 𝜕(𝜇𝑇𝜈)

−𝑉𝜌
(
𝑇𝜈𝑇𝜎𝜕𝜇𝑉

𝜎 +𝑉𝜎𝑇𝜈𝜕𝜎𝑇𝜇︸                      ︷︷                      ︸
=𝑇𝜈£𝑉𝑇𝜇

+𝑇𝜇𝑇𝜎𝜕𝜈𝑉𝜎 +𝑉𝜎𝑇𝜇𝜕𝜎𝑇𝜈︸                      ︷︷                      ︸
=𝑇𝜇£𝑉𝑇𝜈

)
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+Π𝜌𝜎 (
2 𝜕(𝜇Π𝜈)𝜎 − 𝜕𝜎Π𝜇𝜈

)
− 2 𝑐2Π𝜌𝜎

(
𝑇𝜎︸︷︷︸
=0

(
𝜕(𝜇𝑇𝜈)

)
−𝑇𝜇𝜕[𝜎𝑇𝜈] −𝑇𝜈𝜕[𝜎𝑇𝜇]

))
= 𝑐−2

1

2

𝑉𝜌£𝑉Π𝜇𝜈 −𝑉𝜌𝜕(𝜇𝑇𝜈) −𝑉𝜌𝑇(𝜇£𝑉𝑇𝜈) +Π𝜌𝜎

(
𝜕(𝜇Π𝜈)𝜎 −

1

2

𝜕𝜎Π𝜇𝜈

)
+ 𝑐2

2

Π𝜌𝜎 (𝑇𝜇𝑇𝜎𝜈 +𝑇𝜈𝑇𝜎𝜇) , (4.20)

where we have defined

𝑇𝜇𝜈 = 2 𝜕[𝜇𝑇𝜈]. (4.21)

We further see that the Levi-Civita connection can be split up into three terms of

different orders in 𝑐:

Γ
𝜌
𝜇𝜈 = 𝑐−2

(−2)

𝐶
𝜌
𝜇𝜈 +

(0)

𝐶
𝜌
𝜇𝜈 + 𝑐2

(2)

𝐶
𝜌
𝜇𝜈, (4.22)

where

(−2)

𝐶
𝜌
𝜇𝜈 =

1

2

𝑉𝜌£𝑉Π𝜇𝜈 = −𝑉𝜌𝒦𝜇𝜈, (4.23a)

(0)

𝐶
𝜌
𝜇𝜈 = −𝑉𝜌 (𝜕(𝜇𝑇𝜈) +𝑇(𝜇£𝑉𝑇𝜈)

)
+Π𝜌𝜎

(
𝜕(𝜇Π𝜈)𝜎 −

1

2

𝜕𝜎Π𝜇𝜈

)
, (4.23b)

(2)

𝐶
𝜌
𝜇𝜈 =

1

2

Π𝜌𝜎 (𝑇𝜇𝑇𝜎𝜈 +𝑇𝜈𝑇𝜎𝜇) . (4.23c)

The numbers in parentheses on top of the tensors indicate the power of 𝑐 preceding the

term. On comparison with (4.16) we see that

(0)

𝐶
𝜌
𝜇𝜈 can be further decomposed as:

(0)

𝐶
𝜌
𝜇𝜈 = �̃�

𝜌
𝜇𝜈 + 𝑆

𝜌
𝜇𝜈, 𝑆

𝜌
𝜇𝜈 = −1

2

Π𝜌𝜆𝑇𝜈£𝑉Π𝜇𝜆 = Π𝜌𝜆𝑇𝜈𝒦𝜇𝜆. (4.24)

One can in fact think of 𝑆
𝜌
𝜇𝜈 as a ‘shift’ tensor that shifts

(0)

𝐶
𝜌
𝜇𝜈 to produce the PUL

connection. This then yields the following expression, relating the PUL and Levi-Civita

connections:

Γ
𝜌
𝜇𝜈 = 𝑐−2

(−2)

𝐶
𝜌
𝜇𝜈 + �̃�

𝜌
𝜇𝜈 + 𝑆

𝜌
𝜇𝜈 + 𝑐2

(2)

𝐶
𝜌
𝜇𝜈. (4.25)

4.4. Connection identities

Before proceeding further, we will show a few useful identities for the PUL connection

we have just defined. We write the antisymmetrised version of the connection, or
1

2
of

the torsion, as such:

�̃�
𝜌
[𝜇𝜈] =

1

2

Π𝜌𝜆 (
����𝜕[𝜇Π𝜈]𝜆 +�����𝜕[𝜈Π|𝜆|𝜇] − 2𝑇[𝜈𝒦𝜇]𝜆

)
= Π𝜌𝜆𝑇[𝜇𝒦𝜈]𝜆 = −𝑆𝜌[𝜇𝜈]. (4.26)

From this it is evident that the combination �̃�
𝜌
𝜇𝜈 + 𝑆

𝜌
𝜇𝜈 will cancel out the antisymmetric

parts of the tensors and thus yield a symmetric tensor, as can also clearly be seen in
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4. PUL expansion

(4.23b), thus confirming how one can relate the torsionful connection �̃�
𝜌
𝜇𝜈 to the torsion-

free Levi-Civita connection. The trace of the connection can be shown to be:

�̃�
𝜌
𝜌𝜈 = −𝑉𝜌 (𝜕(𝜌𝑇𝜈) +𝑇(𝜌£𝑉𝑇𝜈)

)
+ 1

2

Π𝜌𝜆
[
𝜕(𝜌Π𝜈)𝜆 − 𝜕𝜆Π𝜌𝜈

]
−Π𝜌𝜆𝑇𝜈𝒦𝜌𝜆

=
1

2

(
−����𝑉𝜌𝜕𝜌𝑇𝜈 −𝑉𝜌𝜕𝜈𝑇𝜌 +����𝑉𝜎𝜕𝜎𝑇𝜈 +𝑇𝜎𝜕𝜈𝑉𝜎

)
−𝑉𝜌𝑇𝜈

(
𝑉𝜎𝜕𝜎𝑇𝜌 +𝑇𝜎𝜕𝜌𝑉𝜎)

+ 1

2

Π𝜌𝜆
[
��

��𝜕𝜌Π𝜈𝜆 + 𝜕𝜈Π𝜌𝜆 −��
��𝜕𝜆Π𝜌𝜈

]
−𝑇𝜈𝒦

= −𝑉𝜌𝜕𝜈𝑇𝜌 +
1

2

Π𝜌𝜆𝜕𝜈Π𝜌𝜆 −𝑇𝜈𝒦 −𝑇𝜈𝑉𝜌𝑉𝜎 (𝜕𝜎𝑇𝜌 − 𝜕𝜌𝑇𝜎
)︸                   ︷︷                   ︸

=0

=
1

𝐸
𝜕𝜈𝐸 −𝑇𝜈𝒦 , (4.27)

where 𝒦 = Π𝜇𝜈𝒦𝜇𝜈 is the trace of the extrinsic curvature and we have defined 𝐸 =

det

[(
𝑇𝜇,𝐸 𝑎

𝜇

)]
, called the vielbein determinant, such that:

1

𝐸
𝜕𝛼𝐸 = det

[(
𝑉𝜇

,𝐸
𝜇
𝑎

)]
𝜕𝛼det[(𝑇𝜈,𝐸 𝑎

𝜈 )]

= det

[(
𝑉𝜇

,𝐸
𝜇
𝑎

)]
det[(𝑇𝜈,𝐸 𝑎

𝜈 )]

× Tr

[(
𝑉𝜇

,𝐸
𝜇
𝑎

)
𝜕𝛼(𝑇𝜈,𝐸 𝑎

𝜈 )
]

= −𝑉𝜇𝜕𝛼𝑇𝜇 + 𝐸𝜇
𝑎𝜕𝛼𝐸

𝑎
𝜇

= −𝑉𝜇𝜕𝛼𝑇𝜇 +
1

2

Π𝜇𝜈𝜕𝛼Π𝜇𝜈. (4.28)

In the last line we have used the following:

Π𝜇𝜈𝜕𝛼Π𝜇𝜈 = 𝐸
𝜇
𝑎𝐸

𝜈𝑎𝜕𝛼
(
𝐸 𝑏
𝜇 𝐸𝜈𝑏

)
= 𝐸

𝜇
𝑎𝐸

𝜈𝑎
(
𝐸 𝑏
𝜇 𝜕𝛼𝐸𝜈𝑏 + 𝐸𝜈𝑏𝜕𝛼𝐸

𝑏
𝜇

)
= 2𝐸𝜈

𝑏
𝜕𝛼𝐸

𝑏
𝜈 . (4.29)

For the covariant derivative associated with the PUL connection, we have:

(�̃�)

∇𝜎𝑋
𝜌
𝜇𝜈 = 𝜕𝜎𝑋

𝜌
𝜇𝜈 + �̃�

𝜌
𝜎𝜆𝑋

𝜆
𝜇𝜈 − �̃�𝜆

𝜎𝜇𝑋
𝜌
𝜆𝜈 − �̃�

𝜆
𝜎𝜈𝑋

𝜌
𝜇𝜆, (4.30)

from which we can derive a few useful identities (see Appendix A.1):

(�̃�)

∇𝜎𝑇𝜇 =
1

2

𝑇𝜎𝜇 −
1

2

𝑉𝜆 (𝑇𝜎𝑇𝜆𝜇 +𝑇𝜇𝑇𝜆𝜎) , (4.31a)

(�̃�)

∇𝜎Π
𝜇𝜈 = 𝑉 (𝜇Π𝜈)𝜌𝑇𝜆𝜌

(
𝛿𝜆𝜎 −𝑇𝜎𝑉𝜆

)
, (4.31b)

(�̃�)

∇𝜇Π
𝜇𝜈 = 𝑉𝜇Π𝜈𝜌𝑇𝜇𝜌, (4.31c)

(�̃�)

∇𝜎𝒦𝜇𝜈 = 𝜕𝜎𝒦𝜇𝜈 −
(
Π𝜌𝜆

(
𝜕(𝜎Π𝜇)𝜆 −

1

2

𝜕𝜆Π𝜎𝜇

)
−Π𝜌𝜆𝑇𝜇𝒦𝜎𝜆

)
𝒦𝜌𝜈
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−
(
Π𝜌𝜆

(
𝜕(𝜎Π𝜈)𝜆 −

1

2

𝜕𝜆Π𝜎𝜈

)
−Π𝜌𝜆𝑇𝜈𝒦𝜎𝜆

)
𝒦𝜇𝜌. (4.31d)

Lastly, we can further show an identity relating the covariant derivative of an arbitrary

vector 𝑋𝜇
to a total derivative, using the vielbein determinant (4.28) and the trace of the

connection (4.27):

𝜕𝜇(𝐸𝑋𝜇) = 𝜕𝜇𝐸𝑋
𝜇 + 𝐸𝜕𝜇𝑋𝜇

= 𝐸

(
(�̃�)

∇𝜇𝑋
𝜇 +𝑇𝜇𝑋𝜇𝐾

)
, (4.32)

where we has used:

(�̃�)

∇𝜇𝑋
𝜇 = 𝜕𝜇𝑋

𝜇 + �̃�𝜇
𝜇𝜎𝑋

𝜎

= 𝜕𝜇𝑋
𝜇 +

(
1

𝐸
𝜕𝜎𝐸 −𝑇𝜎𝒦

)
𝑋𝜎

. (4.33)

Later in this thesis, we will make use of (4.32) repeatedly to simplify covariant deriva-

tives, taking advantage of the fact that total derivatives will vanish due to boundary

conditions.

4.5. Curvature: Ricci tensor and scalar

Taking the Ricci tensor (2.12b) for the Levi-Civita connection and inserting the decom-

position of the Levi Civita connection (4.25), we find

𝑅𝜇𝜈 = 2 𝜕[𝜌Γ
𝜌
𝜇]𝜈 + 2Γ

𝜌
[𝜌|𝜎 |Γ

𝜎
𝜇]𝜈 (4.34)

= 2

[
𝜕[𝜌

(
𝑐−2

(−2)

𝐶
𝜌
𝜇]𝜈 + �̃�

𝜌
𝜇]𝜈 + 𝑆

𝜌
𝜇]𝜈 + 𝑐

2

(2)

𝐶
𝜌
𝜇]𝜈

)
+

(
𝑐−2

(−2)

𝐶
𝜌
[𝜌|𝜎 | + �̃�

𝜌
[𝜌|𝜎 | + 𝑆

𝜌
[𝜌|𝜎 | + 𝑐

2

(2)

𝐶
𝜌
[𝜌|𝜎 |

) (
𝑐−2

(−2)

𝐶 𝜎
𝜇]𝜈 + �̃�

𝜎
𝜇]𝜈 + 𝑆

𝜎
𝜇]𝜈 + 𝑐

2

(2)

𝐶𝜎
𝜇]𝜈

)]
= 2

[
𝑐−4

(−2)

𝐶
𝜌
[𝜌|𝜎 |

(−2)

𝐶 𝜎
𝜇]𝜈 + 𝑐

−2

(
𝜕[𝜌

(−2)

𝐶
𝜌
𝜇]𝜈 +

(−2)

𝐶
𝜌
[𝜌|𝜎 |

(
�̃�𝜎
𝜇]𝜈 + 𝑆

𝜎
𝜇]𝜈

)
+

(
�̃�

𝜌
[𝜌|𝜎 | + 𝑆

𝜌
[𝜌|𝜎 |

) (−2)

𝐶 𝜎
𝜇]𝜈

)
+ 𝜕[𝜌

(
�̃�

𝜌
𝜇]𝜈 + 𝑆

𝜌
𝜇]𝜈

)
+

(−2)

𝐶
𝜌
[𝜌|𝜎 |

(2)

𝐶𝜎
𝜇]𝜈 +

(
�̃�

𝜌
[𝜌|𝜎 | + 𝑆

𝜌
[𝜌|𝜎 |

) (
�̃�𝜎
𝜇]𝜈 + 𝑆

𝜎
𝜇]𝜈

)
+

(2)

𝐶
𝜌
[𝜌|𝜎 |

(−2)

𝐶 𝜎
𝜇]𝜈

+ 𝑐2

(
𝜕[𝜌

(2)

𝐶
𝜌
𝜇]𝜈 +

(
�̃�

𝜌
[𝜌|𝜎 | + 𝑆

𝜌
[𝜌|𝜎 |

) (2)

𝐶𝜎
𝜇]𝜈 +

(2)

𝐶
𝜌
[𝜌|𝜎 |

(
�̃�𝜎
𝜇]𝜈 + 𝑆

𝜎
𝜇]𝜈

))
+ 𝑐4

(2)

𝐶
𝜌
[𝜌|𝜎 |

(2)

𝐶𝜎
𝜇]𝜈

]
,

(4.35)

where, again, we split it up into orders of 𝑐:

𝑅𝜇𝜈 = 𝑐−4

(−4)

𝑅𝜇𝜈 + 𝑐−2

(−2)

𝑅𝜇𝜈 +
(0)

𝑅𝜇𝜈 + 𝑐2

(2)

𝑅𝜇𝜈 + 𝑐4

(4)

𝑅𝜇𝜈. (4.36)

Here, terms like:

(−2)

𝐶
𝜌
𝜌𝜇 = −𝑉𝜌𝒦𝜌𝜇 = 0, (4.37a)
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𝑆
𝜌
𝜎𝜇

(−2)

𝐶 𝜎
𝜈𝜆 = −Π𝜌𝛼𝑇𝜇𝒦𝜎𝛼𝑉

𝜎𝒦𝜈𝜆 = 0, (4.37b)

𝑆
𝜌
𝜇𝜎𝑆

𝜎
𝜈𝜆 = Π𝜌𝛼𝑇𝜎𝒦𝜇𝛼Π

𝜎𝛽𝑇𝜆𝒦𝜈𝛽 = 0, (4.37c)

(2)

𝐶
𝜌
𝜌𝜎

(2)

𝐶𝜎
𝜇𝜈 =

1

4

Π𝜌𝜆 (𝑇𝜌𝑇𝜆𝜎 +𝑇𝜎𝑇𝜆𝜌)Π𝜎𝛾 (𝑇𝜇𝑇𝛾𝜈 +𝑇𝜈𝑇𝛾𝜇) = 0, (4.37d)

(2)

𝐶
𝜌
𝜌𝜎𝑆

𝜎
𝜇𝜈 =

1

2

Π𝜌𝜆 (𝑇𝜌𝑇𝜆𝜎 +𝑇𝜎𝑇𝜆𝜌)Π𝜎𝛼𝑇𝜈𝒦𝜇𝛼 = 0, (4.37e)

𝑆
𝜌
𝜆𝜎

(2)

𝐶𝜎
𝜇𝜈 =

1

2

Π𝜌𝛼𝑇𝜎𝒦𝜆𝛼Π
𝜎𝛽 (𝑇𝜇𝑇𝛽𝜈 +𝑇𝜈𝑇𝛽𝜇) = 0, (4.37f)

vanish due to 𝒦𝜇𝜈 being purely spatial, see (4.17), and due to the identity 𝑇𝜇Π
𝜇𝜈 = 0,

(4.5a). Terms containing

(2)

𝐶
𝜌
𝜌𝜈 vanish in the following way:

(2)

𝐶
𝜌
𝜌𝜈 =

1

2

Π𝜌𝜎
(
𝑇𝜌︸︷︷︸
=0

𝑇𝜎𝜈 +𝑇𝜈𝑇𝜎𝜌
)

= Π𝜌𝜎𝑇𝜈
(
𝜕𝜎𝑇𝜌 − 𝜕𝜌𝑇𝜎

)
= 𝑇𝜈

(
−𝑇𝜌𝜕𝜎Π𝜌𝜎 +𝑇𝜎𝜕𝜌Π𝜌𝜎)

= 𝑇𝜈
(
−𝑇𝜌𝜕𝜎Π𝜌𝜎 +𝑇𝜌𝜕𝜎Π𝜎𝜌) = 0, (4.38)

due to the symmetry of Π𝜇𝜈
. Thus, we identify (see Appendix A.2 for derivation):

(−4)

𝑅𝜇𝜈 = 0, (4.39a)

(−2)

𝑅𝜇𝜈 = −𝑉𝜌
(�̃�)

∇𝜌𝒦𝜇𝜈 +𝒦𝒦𝜇𝜈, (4.39b)

(0)

𝑅𝜇𝜈 =
(�̃�)

𝑅𝜇𝜈 + 2

(�̃�)

∇[𝜌𝑆
𝜌
𝜇]𝜈 + 2 �̃�𝜎

[𝜌𝜇]𝑆
𝜌
𝜎𝜈 − 2

(−2)

𝐶
𝜌
𝜎(𝜇

(2)

𝐶𝜎
𝜈)𝜌, (4.39c)

(2)

𝑅𝜇𝜈 =
1

2

(�̃�)

∇𝜌
(
Π𝜌𝜎 (𝑇𝜇𝑇𝜎𝜈 +𝑇𝜈𝑇𝜎𝜇) ) , (4.39d)

(4)

𝑅𝜇𝜈 = −1

4

Π𝜌𝜆𝑇𝜇𝑇𝜆𝜎Π
𝜎𝛾𝑇𝜈𝑇𝛾𝜌, (4.39e)

where we have defined the Ricci tensor for the PUL connection as

(�̃�)

𝑅𝜇𝜈 = 2 𝜕[𝜌�̃�
𝜌
𝜇]𝜈 + 2 �̃�

𝜌
[𝜌|𝜎 |�̃�

𝜎
𝜇]𝜈. (4.40)

Now for the Ricci scalar, we begin by inserting (4.4b):

𝑅 = 𝑔𝜇𝜈𝑅𝜇𝜈 =

(
− 1

𝑐2

𝑉𝜇𝑉𝜈 +Π𝜇𝜈

)
𝑅𝜇𝜈 (4.41)

= − 1

𝑐4

𝑉𝜇𝑉𝜈
(−2)

𝑅𝜇𝜈 +
1

𝑐2

(
Π𝜇𝜈

(−2)

𝑅𝜇𝜈 −𝑉𝜇𝑉𝜈
(0)

𝑅𝜇𝜈

)
+Π𝜇𝜈

(0)

𝑅𝜇𝜈 −𝑉𝜇𝑉𝜈
(2)

𝑅𝜇𝜈 + 𝑐2

(
Π𝜇𝜈

(2)

𝑅𝜇𝜈 −𝑉𝜇𝑉𝜈
(4)

𝑅𝜇𝜈

)
+ 𝑐4

�
���

Π𝜇𝜈
(4)

𝑅𝜇𝜈, (4.42)

where

(−4)

𝑅𝜇𝜈 has previously been shown to vanish and the 𝑐4
term can be shown to vanish

as well:

Π𝜇𝜈
(4)

𝑅𝜇𝜈 = −1

4

Π𝜇𝜈Π𝜌𝛼𝑇𝜇𝑇𝛼𝜎Π
𝜎𝛽𝑇𝜈𝑇𝛽𝜌 = 0. (4.43)
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4. PUL expansion

Grouping together all the 𝑅𝜇𝜈 terms of the same order and considering them separately,

we find (once again, see Appendix A.2 for derivation):(
1

𝑐2

Π𝜇𝜈 − 1

𝑐4

𝑉𝜇𝑉𝜈

)
(−2)

𝑅𝜇𝜈 = − 1

𝑐2

1

𝐸
𝜕𝜌(𝐸𝒦𝑉𝜌), (4.44a)(

Π𝜇𝜈 − 1

𝑐2

𝑉𝜇𝑉𝜈

)
(0)

𝑅𝜇𝜈 = Π𝜇𝜈
(�̃�)

𝑅𝜇𝜈 +
1

𝑐2

(
− 1

𝐸
𝜕𝜇(𝐸𝒦𝑉𝜇) +𝒦 𝜎𝛾𝒦𝜎𝛾

)
, (4.44b)(

𝑐2Π𝜇𝜈 −𝑉𝜇𝑉𝜈
) (2)

𝑅𝜇𝜈 =
𝑐2

2

Π𝜇𝜈Π𝜌𝜎𝑇𝜌𝜇𝑇𝜎𝜈 −
1

𝐸
𝜕𝜌

(
𝐸𝑉𝜇Π𝜌𝜎𝑇𝜇𝜎

)
, (4.44c)

−𝑐2𝑉𝜇𝑉𝜈
(4)

𝑅𝜇𝜈 = − 𝑐
2

4

Π𝜌𝜎Π𝜆𝛾𝑇𝜎𝜆𝑇𝜌𝛾. (4.44d)

Here, (4.32) has been used in various places as well as the following expression:

[
(�̃�)

∇𝜇,

(�̃�)

∇𝜈]𝑉𝜈 = −
(�̃�)

𝑅𝜇𝜎𝑉
𝜎 − 2 �̃�𝜎

[𝜇𝜈]
(�̃�)

∇𝜎𝑉
𝜈 = 0

⇒
(�̃�)

𝑅𝜇𝜎𝑉
𝜎 = 0. (4.45)

The Ricci scalar is thus:

𝑅 =
1

𝑐2

(
− 2

𝐸
𝜕𝜌(𝐸𝒦𝑉𝜌) −𝒦 2 +𝒦𝜇𝜈𝒦𝜇𝜈

)
+Π𝜇𝜈

(�̃�)

𝑅𝜇𝜈 −
1

𝐸
𝜕𝜌

(
𝐸𝑉𝜇Π𝜌𝜎𝑇𝜇𝜎

)
+ 𝑐2

4

Π𝜇𝜈Π𝜌𝜎𝑇𝜇𝜌𝑇𝜈𝜎. (4.46)

The leading-order term contains only the extrinsic curvature and can therefore be inter-

preted as a kinetic term and at next-to-leading-order we have a curvature term. Having

derived the Ricci scalar, we can now move onto constructing the Einstein-Hilbert action.

4.6. PUL Einstein-Hilbert action

The Einstein-Hilbert action, as defined in (2.11), can now be expanded using the previ-

ously derived PUL form of the Ricci scalar (4.46):

𝑆EH =
𝑐3

16𝜋𝐺

∫
𝑀

𝑅
√−𝑔 d

𝑑+1𝑥

=
1

16𝜋𝐺

∫
𝑀

[
𝑐2

(
𝒦𝜇𝜈𝒦𝜇𝜈 −𝒦 2 − 2

𝐸
𝜕𝜌(𝐸𝒦𝑉𝜌)

)
+ 𝑐4

(
Π𝜇𝜈

(�̃�)

𝑅𝜇𝜈 −
1

𝐸
𝜕𝜌

(
𝐸𝑉𝜇Π𝜌𝜎𝑇𝜇𝜎

) )
+ 𝑐6

4

Π𝜇𝜈Π𝜌𝜎𝑇𝜇𝜌𝑇𝜈𝜎

]
𝐸 d

𝑑+1𝑥.

(4.47)

Here the PUL expansion of the metric (4.4a) has been inserted into

√−𝑔 =
√
−det[𝑔𝜇𝜈]:

√−𝑔 =

√
−det[−𝑐2𝑇𝜇𝑇𝜈 +Π𝜇𝜈]

= 𝑐

√
det

[
𝜂𝐴𝐵(𝑇𝜇,𝐸 𝑎

𝜇 )(𝑇𝜈,𝐸 𝑎
𝜈 )

]
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4. PUL expansion

= 𝑐
√
𝐸2 = 𝑐𝐸, (4.48)

and 𝐸 is, again, the vielbein determinant. The factoring out of the −𝑐2
can be done in

the following way:

−det[−𝑐2𝑇𝜇𝑇𝜈 +Π𝜇𝜈] = 𝜖𝜇0𝜇1··· ( − 𝑐2𝑇𝜇0
𝑇0 + Π𝜇00︸︷︷︸

=0

) (
− 𝑐2𝑇𝜇1

𝑇1︸︷︷︸
=0

+Π𝜇11

)
· · ·

= 𝜖𝜇0𝜇1···
(
−𝑐2𝑇𝜇0

𝑇0Π𝜇11Π𝜇22 · · ·
)

= 𝑐2

det[𝑇𝜇𝑇𝜈 +Π𝜇𝜈], (4.49)

where on has used the fact that 𝑇𝜇 has no spatial part and Π𝜇𝜈 no temporal part.

The total derivatives, boundary terms, will now vanish due to boundary conditions,

and thus we arrive at the following PUL action:

𝑆EH =
1

16𝜋𝐺

∫
𝑀

[
𝑐2

(
𝒦𝜇𝜈𝒦𝜇𝜈 −𝒦 2

)
+ 𝑐4Π𝜇𝜈

(�̃�)

𝑅𝜇𝜈 +
𝑐6

4

Π𝜇𝜈Π𝜌𝜎𝑇𝜇𝜌𝑇𝜈𝜎

]
𝐸 d

𝑑+1𝑥. (4.50)

One wants the leading-order term of the action (and the Lagrangian) to have no preced-

ing orders of 𝑐 and thus defines 𝑆 = 𝑐Δ�̃�, where 𝑐Δ are then all the pre-leading orders

of 𝑐 that can be pulled outside of the integral in the action:

𝑆EH = 𝑐Δ
(
(Δ)

𝑆LO + 𝑐𝑁
(Δ+𝑁)

𝑆 NLO + 𝒪(𝑐2𝑁 )
)
, (4.51)

where 𝑁 = 1 for the expansion in all orders of 𝑐 and 𝑁 = 2 for the expansion in even

orders of 𝑐2
.
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5. Carrollian expansion of general relativity

This section will consist of a review of the derivation of the equations of motion for the

leading order of the Carroll expansion, as done before in [8], as well as a derivation

of the full next-to-leading-order equations of motion of the theory. Until now, this has

only been done to truncated order and is therefore a novel result. In this thesis we

will only consider vacuum solutions, for solutions including a cosmological constant as

well as other solutions see [8, 47]. Moreover, we consider both the case of the 𝑐 and 𝑐2

expansion for the NLO theory.

5.1. Carroll expansion

As mentioned in the previous section, when taking the Carroll limit of the PUL variables

they reduce to their leading order and the PUL connection becomes the Carroll connec-

tion. Now that we have derived the PUL action, we first have to return to the topic of

expanding in all powers of 𝑐 versus 𝑐2
before deriving the equations of motion of the

theory. The reason being that the expansion one chooses affects how the theory behaves

at higher orders. The LO equations will be unaffected by this choice but depending on

whether we choose to expand in all powers of 𝑐 or only in even powers, the NLO term

of the PUL action (4.50) will be preceded by an extra order of either 𝑐 or 𝑐2
. We will

start by presenting the full expansion in all powers of 𝑐, followed by the even powers

expansion.

5.1.1. Expanding in all powers of c

The expansion for all powers in 𝑐, even and odd, will be referred to as the 𝑐 expansion

throughout the rest of this thesis. The 𝑐 expansion will be useful for the cases where the

assumption of analyticity in 𝑐2
breaks down. The vielbeine are then as defined in (4.10)

with 𝑁 = 1. We take the contravariant vielbeine 𝑉𝜇
and 𝐸

𝜇
𝑎 to be the defining ones, i.e.

the higher order terms for all the other vielbeine will be defined in terms of the higher

order terms of the two along with all the leading order terms. Here we will show the

derivation for the expansion of 𝑇𝜇 and then referring to Appendix B for the remaining

vielbeine.

Expanding the first two of the completeness/orthogonality relations (4.5a)

𝑉𝜇𝑇𝜇 = 𝑣
𝜇
(0)𝜏

(0)
𝜇 + 𝑐

(
𝑣
𝜇
(1)𝜏

(0)
𝜇 + 𝑣𝜇(0)𝜏

(1)
𝜇

)
+ 𝑐2

(
𝑣
𝜇
(2)𝜏

(0)
𝜇 + 𝑣𝜇(0)𝜏

(2)
𝜇 + 𝑣𝜇(1)𝜏

(1)
𝜇

)
+ 𝒪

(
𝑐3

)
= −1, (5.1a)

𝐸
𝜇
𝑎𝑇𝜇 = 𝑒(0)

𝜇
𝑎𝜏

(0)
𝜇 + 𝑐

(
𝑒(0)

𝜇
𝑎𝜏

(1)
𝜇 + 𝑒(1)

𝜇
𝑎𝜏

(0)
𝜇

)
+ 𝑐2

(
𝑒(0)

𝜇
𝑎𝜏

(2)
𝜇 + 𝑒(2)

𝜇
𝑎𝜏

(0)
𝜇 + 𝑒(1)

𝜇
𝑎𝜏

(1)
𝜇

)
+ 𝒪

(
𝑐3

)
= 0, (5.1b)

and demanding that they hold at leading order, such that 𝜏(0)𝜇 𝑣
𝜇
(0) = −1 and 𝑒(0)

𝜇
𝑎𝜏

(0)
𝜇 = 0,

we find constraint equations for 𝐽 ≥ 1:

𝐽∑
𝑗=0

𝜏
(𝑗)
𝜇 𝑣

𝜇
(𝐽−𝑗) = 0,

𝐽∑
𝑗=0

𝜏
(𝑗)
𝜇 𝑒(𝐽−𝑗)

𝜇
𝑎
= 0 (5.2)
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5. Carrollian expansion of general relativity

with 𝐽 representing the order of 𝑐 in the expansion. Taking these two equations and

contracting them with 𝜏(0)𝜇 and 𝑒(0)
𝑎

𝜇 respectively, we have

𝜏(0)𝜇

𝐽∑
𝑗=0

𝜏
(𝑗)
𝜌 𝑣

𝜌
(𝐽−𝑗) = 𝜏(0)𝜇

𝐽−1∑
𝑗=0

𝜏
(𝑗)
𝜌 𝑣

𝜌
(𝐽−𝑗) + 𝜏(𝐽)𝜌 𝜏(0)𝜇 𝑣

𝜌
(0) = 0, (5.3a)

𝑒(0)
𝑎

𝜇

𝐽∑
𝑗=0

𝜏
(𝑗)
𝜌 𝑒(𝐽−𝑗)

𝜌
𝑎
= 𝑒(0)

𝑎

𝜇

𝐽−1∑
𝑗=0

𝜏
(𝑗)
𝜌 𝑒(𝐽−𝑗)

𝜌
𝑎
+ 𝜏(𝐽)𝜌 𝑒(0)

𝑎

𝜇 𝑒(0)
𝜌
𝑎︸      ︷︷      ︸

𝛿
𝜌
𝜇+𝑣

𝜌
(0)𝜏

(0)
𝜇

= 0, (5.3b)

where we then combine the two using the common term appearing in both, giving:

𝜏(𝐽)𝜇 = 𝜏(0)𝜇

𝐽−1∑
𝑗=0

𝜏
(𝑗)
𝜌 𝑣

𝜌
(𝐽−𝑗) − 𝑒

(0) 𝑎

𝜇

𝐽−1∑
𝑗=0

𝜏
(𝑗)
𝜌 𝑒(𝐽−𝑗)

𝜌
𝑎
. (5.4)

This equation can then be solved iteratively for each order of the expansion, for the

derivation for all the other vielbeine we refer to Appendix B. For 𝐽 = 1 we have

𝜏(1)𝜇 = 𝜏(0)𝜇 𝜏(0)𝜌 𝑣
𝜌
(1) − 𝑒

(0) 𝑎

𝜇 𝜏(0)𝜌 𝑒(1)
𝜌
𝑎 , (5.5a)

𝑒(1)
𝑎

𝜇 = 𝜏(0)𝜇 𝑒(0)
𝑎

𝜌 𝑣
𝜌
(1) − 𝑒

(0) 𝑏

𝜇 𝑒
(0) 𝑎

𝜌 𝑒(1)
𝜌
𝑏
, (5.5b)

ℎ
𝜇𝜈
(1) = 𝛿𝑎𝑏

(
𝑒(0)

𝜇
𝑎𝑒(1)

𝜈
𝑏
+ 𝑒(1)

𝜇
𝑎𝑒(0)

𝜈
𝑏

)
, (5.5c)

ℎ
(1)
𝜇𝜈 = 2 𝛿𝑎𝑏𝑒

(0) 𝑏

𝜌 𝑒
(0) 𝑎

(𝜇

(
𝜏(0)
𝜈) 𝑣

𝜌
(1) − 𝑒

(0) 𝑐

𝜈) 𝑒(1)
𝜌
𝑐

)
, (5.5d)

and then for 𝐽 = 2:

𝜏(2)𝜇 = 𝜏(0)𝜌

(
𝜏(0)𝜇 𝑣

𝜌
(2) − 𝑒

(0) 𝑎

𝜇 𝑒(2)
𝜌
𝑎

)
+

(
𝜏(0)𝜌 𝜏(0)𝜎 𝑣𝜎(1) − 𝑒

(0) 𝑎

𝜌 𝜏(0)𝜎 𝑒(1)
𝜎
𝑎

) (
𝜏(0)𝜇 𝑣

𝜌
(1) − 𝑒

(0) 𝑎

𝜇 𝑒(1)
𝜌
𝑎

)
, (5.6a)

𝑒(2)
𝑎

𝜇 = 𝑒(0)
𝑎

𝜌

(
𝜏(0)𝜇 𝑣

𝜌
(2) − 𝑒

(0) 𝑏

𝜇 𝑒(2)
𝜌
𝑏

)
+

(
𝜏(0)𝜌 𝑒(0)

𝑎

𝜎 𝑣
𝜎
(1) − 𝑒

(0) 𝑏

𝜌 𝑒
(0) 𝑎

𝜎 𝑒(1)
𝜎
𝑏

) (
𝜏(0)𝜇 𝑣

𝜌
(1) + 𝑒

(0) 𝑏

𝜇 𝑒(1)
𝜌
𝑏

)
, (5.6b)

ℎ
𝜇𝜈
(2) = 𝛿𝑎𝑏

(
𝑒(0)

𝜇
𝑎𝑒(2)

𝜈
𝑏
+ 𝑒(1)

𝜇
𝑎𝑒(1)

𝜈
𝑏
+ 𝑒(2)

𝜇
𝑎𝑒(0)

𝜈
𝑏

)
, (5.6c)

ℎ
(2)
𝜇𝜈 = 2 𝛿𝑎𝑏𝑣

𝜌
(2)𝑒

(0) 𝑎

𝜌 𝜏(0)(𝜇 𝑒
(0) 𝑏

𝜈) − 2 𝛿𝑎𝑏𝑒(2)
𝜌
𝑐𝑒

(0) 𝑏

𝜌 𝑒
(0) 𝑎

(𝜇 𝑒
(0) 𝑐

𝜈)

+ 𝛿𝑎𝑏𝑣
𝜌
(1)𝜏

(0)
𝜇

(
𝜏(0)𝜌 𝑒(0)

𝑎

𝜎 𝑣
𝜎
(1)𝜏

(0)
𝜈 𝑒(0)

𝑏

𝛼 𝑣
𝛼
(1) − 𝑒

(0) 𝑐

𝜌 𝑒
(0) 𝑎

𝜎 𝑒(1)
𝜎
𝑐
𝜏(0)𝜈 𝑒(0)

𝑏

𝛼 𝑣
𝛼
(1)

− 𝜏(0)𝜌 𝑒(0)
𝑎

𝜎 𝑣
𝜎
(1)𝑒

(0) 𝑑

𝜈 𝑒
(0) 𝑏

𝛼 𝑒(1)
𝛼
𝑑

+ 𝑒(0) 𝑐

𝜌 𝑒
(0) 𝑎

𝜎 𝑒(1)
𝜎
𝑐
𝑒(0)

𝑑

𝜈 𝑒
(0) 𝑏

𝛼 𝑒(1)
𝛼
𝑑

)
+ 𝛿𝑎𝑏𝑣

𝜌
(1)

(
𝜏(0)𝜈 𝜏(0)𝜎 𝑣𝜎(1) − 𝑒

(0) 𝑐

𝜈 𝜏(0)𝜎 𝑒(1)
𝜎
𝑐

)
𝑒(0)

𝑎

𝜇 𝑒
(0) 𝑏

𝜌

− 𝛿𝑎𝑏𝑒
(0) 𝑐

𝜇

(
𝜏(0)𝜈 𝑒(0)

𝑎

𝜌 𝑣
𝜌
(1)𝜏

(0)
𝜎 𝑒(0)

𝑏

𝛼 𝑣
𝛼
(1) − 𝑒

(0) 𝑑

𝜈 𝑒
(0) 𝑎

𝜌 𝑒(1)
𝜌
𝑑
𝜏(0)𝜎 𝑒(0)

𝑏

𝛼 𝑣
𝛼
(1)
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− 𝜏(0)𝜈 𝑒(0)
𝑎

𝜌 𝑣
𝜌
(1)𝑒

(0) 𝑒

𝜎 𝑒
(0) 𝑏

𝛼 𝑒(1)
𝛼
𝑒

+ 𝑒(0) 𝑑

𝜈 𝑒
(0) 𝑎

𝜌 𝑒(1)
𝜌
𝑑
𝑒(0)

𝑒

𝜎 𝑒
(0) 𝑏

𝛼 𝑒(1)
𝛼
𝑒

)
𝑒(1)

𝜎
𝑐

− 𝛿𝑎𝑏𝑒
(0) 𝑎

𝜇 𝑒
(0) 𝑏

𝜌 𝛿𝑐𝑑𝛿
𝑒 𝑓 𝑒(1)

𝜌
𝑓
𝑒(0)

𝑐

𝜈 𝑒
(0) 𝑑

𝜎 𝑒(1)
𝜎
𝑒

− 𝛿𝑎𝑏𝑒
(0) 𝑎

𝜇 𝑒
(0) 𝑏

𝜌 𝛿𝑐𝑑𝛿
𝑒 𝑓 𝑒(1)

𝜌
𝑓

(
𝜏(0)𝜈 𝑒(0)

𝑐

𝛼 𝑣
𝛼
(1) − 𝑒

(0) 𝑔

𝜈 𝑒
(0) 𝑐

𝛼 𝑒(1)
𝛼
𝑔

)
𝑒(0)

𝑑

𝛽 𝑒(1)
𝛽
𝑒 .

(5.6d)

Now for the general expansion of the metric (4.4a)

𝑔𝜇𝜈 = −𝑐2𝑇𝜇𝑇𝜈 +Π𝜇𝜈

= −𝑐2𝜏𝜇𝜏𝜈 + ℎ𝜇𝜈 + 𝑐𝑁 ℎ(1)𝜇𝜈 + 𝑐2𝑁 ℎ
(2)
𝜇𝜈 , (5.7)

we can write for the 𝑐 expansion:

𝑔𝜇𝜈 = ℎ𝜇𝜈 + 𝑐ℎ(1)𝜇𝜈 + 𝑐2

(
ℎ
(2)
𝜇𝜈 − 𝜏𝜇𝜏𝜈

)
+ 𝒪

(
𝑐3

)
, (5.8)

which will be useful later on.

5.1.2. Only even powers of c

Here, one will assume that the PUL parameters are analytic in 𝑐2
and can thus be

expanded using only even powers of 𝑐, thus setting 𝑁 = 2. We will call this the 𝑐2

expansion. This assumption will hold in many cases and is convenient due to simplicity.

For 𝑉𝜇
and 𝐸

𝜇
𝑎 we define the expansions as

𝑉𝜇 = 𝑣𝜇 + 𝑐2𝑀𝜇 + 𝒪(𝑐4) and 𝐸
𝜇
𝑎 = 𝑒

𝜇
𝑎 + 𝑐2𝜋

𝜇
𝑎 + 𝒪(𝑐4), (5.9)

where the LO and NLO parameters have been defined in the following manner:

𝑣
𝜇
(0) = 𝑣

𝜇
, 𝑣

𝜇
(1) = 𝑀𝜇

, (5.10a)

𝑒(0)
𝜇
𝑎 = 𝑒

𝜇
𝑎 , 𝑒(1)

𝜇
𝑎 = 𝜋

𝜇
𝑎 . (5.10b)

For the leading order of all the other parameters, we drop the (0) index in the same

manner. Inserting (5.10) into (5.5) we find the expansions to be:

𝑉𝜇 = 𝑣𝜇 + 𝑐2𝑀𝜇 + 𝒪(𝑐4), (5.11a)

𝑇𝜇 = 𝜏𝜇 + 𝑐2

(
𝜏𝜇𝜏𝜈𝑀

𝜈 − 𝑒 𝑎
𝜇 𝜏𝜈𝜋

𝜈
𝑎

)
+ 𝒪(𝑐4), (5.11b)

𝐸
𝜇
𝑎 = 𝑒

𝜇
𝑎 + 𝑐2𝜋

𝜇
𝑎 + 𝒪(𝑐4), (5.11c)

𝐸 𝑎
𝜇 = 𝑒 𝑎

𝜇 + 𝑐2

(
𝜏𝜇𝑀

𝜈𝑒 𝑎
𝜈 − 𝑒 𝑏

𝜇 𝑒 𝑎
𝜈 𝜋𝜈

𝑏

)
+ 𝒪(𝑐4), (5.11d)

Π𝜇𝜈 = ℎ𝜇𝜈 + 𝑐2Φ𝜇𝜈 + 𝒪(𝑐4), (5.11e)

Π𝜇𝜈 = ℎ𝜇𝜈 + 2 𝑐2𝛿𝑎𝑏𝑒
𝑎

(𝜇

(
𝜏𝜈)𝑀

𝜌𝑒 𝑏
𝜌 − 𝑒 𝑐

𝜈) 𝑒
𝑏

𝜌 𝜋
𝜌
𝑐

)
+ 𝒪(𝑐4), (5.11f)

We can further verify that inserting (5.11) into (4.5b) we find:

𝜏𝜇𝑣
𝜇 = −1, 𝜏𝜇ℎ

𝜇𝜈 = 0, ℎ𝜇𝜈𝑣
𝜈 = 0, 𝑒 𝐴

𝜇 𝑒𝜈𝐴 = 𝛿𝜈𝜇 = −𝜏𝜇𝑣𝜈 + ℎ𝜇𝜌ℎ𝜌𝜈. (5.12)

Lastly, the metric 𝑔𝜇𝜈 in the 𝑐2
expansion becomes:

𝑔𝜇𝜈 = ℎ𝜇𝜈 + 𝑐2

(
ℎ
(1)
𝜇𝜈 − 𝜏𝜇𝜏𝜈

)
+ 𝒪

(
𝑐4

)
, (5.13)

that will, again, be used later in this thesis.
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5.2. Leading-order theory

In order to explore the leading order of the theory, one does not have to specify whether

one has chosen the 𝑐 or 𝑐2
expansion, since the leading order variables will be the same

for both expansions. Here we will choose to drop the (0) labels on the leading order

variables and we stay with that choice throughout the rest of this thesis. By defining the

leading order of the extrinsic curvature as 𝐾𝜇𝜈 = − 1

2
£𝑣ℎ𝜇𝜈 and the vielbein determinant

as 𝑒 = det[(𝜏𝜇, 𝑒 𝑎
𝜇 )], we can write the leading-order term of the Einstein-Hilbert action

(4.50), thus effectively taking the Carroll limit:

(2)

𝑆LO =
1

16𝜋𝐺

∫
𝑀

[
𝐾𝜇𝜈𝐾𝜇𝜈 − 𝐾2

]
𝑒 d

𝑑+1𝑥. (5.14)

As a reminder, the label (2) above the LO action represents that there are two powers of

𝑐 multiplying that term.

Before tackling the variation of the action, we first present some variational identities.

𝛿𝜏𝜇 = −𝜏𝛾ℎ𝜇𝜌𝛿ℎ𝜌𝛾 + 𝜏𝛾𝜏𝜇𝛿𝑣
𝛾
, (5.15a)

𝛿ℎ𝜇𝜈 = −ℎ𝜇𝜌ℎ𝜈𝜆𝛿ℎ𝜌𝜆 + 2 ℎ𝜆(𝜇𝜏𝜈)𝛿𝑣
𝜆

, (5.15b)

𝛿𝐾𝜇𝜈 =

(
−𝜏𝜆𝐾𝜇𝜈 + 𝐾𝜆(𝜈𝜏𝜇) −

1

2

ℎ𝜆𝜇𝑣
𝜎𝜏𝜎𝜈 −

1

2

ℎ𝜆𝜈𝑣
𝜎𝜏𝜎𝜇

)
𝛿𝑣𝜆 − ℎ𝜎(𝜈∇̃𝜇)𝛿𝑣

𝜎

− 𝑣𝜎ℎ𝛼(𝜇𝜏𝜈)∇̃𝜎𝛿𝑣
𝛼 − 𝐾𝜆(𝜈ℎ𝜇)𝜌𝛿ℎ

𝜌𝜆 + 1

2

ℎ𝜇𝜌ℎ𝜈𝜆𝑣
𝜎∇̃𝜎𝛿ℎ

𝜌𝜆
, (5.15c)

𝛿𝐾 = −(𝑣𝜎𝜏𝜎𝜆 + 𝜏𝜆𝐾)𝛿𝑣𝜆 −
(
𝛿
𝜇
𝜆 + 𝑣

𝜇𝜏𝜆
)
∇̃𝜇𝛿𝑣

𝜆 + 1

2

ℎ𝜌𝜆𝑣
𝜎∇̃𝜎𝛿ℎ

𝜌𝜆
, (5.15d)

𝛿
(
𝐾𝜇𝜈𝐾𝜇𝜈

)
= −

(
2 𝜏𝜆𝐾

𝜇𝜈𝐾𝜇𝜈 + 𝐾𝜈
𝜆𝑣

𝜎𝜏𝜎𝜈
)
𝛿𝑣𝜆 − 2𝐾

𝜇
𝜆∇̃𝜇𝛿𝑣

𝜆 + 𝐾𝜌𝜆𝑣
𝜎∇̃𝜎𝛿ℎ

𝜌𝜆
, (5.15e)

𝛿𝑒 = 𝑒𝜏𝜆𝛿𝑣
𝜆 − 𝑒 1

2

ℎ𝜌𝜆𝛿ℎ
𝜌𝜆

. (5.15f)

Here we have made the choice of having all the variations being defined in terms of 𝛿𝑣𝜇

and 𝛿ℎ𝜇𝜈. The derivation of the identities can be found in Appendix C.1. For covariant

derivatives of the variations, we use (4.32) along with the vanishing of boundary terms

to show∫
𝑀

𝑒𝑋∇̃𝜇𝛿𝑥
𝜇

d
𝑑+1𝑥 =

∫
𝑀

𝑒
[
∇̃𝜇(𝑋𝛿𝑥𝜇) − ∇̃𝜇𝑋𝛿𝑥𝜇

]
d
𝑑+1𝑥

=

∫
𝑀

[
𝜕𝜇(𝑒𝑋𝛿𝑥𝜇)︸       ︷︷       ︸

=0

−𝑒𝜏𝜇𝑋𝛿𝑥𝜇 − 𝑒∇̃𝜇𝑋𝛿𝑥𝜇
]

d
𝑑+1𝑥. (5.16)

This will also hold if one replaces 𝑋 with an object of arbitrary tensor indices that then

contract with the index of the varied variable and the index of the derivative, such as

𝜕𝜇
(
𝑋𝜇𝜌𝑌𝜌𝜈𝛿𝑥𝜈

)
, as well as for multiple indices in the varied variable.

Now that we have found the variational identities (5.15d) - (5.15f), we can return to

the LO action (5.14) and vary it:

𝛿
(2)

𝑆LO =
1

16𝜋𝐺

∫
𝑀

[
𝛿
(
𝐾𝜇𝜈𝐾𝜇𝜈 − 𝐾2

)
𝑒 +

(
𝐾𝜇𝜈𝐾𝜇𝜈 − 𝐾2

)
𝛿𝑒

]
d
𝑑+1𝑥
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=
1

16𝜋𝐺

∫
𝑀

[
𝑒
(
𝛿
(
𝐾𝜇𝜈𝐾𝜇𝜈

)
− 2𝐾𝛿𝐾

)
+

(
𝐾𝜇𝜈𝐾𝜇𝜈 − 𝐾2

)
𝛿𝑒

]
d
𝑑+1𝑥

=
1

16𝜋𝐺

∫
𝑀

[
𝑒

(
− 2

(
𝐾𝜇𝜈𝐾𝜇𝜈𝜏𝜆 + 𝐾𝜇

𝜆𝑣
𝜎𝜏𝜎𝜇

)
𝛿𝑣𝜆 − 2𝐾

𝜇
𝜆∇̃𝜇𝛿𝑣

𝜆 + 𝐾𝜌𝜆𝑣
𝜎∇̃𝜎𝛿ℎ

𝜌𝜆

− 2𝐾

(
−(𝑣𝜎𝜏𝜎𝜆 + 𝜏𝜆𝐾)𝛿𝑣𝜆 − ℎ𝜇𝜎ℎ𝜎𝜆∇̃𝜇𝛿𝑣

𝜆 + 1

2

ℎ𝜌𝜆𝑣
𝜎∇̃𝜎𝛿ℎ

𝜌𝜆

))
+

(
𝐾𝜇𝜈𝐾𝜇𝜈 − 𝐾2

)
𝑒

(
𝜏𝜆𝛿𝑣

𝜆 − 1

2

ℎ𝜌𝜆𝛿ℎ
𝜌𝜆

)]
d
𝑑+1𝑥

=
1

16𝜋𝐺

∫
𝑀

𝑒

[
− 2

(
−1

2

(
𝐾𝜇𝜈𝐾𝜇𝜈 − 𝐾2

)
𝜏𝜆 + 𝑣𝜎𝜏𝜎𝜇

(
𝐾
𝜇
𝜆 − 𝛿

𝜇
𝜆𝐾

))
𝛿𝑣𝜆

− 1

2

(
𝐾𝜇𝜈𝐾𝜇𝜈 − 𝐾2

)
ℎ𝜌𝜆𝛿ℎ

𝜌𝜆

+
(
𝐾𝜌𝜆 − 𝐾ℎ𝜌𝜆

) (
−2 ℎ𝜇𝜌∇̃𝜇𝛿𝑣

𝜆 + 𝑣𝜎∇̃𝜎𝛿ℎ
𝜌𝜆

)]
d
𝑑+1𝑥. (5.17)

Then the identity (4.32), more specifically the procedure in (5.16), allows us to rewrite

the last term as∫
𝑀

𝑒
[ (
𝐾𝜌𝜆 − 𝐾ℎ𝜌𝜆

) (
−2 ℎ𝜎𝜌∇̃𝜎𝛿𝑣

𝜆 + 𝑣𝜎∇̃𝜎𝛿ℎ
𝜌𝜆

)]
d
𝑑+1𝑥

=

∫
𝑀

𝑒
[
∇̃𝜎

( (
𝐾𝜌𝜆 − 𝐾ℎ𝜌𝜆

) (
−2 ℎ𝜎𝜌𝛿𝑣𝜆 + 𝑣𝜎𝛿ℎ𝜌𝜆

))
+ ∇̃𝜎

(
𝐾𝜌𝜆 − 𝐾ℎ𝜌𝜆

) (
2 ℎ𝜎𝜌𝛿𝑣𝜆 − 𝑣𝜎𝛿ℎ𝜇𝜆

)
+ 2

(
𝐾𝜌𝜆 − 𝐾ℎ𝜌𝜆

)
∇̃𝜎ℎ

𝜎𝜌𝛿𝑣𝜆
]

d
𝑑+1𝑥

=

∫
𝑀

[
𝜕𝜎

(
𝑒
(
𝐾𝜌𝜆 − 𝐾ℎ𝜌𝜆

) (
−2 ℎ𝜎𝜌𝛿𝑣𝜆 + 𝑣𝜎𝛿ℎ𝜌𝜆

))
− 𝑒𝐾𝜏𝜎

(
𝐾𝜌𝜆 − 𝐾ℎ𝜌𝜆

) (
− 2 ℎ𝜎𝜌︸︷︷︸

=0

𝛿𝑣𝜆 + 𝑣𝜎𝛿ℎ𝜌𝜆
)

+ 𝑒∇̃𝜎
(
𝐾𝜌𝜆 − 𝐾ℎ𝜌𝜆

) (
2 ℎ𝜎𝜌𝛿𝑣𝜆 − 𝑣𝜎𝛿ℎ𝜇𝜆

)
+ 2

(
𝐾𝜌𝜆 − 𝐾ℎ𝜌𝜆

)
∇̃𝜎ℎ

𝜎𝜌𝛿𝑣𝜆
]

d
𝑑+1𝑥

≈
∫
𝑀

𝑒
[
𝐾
(
𝐾𝜌𝜆 − 𝐾ℎ𝜌𝜆

)
𝛿ℎ𝜌𝜆 + ∇̃𝜎

(
𝐾𝜌𝜆 − 𝐾ℎ𝜌𝜆

) (
2 ℎ𝜎𝜌𝛿𝑣𝜆 − 𝑣𝜎𝛿ℎ𝜇𝜆

)
+ 2

(
𝐾𝜌𝜆 − 𝐾ℎ𝜌𝜆

)
𝑣𝜎ℎ𝜌𝜇𝜏𝜎𝜏𝛿𝑣

𝜆
]

d
𝑑+1𝑥, (5.18)

and the variation of the action thus becomes:

𝛿
(2)

𝑆LO =
1

16𝜋𝐺

∫
𝑀

𝑒

[
− 2

(
−1

2

(
𝐾𝜇𝜈𝐾𝜇𝜈 − 𝐾2

)
𝜏𝜆 +

���������
𝑣𝜎𝜏𝜎𝜇

(
𝐾
𝜇
𝜆 − 𝛿

𝜇
𝜆𝐾

))
𝛿𝑣𝜆

− 1

2

(
𝐾𝜇𝜈𝐾𝜇𝜈 − 𝐾2

)
ℎ𝜌𝜆𝛿ℎ

𝜌𝜆 + 𝐾
(
𝐾𝜌𝜆 − 𝐾ℎ𝜌𝜆

)
𝛿ℎ𝜌𝜆
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5. Carrollian expansion of general relativity

+ ∇̃𝜎
(
𝐾𝜌𝜆 − 𝐾ℎ𝜌𝜆

) (
2 ℎ𝜎𝜌𝛿𝑣𝜆 − 𝑣𝜎𝛿ℎ𝜇𝜆

)
+
((((((((((((((
𝐾𝜌𝜆 − 𝐾ℎ𝜌𝜆

)
𝑣𝜎ℎ𝜌𝜇𝜏𝜎𝜇𝛿𝑣

𝜆

]
d
𝑑+1𝑥

=
1

16𝜋𝐺

∫
𝑀

𝑒

[
2

(
− 1

2

(
𝐾𝜇𝜈𝐾𝜇𝜈 − 𝐾2

)
𝜏𝜆 + ℎ𝜎𝜌∇̃𝜎

(
𝐾𝜌𝜆 − 𝐾ℎ𝜌𝜆

) )
𝛿𝑣𝜆

+
(
− 1

2

(
𝐾𝜇𝜈𝐾𝜇𝜈 − 𝐾2

)
ℎ𝜌𝜆 − 𝑣𝜎∇̃𝜎

(
𝐾𝜌𝜆 − 𝐾ℎ𝜌𝜆

)
+ 𝐾

(
𝐾𝜌𝜆 − 𝐾ℎ𝜌𝜆

) )
𝛿ℎ𝜌𝜆

]
d
𝑑+1𝑥. (5.19)

We have now finally arrived at the LO equations of motion

(2)

𝐺𝑣𝜇 = −1

2

(
𝐾𝜌𝜎𝐾𝜌𝜎 − 𝐾2

)
𝜏𝜇 + ℎ𝜈𝜌∇̃𝜌

(
𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈

)
, (5.20a)

(2)

𝐺ℎ
𝜇𝜈 = −1

2

(
𝐾𝜌𝜎𝐾𝜌𝜎 − 𝐾2

)
ℎ𝜇𝜈 + 𝐾

(
𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈

)
− 𝑣𝜌∇̃𝜌

(
𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈

)
, (5.20b)

for the variation of the LO action:

𝛿
(2)

𝑆LO =
1

8𝜋𝐺

∫
𝑀

𝑒

[
(2)

𝐺𝑣𝜇𝛿𝑣
𝜇 + 1

2

(2)

𝐺ℎ
𝜇𝜈𝛿ℎ

𝜇𝜈

]
d
𝑑+1𝑥. (5.21)

Furthermore, on comparison with the general form of the variation

𝛿
(2)

𝑆LO =
1

8𝜋𝐺

∫
𝑀

𝑒

𝛿
(2)

ℒLO

𝛿𝑣𝜇
𝛿𝑣𝜇 + 𝛿

(2)

ℒLO

𝛿ℎ𝜇𝜈
𝛿ℎ𝜇𝜈

 d
𝑑+1𝑥, (5.22)

we find that

(2)

𝐺𝑣𝜇 =
𝛿

(2)

ℒLO

𝛿𝑣𝜇
,

1

2

(2)

𝐺ℎ
𝜇𝜈 =

𝛿
(2)

ℒLO

𝛿ℎ𝜇𝜈
. (5.23)

Comparing these results to non-relativistic (or Galilean) gravity, where the LO EOMs

only serve as constraints on the theory by foiliating the spacetime into time slices [78],

we see that here we already have interesting dynamics at the leading-order. Similar

dynamics first appears at NLO and NNLO in NR gravity, thus showing that Carrollian

gravity is considerably more difficult to calculate to higher orders.

5.3. Next-to-leading-order theory

What we consider here to be the next-to-leading-order hinges on which expansion pa-

rameter one chooses, 𝑐 versus 𝑐2
. Following an equivalent treatment for non-relativistic

gravity from [64], we begin by showing a few characteristics of Lagrangians consisting

of fields that are expanded in orders of 𝑐𝑁 as such:

𝜙𝐼 = 𝜙𝐼(0) + 𝑐
𝑁𝜙𝐼(1) + 𝑐

2𝑁𝜙𝐼(2) + 𝒪(𝑐3𝑁 ), (5.24a)

𝜕𝜇𝜙
𝐼 = 𝜕𝜇𝜙

𝐼
(0) + 𝑐

𝑁𝜕𝜇𝜙
𝐼
(1) + 𝑐

2𝑁𝜕𝜇𝜙
𝐼
(2) + 𝒪(𝑐3𝑁 ), (5.24b)
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5. Carrollian expansion of general relativity

which then allows us to specify later whether 𝑁 = 1 or 𝑁 = 2. As for the action (4.50)

we define for the Lagrangian ℒ = 𝑐Δℒ̃, with 𝑐Δ the pre-leading orders. It is evident

from the action (4.50) that we have Δ = 2 and thus:

ℒ = 𝑐2

(
(2)

ℒLO + 𝑐𝑁
(2+𝑁)

ℒ NLO + 𝒪(𝑐2𝑁 )
)
. (5.25)

The Lagrangian is in general a function of the field 𝜙𝐼 and its derivative 𝜕𝜇𝜙𝐼 , all of

which can be considered to be a function of 𝑐𝑁 . Thus, we define a total derivative

d

d𝑐𝑁
=

𝜕

𝜕𝑐𝑁
+

𝜕𝜙𝐼

𝜕𝑐𝑁
𝜕

𝜕𝜙𝐼
+
𝜕(𝜕𝜇𝜙𝐼)
𝜕𝑐𝑁

𝜕

𝜕(𝜕𝜇𝜙𝐼)
, (5.26)

which is used to define the Taylor expansion:

ℒ̃(𝑐𝑁 ) = ℒ̃(0) + 𝑐𝑁 ℒ̃′(0) + 𝑐2𝑁

2

ℒ̃′′(0) + 𝒪(𝑐3𝑁 ). (5.27)

This in turn shows that:

(2)

ℒLO = ℒ̃(0) = ℒ̃(𝜙𝐼(0), 𝜕𝜇𝜙
𝐼
(0); 𝑐

𝑁 = 0) (5.28)

(2+𝑁)

ℒ NLO = ℒ̃′(0) =
(
𝜕ℒ̃
𝜕𝑐𝑁

+
𝜕𝜙𝐼

𝜕𝑐𝑁
𝜕ℒ̃
𝜕𝜙𝐼

+
𝜕(𝜕𝜇𝜙𝐼)
𝜕𝑐𝑁

𝜕ℒ̃
𝜕(𝜕𝜇𝜙𝐼)

) ����
𝑐𝑁=0

=
𝜕ℒ̃
𝜕𝑐𝑁

����
𝑐𝑁=0

+
𝜕𝜙𝐼

𝜕𝑐𝑁
𝜕ℒ̃
𝜕𝜙𝐼

����
𝑐𝑁=0

+
𝜕(𝜕𝜇𝜙𝐼)
𝜕𝑐𝑁

𝜕ℒ̃
𝜕(𝜕𝜇𝜙𝐼)

����
𝑐𝑁=0

=
𝜕ℒ̃
𝜕𝑐𝑁

����
𝑐𝑁=0

+ 𝜙𝐼(1)
𝜕

(2)

ℒLO

𝜕𝜙𝐼(0)
+ 𝜕𝜇𝜙

𝐼
(1)

𝜕
(2)

ℒLO

𝜕(𝜕𝜇𝜙𝐼(0))

=
𝜕ℒ̃
𝜕𝑐𝑁

����
𝑐𝑁=0

+ 𝜙𝐼(1)
𝜕

(2)

ℒLO

𝜕𝜙𝐼(0)
+ 𝜕𝜇

©­«𝜙𝐼(1) 𝜕
(2)

ℒLO

𝜕(𝜕𝜇𝜙𝐼(0))

����
𝛿𝑀

ª®¬︸                      ︷︷                      ︸
=0

− 𝜙𝐼(1)𝜕𝜇

(
𝜕

(2)

ℒLO

𝜕(𝜕𝜇𝜙𝐼(0))

)
=

𝜕ℒ̃
𝜕𝑐𝑁

����
𝑐𝑁=0

+ 𝜙𝐼(1)
𝛿

(2)

ℒLO

𝛿𝜙𝐼(0)
, (5.29)

where
𝛿

𝛿𝜙𝐼(0)
is the Euler-Lagrange derivative and terms two and three in the third line

are found in the following way:

𝜕𝜙𝐼

𝜕𝑐𝑁
𝜕ℒ̃
𝜕𝜙𝐼

����
𝑐𝑁=0

=


(
𝜙𝐼(1) + 2 𝑐𝑁𝜙𝐼(2) + 𝒪(𝑐2𝑁 )

) 𝜕ℒ̃
𝜕
(
𝜙𝐼(0) + 𝑐𝑁𝜙

𝐼
(1) + 𝒪(𝑐2𝑁 )

)  𝑐𝑁=0

= 𝜙𝐼(1)
𝜕ℒ̃(0)
𝜕𝜙𝐼(0)

= 𝜙𝐼(1)
𝜕

(2)

ℒLO

𝜕𝜙𝐼(0)
. (5.30)
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5. Carrollian expansion of general relativity

For the Einstein-Hilbert action we have chosen the defining fields to be 𝑉𝜇
and Π𝜇𝜈

with their Carroll expansion given as

𝑉𝜇 = 𝑣𝜇 + 𝑐𝑁𝑣𝜇(1) + 𝒪(𝑐2𝑁 ), (5.31a)

Π𝜇𝜈 = ℎ𝜇𝜈 + 𝑐𝑁 ℎ𝜇𝜈(1) + 𝒪(𝑐2𝑁 ). (5.31b)

Thus, in order to obtain the NLO Lagrangian, we simply use (5.29):

(2+𝑁)

ℒ NLO =
𝜕ℒ̃
𝜕𝑐𝑁

����
𝑐𝑁=0

+ 𝑣𝜇(1)
𝛿

(2)

ℒLO

𝛿𝑣𝜇
+ ℎ𝜇𝜈(1)

𝛿
(2)

ℒLO

𝛿ℎ𝜇𝜈

=
𝜕ℒ̃
𝜕𝑐𝑁

����
𝑐𝑁=0

+ 𝑣𝜇(1)
(2)

𝐺𝑣𝜇 +
1

2

ℎ
𝜇𝜈
(1)

(2)

𝐺ℎ
𝜇𝜈, (5.32)

where in the last line, (5.23) has been inserted. It is evident that the LO equations of

motion are encoded in the NLO equations of motion. This is repeated at every level in

the expansion and thus every higher order action will contain all the dynamics of the

lower order. The variation of the NLO action will now become:

𝛿
(2+𝑁)

𝑆 NLO =
1

8𝜋𝐺

∫
𝑀

𝑒

[
𝛿

(
𝜕ℒ̃
𝜕𝑐𝑁

����
𝑐𝑁=0

)
+ 𝛿𝑣

𝜇
(1)

(2)

𝐺𝑣𝜇 +
1

2

𝛿ℎ
𝜇𝜈
(1)

(2)

𝐺ℎ
𝜇𝜈

+ 𝑣𝜇(1)𝛿
(2)

𝐺𝑣𝜇 +
1

2

ℎ
𝜇𝜈
(1)𝛿

(2)

𝐺ℎ
𝜇𝜈 +

(2+𝑁)

ℒ NLO

1

𝑒
𝛿𝑒

]
d
𝑑+1

. (5.33)

We will now assemble all the ingredients to be able to derive the variation of the NLO

action for both the 𝑐 and 𝑐2
expansion. Starting with the first term of (5.33) we begin

by noting that from (4.50) it is clear that the stripped Lagrangian ℒ̃ only contains even

powers of 𝑐. Thus when considering the first term of (5.32) and setting 𝑁 = 1, the term

vanishes. However, if we take 𝑁 = 2, we are left with

𝜕ℒ̃
𝜕𝑐2

����
𝑐2=0

=
1

2

ℎ𝜇𝜈�̃�𝜇𝜈, (5.34)

where we have defined

(�̃�)

𝑅𝜇𝜈

��
𝑐2=0

= �̃�𝜇𝜈.

In order to calculate the variation of (5.34) we first show:

�̃�𝜇𝜈 = 2 𝜕[𝜌Γ̃
𝜌
𝜇]𝜈 + 2 Γ̃

𝜌
[𝜌|𝜎 |Γ̃

𝜎
𝜇]𝜈, (5.35a)

𝛿�̃�𝜇𝜈 = 2

(
𝜕[𝜌𝛿Γ̃

𝜌
𝜇]𝜈 + 𝛿Γ̃

𝜌
[𝜌|𝜎 |Γ̃

𝜎
𝜇]𝜈 + Γ̃

𝜌
[𝜌|𝜎 |𝛿Γ̃

𝜎
𝜇]𝜈

)
, (5.35b)

which when used with

2 ∇̃[𝜌𝛿Γ̃
𝜌
𝜇]𝜈 = 2

(
𝜕[𝜌𝛿Γ̃

𝜌
𝜇]𝜈 + Γ̃

𝜌
[𝜌|𝜎 |𝛿Γ̃

𝜎
𝜇]𝜈 − Γ̃𝜎[𝜌𝜇]𝛿Γ̃

𝜌
𝜎𝜈 − Γ̃𝜎[𝜌|𝜈 |𝛿Γ̃

𝜌
𝜇]𝜎

)
⇒ 𝛿�̃�𝜇𝜈 = 2

(
∇̃[𝜌𝛿Γ̃

𝜌
𝜇]𝜈 − Γ̃𝜎[𝜇𝜌]𝛿Γ̃

𝜌
𝜎𝜈

)
, (5.36)

allows us to write:

𝛿
(
ℎ𝜇𝜈�̃�𝜇𝜈

)
= 𝛿ℎ𝜇𝜈�̃�𝜇𝜈 + ℎ𝜇𝜈𝛿�̃�𝜇𝜈
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5. Carrollian expansion of general relativity

= 𝛿ℎ𝜇𝜈�̃�𝜇𝜈 + 2 ℎ𝜇𝜈
(
∇̃[𝜌𝛿Γ̃

𝜌
𝜇]𝜈 − Γ̃𝜎[𝜇𝜌]𝛿Γ̃

𝜌
𝜎𝜈

)
= 𝛿ℎ𝜇𝜈�̃�𝜇𝜈 + ∇̃𝜌

(
ℎ𝜇𝜈𝛿Γ̃

𝜌
𝜇𝜈

)
− ∇̃𝜌ℎ

𝜇𝜈𝛿Γ̃
𝜌
𝜇𝜈

− ∇̃𝜇

(
ℎ𝜇𝜈𝛿Γ̃

𝜌
𝜌𝜈

)
+ ∇̃𝜇ℎ

𝜇𝜈𝛿Γ̃
𝜌
𝜌𝜈 − 2 ℎ𝜇𝜈ℎ𝜎𝛾𝜏[𝜇𝐾𝜌]𝛾𝛿Γ̃

𝜌
𝜎𝜈. (5.37)

Two of the terms with the covariant derivatives are then rewritten using (4.32)∫
𝑀

𝑒
[
∇̃𝜌

(
ℎ𝜇𝜈𝛿Γ̃

𝜌
𝜇𝜈

)]
d
𝑑+1𝑥 =

∫
𝑀

[
𝜕𝜌

(
𝑒ℎ𝜇𝜈𝛿Γ̃

𝜌
𝜇𝜈

)
︸           ︷︷           ︸

=0

−𝑒𝜏𝜌𝐾ℎ𝜇𝜈𝛿Γ̃𝜌𝜇𝜈
]

d
𝑑+1𝑥, (5.38a)

−
∫
𝑀

𝑒
[
∇̃𝜇

(
ℎ𝜇𝜈𝛿Γ̃

𝜌
𝜌𝜈

)]
d
𝑑+1𝑥 = −

∫
𝑀

[
𝜕𝜇

(
𝑒ℎ𝜇𝜈𝛿Γ̃

𝜌
𝜌𝜈

)
︸           ︷︷           ︸

=0

−𝑒𝐾𝛿Γ̃𝜌𝜌𝜈 𝜏𝜇ℎ𝜇𝜈︸︷︷︸
=0

]
d
𝑑+1𝑥 (5.38b)

which gives:

𝛿

(
𝜕ℒ̃
𝜕𝑐2

����
𝑐2=0

)
=

1

2

(
𝛿ℎ𝜇𝜈�̃�𝜇𝜈 + 𝜏𝜌𝛿Γ̃

𝜌
𝜇𝜈(𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈)

− 𝑣𝜇ℎ𝜈𝛾𝜏𝜆𝛾
(
𝛿𝜆𝜌 − 𝜏𝜌𝑣

𝜆
)
𝛿Γ̃

𝜌
(𝜇𝜈) + 𝑣

𝜆ℎ𝜈𝛾𝜏𝜆𝛾𝛿Γ̃
𝜌
𝜌𝜈

)
, (5.39)

where we have used (4.31b) and (4.31c). Here we encounter terms with 𝛿Γ̃ that require

lengthy calculations. Looking at (5.20a) and (5.20b) it is clear that we will be varying

covariant derivatives which also lead to similar terms. Thus, we refer to Appendix C.2

for detailed derivations of such terms. This results in (5.39) becoming

𝛿

(
𝜕ℒ̃
𝜕𝑐2

����
𝑐2=0

)
=

1

2

[
1

2

𝑣𝜂𝜏𝜂𝛾ℎ
𝜈𝛾

(
𝛿
𝜌
𝜆 + 𝑣

𝜌𝜏𝜆
)
𝜏𝜈𝜌𝛿𝑣

𝜆 + ℎ𝜈𝛾𝜏𝜌𝛾∇̃𝜈𝛿𝑣
𝜌

+
(
�̃�𝜌𝜆 + 2𝐾𝑣𝛾𝜏𝜌𝜏𝛾𝜆 +

(
1

2

𝛿
𝜂
𝜌 − 𝑣𝜂𝜏𝜌

)
𝜏𝜂𝛾𝐾

𝛾
𝜆

)
𝛿ℎ𝜌𝜆

+
(
𝐾
(
𝛿
𝜇
𝜌 + 𝑣𝜇𝜏𝜌

)
𝜏𝜆 − 𝐾𝜇

𝜌𝜏𝜆 −
1

2

𝑣𝜂𝜏𝜂𝛾ℎ
𝜇𝛾ℎ𝜌𝜆

)
∇̃𝜇𝛿ℎ

𝜌𝜆

]
≈ 1

2

[(
1

2

𝑣𝜆𝜏𝜆𝛾ℎ
𝜈𝛾

(
𝛿
𝜌
𝜇 + 𝑣𝜌𝜏𝜇

)
𝜏𝜈𝜌 − ∇̃𝜈

(
ℎ𝜈𝛾𝜏𝜇𝛾

) )
𝛿𝑣𝜇

+
(
�̃�𝜇𝜈 + 2𝐾𝑣𝛾𝜏𝜇𝜏𝛾𝜈 +

(
1

2

𝛿
𝜂
𝜇 − 𝑣𝜂𝜏𝜇

)
𝜏𝜂𝛾𝐾

𝛾
𝜈

− ∇̃𝜌

(
𝐾
(
𝛿
𝜌
𝜇 + 𝑣𝜌𝜏𝜇

)
𝜏𝜈 − 𝐾𝜌

𝜇𝜏𝜈 −
1

2

𝑣𝜂𝜏𝜂𝛾ℎ
𝜌𝛾ℎ𝜇𝜈

))
𝛿ℎ𝜇𝜈

]
. (5.40)

From Appendix C.2 we also find the fourth term from (5.33):

𝑣
𝜇
(1)𝛿

(2)

𝐺𝑣𝜇 ≈ 𝑣𝜇(1)

[(
2 𝜏𝜇𝐾

𝜌𝛾𝐾𝜌𝛾𝜏𝜆 + 𝐾𝜎
𝛼

(
1

2

𝛿𝛼𝜆𝜏𝜇𝜎 + 𝑣
𝛾𝜏𝛾𝜎

(
2 𝛿𝛼𝜆𝜏𝜇 + 3 𝛿𝛼𝜇𝜏𝜆

))
+ 1

2

𝐾
(
𝜏𝜆𝜇 − 𝜏𝜇𝑣

𝜎𝜏𝜎𝜆 − 𝑣𝛾𝜏𝜆𝜏𝛾𝜇 + 𝐾𝜏𝜇𝜏𝜆
)
− 2 ∇̃𝜌𝐾

𝜌
𝜆𝜏𝜇
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+ 𝑣𝜎∇̃𝜌𝜏𝜎𝛾

(
−1

2

𝛿
𝛾
𝜆

(
𝛿
𝜌
𝜇 − 𝑣𝜌𝜏𝜇

)
+ 𝛿

𝛾
𝜇

(
𝛿
𝜌
𝜆 + 𝑣

𝜌𝜏𝜆
)
− 1

2

ℎ𝜌𝛾ℎ𝜆𝜇

))
𝛿𝑣𝜆

+
((

3

2

𝐾𝛾𝜎𝐾𝛾𝜎 −
1

2

𝐾2 + 𝑣𝜎∇̃𝜎𝐾

)
𝜏𝜆ℎ𝜇𝜌 +

1

2

(
𝐾2 − 𝑣𝜎∇̃𝜎𝐾

)
𝜏𝜇ℎ𝜌𝜆

+
(
2𝐾

𝛾
𝜌𝐾𝜆𝛾 −

3

2

𝐾𝐾𝜌𝜆 + 𝑣𝜎∇̃𝜎𝐾𝜌𝜆

)
𝜏𝜇 −

(
𝐾𝜇𝜆𝐾 + 𝑣𝜎∇̃𝜎𝐾𝜇𝜆

)
𝜏𝜌

+ 1

2

𝑣𝜎𝜏𝜎𝛾𝐾
𝛾
𝜆ℎ𝜇𝜌 −

1

2

𝑣𝜎𝜏𝜎𝜌𝐾𝜆𝜇 + 𝑣𝜎𝜏𝜎𝜇
(
𝐾𝜌𝜆 −

1

2

ℎ𝜌𝜆𝐾

)
+ 2𝐾

𝛾
𝜌𝐾𝜇𝛾𝜏𝜆 +

1

2

∇̃𝜎𝐾
𝜎
𝜇ℎ𝜌𝜆 −

1

2

∇̃𝜇𝐾𝜌𝜆

)
𝛿ℎ𝜌𝜆

]
+ ∇̃𝜎𝑣

𝜇
(1)

[(
𝐾𝜎

𝛾

(
𝛿
𝛾
𝜇𝜏𝜆 −

5

2

𝛿
𝛾
𝜆𝜏𝜇

)
+ 𝐾

(
𝛿𝜎𝜆𝜏𝜇 − 𝛿𝜎𝜇𝜏𝜆

)
+ 3

4

𝑣𝜎𝜏𝛾𝜇
(
𝛿
𝛾
𝜆 + 𝑣𝛾𝜏𝜆

)
+ 𝑣𝜌𝜏𝜌𝛾

(
−5

2

𝛿𝜎𝜇𝛿
𝛾
𝜆 − 9

4

𝛿
𝛾
𝜆𝑣

𝜎𝜏𝜇 + 𝛿𝜎𝜆𝛿
𝛾
𝜇 −

1

2

ℎ𝜎𝛾ℎ𝜆𝜇

))
𝛿𝑣𝜆

+
(

1

2

𝐾𝜎
𝛾

(
𝛿
𝛾
𝜆ℎ𝜇𝜌 + 𝛿

𝛾
𝜇ℎ𝜌𝜆

)
− 1

2

𝑣𝜎𝜏𝜇𝐾ℎ𝜌𝜆

− 1

2

𝐾𝜆𝛾

(
𝛿
𝛾
𝜇

(
𝛿𝜎𝜌 + 𝑣𝜎𝜏𝜌

)
+ 𝛿

𝛾
𝜌

(
𝛿𝜎𝜇 − 2 𝑣𝜎𝜏𝜇

)))
𝛿ℎ𝜌𝜆

]
+ ∇̃𝜌∇̃𝜎𝑣

𝜇
(1)

[
1

2

(
𝛿𝜎𝜆𝛿

𝜌
𝜇 + 𝛿𝜎𝜆𝑣

𝜌𝜏𝜇 + 𝑣𝜎𝜏𝜆𝛿𝜌𝜇 + 𝑣𝜎𝜏𝜆𝑣𝜌𝜏𝜇
)
− 1

2

ℎ𝜎𝜌ℎ𝜆𝜇

]
𝛿𝑣𝜆, (5.41)

and the fifth term of (5.33) to be

1

2

ℎ
𝜇𝜈
(1)𝛿

(2)

𝐺ℎ
𝜇𝜈 ≈

1

2

ℎ
𝜇𝜈
(1)

[(
𝐾𝜎𝛾𝐾𝜎𝛾

(
ℎ𝜇𝜈𝜏𝜆 − ℎ𝜆𝜇𝜏𝜈

)
− 𝐾

(
𝐾𝜇𝜈𝜏𝜆 + 2 𝜏𝜇𝐾𝜆𝜈

)
+ 𝐾𝜌

𝛾

(
𝛿
𝛾
𝜆𝜏𝜇𝐾𝜈𝜌 + 𝑣𝜎𝜏𝜎𝜌

(
1

2

𝛿
𝛾
𝜆ℎ𝜇𝜈 + 𝛿

𝛾
𝜈 ℎ𝜇𝜆

))
− 𝐾2

(
ℎ𝜇𝜈𝜏𝜆 + ℎ𝜆𝜇𝜏𝜈

)
− ∇̃𝜎𝐾

𝜎
𝛾

(
𝛿
𝛾
𝜆ℎ𝜇𝜈 + 𝛿

𝛾
𝜈 ℎ𝜇𝜆

)
+ ∇̃𝜎𝐾𝜆𝜈

(
𝛿
𝛾
𝜇𝑣

𝜎𝜏𝜆 −
(
3 𝛿𝜎𝜇 + 𝑣𝜎𝜏𝜇

))
+ ∇̃𝜎𝐾

(
2 𝛿𝜎𝜆ℎ𝜇𝜈 + 2 𝑣𝜎ℎ𝜆𝜇𝜏𝜈 + 𝑣𝜎ℎ𝜇𝜈𝜏𝜆

))
𝛿𝑣𝜆

+
(

1

2

(
𝐾𝜎𝛾𝐾𝜎𝛾 + 𝐾2 − 2 𝑣𝜎∇̃𝜎𝐾

)
ℎ𝜇𝜌ℎ𝜈𝜆 +

1

2

(
𝐾2 − 𝑣𝜎∇̃𝜎𝐾

)
ℎ𝜇𝜈ℎ𝜌𝜆

+
(
𝐾𝜎

𝜆𝐾𝜎𝜈 − 𝐾𝐾𝜆𝜈 + 𝑣𝜎∇̃𝜎𝐾𝜆𝜈

)
ℎ𝜇𝜌

+ 1

2

(
𝑣𝜎∇̃𝜎𝐾𝜌𝜆 − 𝐾𝐾𝜌𝜆

)
ℎ𝜇𝜈
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− 𝐾𝜆𝜇𝐾𝜈𝜌 +
1

2

(
𝐾𝐾𝜇𝜈 − 𝑣𝜎∇̃𝜎𝐾𝜇𝜈

)
ℎ𝜌𝜆

)
𝛿ℎ𝜌𝜆

]
+ 1

2

∇̃𝜎ℎ
𝜇𝜈
(1)

[(
𝐾
(
𝛿𝜎𝜆 + 2 𝑣𝜎𝜏𝜆

)
ℎ𝜇𝜈 + 𝐾𝛾𝜈

(
𝛿
𝛾
𝜇𝛿

𝜎
𝜆 − 3 𝛿

𝛾
𝜆𝛿

𝜎
𝜇

)
− 𝐾𝜎

𝛾

(
𝛿
𝛾
𝜆ℎ𝜇𝜈 + 𝛿

𝛾
𝜈 ℎ𝜇𝜆

))
𝛿𝑣𝜆

+ 1

2

𝑣𝜎

(
𝐾
(
ℎ𝜇𝜌ℎ𝜈𝜆 − 2 ℎ𝜇𝜈ℎ𝜌𝜆

)
+ ℎ𝜇𝜈𝐾𝜌𝜆 − 𝐾𝜇𝜈ℎ𝜌𝜆

)
𝛿ℎ𝜌𝜆

]
+ 1

2

𝑣𝛾∇̃𝛾∇̃𝜎ℎ
𝜇𝜈
(1)

[(
𝛿𝜎𝜇ℎ𝜆𝜈 − ℎ𝜇𝜈

(
𝛿𝜎𝜆 + 𝑣

𝜎𝜏𝜆
)
+ 𝑣𝜎ℎ𝜆𝜇𝜏𝜈

)
𝛿𝑣𝜆

+ 1

2

𝑣𝜎

(
ℎ𝜇𝜌ℎ𝜈𝜆 + ℎ𝜇𝜈ℎ𝜌𝜆

)
𝛿ℎ𝜌𝜆

]
. (5.42)

Finally, the last term of (5.33) is

(2+𝑁)

ℒ NLO

1

𝑒
𝛿𝑒 =

(
𝜕ℒ̃
𝜕𝑐𝑁

����
𝑐𝑁=0

+ 𝑣𝜇(1)
(2)

𝐺𝑣𝜇 +
1

2

ℎ
𝜇𝜈
(1)

(2)

𝐺ℎ
𝜇𝜈

) (
𝜏𝜌𝛿𝑣

𝜌 − 1

2

ℎ𝜌𝜆𝛿ℎ
𝜌𝜆

)
=

[
𝜕ℒ̃
𝜕𝑐𝑁

����
𝑐𝑁=0

+ 𝑣𝜇(1)

(
−1

2

(
𝐾𝛾𝜂𝐾𝛾𝜂 − 𝐾2

)
𝜏𝜇 + ℎ𝜈𝛾∇̃𝛾

(
𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈

) )
+ 1

2

ℎ
𝜇𝜈
(1)

(
− 1

2

(
𝐾𝛾𝜂𝐾𝛾𝜂 − 𝐾2

)
ℎ𝜇𝜈 + 𝐾

(
𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈

)
− 𝑣𝛾∇̃𝛾

(
𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈

) )] (
𝜏𝜆𝛿𝑣

𝜆 − 1

2

ℎ𝜌𝜆𝛿ℎ
𝜌𝜆

)
. (5.43)

Having assembled all the ingredients, we are now finally ready to present the NLO

equations for both expansions.

5.3.1. NLO all powers of c

For the 𝑐 expansion, i.e. 𝑁 = 1, we have the varied action

𝛿
(3)

𝑆NLO =
1

8𝜋𝐺

∫
𝑀

𝑒

[
(3)

𝐺𝑣𝜇𝛿𝑣
𝜇 + 1

2

(3)

𝐺ℎ
𝜇𝜈𝛿ℎ

𝜇𝜈 +
(3)

𝐺
𝑣(1)
𝜇 𝛿𝑣

𝜇
(1) +

1

2

(3)

𝐺
ℎ(1)
𝜇𝜈 𝛿ℎ

𝜇𝜈
(1)

]
d
𝑑+1

. (5.44)

The equations of motion are thus

(3)

𝐺
𝑣(1)
𝜇 =

(2)

𝐺𝑣𝜇,

(3)

𝐺
ℎ(1)
𝜇𝜈 =

(2)

𝐺ℎ
𝜇𝜈, (5.45)

repeating the EOMs from the LO just as expected, along with:

(3)

𝐺𝑣𝜆 =

[
𝑣
𝜇
(1)

(
2 𝜏𝜇𝐾

𝜌𝛾𝐾𝜌𝛾𝜏𝜆 + 𝐾𝜎
𝛼

(
1

2

𝛿𝛼𝜆𝜏𝜇𝜎 + 𝑣
𝛾𝜏𝛾𝜎

(
2 𝛿𝛼𝜆𝜏𝜇 + 3 𝛿𝛼𝜇𝜏𝜆

))
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+ 1

2

𝐾
(
𝜏𝜆𝜇 − 𝜏𝜇𝑣

𝜎𝜏𝜎𝜆 − 𝑣𝛾𝜏𝜆𝜏𝛾𝜇 + 𝐾𝜏𝜇𝜏𝜆
)
− 2 ∇̃𝜌𝐾

𝜌
𝜆𝜏𝜇

+ 𝑣𝜎∇̃𝜌𝜏𝜎𝛾

(
−1

2

𝛿
𝛾
𝜆

(
𝛿
𝜌
𝜇 − 𝑣𝜌𝜏𝜇

)
+ 𝛿

𝛾
𝜇

(
𝛿
𝜌
𝜆 + 𝑣

𝜌𝜏𝜆
)
− 1

2

ℎ𝜌𝛾ℎ𝜆𝜇

)
+ 𝜏𝜆

(
−1

2

(
𝐾𝛾𝜂𝐾𝛾𝜂 − 𝐾2

)
𝜏𝜇 + ℎ𝜈𝛾∇̃𝛾

(
𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈

) ))
+ 1

2

ℎ
𝜇𝜈
(1)

(
𝐾𝜎𝛾𝐾𝜎𝛾

(
ℎ𝜇𝜈𝜏𝜆 − ℎ𝜆𝜇𝜏𝜈

)
+ 𝐾𝜌

𝛾

(
𝛿
𝛾
𝜆𝜏𝜇𝐾𝜈𝜌 + 𝑣𝜎𝜏𝜎𝜌

(
1

2

𝛿
𝛾
𝜆ℎ𝜇𝜈 + 𝛿

𝛾
𝜈 ℎ𝜇𝜆

))
− 𝐾

(
𝐾𝜇𝜈𝜏𝜆 + 2 𝜏𝜇𝐾𝜆𝜈

)
− 𝐾2

(
ℎ𝜇𝜈𝜏𝜆 + ℎ𝜆𝜇𝜏𝜈

)
− ∇̃𝜎𝐾

𝜎
𝛾

(
𝛿
𝛾
𝜆ℎ𝜇𝜈 + 𝛿

𝛾
𝜈 ℎ𝜇𝜆

)
+ ∇̃𝜎𝐾𝜆𝜈

(
𝛿
𝛾
𝜇𝑣

𝜎𝜏𝜆 −
(
3 𝛿𝜎𝜇 + 𝑣𝜎𝜏𝜇

))
+ ∇̃𝜎𝐾

(
2 𝛿𝜎𝜆ℎ𝜇𝜈 + 2 𝑣𝜎ℎ𝜆𝜇𝜏𝜈 + 𝑣𝜎ℎ𝜇𝜈𝜏𝜆

)
+ 𝜏𝜆

(
− 1

2

(
𝐾𝛾𝜂𝐾𝛾𝜂 − 𝐾2

)
ℎ𝜇𝜈 + 𝐾

(
𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈

)
− 𝑣𝛾∇̃𝛾

(
𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈

) ))
+ ∇̃𝜎𝑣

𝜇
(1)

(
𝐾𝜎

𝛾

(
𝛿
𝛾
𝜇𝜏𝜆 −

5

2

𝛿
𝛾
𝜆𝜏𝜇

)
+ 𝐾

(
𝛿𝜎𝜆𝜏𝜇 − 𝛿𝜎𝜇𝜏𝜆

)
+ 3

4

𝑣𝜎𝜏𝛾𝜇
(
𝛿
𝛾
𝜆 + 𝑣𝛾𝜏𝜆

)
+ 𝑣𝜌𝜏𝜌𝛾

(
−5

2

𝛿𝜎𝜇𝛿
𝛾
𝜆 − 9

4

𝛿
𝛾
𝜆𝑣

𝜎𝜏𝜇 + 𝛿𝜎𝜆𝛿
𝛾
𝜇 −

1

2

ℎ𝜎𝛾ℎ𝜆𝜇

))
+ ∇̃𝜌∇̃𝜎𝑣

𝜇
(1)

(
1

2

(
𝛿𝜎𝜆𝛿

𝜌
𝜇 + 𝛿𝜎𝜆𝑣

𝜌𝜏𝜇 + 𝑣𝜎𝜏𝜆𝛿𝜌𝜇 + 𝑣𝜎𝜏𝜆𝑣𝜌𝜏𝜇
)
− 1

2

ℎ𝜎𝜌ℎ𝜆𝜇

)
+ 1

2

∇̃𝜎ℎ
𝜇𝜈
(1)

(
𝐾
(
𝛿𝜎𝜆 + 2 𝑣𝜎𝜏𝜆

)
ℎ𝜇𝜈 + 𝐾𝛾𝜈

(
𝛿
𝛾
𝜇𝛿

𝜎
𝜆 − 3 𝛿

𝛾
𝜆𝛿

𝜎
𝜇

)
− 𝐾𝜎

𝛾

(
𝛿
𝛾
𝜆ℎ𝜇𝜈 + 𝛿

𝛾
𝜈 ℎ𝜇𝜆

) )
+ 1

2

𝑣𝛾∇̃𝛾∇̃𝜎ℎ
𝜇𝜈
(1)

(
𝛿𝜎𝜇ℎ𝜆𝜈 − ℎ𝜇𝜈

(
𝛿𝜎𝜆 + 𝑣

𝜎𝜏𝜆
)
+ 𝑣𝜎ℎ𝜆𝜇𝜏𝜈

)]
, (5.46)

and

(3)

𝐺ℎ
(𝜌𝜆) =

[
𝑣
𝜇
(1)

((
3𝐾𝛾𝜎𝐾𝛾𝜎 − 𝐾2 + 𝑣𝜎∇̃𝜎𝐾

)
𝜏(𝜆ℎ𝜌)𝜇 +

(
𝐾2 − 𝑣𝜎∇̃𝜎𝐾

)
𝜏𝜇ℎ𝜌𝜆

+
(
4𝐾

𝛾
(𝜌𝐾𝜆)𝛾 − 3𝐾𝐾𝜌𝜆 + 2 𝑣𝜎∇̃𝜎𝐾𝜌𝜆

)
𝜏𝜇 + 2

(
−𝐾𝜇(𝜆𝐾 − 𝑣𝜎∇̃𝜎𝐾𝜇(𝜆

)
𝜏𝜌)

+ 𝑣𝜎𝜏𝜎𝛾𝐾𝛾
(𝜆ℎ𝜌)𝜇 − 𝑣

𝜎𝜏𝜎(𝜌𝐾𝜆)𝜇 + 𝑣𝜎𝜏𝜎𝜇
(
2𝐾𝜌𝜆 − ℎ𝜌𝜆𝐾

)
+ 4𝐾

𝛾
(𝜌𝜏𝜆)𝐾𝜇𝛾 + ∇̃𝜎𝐾

𝜎
𝜇ℎ𝜌𝜆 − ∇̃𝜇𝐾𝜌𝜆

+ ℎ𝜌𝜆
(

1

2

(
𝐾𝛾𝜂𝐾𝛾𝜂 − 𝐾2

)
𝜏𝜇 − ℎ𝜈𝛾∇̃𝛾

(
𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈

) ))
+ ℎ𝜇𝜈(1)

(
1

2

(
𝐾𝜎𝛾𝐾𝜎𝛾 + 𝐾2 − 2 𝑣𝜎∇̃𝜎𝐾

)
ℎ𝜇(𝜌ℎ𝜆)𝜈 +

1

2

(
𝐾2 − 𝑣𝜎∇̃𝜎𝐾

)
ℎ𝜇𝜈ℎ𝜌𝜆

+
(
𝐾𝜎𝜈𝐾

𝜎
(𝜆 − 𝐾𝐾𝜈(𝜆 + 𝑣𝜎∇̃𝜎𝐾𝜈(𝜆

)
ℎ𝜌)𝜇 − 𝐾𝜈(𝜌𝐾𝜆)𝜇

+ 1

2

(
𝑣𝜎∇̃𝜎𝐾𝜌𝜆 − 𝐾𝐾𝜌𝜆

)
ℎ𝜇𝜈 +

1

2

(
𝐾𝐾𝜇𝜈 − 𝑣𝜎∇̃𝜎𝐾𝜇𝜈

)
ℎ𝜌𝜆
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+ 1

2

ℎ𝜌𝜆

(
1

2

(
𝐾𝛾𝜂𝐾𝛾𝜂 − 𝐾2

)
ℎ𝜇𝜈 − 𝐾

(
𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈

)
+ 𝑣𝛾∇̃𝛾

(
𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈

) ))
+ ∇̃𝜎𝑣

𝜇
(1)

(
𝐾𝜎

𝛾

(
𝛿
𝛾
(𝜆ℎ𝜌)𝜇 + 𝛿

𝛾
𝜇ℎ𝜌𝜆

)
− 𝑣𝜎𝜏𝜇𝐾ℎ𝜌𝜆

− 𝐾𝛾(𝜆
((
𝛿𝜎𝜌) + 𝜏𝜌)𝑣

𝜎
)
𝛿
𝛾
𝜇 + 𝛿

𝛾
𝜌)

(
𝛿𝜎𝜇 − 2 𝑣𝜎𝜏𝜇

)))
+ 1

2

∇̃𝜎ℎ
𝜇𝜈
(1)𝑣

𝜎

(
𝐾
(
ℎ𝜇(𝜌ℎ𝜆)𝜈 − 2 ℎ𝜇𝜈ℎ𝜌𝜆

)
+ ℎ𝜇𝜈𝐾𝜌𝜆 − 𝐾𝜇𝜈ℎ𝜌𝜆

)
+ 1

2

𝑣𝛾𝑣𝜎∇̃𝛾∇̃𝜎ℎ
𝜇𝜈
(1)

(
ℎ𝜇(𝜌ℎ𝜆)𝜈 + ℎ𝜇𝜈ℎ𝜌𝜆

)]
. (5.47)

The last two are therefore the new equations of motion that appear at NLO and are

considerably more complicated than the LO EOMs.

5.3.2. NLO even powers of c

For the 𝑐2
expansion, i.e. 𝑁 = 2, we have the varied action

𝛿
(4)

𝑆NLO =
1

8𝜋𝐺

∫
𝑀

𝑒

[
(4)

𝐺𝑣𝜇𝛿𝑣
𝜇 + 1

2

(4)

𝐺ℎ
𝜇𝜈𝛿ℎ

𝜇𝜈 +
(4)

𝐺
𝑣(1)
𝜇 𝛿𝑣

𝜇
(1) +

1

2

(4)

𝐺
ℎ(1)
𝜇𝜈 𝛿ℎ

𝜇𝜈
(1)

]
d
𝑑+1

, (5.48)

which has the following equations of motion:

(4)

𝐺
𝑣(1)
𝜇 =

(2)

𝐺𝑣𝜇,

(4)

𝐺
ℎ(1)
𝜇𝜈 =

(2)

𝐺ℎ
𝜇𝜈, (5.49)

again repeating the dynamics of the LO theory, along with:

(4)

𝐺𝑣𝜆 =

[
𝑣
𝜇
(1)

(
2 𝜏𝜇𝐾

𝜌𝛾𝐾𝜌𝛾𝜏𝜆 + 𝐾𝜎
𝛼

(
1

2

𝛿𝛼𝜆𝜏𝜇𝜎 + 𝑣
𝛾𝜏𝛾𝜎

(
2 𝛿𝛼𝜆𝜏𝜇 + 3 𝛿𝛼𝜇𝜏𝜆

))
+ 1

2

𝐾
(
𝜏𝜆𝜇 − 𝜏𝜇𝑣

𝜎𝜏𝜎𝜆 − 𝑣𝛾𝜏𝜆𝜏𝛾𝜇 + 𝐾𝜏𝜇𝜏𝜆
)
− 2 ∇̃𝜌𝐾

𝜌
𝜆𝜏𝜇

+ 𝑣𝜎∇̃𝜌𝜏𝜎𝛾

(
−1

2

𝛿
𝛾
𝜆

(
𝛿
𝜌
𝜇 − 𝑣𝜌𝜏𝜇

)
+ 𝛿

𝛾
𝜇

(
𝛿
𝜌
𝜆 + 𝑣

𝜌𝜏𝜆
)
− 1

2

ℎ𝜌𝛾ℎ𝜆𝜇

)
+ 𝜏𝜆

(
−1

2

(
𝐾𝛾𝜂𝐾𝛾𝜂 − 𝐾2

)
𝜏𝜇 + ℎ𝜈𝛾∇̃𝛾

(
𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈

) ))
+ 1

2

ℎ
𝜇𝜈
(1)

(
𝐾𝜎𝛾𝐾𝜎𝛾

(
ℎ𝜇𝜈𝜏𝜆 − ℎ𝜆𝜇𝜏𝜈

)
+ 𝐾𝜌

𝛾

(
𝛿
𝛾
𝜆𝜏𝜇𝐾𝜈𝜌 + 𝑣𝜎𝜏𝜎𝜌

(
1

2

𝛿
𝛾
𝜆ℎ𝜇𝜈 + 𝛿

𝛾
𝜈 ℎ𝜇𝜆

))
− 𝐾

(
𝐾𝜇𝜈𝜏𝜆 + 2 𝜏𝜇𝐾𝜆𝜈

)
− 𝐾2

(
ℎ𝜇𝜈𝜏𝜆 + ℎ𝜆𝜇𝜏𝜈

)
− ∇̃𝜎𝐾

𝜎
𝛾

(
𝛿
𝛾
𝜆ℎ𝜇𝜈 + 𝛿

𝛾
𝜈 ℎ𝜇𝜆

)
+ ∇̃𝜎𝐾𝜆𝜈

(
𝛿
𝛾
𝜇𝑣

𝜎𝜏𝜆 −
(
3 𝛿𝜎𝜇 + 𝑣𝜎𝜏𝜇

))
+ ∇̃𝜎𝐾

(
2 𝛿𝜎𝜆ℎ𝜇𝜈 + 2 𝑣𝜎ℎ𝜆𝜇𝜏𝜈 + 𝑣𝜎ℎ𝜇𝜈𝜏𝜆

)
+ 𝜏𝜆

(
− 1

2

(
𝐾𝛾𝜂𝐾𝛾𝜂 − 𝐾2

)
ℎ𝜇𝜈 + 𝐾

(
𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈

)
− 𝑣𝛾∇̃𝛾

(
𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈

) ))
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+ ∇̃𝜎𝑣
𝜇
(1)

(
𝐾𝜎

𝛾

(
𝛿
𝛾
𝜇𝜏𝜆 −

5

2

𝛿
𝛾
𝜆𝜏𝜇

)
+ 𝐾

(
𝛿𝜎𝜆𝜏𝜇 − 𝛿𝜎𝜇𝜏𝜆

)
+ 3

4

𝑣𝜎𝜏𝛾𝜇
(
𝛿
𝛾
𝜆 + 𝑣𝛾𝜏𝜆

)
+ 𝑣𝜌𝜏𝜌𝛾

(
−5

2

𝛿𝜎𝜇𝛿
𝛾
𝜆 − 9

4

𝛿
𝛾
𝜆𝑣

𝜎𝜏𝜇 + 𝛿𝜎𝜆𝛿
𝛾
𝜇 −

1

2

ℎ𝜎𝛾ℎ𝜆𝜇

))
+ ∇̃𝜌∇̃𝜎𝑣

𝜇
(1)

(
1

2

(
𝛿𝜎𝜆𝛿

𝜌
𝜇 + 𝛿𝜎𝜆𝑣

𝜌𝜏𝜇 + 𝑣𝜎𝜏𝜆𝛿𝜌𝜇 + 𝑣𝜎𝜏𝜆𝑣𝜌𝜏𝜇
)
− 1

2

ℎ𝜎𝜌ℎ𝜆𝜇

)
+ 1

2

∇̃𝜎ℎ
𝜇𝜈
(1)

(
𝐾
(
𝛿𝜎𝜆 + 2 𝑣𝜎𝜏𝜆

)
ℎ𝜇𝜈 + 𝐾𝛾𝜈

(
𝛿
𝛾
𝜇𝛿

𝜎
𝜆 − 3 𝛿

𝛾
𝜆𝛿

𝜎
𝜇

)
− 𝐾𝜎

𝛾

(
𝛿
𝛾
𝜆ℎ𝜇𝜈 + 𝛿

𝛾
𝜈 ℎ𝜇𝜆

) )
+ 1

2

𝑣𝛾∇̃𝛾∇̃𝜎ℎ
𝜇𝜈
(1)

(
𝛿𝜎𝜇ℎ𝜆𝜈 − ℎ𝜇𝜈

(
𝛿𝜎𝜆 + 𝑣

𝜎𝜏𝜆
)
+ 𝑣𝜎ℎ𝜆𝜇𝜏𝜈

)
+ 1

4

𝑣𝜇𝜏𝜇𝛾ℎ
𝜎𝛾

(
𝛿
𝜌
𝜆 + 𝑣

𝜌𝜏𝜆
)
𝜏𝜎𝜌 −

1

2

∇̃𝜌
(
ℎ𝜌𝛾𝜏𝜆𝛾

)
+ 1

2

ℎ𝜇𝜈�̃�𝜇𝜈𝜏𝜆

]
, (5.50)

and

(4)

𝐺ℎ
(𝜌𝜆) =

[
𝑣
𝜇
(1)

((
3𝐾𝛾𝜎𝐾𝛾𝜎 − 𝐾2 + 𝑣𝜎∇̃𝜎𝐾

)
𝜏(𝜆ℎ𝜌)𝜇 +

(
𝐾2 − 𝑣𝜎∇̃𝜎𝐾

)
𝜏𝜇ℎ𝜌𝜆

+
(
4𝐾

𝛾
(𝜌𝐾𝜆)𝛾 − 3𝐾𝐾𝜌𝜆 + 2 𝑣𝜎∇̃𝜎𝐾𝜌𝜆

)
𝜏𝜇 + 2

(
−𝐾𝜇(𝜆𝐾 − 𝑣𝜎∇̃𝜎𝐾𝜇(𝜆

)
𝜏𝜌)

+ 𝑣𝜎𝜏𝜎𝛾𝐾𝛾
(𝜆ℎ𝜌)𝜇 − 𝑣

𝜎𝜏𝜎(𝜌𝐾𝜆)𝜇 + 𝑣𝜎𝜏𝜎𝜇
(
2𝐾𝜌𝜆 − ℎ𝜌𝜆𝐾

)
+ 4𝐾

𝛾
(𝜌𝜏𝜆)𝐾𝜇𝛾 + ∇̃𝜎𝐾

𝜎
𝜇ℎ𝜌𝜆 − ∇̃𝜇𝐾𝜌𝜆

+ ℎ𝜌𝜆
(

1

2

(
𝐾𝛾𝜂𝐾𝛾𝜂 − 𝐾2

)
𝜏𝜇 − ℎ𝜈𝛾∇̃𝛾

(
𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈

) ))
+ ℎ𝜇𝜈(1)

(
1

2

(
𝐾𝜎𝛾𝐾𝜎𝛾 + 𝐾2 − 2 𝑣𝜎∇̃𝜎𝐾

)
ℎ𝜇(𝜌ℎ𝜆)𝜈 +

1

2

(
𝐾2 − 𝑣𝜎∇̃𝜎𝐾

)
ℎ𝜇𝜈ℎ𝜌𝜆

+
(
𝐾𝜎𝜈𝐾

𝜎
(𝜆 − 𝐾𝐾𝜈(𝜆 + 𝑣𝜎∇̃𝜎𝐾𝜈(𝜆

)
ℎ𝜌)𝜇 − 𝐾𝜈(𝜌𝐾𝜆)𝜇

+ 1

2

(
𝑣𝜎∇̃𝜎𝐾𝜌𝜆 − 𝐾𝐾𝜌𝜆

)
ℎ𝜇𝜈 +

1

2

(
𝐾𝐾𝜇𝜈 − 𝑣𝜎∇̃𝜎𝐾𝜇𝜈

)
ℎ𝜌𝜆

+ 1

2

ℎ𝜌𝜆

(
1

2

(
𝐾𝛾𝜂𝐾𝛾𝜂 − 𝐾2

)
ℎ𝜇𝜈 − 𝐾

(
𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈

)
+ 𝑣𝛾∇̃𝛾

(
𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈

) ))
+ ∇̃𝜎𝑣

𝜇
(1)

(
𝐾𝜎

𝛾

(
𝛿
𝛾
(𝜆ℎ𝜌)𝜇 + 𝛿

𝛾
𝜇ℎ𝜌𝜆

)
− 𝑣𝜎𝜏𝜇𝐾ℎ𝜌𝜆

− 𝐾𝛾(𝜆
((
𝛿𝜎𝜌) + 𝜏𝜌)𝑣

𝜎
)
𝛿
𝛾
𝜇 + 𝛿

𝛾
𝜌)

(
𝛿𝜎𝜇 − 2 𝑣𝜎𝜏𝜇

)))
+ 1

2

∇̃𝜎ℎ
𝜇𝜈
(1)𝑣

𝜎

(
𝐾
(
ℎ𝜇(𝜌ℎ𝜆)𝜈 − 2 ℎ𝜇𝜈ℎ𝜌𝜆

)
+ ℎ𝜇𝜈𝐾𝜌𝜆 − 𝐾𝜇𝜈ℎ𝜌𝜆

)
+ 1

2

𝑣𝛾𝑣𝜎∇̃𝛾∇̃𝜎ℎ
𝜇𝜈
(1)

(
ℎ𝜇(𝜌ℎ𝜆)𝜈 + ℎ𝜇𝜈ℎ𝜌𝜆

)
+ �̃�𝜌𝜆 + 𝑣𝜎𝜏𝜌𝜏𝜎𝛾

(
2 𝛿

𝛾
𝜆𝐾 − 𝐾𝛾

𝜆

)
− 1

2

ℎ𝜇𝜈�̃�𝜇𝜈ℎ𝜌𝜆 − ∇̃𝜎

(
𝐾
(
𝛿𝜎𝜌 + 𝑣𝜎𝜏𝜌

)
𝜏𝜆 − 𝐾𝜎

𝜌𝜏𝜆 −
1

2

𝑣𝜂𝜏𝜂𝛾ℎ
𝜎𝛾ℎ𝜌𝜆

)]
. (5.51)
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On comparison with the 𝑐 expansion, the EOMs are equivalent up to a few extra terms

that appear in the 𝑐2
expansion. Among these are terms containing curvature, �̃�𝜇𝜈,

which first appear at NNLO for the 𝑐 expansion. The appearance of curvature terms

means that the theory allows for massive solutions, see [8].

5.3.3. Electric and magnetic sector

Akin to the treatment of the Carrollian field theory presented in Section 3.4, we will

now define the leading-order of the Carrollian geometry to be the electric sector of the

theory. The NLO equations for the 𝑐2
have previously only been derived to truncated

order, i.e. with 𝑣
𝜇
(0) = 0 and ℎ

𝜇𝜈
(0) = 0. This simplifies the equations immensely, leading

to:

(4)

𝐺𝑣𝜆

����
𝑣
𝜇
(0)=ℎ

𝜇𝜈
(0)=0

=
1

4

𝑣𝜇𝜏𝜇𝛾ℎ
𝜎𝛾

(
𝛿
𝜌
𝜆 + 𝑣

𝜌𝜏𝜆
)
𝜏𝜎𝜌 −

1

2

∇̃𝜌
(
ℎ𝜌𝛾𝜏𝜆𝛾

)
+ 1

2

ℎ𝜇𝜈�̃�𝜇𝜈𝜏𝜆, (5.52a)

(4)

𝐺ℎ
𝜌𝜆

����
𝑣
𝜇
(0)=ℎ

𝜇𝜈
(0)=0

= �̃�𝜌𝜆 + 𝑣𝜎𝜏𝜌𝜏𝜎𝛾
(
2 𝛿

𝛾
𝜆𝐾 − 𝐾𝛾

𝜆

)
− 1

2

ℎ𝜇𝜈�̃�𝜇𝜈ℎ𝜌𝜆

− ∇̃𝜎

(
𝐾
(
𝛿𝜎𝜌 + 𝑣𝜎𝜏𝜌

)
𝜏𝜆 − 𝐾𝜎

𝜌𝜏𝜆 −
1

2

𝑣𝜂𝜏𝜂𝛾ℎ
𝜎𝛾ℎ𝜌𝜆

)
. (5.52b)

This truncation is equivalent to the one described in Section 3.4 for the scalar Carrollian

field theory, where we set the LO of the theory to be zero via Lagrange multipliers

and thus make the NLO part of the theory Carroll invariant. Here, however, we set

the higher order fields 𝑣
𝜇
(0) and ℎ

𝜇𝜈
(0) to zero which also results in the vanishing of the

leading order. Hence, one calls this truncated NLO theory the magnetic Carroll theory.

Truncating the NLO for the 𝑐 expansion is a trivial effort since it makes both

(3)

𝐺𝑣𝜆 and

(3)

𝐺ℎ
𝜌𝜆 vanish.
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6. LO and NLO EOMs and solutions

Having derived the equations of motion for the leading-order theory and both ex-

pansions of the next-to-leading-order theory we now study these further based on

approaches from [8] and [47]. We first present the LO EOMs, find projections of those

and solutions of said projections. The NLO EOMs and its projections are merely pre-

sented for completeness. Lastly we will Carroll expand the Schwarzschild and Kerr

metrics for both the electric and magnetic sector.

6.1. LO equations of motion

Starting with the LO EOMs (5.20), we first project out the temporal part by contracting

them with 𝑣𝜇

𝑣𝜇
(2)

𝐺𝑣𝜇 =
1

2

(
𝐾𝜌𝜎𝐾𝜌𝜎 − 𝐾2

)
+ ℎ𝜈𝜌∇̃𝜌

(
𝑣𝜇

(
𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈

)︸              ︷︷              ︸
=0

)
= 0, (6.1a)

𝑣𝜇
(2)

𝐺ℎ
𝜇𝜈 = −1

2

(
𝐾𝜌𝜎𝐾𝜌𝜎 − 𝐾2

)
𝑣𝜇ℎ𝜇𝜈︸︷︷︸

=0

+𝐾 𝑣𝜇
(
𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈

)︸              ︷︷              ︸
=0

−𝑣𝜌∇̃𝜌

(
𝑣𝜇

(
𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈

)︸              ︷︷              ︸
=0

)
= 0,

(6.1b)

and then by contracting with ℎ𝜇𝜈 we project out the spatial part of the equations

ℎ𝜇𝜈
(2)

𝐺𝑣𝜇 =
1

2

(
𝐾𝜌𝜎𝐾𝜌𝜎 − 𝐾2

)
ℎ𝜇𝜈𝜏𝜇︸︷︷︸

=0

+ℎ𝜇𝜈ℎ𝜈𝜌∇̃𝜌
(
𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈

)
= 0, (6.2a)

ℎ𝜇𝜈
(2)

𝐺ℎ
𝜇𝜈 = −1

2

(
𝐾𝜌𝜎𝐾𝜌𝜎 − 𝐾2

)
ℎ𝜇𝜈ℎ𝜇𝜈︸ ︷︷ ︸

=0

+𝐾
(
ℎ𝜇𝜈𝐾𝜇𝜈 − 𝐾 ℎ𝜇𝜈ℎ𝜇𝜈︸ ︷︷ ︸

=0

)
− ℎ𝜇𝜈𝑣𝜌∇̃𝜌

(
𝐾𝜇𝜈 − 𝐾 ℎ𝜇𝜈︸︷︷︸

=0

)
= 𝐾2 − ℎ𝜇𝜈£𝑣𝐾𝜇𝜈 + 4 ℎ𝜇𝜈𝑣𝜌Γ̃𝜆[𝜌𝜇]𝐾𝜆𝜈

= 𝐾2 − ℎ𝜇𝜈£𝑣𝐾𝜇𝜈 − 2 ℎ𝜇𝜈ℎ𝜆𝛾𝐾𝜇𝛾𝐾𝜆𝜈

= ℎ𝜇𝜈
(
−£𝑣𝐾𝜇𝜈 + 𝐾𝐾𝜇𝜈 − 2𝐾 𝜆

𝜇 𝐾𝜆𝜈

)
= 0, (6.2b)

where we have used (2.5) and (4.26). We arrive at the following equations:

𝐾𝜌𝜎𝐾𝜌𝜎 − 𝐾2 = 0, (6.3a)

ℎ𝜈𝜌∇̃𝜌
(
𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈

)
= 0, (6.3b)

𝐾𝐾𝜇𝜈 − 2𝐾 𝜆
𝜇 𝐾𝜆𝜈 = £𝑣𝐾𝜇𝜈, (6.3c)

where we can now interpret the first two of the equations as constraint equations and

the third one as a time evolution equation. This is reminiscent of the 3+1 decomposition

of the Einstein equation where a split in time and space is introduced in order to carry

out a Hamiltonian analysis [62].
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6. LO and NLO EOMs and solutions

For further studying solutions to the EOMs we have just derived, it can be practical

to restrict to a spatial hypersurface. We start by defining some properties of spatial

hypersurfaces on a Carroll manifold. Spatial covectors are defined as

𝑣𝜇𝑋𝜇 = 0, (6.4)

however, a spatial vector 𝜏𝜇𝑋𝜇
is not boost-invariant. Thus one has to specify to a

particular boost frame in order to define a spatial hypersurface and from that one can

generalize frame-independent quantities. Choosing 𝑥𝜇 = (𝑡, 𝑥 𝑖) as the coordinates, we

define a lapse function 𝛼 such that

𝑣𝜇𝜕𝜇 =
1

𝛼
𝜕𝑡 , (6.5a)

𝜏𝜇 d𝑥𝜇 = −𝛼 d𝑡 + 𝑏𝑖 d𝑥 𝑖 , (6.5b)

and we can further choose a boost-frame where 𝑏𝑖 = 0 which yields

𝑣𝜇𝜕𝜇 =
1

𝛼
𝜕𝑡 , (6.6a)

𝜏𝜇 d𝑥𝜇 = −𝛼 d𝑡, (6.6b)

ℎ𝜇𝜈 d𝑥𝜇 d𝑥𝜈 = ℎ𝑖 𝑗 d𝑥 𝑖 d𝑥 𝑗 , (6.6c)

ℎ𝜇𝜈𝜕𝜇𝜕𝜈 = ℎ 𝑖 𝑗𝜕𝑖𝜕𝑗 , (6.6d)

where we have defined the Riemannian metric ℎ𝑖 𝑗 on the spatial hypersurfaces. This

particular boost-frame will now be used to study various Carroll solutions.

6.1.1. Solution to the evolution equation

Using the parameterization as defined above, we write the extrinsic curvature and the

Lie derivative as:

𝐾𝑖 𝑗 = −1

2

£𝑣ℎ𝑖 𝑗 = −1

2

(
𝑣𝜇𝜕𝜇ℎ𝑖 𝑗 + ℎ𝜇𝑗𝜕𝑖𝑣𝜇 + ℎ𝑖𝜇𝜕𝑗𝑣𝜇

)
= −1

2

(
1

𝛼
𝜕𝑡ℎ𝑖 𝑗 + ℎ𝑡 𝑗︸︷︷︸

=0

𝜕𝑖
1

𝛼
+ ℎ𝑡𝑖︸︷︷︸

=0

𝜕𝑗
1

𝛼

)
= − 𝑒

−𝐵/2

2

¤ℎ𝑖 𝑗 , (6.7)

£𝑣𝐾𝑖 𝑗 = −𝑣𝜇𝜕𝜇
(
𝑒−𝐵/2

2

¤ℎ𝑖 𝑗
)
− 𝑒−𝐵/2

2

(
¤ℎ𝜇𝑗𝜕𝑖𝑣𝜇 + ¤ℎ𝑖𝜇𝜕𝑗𝑣𝜇

)
︸                    ︷︷                    ︸

=0

= − 𝑒
−𝐵

2

(
−
¤𝐵
2

¤ℎ𝑖 𝑗 + ¥ℎ𝑖 𝑗
)
, (6.8)

where the lapse function has been defined to be 𝛼 = 𝑒𝐵/2
and the over-dots represent

a 𝑡 derivative. The terms in the second and the fourth line vanish since ℎ has no 𝑡

component. Inserting these into (6.3c):

£𝑣𝐾𝜇𝜈 = 𝐾𝐾𝜇𝜈 − 2𝐾 𝜆
𝜇 𝐾𝜆𝜈, (6.9a)
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6. LO and NLO EOMs and solutions

⇒ − 𝑒
−𝐵

2

(
−
¤𝐵
2

¤ℎ𝑖 𝑗 + ¥ℎ𝑖 𝑗
)
=
𝑒−𝐵

4

ℎ𝑘𝑙 ¤ℎ𝑘𝑙 ¤ℎ𝑖 𝑗 − 2

𝑒−𝐵

4

ℎ𝑘𝑙 ¤ℎ𝑖𝑙 ¤ℎ𝑘 𝑗 , (6.9b)

gives the evolution equation in the form of an ordinary differential equation:

¥ℎ𝑖 𝑗 +
1

2

¤ℎ𝑖 𝑗
(
ℎ𝑘𝑙 ¤ℎ𝑘𝑙 − ¤𝐵

)
− ℎ𝑘𝑙 ¤ℎ𝑖𝑙 ¤ℎ𝑘 𝑗 = 0, (6.10)

which is then further simplified by choosing
¤𝐵 = ℎ 𝑖 𝑗 ¤ℎ𝑖 𝑗 :

¥ℎ𝑖 𝑗 − ℎ𝑘𝑙 ¤ℎ𝑖𝑙 ¤ℎ𝑘 𝑗 = 0. (6.11)

Dropping the indices for now and noting that ℎ𝑘𝑙 is just ℎ−1
, the ODE can be solved

via substitution:

𝑢(𝑡) = ¤ℎ(𝑡), ¤𝑢(𝑡) = d𝑢

dℎ

dℎ

d𝑡
= 𝑢

d𝑢

dℎ
,

⇒ 𝑢
d𝑢

dℎ
− ℎ−1𝑢2 = 𝑢

(
d𝑢

dℎ
− 𝑢ℎ−1

)
= 0, (6.12)

whose nontrivial solution is:

𝑢−1

d𝑢 − ℎ−1

dℎ = 0 ⇒ 𝑢 = 𝑐1ℎ =
dℎ

d𝑡
,

⇒ ℎ−1

dℎ = 𝑐1 d𝑡 ⇒ ℎ(𝑡) = 𝑐2𝑒
𝑐1𝑡

. (6.13)

Setting initial conditions as

ℎ𝑖 𝑗(𝑡 = 0) = ℎ(0)𝑖 𝑗 = 𝑐2, 𝐾𝑖 𝑗(𝑡 = 0) = 𝐾(0)𝑖 𝑗 , (6.14)

we find

𝐾(0)𝑖 𝑗 = − 𝑒
−𝐵/2

2

ℎ(0)𝑖 𝑗𝑐1 ⇒ 𝑐1 = −2 𝑒𝐵/2𝐾(0)𝑖 𝑗ℎ
𝑗𝑘

(0), (6.15)

and the solution is thus

ℎ𝑖 𝑗(𝑡) = ℎ(0)𝑖𝑘𝑒
−2𝑡𝑒𝐵/2ℎ𝑘𝑙(0)𝐾(0)𝑙 𝑗

. (6.16)

Comparing our solution here with the one presented in [8] we encounter an extra

factor of 𝑒 𝑒
𝐵/2

in our solution. This is most likely an error resulting from setting 𝐵 = 0

for a specific case and forgetting to include the factor in the more general case. This

solution will be used later in this section to show that the electric Carroll limit of the

Schwarzschild metric is a solution of the evolution equation.

6.2. NLO equations of motion

Moving on to the NLO EOMs, there we have four equations to be contracted with 𝑣𝜇

and ℎ𝜇𝜈 but two of them are the same as the LO EOMS, (5.45) and (5.49), and therefore

we only need to consider the other two but for both expansions. Beginning with the 𝑐

expansion we have:

𝑣𝜆
(3)

𝐺𝑣𝜆 =

[
𝑣
𝜇
(1)

(
− 3

2

𝜏𝜇𝐾
𝜌𝛾𝐾𝜌𝛾 − 3𝐾𝜎

𝛼𝑣
𝛾𝜏𝛾𝜎𝛿

𝛼
𝜇 + 𝐾𝑣𝜆𝜏𝜆𝜇
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− 𝐾2𝜏𝜇 − ℎ𝜈𝛾∇̃𝛾
(
𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈

) )
+ ∇̃𝜎𝑣

𝜇
(1)

(
𝐾
(
𝑣𝜎𝜏𝜇 + 𝛿𝜎𝜇

)
− 𝐾𝜎

𝜇 + 𝑣𝜌𝜏𝜌𝜇𝑣𝜎
)
+ 1

2

∇̃𝜎ℎ
𝜇𝜈
(1)

(
𝐾𝜇𝜈𝑣

𝜎 − 𝐾𝑣𝜎ℎ𝜇𝜈
)

+ 1

2

ℎ
𝜇𝜈
(1)

(
− 1

2

𝐾𝜎𝛾𝐾𝜎𝛾ℎ𝜇𝜈 + 𝐾𝐾𝜇𝜈 +
3

2

𝐾2ℎ𝜇𝜈 + 𝑣𝛾∇̃𝛾𝐾𝜇𝜈

)]
= 0, (6.17a)

𝑣𝜆
(3)

𝐺ℎ
𝜌𝜆 =

[
𝑣
𝜇
(1)

(
−

(
3𝐾𝛾𝜎𝐾𝛾𝜎 − 𝐾2 + 𝑣𝜎∇̃𝜎𝐾

)
ℎ𝜇𝜌 − 4𝐾

𝛾
𝜌𝐾𝜇𝛾

)
+ ℎ𝜇𝜈(1)

(
− 𝐾

(
𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈

)
+ 𝑣𝛾∇̃𝛾

(
𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈

) )]
= 0, (6.17b)

as well as

ℎ𝜅𝜆
(3)

𝐺𝑣𝜆 =

[
𝑣
𝜇
(1)

(
𝐾𝜎𝜅

(
1

2

𝜏𝜇𝜎 + 2 𝑣𝛾𝜏𝛾𝜎𝜏𝜇

)
+ 1

2

𝐾
(
ℎ𝜅𝜆𝜏𝜆𝜇 − ℎ𝜅𝜆𝜏𝜇𝑣𝜎𝜏𝜎𝜆

)
− 2 ℎ𝜅𝜆∇̃𝜌𝐾

𝜌
𝜆𝜏𝜇

+ 𝑣𝜎∇̃𝜌𝜏𝜎𝛾

(
−1

2

ℎ𝜅𝛾
(
𝛿
𝜌
𝜇 − 𝑣𝜌𝜏𝜇

)
+ 𝛿

𝛾
𝜇ℎ

𝜅𝜌 − 1

2

ℎ𝜌𝛾
(
𝛿𝜅𝜇 + 𝑣𝜅𝜏𝜇

)))
+ 1

2

ℎ
𝜇𝜈
(1)

(
− 𝐾𝜎𝛾𝐾𝜎𝛾

(
𝛿𝜅𝜇 + 𝑣𝜅𝜏𝜇

)
𝜏𝜈 + 𝐾𝜌𝛾

(
𝜏𝜇𝐾𝜈𝜌 +

1

2

𝑣𝜎𝜏𝜎𝜌ℎ𝜇𝜈

)
− 2 ℎ𝜅𝜆𝐾𝜏𝜇𝐾𝜆𝜈 − ∇̃𝜎𝐾

𝜎
𝛾

(
ℎ𝜅𝛾ℎ𝜇𝜈 + 𝛿

𝛾
𝜈

(
𝛿𝜅𝜇 + 𝑣𝜅𝜏𝜇

))
− 𝐾2

(
𝛿𝜅𝜇 + 𝑣𝜅𝜏𝜇

)
𝜏𝜈 + ℎ𝜅𝜆∇̃𝜎𝐾𝜆𝜈

(
𝛿
𝛾
𝜇𝑣

𝜎𝜏𝜆 −
(
3 𝛿𝜎𝜇 + 𝑣𝜎𝜏𝜇

))
+ 𝐾𝜌

𝜈𝑣
𝜎𝜏𝜎𝜌

(
𝛿𝜅𝜇 + 𝑣𝜅𝜏𝜇

)
+ ∇̃𝜎𝐾

(
2 ℎ𝜅𝜎ℎ𝜇𝜈 + 2 𝑣𝜎

(
𝛿𝜅𝜇 + 𝑣𝜅𝜏𝜇

)
𝜏𝜈

))
+ ∇̃𝜎𝑣

𝜇
(1)

(
− 5

2

𝐾𝜎𝜅𝜏𝜇 + 𝐾ℎ𝜅𝜎𝜏𝜇 +
3

4

𝑣𝜎𝜏𝛾𝜇ℎ
𝜅𝛾

+ 𝑣𝜌𝜏𝜌𝛾
(
−5

2

𝛿𝜎𝜇ℎ
𝜅𝛾 − 9

4

ℎ𝜅𝛾𝑣𝜎𝜏𝜇 + ℎ𝜅𝜎𝛿𝛾𝜇 −
1

2

ℎ𝜎𝛾
(
𝛿𝜅𝜇 + 𝑣𝜅𝜏𝜇

)))
+ ∇̃𝜌∇̃𝜎𝑣

𝜇
(1)

(
1

2

(
ℎ𝜅𝜎𝛿

𝜌
𝜇 + ℎ𝜅𝜎𝑣𝜌𝜏𝜇

)
− 1

2

ℎ𝜎𝜌
(
𝛿𝜅𝜇 + 𝑣𝜅𝜏𝜇

))
+ 1

2

∇̃𝜎ℎ
𝜇𝜈
(1)

(
𝐾ℎ𝜅𝜎ℎ𝜇𝜈 + 𝐾𝛾𝜈

(
𝛿
𝛾
𝜇ℎ

𝜅𝜎 − 3 ℎ𝜅𝛾𝛿𝜎𝜇

)
− 𝐾𝜎

𝛾

(
ℎ𝜅𝛾ℎ𝜇𝜈 + 𝛿

𝛾
𝜈

(
𝛿𝜅𝜇 + 𝑣𝜅𝜏𝜇

)))
+ 1

2

𝑣𝛾∇̃𝛾∇̃𝜎ℎ
𝜇𝜈
(1)

(
𝛿𝜎𝜇(𝛿𝜅𝜈 + 𝑣𝜅𝜏𝜈) − ℎ𝜇𝜈ℎ𝜅𝜎 + 𝑣𝜎

(
𝛿𝜅𝜇 + 𝑣𝜅𝜏𝜇

)
𝜏𝜈

)]
= 0, (6.17c)

ℎ𝜌𝜆
(3)

𝐺ℎ
𝜌𝜆 =

[
𝑣
𝜇
(1)

((
4𝐾𝛾𝜆𝐾𝜆𝛾 − 3𝐾2 + 2 ℎ𝜌𝜆𝑣𝜎∇̃𝜎𝐾𝜌𝜆

)
𝜏𝜇 + 2𝐾𝑣𝜎𝜏𝜎𝜇 − ℎ𝜌𝜆∇̃𝜇𝐾𝜌𝜆

)
+ ℎ𝜇𝜈(1)

(
1

2

𝐾𝜎𝛾𝐾𝜎𝛾ℎ𝜇𝜈 − 𝑣𝜎∇̃𝜎𝐾ℎ𝜇𝜈 − 𝐾𝐾𝜇𝜈 + 𝑣𝜎∇̃𝜎𝐾𝜇𝜈 +
1

2

ℎ𝜌𝜆𝑣𝜎∇̃𝜎𝐾𝜌𝜆ℎ𝜇𝜈

)
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+ ∇̃𝜎𝑣
𝜇
(1)𝐾

(
𝛿𝜎𝜇 − 2 𝑣𝜎𝜏𝜇

)
+ ∇̃𝜎ℎ

𝜇𝜈
(1)𝑣

𝜎𝐾ℎ𝜇𝜈 +
1

2

𝑣𝛾𝑣𝜎∇̃𝛾∇̃𝜎ℎ
𝜇𝜈
(1)ℎ𝜇𝜈

]
= 0. (6.17d)

For the 𝑐2
expansion we get

𝑣𝜆
(4)

𝐺𝑣𝜆 =

[
𝑣
𝜇
(1)

(
− 3

2

𝜏𝜇𝐾
𝜌𝛾𝐾𝜌𝛾 − 3𝐾𝜎

𝛼𝑣
𝛾𝜏𝛾𝜎𝛿

𝛼
𝜇 + 𝐾𝑣𝜆𝜏𝜆𝜇

− 𝐾2𝜏𝜇 − ℎ𝜈𝛾∇̃𝛾
(
𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈

) )
+ 1

2

ℎ
𝜇𝜈
(1)

(
− 1

2

𝐾𝜎𝛾𝐾𝜎𝛾ℎ𝜇𝜈 + 𝐾𝐾𝜇𝜈 +
3

2

𝐾2ℎ𝜇𝜈 + 𝑣𝛾∇̃𝛾𝐾𝜇𝜈

)
+ ∇̃𝜎𝑣

𝜇
(1)

(
− 𝐾𝜎

𝜇 + 𝐾
(
𝑣𝜎𝜏𝜇 + 𝛿𝜎𝜇

)
+ 𝑣𝜌𝜏𝜌𝜇𝑣𝜎

)
+ 1

2

∇̃𝜎ℎ
𝜇𝜈
(1)

(
− 𝐾𝑣𝜎ℎ𝜇𝜈 + 𝐾𝜇𝜈𝑣

𝜎

)
− 1

2

𝑣𝜆∇̃𝜌
(
ℎ𝜌𝛾𝜏𝜆𝛾

)
− 1

2

ℎ𝜇𝜈�̃�𝜇𝜈

]
= 0, (6.18a)

𝑣𝜆
(4)

𝐺ℎ
𝜌𝜆 =

[
𝑣
𝜇
(1)

(
−

(
3𝐾𝛾𝜎𝐾𝛾𝜎 − 𝐾2 + 𝑣𝜎∇̃𝜎𝐾

)
ℎ𝜇𝜌 − 4𝐾

𝛾
𝜌𝐾𝜇𝛾

)
+ ℎ𝜇𝜈(1)

(
− 𝐾

(
𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈

)
+ 𝑣𝛾∇̃𝛾

(
𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈

) )
+ 𝑣𝜆�̃�𝜌𝜆 + ∇̃𝜎

(
𝐾
(
𝛿𝜎𝜌 + 𝑣𝜎𝜏𝜌

)
− 𝐾𝜎

𝜌

)]
= 0, (6.18b)

along with

ℎ𝜅𝜆
(4)

𝐺𝑣𝜆 =

[
𝑣
𝜇
(1)

(
𝐾𝜎𝜅

(
1

2

𝜏𝜇𝜎 + 2 𝑣𝛾𝜏𝛾𝜎𝜏𝜇

)
+ 1

2

𝐾
(
ℎ𝜅𝜆𝜏𝜆𝜇 − ℎ𝜅𝜆𝜏𝜇𝑣𝜎𝜏𝜎𝜆

)
− 2 ℎ𝜅𝜆∇̃𝜌𝐾

𝜌
𝜆𝜏𝜇

+ 𝑣𝜎∇̃𝜌𝜏𝜎𝛾

(
−1

2

ℎ𝜅𝛾
(
𝛿
𝜌
𝜇 − 𝑣𝜌𝜏𝜇

)
+ 𝛿

𝛾
𝜇ℎ

𝜅𝜌 − 1

2

ℎ𝜌𝛾
(
𝛿𝜅𝜇 + 𝑣𝜅𝜏𝜇

)))
+ 1

2

ℎ
𝜇𝜈
(1)

(
− 𝐾𝜎𝛾𝐾𝜎𝛾

(
𝛿𝜅𝜇 + 𝑣𝜅𝜏𝜇

)
𝜏𝜈 + 𝐾𝜌𝛾

(
𝜏𝜇𝐾𝜈𝜌 +

1

2

𝑣𝜎𝜏𝜎𝜌ℎ𝜇𝜈

)
− 2 ℎ𝜅𝜆𝐾𝜏𝜇𝐾𝜆𝜈 − ∇̃𝜎𝐾

𝜎
𝛾

(
ℎ𝜅𝛾ℎ𝜇𝜈 + 𝛿

𝛾
𝜈

(
𝛿𝜅𝜇 + 𝑣𝜅𝜏𝜇

))
− 𝐾2

(
𝛿𝜅𝜇 + 𝑣𝜅𝜏𝜇

)
𝜏𝜈 + ℎ𝜅𝜆∇̃𝜎𝐾𝜆𝜈

(
𝛿
𝛾
𝜇𝑣

𝜎𝜏𝜆 −
(
3 𝛿𝜎𝜇 + 𝑣𝜎𝜏𝜇

))
+ 𝐾𝜌

𝜈𝑣
𝜎𝜏𝜎𝜌

(
𝛿𝜅𝜇 + 𝑣𝜅𝜏𝜇

)
+ ∇̃𝜎𝐾

(
2 ℎ𝜅𝜎ℎ𝜇𝜈 + 2 𝑣𝜎

(
𝛿𝜅𝜇 + 𝑣𝜅𝜏𝜇

)
𝜏𝜈

))
+ ∇̃𝜎𝑣

𝜇
(1)

(
− 5

2

𝐾𝜎𝜅𝜏𝜇 + 𝐾ℎ𝜅𝜎𝜏𝜇 +
3

4

𝑣𝜎𝜏𝛾𝜇ℎ
𝜅𝛾

+ 𝑣𝜌𝜏𝜌𝛾
(
−5

2

𝛿𝜎𝜇ℎ
𝜅𝛾 − 9

4

ℎ𝜅𝛾𝑣𝜎𝜏𝜇 + ℎ𝜅𝜎𝛿𝛾𝜇 −
1

2

ℎ𝜎𝛾
(
𝛿𝜅𝜇 + 𝑣𝜅𝜏𝜇

)))
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+ ∇̃𝜌∇̃𝜎𝑣
𝜇
(1)

(
1

2

(
ℎ𝜅𝜎𝛿

𝜌
𝜇 + ℎ𝜅𝜎𝑣𝜌𝜏𝜇

)
− 1

2

ℎ𝜎𝜌
(
𝛿𝜅𝜇 + 𝑣𝜅𝜏𝜇

))
+ 1

2

∇̃𝜎ℎ
𝜇𝜈
(1)

(
𝐾ℎ𝜅𝜎ℎ𝜇𝜈 + 𝐾𝛾𝜈

(
𝛿
𝛾
𝜇ℎ

𝜅𝜎 − 3 ℎ𝜅𝛾𝛿𝜎𝜇

)
− 𝐾𝜎

𝛾

(
ℎ𝜅𝛾ℎ𝜇𝜈 + 𝛿

𝛾
𝜈

(
𝛿𝜅𝜇 + 𝑣𝜅𝜏𝜇

)))
+ 1

2

𝑣𝛾∇̃𝛾∇̃𝜎ℎ
𝜇𝜈
(1)

(
𝛿𝜎𝜇(𝛿𝜅𝜈 + 𝑣𝜅𝜏𝜈) − ℎ𝜇𝜈ℎ𝜅𝜎 + 𝑣𝜎

(
𝛿𝜅𝜇 + 𝑣𝜅𝜏𝜇

)
𝜏𝜈

)
+ 1

4

𝑣𝜇𝜏𝜇𝛾ℎ
𝜎𝛾ℎ𝜅𝜌𝜏𝜎𝜌 −

1

2

ℎ𝜅𝜆∇̃𝜌
(
ℎ𝜌𝛾𝜏𝜆𝛾

) ]
= 0, (6.18c)

ℎ𝜌𝜆
(4)

𝐺ℎ
𝜌𝜆 =

[
𝑣
𝜇
(1)

((
4𝐾𝛾𝜆𝐾𝜆𝛾 − 3𝐾2 + 2 ℎ𝜌𝜆𝑣𝜎∇̃𝜎𝐾𝜌𝜆

)
𝜏𝜇 + 2𝐾𝑣𝜎𝜏𝜎𝜇 − ℎ𝜌𝜆∇̃𝜇𝐾𝜌𝜆

)
+ ℎ𝜇𝜈(1)

(
1

2

𝐾𝜎𝛾𝐾𝜎𝛾ℎ𝜇𝜈 − 𝑣𝜎∇̃𝜎𝐾ℎ𝜇𝜈 − 𝐾𝐾𝜇𝜈 + 𝑣𝜎∇̃𝜎𝐾𝜇𝜈 +
1

2

ℎ𝜌𝜆𝑣𝜎∇̃𝜎𝐾𝜌𝜆ℎ𝜇𝜈

)
+ ∇̃𝜎𝑣

𝜇
(1)𝐾

(
𝛿𝜎𝜇 − 2 𝑣𝜎𝜏𝜇

)
+ ∇̃𝜎ℎ

𝜇𝜈
(1)𝑣

𝜎𝐾ℎ𝜇𝜈 +
1

2

𝑣𝛾𝑣𝜎∇̃𝛾∇̃𝜎ℎ
𝜇𝜈
(1)ℎ𝜇𝜈

+ ℎ𝜌𝜆�̃�𝜌𝜆 − ℎ𝜌𝜆∇̃𝜎

(
𝐾
(
𝛿𝜎𝜌 + 𝑣𝜎𝜏𝜌

)
𝜏𝜆 − 𝐾𝜎

𝜌𝜏𝜆 −
1

2

𝑣𝜂𝜏𝜂𝛾ℎ
𝜎𝛾ℎ𝜌𝜆

)]
= 0.

(6.18d)

Here we won’t show any further solutions to the equations, only stating them for

completeness.

6.3. Carrollian spacetimes

In this section we will present the Schwarzschild and the Kerr metrics in a Carroll

expansion. In studying these Carroll expansions of GR solutions, we find different

expansions than those considered in Section 5. They correspond to the so-called electric

and magnetic limit as described in [47], where the electric and magnetic limit of the

Schwarzschild metric is studied. These limits yield Carrollian solutions that one can

then compare with the electric and magnetic sectors of the Carroll expansion. In taking

these limits what one essentially does is to choose which parameters to keep fixed in

the limit and rescale other parameters appropriately to accommodate for that. For the

Kerr solution we will draw inspiration from the method used in [79] for deriving the

non-relativistic limit of the Kerr metric.

6.3.1. Schwarzschild metric

The Schwarzschild metric can be written as

𝑔𝜇𝜈 d𝑥𝜇 d𝑥𝜈 = −𝑐2

(
1 − 𝑟𝑠

𝑟

)
d𝑡2 + 1

1 − 𝑟𝑠
𝑟

d𝑟2 + 𝑟2

dΩ2

= −𝑐2

(
1 − 2𝑀𝐺𝑁

𝑐2𝑟

)
d𝑡2 + 1

1 − 2𝑀𝐺𝑁
𝑐2𝑟

d𝑟2 + 𝑟2

dΩ2

, (6.19)
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where 𝑟𝑠 = 2𝑀𝐺𝑁/𝑐2
is the Schwarzschild radius, 𝐺𝑁 being the Newtonian gravita-

tional constant and 𝑀 the characteristic mass, and dΩ2 = d𝜃2 + sin
2 𝜃 d𝜙2

.

Electric limit

For taking the electric limit we will keep the combination 𝑀𝐺𝑁 fixed, which is often

referred to as the black hole energy. Using the relation 𝐸 = 𝑀𝑐2
it is evident that we

need to rescale 𝐺𝑁 as such:

𝑀𝐺𝑁 =
𝐸

𝑐2

𝐺𝑁 = 𝐸𝐺
(𝑒𝑙)
𝐶

, 𝐺
(𝑒𝑙)
𝐶

=
𝐺𝑁

𝑐2

, (6.20)

where the subscript 𝐶 indicates that it is the gravitational constant for the Carroll limit

and the superscript (𝑒𝑙) indicates the electric sector of said limit. Since we keep both

𝐸 and 𝐺
(𝑒𝑙)
𝐶

fixed, the limit describes a region of strong gravity within a black hole.

Inserting this into the Schwarzschild metric above and taking the limit 𝑐 → 0 we have:

𝑔𝜇𝜈 d𝑥𝜇 d𝑥𝜈 =
2𝐸𝐺

(𝑒𝑙)
𝐶

𝑟
d𝑡2 − 𝑐2

𝑟

2𝐸𝐺
(𝑒𝑙)
𝐶

d𝑟2 + 𝑟2

dΩ2

. (6.21)

We can relate this to Carroll quantities by defining:

𝐻 =
1

2𝐸𝐺
(𝑒𝑙)
𝐶

, 𝜏 =
1√

2𝐸𝐺
(𝑒𝑙)
𝐶

𝑟3/2 = 𝑟3/2

√
𝐻, (6.22)

and then the metric becomes

𝑔𝜇𝜈 d𝑥𝜇 d𝑥𝜈 =
1/𝐻(

𝜏/
√
𝐻

)
2/3

d𝑡2 − 𝑐2
1

1/𝐻

(
2 d𝜏

3

√
𝐻

)
2

+
(
𝜏/

√
𝐻

)
4/3

dΩ2

= −4

9

𝑐2

d𝜏2 + 1

(𝐻𝜏)2/3

d𝑡2 + 𝜏4/3

𝐻2/3

dΩ2

. (6.23)

In order to compare with the Carroll expanded metric, we have to choose which

expansion to consider. The Schwarzschild metric has been shown to be compatible with

the 𝑐2
expansion and therefore, that would be the natural choice. On comparison with

(5.13) we identify:

𝜏𝜏 d𝜏 =
2

3

d𝜏, 𝑣𝜏𝜕𝜏 = −3

2

𝜕𝜏, ℎ𝜇𝜈 d𝑥𝜇 d𝑥𝜈 =
1

(𝐻𝜏)2/3

d𝑡2 + 𝜏4/3

𝐻2/3

dΩ2

, (6.24)

which are the leading order Carrollian vielbeine. Here an important choice has been

made of only considering the 𝜏𝜇𝜏𝜈 part of the 𝑐2
term in the expansion. This corresponds

to either setting ℎ
(1)
𝜇𝜈 to zero or absorbing it into the 𝜏𝜇𝜏𝜈 term. If we would instead choose

to compare with the general metric in the 𝑐 expansion, we also have to set ℎ
(1)
𝜇𝜈 = 0 due

to the Schwarzschild solution not containing any factors of 𝑐 and then one also ignores

ℎ
(2)
𝜇𝜈 in the same way as one did for ℎ

(1)
𝜇𝜈 before.
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6. LO and NLO EOMs and solutions

We can show that this is a solution of the evolution equation (6.3c), as mentioned in

[47], by identifying the purely spatial metric as

ℎ𝑖 𝑗 d𝑥 𝑖 d𝑥 𝑗 =
𝜏4/3

𝐻2/3

dΩ2

(6.25)

=
𝜏4/3

𝐻2/3

𝛿𝑖 𝑗 d𝑥 𝑖 d𝑥 𝑗 , 𝑥2 + 𝑦2 + 𝑧2 = 1. (6.26)

and the extrinsic curvature

𝐾𝜇𝜈 d𝑥𝜇 d𝑥𝜈 = −1

2

£𝑣ℎ𝜇𝜈 d𝑥𝜇 d𝑥𝜈 = −1

2

𝑣𝜎𝜕𝜎ℎ𝜇𝜈 d𝑥𝜇 d𝑥𝜈

= −1

2

(
−3

2

)
𝜕𝜏ℎ𝜇𝜈 d𝑥𝜇 d𝑥𝜈

=
3

4

(
−2

3

1

𝐻2/3𝜏5/3

d𝑡2 + 4

3

𝜏1/3

𝐻2/3

dΩ2

)
= − 1

2𝐻2/3𝜏5/3

d𝑡2 + 𝜏1/3

𝐻2/3

dΩ2

, (6.27)

with purely spatial part as

𝐾𝑖 𝑗 d𝑥 𝑖 d𝑥 𝑗 =
𝜏1/3

𝐻2/3

dΩ2

(6.28a)

=
𝜏1/3

𝐻2/3

𝛿𝑖 𝑗 d𝑥 𝑖 d𝑥 𝑗 , 𝑥2 + 𝑦2 + 𝑧2 = 1. (6.28b)

Choosing

𝜏4/3(𝑡) = 𝑒−2𝑡𝑒𝐵/2 ⇒ 𝜏(0) = 1, (6.29)

we then find:

ℎ(0)𝑖 𝑗 =
1

𝐻2/3

𝛿𝑖 𝑗 , 𝐾(0)𝑖 𝑗 =
1

𝐻2/3

𝛿𝑖 𝑗 ⇒ 𝑒
ℎ𝑘𝑙(0)𝐾(0)𝑙 𝑗 = 𝑒

𝛿𝑘
𝑗
, (6.30)

which, when inserted into (6.16), gives

ℎ𝑖 𝑗(𝑡) =
1

𝐻2/3

𝛿𝑖𝑘𝜏
4/3𝑒

𝛿𝑘
𝑗

=
𝜏4/3

𝐻2/3

𝛿𝑖 𝑗 . (6.31)

We have thus confirmed that the electric Carroll limit of the Schwarzschild metric is

indeed a solution of the evolution equation (6.3c) and is therefore compatible with the

LO of the Carroll expansion of GR.

Magnetic limit

Now for the magnetic limit of the Schwarzschild metric we would like to keep the

Schwarzschild radius 𝑟𝑠 fixed. Again with 𝐸 = 𝑀𝑐2
we then show

𝑟𝑠 =
2𝑀𝐺𝑁

𝑐2

=
2𝐸𝐺𝑁

𝑐4

= 2𝐸𝐺
(𝑚)
𝐶

, 𝐺
(𝑚)
𝐶

=
𝐺𝑁

𝑐4

, (6.32)
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where the superscript (𝑚) implies the magnetic sector. We then insert the expression

into the Schwarzschild metric and take the Carroll limit to arrive at:

𝑔𝜇𝜈 d𝑥𝜇 d𝑥𝜈 = −𝑐2

(
1 −

2𝐸𝐺
(𝑚)
𝐶

𝑟

)
d𝑡2 + 1

1 − 2𝐸𝐺
(𝑚)
𝐶

𝑟

d𝑟2 + 𝑟2

dΩ2

. (6.33)

We now identify

𝜏𝑡 d𝑡 =

√
1 −

2𝐸𝐺
(𝑚)
𝐶

𝑟
d𝑡, 𝑣𝑡𝜕𝑡 = −

√
𝑟

𝑟 − 2𝐸𝐺
(𝑚)
𝐶

𝜕𝑡 , (6.34a)

ℎ𝜇𝜈 d𝑥𝜇 d𝑥𝜈 =
1

1 − 2𝐸𝐺
(𝑚)
𝐶

𝑟

d𝑟2 + 𝑟2

dΩ2

. (6.34b)

Notice that since ℎ𝜇𝜈 is static the Lie-derivative with respect to 𝑣 is zero, i.e. 𝐾𝜇𝜈 = 0,

which makes it fit naturally within the framework of the truncation of the NLO of the

Carroll expansion, discussed in Section 5.3.3. The vanishing of 𝐾𝜇𝜈 also tells us that the

metric describes a constant time slice of a Schwarzschild black hole [47].

6.3.2. Kerr metric

Another important metric to consider is the Kerr metric for rotating black holes. We

follow a similar approach as done for non-relativistic GR in [79] and use oblate spherical

coordinates

𝑥 =
√
𝑅2 + 𝑎2

sinΘ cos 𝜙, (6.35a)

𝑦 =
√
𝑅2 + 𝑎2

sinΘ sin 𝜙, (6.35b)

𝑧 = 𝑅 cosΘ. (6.35c)

𝑅 and Θ are here variables that will reduce to be 𝑟,𝜃 at leading order. The Kerr metric

then becomes:

𝑔𝜇𝜈 d𝑥𝜇 d𝑥𝜈 = −
(
1 − 𝑟𝑠𝑅

Σ

)
𝑐2

d𝑡2 + Σ

𝑅2 + 𝑎2

(
1 + 𝑟𝑠𝑅

Δ

)
d𝑅2 +ΣdΘ2

+ sin
2 Θ

(
𝑅2 + 𝑎2 + 𝑟𝑠𝑅

Σ
𝑎2

sin
2 Θ

)
d𝜙2 − 𝑐 2𝑎𝑟𝑠𝑅

Σ
sin

2 Θ d𝑡 d𝜙, (6.36)

where we have defined

Σ = 𝑅2 + 𝑎2

cos
2 Θ, (6.37a)

𝑎 =
𝐽

𝑐𝑀
, (6.37b)

Δ = 𝑅2 + 𝑎2 − 𝑟𝑠𝑅, (6.37c)

with J being the angular momentum.
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Electric limit

We choose the same electric limit here as before, i.e. we want to keep 𝑀𝐺𝑁 fixed and

define 𝐺
(𝑒𝑙)
𝐶

= 𝐺𝑁/𝑐2
. The Kerr bound describes how self-gravitating compact objects,

where the gravitational binding energy dominates the total energy, have to respect the

following relation [80]:

𝐽𝑐 ≤ 𝐺𝑁𝑀
2

. (6.38)

This bound is then used to find the rescaling of the angular momentum in the following

way:

𝐽𝑐

𝐺𝑁𝑀2

=
𝐽𝑐

𝐺
(𝑒𝑙)
𝐶
𝑐2 𝐸2

𝑐4

=
𝐽
(𝑒𝑙)
𝐶

𝐺
(𝑒𝑙)
𝐶
𝐸2

≤ 1, 𝐽
(𝑒𝑙)
𝐶

= 𝐽𝑐3

, (6.39)

which further gives

𝑎 =
𝐽
(𝑒𝑙)
𝐶

𝐸𝑐2

, 𝑟𝑠 =
2𝐸𝐺

(𝑒𝑙)
𝐶

𝑐2

. (6.40)

Inserting these into the Kerr metric and expanding all variables to expose all factors of

𝑐, we arrive at:

𝑔𝜇𝜈 d𝑥𝜇 d𝑥𝜈 = −
©­­­«1 −

2𝐸𝐺
(𝑒𝑙)
𝐶
𝑅

𝑅2𝑐2 +
(
𝐽
(𝑒𝑙)
𝐶

)
2

𝐸2𝑐2
cos

2 Θ

ª®®®¬𝑐
2

d𝑡2 +
𝑅2𝑐2 +

(
𝐽
(𝑒𝑙)
𝐶

)
2

𝐸2𝑐2
cos

2 Θ

𝑅2𝑐2 +
(
𝐽
(𝑒𝑙)
𝐶

)
2

𝐸2𝑐2
− 2𝐸𝐺

(𝑒𝑙)
𝐶
𝑅

d𝑅2

+
©­­«𝑅2 +

(
𝐽
(𝑒𝑙)
𝐶

)
2

𝐸2𝑐4

cos
2 Θ

ª®®¬ dΘ2 − 𝑐
4 𝐽

(𝑒𝑙)
𝐶
𝐺

(𝑒𝑙)
𝐶
𝑅

𝑅2𝑐4 +
(
𝐽
(𝑒𝑙)
𝐶

)
2

𝐸2
cos

2 Θ

sin
2 Θ d𝑡 d𝜙

+ sin
2 Θ

©­­«𝑅2 +

(
𝐽
(𝑒𝑙)
𝐶

)
2

𝐸2𝑐4

+
2𝐸𝐺

(𝑒𝑙)
𝐶

(
𝐽
(𝑒𝑙)
𝐶

)
2

𝑅

𝑅2𝐸2𝑐6 +
(
𝐽
(𝑒𝑙)
𝐶

)
2

𝑐2
cos

2 Θ

sin
2 Θ

ª®®¬ d𝜙2

. (6.41)

Expanding to order 𝑐2
and assuming that the variables 𝑅 and Θ approach their leading

order terms, 𝑅 → 𝑟 and Θ → 𝜃, under the Carroll limit we have:

𝑔𝜇𝜈 d𝑥𝜇 d𝑥𝜈 = −𝑐2

d𝑡2 + cos
2 𝜃

©­­«1 + 𝑐2

2𝐺
(𝑒𝑙)
𝐶
𝐸3𝑟(

𝐽
(𝑒𝑙)
𝐶

)
2

ª®®¬ d𝑟2

+
©­­«𝑟2 +

(
𝐽
(𝑒𝑙)
𝐶

)
2

𝐸2𝑐4

cos
2 𝜃

ª®®¬ d𝜃2 − 𝑐
4𝐺

(𝑒𝑙)
𝐶
𝐸2𝑟

𝐽
(𝑒𝑙)
𝐶

cos
2 𝜃

sin
2 𝜃 d𝑡 d𝜙

+ sin
2 𝜃

©­­«𝑟2 +

(
𝐽
(𝑒𝑙)
𝐶

)
2

𝐸2𝑐4

+
2𝐺

(𝑒𝑙)
𝐶
𝐸𝑟 sin

4 𝜃

𝑐2
cos

2 𝜃
+ 𝑐2

2𝐺
(𝑒𝑙)
𝐶
𝐸3𝑟3

sin
2 𝜃(

𝐽
(𝑒𝑙)
𝐶

)
2

cos
2 𝜃

ª®®¬ d𝜙2

.

(6.42)
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where we have kept higher order terms in 𝑐 that would normally vanish under the

Carroll limit. This is done for illustrative purposes.

Note the single factor of 𝑐 preceding the second term in the second line. This singular

term of 𝑐 can not be removed by any rescaling without obtaining odd powers of 𝑐

elsewhere. As it turns out, this happens to be a problem for the assumption of only even

powers in the Carroll expansion, hence why we introduced the 𝑐 expansion in Section

5.1.1. A bigger problem, however, is that of the super-leading orders of 𝑐 appearing in

the expansion. These will essentially dominate over all other terms and the limit 𝑐 → 0

should therefore leave us with a metric

𝑔𝜇𝜈 d𝑥𝜇 d𝑥𝜈 =

(
𝐽
(𝑒𝑙)
𝐶

)
2

𝐸2𝑐4

(
cos

2 𝜃 d𝜃2 + sin
2 𝜃 d𝜙2

)
, (6.43)

that has shrunk down to two dimensions and does not contain any interesting dynamics.

Moreover, taking the limit 𝐽
(𝑒𝑙)
𝐶

→ 0 of (6.42) we find

𝑔𝜇𝜈 d𝑥𝜇 d𝑥𝜈 = −𝑐2

d𝑡2 + cos
2 𝜃

©­­«1 + 𝑐2

2𝐺
(𝑒𝑙)
𝐶
𝐸3𝑟(

𝐽
(𝑒𝑙)
𝐶

)
2

ª®®¬ d𝑟2 − 𝑐
4𝐺

(𝑒𝑙)
𝐶
𝐸2𝑟

𝐽
(𝑒𝑙)
𝐶

cos
2 𝜃

sin
2 𝜃 d𝑡 d𝜙

+ 𝑟2

d𝜃2 + sin
2 𝜃

©­­«𝑟2 +
2𝐺

(𝑒𝑙)
𝐶
𝐸𝑟 sin

4 𝜃

𝑐2
cos

2 𝜃
+ 𝑐2

2𝐺
(𝑒𝑙)
𝐶
𝐸3𝑟3

sin
2 𝜃(

𝐽
(𝑒𝑙)
𝐶

)
2

cos
2 𝜃

ª®®¬ d𝜙2

,

(6.44)

and for (6.43) we have 𝑔𝜇𝜈 d𝑥𝜇 d𝑥𝜈 → 0. Either of those should give us the electric

Schwarzschild metric (6.21) but alas they do not, further confirming that something

needs to be reconsidered for taking the electric Carroll limit of the Kerr metric. Due

to this failure it does not make sense to identify any of the terms with the Carrollian

vielbeine.

Magnetic limit

Considering the same magnetic limit as before for the Kerr metric, we find the rescaling

of J to be:

𝐽𝑐

𝐺𝑁𝑀2

=
𝐽𝑐

𝐺
(𝑚)
𝐶
𝑐4 𝐸2

𝑐4

=
𝐽
(𝑚)
𝐶

𝐺
(𝑚)
𝐶
𝐸2

≤ 1, 𝐽
(𝑚)
𝐶

= 𝐽𝑐, (6.45)

and thus:

𝑎 =
𝐽
(𝑚)
𝐶

𝐸
, 𝑟𝑠 = 2𝐺

(𝑚)
𝐶
𝐸. (6.46)

We now write the Kerr metric as:

𝑔𝜇𝜈 d𝑥𝜇 d𝑥𝜈 = −
©­­«1 −

2𝐸3𝐺
(𝑚)
𝐶
𝑅

𝑅2𝐸2 +
(
𝐽
(𝑚)
𝐶

)
2

cos
2 Θ

ª®®¬𝑐2

d𝑡2 − 𝑐
4𝐸2𝐺

(𝑚)
𝐶
𝐽
(𝑚)
𝐶
𝑅 sin

2 Θ

𝑅2𝐸2 +
(
𝐽
(𝑚)
𝐶

)
2

cos
2 Θ

d𝑡 d𝜙
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+
𝐸2𝑅2 +

(
𝐽
(𝑚)
𝐶

)
2

cos
2 Θ(

𝐽
(𝑚)
𝐶

)
2

− 2𝐸3𝑅𝐺
(𝑚)
𝐶

+ 𝐸2𝑅2

d𝑅2 +
©­­«𝑅2 +

(
𝐽
(𝑚)
𝐶

)
2

cos
2 Θ

𝐸2

ª®®¬ dΘ2

+ sin
2 Θ

©­­«
(
𝐽
(𝑚)
𝐶

)
2

𝐸2

+ 𝑅2 +
2𝐸𝐺

(𝑚)
𝐶

(
𝐽
(𝑚)
𝐶

)
2

𝑅 sin
2 Θ

𝐸2𝑅2 +
(
𝐽
(𝑚)
𝐶

)
2

cos
2 Θ

ª®®¬ d𝜙2

, (6.47)

expanding to order 𝑐2
and taking the limit 𝑐 → 0 (where we only substitute 𝑟,𝜃 for 𝑅,Θ

since no explicit terms of 𝑐 vanish) we have:

𝑔𝜇𝜈 d𝑥𝜇 d𝑥𝜈 = −
©­­«1 −

2𝐸3𝐺
(𝑚)
𝐶
𝑟

𝑟2𝐸2 +
(
𝐽
(𝑚)
𝐶

)
2

cos
2 𝜃

ª®®¬𝑐2

d𝑡2 − 𝑐
4𝐸2𝐺

(𝑚)
𝐶
𝐽
(𝑚)
𝐶
𝑟 sin

2 𝜃

𝑟2𝐸2 +
(
𝐽
(𝑚)
𝐶

)
2

cos
2 𝜃

d𝑡 d𝜙

+
𝐸2𝑟2 +

(
𝐽
(𝑚)
𝐶

)
2

cos
2 𝜃(

𝐽
(𝑚)
𝐶

)
2

− 2𝐸3𝑟𝐺
(𝑚)
𝐶

+ 𝐸2𝑟2

d𝑟2 +
©­­«𝑟2 +

(
𝐽
(𝑚)
𝐶

)
2

cos
2 𝜃

𝐸2

ª®®¬ d𝜃2

+ sin
2 𝜃

©­­«
(
𝐽
(𝑚)
𝐶

)
2

𝐸2

+ 𝑟2 +
2𝐸𝐺

(𝑚)
𝐶

(
𝐽
(𝑚)
𝐶

)
2

𝑟 sin
2 𝜃

𝐸2𝑟2 +
(
𝐽
(𝑚)
𝐶

)
2

cos
2 𝜃

ª®®¬ d𝜙2

. (6.48)

Further taking the limit 𝐽 → 0 we find:

𝑔𝜇𝜈 d𝑥𝜇 d𝑥𝜈 = −
(
1 −

2𝐸𝐺
(𝑚)
𝐶

𝑟

)
𝑐2

d𝑡2 + 𝑟

𝑟 − 2𝐸𝐺
(𝑚)
𝐶

d𝑟2 + 𝑟2

d𝜃2 + 𝑟2

sin
2 𝜃 d𝜙2

, (6.49)

which matches exactly the magnetic Schwarzschild metric. Here we don’t run into

problems from the singular power of 𝑐 or from super-leading terms of 𝑐. The 𝐽 → 0

limit gets rid of the former but the latter simply does not appear in the magnetic limit.

The singular power of 𝑐 can be incorporated into the theory via the 𝑐 expansion and

thus the magnetic limit of the Kerr metric is established. Hence, we can identify:

ℎ𝜇𝜈 d𝑥𝜇𝑥𝜈 =
𝐸2𝑟2 +

(
𝐽
(𝑚)
𝐶

)
2

cos
2 𝜃(

𝐽
(𝑚)
𝐶

)
2

− 2𝐸3𝑟𝐺
(𝑚)
𝐶

+ 𝐸2𝑟2

d𝑟2 +
©­­«𝑟2 +

(
𝐽
(𝑚)
𝐶

)
2

cos
2 𝜃

𝐸2

ª®®¬ d𝜃2

+ sin
2 𝜃

©­­«
(
𝐽
(𝑚)
𝐶

)
2

𝐸2

+ 𝑟2 +
2𝐸𝐺

(𝑚)
𝐶

(
𝐽
(𝑚)
𝐶

)
2

𝑟 sin
2 𝜃

𝐸2𝑟2 +
(
𝐽
(𝑚)
𝐶

)
2

cos
2 𝜃

ª®®¬ d𝜙2

. (6.50)

As for the electric Carrollian Schwarzschild solution, this metric is static and thus

we have vanishing extrinsic curvature 𝐾𝜇𝜈 = 0, just as wanted for a magnetic theory.

Because we have a term of order 𝑐 in the expansion of the Kerr metric, we have to

compare with the 𝑐 expansion of the general metric (5.8). There, we see that the term at
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order 𝑐 should be ℎ
(1)
𝜇𝜈 :

ℎ
(1)
𝜇𝜈 d𝑥𝜇 d𝑥𝜈 = −

4𝐸2𝐺
(𝑚)
𝐶
𝐽
(𝑚)
𝐶
𝑟 sin

2 𝜃

𝑟2𝐸2 +
(
𝐽
(𝑚)
𝐶

)
2

cos
2 𝜃

d𝑡 d𝜙. (6.51)

Comparing the d𝑡2 and d𝑟2
terms of the magnetic Carrollian Schwarzschild to the

Kerr, it is tempting to write the factor preceding −𝑐2
d𝑡2 of the latter in the following

way:

1 −
2𝐸3𝐺

(𝑚)
𝐶
𝑟

𝑟2𝐸2 +
(
𝐽
(𝑚)
𝐶

)
2

cos
2 𝜃

=

(
𝐽
(𝑚)
𝐶

)
2

cos
2 𝜃 − 2𝐸3𝑟𝐺

(𝑚)
𝐶

+ 𝐸2𝑟2

𝑟2𝐸2 +
(
𝐽
(𝑚)
𝐶

)
2

cos
2 𝜃

=

(
𝐽
(𝑚)
𝐶

)
2

− 2𝐸3𝑟𝐺
(𝑚)
𝐶

+ 𝐸2𝑟2

𝑟2𝐸2 +
(
𝐽
(𝑚)
𝐶

)
2

cos
2 𝜃

−

(
𝐽
(𝑚)
𝐶

)
2

sin
2 𝜃

𝑟2𝐸2 +
(
𝐽
(𝑚)
𝐶

)
2

cos
2 𝜃

. (6.52)

This highlights how the terms preceding d𝑡2 and d𝑟2
in the Schwarzschild metric are

the inverse of each other. Furthermore, this allows us to identify:

𝜏𝑡 d𝑡 =
𝐽
(𝑚)
𝐶

sin𝜃√
𝑟2𝐸2 +

(
𝐽
(𝑚)
𝐶

)
2

cos
2 𝜃

d𝑡, 𝑣𝑡𝜕𝑡 = −

√
𝑟2𝐸2 +

(
𝐽
(𝑚)
𝐶

)
2

cos
2 𝜃

𝐽
(𝑚)
𝐶

sin𝜃
𝜕𝑡 , (6.53a)

ℎ
(2)
𝜇𝜈 d𝑥𝜇 d𝑥𝜈 = −

(
𝐽
(𝑚)
𝐶

)
2

− 2𝐸3𝑟𝐺
(𝑚)
𝐶

+ 𝐸2𝑟2

𝑟2𝐸2 +
(
𝐽
(𝑚)
𝐶

)
2

cos
2 𝜃

d𝑡2, (6.53b)

once again from comparison with (5.8).

6.3.3. Comparison of solutions to Carroll EOMs

The Carrollian Schwarzschild and Kerr solutions that have been presented here were

derived by taking the Carroll limit of solutions to general relativity. Earlier in Sections

5.2 and 5.3 we derived equations of motion for the LO and NLO of the Carroll theory,

the former we consider the electric theory and the latter, when truncated (as discussed

in Section 5.3.3), is the magnetic theory. In order to verify that the Carroll solutions

are consistent with our theory, one could ensure that the vielbeine identified from the

solutions are solutions to the corresponding EOMs as well. An example of that would

be to take the vielbeine identified for the magnetic Carrollian Schwarzschild metric

(6.34) and insert into the truncated NLO EOMs (5.52) and verify that they are indeed

solutions of those equations. For all Carroll solutions found in this manner, i.e. by taking

the Carroll limit of GR solutions, this should be the case. However, it is important to

note that the converse is not necessarily true, there exist many solutions to Carrollian

geometry that are not solutions to GR.
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In this thesis we have examined Carrollian geometry, its derivation and solutions. The

main result is the derivation of the full NLO for the Carroll expansion as well as the

derivation of the Carrollian Kerr metric for the magnetic theory. Moreover, the failure

of the electric Carrollian Kerr metric, along with the realization that the 𝑐2
expansion is

not sufficient for either sector of the Carrollian Kerr metric, are important results in their

own right. The latter was the motivation behind considering the Carroll expansion in

all powers of 𝑐, which has not been done before, and applying that to the NLO. Other

results of this thesis include verifying that the Carroll expansion of Schwarzschild black

holes can be derived from general vacuum solutions to the evolution equation of the LO

theory.

The derivation of the full NLO of Carrollian geometry builds upon the foundation

laid in [8] for deriving the LO and the truncated NLO. On comparison with those, the

NLO derivation turned out to be quite complex and the resulting equations of motion

do not simplify to any significant degree. Furthermore, the inclusion of the 𝑐 expansion

resulted in an extra layer of complexity. The full NLO theory has various important

applications and utility. Among those would be to explore sub-leading corrections

to the Beliniski-Khalatnikov-Lifshitz limit of general relativity that describes dynamics

near a singularity [81], which Carrollian gravity is able to describe. Another possibility

is that of expanding on the work of [82] where one considers the Palatini formulation

of gravity. In the Palatini formulation a lot of calculations tend to simplify and thus it

is a worthy effort to examine whether that approach can be taken in deriving higher

orders for the Carroll expansion. The full NLO theory allows one to verify if this

Palatini approach is valid. Additionally, the full NLO EOMs allow one to revisit the

construction of massive solutions at NLO as seen in [8, 38] as well as building further

on NLO solutions including a cosmological constant [8].

The explicit verification of the claim in [47] that the electric Carrollian Schwarzschild

solutions are solutions to the LO evolution equation is an important step. This confirms

that the electric limit chosen for Carroll expanding the Schwarzschild metric is consistent

with the LO of the general Carroll expansion. Now that the Carroll expansion of the

Kerr metric has been established for the magnetic sector, the next logical step would be

to verify that it is also a solution of the truncated NLO EOMs, i.e. the magnetic theory.

It would thus be interesting to take the vielbeine we identified from the magnetic

Carrollian Kerr metric and check if they solve the EOMs of the magnetic theory. If

successful, this could confirm that the magnetic Carrollian Kerr metric is indeed correct,

or it could give some hints as to why the electric Carrollian Kerr metric does not work.

Moreover, it could be that one needs to choose another way of taking the electric and

magnetic limit in order to Carroll expand the Kerr metric and, therefore, it is important

to do such consistency checks. Additional work on Carrollian spacetimes could include

exploring other metrics via the Carroll expansion as well as further considering the

coupling of matter to Carrollian geometry.

The evolution equation of the LO allows one to analytically evolve non-trivial initial

data in time. Having derived the full NLO EOMs, one could begin to consider a “post-

ultra-relativistic” expansion of GR where one perturbs around the LO Carroll theory.

However, given the complexity of the NLO EOMs this could prove to be a technically

difficult direction, though it would nonetheless be an interesting research direction.
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A. PUL identities

This section shows explicit calculations of some identities from Section 4.

A.1. Connection identities

From Section 4.4 we show the derivation of the identities (4.31):

(�̃�)

∇𝜎𝑇𝜇 = 𝜕𝜎𝑇𝜇 − �̃�𝜌
𝜎𝜇𝑇𝜌

= 𝜕𝜎𝑇𝜇 −
(
−𝑉𝜌𝜕(𝜎𝑇𝜇) −𝑉𝜌𝑇(𝜎£𝑉𝑇𝜇)

)
𝑇𝜌

= 𝜕𝜎𝑇𝜇 − 𝜕(𝜎𝑇𝜇) −𝑇(𝜎
(
𝑉𝜆𝜕𝜆𝑇𝜇) +𝑇𝜆𝜕𝜇)𝑉𝜆

)
= 𝜕[𝜎𝑇𝜇] −𝑉𝜆 (𝑇(𝜎𝜕|𝜆|𝑇𝜇) −𝑇(𝜎𝜕𝜇)𝑇𝜆)
=

1

2

𝑇𝜎𝜇 −
1

2

𝑉𝜆 (𝑇𝜎𝑇𝜆𝜇 +𝑇𝜇𝑇𝜆𝜎) , (A.1a)

(�̃�)

∇𝜎Π
𝜇𝜈 = 𝜕𝜎Π

𝜇𝜈 + �̃�𝜇
𝜎𝜌Π

𝜌𝜈 + �̃�𝜈
𝜎𝜌Π

𝜇𝜌

= 𝜕𝜎Π
𝜇𝜈 + 2

(
−𝑉 (𝜇 (𝜕(𝜎𝑇𝜌) +𝑇(𝜎£𝑉𝑇𝜌)

)
+ 1

2

Π(𝜇|𝜆|
[
𝜕𝜎Π𝜌𝜆 + 𝜕𝜌Π𝜆𝜎 − 𝜕𝜆Π𝜎𝜌 − 2 𝑇𝜌︸︷︷︸

=0

𝒦𝜎𝜆

] )
Π𝜈)𝜌

= 𝜕𝜎Π
𝜇𝜈 − 2𝑉 (𝜇Π𝜈)𝜌

(
𝜕(𝜎𝑇𝜌) +

1

2

𝑇𝜎

(
𝑉𝜆𝜕𝜆𝑇𝜌 +𝑇𝜆𝜕𝜌𝑉𝜆

))
+Π𝜆(𝜇

[
−Π𝜌𝜆𝜕𝜎Π

𝜈)𝜌 +𝑉𝜈)𝜕𝜎𝑇𝜆 + 𝑇𝜆︸︷︷︸
=0

𝜕𝜎𝑉
𝜈) +Π𝜈)𝜌 (𝜕𝜌Π𝜆𝜎 − 𝜕𝜆Π𝜎𝜌

) ]
= 𝜕𝜎Π

𝜇𝜈 − 2𝑉 (𝜇Π𝜈)𝜌
(
𝜕(𝜎𝑇𝜌) +𝑇𝜎𝑉𝜆𝜕[𝜆𝑇𝜌]

)
+

[
−

(
𝛿
(𝜇
𝜌 +𝑇𝜌𝑉 (𝜇

)
𝜕𝜎Π

𝜈)𝜌 +Π𝜆(𝜇𝑉𝜈)𝜕𝜎𝑇𝜆 +Π𝜆(𝜇Π𝜈)𝜌𝜕[𝜌Π𝜆]𝜎︸               ︷︷               ︸
=0

]
=����𝜕𝜎Π

𝜇𝜈 − 2𝑉 (𝜇Π𝜈)𝜌
(
𝜕(𝜎𝑇𝜌) −𝑇𝜎𝑉𝜆𝜕[𝜌𝑇𝜆]

)
−����𝜕𝜎Π

𝜇𝜈 + 2𝑉 (𝜇Π𝜈)𝜌𝜕𝜎𝑇𝜌

= −𝑉 (𝜇Π𝜈)𝜌
(
𝑇𝜌𝜎 −𝑇𝜎𝑉𝜆𝑇𝜌𝜆

)
= 𝑉 (𝜇Π𝜈)𝜌𝑇𝜆𝜌

(
𝛿𝜆𝜎 −𝑇𝜎𝑉𝜆

)
, (A.1b)

(�̃�)

∇𝜇Π
𝜇𝜈 =

1

2

(
𝑉𝜇Π𝜈𝜌𝑇𝜇𝜌 +𝑉𝜈 Π𝜇𝜌𝑇𝜇𝜌︸  ︷︷  ︸

=0

+𝑉𝜆Π𝜈𝜌𝑇𝜆𝜌 −𝑉𝜈 Π𝜇𝜌𝑇𝜇︸︷︷︸
=0

𝑉𝜆𝑇𝜆𝜌

)
= 𝑉𝜇Π𝜈𝜌𝑇𝜇𝜌, (A.1c)

(�̃�)

∇𝜎𝒦𝜇𝜈 = 𝜕𝜎𝒦𝜇𝜈 − �̃�𝜌
𝜎𝜇𝒦𝜌𝜈 − �̃�𝜌

𝜎𝜈𝒦𝜇𝜌

= 𝜕𝜎𝒦𝜇𝜈 −
(
Π𝜌𝜆

(
𝜕(𝜎Π𝜇)𝜆 −

1

2

𝜕𝜆Π𝜎𝜇

)
−Π𝜌𝜆𝑇𝜇𝒦𝜎𝜆

)
𝒦𝜌𝜈
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−
(
Π𝜌𝜆

(
𝜕(𝜎Π𝜈)𝜆 −

1

2

𝜕𝜆Π𝜎𝜈

)
−Π𝜌𝜆𝑇𝜈𝒦𝜎𝜆

)
𝒦𝜇𝜌. (A.1d)

A.2. Curvature identities

In Section 4.5, we present some identities for Carroll curvature which will be derived

here. Starting with the curvature terms stated in (4.39):

(−4)

𝑅𝜇𝜈 = −
(−2)

𝐶
𝜌
𝜇𝜎

(−2)

𝐶 𝜎
𝜌𝜈 = −𝑉𝜌 𝒦𝜇𝜎𝑉

𝜎︸  ︷︷  ︸
=0

𝒦𝜌𝜈 = 0, (A.2a)

(−2)

𝑅𝜇𝜈 = 𝜕𝜌
(−2)

𝐶
𝜌
𝜇𝜈 − �̃�𝜎

𝜌𝜈

(−2)

𝐶
𝜌
𝜇𝜎 + �̃�

𝜌
𝜌𝜎

(−2)

𝐶 𝜎
𝜇𝜈 − �̃�𝜎

𝜇𝜌

(−2)

𝐶
𝜌
𝜎𝜈 + 2 𝑆

𝜌
[𝜌|𝜎 |

(−2)

𝐶 𝜎
𝜇]𝜈

=
(�̃�)

∇𝜌

(−2)

𝐶
𝜌
𝜇𝜈 − 2 �̃�𝜎

[𝜇𝜌]
(−2)

𝐶
𝜌
𝜎𝜈 + 2 𝑆

𝜌
[𝜌|𝜎 |

(−2)

𝐶 𝜎
𝜇]𝜈

= −𝑉𝜌
(�̃�)

∇𝜌𝒦𝜇𝜈 − 2Π𝜎𝜆𝑇[𝜌𝒦𝜇]𝜆𝑉
𝜌𝒦𝜎𝜈 − 2Π𝜌𝜆𝑇𝜎𝒦[𝜌|𝜆|𝑉

𝜎𝒦𝜇]𝜈

= −𝑉𝜌
(�̃�)

∇𝜌𝒦𝜇𝜈 +������
Π𝜎𝜆𝒦𝜇𝜆𝒦𝜎𝜈 +Π𝜌𝜆𝒦𝜌𝜆𝒦𝜇𝜈 −������

Π𝜌𝜆𝒦𝜇𝜆𝒦𝜌𝜈

= −𝑉𝜌
(�̃�)

∇𝜌𝒦𝜇𝜈 +𝒦𝒦𝜇𝜈, (A.2b)

(0)

𝑅𝜇𝜈 =
(�̃�)

𝑅𝜇𝜈 + 2 𝜕[𝜌𝑆
𝜌
𝜇]𝜈 −

(−2)

𝐶
𝜌
𝜇𝜎

(2)

𝐶𝜎
𝜌𝜈 + 2 �̃�

𝜌
[𝜌|𝜎 |𝑆

𝜎
𝜇]𝜈 + 2 𝑆

𝜌
[𝜌|𝜎 |�̃�

𝜎
𝜇]𝜈 −

(2)

𝐶
𝜌
𝜇𝜎

(−2)

𝐶 𝜎
𝜌𝜈

=
(�̃�)

𝑅𝜇𝜈 + 2

(�̃�)

∇[𝜌𝑆
𝜌
𝜇]𝜈 + 2 �̃�𝜎

[𝜌𝜇]𝑆
𝜌
𝜎𝜈 − 2

(−2)

𝐶
𝜌
𝜎(𝜇

(2)

𝐶𝜎
𝜈)𝜌, (A.2c)

(2)

𝑅𝜇𝜈 = 2 𝜕[𝜌
(2)

𝐶
𝜌
𝜇]𝜈 + �̃�

𝜌
𝜌𝜎

(2)

𝐶𝜎
𝜇𝜈 − �̃�𝜎

𝜇𝜌

(2)

𝐶
𝜌
𝜎𝜈 − �̃�𝜎

𝜌𝜈

(2)

𝐶
𝜌
𝜇𝜎 −

(2)

𝐶
𝜌
𝜇𝜎𝑆

𝜎
𝜌𝜈

=
(�̃�)

∇𝜌

(2)

𝐶
𝜌
𝜇𝜈 + 2 �̃�𝜎

[𝜌𝜇]
(2)

𝐶
𝜌
𝜎𝜈 − 𝜕𝜇

(2)

𝐶
𝜌
𝜌𝜈︸︷︷︸

=0

−
(2)

𝐶
𝜌
𝜇𝜎𝑆

𝜎
𝜌𝜈

=
(�̃�)

∇𝜌

(2)

𝐶
𝜌
𝜇𝜈 −Π𝜎𝜆𝑇[𝜇𝒦𝜌]𝜆Π

𝜌𝛾
(
𝑇𝜎︸︷︷︸
=0

𝑇𝛾𝜈 +𝑇𝜈𝑇𝛾𝜎
)

− 1

2

Π𝜌𝛾
(
𝑇𝜇𝑇𝛾𝜎 + 𝑇𝜎︸︷︷︸

=0

𝑇𝛾𝜇

)
Π𝜎𝜆𝑇𝜈𝒦𝜌𝜆

=
1

2

(�̃�)

∇𝜌
(
Π𝜌𝜎 (𝑇𝜇𝑇𝜎𝜈 +𝑇𝜈𝑇𝜎𝜇) ) −𝑇𝜇𝑇𝜈 Π𝜎𝜆Π𝜌𝛾𝒦𝜌𝜆𝑇𝛾𝜎︸             ︷︷             ︸

=0

, (A.2d)

(4)

𝑅𝜇𝜈 = −
(2)

𝐶
𝜌
𝜇𝜎

(2)

𝐶𝜎
𝜌𝜈 = −1

4

Π𝜌𝜆
(
𝑇𝜇𝑇𝜆𝜎 + 𝑇𝜎︸︷︷︸

=0

𝑇𝜆𝜇

)
Π𝜎𝛾

(
𝑇𝜌︸︷︷︸
=0

𝑇𝛾𝜈 +𝑇𝜈𝑇𝛾𝜌
)

= −1

4

Π𝜌𝜆𝑇𝜇𝑇𝜆𝜎Π
𝜎𝛾𝑇𝜈𝑇𝛾𝜌. (A.2e)

We then move onto (4.44)(
1

𝑐2

Π𝜇𝜈 − 1

𝑐4

𝑉𝜇𝑉𝜈

)
(−2)

𝑅𝜇𝜈 =

(
1

𝑐2

Π𝜇𝜈 − 1

𝑐4

𝑉𝜇𝑉𝜈

) (
−𝑉𝜌

(�̃�)

∇𝜌𝒦𝜇𝜈 +𝒦𝒦𝜇𝜈

)
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= − 1

𝑐2

(
Π𝜇𝜈𝑉𝜌

(�̃�)

∇𝜌𝒦𝜇𝜈 −𝒦 2

)
+ 1

𝑐4

𝑉𝜇𝑉𝜈𝑉𝜌
(�̃�)

∇𝜌𝒦𝜇𝜈︸             ︷︷             ︸
=0

= − 1

𝑐2

(
(�̃�)

∇𝜌
(
Π𝜇𝜈𝑉𝜌𝒦𝜇𝜈

)
−

(�̃�)

∇𝜌(Π𝜇𝜈𝑉𝜌)𝒦𝜇𝜈 −𝒦 2

)
= − 1

𝑐2

(
1

𝐸
𝜕𝜌(𝐸𝒦𝑉𝜌) −�����𝒦 2𝑇𝜌𝑉

𝜌 −𝑉𝜌𝒦𝜇𝜈

(�̃�)

∇𝜌Π
𝜇𝜈 −�

�𝒦 2

)
= − 1

𝑐2

(
1

𝐸
𝜕𝜌(𝐸𝒦𝑉𝜌)

+𝑉𝜌 𝒦𝜇𝜈𝑉
(𝜇︸  ︷︷  ︸

=0

Π𝜈)𝜎𝑇𝜎𝜆
(
𝛿𝜆𝜌 −𝑇𝜌𝑉𝜆

)
Π𝜇𝜈

)
, (A.3a)

(
Π𝜇𝜈 − 1

𝑐2

𝑉𝜇𝑉𝜈

)
(0)

𝑅𝜇𝜈 =

(
Π𝜇𝜈 − 1

𝑐2

𝑉𝜇𝑉𝜈

) (
(�̃�)

𝑅𝜇𝜈 + 2

(�̃�)

∇[𝜌𝑆
𝜌
𝜇]𝜈 + 2 �̃�𝜎

[𝜌𝜇]𝑆
𝜌
𝜎𝜈

− 2

(−2)

𝐶
𝜌
𝜎(𝜇

(2)

𝐶𝜎
𝜈)𝜌

)
=

(
Π𝜇𝜈 − 1

𝑐2

𝑉𝜇𝑉𝜈

) (
(�̃�)

𝑅𝜇𝜈 + 2

(�̃�)

∇[𝜌
(
Π𝜌𝜆𝑇|𝜈 |𝒦𝜇]𝜆

)
− 2Π𝜎𝜆𝑇[𝜇𝒦𝜌]𝜆Π

𝜌𝛾𝑇𝜈𝒦𝜎𝛾

+𝑉𝜌𝒦𝜎𝜇Π
𝜎𝜆 (𝑇𝜈𝑇𝜆𝜌 +𝑇𝜌𝑇𝜆𝜈) )

= Π𝜇𝜈

(
(�̃�)

𝑅𝜇𝜈 + 2Π𝜌𝜆𝒦𝜆[𝜇
(�̃�)

∇𝜌]𝑇𝜈 −𝒦𝜎𝜇Π
𝜎𝜆𝑇𝜆𝜈

)
− 1

𝑐2

(
(�̃�)

∇𝜌

(
𝑉𝜈Π𝜌𝜆𝑇𝜈𝑉

𝜇𝒦𝜇𝜆︸  ︷︷  ︸
=0

)
−

(�̃�)

∇𝜇

(
𝑉𝜇𝑉𝜈Π𝜌𝜆𝑇𝜈𝒦𝜌𝜆

))
+ 1

𝑐2

Π𝜎𝜆𝒦𝜌𝜆Π
𝜌𝛾𝒦𝜎𝛾

= Π𝜇𝜈

(
(�̃�)

𝑅𝜇𝜈 +Π𝜌𝜆𝒦𝜆𝜇

(
�
�𝑇𝜌𝜈 −𝑉𝛾

(
𝑇𝜌︸︷︷︸
=0

𝑇𝛾𝜈 + 𝑇𝜈︸︷︷︸
=0

𝑇𝛾𝜌

))
−Π𝜌𝜆𝒦𝜆𝜌

(
𝑇𝜇𝜈︸︷︷︸
=0

−𝑉𝛾
(
𝑇𝜇︸︷︷︸
=0

𝑇𝛾𝜈 + 𝑇𝜈︸︷︷︸
=0

𝑇𝛾𝜇

))
−������𝒦𝜎𝜇Π

𝜎𝜆𝑇𝜆𝜈

)
− 1

𝑐2

(�̃�)

∇𝜇

(
𝑉𝜇Π𝜌𝜆𝒦𝜌𝜆

)
+ 1

𝑐2

𝒦 𝜎𝛾𝒦𝜎𝛾

= Π𝜇𝜈
(�̃�)

𝑅𝜇𝜈 +
1

𝑐2

(
− 1

𝐸
𝜕𝜇(𝐸𝒦𝑉𝜇) +���*−1

𝑇𝜇𝑉
𝜇𝒦 2 +𝒦 𝜎𝛾𝒦𝜎𝛾

)
, (A.3b)(

𝑐2Π𝜇𝜈 −𝑉𝜇𝑉𝜈
) (2)

𝑅𝜇𝜈 =

(
𝑐2Π𝜇𝜈 −𝑉𝜇𝑉𝜈

) (�̃�)

∇𝜌

(
1

2

Π𝜌𝜎 (𝑇𝜇𝑇𝜎𝜈 +𝑇𝜈𝑇𝜎𝜇) )
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= 𝑐2

(
Π𝜇𝜈𝑇𝜇︸︷︷︸

=0

𝑇𝜎𝜈
(�̃�)

∇𝜌Π
𝜌𝜎 +Π𝜇𝜈Π𝜌𝜎

(�̃�)

∇𝜌
(
𝑇𝜇𝑇𝜎𝜈

) )
−

(�̃�)

∇𝜌
(
𝑉𝜇Π𝜌𝜎𝑇𝜇𝜎

)
=
𝑐2

2

Π𝜇𝜈Π𝜌𝜎

(
𝑇𝜌𝜇 −𝑉𝜆

(
𝑇𝜌︸︷︷︸
=0

𝑇𝜆𝜇 + 𝑇𝜇︸︷︷︸
=0

𝑇𝜆𝜌

))
𝑇𝜎𝜈

−
(

1

𝐸
𝜕𝜌

(
𝐸𝑉𝜇Π𝜌𝜎𝑇𝜇𝜎

)
−𝒦𝑉𝜇 𝑇𝜌Π

𝜌𝜎︸︷︷︸
=0

𝑇𝜇𝜎

)
=
𝑐2

2

Π𝜇𝜈Π𝜌𝜎𝑇𝜌𝜇𝑇𝜎𝜈 −
1

𝐸
𝜕𝜌

(
𝐸𝑉𝜇Π𝜌𝜎𝑇𝜇𝜎

)
, (A.3c)

−𝑐2𝑉𝜇𝑉𝜈
(4)

𝑅𝜇𝜈 = − 𝑐
2

4

𝑉𝜇𝑉𝜈Π𝜌𝜎𝑇𝜇𝑇𝜎𝜆Π
𝜆𝛾𝑇𝜈𝑇𝜌𝛾

= − 𝑐
2

4

Π𝜌𝜎Π𝜆𝛾𝑇𝜎𝜆𝑇𝜌𝛾. (A.3d)
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B. Expansion of vielbeine in all powers of c

Here we will show the derivation of the expansion for all powers of 𝑐 for the remaining

vielbeine from Section 5.1.1. We use the definitions from (4.10) with 𝑁 = 1. Beginning

with writing the higher order terms of Π𝜇𝜈
in the following manner:

Π𝜇𝜈 = 𝛿𝑎𝑏𝐸
𝜇
𝑎𝐸

𝜈
𝑏

= 𝛿𝑎𝑏
©­«𝑒(0)𝜇𝑎 +

∞∑
𝑗=1

𝑐 𝑗𝑒(𝑗)
𝜇
𝑎

ª®¬©­«𝑒(0)𝜈𝑏 +
∞∑
𝑗=1

𝑐 𝑗𝑒(𝑗)
𝜈
𝑏

ª®¬
= 𝛿𝑎𝑏

[
𝑒(0)

𝜇
𝑎𝑒(0)

𝜈
𝑏
+ 𝑐

(
𝑒(0)

𝜇
𝑎𝑒(1)

𝜈
𝑏
+ 𝑒(1)

𝜇
𝑎𝑒(0)

𝜈
𝑏

)
+ 𝑐2

(
𝑒(0)

𝜇
𝑎𝑒(2)

𝜈
𝑏
+ 𝑒(1)

𝜇
𝑎𝑒(1)

𝜈
𝑏
+ 𝑒(2)

𝜇
𝑎𝑒(0)

𝜈
𝑏

)
+ 𝒪

(
𝑐3

)]
, (B.1)

where we can just read off the higher order vielbeine ℎ
𝜇𝜈
(𝑗) for 𝑗 ≥ 1. Now we write out

the completeness/orthogonality relations up to order 𝑐2
:

𝑉𝜇𝑇𝜇 = 𝑣
𝜇
(0)𝜏

(0)
𝜇 + 𝑐

(
𝑣
𝜇
(1)𝜏

(0)
𝜇 + 𝑣𝜇(0)𝜏

(1)
𝜇

)
+ 𝑐2

(
𝑣
𝜇
(2)𝜏

(0)
𝜇 + 𝑣𝜇(0)𝜏

(2)
𝜇 + 𝑣𝜇(1)𝜏

(1)
𝜇

)
+ 𝒪

(
𝑐3

)
= −1, (B.2a)

Π𝜇𝜌Π𝜌𝜈 = ℎ
𝜇𝜌
(0)ℎ

(0)
𝜌𝜈 + 𝑐

(
ℎ
𝜇𝜌
(0)ℎ

(1)
𝜌𝜈 + ℎ

𝜇𝜌
(1)ℎ

(0)
𝜌𝜈

)
+ 𝑐2

(
ℎ
𝜇𝜌
(0)ℎ

(2)
𝜌𝜈 + ℎ

𝜇𝜌
(2)ℎ

(0)
𝜌𝜈 + ℎ

𝜇𝜌
(1)ℎ

(1)
𝜌𝜈

)
+ 𝒪

(
𝑐3

)
= 𝛿

𝜇
𝜈 +𝑉𝜇𝑇𝜈

= 𝛿
𝜇
𝜈 + 𝑣

𝜇
(0)𝜏

(0)
𝜈 + 𝑐

(
𝑣
𝜇
(1)𝜏

(0)
𝜈 + 𝑣𝜇(0)𝜏

(1)
𝜈

)
+ 𝑐2

(
𝑣
𝜇
(2)𝜏

(0)
𝜈 + 𝑣𝜇(0)𝜏

(2)
𝜈 + 𝑣𝜇(1)𝜏

(1)
𝜈

)
+ 𝒪

(
𝑐3

)
, (B.2b)

𝐸
𝜇
𝑎𝑇𝜇 = 𝑒(0)

𝜇
𝑎𝜏

(0)
𝜇 + 𝑐

(
𝑒(0)

𝜇
𝑎𝜏

(1)
𝜇 + 𝑒(1)

𝜇
𝑎𝜏

(0)
𝜇

)
+ 𝑐2

(
𝑒(0)

𝜇
𝑎𝜏

(2)
𝜇 + 𝑒(2)

𝜇
𝑎𝜏

(0)
𝜇 + 𝑒(1)

𝜇
𝑎𝜏

(1)
𝜇

)
+ 𝒪

(
𝑐3

)
= 0, (B.2c)

𝐸
𝜇
𝑎𝐸

𝑏
𝜇 = 𝑒(0)

𝜇
𝑎𝑒

(0) 𝑏

𝜇 + 𝑐
(
𝑒(0)

𝜇
𝑎𝑒

(1) 𝑏

𝜇 + 𝑒(1)
𝜇
𝑎𝑒

(0) 𝑏

𝜇

)
+ 𝑐2

(
𝑒(0)

𝜇
𝑎𝑒

(2) 𝑏

𝜇 + 𝑒(2)
𝜇
𝑎𝑒

(0) 𝑏

𝜇 + 𝑒(1)
𝜇
𝑎𝑒

(1) 𝑏

𝜇

)
+ 𝒪

(
𝑐3

)
= 𝛿𝑏𝑎 + 𝑐

(
𝑒(0)

𝜇
𝑎𝑒

(1) 𝑏

𝜇 + 𝑒(1)
𝜇
𝑎𝑒

(0) 𝑏

𝜇

)
+ 𝑐2

(
𝑒(0)

𝜇
𝑎𝑒

(2) 𝑏

𝜇 + 𝑒(2)
𝜇
𝑎𝑒

(0) 𝑏

𝜇 + 𝑒(1)
𝜇
𝑎𝑒

(1) 𝑏

𝜇

)
+ 𝒪

(
𝑐3

)
, (B.2d)

where we have imposed that they hold at leading order, i.e. 𝜏(0)𝜇 𝑣
𝜇
(0) = −1, ℎ

𝜇𝜌
(0)ℎ

(0)
𝜌𝜈 =

𝛿
𝜇
𝜈 + 𝑣

𝜇
(0)𝜏

(0)
𝜈 and 𝑒(0)

𝜇
𝑎𝑒

(0) 𝑏

𝜇 = 𝛿𝑏𝑎 . Then, we want to find constraint equations for 𝐽 ≥ 1:

𝐽∑
𝑗=0

𝜏
(𝑗)
𝜇 𝑣

𝜇
(𝐽−𝑗) = 0,

𝐽∑
𝑗=0

𝜏
(𝑗)
𝜇 𝑒(𝐽−𝑗)

𝜇
𝑎
= 0, (B.3a)
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𝐽∑
𝑗=0

𝑒(𝑗)
𝑎

𝜇 𝑣
𝜇
(𝐽−𝑗) = 0,

𝐽∑
𝑗=0

𝑒(𝑗)
𝑎

𝜇 𝑒(𝐽−𝑗)
𝜇
𝑏
= 0 (B.3b)

𝐽∑
𝑗=0

𝜏
(𝑗)
𝜇 ℎ

𝜇𝜈
(𝐽−𝑗) = 0,

𝐽∑
𝑗=0

𝑣
𝜇
(𝐽−𝑗)ℎ

(𝑗)
𝜇𝜈 = 0 (B.3c)

𝐽∑
𝑗=0

ℎ
(𝑗)
𝜌𝜈ℎ

𝜇𝜌
(𝐽−𝑗) −

𝐽∑
𝑗=0

𝜏
(𝑗)
𝜈 𝑣

𝜇
(𝐽−𝑗) = 0, (B.3d)

where 𝐽 is the order in 𝑐. We can now rewrite and contract the equations

𝜏(0)𝜇

𝐽∑
𝑗=0

𝜏
(𝑗)
𝜌 𝑣

𝜌
(𝐽−𝑗) = 𝜏(0)𝜇

𝐽−1∑
𝑗=0

𝜏
(𝑗)
𝜌 𝑣

𝜌
(𝐽−𝑗) + 𝜏(𝐽)𝜌 𝜏(0)𝜇 𝑣

𝜌
(0) = 0, (B.4a)

𝑒(0)
𝑎

𝜇

𝐽∑
𝑗=0

𝜏
(𝑗)
𝜌 𝑒(𝐽−𝑗)

𝜌
𝑎
= 𝑒(0)

𝑎

𝜇

𝐽−1∑
𝑗=0

𝜏
(𝑗)
𝜌 𝑒(𝐽−𝑗)

𝜌
𝑎
+ 𝜏(𝐽)𝜌 𝑒(0)

𝑎

𝜇 𝑒(0)
𝜌
𝑎︸      ︷︷      ︸

𝛿
𝜌
𝜇+𝑣

𝜌
(0)𝜏

(0)
𝜇

= 0, (B.4b)

𝜏(0)𝛼

𝐽∑
𝑗=0

𝑣
𝜇
(𝐽−𝑗)ℎ

(𝑗)
𝜇𝜈 = 𝜏(0)𝛼 𝑣

𝜇
(0)ℎ

(𝐽)
𝜇𝜈 + 𝜏(0)𝛼

𝐽−1∑
𝑗=0

𝑣
𝜇
(𝐽−𝑗)ℎ

(𝑗)
𝜇𝜈 = 0, (B.4c)

ℎ
(0)
𝛼𝜈

𝐽∑
𝑗=0

ℎ
(𝑗)
𝜇𝜌ℎ

𝜌𝜈
(𝐽−𝑗) − ℎ

(0)
𝛼𝜈

𝐽∑
𝑗=0

𝜏
(𝑗)
𝜇 𝑣

𝜈
(𝐽−𝑗) = ℎ

(𝐽)
𝜇𝜌 ℎ

(0)
𝛼𝜈ℎ

𝜌𝜈
(0)︸  ︷︷  ︸

𝛿
𝜌
𝛼+𝑣

𝜌
(0)𝜏

(0)
𝛼

+ℎ(0)𝛼𝜈

𝐽−1∑
𝑗=0

ℎ
(𝑗)
𝜇𝜌ℎ

𝜌𝜈
(𝐽−𝑗)

− ℎ(0)𝛼𝜈𝑣
𝜈
(0)︸ ︷︷ ︸

=0

𝜏𝐽𝜇 − ℎ(0)𝛼𝜈

𝐽−1∑
𝑗=0

𝜏
(𝑗)
𝜇 𝑣

𝜈
(𝐽−𝑗) = 0, (B.4d)

and combine them to arrive at

𝜏(𝐽)𝜇 = 𝜏(0)𝜇

𝐽−1∑
𝑗=0

𝜏
(𝑗)
𝜌 𝑣

𝜌
(𝐽−𝑛) − 𝑒

(0) 𝑎

𝜇

𝐽−1∑
𝑗=0

𝜏
(𝑗)
𝜌 𝑒(𝐽−𝑗)

𝜌
𝑎
, (B.5a)

𝑒(𝐽)
𝑎

𝜇 = 𝜏(0)𝜇

𝐽−1∑
𝑗=0

𝑒(𝑗)
𝑎

𝜌 𝑣
𝜌
(𝐽−𝑗) − 𝑒

(0) 𝑏

𝜇

𝐽−1∑
𝑗=0

𝑒(𝑗)
𝑎

𝜌 𝑒(𝐽−𝑗)
𝜌
𝑏
, (B.5b)

ℎ
(𝐽)
𝜇𝜈 = 𝜏(0)𝜇

𝐽−1∑
𝑗=0

𝑣
𝜌
(𝐽−𝑗)ℎ

(𝑗)
𝜌𝜈 + ℎ(0)𝜇𝜌

𝐽−1∑
𝑗=0

𝜏
(𝑗)
𝜈 𝑣

𝜌
(𝐽−𝑗) − ℎ

(0)
𝜇𝜌

𝐽−1∑
𝑗=0

ℎ
(𝑗)
𝜈𝜎ℎ

𝜎𝜌
(𝐽−𝑗)

= 𝛿𝑎𝑏

(
𝜏(0)𝜇

𝐽−1∑
𝑗=0

𝑣
𝜌
(𝐽−𝑗)𝑒

(𝑗) 𝑎

𝜌 𝑒
(𝑗) 𝑏

𝜈

+ 𝑒(0) 𝑎

𝜇 𝑒
(0) 𝑏

𝜌

𝐽−1∑
𝑗=0

(
𝜏
(𝑗)
𝜈 𝑣

𝜌
(𝐽−𝑗) − 𝛿𝑐𝑑𝑒

(𝑗) 𝑐

𝜈 𝑒
(𝑗) 𝑑

𝜎 ℎ
𝜎𝜌
(𝐽−𝑗)

))
, (B.5c)

where we have expressed the higher orders of the vielbeine in terms of the lower ones.
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Solving the previous equations along with (B.1) iteratively, we start with 𝐽 = 1 to find

𝜏(1)𝜇 = 𝜏(0)𝜇 𝜏(0)𝜌 𝑣
𝜌
(1) − 𝑒

(0) 𝑎

𝜇 𝜏(0)𝜌 𝑒(1)
𝜌
𝑎 , (B.6a)

𝑒(1)
𝑎

𝜇 = 𝜏(0)𝜇 𝑒(0)
𝑎

𝜌 𝑣
𝜌
(1) − 𝑒

(0) 𝑏

𝜇 𝑒
(0) 𝑎

𝜌 𝑒(1)
𝜌
𝑏
, (B.6b)

ℎ
𝜇𝜈
(1) = 𝛿𝑎𝑏

(
𝑒(0)

𝜇
𝑎𝑒(1)

𝜈
𝑏
+ 𝑒(1)

𝜇
𝑎𝑒(0)

𝜈
𝑏

)
, (B.6c)

ℎ
(1)
𝜇𝜈 = 𝛿𝑎𝑏

[
𝜏(0)𝜇 𝑣

𝜌
(1)𝑒

(0) 𝑎

𝜌 𝑒
(0) 𝑏

𝜈 + 𝑒(0) 𝑎

𝜇 𝑒
(0) 𝑏

𝜌 𝜏(0)𝜈 𝑣
𝜌
(1)

− 𝑒(0) 𝑎

𝜇 𝑒
(0) 𝑏

𝜌 𝛿𝑐𝑑𝑒
(0) 𝑐

𝜈 𝑒
(0) 𝑑

𝜎 𝛿𝑒 𝑓
(
𝑒(0)

𝜎
𝑒
𝑒(1)

𝜌
𝑓
+ 𝑒(1)𝜎𝑒 𝑒(0)

𝜌
𝑓

)]
= 2 𝛿𝑎𝑏𝑒

(0) 𝑎

(𝜇 𝜏(0)
𝜈) 𝑣

𝜌
(1)𝑒

(0) 𝑏

𝜌 − 𝛿𝑎𝑏𝑒
(0) 𝑎

𝜇 𝑒
(0) 𝑏

𝜌 𝑒
(0) 𝑐

𝜈 𝑒(1)
𝜌
𝑐

− 𝛿𝑐𝑑𝑒
(0) 𝑎

𝜇 𝑒
(0) 𝑐

𝜈 𝑒
(0) 𝑑

𝜎 𝑒(1)
𝜎
𝑎

= 2 𝛿𝑎𝑏𝑒
(0) 𝑏

𝜌 𝑒
(0) 𝑎

(𝜇

(
𝜏(0)
𝜈) 𝑣

𝜌
(1) − 𝑒

(0) 𝑐

𝜈) 𝑒(1)
𝜌
𝑐

)
, (B.6d)

and then for 𝐽 = 2:

𝜏(2)𝜇 = 𝜏(0)𝜇

(
𝜏(0)𝜌 𝑣

𝜌
(2) + 𝜏(1)𝜌 𝑣

𝜌
(1)

)
− 𝑒(0) 𝑎

𝜇

(
𝜏(0)𝜌 𝑒(2)

𝜌
𝑎 + 𝜏(1)𝜌 𝑒(1)

𝜌
𝑎

)
= 𝜏(0)𝜌

(
𝜏(0)𝜇 𝑣

𝜌
(2) − 𝑒

(0) 𝑎

𝜇 𝑒(2)
𝜌
𝑎

)
+

(
𝜏(0)𝜌 𝜏(0)𝜎 𝑣𝜎(1) − 𝑒

(0) 𝑎

𝜌 𝜏(0)𝜎 𝑒(1)
𝜎
𝑎

) (
𝜏(0)𝜇 𝑣

𝜌
(1) − 𝑒

(0) 𝑎

𝜇 𝑒(1)
𝜌
𝑎

)
, (B.7a)

𝑒(2)
𝑎

𝜇 = 𝜏(0)𝜇

(
𝑒(0)

𝑎

𝜌 𝑣
𝜌
(2) + 𝑒

(1) 𝑎

𝜌 𝑣
𝜌
(1)

)
− 𝑒(0) 𝑏

𝜇

(
𝑒(0)

𝑎

𝜌 𝑒(2)
𝜌
𝑏
+ 𝑒(1) 𝑎

𝜌 𝑒(1)
𝜌
𝑏

)
= 𝑒(0)

𝑎

𝜌

(
𝜏(0)𝜇 𝑣

𝜌
(2) − 𝑒

(0) 𝑏

𝜇 𝑒(2)
𝜌
𝑏

)
+

(
𝜏(0)𝜌 𝑒(0)

𝑎

𝜎 𝑣
𝜎
(1) − 𝑒

(0) 𝑏

𝜌 𝑒
(0) 𝑎

𝜎 𝑒(1)
𝜎
𝑏

) (
𝜏(0)𝜇 𝑣

𝜌
(1) + 𝑒

(0) 𝑏

𝜇 𝑒(1)
𝜌
𝑏

)
, (B.7b)

ℎ
𝜇𝜈
(2) = 𝛿𝑎𝑏

(
𝑒(0)

𝜇
𝑎𝑒(2)

𝜈
𝑏
+ 𝑒(1)

𝜇
𝑎𝑒(1)

𝜈
𝑏
+ 𝑒(2)

𝜇
𝑎𝑒(0)

𝜈
𝑏

)
, (B.7c)

ℎ
(2)
𝜇𝜈 = 𝛿𝑎𝑏

[
𝜏(0)𝜇

(
𝑣
𝜌
(2)𝑒

(0) 𝑎

𝜌 𝑒
(0) 𝑏

𝜈 + 𝑣𝜌(1)𝑒
(1) 𝑎

𝜌 𝑒
(1) 𝑏

𝜈

)
+ 𝑒(0) 𝑎

𝜇 𝑒
(0) 𝑏

𝜌

(
𝜏(0)𝜈 𝑣

𝜌
(2) + 𝜏(1)𝜈 𝑣

𝜌
(1)

)
− 𝑒(0) 𝑎

𝜇 𝑒
(0) 𝑏

𝜌 𝛿𝑐𝑑

(
𝑒(0)

𝑐

𝜈 𝑒
(0) 𝑑

𝜎 𝛿𝑒 𝑓
(
𝑒(0)

𝜎
𝑒
𝑒(2)

𝜌
𝑓
+ 𝑒(1)𝜎𝑒 𝑒(1)

𝜌
𝑓
+ 𝑒(2)𝜎𝑒 𝑒(0)

𝜌
𝑓

)
+ 𝑒(1) 𝑐

𝜈 𝑒
(1) 𝑑

𝜎 𝛿𝑒 𝑓
(
𝑒(0)

𝜎
𝑒
𝑒(1)

𝜌
𝑓
+ 𝑒(1)𝜎𝑒 𝑒(0)

𝜌
𝑓

))]
= 2 𝛿𝑎𝑏𝑣

𝜌
(2)𝑒

(0) 𝑎

𝜌 𝜏(0)(𝜇 𝑒
(0) 𝑏

𝜈) + 𝛿𝑎𝑏𝑣
𝜌
(1)

(
𝜏(0)𝜇 𝑒(1)

𝑎

𝜌 𝑒
(1) 𝑏

𝜈 + 𝜏(1)𝜈 𝑒(0)
𝑎

𝜇 𝑒
(0) 𝑏

𝜌

)
− 2 𝛿𝑎𝑏𝑒(2)

𝜌
𝑐𝑒

(0) 𝑏

𝜌 𝑒
(0) 𝑎

(𝜇 𝑒
(0) 𝑐

𝜈) − 𝛿𝑎𝑏𝑒
(0) 𝑐

𝜇 𝑒
(1) 𝑎

𝜈 𝑒
(1) 𝑏

𝜎 𝑒(1)
𝜎
𝑐

− 𝛿𝑎𝑏𝑒
(0) 𝑎

𝜇 𝑒
(0) 𝑏

𝜌 𝛿𝑐𝑑𝛿
𝑒 𝑓 𝑒(1)

𝜌
𝑓

(
𝑒(0)

𝑐

𝜈 𝑒
(0) 𝑑

𝜎 𝑒(1)
𝜎
𝑒
− 𝑒(1) 𝑐

𝜈 𝑒
(1) 𝑑

𝜎 𝑒(0)
𝜎
𝑒

)
= 2 𝛿𝑎𝑏𝑣

𝜌
(2)𝑒

(0) 𝑎

𝜌 𝜏(0)(𝜇 𝑒
(0) 𝑏

𝜈) − 2 𝛿𝑎𝑏𝑒(2)
𝜌
𝑐𝑒

(0) 𝑏

𝜌 𝑒
(0) 𝑎

(𝜇 𝑒
(0) 𝑐

𝜈)

+ 𝛿𝑎𝑏𝑣
𝜌
(1)𝜏

(0)
𝜇

(
𝜏(0)𝜌 𝑒(0)

𝑎

𝜎 𝑣
𝜎
(1)𝜏

(0)
𝜈 𝑒(0)

𝑏

𝛼 𝑣
𝛼
(1) − 𝑒

(0) 𝑐

𝜌 𝑒
(0) 𝑎

𝜎 𝑒(1)
𝜎
𝑐
𝜏(0)𝜈 𝑒(0)

𝑏

𝛼 𝑣
𝛼
(1)
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− 𝜏(0)𝜌 𝑒(0)
𝑎

𝜎 𝑣
𝜎
(1)𝑒

(0) 𝑑

𝜈 𝑒
(0) 𝑏

𝛼 𝑒(1)
𝛼
𝑑
+ 𝑒(0) 𝑐

𝜌 𝑒
(0) 𝑎

𝜎 𝑒(1)
𝜎
𝑐
𝑒(0)

𝑑

𝜈 𝑒
(0) 𝑏

𝛼 𝑒(1)
𝛼
𝑑

)
+ 𝛿𝑎𝑏𝑣

𝜌
(1)

(
𝜏(0)𝜈 𝜏(0)𝜎 𝑣𝜎(1) − 𝑒

(0) 𝑐

𝜈 𝜏(0)𝜎 𝑒(1)
𝜎
𝑐

)
𝑒(0)

𝑎

𝜇 𝑒
(0) 𝑏

𝜌

− 𝛿𝑎𝑏𝑒
(0) 𝑐

𝜇

(
𝜏(0)𝜈 𝑒(0)

𝑎

𝜌 𝑣
𝜌
(1)𝜏

(0)
𝜎 𝑒(0)

𝑏

𝛼 𝑣
𝛼
(1) − 𝑒

(0) 𝑑

𝜈 𝑒
(0) 𝑎

𝜌 𝑒(1)
𝜌
𝑑
𝜏(0)𝜎 𝑒(0)

𝑏

𝛼 𝑣
𝛼
(1)

− 𝜏(0)𝜈 𝑒(0)
𝑎

𝜌 𝑣
𝜌
(1)𝑒

(0) 𝑒

𝜎 𝑒
(0) 𝑏

𝛼 𝑒(1)
𝛼
𝑒

+ 𝑒(0) 𝑑

𝜈 𝑒
(0) 𝑎

𝜌 𝑒(1)
𝜌
𝑑
𝑒(0)

𝑒

𝜎 𝑒
(0) 𝑏

𝛼 𝑒(1)
𝛼
𝑒

)
𝑒(1)

𝜎
𝑐

− 𝛿𝑎𝑏𝑒
(0) 𝑎

𝜇 𝑒
(0) 𝑏

𝜌 𝛿𝑐𝑑𝛿
𝑒 𝑓 𝑒(1)

𝜌
𝑓
𝑒(0)

𝑐

𝜈 𝑒
(0) 𝑑

𝜎 𝑒(1)
𝜎
𝑒

− 𝛿𝑎𝑏𝑒
(0) 𝑎

𝜇 𝑒
(0) 𝑏

𝜌 𝛿𝑐𝑑𝛿
𝑒 𝑓 𝑒(1)

𝜌
𝑓

(
𝜏(0)𝜈 𝑒(0)

𝑐

𝛼 𝑣
𝛼
(1) − 𝑒

(0) 𝑔

𝜈 𝑒
(0) 𝑐

𝛼 𝑒(1)
𝛼
𝑔

)
𝑒(0)

𝑑

𝛽 𝑒(1)
𝛽
𝑒

= 2 𝛿𝑎𝑏𝑣
𝜌
(2)𝑒

(0) 𝑎

𝜌 𝜏(0)(𝜇 𝑒
(0) 𝑏

𝜈) − 2 𝛿𝑎𝑏𝑒(2)
𝜌
𝑐𝑒

(0) 𝑏

𝜌 𝑒
(0) 𝑎

(𝜇 𝑒
(0) 𝑐

𝜈)

+ 𝛿𝑎𝑏𝑣
𝜌
(1)

[
𝜏(0)𝜇 𝑒(0)

𝑎

𝜎 𝑒
(0) 𝑏

𝛼

((
𝜏(0)𝜈 𝑣𝛼(1) − 𝑒

(0) 𝑑

𝜈 𝑒(1)
𝛼
𝑑

) (
𝜏(0)𝜌 𝑣𝜎(1) − 𝑒

(0) 𝑐

𝜌 𝑒(1)
𝜎
𝑐

))
+ 𝜏(0)𝜎 𝑒(0)

𝑎

𝜇 𝑒
(0) 𝑏

𝜌

(
𝜏(0)𝜈 𝑣𝜎(1) − 𝑒

(0) 𝑐

𝜈 𝑒(1)
𝜎
𝑐

)
− 𝑒(0) 𝑐

𝜇

(
𝜏(0)𝜈 𝑒(0)

𝑎

𝜌 𝜏(0)𝜎 𝑒(0)
𝑏

𝛼 𝑣
𝛼
(1) − 𝑒

(0) 𝑑

𝜈 𝑒
(0) 𝑎

𝛼 𝑒(1)
𝛼
𝑑
𝜏(0)𝜎 𝑒(0)

𝑏

𝜌

− 𝜏(0)𝜈 𝑒(0)
𝑎

𝜌 𝑒
(0) 𝑒

𝜎 𝑒
(0) 𝑏

𝛼 𝑒(1)
𝛼
𝑒

)
𝑒(1)

𝜎
𝑐

]
− 𝛿𝑎𝑏𝑒

(0) 𝑎

𝜇 𝑒
(0) 𝑏

𝜌 𝛿𝑐𝑑𝛿
𝑒 𝑓 𝑒(1)

𝜌
𝑓
𝑒(0)

𝑐

𝜈 𝑒
(0) 𝑑

𝜎 𝑒(1)
𝜎
𝑒

− 𝛿𝑎𝑏𝑒
(0) 𝑐

𝜇 𝑒
(0) 𝑑

𝜈 𝑒
(0) 𝑎

𝜌 𝑒(1)
𝜌
𝑑
𝑒(0)

𝑒

𝜎 𝑒
(0) 𝑏

𝛼 𝑒(1)
𝛼
𝑒
𝑒(1)

𝜎
𝑐

− 𝛿𝑎𝑏𝑒
(0) 𝑎

𝜇 𝑒
(0) 𝑏

𝜌 𝛿𝑐𝑑𝛿
𝑒 𝑓 𝑒(1)

𝜌
𝑓

(
𝜏(0)𝜈 𝑒(0)

𝑐

𝛼 𝑣
𝛼
(1) − 𝑒

(0) 𝑔

𝜈 𝑒
(0) 𝑐

𝛼 𝑒(1)
𝛼
𝑔

)
𝑒(0)

𝑑

𝛽 𝑒(1)
𝛽
𝑒 .

(B.7d)
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C.1. LO variational identities

In the following are detailed derivations of the variational identities presented in Section

5.2. We begin with one of the relations from (5.12)

𝛿𝜆𝜇 = ℎ𝜇𝜌ℎ
𝜌𝜆 − 𝜏𝜇𝑣

𝜆
, (C.1)

and vary it:

𝛿
(
𝛿𝜆𝜇

)
= 𝛿ℎ𝜇𝜌ℎ

𝜌𝜆 + ℎ𝜇𝜌𝛿ℎ𝜌𝜆 − 𝛿𝜏𝜇𝑣
𝜆 − 𝜏𝜇𝛿𝑣

𝜆 = 0. (C.2)

We can then use the expression above to isolate both 𝛿𝜏𝜇 or 𝛿ℎ𝜇𝜈:

−𝜏𝜆𝛿𝜏𝜇𝑣𝜆 = −𝜏𝜆
(
𝛿ℎ𝜇𝜌 ℎ𝜌𝜆︸︷︷︸

=0

+ℎ𝜇𝜌𝛿ℎ𝜌𝜆 − 𝜏𝜇𝛿𝑣
𝜆
)

⇒ 𝛿𝜏𝜇 = −𝜏𝜆ℎ𝜇𝜌𝛿ℎ𝜌𝜆 + 𝜏𝜆𝜏𝜇𝛿𝑣
𝜆

, (C.3)

ℎ𝜆𝜈𝛿ℎ𝜇𝜌ℎ
𝜌𝜆 = −ℎ𝜆𝜈

(
ℎ𝜇𝜌𝛿ℎ

𝜌𝜆 − 𝛿𝜏𝜇 𝑣𝜆︸︷︷︸
=0

−𝜏𝜇𝛿𝑣𝜆
)

=

(
𝛿
𝜌
𝜈 + 𝑣𝜌𝜏𝜈

)
𝛿ℎ𝜇𝜌

⇒ 𝛿ℎ𝜇𝜈 = −ℎ𝜇𝜌ℎ𝜈𝜆𝛿ℎ𝜌𝜆 + 2 ℎ𝜆(𝜇𝜏𝜈)𝛿𝑣
𝜆

. (C.4)

For 𝑒, we have:

𝛿𝑒 = 𝛿 det[(𝜏𝜇, 𝑒 𝑎
𝜇 )]

= det[(𝜏𝜇, 𝑒 𝑎
𝜇 )]Tr

[
(𝑣𝜇, 𝑒

𝜇
𝑎 )𝛿(𝜏𝜈, 𝑒 𝑎

𝜈 )
]

= 𝑒
(
−𝑣𝜇𝛿𝜏𝜇 + 𝑒𝜇𝑎 𝛿𝑒 𝑎

𝜇

)
= 𝑒

(
−𝑣𝜇𝛿𝜏𝜇 +

1

2

ℎ𝜇𝜈𝛿ℎ𝜇𝜈

)
= 𝑒

(
𝜏𝜇𝛿𝑣

𝜇 + 1

2

ℎ𝜇𝜈
(
− ℎ𝜇𝜌ℎ𝜈𝜆𝛿ℎ𝜌𝜆 + 2 ℎ𝜆(𝜇 𝜏𝜈)︸︷︷︸

=0

𝛿𝑣𝜆
))

= 𝑒

(
𝜏𝜇𝛿𝑣

𝜇 − 1

2

ℎ𝜌𝜆𝛿ℎ
𝜌𝜆

)
, (C.5)

where we have used the expression for 𝛿ℎ𝜇𝜈 as well as (4.29).

For 𝛿𝐾𝜇𝜈 we show:

𝛿𝐾𝜇𝜈 = −1

2

𝛿
(
£𝑣ℎ𝜇𝜈

)
= −1

2

(
£𝛿𝑣ℎ𝜇𝜈 + £𝑣𝛿ℎ𝜇𝜈

)
= −1

2

(
𝛿𝑣𝜎 ∇̃𝜎ℎ𝜇𝜈︸︷︷︸

=0

+ℎ𝜎𝜈∇̃𝜇𝛿𝑣
𝜎 + ℎ𝜇𝜎∇̃𝜈𝛿𝑣

𝜎 + 2 𝛿𝑣𝜎Γ̃𝜆[𝜎𝜇]ℎ𝜆𝜈 + 2 𝛿𝑣𝜎Γ̃𝜆[𝜎𝜈]ℎ𝜇𝜆
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+ 𝑣𝜎∇̃𝜎𝛿ℎ𝜇𝜈 + 𝛿ℎ𝜎𝜈 ∇̃𝜇𝑣
𝜎︸︷︷︸

=0

+𝛿ℎ𝜇𝜎 ∇̃𝜈𝑣
𝜎︸︷︷︸

=0

+2 𝑣𝜎Γ̃𝜆[𝜎𝜇]𝛿ℎ𝜆𝜈 + 2 𝑣𝜎Γ̃𝜆[𝜎𝜈]𝛿ℎ𝜇𝜆

)
= −ℎ𝜎(𝜈∇̃𝜇)𝛿𝑣

𝜎 − ℎ𝜆𝛾𝜏𝜎𝐾𝛾(𝜈ℎ𝜇)𝜆𝛿𝑣
𝜎 − 1

2

𝑣𝜎∇̃𝜎𝛿ℎ𝜇𝜈 − ℎ𝜆𝛾 𝑣𝜎𝜏𝜎︸︷︷︸
−1

𝐾𝛾(𝜈𝛿ℎ𝜇)𝜆

= −ℎ𝜎(𝜈∇̃𝜇)𝛿𝑣
𝜎 − 𝜏𝜎𝐾𝜇𝜈𝛿𝑣

𝜎 + ℎ𝜆𝛾𝐾𝛾(𝜈
(
− ℎ𝜇)𝛼ℎ𝜆𝛽𝛿ℎ𝛼𝛽 + ℎ𝛽𝜇)𝜏𝜆︸ ︷︷ ︸

=0

𝛿𝑣𝛽 + ℎ𝛽𝜆𝜏𝜇)𝛿𝑣𝛽
)

− 1

2

𝑣𝜎
(
−ℎ𝜇𝛽ℎ𝜈𝛼∇̃𝜎𝛿ℎ

𝛽𝛼 + 2 ℎ𝛼(𝜇∇̃𝜎𝜏𝜈)𝛿𝑣
𝛼 + 2 ℎ𝛼(𝜇𝜏𝜈)∇̃𝜎𝛿𝑣

𝛼
)

=

(
−𝜏𝜆𝐾𝜇𝜈 + 𝐾𝜆(𝜈𝜏𝜇) −

1

2

ℎ𝜆𝜇𝑣
𝜎𝜏𝜎𝜈 −

1

2

ℎ𝜆𝜈𝑣
𝜎𝜏𝜎𝜇

)
𝛿𝑣𝜆 − ℎ𝜎(𝜈∇̃𝜇)𝛿𝑣

𝜎

− 𝑣𝜎ℎ𝛼(𝜇𝜏𝜈)∇̃𝜎𝛿𝑣
𝛼 − 𝐾𝜆(𝜈ℎ𝜇)𝜌𝛿ℎ

𝜌𝜆 + 1

2

ℎ𝜇𝜌ℎ𝜈𝜆𝑣
𝜎∇̃𝜎𝛿ℎ

𝜌𝜆
, (C.6)

where after the second equality we have used the definition of the Lie derivative for

non-zero torsion (2.5), after the third equality we have used (4.26):

Γ̃𝜆[𝜎𝜇] = ℎ𝜆𝛾𝜏[𝜎𝐾𝜇]𝛾, (C.7)

and after the fourth equality we have inserted 𝛿ℎ𝜇𝜈. We has also used (4.31a) to simplify

the term:

−ℎ𝜆𝜇𝑣𝜎∇̃𝜎𝜏𝜈𝛿𝑣
𝜆 = −1

2

ℎ𝜆𝜇𝑣
𝜎

(
𝜏𝜎𝜈 − 𝑣𝛾

(
𝜏𝜎𝜏𝛾𝜈 + 𝜏𝜈 𝜏𝛾𝜎︸︷︷︸

=0

))
𝛿𝑣𝜆

= −ℎ𝜆𝜇𝑣𝜎𝜏𝜎𝜈𝛿𝑣𝜆. (C.8)

Moving on to 𝛿𝐾, we have:

𝛿𝐾 = 𝛿ℎ𝜇𝜈𝐾𝜇𝜈 + ℎ𝜇𝜈𝛿𝐾𝜇𝜈

= 𝛿ℎ𝜇𝜈𝐾𝜇𝜈 + ℎ𝜇𝜈
((

− 𝜏𝜆𝐾𝜇𝜈 + 𝐾𝜆(𝜈 𝜏𝜇)︸︷︷︸
=0

−1

2

ℎ𝜆𝜇𝑣
𝜎𝜏𝜎𝜈 −

1

2

ℎ𝜆𝜈𝑣
𝜎𝜏𝜎𝜇

)
𝛿𝑣𝜆

− ℎ𝜎(𝜈∇̃𝜇)𝛿𝑣
𝜎 − 𝑣𝜎ℎ𝛼(𝜇𝜏𝜈)︸     ︷︷     ︸

=0

∇̃𝜎𝛿𝑣
𝛼

− 𝐾𝜆(𝜈ℎ𝜇)𝜌𝛿ℎ
𝜌𝜆 + 1

2

ℎ𝜇𝜌ℎ𝜈𝜆𝑣
𝜎∇̃𝜎𝛿ℎ

𝜌𝜆

)
=�����𝛿ℎ𝜇𝜈𝐾𝜇𝜈 − (𝜏𝜆𝐾 + 𝑣𝜎𝜏𝜎𝜆)𝛿𝑣𝜆 − ℎ𝜇𝜈ℎ𝜈𝜎∇̃𝜇𝛿𝑣

𝜎 −�����𝐾𝜆𝜌𝛿ℎ
𝜌𝜆 + 1

2

ℎ𝜌𝜆𝑣
𝜎∇̃𝜎𝛿ℎ

𝜌𝜆
, (C.9)

where we have used the previously derived 𝛿𝐾𝜇𝜈. Lastly, we use it once again for

showing:

𝛿
(
𝐾𝜇𝜈𝐾𝜇𝜈

)
= 2

(
𝐾
𝜇
𝜎𝐾𝜇𝜈𝛿ℎ

𝜈𝜎 + 𝐾𝜇𝜈𝛿𝐾𝜇𝜈

)
=
�������
2𝐾

𝜇
𝜎𝐾𝜇𝜈𝛿ℎ

𝜈𝜎
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+ 2𝐾𝜇𝜈

((
− 𝜏𝜆𝐾𝜇𝜈 + 𝐾𝜆(𝜈 𝜏𝜇)︸︷︷︸

=0

−1

2

ℎ𝜆𝜇𝑣
𝜎𝜏𝜎𝜈 −

1

2

ℎ𝜆𝜈𝑣
𝜎𝜏𝜎𝜇

)
𝛿𝑣𝜆

− ℎ𝜎(𝜈∇̃𝜇)𝛿𝑣
𝜎 − 𝑣𝜎ℎ𝛼(𝜇 𝜏𝜈)︸︷︷︸

=0

∇̃𝜎𝛿𝑣
𝛼

−
�������
𝐾𝜆(𝜈ℎ𝜇)𝜌𝛿ℎ

𝜌𝜆 + 1

2

ℎ𝜇𝜌ℎ𝜈𝜆𝑣
𝜎∇̃𝜎𝛿ℎ

𝜌𝜆

)
= −

(
2 𝜏𝜆𝐾

𝜇𝜈𝐾𝜇𝜈 + 𝐾𝜈
𝜆𝑣

𝜎𝜏𝜎𝜈
)
𝛿𝑣𝜆 − 2𝐾

𝜇
𝜎∇̃𝜇𝛿𝑣

𝜎 + 𝐾𝜌𝜆𝑣
𝜎∇̃𝜎𝛿ℎ

𝜌𝜆
. (C.10)

C.2. NLO variational identities

For the variation of terms with covariant derivatives resulting in terms with 𝛿Γ̃, as

encountered in Section 5.3, one can use some clever tricks and identities to simplify the

calculations. We begin, as for the LO theory, by showing variational identities that will

be useful later on:

𝛿𝜏𝜇𝜈 = −
(
ℎ𝜌[𝜈

(
𝜏𝜇]𝜆 − 𝑣𝛾

(
𝜏𝜇]𝜏𝛾𝜆 + 𝜏|𝜆𝜏𝛾 |𝜇]

) )
+ 4 𝜏𝜌𝜏[𝜇𝐾𝜈]𝜆

)
𝛿ℎ𝜌𝜆

+
(
𝜏[𝜈

(
𝜏𝜇]𝜆 − 𝑣𝛾

(
𝜏𝜇]𝜏𝛾𝜆 + 𝜏|𝜆𝜏𝛾 |𝜇]

) )
+ 𝜏𝜆𝜏𝜇𝜈

)
𝛿𝑣𝜆

− 2 𝜏𝜆ℎ𝜌[𝜈∇̃𝜇]𝛿ℎ
𝜌𝜆 + 2 𝜏𝜆𝜏[𝜈∇̃𝜇]𝛿𝑣

𝜆
, (C.11)

𝛿Γ̃
𝜌
𝜈𝛾𝑣

𝛾 = −∇̃𝜈𝛿𝑣
𝜌
, (C.12)

(𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈)𝛿Γ̃𝜌𝜇𝜈𝜏𝜌 =

(
𝐾𝑣𝜆𝜏𝜌𝜏𝜆𝛾 −

1

2

𝐾 𝜈
𝜌 𝑣

𝜆𝜏𝛾𝜏𝜆𝜈

)
𝛿ℎ𝜌𝛾

+
(
𝐾
(
𝛿
𝜇
𝜌 + 𝑣𝜇𝜏𝜌

)
𝜏𝛾 − 𝐾𝜇

𝜌𝜏𝛾
)
∇̃𝜇𝛿ℎ

𝜌𝛾
, (C.13)

𝑣𝜇ℎ𝜈𝛾𝜏𝜂𝛾𝛿Γ̃
𝜌
(𝜈𝜇) = ℎ𝜈𝜎𝜏𝜆𝜎

(
− 1

2

(
𝐾𝜈𝜂𝛿ℎ

𝜌𝜂 + 𝐾 𝜌
𝜈 𝜏𝜇𝛿𝑣

𝜇 + ℎ𝜌𝜂𝛿𝐾𝜈𝜂

)
− ∇̃𝜈𝛿𝑣

𝜌

)
, (C.14)

ℎ𝜈𝛾𝛿Γ̃
𝜌
𝜌𝜈 = ℎ𝜈𝛾

(
1

2

(
𝛿
𝜌
𝜆 + 𝑣

𝜌𝜏𝜆
)
𝜏𝜈𝜌𝛿𝑣

𝜆 − 1

2

ℎ𝜌𝜆∇̃𝜈𝛿ℎ
𝜌𝜆 + 𝜏𝜌∇̃𝜈𝛿𝑣

𝜌

)
+ 𝐾𝜏𝜆

(
𝛿
𝛾
𝜌 + 𝑣𝛾𝜏𝜌

)
𝛿ℎ𝜌𝜆, (C.15)

ℎ𝜌𝜈𝛿
(
∇̃𝜌𝐾𝜇𝜈

)
= ℎ𝜌𝜈

(
∇̃𝜌𝛿𝐾𝜇𝜈 − 𝛿Γ̃𝜆𝜌𝜇𝐾𝜆𝜈 − 𝛿Γ̃𝜆𝜌𝜈𝐾𝜇𝜆

)
= ℎ𝜌𝜈∇̃𝜌𝛿𝐾𝜇𝜈 + 𝐾𝜌

𝜆𝜏𝜇∇̃𝜌𝛿𝑣
𝜆

−
(

1

2

𝐾
𝜌
𝜆𝜏𝜇𝜌 − 2𝐾𝜌𝛾𝐾𝜌𝛾𝜏𝜇𝜏𝜆

− 𝐾𝛾
𝜌𝜏𝜇𝑣

𝜎𝜏𝜎𝛾 − 2𝐾𝜎
𝜇𝑣

𝛾𝜏𝜆𝜏𝛾𝜎𝛿𝑣
𝜆

)
𝛿𝑣𝜆

−
(
𝐾𝜎𝛾𝐾𝜎𝛾𝜏𝜆ℎ𝜇𝜌 − 𝐾𝛾

𝜌𝐾𝜇𝛾𝜏𝜆

− 2𝐾
𝛾
𝜌𝜏𝜇𝐾𝜆𝛾 + 𝐾𝜇𝜆𝐾𝜏𝜌 − 2𝐾𝜎

𝜇𝐾𝜎𝜆𝜏𝜌
)
𝛿ℎ𝜌𝜆

+
(
−1

2

𝐾𝜎
𝜇ℎ𝜌𝜆 + 𝐾𝜇𝜆𝑣

𝜎𝜏𝜌 + 𝛿𝜎𝜌𝐾𝜇𝜆 +
1

2

𝐾𝜌𝜆

(
𝛿𝜎𝜇 − 𝑣𝜎𝜏𝜇

))
∇̃𝜎𝛿ℎ

𝜌𝜆
,

(C.16)
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𝑣𝜌𝛿
(
∇̃𝜌𝐾𝜇𝜈

)
= 𝑣𝜌∇̃𝜌𝛿𝐾𝜇𝜈 −

(
𝐾
𝜌
𝜆𝜏(𝜇𝐾𝜈)𝜌 + 𝑣𝜎𝜏𝜎𝛾𝐾

𝛾
(𝜈ℎ𝜇)𝜆 + 𝑣

𝜎𝜏𝜎(𝜇𝐾𝜈)𝜆
)
𝛿𝑣𝜆

−
(
𝐾𝜎

𝜆𝐾𝜎(𝜈ℎ𝜇)𝜌 − 𝐾𝜆(𝜇𝐾𝜈)𝜌
)
𝛿ℎ𝜌𝜆 − 3𝐾𝜆(𝜈∇̃𝜇)𝛿𝑣

𝜆

−
(
𝐾𝜎

(𝜈ℎ𝜇)𝜆 + 𝑣
𝜎𝜏(𝜇𝐾𝜈)𝜆

)
∇̃𝜎𝛿𝑣

𝜆 + 𝐾𝜆(𝜈ℎ𝜇)𝜌𝑣
𝜎∇̃𝜎𝛿ℎ

𝜌𝜆
, (C.17)

ℎ𝜈𝜌𝛿
(
ℎ𝜇𝜈∇̃𝜌𝐾

)
=

(
𝛿𝜎𝜆 + 𝑣

𝜎𝜏𝜆
) (
𝜏𝜇𝛿𝑣

𝜆 − ℎ𝜇𝜌𝛿ℎ𝜌𝜆
)
∇̃𝜎𝐾 +

(
𝛿
𝜌
𝜇 + 𝑣𝜌𝜏𝜇

)
∇̃𝜌𝛿𝐾, (C.18)

𝑣𝜌𝛿
(
ℎ𝜇𝜈∇̃𝜌𝐾

)
= 𝑣𝜎

(
2 ℎ𝜆(𝜇𝜏𝜈)𝛿𝑣

𝜆 − ℎ𝜇𝜌ℎ𝜈𝜆𝛿ℎ𝜌𝜆
)
∇̃𝜎𝐾 + 𝑣𝜌ℎ𝜇𝜈∇̃𝜌𝛿𝐾. (C.19)

To show 𝛿𝜏𝜇𝜈 we begin by noting that

∇̃[𝜇𝜏𝜈] = 𝜕[𝜇𝜏𝜈] − 2 Γ̃𝜆[𝜇𝜈]𝜏𝜆

=
1

2

𝜏𝜇𝜈 − 2ℎ𝜆𝛾𝜏[𝜇𝐾𝜈]𝛾𝜏𝜆︸            ︷︷            ︸
=0

, (C.20)

such that we can now write

𝛿𝜏𝜇𝜈 = 2 ∇̃[𝜇𝛿𝜏𝜈] − 4 𝛿Γ̃𝜆[𝜇𝜈]𝜏𝜆

= 2 ∇̃[𝜇
(
−𝜏𝜆ℎ𝜈]𝜌𝛿ℎ𝜌𝜆 + 𝜏𝜆𝜏𝜈]𝛿𝑣

𝜆
)
− 4 𝜏𝜆𝜏[𝜇𝐾𝜈]𝛾𝛿ℎ

𝜆𝛾

= −2

(
ℎ𝜌[𝜈∇̃𝜇]𝜏𝜆 + 2 𝜏𝜌𝜏[𝜇𝐾𝜈]𝜆

)
𝛿ℎ𝜌𝜆 − 2 𝜏𝜆ℎ𝜌[𝜈∇̃𝜇]𝛿ℎ

𝜌𝜆

+
(
2 𝜏[𝜈∇̃𝜇]𝜏𝜆 + 𝜏𝜆𝜏𝜇𝜈

)
𝛿𝑣𝜆 + 2 𝜏𝜆𝜏[𝜈∇̃𝜇]𝛿𝑣

𝜆

= −
(
ℎ𝜌[𝜈

(
𝜏𝜇]𝜆 − 𝑣𝛾

(
𝜏𝜇]𝜏𝛾𝜆 + 𝜏|𝜆𝜏𝛾 |𝜇]

) )
+ 4 𝜏𝜌𝜏[𝜇𝐾𝜈]𝜆

)
𝛿ℎ𝜌𝜆 − 2 𝜏𝜆ℎ𝜌[𝜈∇̃𝜇]𝛿ℎ

𝜌𝜆

+
(
𝜏[𝜈

(
𝜏𝜇]𝜆 − 𝑣𝛾

(
𝜏𝜇]𝜏𝛾𝜆 + 𝜏|𝜆𝜏𝛾 |𝜇]

) )
+ 𝜏𝜆𝜏𝜇𝜈

)
𝛿𝑣𝜆 + 2 𝜏𝜆𝜏[𝜈∇̃𝜇]𝛿𝑣

𝜆
. (C.21)

One of the key methods for finding all the 𝛿Γ̃ is to find vanishing covariant derivatives,

varying them and then isolating the relevant term. This can be seen quite simply for

𝛿Γ̃
𝜌
𝜈𝛾𝑣

𝛾
:

𝛿
(
∇̃𝜈𝑣

𝜌
)
= ∇̃𝜈𝛿𝑣

𝜌 + 𝛿Γ̃
𝜌
𝜈𝛾𝑣

𝛾 = 0

⇒ 𝛿Γ̃
𝜌
𝜈𝛾𝑣

𝛾 = −∇̃𝜈𝛿𝑣
𝜌
. (C.22)

In the same manner we take the trace of (4.31a) with ℎ𝜇𝜈:

ℎ𝜇𝜈∇̃𝜇𝜏𝜈 = ℎ𝜇𝜈
1

2

(
𝜏𝜇𝜈 − 𝑣𝜆

(
𝜏𝜇𝜏𝜆𝜈 + 𝜏𝜈𝜏𝜆𝜇

) )
= 0, (C.23)

and see that it vanishes and thus we find:

𝛿
(
ℎ𝜇𝜈∇̃𝜇𝜏𝜈

)
= 𝛿ℎ𝜇𝜈∇̃𝜇𝜏𝜈 + ℎ𝜇𝜈

(
∇̃𝜇𝛿𝜏𝜈 − 𝛿Γ̃𝜎𝜇𝜈𝜏𝜎

)
= 0

⇒ ℎ𝜇𝜈𝛿Γ̃𝜎𝜇𝜈𝜏𝜎 = 𝛿ℎ𝜇𝜈∇̃𝜇𝜏𝜈 + ℎ𝜇𝜈∇̃𝜇𝛿𝜏𝜈

= −𝛿ℎ𝜇𝜈𝑣𝜆𝜏𝜇𝜏𝜆𝜈 + ℎ𝜇𝜈∇̃𝜇𝛿𝜏𝜈. (C.24)

Moreover, we show

ℎ𝜇𝜈∇̃𝜇𝛿𝜏𝜈 = −ℎ𝜇𝜈ℎ𝜈𝜌
(
∇̃𝜇𝜏𝛾𝛿ℎ

𝜌𝛾 + 𝜏𝛾∇̃𝜇𝛿ℎ
𝜌𝛾

)
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= −
(
𝛿
𝜇
𝜌 + 𝑣𝜇𝜏𝜌

) (
1

2

(
𝜏𝜇𝛾 − 𝑣𝜆

(
𝜏𝜇𝜏𝜆𝛾 + 𝜏𝛾𝜏𝜆𝜇

) )
𝛿ℎ𝜌𝛾 + 𝜏𝛾∇̃𝜇𝛿ℎ

𝜌𝛾

)
= −1

2

(
− 𝑣𝜆

(
���𝜏𝜌𝜏𝜆𝛾 +���𝜏𝛾𝜏𝜆𝜌

)
+�����𝑣𝜇𝜏𝜌𝜏𝜇𝛾 − 𝑣𝜆

(
−���𝜏𝜌𝜏𝜆𝛾 + 𝑣𝜇𝜏𝜌𝜏𝛾𝜏𝜆𝜇︸      ︷︷      ︸

=0

))
𝛿ℎ𝜌𝛾

−
(
𝛿
𝜇
𝜌 + 𝑣𝜇𝜏𝜌

)
𝜏𝛾∇̃𝜇𝛿ℎ

𝜌𝛾
, (C.25)

which then gives

ℎ𝜇𝜈𝛿Γ̃𝜎𝜇𝜈𝜏𝜎 = −𝛿ℎ𝜇𝜈𝑣𝜆𝜏𝜇𝜏𝜆𝜈 −
(
𝛿
𝜇
𝜌 + 𝑣𝜇𝜏𝜌

)
𝜏𝛾∇̃𝜇𝛿ℎ

𝜌𝛾
. (C.26)

For contracting (4.31a) 𝐾𝜇𝜈
we get:

𝛿
(
𝐾𝜇𝜈∇̃𝜇𝜏𝜈

)
= 𝛿𝐾𝜇𝜈∇̃𝜇𝜏𝜈 + 𝐾𝜇𝜈

(
∇̃𝜇𝛿𝜏𝜈 − 𝛿Γ̃𝜎𝜇𝜈𝜏𝜎

)
= 0

⇒ 𝐾𝜇𝜈𝛿Γ̃𝜎𝜇𝜈𝜏𝜎 = 𝛿𝐾𝜇𝜈∇̃𝜇𝜏𝜈 + 𝐾𝜇𝜈∇̃𝜇𝛿𝜏𝜈

= −𝛿𝐾𝜇𝜈𝑣𝜆𝜏𝜇𝜏𝜆𝜈 + 𝐾𝜇𝜈∇̃𝜇𝛿𝜏𝜈

= 𝐾𝜇𝜈𝑣𝜆𝛿𝜏𝜇𝜏𝜆𝜈 + 𝐾𝜇𝜈∇̃𝜇𝛿𝜏𝜈

= −𝐾 𝜈
𝜌 𝑣

𝜆𝜏𝛾𝜏𝜆𝜈𝛿ℎ
𝜌𝛾 + 𝐾𝜇𝜈∇̃𝜇𝛿𝜏𝜈, (C.27)

and

𝐾𝜇𝜈∇̃𝜇𝛿𝜏𝜈 = −𝐾𝜇𝜈ℎ𝜈𝜌

(
∇̃𝜇𝜏𝛾𝛿ℎ

𝜌𝛾 + 𝜏𝛾∇̃𝜇𝛿ℎ
𝜌𝛾

)
= −𝐾𝜇𝜈ℎ𝜈𝜌

(
1

2

(
𝜏𝜇𝛾︸︷︷︸
=0

−𝑣𝜆
(
𝜏𝜇𝜏𝜆𝛾︸︷︷︸

=0

+𝜏𝛾𝜏𝜆𝜇
) )
𝛿ℎ𝜌𝛾 + 𝜏𝛾∇̃𝜇𝛿ℎ

𝜌𝛾

)
= 𝐾

𝜇
𝜌

(
1

2

𝑣𝜆𝜏𝛾𝜏𝜆𝜇𝛿ℎ
𝜌𝛾 − 𝜏𝛾∇̃𝜇𝛿ℎ

𝜌𝛾

)
, (C.28)

giving

𝐾𝜇𝜈𝛿Γ̃𝜎𝜇𝜈𝜏𝜎 = −𝐾 𝜈
𝜌 𝑣

𝜆𝜏𝛾𝜏𝜆𝜈𝛿ℎ
𝜌𝛾 + 𝐾𝜇

𝜌

(
1

2

𝑣𝜆𝜏𝛾𝜏𝜆𝜇𝛿ℎ
𝜌𝛾 − 𝜏𝛾∇̃𝜇𝛿ℎ

𝜌𝛾

)
. (C.29)

This allows us to replace the second term of (5.39) like so:

(𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈)𝛿Γ̃𝜌𝜇𝜈𝜏𝜌 =

(
𝐾𝑣𝜆𝜏𝜌𝜏𝜆𝛾 −

1

2

𝐾 𝜈
𝜌 𝑣

𝜆𝜏𝛾𝜏𝜆𝜈

)
𝛿ℎ𝜌𝛾

+
(
𝐾
(
𝛿
𝜇
𝜌 + 𝑣𝜇𝜏𝜌

)
𝜏𝛾 − 𝐾𝜇

𝜌𝜏𝛾
)
∇̃𝜇𝛿ℎ

𝜌𝛾
. (C.30)

For 𝑣𝜇ℎ𝜈𝜎𝛿Γ̃
𝜌
(𝜇𝜈) we use that any tensor can be decomposed into a symmetric and

antisymmetric part and find:

𝑣𝜇ℎ𝜈𝜎𝜏𝜆𝜎𝛿Γ̃
𝜌
(𝜈𝜇) = 𝑣

𝜇ℎ𝜈𝜎𝜏𝜆𝜎
(
−𝛿Γ̃𝜌[𝜈𝜇] + 𝛿Γ̃

𝜌
𝜈𝜇

)
= ℎ𝜈𝜎𝜏𝜆𝜎

(
−𝑣𝜇𝛿

(
ℎ𝜌𝜂𝜏[𝜈𝐾𝜇]𝜂

)
− ∇̃𝜈𝛿𝑣

𝜌
)
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= ℎ𝜈𝜎𝜏𝜆𝜎

(
− 1

2

(
𝐾𝜈𝜂𝛿ℎ

𝜌𝜂 − ℎ𝜌𝜂𝐾𝜈𝜂𝑣
𝜇𝛿𝜏𝜇

+ ℎ𝜌𝜂𝜏𝜈𝑣𝜇︸   ︷︷   ︸
=0

𝛿𝐾𝜇𝜂 + ℎ𝜌𝜂𝛿𝐾𝜈𝜂

)
− ∇̃𝜈𝛿𝑣

𝜌

)
= ℎ𝜈𝜎𝜏𝜆𝜎

(
− 1

2

(
𝐾𝜈𝜂𝛿ℎ

𝜌𝜂 + 𝐾 𝜌
𝜈 𝜏𝜇𝛿𝑣

𝜇 + ℎ𝜌𝜂𝛿𝐾𝜈𝜂

)
− ∇̃𝜈𝛿𝑣

𝜌

)
, (C.31)

where we has used the expression for the torsion (C.7) and (C.12). Now, for ℎ𝜈𝜂𝛿Γ̃
𝜌
𝜌𝜈, we

start by showing

𝛿
(
ℎ𝜌𝛼∇̃𝜈ℎ

𝜌𝛼
)
= 𝛿ℎ𝜌𝛼∇̃𝜈ℎ

𝜌𝛼 + ℎ𝜌𝛼∇̃𝜈𝛿ℎ
𝜌𝛼 + ℎ𝜌𝛼

(
𝛿Γ̃

𝜌
𝜈𝛾ℎ

𝛾𝛼 + 𝛿Γ̃𝛼𝜈𝛾ℎ
𝜌𝛾

)
= 𝛿ℎ𝜌𝛼∇̃𝜈ℎ

𝜌𝛼 + ℎ𝜌𝛼∇̃𝜈𝛿ℎ
𝜌𝛼 + 2 𝛿Γ̃

𝜌
𝜈𝜌 + 2 𝛿Γ̃

𝜌
𝜈𝛾𝑣

𝛾𝜏𝜌

=

(
− ℎ𝜌𝜎ℎ𝛼𝛾︸  ︷︷  ︸

=0

𝛿ℎ𝜎𝛾 + 2 ℎ𝛾(𝜌𝜏𝛼)𝛿𝑣
𝛾
)
𝑣(𝜌ℎ𝛼)𝜎𝜏𝜆𝜎

(
𝛿𝜆𝜈 − 𝜏𝜈𝑣

𝜆
)

+ ℎ𝜌𝛼∇̃𝜈𝛿ℎ
𝜌𝛼 + 2 𝛿Γ̃

𝜌
𝜈𝜌 − 2 𝜏𝜌∇̃𝜈𝛿𝑣

𝜌

= −
((
𝜏𝜈𝜎 + 𝑣𝜆𝜏𝜈𝜏𝜆𝜎

)
𝛿𝑣𝜎 + 𝑣𝜎𝜏𝛾𝜏𝜈𝜎𝛿𝑣𝛾

)
+ ℎ𝜌𝛼∇̃𝜈𝛿ℎ

𝜌𝛼 + 2 𝛿Γ̃
𝜌
𝜈𝜌 − 2 𝜏𝜌∇̃𝜈𝛿𝑣

𝜌

⇒ 𝛿Γ̃
𝜌
𝜈𝜌 =

1

2

((
𝜏𝜈𝜎 − 𝑣𝜆𝜏𝜈𝜏𝜆𝜎

)
𝛿𝑣𝜎 + 𝑣𝜎𝜏𝛾𝜏𝜈𝜎𝛿𝑣𝛾

)
− 1

2

ℎ𝜌𝛼∇̃𝜈𝛿ℎ
𝜌𝛼 + 𝜏𝜌∇̃𝜈𝛿𝑣

𝜌
,

(C.32)

where we have used (C.12), (5.15b) and (4.31b). Then splitting ℎ𝜈𝜂𝛿Γ̃
𝜌
𝜌𝜈 into its symmetric

and antisymmetric components and inserting the previous result, we have:

ℎ𝜈𝜂𝛿Γ̃
𝜌
𝜌𝜈 = ℎ𝜈𝜂

(
𝛿Γ̃

𝜌
𝜈𝜌 − 2 𝛿Γ̃

𝜌
[𝜈𝜌]

)
= ℎ𝜈𝜂

(
1

2

((
𝜏𝜈𝜎 − 𝑣𝜆 𝜏𝜈︸︷︷︸

=0

𝜏𝜆𝜎
)
𝛿𝑣𝜎 + 𝑣𝜎𝜏𝛾𝜏𝜈𝜎𝛿𝑣𝛾

)
− 1

2

ℎ𝜌𝜆∇̃𝜈𝛿ℎ
𝜌𝜆 + 𝜏𝜌∇̃𝜈𝛿𝑣

𝜌 − 2 𝛿
(
ℎ𝜌𝛾𝜏[𝜈𝐾𝜌]𝛾

))
= ℎ𝜈𝜂

(
1

2

(
𝛿𝜎𝛾 + 𝑣𝜎𝜏𝛾

)
𝜏𝜈𝜎𝛿𝑣

𝛾 − 1

2

ℎ𝜌𝜆∇̃𝜈𝛿ℎ
𝜌𝜆 + 𝜏𝜌∇̃𝜈𝛿𝑣

𝜌

)
+ 𝐾𝜏𝜆

(
𝛿
𝜂
𝜌 + 𝑣𝜂𝜏𝜌

)
𝛿ℎ𝜌𝜆, (C.33)

where (5.15a) has been inserted. Here, we have derived the necessary identities to

assemble (5.39).

Moving on to ℎ𝜌𝜈𝛿
(
∇̃𝜌𝐾𝜇𝜈

)
we have

ℎ𝜌𝜈𝛿
(
∇̃𝜌𝐾𝜇𝜈

)
= ℎ𝜌𝜈

(
∇̃𝜌𝛿𝐾𝜇𝜈 − 𝛿Γ̃𝜆𝜌𝜇𝐾𝜆𝜈 − 𝛿Γ̃𝜆𝜌𝜈𝐾𝜇𝜆

)
. (C.34)

First considering the second term, we can show by symmetry/antisymmetry arguments

ℎ𝜌𝜈𝐾𝜆𝜈𝛿Γ̃
𝜆
𝜌𝜇 = ℎ𝜌𝜈𝐾𝜆𝜈

(
𝛿Γ̃𝜆𝜇𝜌 − 2 𝛿Γ̃𝜆[𝜇𝜌]

)
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= ℎ𝜌𝜈𝐾𝜆𝜈

(
𝛿Γ̃𝜆𝜇𝜌 − 2 𝛿

(
ℎ𝜆𝛾𝜏[𝜇𝐾𝜌]𝛾

))
= ℎ𝜌𝜈𝐾𝜆𝜈

(
𝛿Γ̃𝜆𝜇𝜌 − 𝛿ℎ𝜆𝛾𝜏𝜇𝐾𝜌𝛾 − ℎ𝜆𝛾𝛿𝜏𝜇𝐾𝜌𝛾 − ℎ𝜆𝛾𝜏𝜇𝛿𝐾𝜌𝛾 + ℎ𝜆𝛾𝛿𝜏𝜌𝐾𝜇𝛾

)
,

(C.35)

and then the first term in the above equation is found as such:

𝐾𝜆𝜈𝛿
(
∇̃𝜇ℎ

𝜆𝜈
)
= 𝐾𝜆𝜈

(
∇̃𝜇𝛿ℎ

𝜆𝜈 + 𝛿Γ̃𝜆𝜇𝜌ℎ
𝜌𝜈 + 𝛿Γ̃𝜈𝜇𝜌ℎ

𝜆𝜌
)

= 𝐾𝜆𝜈

(
∇̃𝜇𝛿ℎ

𝜆𝜈 + 2 𝛿Γ̃𝜆𝜇𝜌ℎ
𝜌𝜈

)
= 𝐾𝜆𝜈𝛿

(
𝑣(𝜆ℎ𝜈)𝜎𝜏𝛾𝜎

(
𝛿
𝛾
𝜇 − 𝑣𝛾𝜏𝜎

))
= 𝐾𝜆𝜈𝛿𝑣

𝜆ℎ𝜈𝜎𝜏𝛾𝜎
(
𝛿
𝛾
𝜇 − 𝑣𝛾𝜏𝜎

)
⇒ ℎ𝜌𝜈𝐾𝜆𝜈𝛿Γ̃

𝜆
𝜇𝜌 =

1

2

𝐾𝜆𝜈

(
𝛿𝑣𝜆ℎ𝜈𝜎𝜏𝛾𝜎

(
𝛿
𝛾
𝜇 − 𝑣𝛾𝜏𝜎

)
− ∇̃𝜇𝛿ℎ

𝜆𝜈
)
, (C.36)

where we have inserted (4.31b) in the third line, thus giving:

ℎ𝜌𝜈𝐾𝜆𝜈𝛿Γ̃
𝜆
𝜌𝜇 =

1

2

𝐾𝜆𝜈

(
𝛿𝑣𝜆ℎ𝜈𝜎𝜏𝛾𝜎

(
𝛿
𝛾
𝜇 − 𝑣𝛾 𝜏𝜎︸︷︷︸

=0

)
− ∇̃𝜇𝛿ℎ

𝜆𝜈

)
+ ℎ𝜌𝜈𝐾𝜆𝜈

(
− 𝛿ℎ𝜆𝛾𝜏𝜇𝐾𝜌𝛾 − ℎ𝜆𝛾𝐾𝜌𝛾

(
−𝜏𝜎ℎ𝜇𝜌𝛿ℎ𝜌𝜎 + 𝜏𝜎𝜏𝜇𝛿𝑣

𝜎)
+ ℎ𝜆𝛾𝐾𝜇𝛾

(
− 𝜏𝜎ℎ𝜌𝛽𝛿ℎ

𝛽𝜎 + 𝜏𝜎 𝜏𝜌︸︷︷︸
=0

𝛿𝑣𝜎
))

+ 𝐾𝛾𝜌𝜏𝜇

((
− 𝜏𝜆𝐾𝜌𝛾 + 𝐾𝜆(𝛾𝜏𝜌)︸  ︷︷  ︸

=0

−1

2

ℎ𝜆𝜌𝑣
𝜎𝜏𝜎𝛾 −

1

2

ℎ𝜆𝛾𝑣
𝜎𝜏𝜎𝜌

)
𝛿𝑣𝜆

− ℎ𝜎(𝛾∇̃𝜌)𝛿𝑣
𝜎 − 𝑣𝜎 ℎ𝛼(𝜌𝜏𝛾)︸  ︷︷  ︸

=0

∇̃𝜎𝛿𝑣
𝛼

− 𝐾𝜆(𝛾ℎ𝜌)𝛽𝛿ℎ
𝛽𝜆 + 1

2

ℎ𝜌𝛽ℎ𝛾𝜆𝑣
𝜎∇̃𝜎𝛿ℎ

𝛽𝜆

)
=

(
1

2

𝐾
𝜌
𝜆𝜏𝜇𝜌 − 2𝐾𝜌𝛾𝐾𝜌𝛾𝜏𝜇𝜏𝜆 − 𝐾𝛾

𝜌𝜏𝜇𝑣
𝜎𝜏𝜎𝛾

)
𝛿𝑣𝜆

+
(
𝐾𝜎𝛾𝐾𝜎𝛾𝜏𝜆ℎ𝜇𝜌 − 𝐾𝛾

𝜌𝐾𝜇𝛾𝜏𝜆 − 2𝐾
𝛾
𝜌𝜏𝜇𝐾𝜆𝛾

)
𝛿ℎ𝜌𝜆

− 𝐾𝜌
𝜆𝜏𝜇∇̃𝜌𝛿𝑣

𝜆 − 1

2

𝐾𝜌𝜆

(
𝛿𝜎𝜇 − 𝑣𝜎𝜏𝜇

)
∇̃𝜎𝛿ℎ

𝜌𝜆
. (C.37)

For the third term of (C.34) we show:

𝐾𝜇𝜆𝛿
(
∇̃𝜌ℎ

𝜌𝜆
)
= 𝐾𝜇𝜆

(
∇̃𝜌𝛿ℎ

𝜌𝜆 + 𝛿Γ̃
𝜌
𝜌𝜈ℎ

𝜈𝜆 + 𝛿Γ̃𝜆𝜌𝜈ℎ
𝜌𝜈

)
= 𝐾𝜇𝜆

(
∇̃𝜌𝛿ℎ

𝜌𝜆 + ℎ𝜈𝜆
(

1

2

(
𝛿𝜎𝛾 + 𝑣𝜎𝜏𝛾

)
𝜏𝜈𝜎𝛿𝑣

𝛾 − 1

2

ℎ𝜌𝛾∇̃𝜈𝛿ℎ
𝜌𝛾
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+ 𝜏𝜌∇̃𝜈𝛿𝑣
𝜌

)
+ 𝐾𝜏𝛾𝛿ℎ𝜆𝛾 + 𝛿Γ̃𝜆𝜌𝜈ℎ

𝜌𝜈

)
= 𝐾𝜇𝜆

(
𝛿𝑣𝜌ℎ𝜆𝜎𝜏𝜌𝜎 + 𝑣𝜌𝛿ℎ𝜆𝜎𝜏𝜌𝜎 + 𝑣𝜌ℎ𝜆𝜎𝛿𝜏𝜌𝜎

)
= 𝐾𝜇𝜆

[
𝛿𝑣𝜌ℎ𝜆𝜎𝜏𝜌𝜎 + 𝑣𝜌𝛿ℎ𝜆𝜎𝜏𝜌𝜎

+ 𝑣𝜌ℎ𝜆𝜎
(
−

(
ℎ𝛼[𝜎

(
𝜏𝜌]𝛽 − 𝑣𝛾

(
𝜏𝜌]𝜏𝛾𝛽 + 𝜏|𝛽𝜏𝛾 |𝜌]

) )
+ 4 𝜏𝛼𝜏[𝜌𝐾𝜎]𝛽

)
𝛿ℎ𝛼𝛽

+
(
𝜏[𝜎

(
𝜏𝜌]𝛽 − 𝑣𝛾

(
𝜏𝜌]𝜏𝛾𝛽 + 𝜏|𝛽𝜏𝛾 |𝜌]

) )
+ 𝜏𝛽𝜏𝜌𝜎

)
𝛿𝑣𝛽

− 2 𝜏𝛽ℎ𝛼[𝜎∇̃𝜌]𝛿ℎ
𝛼𝛽 + 2 𝜏𝛽𝜏[𝜎∇̃𝜌]𝛿𝑣

𝛽

)]
= 𝐾𝜇𝜆

[
𝛿𝑣𝜌ℎ𝜆𝜎𝜏𝜌𝜎︸       ︷︷       ︸
−1/2𝛿𝑣𝜌ℎ𝜆𝜎𝜏𝜌𝜎

+������
𝑣𝜌𝛿ℎ𝜆𝜎𝜏𝜌𝜎 +

(
−�����𝛿𝜆𝛼𝑣

𝜌𝜏𝜌𝛽 − 2 ℎ𝜆𝜎𝜏𝛼𝐾𝜎𝛽

)
𝛿ℎ𝛼𝛽

+ ℎ𝜆𝜎
(
�
�
�1

2

𝜏𝜎𝛽 +
3

2

𝑣𝛾𝜏𝛽𝜏𝛾𝜎

)
𝛿𝑣𝛽 − 𝑣𝜌𝜏𝛽∇̃𝜌𝛿ℎ

𝜆𝛽 + ℎ𝜆𝜎𝜏𝛽∇̃𝜎𝛿𝑣
𝛽

]
= 𝐾𝜇𝜆

[
1

2

ℎ𝜆𝜎
(
𝜏𝜎𝜌 + 3 𝑣𝛾𝜏𝜌𝜏𝛾𝜎

)
𝛿𝑣𝜌 − 2 ℎ𝜆𝜎𝜏𝛼𝐾𝜎𝛽𝛿ℎ

𝛼𝛽

− 𝑣𝜌𝜏𝛽∇̃𝜌𝛿ℎ
𝜆𝛽 + ℎ𝜆𝜎𝜏𝛽∇̃𝜎𝛿𝑣

𝛽

]
⇒ 𝐾𝜇𝜆𝛿Γ̃

𝜆
𝜌𝜈ℎ

𝜌𝜈 = 𝐾𝜇𝜆

[
1

2

ℎ𝜆𝜎
(
��𝜏𝜎𝜌 + ���

4

3 𝑣𝛾𝜏𝜌𝜏𝛾𝜎

)
𝛿𝑣𝜌 − 2 ℎ𝜆𝜎𝜏𝛼𝐾𝜎𝛽𝛿ℎ

𝛼𝛽 − 𝐾𝜏𝛾𝛿ℎ𝜆𝛾

− 𝑣𝜌𝜏𝛽∇̃𝜌𝛿ℎ
𝜆𝛽 + ℎ𝜆𝜎𝜏𝛽∇̃𝜎𝛿𝑣

𝛽 − ∇̃𝜌𝛿ℎ
𝜌𝜆

− ℎ𝜈𝜆
(

1

2

(
�
�𝛿𝜎𝛾 +�

��𝑣𝜎𝜏𝛾
)
𝜏𝜈𝜎𝛿𝑣

𝛾 − 1

2

ℎ𝜌𝛾∇̃𝜈𝛿ℎ
𝜌𝛾 + 𝜏𝜌∇̃𝜈𝛿𝑣

𝜌

)]
= 2𝐾𝜎

𝜇𝑣
𝛾𝜏𝜆𝜏𝛾𝜎𝛿𝑣

𝜆 +
(
−𝐾𝜇𝜆𝐾 − 2𝐾𝜎

𝜇𝐾𝜎𝜆

)
𝜏𝜌𝛿ℎ

𝜌𝜆

+
(

1

2

𝐾𝜎
𝜇ℎ𝜌𝜆 − 𝐾𝜇𝜆𝑣

𝜎𝜏𝜌 − 𝛿𝜎𝜌𝐾𝜇𝜆

)
∇̃𝜎𝛿ℎ

𝜌𝜆
, (C.38)

where we have inserted (C.33), (4.31c) and the expression for 𝛿𝜏𝜇𝜈. Gathering it all

together, we find for (C.34):

ℎ𝜌𝜈𝛿
(
∇̃𝜌𝐾𝜇𝜈

)
= ℎ𝜌𝜈

(
∇̃𝜌𝛿𝐾𝜇𝜈 − 𝛿Γ̃𝜆𝜌𝜇𝐾𝜆𝜈 − 𝛿Γ̃𝜆𝜌𝜈𝐾𝜇𝜆

)
= ℎ𝜌𝜈∇̃𝜌𝛿𝐾𝜇𝜈 + 𝐾𝜌

𝜆𝜏𝜇∇̃𝜌𝛿𝑣
𝜆

−
(

1

2

𝐾
𝜌
𝜆𝜏𝜇𝜌 − 2𝐾𝜌𝛾𝐾𝜌𝛾𝜏𝜇𝜏𝜆 − 𝐾𝛾

𝜌𝜏𝜇𝑣
𝜎𝜏𝜎𝛾 − 2𝐾𝜎

𝜇𝑣
𝛾𝜏𝜆𝜏𝛾𝜎𝛿𝑣

𝜆

)
𝛿𝑣𝜆
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−
(
𝐾𝜎𝛾𝐾𝜎𝛾𝜏𝜆ℎ𝜇𝜌 − 𝐾𝛾

𝜌𝐾𝜇𝛾𝜏𝜆

− 2𝐾
𝛾
𝜌𝜏𝜇𝐾𝜆𝛾 + 𝐾𝜇𝜆𝐾𝜏𝜌 − 2𝐾𝜎

𝜇𝐾𝜎𝜆𝜏𝜌
)
𝛿ℎ𝜌𝜆

+
(
−1

2

𝐾𝜎
𝜇ℎ𝜌𝜆 + 𝐾𝜇𝜆𝑣

𝜎𝜏𝜌 + 𝛿𝜎𝜌𝐾𝜇𝜆 +
1

2

𝐾𝜌𝜆

(
𝛿𝜎𝜇 − 𝑣𝜎𝜏𝜇

))
∇̃𝜎𝛿ℎ

𝜌𝜆
. (C.39)

For 𝑣𝜌𝛿
(
∇̃𝜌𝐾𝜇𝜈

)
we begin by expanding the term

𝑣𝜌𝛿
(
∇̃𝜌𝐾𝜇𝜈

)
= 𝑣𝜌

(
∇̃𝜌𝛿𝐾𝜇𝜈 − 2 𝛿Γ̃𝜆𝜌(𝜇𝐾𝜈)𝜆

)
. (C.40)

Then, we take care of the second term in the following manner:

𝛿
(
∇̃𝜇𝑣

𝜂
)
= ∇̃𝜇𝛿𝑣

𝜂 − 𝛿Γ̃
𝜂
𝜇𝜌𝑣

𝜌

= ∇̃𝜇𝛿𝑣
𝜂 − 𝛿Γ̃

𝜂
𝜌𝜇𝑣

𝜌 + 2 𝛿Γ̃
𝜂
[𝜌𝜇]𝑣

𝜌

= ∇̃𝜇𝛿𝑣
𝜂 − 𝛿Γ̃

𝜂
𝜌𝜇𝑣

𝜌 + 2 𝛿
(
ℎ𝜂𝛾𝜏[𝜌𝐾𝜇]𝛾

)
𝑣𝜌

= ∇̃𝜇𝛿𝑣
𝜂 − 𝛿Γ̃

𝜂
𝜌𝜇𝑣

𝜌 − 𝛿ℎ𝜂𝛾𝐾𝜇𝛾 + ℎ𝜂𝛾𝑣𝜌𝐾𝜇𝛾𝛿𝜏𝜌 − ℎ𝜂𝛾
(
𝑣𝜌𝜏𝜇𝛿𝐾𝜌𝛾 + 𝛿𝐾𝜇𝛾

)
= ∇̃𝜇𝛿𝑣

𝜂 − 𝛿Γ̃
𝜂
𝜌𝜇𝑣

𝜌 − 𝐾𝜇𝛾𝛿ℎ
𝜂𝛾 + ℎ𝜂𝛾

(
����𝜏𝜇𝐾𝜌𝛾 −����𝐾𝜇𝛾𝜏𝜌

)
𝛿𝑣𝜌

+
(
����𝜏𝜆𝐾

𝜂
𝜇 −

1

2

𝐾
𝜂
𝜆𝜏𝜇︸     ︷︷     ︸

+ 1

2
𝐾
𝜂
𝜆𝜏𝜇

+1

2

ℎ𝜂𝛾ℎ𝜆𝜇𝑣
𝜎𝜏𝜎𝛾 +

1

2

(
𝛿
𝜂
𝜆 + 𝑣

𝜂𝜏𝜆
)
𝑣𝜎𝜏𝜎𝜇

)
𝛿𝑣𝜆

+ 1

2

(
𝛿
𝜂
𝜆 + 𝑣

𝜂𝜏𝜆
)
∇̃𝜇𝛿𝑣

𝜆 + 1

2

ℎ𝜂𝛾ℎ𝜎𝜇∇̃𝛾𝛿𝑣
𝜎

+ 1

2

(
𝛿
𝜂
𝜆 + 𝑣

𝜂𝜏𝜆
)
𝑣𝜎𝜏𝜇∇̃𝜎𝛿𝑣

𝜆 + 1

2

𝐾
𝜂
𝜆ℎ𝜇𝜌𝛿ℎ

𝜌𝜆

+ 1

2

(
𝛿
𝜂
𝜌 + 𝑣𝜂𝜏𝜌

)
𝐾𝜆𝜇𝛿ℎ

𝜌𝜆 − 1

2

(
𝛿
𝜂
𝜆 + 𝑣

𝜂𝜏𝜆
)
ℎ𝜇𝜌𝑣

𝜎∇̃𝜎𝛿ℎ
𝜌𝜆 = 0

⇒ 2 𝛿Γ̃
𝜂
𝜌(𝜇𝐾𝜈)𝜂𝑣

𝜌 =

(
𝐾
𝜌
𝜆𝜏(𝜇𝐾𝜈)𝜌 + 𝑣𝜎𝜏𝜎𝛾𝐾

𝛾
(𝜈ℎ𝜇)𝜆 + 𝑣

𝜎𝜏𝜎(𝜇𝐾𝜈)𝜆
)
𝛿𝑣𝜆

+
(
𝐾𝜎

𝜆𝐾𝜎(𝜈ℎ𝜇)𝜌 − 𝐾𝜆(𝜇𝐾𝜈)𝜌
)
𝛿ℎ𝜌𝜆 + 3𝐾𝜆(𝜈∇̃𝜇)𝛿𝑣

𝜆

+
(
𝐾𝜎

(𝜈ℎ𝜇)𝜆 + 𝑣
𝜎𝜏(𝜇𝐾𝜈)𝜆

)
∇̃𝜎𝛿𝑣

𝜆 − 𝐾𝜆(𝜈ℎ𝜇)𝜌𝑣
𝜎∇̃𝜎𝛿ℎ

𝜌𝜆
. (C.41)

Now for ℎ𝜈𝜌𝛿
(
ℎ𝜇𝜈∇̃𝜌

)
𝐾 and 𝑣𝜌𝛿

(
ℎ𝜇𝜈∇̃𝜌𝐾

)
we have:

ℎ𝜈𝜌𝛿
(
ℎ𝜇𝜈∇̃𝜌𝐾

)
= ℎ𝜈𝜌

(
𝛿ℎ𝜇𝜈∇̃𝜌𝐾 + ℎ𝜇𝜈∇̃𝜌𝛿𝐾

)
= ℎ𝜈𝜌

((
−ℎ𝜇𝛾ℎ𝜈𝜆𝛿ℎ𝜆𝛾 + 2 ℎ𝜆(𝜇𝜏𝜈)𝛿𝑣

𝜆
)
∇̃𝜌𝐾 + ℎ𝜇𝜈∇̃𝜌𝛿𝐾

)
=

(
𝛿𝜎𝜆 + 𝑣

𝜎𝜏𝜆
) (
𝜏𝜇𝛿𝑣

𝜆 − ℎ𝜇𝜌𝛿ℎ𝜆𝜌
)
∇̃𝜎𝐾 +

(
𝛿
𝜌
𝜇 + 𝑣𝜌𝜏𝜇

)
∇̃𝜌𝛿𝐾, (C.42)

and

𝑣𝜌𝛿
(
ℎ𝜇𝜈∇̃𝜌𝐾

)
= 𝑣𝜌

(
𝛿ℎ𝜇𝜈∇̃𝜌𝐾 + ℎ𝜇𝜈∇̃𝜌𝛿𝐾

)
= 𝑣𝜌

(
−ℎ𝜇𝛾ℎ𝜈𝜆𝛿ℎ𝜆𝛾 + 2 ℎ𝜆(𝜇𝜏𝜈)𝛿𝑣

𝜆
)
∇̃𝜌𝐾 + 𝑣𝜌ℎ𝜇𝜈∇̃𝜌𝛿𝐾. (C.43)
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Having derived the variation of all the variables we can then start combining them.

We start by finding the variation of terms four and five in (5.33) which will appear in

either expansion of the NLO Lagrangian. Thus, we have for the fourth term:

𝑣
𝜇
(1)𝛿

(2)

𝐺𝑣𝜇 = 𝑣
𝜇
(1)

[
− 1

2

𝜏𝜇
(
𝛿
(
𝐾𝛾𝜎𝐾𝛾𝜎

)
− 2𝐾𝛿𝐾

)
− 1

2

(
𝐾𝛾𝜎𝐾𝛾𝜎 − 𝐾2

)
𝛿𝜏𝜇

+ ∇̃𝜌
(
𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈

)
𝛿ℎ𝜈𝜌 + ℎ𝜈𝜌𝛿

(
∇̃𝜌

(
𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈

) )]
= 𝑣

𝜇
(1)

[
− 1

2

𝜏𝜇
(
−
(
2 𝜏𝜆𝐾

𝜌𝜎𝐾𝜌𝜎 + 𝐾𝜎
𝜆𝑣

𝛾𝜏𝛾𝜎
)
𝛿𝑣𝜆 − 2𝐾

𝜌
𝜆∇̃𝜌𝛿𝑣

𝜆 + 𝐾𝜌𝜆𝑣
𝜎∇̃𝜎𝛿ℎ

𝜌𝜆
)

+ 𝜏𝜇𝐾

(
−(𝑣𝜎𝜏𝜎𝜆 + 𝜏𝜆𝐾)𝛿𝑣𝜆 −

(
𝛿𝜎𝜆 + 𝑣

𝜎𝜏𝜆
)
∇̃𝜎𝛿𝑣

𝜆 + 1

2

ℎ𝜌𝜆𝑣
𝜎∇̃𝜎𝛿ℎ

𝜌𝜆

)
− 1

2

(
𝐾𝛾𝜎𝐾𝛾𝜎 − 𝐾2

) (
−𝜏𝜆ℎ𝜇𝜌𝛿ℎ𝜌𝜆 + 𝜏𝜆𝜏𝜇𝛿𝑣

𝜆
)
+ ∇̃𝜌

(
𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈

)
𝛿ℎ𝜈𝜌

+ ℎ𝜌𝜈∇̃𝜌𝛿𝐾𝜇𝜈 + 𝐾𝜌
𝜆𝜏𝜇∇̃𝜌𝛿𝑣

𝜆

−
(

1

2

𝐾
𝜌
𝜆𝜏𝜇𝜌 − 2𝐾𝜌𝛾𝐾𝜌𝛾𝜏𝜇𝜏𝜆 − 𝐾𝛾

𝜆𝜏𝜇𝑣
𝜎𝜏𝜎𝛾 − 2𝐾𝜎

𝜇𝑣
𝛾𝜏𝜆𝜏𝛾𝜎𝛿𝑣

𝜆

)
𝛿𝑣𝜆

−
(
𝐾𝜎𝛾𝐾𝜎𝛾𝜏𝜆ℎ𝜇𝜌 − 𝐾𝛾

𝜌𝐾𝜇𝛾𝜏𝜆

− 2𝐾
𝛾
𝜌𝜏𝜇𝐾𝜆𝛾 + 𝐾𝜇𝜆𝐾𝜏𝜌 − 2𝐾𝜎

𝜇𝐾𝜎𝜆𝜏𝜌
)
𝛿ℎ𝜌𝜆

+
(
−1

2

𝐾𝜎
𝜇ℎ𝜌𝜆 + 𝐾𝜇𝜆𝑣

𝜎𝜏𝜌 + 𝛿𝜎𝜌𝐾𝜇𝜆 +
1

2

𝐾𝜌𝜆

(
𝛿𝜎𝜇 − 𝑣𝜎𝜏𝜇

))
∇̃𝜎𝛿ℎ

𝜌𝜆

−
(
𝛿𝜎𝜆 + 𝑣

𝜎𝜏𝜆
) (
𝜏𝜇𝛿𝑣

𝜆 − ℎ𝜇𝜌𝛿ℎ𝜌𝜆
)
∇̃𝜎𝐾 −

(
𝛿
𝜌
𝜇 + 𝑣𝜌𝜏𝜇

)
∇̃𝜌𝛿𝐾

]
= 𝑣

𝜇
(1)

[(
𝜏𝜇

(
3

2

𝐾𝜎
𝜆𝑣

𝛾𝜏𝛾𝜎 − 𝐾𝑣𝜎𝜏𝜎𝜆 +
1

2

𝐾2𝜏𝜆 −
(
𝛿𝜎𝜆 + 𝑣

𝜎𝜏𝜆
)
∇̃𝜎𝐾 + 2𝐾𝜌𝛾𝐾𝜌𝛾𝜏𝜆

)
− 1

2

𝐾
𝜌
𝜆𝜏𝜇𝜌 + 2𝐾𝜎

𝜇𝑣
𝛾𝜏𝜆𝜏𝛾𝜎

)
𝛿𝑣𝜆

+
(
2𝐾

𝜌
𝜆𝜏𝜇 − 𝜏𝜇𝐾

(
𝛿
𝜌
𝜆 + 𝑣

𝜌𝜏𝜆
))
∇̃𝜌𝛿𝑣

𝜆

+
(

3

2

𝐾𝛾𝜎𝐾𝛾𝜎𝜏𝜆ℎ𝜇𝜌 −
1

2

𝐾2𝜏𝜆ℎ𝜇𝜌 + ∇̃𝜌𝐾𝜇𝜆 + 2𝐾
𝛾
𝜌𝐾𝜇𝛾𝜏𝜆

+ 2𝐾
𝛾
𝜌𝜏𝜇𝐾𝜆𝛾 − 𝐾𝜇𝜆𝐾𝜏𝜌 + 𝑣𝜎𝜏𝜆ℎ𝜇𝜌∇̃𝜎𝐾

)
𝛿ℎ𝜌𝜆

+
(
𝑣𝜎

(
2𝐾𝜆[𝜇𝜏𝜌] +

1

2

𝜏𝜇𝐾ℎ𝜌𝜆
)
− 1

2

𝐾𝜎
𝜇ℎ𝜌𝜆 + 𝛿𝜎𝜌𝐾𝜇𝜆 +

1

2

𝐾𝜌𝜆𝛿
𝜎
𝜇

)
∇̃𝜎𝛿ℎ

𝜌𝜆

+ ℎ𝜌𝜈∇̃𝜌𝛿𝐾𝜇𝜈 −
(
𝛿
𝜌
𝜇 + 𝑣𝜌𝜏𝜇

)
∇̃𝜌𝛿𝐾

]
. (C.44)
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Using again (5.16) for the covariant derivatives of 𝛿𝐾𝜇𝜈 and 𝛿𝐾:∫
𝑀

𝑒 𝑣
𝜇
(1)

[
ℎ𝜌𝜈∇̃𝜌𝛿𝐾𝜇𝜈 −

(
𝛿
𝜌
𝜇 + 𝑣𝜌𝜏𝜇

)
∇̃𝜌𝛿𝐾

]
d
𝑑+1𝑥

=

∫
𝑀

[
𝜕𝜌

(
𝑒𝑣

𝜇
(1)

(
ℎ𝜌𝜈𝛿𝐾𝜇𝜈 −

(
𝛿
𝜌
𝜇 + 𝑣𝜌𝜏𝜇

)
𝛿𝐾

))
− 𝑒𝐾 𝜏𝜌

(
𝑣
𝜇
(1)

(
ℎ𝜌𝜈𝛿𝐾𝜇𝜈 −

(
𝛿
𝜌
𝜇 + 𝑣𝜌𝜏𝜇

)
𝛿𝐾

))
︸                                          ︷︷                                          ︸

=0

− 𝑒∇̃𝜌

(
𝑣
𝜇
(1)ℎ

𝜌𝜈
)
𝛿𝐾𝜇𝜈 + 𝑒∇̃𝜌

(
𝑣
𝜇
(1)

(
𝛿
𝜌
𝜇 + 𝑣𝜌𝜏𝜇

))
𝛿𝐾

]
d
𝑑+1𝑥

≈
∫
𝑀

𝑒

[
− ∇̃𝜎

(
𝑣
𝜇
(1)ℎ

𝜎𝜈
) ((

−𝜏𝜆𝐾𝜇𝜈 + 𝐾𝜆(𝜈𝜏𝜇) −
1

2

ℎ𝜆𝜇𝑣
𝜌𝜏𝜌𝜈 −

1

2

ℎ𝜆𝜈𝑣
𝜌𝜏𝜌𝜇

)
𝛿𝑣𝜆

− ℎ𝜆(𝜈∇̃𝜇)𝛿𝑣
𝜆 − 𝑣𝜌ℎ𝜆(𝜇𝜏𝜈)∇̃𝜌𝛿𝑣

𝜆

− 𝐾𝜆(𝜈ℎ𝜇)𝜌𝛿ℎ
𝜌𝜆 +

����������
1

2

ℎ𝜇𝜌ℎ𝜈𝜆𝑣
𝛾∇̃𝛾𝛿ℎ

𝜌𝜆

)
+ ∇̃𝜎

(
𝑣
𝜇
(1)ℎ

𝜎𝜈
)
ℎ𝜈𝜇

(
−

(
𝑣𝜌𝜏𝜌𝜆 + 𝜏𝜆𝐾

)
𝛿𝑣𝜆

−
(
𝛿
𝜌
𝜆 + 𝑣

𝜌𝜏𝜆
)
∇̃𝜌𝛿𝑣

𝜆 +
��������1

2

ℎ𝜌𝜆𝑣
𝛾∇̃𝛾𝛿ℎ

𝜌𝜆
)]

d
𝑑+1𝑥

≈
∫
𝑀

𝑒

[
∇̃𝜎𝑣

𝜇
(1)

((
𝜏𝜆𝐾

𝜎
𝜇 −

1

2

𝐾𝜎
𝜆𝜏𝜇 + ℎ

𝜎𝜈
(

1

2

ℎ𝜆𝜇𝑣
𝜌𝜏𝜌𝜈 +

1

2

ℎ𝜆𝜈𝑣
𝜌𝜏𝜌𝜇

− ℎ𝜈𝜇
(
𝑣𝜌𝜏𝜌𝜆 + 𝜏𝜆𝐾

) ))
𝛿𝑣𝜆

+ 1

2

(
𝐾𝜎

𝜆ℎ𝜇𝜌 + ℎ
𝜎𝜈𝐾𝜆𝜇ℎ𝜈𝜌

)
𝛿ℎ𝜌𝜆

+
(

1

2

ℎ𝜎𝜈ℎ𝜆𝜈

(
𝛿
𝜌
𝜇 + 𝑣𝜌𝜏𝜇

)
+ 1

2

ℎ𝜎𝜌ℎ𝜆𝜇

− ℎ𝜎𝜈ℎ𝜈𝜇
(
𝛿
𝜌
𝜆 + 𝑣

𝜌𝜏𝜆
))
∇̃𝜌𝛿𝑣

𝜆

)
+ 𝑣𝜎𝜏𝜎𝛾𝑣𝜇(1)

((
𝐾

𝛾
𝜇𝜏𝜆 −

1

2

𝐾
𝛾
𝜆𝜏𝜇 +

1

2

ℎ𝜈𝛾ℎ𝜆𝜇𝑣
𝜌𝜏𝜌𝜈

+ 1

2

𝛿
𝛾
𝜆𝑣

𝜌𝜏𝜌𝜇 − 𝛿
𝛾
𝜇

(
𝑣𝜌𝜏𝜌𝜆 + 𝜏𝜆𝐾

) )
𝛿𝑣𝜆

+ 1

2

(
𝐾

𝛾
𝜆ℎ𝜇𝜌 + 𝛿

𝛾
𝜌𝐾𝜆𝜇

)
𝛿ℎ𝜌𝜆

+
(

1

2

𝛿
𝛾
𝜆

(
𝛿
𝜌
𝜇 + 𝑣𝜌𝜏𝜇

)
+ 1

2

ℎ𝜌𝛾ℎ𝜆𝜇

− 𝛿
𝛾
𝜇

(
𝛿
𝜌
𝜆 + 𝑣

𝜌𝜏𝜆
))
∇̃𝜌𝛿𝑣

𝜆

)]
d
𝑑+1𝑥, (C.45)
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and then doing the same for all the ∇̃𝜌𝛿𝑣𝜆 and ∇̃𝜎𝛿ℎ𝜌𝜆 terms:∫
𝑀

𝑒

[
𝑣
𝜇
(1)

(
2𝐾

𝜌
𝜆𝜏𝜇 − 𝜏𝜇𝐾

(
𝛿
𝜌
𝜆 + 𝑣

𝜌𝜏𝜆
)

+ 𝑣𝜎𝜏𝜎𝛾
(

1

2

𝛿
𝛾
𝜆

(
𝛿
𝜌
𝜇 + 𝑣𝜌𝜏𝜇

)
+ 1

2

ℎ𝜌𝛾ℎ𝜆𝜇 − 𝛿
𝛾
𝜇

(
𝛿
𝜌
𝜆 + 𝑣

𝜌𝜏𝜆
)))

∇̃𝜌𝛿𝑣
𝜆

+ ∇̃𝜎𝑣
𝜇
(1)

(
1

2

ℎ𝜎𝜈ℎ𝜆𝜈

(
𝛿
𝜌
𝜇 + 𝑣𝜌𝜏𝜇

)
+ 1

2

ℎ𝜎𝜌ℎ𝜆𝜇 − ℎ𝜎𝜈ℎ𝜈𝜇
(
𝛿
𝜌
𝜆 + 𝑣

𝜌𝜏𝜆
))
∇̃𝜌𝛿𝑣

𝜆

]
d
𝑑+1𝑥

=

∫
𝑀

[
𝜕𝜌

(
𝑒𝑣

𝜇
(1)

(
2𝐾

𝜌
𝜆𝜏𝜇 − 𝜏𝜇𝐾

(
𝛿
𝜌
𝜆 + 𝑣

𝜌𝜏𝜆
)

+ 𝑣𝜎𝜏𝜎𝛾
(

1

2

𝛿
𝛾
𝜆

(
𝛿
𝜌
𝜇 + 𝑣𝜌𝜏𝜇

)
+ 1

2

ℎ𝜌𝛾ℎ𝜆𝜇 − 𝛿
𝛾
𝜇

(
𝛿
𝜌
𝜆 + 𝑣

𝜌𝜏𝜆
)))

𝛿𝑣𝜆

+ 𝑒∇̃𝜎𝑣
𝜇
(1)

(
1

2

ℎ𝜎𝜈ℎ𝜆𝜈

(
𝛿
𝜌
𝜇 + 𝑣𝜌𝜏𝜇

)
+ 1

2

ℎ𝜎𝜌ℎ𝜆𝜇 − ℎ𝜎𝜈ℎ𝜈𝜇
(
𝛿
𝜌
𝜆 + 𝑣

𝜌𝜏𝜆
))
𝛿𝑣𝜆

)
− 𝑒𝐾𝜏𝜌

(
𝑣
𝜇
(1)

(
2 𝐾

𝜌
𝜆︸︷︷︸

=0

𝜏𝜇 − 𝜏𝜇𝐾
(
𝛿
𝜌
𝜆 + 𝑣

𝜌𝜏𝜆
)

︸        ︷︷        ︸
=0

+ 𝑣𝜎𝜏𝜎𝛾
(

1

2

𝛿
𝛾
𝜆

(
𝛿
𝜌
𝜇 + 𝑣𝜌𝜏𝜇

)
︸        ︷︷        ︸

=0

+ 1

2

ℎ𝜌𝛾︸︷︷︸
=0

ℎ𝜆𝜇 − 𝛿
𝛾
𝜇

(
𝛿
𝜌
𝜆 + 𝑣

𝜌𝜏𝜆
)

︸        ︷︷        ︸
=0

))
+ ∇̃𝜎𝑣

𝜇
(1)

(
1

2

ℎ𝜎𝜈ℎ𝜆𝜈

(
𝛿
𝜌
𝜇 + 𝑣𝜌𝜏𝜇

)
︸        ︷︷        ︸

=0

+ 1

2

ℎ𝜎𝜌︸︷︷︸
=0

ℎ𝜆𝜇 − ℎ𝜎𝜈ℎ𝜈𝜇
(
𝛿
𝜌
𝜆 + 𝑣

𝜌𝜏𝜆
)

︸        ︷︷        ︸
=0

))
𝛿𝑣𝜆

− 𝑒∇̃𝜌

(
𝑣
𝜇
(1)

(
2𝐾

𝜌
𝜆𝜏𝜇 − 𝜏𝜇𝐾

(
𝛿
𝜌
𝜆 + 𝑣

𝜌𝜏𝜆
)

+ 𝑣𝜎𝜏𝜎𝛾
(

1

2

𝛿
𝛾
𝜆

(
𝛿
𝜌
𝜇 + 𝑣𝜌𝜏𝜇

)
+ 1

2

ℎ𝜌𝛾ℎ𝜆𝜇 − 𝛿
𝛾
𝜇

(
𝛿
𝜌
𝜆 + 𝑣

𝜌𝜏𝜆
)))

+ ∇̃𝜎𝑣
𝜇
(1)

(
1

2

ℎ𝜎𝜈ℎ𝜆𝜈

(
𝛿
𝜌
𝜇 + 𝑣𝜌𝜏𝜇

)
+ 1

2

ℎ𝜎𝜌ℎ𝜆𝜇 − ℎ𝜎𝜈ℎ𝜈𝜇
(
𝛿
𝜌
𝜆 + 𝑣

𝜌𝜏𝜆
)))

𝛿𝑣𝜆

]
d
𝑑+1𝑥
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≈
∫
𝑀

𝑒

[(
− 𝑣𝜇(1)

(
2 ∇̃𝜌𝐾

𝜌
𝜆𝜏𝜇 − 𝐾

𝜌
𝜆

(
𝜏𝜇𝜌 + 𝑣𝛾𝜏𝜇𝜏𝛾𝜌

)
− 𝜏𝜇∇̃𝜌𝐾

(
𝛿
𝜌
𝜆 + 𝑣

𝜌𝜏𝜆
)

− 1

2

𝐾𝜏𝜆𝜇 −
1

2

𝐾𝑣𝛾
(
𝜏𝜆𝜏𝛾𝜇 + 𝜏𝜇𝜏𝛾𝜆

)
+ 1

2

𝑣𝜎∇̃𝜌𝜏𝜎𝜆
(
𝛿
𝜌
𝜇 + 𝑣𝜌𝜏𝜇

)
+ 1

2

𝑣𝜎∇̃𝜌𝜏𝜎𝛾ℎ
𝜌𝛾ℎ𝜆𝜇 − 𝑣𝜎∇̃𝜌𝜏𝜎𝜇

(
𝛿
𝜌
𝜆 + 𝑣

𝜌𝜏𝜆
)

+ 𝑣𝜎𝑣𝜌
(

1

2

𝜏𝜎𝜆𝜏𝜌𝜇 +
1

2

ℎ𝛾𝛼ℎ𝜆𝜇𝜏𝜎𝛾𝜏𝜌𝛼 − 𝜏𝜎𝜇𝜏𝜌𝜆

))
− ∇̃𝜎𝑣

𝜇
(1)

(
2𝐾

𝜌
𝜆𝜏𝜇 − 𝜏𝜇𝐾

(
𝛿
𝜌
𝜆 + 𝑣

𝜌𝜏𝜆
)
+ 𝑣𝜌ℎ𝜎𝛾ℎ𝜆𝜇𝜏𝜌𝛾 +

3

4

𝑣𝜎𝜏𝜇𝜆

+ 5

4

𝑣𝛾𝑣𝜎𝜏𝛾𝜆𝜏𝜇 −
1

4

𝑣𝛾𝑣𝜎𝜏𝛾𝜇𝜏𝜆 −
1

2

𝑣𝜌𝛿𝜎𝜆𝜏𝜌𝜇 +
3

2

𝑣𝜌𝛿𝜎𝜇𝜏𝜌𝜆

)
− ∇̃𝜌∇̃𝜎𝑣

𝜇
(1)

(
1

2

ℎ𝜎𝜈ℎ𝜆𝜈

(
𝛿
𝜌
𝜇 + 𝑣𝜌𝜏𝜇

)
+ 1

2

ℎ𝜎𝜌ℎ𝜆𝜇 − ℎ𝜎𝜈ℎ𝜈𝜇
(
𝛿
𝜌
𝜆 + 𝑣

𝜌𝜏𝜆
)))

𝛿𝑣𝜆

]
d
𝑑+1𝑥, (C.46)

and ∫
𝑀

𝑒

[
𝑣
𝜇
(1)

(
𝑣𝜎

(
− 𝜏𝜇𝐾𝜌𝜆 +

1

2

𝜏𝜇𝐾ℎ𝜌𝜆 + 𝐾𝜇𝜆𝜏𝜌
)

− 1

2

𝐾𝜎
𝜇ℎ𝜌𝜆 + 𝛿𝜎𝜌𝐾𝜇𝜆 +

1

2

𝐾𝜌𝜆𝛿
𝜎
𝜇

)
∇̃𝜎𝛿ℎ

𝜌𝜆

]
d
𝑑+1𝑥

=

∫
𝑀

[
𝜕𝜎

(
𝑒𝑣

𝜇
(1)

(
𝑣𝜎

(
− 𝜏𝜇𝐾𝜌𝜆 +

1

2

𝜏𝜇𝐾ℎ𝜌𝜆 + 𝐾𝜇𝜆𝜏𝜌
)

− 1

2

𝐾𝜎
𝜇ℎ𝜌𝜆 + 𝛿𝜎𝜌𝐾𝜇𝜆 +

1

2

𝐾𝜌𝜆𝛿
𝜎
𝜇

)
𝛿ℎ𝜌𝜆

)
− 𝑒𝐾𝑣𝜇(1)𝜏𝜎

(
𝑣𝜎

(
− 𝜏𝜇𝐾𝜌𝜆 +

1

2

𝜏𝜇𝐾ℎ𝜌𝜆 + 𝐾𝜇𝜆𝜏𝜌
)

− 1

2

𝐾𝜎
𝜇︸︷︷︸

=0

ℎ𝜌𝜆 + 𝛿𝜎𝜌𝐾𝜇𝜆 +
1

2

𝐾𝜌𝜆𝛿
𝜎
𝜇

)
𝛿ℎ𝜌𝜆

− 𝑒∇̃𝜎

(
𝑣
𝜇
(1)

(
𝑣𝜎

(
2𝐾𝜆[𝜇𝜏𝜌] +

1

2

𝜏𝜇𝐾ℎ𝜌𝜆
)

− 1

2

𝐾𝜎
𝜇ℎ𝜌𝜆 + 𝛿𝜎𝜌𝐾𝜇𝜆 +

1

2

𝐾𝜌𝜆𝛿
𝜎
𝜇

))
𝛿ℎ𝜌𝜆

]
d
𝑑+1𝑥

≈
∫
𝑀

𝑒

[
𝑣
𝜇
(1)

(
− 3

2

𝐾𝐾𝜌𝜆𝜏𝜇 +
1

2

𝜏𝜇𝐾
2ℎ𝜌𝜆 +

1

2

∇̃𝜎𝐾
𝜎
𝜇ℎ𝜌𝜆 − ∇̃𝜌𝐾𝜇𝜆

− 𝑣𝜎∇̃𝜎

(
− 𝜏𝜇𝐾𝜌𝜆 +

1

2

𝜏𝜇𝐾ℎ𝜌𝜆 + 𝐾𝜇𝜆𝜏𝜌
)
− 1

2

∇̃𝜇𝐾𝜌𝜆

)
𝛿ℎ𝜌𝜆
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− ∇̃𝜎𝑣
𝜇
(1)

(
𝑣𝜎

(
2𝐾𝜆[𝜇𝜏𝜌] +

1

2

𝜏𝜇𝐾ℎ𝜌𝜆
)

− 1

2

𝐾𝜎
𝜇ℎ𝜌𝜆 + 𝛿𝜎𝜌𝐾𝜇𝜆 +

1

2

𝐾𝜌𝜆𝛿
𝜎
𝜇

)
𝛿ℎ𝜌𝜆

]
d
𝑑+1𝑥. (C.47)

Putting all of this together we arrive at:

𝑣
𝜇
(1)𝛿

(2)

𝐺𝑣𝜇 ≈ 𝑣𝜇(1)

[(
2 𝜏𝜇𝐾

𝜌𝛾𝐾𝜌𝛾𝜏𝜆 + 𝐾𝜎
𝛼

(
1

2

𝛿𝛼𝜆𝜏𝜇𝜎 + 𝑣
𝛾𝜏𝛾𝜎

(
2 𝛿𝛼𝜆𝜏𝜇 + 3 𝛿𝛼𝜇𝜏𝜆

))
+ 1

2

𝐾
(
𝜏𝜆𝜇 − 𝜏𝜇𝑣

𝜎𝜏𝜎𝜆 − 𝑣𝛾𝜏𝜆𝜏𝛾𝜇 + 𝐾𝜏𝜇𝜏𝜆
)
− 2 ∇̃𝜌𝐾

𝜌
𝜆𝜏𝜇

+ 𝑣𝜎∇̃𝜌𝜏𝜎𝛾

(
−1

2

𝛿
𝛾
𝜆

(
𝛿
𝜌
𝜇 − 𝑣𝜌𝜏𝜇

)
+ 𝛿

𝛾
𝜇

(
𝛿
𝜌
𝜆 + 𝑣

𝜌𝜏𝜆
)
− 1

2

ℎ𝜌𝛾ℎ𝜆𝜇

))
𝛿𝑣𝜆

+
((

3

2

𝐾𝛾𝜎𝐾𝛾𝜎 −
1

2

𝐾2 + 𝑣𝜎∇̃𝜎𝐾

)
𝜏𝜆ℎ𝜇𝜌 +

1

2

(
𝐾2 − 𝑣𝜎∇̃𝜎𝐾

)
𝜏𝜇ℎ𝜌𝜆

+
(
2𝐾

𝛾
𝜌𝐾𝜆𝛾 −

3

2

𝐾𝐾𝜌𝜆 + 𝑣𝜎∇̃𝜎𝐾𝜌𝜆

)
𝜏𝜇 −

(
𝐾𝜇𝜆𝐾 + 𝑣𝜎∇̃𝜎𝐾𝜇𝜆

)
𝜏𝜌

+ 1

2

𝑣𝜎𝜏𝜎𝛾𝐾
𝛾
𝜆ℎ𝜇𝜌 −

1

2

𝑣𝜎𝜏𝜎𝜌𝐾𝜆𝜇 + 𝑣𝜎𝜏𝜎𝜇
(
𝐾𝜌𝜆 −

1

2

ℎ𝜌𝜆𝐾

)
+ 2𝐾

𝛾
𝜌𝐾𝜇𝛾𝜏𝜆 +

1

2

∇̃𝜎𝐾
𝜎
𝜇ℎ𝜌𝜆 −

1

2

∇̃𝜇𝐾𝜌𝜆

)
𝛿ℎ𝜌𝜆

]
+ ∇̃𝜎𝑣

𝜇
(1)

[(
𝐾𝜎

𝛾

(
𝛿
𝛾
𝜇𝜏𝜆 −

5

2

𝛿
𝛾
𝜆𝜏𝜇

)
+ 𝐾

(
𝛿𝜎𝜆𝜏𝜇 − 𝛿𝜎𝜇𝜏𝜆

)
+ 3

4

𝑣𝜎𝜏𝛾𝜇
(
𝛿
𝛾
𝜆 + 𝑣𝛾𝜏𝜆

)
+ 𝑣𝜌𝜏𝜌𝛾

(
−5

2

𝛿𝜎𝜇𝛿
𝛾
𝜆 − 9

4

𝛿
𝛾
𝜆𝑣

𝜎𝜏𝜇 + 𝛿𝜎𝜆𝛿
𝛾
𝜇 −

1

2

ℎ𝜎𝛾ℎ𝜆𝜇

))
𝛿𝑣𝜆

+
(

1

2

𝐾𝜎
𝛾

(
𝛿
𝛾
𝜆ℎ𝜇𝜌 + 𝛿

𝛾
𝜇ℎ𝜌𝜆

)
− 1

2

𝑣𝜎𝜏𝜇𝐾ℎ𝜌𝜆

− 1

2

𝐾𝜆𝛾

(
𝛿
𝛾
𝜇

(
𝛿𝜎𝜌 + 𝑣𝜎𝜏𝜌

)
+ 𝛿

𝛾
𝜌

(
𝛿𝜎𝜇 − 2 𝑣𝜎𝜏𝜇

)))
𝛿ℎ𝜌𝜆

]
+ ∇̃𝜌∇̃𝜎𝑣

𝜇
(1)

[
1

2

(
𝛿𝜎𝜆𝛿

𝜌
𝜇 + 𝛿𝜎𝜆𝑣

𝜌𝜏𝜇 + 𝑣𝜎𝜏𝜆𝛿𝜌𝜇 + 𝑣𝜎𝜏𝜆𝑣𝜌𝜏𝜇
)
− 1

2

ℎ𝜎𝜌ℎ𝜆𝜇

]
𝛿𝑣𝜆. (C.48)

Now for the fifth term of (5.33) we repeat in a similar manner:

1

2

ℎ
𝜇𝜈
(1)𝛿

(2)

𝐺ℎ
𝜇𝜈 =

1

2

ℎ
𝜇𝜈
(1)

[
− 1

2

ℎ𝜇𝜈𝛿
(
𝐾𝜌𝜎𝐾𝜌𝜎

)
− 1

2

(
𝐾𝜌𝜎𝐾𝜌𝜎 + 𝐾2

)
𝛿ℎ𝜇𝜈 + 𝐾𝜇𝜈𝛿𝐾

+ 𝐾𝛿𝐾𝜇𝜈 − ∇̃𝜆
(
𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈

)
𝛿𝑣𝜆 − 𝑣𝜆𝛿

(
∇̃𝜆

(
𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈

) )]
=

1

2

ℎ
𝜇𝜈
(1)

[
− 1

2

ℎ𝜇𝜈

(
−

(
2 𝜏𝜆𝐾

𝜎𝛾𝐾𝜎𝛾 + 𝐾𝛾
𝜆𝑣

𝜎𝜏𝜎𝛾
)
𝛿𝑣𝜆
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− 2𝐾𝜎
𝜆∇̃𝜎𝛿𝑣

𝜆 + 𝐾𝜌𝜆𝑣
𝜎∇̃𝜎𝛿ℎ

𝜌𝜆
)
− ∇̃𝜆

(
𝐾𝜇𝜈 − 𝐾ℎ𝜇𝜈

)
𝛿𝑣𝜆

− 1

2

(
𝐾𝜎𝛾𝐾𝜎𝛾 + 𝐾2

) (
−ℎ𝜇𝜌ℎ𝜈𝜆𝛿ℎ𝜌𝜆 + 2 ℎ𝜆(𝜇𝜏𝜈)𝛿𝑣

𝜆
)

+ 𝐾𝜇𝜈

(
− (𝑣𝜎𝜏𝜎𝜆 + 𝜏𝜆𝐾)𝛿𝑣𝜆

−
(
𝛿𝜎𝜆 + 𝑣

𝜎𝜏𝜆
)
∇̃𝜎𝛿𝑣

𝜆 + 1

2

ℎ𝜌𝜆𝑣
𝜎∇̃𝜎𝛿ℎ

𝜌𝜆

)
+ 𝐾

((
−𝜏𝜆𝐾𝜇𝜈 + 𝐾𝜆(𝜈𝜏𝜇) −

1

2

ℎ𝜆𝜇𝑣
𝜎𝜏𝜎𝜈 −

1

2

ℎ𝜆𝜈𝑣
𝜎𝜏𝜎𝜇

)
𝛿𝑣𝜆

− ℎ𝜎(𝜈∇̃𝜇)𝛿𝑣
𝜎 − 𝑣𝜎ℎ𝛼(𝜇𝜏𝜈)∇̃𝜎𝛿𝑣

𝛼

− 𝐾𝜆(𝜈ℎ𝜇)𝜌𝛿ℎ
𝜌𝜆 + 1

2

ℎ𝜇𝜌ℎ𝜈𝜆𝑣
𝜎∇̃𝜎𝛿ℎ

𝜌𝜆

)
− 𝑣𝜌∇̃𝜌𝛿𝐾𝜇𝜈 +

(
𝐾
𝜌
𝜆𝜏(𝜇𝐾𝜈)𝜌 + 𝑣𝜎𝜏𝜎𝛾𝐾

𝛾
(𝜈ℎ𝜇)𝜆 + 𝑣

𝜎𝜏𝜎(𝜇𝐾𝜈)𝜆
)
𝛿𝑣𝜆

+
(
𝐾𝜎

𝜆𝐾𝜎(𝜈ℎ𝜇)𝜌 − 𝐾𝜆(𝜇𝐾𝜈)𝜌
)
𝛿ℎ𝜌𝜆 + 3𝐾𝜆(𝜈∇̃𝜇)𝛿𝑣

𝜆

+
(
𝐾𝜎

(𝜈ℎ𝜇)𝜆 + 𝑣
𝜎𝜏(𝜇𝐾𝜈)𝜆

)
∇̃𝜎𝛿𝑣

𝜆 − 𝐾𝜆(𝜈ℎ𝜇)𝜌𝑣
𝜎∇̃𝜎𝛿ℎ

𝜌𝜆

+ 𝑣𝜎
(
2 ℎ𝜆(𝜇𝜏𝜈)𝛿𝑣

𝜆 − ℎ𝜇𝜌ℎ𝜈𝜆𝛿ℎ𝜌𝜆
)
∇̃𝜎𝐾 + 𝑣𝜌ℎ𝜇𝜈∇̃𝜌𝛿𝐾

]
=

1

2

ℎ
𝜇𝜈
(1)

[(
ℎ𝜇𝜈𝜏𝜆𝐾

𝜎𝛾𝐾𝜎𝛾 +
1

2

ℎ𝜇𝜈𝐾
𝛾
𝜆𝑣

𝜎𝜏𝜎𝛾 − 𝐾𝜎𝛾𝐾𝜎𝛾ℎ𝜆𝜇𝜏𝜈

− 𝐾2ℎ𝜆𝜇𝜏𝜈 − 𝐾𝜇𝜈𝑣
𝜎𝜏𝜎𝜆 − 2𝐾𝜇𝜈𝜏𝜆𝐾 + 𝐾𝐾𝜆𝜈𝜏𝜇

− 𝐾ℎ𝜆𝜇𝑣𝜎𝜏𝜎𝜈 − ∇̃𝜆𝐾𝜇𝜈 + ℎ𝜇𝜈∇̃𝜆𝐾 + 𝐾𝜌
𝜆𝜏𝜇𝐾𝜈𝜌

+ 𝑣𝜎𝜏𝜎𝛾𝐾𝛾
𝜈ℎ𝜇𝜆 + 𝑣𝜎𝜏𝜎𝜇𝐾𝜈𝜆 + 2 𝑣𝜎∇̃𝜎𝐾ℎ𝜆𝜇𝜏𝜈

)
𝛿𝑣𝜆

+
(

1

2

(
𝐾𝜎𝛾𝐾𝜎𝛾 + 𝐾2

)
ℎ𝜇𝜌ℎ𝜈𝜆 − 𝐾𝐾𝜆𝜈ℎ𝜇𝜌 + 𝐾𝜎

𝜆𝐾𝜎𝜈ℎ𝜇𝜌

− 𝐾𝜆𝜇𝐾𝜈𝜌 − 𝑣𝜎ℎ𝜇𝜌ℎ𝜈𝜆∇̃𝜎𝐾

)
𝛿ℎ𝜌𝜆

− 𝑣𝜌∇̃𝜌𝛿𝐾𝜇𝜈 + 𝑣𝜌ℎ𝜇𝜈∇̃𝜌𝛿𝐾

+
(
ℎ𝜇𝜈𝐾

𝜎
𝜆 − 𝛿𝜎𝜆𝐾𝜇𝜈 − 𝑣𝜎𝜏𝜆𝐾𝜇𝜈 − 𝛿𝜎𝜇𝐾ℎ𝜆𝜈 − 𝐾𝑣𝜎ℎ𝜆𝜇𝜏𝜈

+ 3 𝛿𝜎𝜇𝐾𝜆𝜈 + 𝐾𝜎
𝜈ℎ𝜇𝜆 + 𝑣𝜎𝜏𝜇𝐾𝜈𝜆

)
∇̃𝜎𝛿𝑣

𝜆

+
(
− 1

2

ℎ𝜇𝜈𝐾𝜌𝜆𝑣
𝜎 + 1

2

𝐾𝜇𝜈ℎ𝜌𝜆𝑣
𝜎

+ 1

2

𝐾ℎ𝜇𝜌ℎ𝜈𝜆𝑣
𝜎 − 𝐾𝜆𝜈ℎ𝜇𝜌𝑣

𝜎

)
∇̃𝜎𝛿ℎ

𝜌𝜆

]
, (C.49)
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where once again we use (5.16) for the ∇̃𝜌𝛿𝐾𝜇𝜈 and ∇̃𝜌𝛿𝐾 terms:∫
𝑀

𝑒

2

[
ℎ
𝜇𝜈
(1)𝑣

𝜌
(
−∇̃𝜌𝛿𝐾𝜇𝜈 + ℎ𝜇𝜈∇̃𝜌𝛿𝐾

)]
d
𝑑+1𝑥

=

∫
𝑀

1

2

[
𝜕𝜌

(
𝑒ℎ

𝜇𝜈
(1)𝑣

𝜌 (−𝛿𝐾𝜇𝜈 + ℎ𝜇𝜈𝛿𝐾
) )

− 𝑒𝐾𝜏𝜌
(
ℎ
𝜇𝜈
(1)𝑣

𝜌 (−𝛿𝐾𝜇𝜈 + ℎ𝜇𝜈𝛿𝐾
) )

− 𝑒∇̃𝜌

(
ℎ
𝜇𝜈
(1)𝑣

𝜌
) (
−𝛿𝐾𝜇𝜈 + ℎ𝜇𝜈𝛿𝐾

) ]
d
𝑑+1𝑥

≈
∫
𝑀

𝑒

2

[(
𝑣𝜌∇̃𝜌ℎ

𝜇𝜈
(1) − 𝐾ℎ

𝜇𝜈
(1)

)
×

(
− 𝐾𝜆𝜈ℎ𝜇𝜌𝛿ℎ

𝜌𝜆 +
(

1

2

ℎ𝜇𝜌ℎ𝜈𝜆𝑣
𝜎 − 1

2

ℎ𝜇𝜈ℎ𝜌𝜆𝑣
𝜎

)
∇̃𝜎𝛿ℎ

𝜌𝜆

+
(
−𝜏𝜆𝐾𝜇𝜈 + 𝐾𝜆𝜈𝜏𝜇 − ℎ𝜆𝜇𝑣𝜎𝜏𝜎𝜈 + ℎ𝜇𝜈𝑣𝜎𝜏𝜎𝜆 + ℎ𝜇𝜈𝜏𝜆𝐾

)
𝛿𝑣𝜆

+
(
−𝛿𝜎𝜇ℎ𝜆𝜈 + ℎ𝜇𝜈

(
𝛿𝜎𝜆 + 𝑣

𝜎𝜏𝜆
)
− 𝑣𝜎ℎ𝜆𝜇𝜏𝜈

)
∇̃𝜎𝛿𝑣

𝜆

)]
d
𝑑+1𝑥.

(C.50)

Then for ∇̃𝜎𝛿𝑣𝜆 and ∇̃𝜎𝛿ℎ𝜌𝜆 we have:∫
𝑀

𝑒

2

[(
ℎ
𝜇𝜈
(1)

(
ℎ𝜇𝜈𝐾

𝜎
𝜆 − 𝛿𝜎𝜆𝐾𝜇𝜈 − 𝑣𝜎𝜏𝜆𝐾𝜇𝜈 + 3 𝛿𝜎𝜇𝐾𝜆𝜈

+ 𝐾𝜎
𝜈ℎ𝜇𝜆 + 𝑣𝜎𝜏𝜇𝐾𝜈𝜆 − 𝐾ℎ𝜇𝜈

(
𝛿𝜎𝜆 + 𝑣

𝜎𝜏𝜆
) )

+ 𝑣𝜌∇̃𝜌ℎ
𝜇𝜈
(1)

(
−𝛿𝜎𝜇ℎ𝜆𝜈 + ℎ𝜇𝜈

(
𝛿𝜎𝜆 + 𝑣

𝜎𝜏𝜆
)
− 𝑣𝜎ℎ𝜆𝜇𝜏𝜈

))
∇̃𝜎𝛿𝑣

𝜆

]
=

∫
𝑀

1

2

[
𝜕𝜎

(
𝑒

(
ℎ
𝜇𝜈
(1)

(
ℎ𝜇𝜈𝐾

𝜎
𝜆 − 𝛿𝜎𝜆𝐾𝜇𝜈 − 𝑣𝜎𝜏𝜆𝐾𝜇𝜈 + 3 𝛿𝜎𝜇𝐾𝜆𝜈

+ 𝐾𝜎
𝜈ℎ𝜇𝜆 + 𝑣𝜎𝜏𝜇𝐾𝜈𝜆 − 𝐾ℎ𝜇𝜈

(
𝛿𝜎𝜆 + 𝑣

𝜎𝜏𝜆
) )

+ 𝑣𝜌∇̃𝜌ℎ
𝜇𝜈
(1)

(
−𝛿𝜎𝜇ℎ𝜆𝜈 + ℎ𝜇𝜈

(
𝛿𝜎𝜆 + 𝑣

𝜎𝜏𝜆
)
− 𝑣𝜎ℎ𝜆𝜇𝜏𝜈

))
𝛿𝑣𝜆

)
− 𝑒𝐾𝜏𝜎

(
ℎ
𝜇𝜈
(1)

(
ℎ𝜇𝜈 𝐾𝜎

𝜆︸︷︷︸
=0

− 𝛿𝜎𝜆𝐾𝜇𝜈 − 𝑣𝜎𝜏𝜆︸          ︷︷          ︸
=0

𝐾𝜇𝜈 + ���
2

3 𝛿𝜎𝜇𝐾𝜆𝜈

+ 𝐾𝜎
𝜈︸︷︷︸

=0

ℎ𝜇𝜆 +�����𝑣𝜎𝜏𝜇𝐾𝜈𝜆 − 𝐾ℎ𝜇𝜈
(
𝛿𝜎𝜆 + 𝑣

𝜎𝜏𝜆
)︸        ︷︷        ︸

=0

)
+ 𝑣𝜌∇̃𝜌ℎ

𝜇𝜈
(1)

(
− 𝛿𝜎𝜇ℎ𝜆𝜈 + ℎ𝜇𝜈

(
𝛿𝜎𝜆 + 𝑣

𝜎𝜏𝜆
)︸        ︷︷        ︸

=0

−𝑣𝜎ℎ𝜆𝜇𝜏𝜈
))
𝛿𝑣𝜆
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− 𝑒∇̃𝜎

(
ℎ
𝜇𝜈
(1)

(
ℎ𝜇𝜈𝐾

𝜎
𝜆 − 𝛿𝜎𝜆𝐾𝜇𝜈 − 𝑣𝜎𝜏𝜆𝐾𝜇𝜈 + 3 𝛿𝜎𝜇𝐾𝜆𝜈

+ 𝐾𝜎
𝜈ℎ𝜇𝜆 + 𝑣𝜎𝜏𝜇𝐾𝜈𝜆 − 𝐾ℎ𝜇𝜈

(
𝛿𝜎𝜆 + 𝑣

𝜎𝜏𝜆
) )

+ 𝑣𝜌∇̃𝜌ℎ
𝜇𝜈
(1)

(
−𝛿𝜎𝜇ℎ𝜆𝜈 + ℎ𝜇𝜈

(
𝛿𝜎𝜆 + 𝑣

𝜎𝜏𝜆
)
− 𝑣𝜎ℎ𝜆𝜇𝜏𝜈

))
𝛿𝑣𝜆

]
≈

∫
𝑀

𝑒

2

[(
− ℎ𝜇𝜈(1)

(
ℎ𝜇𝜈∇̃𝜎𝐾

𝜎
𝜆 − ∇̃𝜆𝐾𝜇𝜈 − 𝑣𝜎𝜏𝜎𝜆𝐾𝜇𝜈 − 𝑣𝜎𝜏𝜆∇̃𝜎𝐾𝜇𝜈 + 3 ∇̃𝜇𝐾𝜆𝜈

+ ∇̃𝜎𝐾
𝜎
𝜈ℎ𝜇𝜆 + 𝑣𝜎𝜏𝜎𝜇𝐾𝜈𝜆 + 𝑣𝜎𝜏𝜇∇̃𝜎𝐾𝜈𝜆 − ℎ𝜇𝜈∇̃𝜆𝐾

− ℎ𝜇𝜈𝑣𝜎∇̃𝜎𝐾𝜏𝜆 − ℎ𝜇𝜈𝐾𝑣𝜎𝜏𝜎𝜆 + 2𝐾𝜏𝜇𝐾𝜆𝜈

)
− ∇̃𝜎ℎ

𝜇𝜈
(1)

(
ℎ𝜇𝜈𝐾

𝜎
𝜆 − 𝛿𝜎𝜆𝐾𝜇𝜈 − 𝑣𝜎𝜏𝜆𝐾𝜇𝜈 + 3 𝛿𝜎𝜇𝐾𝜆𝜈 + 𝐾𝜎

𝜈ℎ𝜇𝜆

+ 𝑣𝜎𝜏𝜇𝐾𝜈𝜆 − 𝐾ℎ𝜇𝜈
(
𝛿𝜎𝜆 + 𝑣

𝜎𝜏𝜆
)
+ 𝑣𝜎ℎ𝜇𝜈𝑣𝜌𝜏𝜌𝜆 − 𝑣𝜎𝑣𝜌ℎ𝜆𝜇𝜏𝜌𝜈

)
− 𝑣𝜌∇̃𝜎∇̃𝜌ℎ

𝜇𝜈
(1)

(
−𝛿𝜎𝜇ℎ𝜆𝜈 + ℎ𝜇𝜈

(
𝛿𝜎𝜆 + 𝑣

𝜎𝜏𝜆
)
− 𝑣𝜎ℎ𝜆𝜇𝜏𝜈

))
𝛿𝑣𝜆

]
,

(C.51)

and∫
𝑀

𝑒

2

[(
ℎ
𝜇𝜈
(1)

(
− 1

2

ℎ𝜇𝜈𝐾𝜌𝜆𝑣
𝜎 + 1

2

𝐾𝜇𝜈ℎ𝜌𝜆𝑣
𝜎 − 𝐾𝜆𝜈ℎ𝜇𝜌𝑣

𝜎 + 1

2

𝐾ℎ𝜇𝜈ℎ𝜌𝜆𝑣
𝜎
)

+ 𝑣𝛾∇̃𝛾ℎ
𝜇𝜈
(1)

(
1

2

ℎ𝜇𝜌ℎ𝜈𝜆𝑣
𝜎 − 1

2

ℎ𝜇𝜈ℎ𝜌𝜆𝑣
𝜎
))
∇̃𝜎𝛿ℎ

𝜌𝜆

]
=

∫
𝑀

1

2

[
𝜕𝜎

(
𝑒

(
ℎ
𝜇𝜈
(1)

(
− 1

2

ℎ𝜇𝜈𝐾𝜌𝜆𝑣
𝜎 + 1

2

𝐾𝜇𝜈ℎ𝜌𝜆𝑣
𝜎 − 𝐾𝜆𝜈ℎ𝜇𝜌𝑣

𝜎 + 1

2

𝐾ℎ𝜇𝜈ℎ𝜌𝜆𝑣
𝜎
)

+ 𝑣𝛾∇̃𝛾ℎ
𝜇𝜈
(1)

(
1

2

ℎ𝜇𝜌ℎ𝜈𝜆𝑣
𝜎 − 1

2

ℎ𝜇𝜈ℎ𝜌𝜆𝑣
𝜎
))
𝛿ℎ𝜌𝜆

)
+ 𝑒𝐾

(
ℎ
𝜇𝜈
(1)

(
− 1

2

ℎ𝜇𝜈𝐾𝜌𝜆 +
1

2

𝐾𝜇𝜈ℎ𝜌𝜆 − 𝐾𝜆𝜈ℎ𝜇𝜌 +
1

2

𝐾ℎ𝜇𝜈ℎ𝜌𝜆

)
+ 𝑣𝛾∇̃𝛾ℎ

𝜇𝜈
(1)

(
1

2

ℎ𝜇𝜌ℎ𝜈𝜆 −
1

2

ℎ𝜇𝜈ℎ𝜌𝜆

))
𝛿ℎ𝜌𝜆

− 𝑒∇̃𝜎

(
ℎ
𝜇𝜈
(1)

(
− 1

2

ℎ𝜇𝜈𝐾𝜌𝜆𝑣
𝜎 + 1

2

𝐾𝜇𝜈ℎ𝜌𝜆𝑣
𝜎 − 𝐾𝜆𝜈ℎ𝜇𝜌𝑣

𝜎 + 1

2

𝐾ℎ𝜇𝜈ℎ𝜌𝜆𝑣
𝜎
)

+ 𝑣𝛾∇̃𝛾ℎ
𝜇𝜈
(1)

(
1

2

ℎ𝜇𝜌ℎ𝜈𝜆𝑣
𝜎 − 1

2

ℎ𝜇𝜈ℎ𝜌𝜆𝑣
𝜎
))
𝛿ℎ𝜌𝜆

]
≈

∫
𝑀

𝑒

2

[(
ℎ
𝜇𝜈
(1)

(
− 1

2

𝐾ℎ𝜇𝜈𝐾𝜌𝜆 +
1

2

𝐾𝐾𝜇𝜈ℎ𝜌𝜆 − 𝐾𝐾𝜆𝜈ℎ𝜇𝜌

+ 1

2

𝐾2ℎ𝜇𝜈ℎ𝜌𝜆 +
1

2

ℎ𝜇𝜈𝑣
𝜎∇̃𝜎𝐾𝜌𝜆 −

1

2

𝑣𝜎∇̃𝜎𝐾𝜇𝜈ℎ𝜌𝜆
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+ 𝑣𝜎∇̃𝜎𝐾𝜆𝜈ℎ𝜇𝜌 −
1

2

𝑣𝜎∇̃𝜎𝐾ℎ𝜇𝜈ℎ𝜌𝜆

)
+ 𝑣𝜎∇̃𝜎ℎ

𝜇𝜈
(1)

(
1

2

𝐾ℎ𝜇𝜌ℎ𝜈𝜆 − 𝐾ℎ𝜇𝜈ℎ𝜌𝜆 +
1

2

ℎ𝜇𝜈𝐾𝜌𝜆 −
1

2

𝐾𝜇𝜈ℎ𝜌𝜆 + 𝐾𝜆𝜈ℎ𝜇𝜌

)
− 𝑣𝜎𝑣𝛾∇̃𝜎∇̃𝛾ℎ

𝜇𝜈
(1)

(
1

2

ℎ𝜇𝜌ℎ𝜈𝜆 −
1

2

ℎ𝜇𝜈ℎ𝜌𝜆

))
𝛿ℎ𝜌𝜆

]
. (C.52)

Putting this all together we have

1

2

ℎ
𝜇𝜈
(1)𝛿

(2)

𝐺ℎ
𝜇𝜈 ≈

1

2

ℎ
𝜇𝜈
(1)

[(
𝐾𝜎𝛾𝐾𝜎𝛾

(
ℎ𝜇𝜈𝜏𝜆 − ℎ𝜆𝜇𝜏𝜈

)
− 𝐾

(
𝐾𝜇𝜈𝜏𝜆 + 2 𝜏𝜇𝐾𝜆𝜈

)
+ 𝐾𝜌

𝛾

(
𝛿
𝛾
𝜆𝜏𝜇𝐾𝜈𝜌 + 𝑣𝜎𝜏𝜎𝜌

(
1

2

𝛿
𝛾
𝜆ℎ𝜇𝜈 + 𝛿

𝛾
𝜈 ℎ𝜇𝜆

))
− 𝐾2

(
ℎ𝜇𝜈𝜏𝜆 + ℎ𝜆𝜇𝜏𝜈

)
− ∇̃𝜎𝐾

𝜎
𝛾

(
𝛿
𝛾
𝜆ℎ𝜇𝜈 + 𝛿

𝛾
𝜈 ℎ𝜇𝜆

)
+ ∇̃𝜎𝐾𝜆𝜈

(
𝛿
𝛾
𝜇𝑣

𝜎𝜏𝜆 −
(
3 𝛿𝜎𝜇 + 𝑣𝜎𝜏𝜇

))
+ ∇̃𝜎𝐾

(
2 𝛿𝜎𝜆ℎ𝜇𝜈 + 2 𝑣𝜎ℎ𝜆𝜇𝜏𝜈 + 𝑣𝜎ℎ𝜇𝜈𝜏𝜆

))
𝛿𝑣𝜆

+
(

1

2

(
𝐾𝜎𝛾𝐾𝜎𝛾 + 𝐾2 − 2 𝑣𝜎∇̃𝜎𝐾

)
ℎ𝜇𝜌ℎ𝜈𝜆

+
(
𝐾𝜎

𝜆𝐾𝜎𝜈 − 𝐾𝐾𝜆𝜈 + 𝑣𝜎∇̃𝜎𝐾𝜆𝜈

)
ℎ𝜇𝜌 − 𝐾𝜆𝜇𝐾𝜈𝜌

+ 1

2

(
𝐾2 − 𝑣𝜎∇̃𝜎𝐾

)
ℎ𝜇𝜈ℎ𝜌𝜆 +

1

2

(
𝑣𝜎∇̃𝜎𝐾𝜌𝜆 − 𝐾𝐾𝜌𝜆

)
ℎ𝜇𝜈

+ 1

2

(
𝐾𝐾𝜇𝜈 − 𝑣𝜎∇̃𝜎𝐾𝜇𝜈

)
ℎ𝜌𝜆

)
𝛿ℎ𝜌𝜆

]
+ 1

2

∇̃𝜎ℎ
𝜇𝜈
(1)

[(
𝐾
(
𝛿𝜎𝜆 + 2 𝑣𝜎𝜏𝜆

)
ℎ𝜇𝜈

+ 𝐾𝛾𝜈

(
𝛿
𝛾
𝜇𝛿

𝜎
𝜆 − 3 𝛿

𝛾
𝜆𝛿

𝜎
𝜇

)
− 𝐾𝜎

𝛾

(
𝛿
𝛾
𝜆ℎ𝜇𝜈 + 𝛿

𝛾
𝜈 ℎ𝜇𝜆

) )
𝛿𝑣𝜆

+ 1

2

𝑣𝜎
(
𝐾
(
ℎ𝜇𝜌ℎ𝜈𝜆 − 2 ℎ𝜇𝜈ℎ𝜌𝜆

)
+ ℎ𝜇𝜈𝐾𝜌𝜆 − 𝐾𝜇𝜈ℎ𝜌𝜆

)
𝛿ℎ𝜌𝜆

]
+ 1

2

𝑣𝛾∇̃𝛾∇̃𝜎ℎ
𝜇𝜈
(1)

[(
𝛿𝜎𝜇ℎ𝜆𝜈 − ℎ𝜇𝜈

(
𝛿𝜎𝜆 + 𝑣

𝜎𝜏𝜆
)
+ 𝑣𝜎ℎ𝜆𝜇𝜏𝜈

)
𝛿𝑣𝜆

+ 1

2

𝑣𝜎
(
ℎ𝜇𝜌ℎ𝜈𝜆 + ℎ𝜇𝜈ℎ𝜌𝜆

)
𝛿ℎ𝜌𝜆

]
. (C.53)
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