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Abstract

In this work we study the weak field limit of non-relativistic gravity (NRG). To this end, we
review the covariant formulation of the latter as obtained from an appropriate large speed
of light expansion of GR, as well as modern perspectives on non-Lorentzian geometry. We
explore the two possible paths in the description of the weak field limit of NRG. The
first one corresponds to a non-relativistic expansion of the well-known theory of linearised
GR. We derive the resulting theories at LO and NLO, as well as the corresponding EOM.
The second one amounts to a linearisation of the geometric fields of NRG around a flat
NC background. We show explicitly that the two paths yield the same theory at LO,
which suggests that our formulation renders the two approaches compatible. We argue
that the weak field limit of NRG is already richer than Newtonian gravity in two senses:
by allowing for small perturbations on the closedness of the clock-form and by allowing
time-dependence. Finally, building on the knowledge provided by the recently discovered
covariant formulation of Carroll gravity as obtained from an ultra-local expansion of GR,
we propose an interpretation of a truncated sector of the NLO theory in the non-relativistic
expansion of GR as the non-relativistic magnetic limit of the latter.
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Chapter 1

Introduction

1.1 From Galilei to Cartan

In 1632, G. Galilei became the first scientist to propose a universal principle of relativity.
In his attempt of arguing against a stationary Earth in a geocentric model of the Universe
and in favour of an Earth in motion around the Sun, he designed a thought experiment
consisting of two observers ’in the main cabin below decks on some large ship’ and able to
carry out physical experiments when the ship is standing still. Then, he argued:

(...)When you have observed all these things carefully (though doubtless when
the ship is standing still everything must happen in this way), have the ship pro-
ceed with any speed you like, so long as the motion is uniform and not fluctuating
this way and that. You will discover not the least change in all the effects named,
nor could you tell from any of them whether the ship was moving or standing
still. [28]

As discussed in [14], Galilei did not mention what sort of transformations should relate
different inertial reference frames to each other, but he did suggest that the laws of physics
should be the same in all of them (at least those known by him at the time). In particular,
he did not introduce what we now know as Galilean transformations.

Some years later, in 1687, I. Newton provided the foundations of classical mechanics
in the famous Principia. In this work, Newton implemented Galilei’s relativity principle
in his laws of motion and of universal gravitation, together with an assumption on the
absoluteness of time. From a modern perspective, it is now generally understood that by
Galilean transformations we mean the transformations under which Newtonian mechanics
is invariant. And it is in this sense that we say that the latter obeys a Galilean relativity
principle.

Newtonian mechanics and its Galilean symmetry provided an appropriate description
of the laws of nature until its incompatibility with Maxwell’s theory of electrodynamics
was noted by H. Lorentz in 1892 [64]. This realisation eventually led to the introduction
of Lorentz transformations, which rendered electrodynamics compatible with the principle
of relativity. In 1905, A. Einstein published his theory of Special Relativity (SR), where he
elevated the principle of relativity to a postulate and further postulated the constancy of
the speed of light in any inertial reference frame. He then derived Lorentz transformations
as the only possible set of transformations relating two different inertial reference frames
consistent with the two postulates. Subsequently, H. Minkowski introduced his eponymous



spacetime in 1908, which provided a natural mathematical framework for SR. In this con-
text, Lorentz transformations are simply the homogeneous transformations of the group of
isometries of Minkowski’s spacetime, i. e., the Poincaré group. Following the success of
SR in the description of physical phenomena in the absence of gravity, Newtonian physics
was eventually labelled as 'non-relativistic’. Of course, this is an abuse of language since
the latter is still based on a Galilean relativity principle, as we mentioned. However, the
interpretation of a theory being ’non-relativistic’ in the sense of ’being invariant under
Galilean transformations (or generalisations thereof)’ is widely extended and ubiquitous in
the literature, so we shall stick to it.

The question of how gravity could fit in this new landscape of physics was answered by
Einstein himself in the theory of General Relativity (GR), published in 1915. The latter
stands on two brilliant ideas: the equivalence principle and the statement that "gravity is
geometry". The former implements SR locally and forces the geometry of spacetime to be
Lorentzian, thus turning the previous statement into "gravity is Lorentzian geometry". It
may not be obvious that these two ideas, yet closely related, are completely independent.
Indeed, following Einsten’s celebrated ideas, E. Cartan tried to formulate a geometric de-
scription of Newtonian gravity [16, 17]. His idea was that, in the same way that Einstein’s
equivalence principle leads to the notion of gravity as dynamical Lorentzian geometry, an
equivalence principle based on local Galilean symmetry instead of local Lorentzian symme-
try should lead to Newtonian gravity. The result of his work was a covariant formulation
of the Poisson equation! and the introduction of Newton-Cartan (NC) geometry as the
geometry arising from local Galilean symmetry, thus providing the appropriate geomet-
rical framework for the study of non-relativistic physics. In order to make contact with
the Newtonian notion of absolute time, Cartan restricted the geometry to be torsionfree.
The geometric description of Newtonian gravity was subsequently developed following this
approach in, e.g., [36, 20, 72, 26, 29].

1.2 Background and motivation

GR is written in terms of two fundamental constants of nature: Newton’s gravitational
constant G and the speed of light ¢. In particular, the local Lorentzian symmetry of
spacetime according to GR is explicitly dependent on ¢, which enters as a parameter in
the definition of Lorentz boosts. It is therefore interesting on its own right to study the
two natural limits ¢ — oo and ¢ — 0. Being ¢ a dimensionful quantity, a comment about
what is meant by such two limits is in order. In the ¢ — oo case, what is meant is that we
set ¢ = ¢/+/o with o a dimensionless parameter, and choose units in which ¢ = 1, so that
o = 1/c? and we can consider instead the o — 0 limit. Such a limit results in the vanishing
of the slopes of the light cones, which are completely flattened out and define a causal
structure that allows action at a distance. Similarly, Lorentz boosts become Galilei boosts
and local Galilean symmetry is restored when ¢ — oo, which is why we refer to the latter
as the non-relativistic limit. In the ¢ — 0 case, what is meant is that we set ¢ = ¢e with ¢
dimensionless, choose units such that ¢ = 1 and consider instead the ¢ — 0 limit. This is
known as an ultra-local limit?, because the slope of light cones becomes arbitrarily large and
they collapse into a line, effectively removing interactions from the picture. The ultra-local

'We refer the reader to [2] for a brief and interesting review on this.

2The ultra-local limit should not be confused with the ultra-relativistic limit. The latter is taken by
letting ¢/v. — 1, where v, is a characteristic velocity of the problem in question. In the ultra-local limit,
one takes instead c¢/v. — 0.



limit of a Lorentz boosts yields a Carroll boost, and the underlying local symmetry is then
determined by the Carroll group?, first introduced in 1965 by J.M. Lévy-Leblond [62]. The
geometry resulting from this local symmetry is then called Carrollian or Carroll geometry.

In recent years, the interest in non-relativistic physics and NC geometry has resurged*
following the discovery of two torsionful generalisations of the latter, leading to the notion
of torsional Newton-Cartan (TNC) geometry. The first one, now referred to as type I TNC
[43], was first found to arise as the boundary geometry in the context of Lifshitz holography
[18, 19], and has been subsequently studied in, e.g., [51, 52]. This discovery, as well as
earlier work on the covariant formulation of Post-Newtonian approximations of GR [21, 70],
spurred the interest in exploring a non-relativistic expansion, i.e. an expansion around
o = 0, of the theory. Following the earlier work [25], an action principle for Newtonian
gravity based on a new non-relativistic local symmetry was derived in [43]. The underlying
geometry was proven to arise from a non-relativistic expansion of the Poincaré algebra and
dubbed type II TNC geometry. The resulting non-relativistic theory of gravity goes beyond
the Newtonian version by allowing for time dilation. In particular, it was shown in [44]
that such non-relativistic theory passes the three classical tests of GR: perihelion precession,
deflection of light and gravitational redshift, thus elucidating the difference between strong
gravitational field effects and relativistic effects. All this knowledge crystallised in the work
[46], where a covariant formulation of non-relativistic gravity (NRG) is obtained from a non-
relativistic expansion of GR. The methods presented there have been subsequently used in
[48] to obtain a covariant formulation of Carroll gravity from an ultra-local expansion of
GR. Interestingly, the latter work also provides an interpretation of the Carroll electric and
magnetic limits of GR (previously considered in [55, 69]) as, respectively, the leading order
and a truncated sector of the next-to-leading order theories in the ultra-local expansion.

The motivations for the study of non-Lorentzian geometries such as NC or Carrollian
geometry are manifold. From a mathematical perspective, non-Lorentzian geometries have
a natural interpretation as G-structures (G <GL(D,R)) on a manifold [33, 34]. This
more general geometrical setting also provides meaningful insight on Lorentzian geometry
through a better understanding of notions like torsion or non-metricity. Similarly, the
study of dynamical non-Lorentzian geometries such as non-relativistic or Carroll gravity is
interesting in its own right as they both emerge from relevant limits of a well-tested theory
like GR. By focusing on the corresponding restricted settings, one can gain insight on the
full theory. Moreover, there are many situations in which nature effectively behaves as
non-relativistic. The study of NC geometry and non-relativistic field theory is also relevant
in these contexts, which include condensed matter and biophysics (see, e.g., [57, 3]). In
parallel, applications of Carroll symmetries have been found in black hole physics [68, 27]
and, more recently, Carroll symmetry has been suggested to be relevant for the study of
dark energy and inflation [24]. Finally, both type I and type II TNC geometry have been
studied in the context of non-relativistic string theory in, e. g., [49, 9, 12].

The study of NRG is also motivated by its role in the landscape of G nc¢~!h-physics.
Indeed, in light of the recent developments, it seems that non-relativistic gravity has over-
come Newtonian gravity as the correct theoretical framework to describe the (Gy,0,0)
corner of the Bronstein cube, shown in Fig. 1.1. It follows than a better understanding of
this theory, as well as its eventual quantum version, opens up an unexplored path towards
quantum gravity opposed to the usual attempts from the GR or QFT corners. Investigat-

3Named by Lévy-Leblond himself after L. Carroll because, in his owns words: the behaviour of a universe
that would be governed by this group of invariance is reminiscent of that of Alice in Wonderland’.
“We refer the reader to the future work [67], for an overview of the historical development of NC geometry.
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Figure 1.1: The Bronstein cube of physical theories.

ing the weak field limit of NRG is a natural step towards its better understanding, and
therefore a (humble) contribution to this bigger picture. However, we believe the weak field
limit of NRG to be of theoretical interest in its own right. Indeed, having established that
strong gravitational field effects and relativistic effects are completely independent, it seems
reasonable to consider a theory that describes gravity under the assumptions that

1. relativistic effects are small,
2. the gravitational field is weak.

This might sound just like Newtonian gravity at first sight, but the richness of NRG seems
to be enough to go beyond the latter even in its weak field limit. This can happen in two
directions: one is by allowing for small perturbations around the closedness of the clock-
form, and the other by allowing such perturbations to be time-dependent. Finally, being
the result of taking two limiting cases of GR (non-relativistic expansion and weak field
limit), there are two natural routes towards its description. That is, depending on which
of the two is considered first. Although expected to be equivalent, to show that explicitly
in a formulation that renders the two descriptions compatible is also of theoretical interest.
In particular, this involves carrying out a large speed of light expansion of the well known
relativistic theory of linearised GR.

1.3 Outline

This thesis is structured as follows. In Chapter 2, we offer a review on Lorentzian geometry.
This involves a discussion on the notions of torsion and non-metricity, a description of
the vielbein formulation of Lorentzian geometry and GR and its obtention via gauging
the Poincaré algebra. The vielbeine formulation is presented in two different ways: first
through the introduction of non-coordinate bases in the tangent spaces of a Lorentzian
manifold, and later through the more abstract notion of Lorentzian frame bundles. The
latter is especially relevant for the study of non-Lorentzian geometry in Chapter 3, where



we present a description of NC geometry and generalisations thereof, and of Carrollian
geometry. Chapter 4 is devoted to the non-relativistic expansion of GR, which includes
the PNR parametrisation and subsequent expansion of the underlying Lorentzian geometry
as well as the expansion of the EH Lagrangian. More precisely, we review in detail how
NC geometry arises as the underlying geometry of the LO theory, and how putting the
theory on shell restricts the geometry to be twistless TNC geometry. We also show how
the geometry of the NNLO theory corresponds to type II TNC, and how the latter can be
obtained by gauging the level one expansion of the Poincaré algebra. For completeness,
we also comment briefly on the NNLO theory. The chapter ends with the first original
contribution of this work: the interpretation of a truncated sector of the NLO theory as
the non-relativistic magnetic limit of GR, obtained in complete analogy with the Carroll
magnetic limit of GR described in [48].

The rest of original work is presented in Chapter 5, devoted to the study of the weak
field limit of NRG. The chapter starts with a discussion on the two natural routes towards
its description, namely the non-relativistic expansion of linearised GR and the linearisa-
tion of NRG around a flat NC background. The first one requires what we have called
a perturbative pre-non-relativistic (PPNR) parametrisation of the Fierz-Pauli Lagrangian
describing linearised GR. The so-called PPNR fields provide an adequate starting point for
the non-relativistic expansion of linearised GR, just as the PNR fields of [46] do for the full
theory. The expansion gives rise to the notion of non-relativistic linearised GR. We obtain
its Lagrangian and EOM at leading and next-to-leading orders. We also discuss how the
gauge symmetry of linearised GR can be used to simplify the EOM of its non-relativistic
version. In particular, we explore a PPNR version of the harmonic gauge condition wich
upon expanding yields a considerable simplification of the EOM of the LLO theory. Finally,
we study the linearisation around a flat NC background of the LO theory resulting from
the non-relativistic expansion of GR. We show that this theory is exactly the LO theory of
non-relativistic linearised GR. We consider this to be a central result, and conjecture that
the equivalence holds beyond LO. In particular, this result suggests that our formulation
of non-relativistic linearised GR provides an adequate framework for the study of the weak
field limit of NRG.

The last chapter is devoted to a discussion of the results and the potential interesting
research directions that they open up.



Chapter 2

Lorentzian geometry revisited

In this chapter, we review some standard notions on differential and Lorentzian geometry.
We aim to do so from a slightly more general perspective than the one provided by its
usual study in the context of GR. This includes a discussion on the notions of torsion and
non-metricity, which are usually overlooked due to the natural choice of the Levi-Civita
connection, as well as the description of two alternative and closely related formulations
of Lorentzian geometry. The first one corresponds to the vielbein formulation of GR, or
in more general terms, the description of Lorentzian frame bundles. The second one is its
formulation as a gauge theory of the Poincaré algebra. Both will prove to be essential for
our subsequent study of non-Lorentzian geometries.

2.1 Curvature, torsion and non-metricity

Let M be a (d + 1)-dimensional smooth manifold together with an affine connection r
with associated covariant derivative V. If (U, ¢) is a chart on M with coordinate functions
{@#},=0,...q, then T is locally determined by the coefficients I'f;, through

Vo0, =170, (2.1)

where {0, } p=0,....d 1 the local coordinate basis for vector fields on U. We then define the

torsion tensor of I by!

Twuy;::2fﬁwy (2.2)

A connection is said to be torsionful (resp. torsionless or torsionfree) if it has non-vanishing
(resp. vanishing) torsion. The Riemann curvature tensor is then defined by the action of
the commutator of two covariant derivatives on any vector field X7,

[@pn VU}XP = _R;wopXU - TU#V@Uva (23>

so that . . . o o
Rupe” = =0uT0, + 0,10, —T0 T}, + T/, T, (2.4)

The expression (2.3) realises the intuitive notion that curvature manifests itself as the
rotation experienced by a vector when parallel transported around a closed loop. But it

LOf course, these are actually just the components of the torsion tensor with respect to the same basis in
which the coefficients I'},,, are defined. However, we shall throughout this work stick to the common practice
of blurring the difference between objects and their components.



also provides insight on the geometric interpretation of torsion as the failure to close of the
parallelogram formed after the parallel transport of two vectors along each other [58].

Let us now assume M to have a Lorentzian structure characterised by a Lorentzian
metric tensor g,,. We can then define contractions of the curvature tensor. In particular,
the Ricci tensor is defined by

= 5P
Ry == Ry - (2.5)
If the connection coefficients satisfy f‘zy = 0, f for some f € C°°(M), then the antisymmetric
part of the Ricci tensor is given by

2R} = 2T, TPy + T TP 0 + VT 0p — VTP + VTP . (2.6)

It follows that the Ricci tensor is symmetric if the connection is torsionless.
With the introduction of the metric structure we can now consider how adapted to it
the connection is. This is measured by the so-called non-metricity tensor, defined by

pr/ = @pg,uu- (27)

Like curvature and torsion, non-metricity also has a geometric interpretation: it measures
the variation in the norm of a vector when the latter is parallel transported. Indeed,
assuming that X* is parallel transported along the coordinate directions, i. e. V,X* =0,
we have

ﬁp(g,quﬂXy) = Qp/uxX'qu- (2.8)

Any connection with vanishing non-metricity is said to be metric compatible. The fun-
damental theory of semi-Riemannian geometry then states that there is a unique connection
I" that is both torsionless and metric compatible, known as the Levi-Civita connection. If
we denote its associated covariant derivative by V, then we can write

oTP
T = 2F[W} =0, (2.9a)

Qpuv = Vpguw = 0. (2.9b)

The coefficients of I" are the Christoffel symbols and are given in terms of the metric by

1
re, = igp"(augw + 0u9uo — O Guv)- (2.10)
Because of its special features, the Levi-Civita is usually the preferred connection for the
study of Lorentzian geometry. In particular, it is natural to take it as the origin of the affine
vector space? of all possible affine connections on M, meaning that we can decompose any
arbitrary connection I' according to [58]

0, =T0, + Ky + Ly, (2.11)
where
. 1.- .
Kpm, = iTplW + T(up,/), (212&)
B 1 - -
Lp,uzz = §Qp,uy - Q(upy)a (212b)

2 As argued in [6], this is just the formalisation of the well-known fact that the difference of two connections
is a tensor.



are the contortion tensor and the disformation tensor, respectively. Therefore, one is free
to define any connection in order to introduce a notion of covariant differentiation in a
Lorentzian manifold, but the choice of the Levi-Civita connection seems like a sensible one.
As a dynamic theory of Lorentzian geometry, for example, GR is formulated in terms of the
Levi-Civita connection. Ultimately, this is a consequence of the fact that GR geometrises
gravity by identifying it with curvature, while removing torsion and non-metricity from
the picture. As recently determined in [58], however, it is possible to formulate GR by
removing curvature from the picture and attributing the gravitational effects to the torsion
and/or non-metricity of flat spacetimes, thus giving rise to the so-called geometrical trinity
of gravity.

2.2 Vielbein formulation

In the standard formulation of GR, one takes the Lorentzian metric tensor g, to be the
dynamical variable. However, this is not the most adequate framework to carry out the
non-relativistic and ultra-local expansions of the theory. Instead, we shall make use of the
vielbein (or frame) formulation of Lorentzian geometry and take the relativistic vielbeine
to be the dynamical variables of GR. Such a formulation has been extensively studied in
the literature and can be found in most textbooks on the subject, e.g. [15, 66], which are
the main references for this section. Our goal is to review its most important aspects, for
the sake of completeness. In passing, we shall also review some standard definitions on
differential geometry and set some notation.

Let M be a (d + 1)-dimensional smooth manifold and p € M. We denote the tangent
and cotangent bundles by TM and T*M, respectively. Given a local chart (U, ) on M
with coordinate functions {z#},—, . 4 such that p € U, each fibre T,,M of T'M has a natural
basis

{Oulptu=o.....d; (2.13)

given by the vectors tangent to M at p in the * coordinate direction. Similarly, each fibre
Ty M of T*M has a natural basis

{dz"[p}pu=0,....d» (2.14)

given by the gradients of the coordinate functions. In particular, this is the dual basis of

(2.13), in the sense that
Oxt

ox? P
For r,s € N, we can also consider the more general tensor bundle 77°(M), whose sections
are tensor fields on M of type (r,s). In this case, each fibre @ T,M ® Q" T, M has a
natural basis given by

dxu|p(8u|p) =

= o (2.15)

v

p®dxyl}p®"'®dl‘ys

Y

{@“ {p Q- Q0 p}m’yj:&_”d

withe=1,...;,7and j=1,...,s.
It follows now that if X is a vector field on U, then we can write it as

X = X", (2.16)

where 0, is the vector field on U assigning to every point ¢ € U the tangent vector 9, €
T, M. Likewise, given a one-form w on U, we can write it as

w = wydxt, (2.17)



where dx# is the one-form assigning to every point ¢ € U the linear form da#|, € T; M.
More generally, any tensor field 7" on U of type (r, s) can be written as

T =Tt 00y @ ®0,, @de" @ -+ @ dx"™. (2.18)

As mentioned before, we will usually refer to a vector field X as X*, to a one-form w as
wy, and so on for tensors of any type.

The choice of the bases (2.13) and (2.14) is very natural and convenient for most cal-
culations. In order to simplify the notation, let us rename the corresponding basis vectors
by

(1)

g(ﬂ) = 8H|P7 0 = dl’u‘p. (2.19)

The indices in parenthesis here are meant to stress that these label the different basis
vectors, instead of denoting its components. Nothing prevents us, however, from choosing

different bases {€(4)}4=o,.... and {0_’(14)}14:07,”@ for T, M and Ty M, respectively, where the
use of Latin indices stresses the fact that these new bases are not related to any coordinate
system. For this reason, they are usually referred to as non-coordinate bases. We shall still
require them to be dual to each other by

0—'(14)

— A
(€p)) = 0p- (2.20)
In both cases, the change from coordinate to non-coordinate bases and vice versa will
be realised by general linear transformations and their inverses. In particular, we have

- A=

€ =en" €y, €)= e"ae, (2.21)

where the components e, form a matrix of GL(d + 1,R) whose inverse has components
e’ 4. It follows that
e qe, = oM, euAe“B = 05. (2.22)

Regarding the bases for the cotangent space, we have as a consequence of (2.20):

~(1)

g (4)

- (A -
—e, g, g — e A", (2.23)
Using (2.21), (2.23) and linearity we can easily relate the components in the non-coordinate
and the coordinate basis of any vector or form. The same applies for tensors of mixed indices
and/or higher rank. For instance, for a (1, 1)-tensor

~(v ~(B
T =TM,8, 00" =TAe, 00,

we have
TAp = e, TFp = 'pT4, = ¢, " gT",. (2.24)

Up to this point, we have assumed M to be just a smooth manifold with no metric
structure, and there seemed to be no reason as to introduce non-coordinate bases. Let us
now consider M to be endowed with a Lorentzian metric structure given by the metric
tensor g,,,, that turns every tangent space into an inner product space. It is then clear that
orthonormal bases offer a preferable choice of non-coordinate bases. The requirement that
{€(a)} a=0,....a be orthonormal reads

guwe" 4" B =nap, (2.25)



or equivalently
uv = euAeuBnABa (2.26)

where nap = diag(—1,1,1,1) is the Minkowski metric on T,M. The latter can be used
to raise and lower non-coordinate indices at will, while coordinate indices are raised and
lowered with g,,, as usual. Notice that the associated dual basis in Ty M defined by (2.20)
is then also orthonormal. The orthonormal basis {e?( A)} A=o0,...d is then called a wvielbein
(from the German for "many legs"). In four dimensions, it is sometimes called a tetrad or a
vierbein (from the German for "four legs"). For simplicity and following the literature, we
shall stretch this definition and refer to the components euA as the vielbein or vielbeine (in
plural), and to e 4 as the inverse vielbein(e)3. In this way, we can interpret the vielbeine
as components of a (1, 1)-tensor

e = e, dr" ® &) (2.27)

What we have done so far applies only for the tangent and cotangent spaces at p € M, even
though we dropped it from the notation in (2.19). However, the usual pointwise assignation
(the same we discussed before for the coordinate vector field d,, and one-form dz*) allows
to define wvielbeine fields and inverse vielbeine fields in a neighbourhood U of p, serving
as a local basis for tensor fields on U. Accordingly, in what follows we shall pay little or
no attention to the difference between tensors and vielbeine at 7, M and tensor fields and
vielbeine fields at U.

With the introduction of new bases for vector fields and one-forms comes the study of
the transformation properties of different objects under a change of such bases. We are
familiar with the tensor transformation law following a general coordinate transformation,
but now we are dealing with non-coordinate bases that we can change independently of
the coordinates. Since we are interested in the new basis being orthonormal as well, we
shall require the orthonormality condition (2.25) to be preserved. Therefore, we consider
changes of basis of the form

g — — — A
&y = Ean = (A" (@), (2.282)
i g = AA'A(w)g(A)- (2.28D)

where A4 4/ (1) is a spacetime dependent Lorentz transformation, thus preserving the metric
nap at each point. The vielbeine and their inverses then transform as

euA — eMAI = AAIAeMA, elqg— ety = (Afl)AA,e“A (2.29)
We can perform these transformations at each point in space, hence we call them local
Lorentz transformations (LLTs). Besides these, we still have the freedom to change coor-
dinates by means of general coordinate transformations (GCTs). Therefore, if we consider
a tensor T4 5, with both coordinate and non-coordinate indices, its transformation law
when performing simultaneously a LL'T and a GCT is given by

ozt
oxH

v
g Ox
B §gv'

3There is no common agreement in the literature regarding the terminology for the vielbeine and their
inverses. In this regard, we follow [15] but also [46, 48] and most works in the context of non-relativistic and
ultra-local expansions of GR. However, some references such as [66] refer to what we here call the vielbeine
as the inverse vielbeine, and vice versa.

TAY gy = A JZ— (A7) T4 p,, (2.30)
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which generalises to any general tensor in a straightforward way.

Let us now see how the use of a non-coordinate basis affects the usual notion of co-
variant differentiation with respect to a coordinate basis. In this case, one introduces a
covariant derivative operator D associated to an affine connection with coefficients fﬁ,, on
the coordinate basis {0, },—o,....a such that

Dy, 0, =T%,0,. (2.31)

One can then evaluate the same covariant derivative in the non-coordinate basis to obtain
the coefficients FgB of I' with respect to such basis, given by

Dg(A) 5(3) = f‘ng(C) (232)

We now introduce the spin connection as the spacetime one-form w” g defined by

(©)

wip i =Tas0  =T4gze,Cdx*, (2.33)

so that B
w, g =T8ge,’. (2.34)

It transforms inhomogeneously under LLTs according to
wip = wh g = A A BATYE L + A (AT, (2.35)
or equivalently,
wup = w, A g = A 4w, Ap(ATHE L+ A 08, (AT .. (2.36)
Under an infinitesimal LLT
AMp =53+ 5+ 002, (2.37)
the transformation law then reads
dpirw?s = Mow®s — Apwlc — dM . (2.38)

We can now take covariant derivatives of tensors with mixed indices. For example, for a
tensor T4 5, we can write

DT g, = 0,7 g, + w, T g, + T T g, — w0, T, — T3, T gy (2.39)

The transformation law (2.35) results in the covariant derivative D transforming homoge-
neously under both GCTs and LLTs. The spin connection thus takes care of correcting
the extra non-tensorial terms that appear due to the partial differentiation of objects with
non-coordinate indices, in the same way that the affine connection does so for objects with
coordinate indices. Of course, any tensor must be independent of the basis we use to express
it. For instance, if X = X#9,, = X Aé( 4) is a vector field, then we require that

DX = (D, X")dz’ ® 9, = (D, X™*) da” ® € a). (2.40)

This requirement establishes a relation between the spin connection, the affine connection
and the vielbeine, that can be written down as

DMeVA = 6#6,/‘4 — f‘fwepA + w#ABe,,B =0, (2.41)
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and is known as the wielbein postulate. A bit of manipulation allows to show that this
implies
0, = e’ a0ue,” + e ae,”w, ", (2.42)

or equivalently, )
w“AB = epAe”BI‘ZV — e”BaueyA. (2.43)

An advantage of the vielbein formulation is that we can think of some tensors as tensor-
valued differential forms. For instance, a tensor F, WAB ¢ that is antisymmetric in ¢ and v
can be interpreted as a (2, 1)-tensor-valued two-form and a tensor VMA can be thought of
as a vector-valued one-form. It is customary then to suppress indices on differential forms
when it is understood from the context, and write simply FAB~ or VA. For instance, for
the vielbeine and the spin connection we may write

et = e, Adat, (2.44)

(A
Notice that e is what we previously called 9( ). The vielbeine are in this sense vector
valued one-forms, and w? g is a one-form but it is not tensor valued because it transforms
inhomogeneously under LLTs. This interpretation is useful because we can now take exterior
derivatives and products of tensor-valued forms. Doing this will yield new differential forms
under GCTs but having in general a non-tensorial character under LLTs. For example, the
object
A _ A

transforms as a two-form under GCTs but not as a vector under LLTs. There is however
a natural way to remedy this by an appropriate use of the spin connection and its non-
tensorial character. Indeed, one can check that the object

(@dV)™ + (WA V)™ =20, Vig" + 2w, 25V, P, (2.46)

does transform covariantly under both GCTs and LLTs.

This formulation is in particular very adequate for the description of the torsion and
curvature tensors associated to I'. Indeed, using their antisymmetry properties, the former
can be thought of as a vector-valued two-form 7, WA and the latter as a (1, 1)-tensor-valued
two-form R4 p,,,. Their definitions in (2.2) and (2.4) can be proven to be equivalent to

T4 = de? + wip el (2.47a)
RAB = deB + wAc VAN UJCB, (2.47b)

known as the Cartan structure equations.

The results above hold for an arbitrary affine connection, and in particular for torsionful
and not metric compatible ones. Let us now restrict our attention to the Levi-Civita
connection I', associated to which there is a covariant derivative V. If we express the
metric compatibility condition (2.9b) in the non-coordinate basis we find

0= Vunas = 0unap — w.” ancs — w,“BNac = —wuaB — wuBA. (2.48)

Therefore, metric compatibility is equivalent to the antisymmetry of the spin connection in
its non-coordinate indices:

WuAB = —WuBA- (249)
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The torsionlessness of I' amounts to setting (2.47a) to zero. The spin connection is then
determined completely by the vielbeine through

wip AP = —ded, (2.50)
which can be solved using (2.49).

At this point, it is clear that the vielbein formulation of Lorentzian geometry can be used
to describe GR by using the relation (2.26) between the metric tensor and the vielbeine and
considering the latter to be the dynamical fields of the theory. A comment regarding the
counting of degrees of freedom in each approach is in place [66]. Indeed, putting D = d+1,
the metric tensor g, has D(D + 1)/2 degrees of freedom, while the vielbeine e, have
D? degrees of freedom. Of course, there is a redundancy in their definition, as all non-
coordinate bases related by LLTs yield the same metric tensor. But the dimension of the
Lorentz group SO(1,d) is D(D —1)/2 = D? — D(D + 1)/2, which is precisely the difference
between the degrees of freedom of e,/‘ and g,

2.3 Lorentzian frame bundles

The discussion carried out above in order to present the vielbein formulation of Lorentzian
geometry and GR hides some deep mathematical meaning. We thus wish to address the
same issue from a more abstract perspective, following two main motivations. On one hand,
we expect this to provide some valuable insight. On the other hand, this more general
approach will later serve our purpose of exploring geometries beyond the Lorentzian (and
semi-Riemannian) case. In particular, we shall come back to it in Section 3.2. The main
references for this section are [40, 61]

2.3.1 Tangent bundle

Let M be a D-dimensional smooth manifold and
™ 5 M,
its tangent bundle, whose fibres at each point p € M are given by
7 ({p}) = T, M. (2.51)

Being a vector bundle, T'M admits a covering set {(Uy, ¢r) trex of local trivialisations such
that for any U;, U; (i, j € K) with U;NU; # ), we have the following commutative diagram

(U;nU;) x RP i (U;nU;) x RP
¥ Pi
7T71(UZ‘ N Uj),
where
Pij = (pi_l o ;i (Uz N Uj) x RP — (Uz N Uj) x RP (2.52)
is a smooth map given by
¢ij(p,z) = (p, tij(p)x) . (2.53)
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The smooth map
tij :U; N Uj — GL(D,R).

is called a transition function and GL(D,R) is said to be the structure group of TM*, which
weaves the fibres together to form the bundle structure. Another way of looking at this is
the following. Let (U, ¢) and (V, ) be overlapping charts for M with respective coordinate
functions {x*},—o,. 4 and {y"},—o,. 4 such that p € U NV. Then a vector v € T,,M has
two coordinate representations

0 0
v = ”U'LLW = ﬁ“ﬂ s (254)
T p Yo p
that are related by
0¥ = GY, 0k, (2.55)
where G¥, = g%: p are the components of a non-singular matrix, so that

G € GL(D,R).

Therefore, fibre coordinates are rotated by an element of the structure group GL(D,R)
every time we change the coordinates on the manifold.

2.3.2 Frame bundle

For each p € M we define a frame at p as an ordered basis for the vector space T),M, and we
denote by F,M the set of all frames at p. The basis vectors of a frame u;, = {e(4)(p)}a=o0.....d
at p can be expressed in terms of the usual coordinate basis by

ea)(p) = e a0, » (e 4) € GL(D,R). (2.56)

In some cases, however, it is more convenient to think of a frame u at p as a linear isomor-
phism
up : RP — T, M, v= (... 0% — uy(v) := vAe(A) (p). (2.57)

The general linear group GL(D,R) acts transitively on F,M by change of basis
F,M x GL(D,R) — F,M,  (u,q) — uog. (2.58)
In particular,
F,M = GL(D,R)

as topological spaces.
We can now introduce the (tangent) frame bundle FM of M. As a set, it is defined as
the disjoint union
FM:= | | F,M. (2.59)
peEM

There is a natural projection ng : FM — M such that

' ({p}) = F,M, (2.60)

“More, generally, GL(D,R) is the structure group of any vector bundle up to reductions thereof, as we
shall see later.
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and a fibre-preserving GL(D,R)-action given by (2.58), whose orbits are just the fibres
themselves. Endowing F'M with the appropriate smooth bundle structure, all the above
implies that F'M becomes a principal GL(D,R)-bundle associated to T'M. In particular,
FM and TM have the same structure group. Finally, let us stress that the frame bundle
construction is completely general to any vector bundle.

The (local) sections of F'M are called (local) frame fields (or just frames when there is
no need to distinguish them from frames at a point). Given V' C M open, for instance, a
local frame field u at V' is a smooth map

u:V — FM, p— (p,up),

where u,, is the frame at p defined in (2.57). Notice that local frames define a local trivial-
isations of the tangent bundle. Indeed, with the notation above, the smooth map

u: VX T,M — 7 Y(V),  (p,v) — (p,up(v)).

is a local trivialisation for the neighbourhood V.

2.3.3 Reduction of the structure group

Let us now consider how the situation above changes when we endow the manifold M with
a metric structure. In particular, we consider a Lorentzian metric tensor g on M, but we
stress that the following discussion generalises naturally to any semi-Riemannian metric
structure, as we shall comment on later in Section 3.2. For every p € M, the metric tensor
g induces a Lorentzian scalar product g, in the tangent space T,,M, which turns the latter
into an inner product space with a well-defined notion of orthonormality. This allows to
define an orthonormal frame at p as an ordered gp-orthonormal basis for the inner product
space T, M. We can then reproduce the frame bundle construction that we discussed above
but for orthonormal frames only, with almost no changes. In particular, we can write an
orthonormal frame u, = {e(4)(p)}a=0,....d at p as in (2.56) and (2.57), and consider the set
FpM of orthonormal frames at p. The main difference comes when considering changes of
bases, since in this case orthonormality must be preserved. This means that we still have a
natural transitive right action on FpM , but by O(1,d) instead of the whole general linear
group:

E,M x O(1,d) — E,M, (u,9) —> uog, (2.61)
so that X
M = 0(1,d),

as topological spaces. We shall also introduce the orthogonal frame bundle FM of M in
analogy with (2.59) and (2.60), whose fibres will be given at every p € M by FpM and
whose (local) sections will be (local) orthonormal frame fields. With the appropriate smooth
bundle structure, FM then becomes a principal O(1, d)-bundle associated to T M. Such a
structure coincides with the natural one inherited from F'M as a subspace, turning FM into
a principal O(1, d)-subbundle of FM. In this case, we say that F'M is an O(1, d)-reduction
of FM, and an O(1,d)-structure on M.

As a consequence of the existence of the Lorentzian metric structure, the structure
group of T'M is reduced too:

GL(D,R) — O(1,d). (2.62)
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Indeed, if we now choose a covering set {(Ug, ¢k ) }rex of local trivialisations given by local
frame fields, then the transition functions ¢;; (i, j € K') take values in the the Lorentz group
in (d + 1)-dimensions,

Ly U, N Uj — O(l,d).

To see this, consider local trivialisations (U, ¢;) and (Uj, ¢;) such that p € U; N Uj, where
@i, pj are associated, respectively, to the local frames @ and u pointwise defined by

i, : RP — T, M, v Up(v) = vAé(A) (p), (2.63)
and
up, : RP — T, M, v up(v) = vAe(A) (p). (2.64)

The two frames are related by a Lorentz transformation A €0(1,d) as
ey (p) = APa8m)(p),  Ey(p) = (AN sem (p)- (2.65)

It follows that given a certain vector w = wAe(A) (p) = wAé(A) (p) € T, M, its components
in the two frames are related by

wt = (AHA 08, ot = AMpu®. (2.66)

Note how the equality in the right is completely analogous to (2.55), but with A € O(1,d) in
this case. This is of course related to the reduction of the structure group of TM. Indeed,
taking all this into account the smooth map ¢;; in (2.52) is in this case given by

A8() = (p,7), (2.67)

i (p,v) = i (@i(p ) = i ' (pveay(p) = i (T
with
5—Av, AeO(1,d), (2.68)

as follows from (2.66). Comparing to (2.53), we see that the covering set {(Uy, ¢r)} ek of
TM by local orthonormal frames has O1, d)-valued transition functions.

Notice that we could have also assumed M to be oriented, in which case the frame
bundle FM admits an SO(1,d)-reduction given by the bundle of positively-oriented or-
thogonal frames. Indeed, all the arguments above still apply simply by replacing O(1,d)
with SO(1,d), and in particular the structure groups is then reduced by

GL(D,R) —» SO(1,d).

We can at this point make contact with the vielbein formulation of GR studied in Section
2.2. What we then introduced as orthonormal non-coordinate bases are (positively-oriented)
orthonormal frames in this context. Moreover, nothing prevents us from writing Lorentzian
frames u = {e(4)}a=0,...a as in (2.56), and identify

(e,!) € GL(D,R)

as the vielbeine of the previous section.
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2.4 Lorentzian geometry from gauging the Poincaré algebra

Gauging procedures are ubiquitous in physics, especially as a way of obtaining Lagrangians
with a desired local symmetry in the context of gauge theories. In this case, one usually
starts with a theory invariant under the global transformations of a Lie symmmetry group
G with Lie algebra g. Requiring this symmetry to be local then demands the introduction
of a gauge connection taking values in g, in order to compensate the extra non-covariant
factors appearing when making the transformations spacetime dependent. The components
of this connection as an element of the symmetry algebra are the gauge fields, so that we
have one for each of the generators of g. Their transformation properties under the gauge
symmetry transformations and their associated gauge covariant field strengths are then
determined by the structure constants of g.

It turns out that the vielbeine formulation of GR can be understood as a gauge theory
of the Poincaré algebra. This was already considered in [53] and has been also reviewed
and studied in, e. g., [35, 2, 52, 63]. In particular, a slightly different approach based on
the redefinition of the gauge transformations instead of the imposition of constraints on
the curvature was considered in [52]. We shall review such an approach here, following also
[74]. The systematics of the gauging procedure of the Poincaré algebra generalise easily to
other symmetry algebras, as we shall see when we study non-Lorentzian geometries.

2.4.1 The Poincaré group

The Poincaré group is the Lie group of isometries of Minkowski spacetime and consists
of spacetime translations and Lorentz transformations. In the case of a D-dimensional
(D = d+1) spacetime, the Poincaré group is %D(D + 1)-dimensional and has the following
semidirect product structure

Poin(1,d) 2 SO(1,d) x R'*4, (2.69)

where SO(1,d) is the proper Lorentz group consisting of orientation-preserving space ro-
tations and Lorentz boosts. Its Lie algebra has generators P4 and Mup (A,B =0,...,d)
satisfying the following non-zero commutation relations

[Map.Pc) = nacPp —npcPa,

(2.70)
[Mag, Mcp) = nacMpp — npcMap —napMpc + nppMac-

It will be useful for our purposes to split these generators according to A = (0, a) into their
space and time components. To this end, we define

H:=Py, Ku:=Mp, Jup:=Ma. (2.71)

and consider the new set {H, P,, K,, Ju} of generators of the Poincaré algebra, correspond-
ing to time translations, space translations, Lorentz boosts and orientation-preserving space
rotations, respectively. They satisfy the commutation relations

[H> Ka] :Pay [Jabypc] :5ach_5bcPaa
[Pm Kb] = 6abH) [Jab7 Kc] — 5(1ch - 5cha7 (272)
[Ka, Kb) = —Jab, [Jab, Jed] = dacIvd — OveJad — dadJbe + SvdJac-

Here, and in what follows, it will be understood that any commutation relation that is
omitted in the description of an algebra is zero.
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2.4.2 Gauging procedure

As we said, the starting point is to associate a gauge field to every generator of the Poincaré
algebra given by (2.70). To this end, we introduce a gauge connection 4, taking values in
the Poincaré algebra, that we write as

1
A, = PaE,A + 51\4,43u;/‘19 : (2.73)

Therefore, EMA and wMAB here are the gauge fields associated to spacetime translations
and rotations, respectively. In particular Map = —Mpa and we can take w#AB to be
antisymmetric in A and B. As we shall see, these gauge fields will later be identified with
the usual vielbeine and spin connection, respectively, of the vielbeine formulation of GR.

The connection A, and hence the gauge fields, transforms as a one-form under diffeo-
morphisms,

SeAy = LeA,, (2.74)

where &# is a diffeomorphism generating vector field. Similarly, the transformation of the
gauge fields under the action of the Poincaré (gauge) group follows from the transformation
law for A,

ONA, = 0N+ [Ay, A, (2.75)

where A generates an infinitesimal Poincaré transformation and is given by
1
A= Pyt + 51\4A,gaf‘“-?, (2.76)

and that we can now interpret as a gauge parameter. Indeed, plugging (2.73) in both sides
of (2.75) yields
5AE,uA — 8NCA - WMABCB + O'ABEMB7 (277&)

Saw, B = 8,047 4+ 201 0w, O, (2.77b)
We can also define a gauge covariant field strength curvature F,,, associated to A, by

FNV = 8MAV - a]/.Au + I:Au, Ay]
1
= PaR,,"(P) + 5z\m;R,wAB(M),

(2.78)

where R,,,A(P) and R, B (M) are the curvatures associated to the gauge fields E,* and
wMAB, respectively. They are given by

R (P) =20, E," — 2w, 5E,", (2.79a)

R P (M) = 20,w,)*P — 2w, “w, P e (2.79b)

So far we have simply written down a gauge theory for the Poincaré algebra, consisting
of two independent gauge fields that transform under local spacetime translations and
rotations according to (2.77). If we want to make contact with Lorentzian geometry, we
would like to interpret the gauge fields as the vielbeine and the spin connection of Section
2.2. To this end, we want to use (2.75) to define a new set of transformations for A,
that replaces local spacetime translations by diffeomorphisms, therefore including (2.74).
In order to achieve this, we start by replacing the parameter ¢4 in (4.86) corresponding to
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spacetime translations by the spacetime vector £# via (4 = §“EMA. With this identification,
we can now write A as

A=¢rA,+ 3, (2.80)
where )

¥ = 5MABAAB, (2.81)
with MB .= 48 — §“w“AB . Notice that now ¥ generates an infinitesimal local Lorentz

transformation. We can now define a new set of local transformations (that we will refer
to from now on simply as gauge transformations) by

SAy = 0aAy — € Fuy = LeA, + 0,5 + (A, 5. (2.82)

The gauge connection A, then transforms covariantly under diffeomorphisms while keeping
the transformation law (2.77) under local spacetime rotations. One can then derive the
following transformation laws for the gauge fields:

0B, = LeEA + M BE,E, (2.83a)
8w AP = Lew, AP + 9,08 4+ 204 0w, OB, (2.83b)

The first one is equivalent to the infinitesimal version of (2.29) together with the term arising
from the diffeomorphism. The second one is equivalent to (2.38)°, after using that we are
free to antisymmetrise in A and B because such a term always appears contracted with
M 4 p, that is antisymmetric, together with the corresponding term due to diffeomorphisms.
Therefore, the gauge fields transform like the vielbeine and spin connection introduced in
Section 2.2 under diffeomorphisms and LLTs.

The next logical step is to introduce a derivative operator D that behaves covariantly
under these gauge transformations. We do so by its action on the vielbeine

D.E* = 0,B,* —T%,E,* —w, ,E,P. (2.84)
Demanding this to be gauge-covariant, namely that
§(D.E,*) = Le(D,E,A) + M p(D,E,P), (2.85)
and using (2.83) we obtain the following tranformation law for f‘ﬁ,,:
0T, = 0u0,E" + 70,10, + 14,0, + 14,0, — 19,05, (2.86)

which is precisely the expected transformation law for an affine connection under an in-
finitesimal diffeomorphism. In particular, it is unaffected by the LLTs. Again, the relation
between the affine connection I'f,, and the spin connection wMAB is given by the vielbein

postulate
D,uEVA = 07 (287)
from which follows that .
FZV = epAaueVA - epAequ,uABp (2.88)
and )
w,uAB = —6pA€VBFZV + eyBa,ueuA- (289)

°Tt is actually equivalent up to a sign, due to the choice of different conventions in (2.75) and (2.38)
for the transformation rule of a connection. The first one is more customary in the context of gauging
procedures, so we have chosen to follow it here.
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These two expressions will allow us to relate the curvatures RWA(P) and RWAB (M) to

I'f,,. For example, taking the antisymmetric part of (2.87) yields

Ry *(P) = 20,,E," — 2w, pE,)” = 2T

C B = TP By, (2.90)

where T'”W is the torsion. Therefore, we conclude that the curvature RWA(P) is to be
identified with the torsion two-form T uv- Let us now consider the covariant derivative \V
associated to the affine connection (that is, not containing the spin conection). We know
that the action of its commutator implicitly defines the Riemann tensor R,,,,° according to
(2.3). Using the vielbein postulate through (2.88), one can show that the definition (2.4)
of the Riemann tensor is equivalent to

R,uuap = _EJAEPBR;U/AB(M)’ (291)

from which we conclude that the curvature RWAB (M) is to be identified with the Riemann
curvature two-form.
We can now define a metric by

Juv = UABEMAEuBy (2'92)

which is the only rank-2 Lorentz invariant tensor that we can build out of the vielbeine.
The affine connection fﬁ,, has so far been considered to be arbitrary. However, as discussed
in Section 2.2, the antisymmetry of the spin connection that we assumed in the beginning
is equivalent to the metric compatibility condition

vpg;w = 0. (293)
This is known to completely determine the symmetric part of the connection,

o =Th (2.94)

where I}, is the Levi-Civita connection. Therefore, our affine connection is fixed to be equal
to the Levi-Civita one plus torsion terms that are a priori left unfixed. More precisely, we
have

_ 1.
Ffw = Fﬁy + §Tp;w- (2.95)

From the gauging perspective, the usual choice in GR to work with the Levi-Civita con-
nection then amounts to imposing the curvature constraint

R, (P) =0. (2.96)

This makes the spin connection completely dependent on the vielbeine and their derivatives,
in analogy with (2.50). Without fixing the torsion, however, the two remain independent.
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Chapter 3

Non-Lorentzian geometry

In this chapter, we present the description of spacetime geometries beyond the Lorentzian
case. These arise from imposing local symmetry principles different from Einstein’s equiv-
alence principle, and yield non-Lorentzian theories of gravity when made dynamical. Espe-
cially relevant for our purposes is Newton-Cartan geometry, which is roughly speaking the
geometry obtained by imposing Galilei’s relativity principle to hold locally. The latter is
closely related (and in a sense dual, as we will see) to Carroll geometry. can be obtained
from Lorentzian geometry by, respectively, a non-relativistic expansion and an ultra-local
expansion of GR [46, 48].

In order to understand these geometries, we first describe the non-Lorentzian symmetry
groups, and corresponding algebras, that realise their local symmetries. This description
includes the Galilei group, its central extension the Bargmann group, and the Carroll group,
and is intended to provide all the group theory background necessary for our work. The
main reference for this section is [42], but we have also followed [38, 47].

3.1 Non-Lorentzian symmetry groups

3.1.1 The Galilei group

The Galilei group is the symmetry group of Newtonian mechanics. It consists of space and
time translations, orientation-preserving space rotations and Galilean boosts, that act on

spacetime coordinates by
t—t,

3.1
r—x—t-7. (3:1)
The Galilei algebra is generated by the set {H, P,, Gq, Jup}, where G, is the generator of
Galilean boosts, and is given by the commutation relations

[H7 Ga] = Pav [Jabapc] - 5ach _5bcPaa

[Paa Gb] = 07 [Jab; GC] = 6ach - 5chaa (32>

[Ga, Gp] =0, [Jabs Jed] = SacTbd — Obedad — SadJoc + ObdJac-
The fact that the boost (3.1) leaves the time coordinate invariant shows one of the defining
characteristics of Newtonian mechanics: the absoluteness of time. Note that a sufficient
(although not necessary) condition for this is the vanishing of the commutator [Py, Gp].
The group has the following semidirect product structure

Gal(1,d) = (SO(d) " Rd) x R4, (3.3)
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where the subgroup in parenthesis corresponds to the homogeneous Galilei group
HGal(1,d) = SO(d) x R, (3.4)

consisting of orientation-preserving space rotations and Galilean boosts. It is the equivalent
with respect to the whole Galilei group of the (proper) Lorentz group with respect to the
Poincaré group, in the sense that they both only consist of the transformations that leave
the origin fixed. In the same way that the Minkowski metric n4p is by definition invariant
under the action of SO(1, d), HomGal(1, d) has two invariant tensors ¢4 and 748 satisfying

tamAP =0, (3.5)

from which follows that 748 has a degeneracy in the direction spanned by t4. In the
(fundamental) R!'*%-representation of HomGal(1,d) [38] and in an appropriate basis these
tensors take the form

ta=0%, 718 =5,040%. (3.6)

It is well known that the Galilei group can be obtained by an Inénii-Wigner contraction
of the Poincaré group [56], which essentially carries out a non-relativistic limit o — 0 of
the latter. At the level of the algebra, this can easily be seen by the following redefinition
of the Poincaré generators

H:=H, P,:=+\0P, Gg:=voKa, Jup:=Jy. (3.7)

Substituting in (2.72) and taking the contraction limit o — 0 then trivialises some of the
commutation relations and yields an algebra isomorphic to (3.2). In particular, the Galilei
group in D = d + 1 dimensions is %D(D + 1)-dimensional like the Poincaré group.

3.1.2 The Bargmann group

The Galilei group is actually incomplete for the description of massive fields. When these
are present, one needs to extend the Galilei algebra with a mass generator N. Indeed,
under a Galilean boost by k, the momentum p, of a particle of mass m will be shifted by

pa _>pa +mk;a- (3'8)

Moreover, since the mass is invariant under any Galilean transformation, the new generator
N must be in the center of the Galilean algebra. It then makes sense to consider the algebra
generated by {H, P,, G4, Jup, N} satisfying the commutation relations (3.2) together with
the only additional non-zero commutator

[Pa') Gb] = 6(1va (39)

known as the Bargmann algebra. At the group level, the result is a central extension of the
Galilei group by a U(1)y factor called the Bargmann group [5]. Its structure is given by

Barg(1, d) & <SO(d) ~ Rd> ~ (Rl’d ® U(l)N> . (3.10)
The Bargmann group cannot be obtained by any contraction of the Poincaré group, since it

has one generator more. However, it turns out that it can be obtained by an Inénii-Wigner
contraction of the Poincaré group trivially extended with a U(1) factor (see e.g. [39]).
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It is instructive to look now at the action on Hilbert space of a translation ¥ — ¥+ d
followed by a boost & — ¥ — v - t. This is given by

—

exp(—iK - ¥) exp(—iP - @) = exp <—;NEL'- 17) exp <—z(l€' T4+ P d’)) . (3.11)

This is only the same as the action of the composed transformation & — £+d—v-t up to the
phase factor e~ av showing that particle states only provide projective representations
of the Galilei group, but they provide ordinary representations of the Bargmann group [73].
These are labelled by the 3 Casimir invariants of the Bargmann algebra [42]. In particular,
the Casimir invariant

N = mld, (3.12)

where Id is the identity, labels the representations according to the particle’s mass m.

3.1.3 The Carroll group

The Carroll group was first introduced by J.M. Lévy-Leblond in [62, 4] and can be under-
stood as the ¢ — 0 limit of the Poincaré group. It consists of space and time translations,
space rotations and Carroll boosts. The latter act on spacetime coordinates z# = (¢, z) by

t—=t—7-

— —

r— X.

T,

(3.13)

The Carroll algebra is generated by the set {H, P,, Cq, Jup}, where C, is the generator of
Carroll boosts, and is given by the commutation relations

[H7 Ca] =0 [Jaln Pc} = 5ach - 5bcPa
[Paa Cb] = 5abH [Jab7 Cc] = 5accb - 5bc0a (314)
[Ca, Cp] =0 [Jabs Jed] = SacTbd — ObeJad — Sadbe + ObdJac-

As hinted above, the Carroll group can be obtained by a different Inonii-Wigner contraction
of the Poincaré group, that formally takes its ¢ — oo limit. In this case, one redefines the
Poincaré generators through the following rescaling

Jap = Jap- (3.15)

The contraction limit o — oo then trivialises some of the commutation relations in (2.72)
and yields and algebra isomorphic to (3.14). In particular, the Carroll group has also the
same dimension as the Poincaré.

Note how H enters the translation-boost commutator in (3.14) exactly as N does in the
Bargmann algebra. In particular, H is a central charge of the Carroll algebra. In fact, both
the Bargmann and Carroll algebras can be obtained as subalgebras of the Poincaré algebra
in one dimension higher, via null reduction [37, 30, 50]. Moreover, the Carroll group has
the same structure as the Galilei group

Car(1, d) = (SO(d) - Rd> x RL (3.16)

although they of course yield different physics. Indeed, (3.13) essentially tells us that
Carrollian symmetry is compatible with a notion of absolute space, dual to the notion of
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absolute time present in the Galilean case'. The homogeneous Carroll group consisting of
space rotations and Carroll boosts also has two invariant tensors t* and 74p satisfying

tYrap = 0. (3.17)

Again in the fundamental R%*!-representation of Car(1,d) and an adequate basis, these
take the form
th =0, map = 0up0%0%. (3.18)

3.2 Non-Lorentzian frame bundles

Before diving in the study of Newton-Cartan and Carrollian geometries, let us first address
the frame bundle perspective introduced in Section 2.3 for Lorentzian geometry in full
generality. In particular, let us go back to the discussion about the reduction of the structure
group of the tangent and frame bundles, TM and F'M respectively, when introducing a
metric structure on M. Indeed, we considered there the introduction of a Lorentzian metric
tensor and the subsequent reduction of the structure group of both F'M and T'M by

GL(D,R) — SO(1,d),

as a consequence of the existence of an SO(1, d)-reduction of FM given by the bundle of
orientation-preserving orthonormal frames. We then said that a Lorentzian metric tensor,
together with an orientation, defines an SO(1, d)-structure on M.

It is easy to see that all the arguments presented in (2.3.3) generalise in a straightforward
way for any semi-Riemannian metric structure. Indeed, for any n € N, a semi-Riemannian
metric g of signature O(n, D — n) defines an O(n, D — n)-structure and, together with an
orientation, an SO(n, D —n)-structure on M. In the latter case, the structure group is then
reduced by

GL(D,R) — SO(n, D —n),

after the reduction of the frame bundle to the bundle of orientation-preserving g-orthonormal
frames.

The notion of reduction of the structure group of a principal bundle is even more
general and goes beyond its application for frame bundles and semi-Riemannian metric
structures. Given a Lie group G and a Lie subgroup H < G, for instance, one can study the
existence of H-reductions of a principal G-bundle. We will not need any further applications
beyond frame bundles, but we shall actually consider the slightly more general picture of
H-reductions and H-structures for subgroups

H < GL(D,R),

other than the orthonormal group O(n, D —n). On a physical level, the structure group of
a frame bundle is nothing but the group of transformations relating one reference frame to
another. Therefore, the existence of an H-structure on M is tantamount to the existence
on M of a local relativity principle defined by the transformations of H, namely one where
two different frames at p € M are related by a transformation A € H as

ey (p) = APaém(p),  Eay(p) = (AP 4em)(p). (3.19)

1We refer the reader to [30] for a detailed discussion about this.
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This is very relevant to our purposes, as it formalises the idea of a spacetime having a
certain non-Lorentzian local symmetry. In particular, we will see how the invariant tensors
of HGal(1,d) and HCar(1,d) can be used to define degenerate metric structures giving rise
to reductions of the structure group

GL(D,R) — HGal(1,d),  GL(D,R) —s HCar(1,d).

3.3 Newton-Cartan geometry and extensions

NC geometry in its original formulation is characterised by having the Galilei group as its
local symmetry group. As argued in Section 3.1.1, the latter is obtained from an Inénii-
Wigner contraction of the Poincaré group, which essentially takes its ¢ — oo limit. It
follows that NC geometry is the appropriate geometrical framework for the description of
non-relativistic physics.

In the following, we present a description of NC geometry and its torsionful extensions:
type I and type II TNC geometry. We pay special attention to the underlying symmetry
principles in each case. This has been vastly considered in the literature from the gauging
perspective introduced in Section 2.4 (e.g., [2, 11, 52, 46]).

3.3.1 Newton-Cartan geometry
Newton-Cartan geometry on a smooth manifold M is defined in terms of a pair
(tu, K1),

where ?,, is a nowhere-vanishing one-form and h*" is a degenerate symmetric tensor of type
(2,0) with degeneracy of degree one in the direction spanned by t,. The last statement

translates into the condition
t,ht" = 0. (3.20)

One usually refers to ¢, as the clock one-form and to h*” as the inverse spatial metric,
even though it is not the inverse of anything. The pair (¢,, h*") can then be thought of
as a degenerate metric structure on M. More precisely, one has two degenerate symmetric
tensor fields t,,, := t,t, with signature (1,0,...,0) and A" with signature (0,1,...,1).

Crucially, the clock form and inverse spatial metric do not characterise NC geometry
completely?. In order to implement local Galilean symmetry, which is the defining feature
of NC geometry in its original formulation, the manifold M needs to serve as the base
manifold of a Galilean frame bundle and its dual:

Fucal (M) = M, Fica(M) = M.

Their sections then define Galilean vielbeine eHA and inverse vielbeine e* 4, respectively. In
this way, the clock one-form and inverse spatial metric are related to the invariant tensors
ta and 748 of the homogeneous Galilean group by

t, = eMAtA, Y = et ge¥ priB. (3.21)

It is now obvious that (3.20) follows from the analogous relation for the invariant tensors
ts and 748 in (3.5). Tt also follows that t,, and h*” will be invariant under local Galilean
transformations (LGTs).

2We will show in Section 4.2 how such a degenerate metric structure exists implicitly in any Lorentzian
manifold.
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The degenerate metric structure implies that one cannot raise and lower indices at will,
since contravariant and covariant tensors of the same rank in M are not in one-to-one
correspondence. One can however introduce a vector field v# and a degenerate symmetric
tensor hy, on M satisfying

vihy, =0, (3.22)

and acting like projective inverses of ¢, and h*", respectively, in the following sense:

tokt = —1, (3.23a)
hyph? = 6% + "t (3.23b)

It is easy to see that the pair (v*, hy, ) is not unique. For instance, following a transformation

vt — otk with k#t, =0, (3.24)

usually known as a Milne boost, the relation (3.23a) will still hold. It can then be proven
[65] that once v* is determined, the requirements (3.22) and (3.23b) completely determine
Py -

In a frame where (3.6) holds, usually called an adapted frame, the Galilean vielbeine
and their inverses can then be written as

e#A = (tu,eu”), et q = (—vt ety), (3.25)
and the spatial metrics then take the form
Y = §%Pel eV, hyw = (5abeuaeyb (3.26)

From their standard transformations under an infinitesimal diffeomorphisms and LGTs we
can obtain the corresponding transformations for the clock one-form, the inverse spatial
metric and their projective inverses,

Sty = Let,, (3.27a)
S = LM, (3.27b)
ot = Levt + Nty (3.27¢)
(ShW, = th#l’ + Qt(u/\u)v (3.27d)

where & is a diffeomorphism generating vector field, A%, and A% are the infinitesimal gen-
erators for space rotations and local Galilean boosts respectively, and we have defined
Ay = Agey, . Here, we have used that the spatial vielbeine transform as

dep® = Lee,™ + A%e” + A, (3.28a)
dely = Leery + Alety. (3.28b)

As usual, we now want to introduce an appropriate connection C' on M with respect to
which we can define a covariant derivative operator V and eventually build diffeomorphic
invariant actions supported in NC geometry. In the spirit of having a connection that is
somehow adapted to the underlying NC structure, we require that the covariant derivative
satisfy

Vut, =0,  V,h"’ =0. (3.29)
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Indeed, these conditions are the Newton-Cartan version of the usual metric compatibility
condition in Lorentzian geometry and any connection that satisfies them is said to be
Newton-Cartan compatible. Expanding the first equation in (3.29) we get

Oty — Cht, =0, (3.30)
and taking the antisymmetric part yields

(dt) = 20,t,) = tpcﬁw]. (3.31)
Therefore, any NC compatible connection C must have the same temporal projection of
the torsion. Notice also that due to the degeneracy of the metric structure, the NC metric
compatibility conditions in (3.29) do not imply that the projective inverses v* and h,, are
covariantly constant. Now, it can be proven that any NC compatible connection C is of
the form [52]

~ 5 1.
ch,=Ch, + §hP (274 A1) + Bow) » (3.32)
where A, and By, satisfy A,, = —A,, and B,,, = —B,,, and
~ 1
Ch, = —vPOut, + 5hr)a(auhw + Oyhpe — Oshyw). (3.33)

It follows that the NC compatibility conditions do not determine completely the connection.
Moreover, this is still the case after imposing that the connection be torsionless, in contrast
with the analogous situation in semi-Riemannian geometry, where the Levi-Civita connec-
tion is, by the fundamental theorem of differential geometry, the unique metric compatible
and torsionfree connection. But there is yet another fundamental difference between the
two cases. Indeed, (3.31) tells us that imposing torsionlessness on a NC compatible connec-
tion necessarily puts a constraint on the clock-form ¢,, and hence the geometry. From these
observations we see that torsion, as well as non-metricity, arise naturally in NC geometry.

Note that (3.33) is the NC compatible connection obtained when setting A, and By,
to zero. We will sometimes refer to it as the C—connection, and it satisfies

- 1 -
V" = §hyp‘cvhpu7 Vihwp =t Lohg)u, (3.34)

where V is its associated covariant derivative. Its torsion is given by

TP = 2Cf,,; = —20°0t,). (3.35)

(v
It is also useful in this case to define the torsion vector a, by
ay =T",, = Loty, (3.36)
where the equality follows from (3.23a), and extrinsic curvature K, by

1
Ky = =5 Lol (3.37)

The C-connection has the advantage of being built solely out of the metric fields and
their inverses. It is to be interpreted as some sort of analogue to the Levi-Civita connection
in Lorentzian geometry, although with some notable differences. For example, it is not

27



invariant under LGTs3, in contrast with the LLT-invariance of the Levi-Civita connection.
Moreover, the C-connection is torsionful, unlike the Levi-Civita connection, although the
spatial projection of its torsion is zero

€,T%,, = 0. (3.38)

However, we know from (3.31) that we cannot completely remove the torsion without
putting constrains on the geometry, which means that the C-connection can be thought of
as the NC metric compatible connection with less torsion, just like the Levi-Civita in the
Lorentzian case. Following this discussion, we say that NC geometry has intrinsic* torsion
[42], which allows to classify NC geometry in terms of dt:

1. (Torsionless) Newton-Cartan geometry (TlessNC): This is the type of NC
geometry that Cartan originally formulated. It is characterised by the clock form
being closed, i.e., by

dt = 0. (3.39)

This allows for a notion of absolute time T since we can write

tp = OuT, (3.40)

ft:o. (3.41)

Therefore, the time interval between any two events is independent of the worldline
of the observers.

which in turn implies

2. Twistless Torsional Newton-Cartan (TTNC) geometry: It is defined by
tAdt=0 (3.42)

In this case, t, is not closed and §¢ # 0, allowing for time dilation. By the dual
formulation of Frobenius theorem [15], the condition (3.42) is equivalent to t,, being
orthogonal to a foliation of spacelike hypersurfaces of simultaneity. This is somehow
equivalent to the global hyperbolicity condition in Lorentzian geometry, that ensures
the well-posedness of an initial value problem on the manifold. A general solution to
(3.42) is given by

ty=NO,T, (3.43)

where T' = T'(x) is a time function and N = N (z) is the lapse function measuring local
time dilation. One can always set 1" as the time coordinate through diffeomorphisms
but N cannot be set to one [44].

3. (General) Torsional Newton-Cartan (TINC) geometry: It is defined by
tAdt #0, (3.44)

which results in the theory being acausal, since any two events can be connected by
a spacelike curve [38]. It is however interesting to have a completely unconstrained
clock form when studying the coupling of non-relativistic fields to the geometry.

3Tt is however invariant under the local U(1) transformations of type I TNC geometry.
“The notion of intrinsic torsion of a spacetime is thoroughly addressed in [33].
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TNC geometry from gauging the Galilei algebra

In the same way that one can obtain a description of (torsional) Lorentzian geometry by
gauging the Poincaré algebra, it is reasonable to consider gauging the Galilei algebra as a
method to obtain the relevant geometric fields of TNC geometry and their transformations.
This was achieved in [52], following the earlier work [2], where TlessNC was obtained from
gauging the Bargmann algebra. We shall review the main steps of the procedure, which is
in complete analogy with the one described in Section 2.4 for the Poincaré algebra.

Consider the Galilean algebra (3.2) and a connection one-form A4, taking values in the
latter,

1
A, = Ht, + Poe,® + Gaw,® + iJawa“b. (3.45)

In this context, ¢, and e,* are the gauge fields associated to time and space translations,
respectively. They will later be identified with the temporal and spatial Galilean vielbeine,
so we use the same notation for simplicity. The connection transforms as

INAy = 0N+ [Ay, A] (3.46)
under an infinitesimal Galilei transformation generated by
1
A= Ha+ P+ Guo® + §Jabaab. (3.47)

We can also definte a gauge-covariant curvature

Fuw =0 A, — 0 A, + [Au, Al

" " 1 b (3.48)
=HR,,(H) + P,R,,"(P) + G, R (G) + §JabRw (J),
with components given by
R;W(H) = 28[”@,}, (3.49&)
RMVG(P) = 28[#6,4(1 - 2W[#at,j} - QW[uabey}b, (349b)
Ry ™(G) = 20),w,)" — 2wy, w,)” (3.49¢)
Ry (J) = 20,w,)™ — 2w, “w,) . (3.49d)

In order to relate local time and space translations with diffeomorphisms we identify the
parameters a and (* with the spacetime vector £ through

a = &', " =¢&le,”. (3.50)
We can then write A as
AN=¢"A, + %, (3.51)
where )
Y = G\ + §Jab>\“b, (3.52)
with
A= 0% — gl AT =g gy o, (3.53)

In particular, 3 now generates an infinitesimal local homogeneous Galilean transformation.
We can now introduce a new set of local transformations defined by

AL = 0aAy — " Fuy = Le Ay + 0,8 + [Ay, X, (3.54)
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which leads to

5t, = Lety, (3.55a)
Jep® = Lee,® + A\%e,’ + A%y, (3.55b)
Sup® = Lew,® + A" + A%w, + Nwp®, (3.55¢)
5w“ab _ ﬁéw#ab + 8#)\(11) + QA[GCWMCZ)}. (3.55d)

The first equality reproduces the transformation law (3.27a) for the NC clock-form and the
second one the transformation law (3.28a) for the spatial Galilean vielbeine. The last two
equalities follow from replacing Lorentz boosts for Galilei boosts and splitting A = (0,a)
in (2.83b). Therefore, we can identify the gauge fields (¢,,e,%) with the Galilean vielbeine
and (w, % w,) with Galilean spin connections.

As usual, we can define inverse Galilean vielbeine v# and e*, satisfying

vk, = -1, vle,* =0, etot, =0, e“ae#b = 52, etae, = o —ukt,, (3.56)

and spatial metrics hy, = 5abeuaeyb and hHV = §%bek e¥y.
We also introduce a gauge covariant derivative defined by its action on the Galilean
vielbeine

Dyty = Oty — T2, 1, (3.57a)
Due,* = 0ue," — f‘fwepa —wut, — wuabeyb, (3.57Db)

where fﬁ,, is an affine connection transforming like
51_“2,/ = 0,08 + 5"801_“2,, + 17,087 + fﬁg&,{" — fgyaggp. (3.58)
As in Section 2.4, we impose the vielbeine postulate(s)
D,t, =0, (3.59a)
D,e,* = 0. (3.59Db)

Using the antisymmetry of w,ﬂb together with the vielbeine postulates we immediately
obtain the NC metric compatibility conditions:

Vot,=0, V" =0, (3.60)

where V is the covariant derivative containing only the affine connection. These conditions
put constrains on I}, which we can now express as

F/_pw = —vP0ut, + €4 (8,&,,“ —w,t, — wuabeyb> , (3.61)
using the vielbeine postulates. From them also follows that

R, (H) = 2f'[°Mt,,, R, (P) = 2ffme,,a. (3.62)

Therefore, we can identify the curvatures associated to time and space translations with
the corresponding projections of the torsion tensor:

T = 21_”'[‘;” = —v’Ru,(H) + e’ R, (P). (3.63)
Similarly, the other curvatures are related to the Riemann tensor (defined as usual) by

Ruvo” = e uto Ry (G) — eoae’y Ry ®(J). (3.64)
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3.3.2 Type I TNC geometry

We have described above NC geometry in its original formulation as well as torsionful
generalisations thereof. Now we study the extensions of NC geometry that arise when
enhancing the local symmetry beyond the Galilean group. The first natural way is to
consider the Bargmann group as the local symmetry group, which gives rise to what was
dubbed type I TNC geometry in [43]. It is characterised by a triple

(T R 100,

where ¢, and h*” are the clock one-form and (inverse) spacial metric introduced before,
transforming as (3.27a) and (3.27b) under local Bargmann transformations, and m,, is a
one-form transforming like

dmy, = Lemy, + €,%Na + 0,8, (3.65)

where ) is the parameter of a local U(1) transformation. When making contact with
Newtonian gravity, it is related to the Newtonian potential ® through

= —vhmy,. (3.66)

The role of the extra field m,, is better understood from the gauging perspective, where it
is identified with the gauge field corresponding to the extra central generator N entering the
Bargmann algebra through the commutator (3.9). This was determined in [52], following the
earlier work [11], where type I TNC was obtained from gauging the Schrédinger algebra, i.e.,
the conformal extension of the Bargmann algebra. The gauging of the Bargmann algebra
to yield type I TNC is straightforward after having worked out the details of the gauging
of the Galilei algebra. Indeed, in this case we consider a connection

1
A, = Ht, + Poe,® + Gowlt + ijabwuab + Nmy, (3.67)
taking values in the Bargmann algebra and with associated curvature given by

Fuv 1= OpAy = Oy Ay + [Ay, Ay

1 (3.68)
= HR,,(H) + PR, "(P) + GoRu"(G) + §JabRW“b(J) + Ry (N).

We can then write an infinitesimal local Bargmann transformation A as in (3.51), but with

1
Y =G\ + §Jab)\“b + Ne. (3.69)

If we now introduce the new set of transformations as given by (3.54) all the previous results
hold, because N is central. In particular, the curvature components for the generators
common to the Galilei algebra are given by (3.49). For the curvature associated to the
extra generator NV, we find

Ry (N) = 20;,m,) + e, Wya- (3.70)

And, most importantly, the gauge field m,, associated to it transforms like (3.65) under the
gauge transformations.

We argued in Section 3.3.1 that for NC geometry ¢, and h#*” are the only local Galilei-
boost invariant objects. In particular, the projective inverses v and h,, are shifted under
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such transformations, as follows from (3.27c) and (3.27d). The introduction of m, allows
to build three other local Galilei-boost invariant objects®:

ot =t — hHm,,, (3.71)

My = By — 2t ), (3.72)
= 1

O =P+ ih‘”’mum,j. (3.73)

It is easy to check that that taking these combinations the term e %)\, appearing in (Ev“
and 0h,,, cancels with the one appearing in dm,. The boost-invariant quantites v and h,,
are projective inverses of ¢, and h*, respectively, since they satisfy

h*Phy,, = 68 + o't o't = —1, (3.74)
although they are not orthogonal to each other:
" hyw = W*Pmmpt,. (3.75)

Interestingly, these boost-invariant projective inverses allow to define a torsionful NC com-
patible connection that, unlike (3.33), is invariant under local Galilean boosts but not under
local U(1) transformations:

_ 1 _ _ _
Cf, = =070ty + 5hpa(auhl,(, + Ovhpo + Oshy). (3.76)

Besides the insight provided by the gauging perspective, it is sometimes useful to think
of type I TNC geometry in D dimensions as a null reduction of Lorentzian geometry in D+1
dimensions, something that has been extensively studied in the literature (see, e.g., [50, 46]
and the earlier work [29, 59]). At the level of symmetries, this implies that the Bargmann
algebra in D dimensions is a subalgebra of the Poincaré algebra in D + 1 dimensions, as
mentioned in Section 3.1. Moreover, it is precisely the null reduction perspective that allows
to show that Newtonian gravity cannot arise from a Bargmann invariant theory. Indeed, in
a NC geometric framework, the (sourceful) Poisson equation of Newtonian gravity amounts
to the following EOM [72]

d—2
RMV = SWGNﬁptuth (377&)

dt =0, (3.77b)

where Ry, is the Ricci tensor obtained from the connection (3.76) and p is the mass density
of the matter distribution sourcing Newtonian gravity. As established in [43] and further
argued in [46], it turns out that (3.77a) is not compatible with a Bargmann invariant
coupling of NC geometry to matter, since p sources torsion (and in fact forces ¢t A dt # 0),
in contradiction with (3.77b) and hence the Newtonian notion of absolute time.

3.3.3 Type II TNC geometry

Newtonian gravity arises from a non-relativistic limit of GR, but the geometrical framework
of this limit cannot be type I TNC. As shown in [43], the correct underlying symmetry

>The objects that we define here as 7* and ® are denoted 9" and ® in previous works like [46]. We choose
to do this in order to avoid confusion with the notation in Section 5, where hatted variables are reserved to
perturbations
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allowing for an off-shell formulation of Newtonian gravity is type II TNC, which is obtained
by the gauging of a novel D(D + 1)-dimensional non-relativistic algebra generated by

{H7 Pa7 Gaa Jab7 N7 Tau Ba7 Sab}7

where H, P,, G, and J, are just the generators of the Galilei algebra, and defined by the
following non-zero commutation relations

[H,Go] = Poy  [Jap, Xe] = 0ac Xy — 0peXa,

[Pa, Gb) = 0ap N, [Sap, Pe] = 6acTh — dp T,

(Ga,Gb) = =Sap,  [Sab; Ge] = 0acBp — OpeBa, (3.78)
[H,B,] =T, [Jabs Jed] = SacIvd — ObeJad — adbe + ObdJac

[N,Go| =T, [Jabs Sed] = dacSbd — ObeSad — dadSbe + ObdSac;

where X, € {P,,T4, G4, B,}. This algebra, as we will show in Section 4.3.3, arises from a
large speed of light expansion of the Poincaré algebra and does not contain the Bargmann
algebra as a subalgebra. Before that, in Section 4.3.2, we will show that type II TNC is
precisely the geometry that arises from the large speed of light expansion of Lorentzian
geometry at next-to-leading order. We postpone the details about its field content and
transformation properties until then, but we anticipate that type II TNC can be realised
by the NC pair
(t,uv hHV)’

with the standard transformation properties, together with the pair

(m;u CI),uV)v

where ®,,, is symmetric and m, is analogous to its cousin in type I TNC but with a
transformation law that is only equivalent to (3.65) when t, is closed. Another crucial
difference appears when considering how matter couples to type II TNC geometry. In this
case, m, couples to the energy current while in type I TNC it couples to the mass current
[46].

3.4 Carrollian geometry

Carrollian geometry is characterised by having the Carroll group as its group of local sym-
metries. It was first described in this sense in [22], although it had already appeared in [54]
as the geometry describing the zero signature limit of the Hamiltonian formulation of GR.
Following the analogy with NC geometry, Carrollian geometry also has a natural descrip-
tion from the gauging perspective, as the geometry obtained by gauging the Carroll algebra
[50]. Moreover, just as NC geometry can be obtained from a non-relativistic expansion of
GR, it has recently been determined how Carrollian geometry arises from an ultra-local
expansion of GR [48]. As mentioned before, Carrollian geometry also plays a role in the
context of the strong coupling limit of GR [54, 1]. More recently, Carroll symmetry has
been suggested to be relevant for the study of dark energy and inflation [24].

3.4.1 General formulation

Carrollian geometry on a D-dimensional smooth manifold M is defined in terms of degen-
erate metric structure given by a pair

(0", hm,),
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where v# is a nowhere-vanishing vector field on M and h,, is a degenerate symmetric
(0,2)-tensor field on M with degeneracy of degree one in the direction spanned by v#:

ker h = span{v} = v"h,, =0. (3.79)
The frame bundle F'M of M admits a reduction of the structure group
GL(D,R) — HCar(1,d),
so that M is the base manifold of Carrollian frame bundles
Fiicar(M) = M, Figa(M) 7 M,

the sections of which define Carrollian vielbeine eMA and their inverses e* 4. The fields v*
and hy, are related to the invariant tensors t 4, m4p of the homogeneous Carroll group by

vt = tAe“A, hyw = WABeHAe,,B. (3.80)

In particular, they are invariant under local Carrollian transformations (LCTs).
We can introduce (non-unique) projective inverses

(t,ua hl“/)’

where ¢, is a nowhere-vanishing one-form and h#*” a symmetric degenerate tensor satisfying

tuvu = -1, tuhﬂl’ =0, huphpy = 5;: + UVt#’ (3.81)

just as in the NC case. In an adapted frame, where the invariant Carroll tensors take the
form (3.18), the Carrollian vielbeine can be expressed as in (3.25) and the spatial metrics as
in (3.26). Notice that we use the same symbols for the fields of Carrollian geometry as we did
for the NC case, and that they share some of their properties. Of course, the key difference
results from their inequivalent bundle structure, which implies different transformation laws
for the geometric fields. In particular, the relevant fields of Carrollian geometry have the
following transformation laws

ot = Levt, (3.82a)
Sty = Lehyu, (3.82b)
Oty = Lety + Aaey”, (3.82¢)
ShMY = Leh 4 201NV, (3.82d)

where £* is a diffeomorphism generating vector field, and the parameters A, and A%, cor-
respond to Carroll boosts and spatial rotations, respectively. Finally, we have also defined
AP = eF A% The transformations of the spatial metrics follow as usual from the transfor-
mations of the spatial Carrollian vielbeine and their inverses

Se,® = Lee,™ + Ae,t, (3.83a)
Selty = Leery — Agety + Agv'. (3.83b)

We are a~gain interested in defining a covariant derivative operator V associated to a
connection Cf,, that is as suitable as possible to the underlying Carrollian structure. In
this case, the analogue of Lorentzian metric compatibility and NC metric compatiblity is
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given by the natural requirement that the Carrollian pair (v*, h,,) be covariantly constant,
namely

V' =0,  Vuhy, =0, (3.84)

A connection satisfying the expressions above is said to be Carroll compatible. The most
general Carroll compatible connection Cf, can be written as [50]

éﬁl/ - C’ﬁlj - hpUTVKHU - UpX/ﬂ/ + hpo.Yo'uy, (385)

where C’ﬁ,, and K, are, respectively, the C-connection and extrinsic curvature defined in
(3.33) and (3.37) for the NC case, and X, and Y, are tensors satisfying

v

v uy = 07 (386&)

(o

V7 Y% =0=0"Y5,,. (3.86b)

It is then easy to see that the tensor X, measures the non-metricity of C’ﬁy in the temporal
direction, since we have

Vot = =X (3.87)

In analogy with NC geometry, where we introduced a preferred NC compatible con-
nection characterised by having zero spatial torsion, here we introduce a preferred Carroll
compatible connection by requiring its temporal torsion to be zero

QtpC{ZW] = 2a[utu} + X[/W] =0. (3.88)

This fixes the antisymmetric part X, but leaves freedom to choose the symmetric part as
long as (3.86a) holds. A particularly suitable choice comes from setting

X = —26[Mt,/] + t(uﬁvty), (3.89)

which together with the choice Y, = 0 yields the following Carroll compatible connection

A 1 o o
Chy, = =00ty — Pt Loty + §hp (Ophve + Ovhpe — Oohyy) — WP, K 0, (3.90)
that has (purely spatial) torsion given by
T, =205, = W1, K, (3.91)

Following [48] based on the work [33], this results in a classification of Carrollian geometry
in four classes

1. K, =0,

2. K=0,

3. K, = fhu, for some non-zero f € C*(M),
4. none of the above.

Notice that this resembles the classification of NC geometry in terms of the intrinsic torsion
measured by dt.
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Chapter 4

Non-relativistic expansion of
General Relativity

The goal of this chapter is to present the systematics of a non-relativistic expansion of GR,
following its description in the original work [46]. We start from a broader perspective by
presenting the general features of the expansion at the Lagrangian level of any parameter-
dependent theory for small values of the parameter. This was first studied in [45] precisely
in order to address the non-relativistic expansion of the EH Lagrangian, but the results are
completely general and have been subsequently used to obtain the ultra-local expansion
of GR [48]. As argued before, a non-relativistic expansion corresponds to a large speed
of light expansion or, more precisely, to an expansion around ¢ = 0. In particular, this
means that we will consider the most conventional! case of expanding in even powers
of 1/¢, and work under the assumption that all relevant fields are analytic in o. This
will allow us to perform the non-relativistic expansion of the Lorentzian geometry of GR,
after a suitable reparametrisation of the latter in terms of the so-called pre-non-relativistic
(PNR) fields. We shall see how Newton-Cartan geometry naturally arises from such an
expansion. Moreover, we will show that the underlying non-relativistic local symmetry
of the geometry obtained at each order of the expansion can be obtained by gauging the
Lie algebra expansion of the Poincaré algebra, truncated at the desired order. Then, we
shall make these geometries dynamical by applying our knowledge on general Lagrangian
expansions to the small o expansion of the Einstein-Hilbert Lagrangian, leading to the
notion of non-relativistic gravity. Finally, we propose an interpretation of a truncated
sector of the NLO theory as the non-relativistic magnetic limit of GR.

4.1 Generalities on Lagrangian expansions

Consider a Lagrangian £ that is a function of some fields ¢!, with I shorthand for all space-
time and/or internal indices, and their derivatives. We also consider an explicit analytic
dependence of the Lagrangian on a dimensionless parameter « (for example, through fac-
tors appearing in the kinetic or potential terms), and write £ = £(«, ¢, 8,@1 ). The fields
themselves can also depend on «, that is ¢! = ¢!(a,z), which accounts for an implicit
dependence in £. We shall assume that every ¢!(«, ) is analytic in « such that it admits
a Taylor expansion around o = O:

¢ (a,x) = P () + agi(z) + a’¢3(z) + O(a). (4.1)

! A study including odd powers of 1/c can be found in [31].
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Here, we take (ﬁé(:c) to be non-zero, factoring out any overall power of o when necessary.
Our goal is then to write our Lagrangian as a power series in « starting at some order
N € 7Z of the form

L, ¢,0,0") = o™ Lro + N Lyro + N Lxnro + O ), (4.2)

where all the a-dependence is in the prefactors.
In order to find the different coefficients in the expansion, we start by defining

L(e) = o NL(a, ¢, 0u9), (4.3)

which is by assumption analytic in a and such that its Taylor expansion around o = 0
starts at order zero

F(a) = £(0) + a£(0) + %E”(O) + 0@, (4.4)

The prime here denotes differentiation with respect to «, and we have

d 0 0l 0 00,6 0

IR . 4.
do = 9a T 90 06l T da 00,47 (4:5)
Therefore,
s A oL 04" OL 00,4 OL
L(a) —£(0)+a<aa+ ™ a¢1+ Do 90,07 _0+...
. oL dL(0) 1 0L(0)
=L(0 — ! ) 4.6
(HO‘(aa amo T V000 T 50,50 ) (4.6)
From this follows that the LO and NLO coefficients in the expansion (4.2) are given by
Lo = Lro($0, dusy) = L(0), (4.7)
. oL oL oL
— I N =20) = = =10 rZ~LO.
Lxro = Lnro ({5, 0ud; Yio1) = L(0) 5o oo T 01 20l + 8“¢188“¢6
oL 1 [0L10 Lo oL 1%
= =0 s )| = 4.
Oa la=0 + d)l |: 8¢6 K (8(6‘u¢{)>>:| Oala=0 + ¢1 GI ’ ( 8)

where the second-to-last equality holds up to a total derivative and in the last one we have
introduced
b _ 0Lo 4 ( 9LLo )
T ogy \0(8up) )

This is nothing but the LHS of the EOM for the LO field gbé in the LO Lagrangian L1,o. It
follows from (4.8) that such EOM are reproduced at NLO as the EOM of the subleading
field ¢! in the subleading Lagrangian Lxr,0. More generally, we define for every n € N

‘NE& _ 9Lnro 9 ILNLO
T o) "\o(ousth) )’

with the understanding that N°LO = LO. In this notation, the previous statement reads

(4.9)

(4.10)

(NLQ)  (LO
G G, (4.11)
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The NNLO Lagrangian can be obtained by an analogous calculation that yields, up to

total derivative,

1.
Lanto = Laneo ({67,040 Yico2) = iﬁ”(o)

1%L (Lo o (oL
el Ehea {0 (

o (o
a0 " 0(0,00) \ 9a

2802 la= o9l \ da
1 82ELO I J 82£LO I J a2ELO
+ = ol =0 4 209, 6] — 0 4 9,610,6 ]
2 [ Yoglos] - T oglooued) T 16(8@6)8(@@3)( |
4.12

One can easily see how the variation of the NNLO Lagrangian with respect to ¢4 yields the
EOM of the LO Lagrangian. Moreover, it can be shown that

0LNNLO _ 9LNLO

3¢ 5¢h

up to a total derivative. Therefore, the EOM of the NLO Lagrangian are all reproduced at
NNLO and we have the following equalities

(4.13)

(LO
o
N\
(NLQy oy
GI GI
N\ N\
(NNLO) (NNLO) (NNLO)
W g

The expansion can be extended through analogous calculations to include higher powers
in a. The recursive structure of the EOM holds beyond NNLO and is a general feature of
Lagrangian expansions: lower-order EOM are reproduced at higher orders. More precisely,
at each order in the expansion of the Lagrangian the only new set of EOM is the one
corresponding to qb{), while the variations with respect to subleading fields simply reproduce
the EOM of lower-order Lagrangians.

4.2 Pre-non-relativistic parametrisation

As we have mentioned, the first step in order to carry out the large speed of light expansion
of Lorentzian geometry is to parametrise it in terms of variables that are more suitable
for the expansion. This is accomplished by, first of all, splitting the Lorentzian vielbeine
in its temporal and spatial directions, in order to account for their different scaling with
c. This is a very logical step, in anticipation of the natural separation between time and
space that emerges in a non-relativistic limit. However, this PNR parametrisation also
requires the introduction of an affine connection different from the Levi-Civita one, as
well as expressing the relevant curvature objects in terms of it. As we will see, this PNR
connection is particularly adapted to the expansion due to its relation to the "preferred"
NC compatible connection (3.33) that we introduced in Section 3.3.1.
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4.2.1 Pre-non-relativistic fields

Let us consider the relativistic vielbeine fields E“A and their inverses E* 4, characterising

a (d + 1)-dimensional Lorentzian manifold. Here, p = 0,...,d are spacetime coordinate
indices and A = 0,...,d are frame indices. We then have the following orthonormality and

completeness relations
E E'p =043,  E/E'A=04. (4.14)

As we said, the time and space components of the vielbeine and their inverses should scale
differently with c¢. Therefore, we need to carefully choose the overall factors of ¢ in these,
if we want every field expansion to start at order ¢. To this end, we introduce a ’timelike’
one-form T}, and vector V# defined through the relations

1
EMA = (CTM7Eua), ENA — <—CVN7E;U«G> , (415)

where a = 1,...,d is a spatial frame index. We can then rewrite the orhonormality and

completeness relations (4.14) as
T,vt=-1, T,F',=0, VIE, =0, E,S "E'=0d, E,/ E".=7d,+V"T,. (4.16)
From the spatial vielbeine and their inverses we can build the following symmetric tensors,
M, := 6B, "E,°, " .= §EH, EY,. (4.17)

We shall refer to the fields 7, V#, 11, and II"V as the pre-non-relativistic fields. They
satisfy the following orthogonality and completeness relations,

TVt =1, T,I1" =0, VM, =0, L1017 = 0, + VT, (4.18)

as follows from (4.16). Note that II,,, and II*” have a degeneracy spanned by the directions
of V# and Tj,, respectively. In particular, they are not invertible, but they can be thought
as projective inverses with projector defined by

PY, =8+ VT, (4.19)

so that II,,II?” = P”,. We can now write the Lorentzian metric tensor g,, and its inverse
g"” in terms of the PNR fields,

G =napE, EP = AT, T, + 11, (4.20a)

1
g = ABEH B g = — VIV T, (4.20b)

Similarly, for the factor \/—g appearing in the integral measure we write

V—g =cE, E .= \/— det(=T,Tp + Ilap). (4.21)

The vielbeine and their inverses transform under diffeomorphisms and LLTs that pre-
serve nap on the frame bundle according to

0B, = L=E," + A'BE,5, (4.22a)
SEF A = L=EF 4 — AP 4BV, (4.22b)
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where Z* is a diffeomorphism-generating vector field and A4p, with Ay = —Aga is
the generator of infinitesimal LLTs. Introducing the rescaled gemerators A® = cA%; and
A, = cA%, and using (4.15), we find that the PNR fields transform as follows under
diffeomorphisms and LLTs,

6T, = L=T), + ¢ >N E,°, (4.23a)
51_[/“, = LEHMV + QAGT(#EV)G’, (4.23b)
SVH = L2VF 4+ A“EF,, (4.23¢)
SIIMY = LeTIM 4 2¢ 72NV HEY) (4.23d)

where we have used that the spatial vielbeine transform as

0E," = L=E," + A°T, + AE,°, (4.24a)
§E!y = LsBFy — Ao My + ¢ 2 A VH. (4.24b)

Notice that one could be tempted to conclude that the pair (7,,II"") is a NC pair in
the sense of Section 3.3.1, but it is not because of the transformation laws in (4.23), which
are nothing but LLTs. Of course, this comes as no surprise since the vielbeine that compose
the PNR fields are Lorentzian.

4.2.2 Pre-non-relativistic connection and curvature

As we shall see later, the PNR parametrisation of the metric tensor in (4.20a) greatly
simplifies the non-relativistic expansion of GR. Following our starting assumption (4.53),
such expansion will require to rewrite GR in terms of fields the small o expansion of which
starts at order ¢® with unconstrained leading order fields. However, the leading order term
of the metric in the form (4.20a) is not unconstrained, as it is bound to be a product of
two 1-forms. In order to proceed, it is therefore necessary to write the whole Einstein-
Hilbert Lagrangian in terms of the PNR fields. To do so, we will first need to find an
appropriate PNR parametrisation of the Levi-Civita connection and see how this translates
into a PNR parametrisation of the curvature tensors. In each case, this will make the
explicit ¢ dependence due to (4.20) obvious.

For the purpose of what follows, it will also prove convenient to introduce a connection
different than the Levi-Civita one, that we call the pre-non-relativistic connection and define
by

C, = —VP0,T, + %HPU (0T + ATl — 95 TL) (4.25)
Note that this is a torsionful connection with torsion given by
(%)
T, = 20[’;“/] = VT, (4.26)
where we have defined the two-form
Ty = 20y, T)). (4.27)

After these considerations, we can now write the Levi-Civita connection

1
Ui = 59" (Ougvo + 0v9uo — Do guw) (4.28)
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as

I, =c CP + CP 42 Cﬁ,,, (4.29)
where
C’p —C’p —|—SW, (4.30)
and
(=2) -
Cﬁy = T(qu Tau)v (431&)
1
Sﬁ,l/ = 5 (T/.LV - 2T(/,L£VT1/)) ) (431b>
) 1
Cﬁy = ivaVH,ul/- (4.31C)

(0)
Note that we have split C7,, in (4.30) in order to relate Cf, to the PNR parametrisation
of the Levi-Civita connection. The extra factor Sﬁy accounts for the fact that the PNR

connection is torsionful while the Levi-Civita one is not. Indeed, 28& = VPT,, so that
(0)
Cl, is torsionless, as it should.

The PNR connection is particularly useful for calculating covariant derivatives, that
we denote by V. It is also useful to consider the Riemann tensor associated to the PNR

(©)
connection, that we denote by R,,,?, and its usual contractions. The covariant derivative

with respect to the PNR connection satisfies

(9] (9] (<)

1 (9]
V#Ty =0, V#HVP =0, VHV” = §HVpEVHpH, V#H,jp = T(Vﬁvnp)l,. (432)

The vanishing of the coviariant derivatives of 7}, and II*” is to be interpreted as a PNR
version of the metric compatibility condition satisfied by the Levi-Civita connection.

The Ricci tensor R, associated to the Levi-Civita connection takes the following PNR
form

5 (=2) ©) PC) RC)
R, = A RW + 2 R+ Ry +c¢ Ry +c " Ry, (4.33)
where
(=4) 1 \
Ryy = LTI N T T, (4.34a)
=2 (©)(=2) (—2 (
Ry, = quw + c)1 Sy Cf)’ Sp, — Ci SPA — 2CM ny, (4.34D)
©) ©) 2)) @) 2)) 2> L ©
@) © @
R, =V,Ch,, (4.34d)
@)
R, = 0. (4.34¢)

Let us stress again the fact that we have not yet performed any large speed of light ex-
pansion. In expressions (4.29) and (4.33), all we have done is to rewrite the Levi-Civita
connection and its associated Ricci tensor in terms of the PNR fields, and then collect to-
gether the terms that scale equally in powers of ¢~2. Before moving on to the PNR version
of the Ricci scalar (which is what we are interested in since it enters the EH Lagrangian),
some comments are in order.
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Stokes’ Theorem and PNR connection Consider a D-dimensional Lorentzian mani-
fold M with boundary M and Levi-Civita connection I'},,,, to which we associate a covari-
ant derivative V. The trace of the Levi-Civita connection is given by

I, =9, (logv—g) , (4.35)

from which follows that, for any vector field X* on M,

\/l_igau (V—gX*"). (4.36)

This last expression followed by an integration by parts is enough to prove Stokes’ Theorem,

V,XH =

/dDm\/—gVMX“:/ dPra/=yn, X", (4.37)
M oM

where n# is the unit vector normal to the boundary and 7 the determinant of the induced
metric on the boundary. The RHS of (4.37) is a boundary term, which can usually be set
to zero in an action integral. Since this whole reasoning is what allows us to neglect terms
of the form /—gV,X* that appear in Lagrangian densities, it follows that this need not
be true when working with a general (possibly torsionful) connection. For instance, the
analogue version of (4.35) for the PNR connection reads

Cl, =0y (logE) — LyT,. (4.38)
This in turn modifies (4.36) to
© 1
VX" = Z0,(EX") = XLy T, (4.39)
(@)

Using that LyT, = V*T),, = —T",,, we realise that the extra term is indeed due to the
fact that Cf, has non-zero torsion. Thus, the analogue of Stokes’ Theorem in this case
reads

)
/M dPzE <VNX“ + TWV“X”> = /8 y dP Lo/ —yn, X (4.40)

The PNR parametrisation of the Ricci scalar R = g"” R,,,, can be obtained from (4.20a)
and (4.33). In the process, it is convenient to use the following identities

(—2) 1
MRy = STV, T, (4.41a)
(=2)
VFVYR,, =0, (4.41b)
MV(O) MV(C>
"R, = "Ry, (4.41c)
(0) (©)
VEVYR,, = VEVYR,,, (4.41d)
(2)
"R, =0, (4.41e)
(2)
VEVYR,, = 0. (4.41f)

All of the identities above, except for the first one, only hold up to a total derivative, in
the sense of ) ©
E@(EX”) =V, X! +T,VFX", (4.42)
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explained in the previous remark. For this to work one first needs to realise that the
objects in (4.31) are all tensors. Therefore, the Ricci scalar associated with the Levi-Civita
connection has the following PNR parametrisation

2 )

(©) 1
R = J I T, Tyo + 7 Ry — 5VVY Ry, (4.43)

This expression, as well as the PNR version of the measure (4.21), are all the ingredients
we need to write down the PNR parametrisation of the EH Lagrangian.

4.2.3 Einstein-Hilbert Lagrangian

Let us start discussing the dimensionful normalisation of the EH Lagrangian. The dimension
of the line element does not change when writing the metric in PNR form, so its dimension
is still L? with L denoting length. This means that T, dz" has dimensions of length (with
our choice of units ¢ = 1) and II,,, dz*dx” has dimensions of length squared. Regarding the
measure Fdtd%z, it has dimensions of TL%, with T denoting time. We then take the EH
action to be
3
167Gy

Spg = / dtd?z/—gR, (4.44)
where the unusual overall power of ¢ (opposed to the most common in the literature c¢*)
accounts for the fact that there is an implicit factor of ¢ in \/—g. We are now equipped
with all the ingredients to write down the EH Lagrangian as a function of the PNR fields
and connection. In particular, using (4.21) and (4.43), we find that the EH Lagrangian can
be rewritten as

EEH = CGZEH(Uv T: H7 a)? (445)

where
E 1 UV TTPO ,LLIJ(C) 2y 1 u(c)
Torce \ G T T T + 0TV Ry = 0 VIV Ry ) (4.46)

This is the form of the EH Lagrangian to which we will apply the results of Section 4.1.
Note that in (4.46) we have factored out the overall power of c®, coming from the fact that
R is order ¢ and /—g is order ¢, following (4.3). We emphasise one more time that no
large ¢ expansion has been performed yet, meaning that the Lagrangian (4.45) is completely
equivalent to the usual EH Lagrangian and describes the same physics as GR. The PNR
parametrisation, however, makes the ¢ dependence of the theory explicit by accounting for
the different way in which time and space components scale with c¢. Indeed, one can for
example wonder how the Einstein field equations (EFEs) look in PNR form. Of course, the
usual Einstein tensor G*”, being defined as the variation of the EH Lagrangian with respect
to the metric tensor, is no longer a "valid" object in the PNR parametrisation. Instead, we
introduce the tensors Ef, and EZ’, defined implicitly by

EEH =

b

_ 1
8mG N

2

ILpm = E <Eg5TH + E’é”éHW) : (4.47)

Let us also consider the coupling to some matter fields ¢ described by a Lagrangian L, =
Ly (o, ¢,0,¢) starting at order ¢N. We can now consider a variation of £; with respect
to the PNR fields and write

5Ly =cNE ( E" 6T, + ;E]*‘W”5HMV> : (4.48)
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Then, we have the following PNR analogue of the EFEs
Ef =8rnGncNOEY,, BN =8rGneNTOBY. (4.49)

One can also find an analogous version of the divergencelessness of the usual Einstein tensor
due to diffeomorphism invariance of the EH action. Indeed, considering the variations

5ET;L = EET,u, 651_[#1/ = EEHWM (450)

of T,, and II,,, under a diffeomorphism generated by = and requiring é=Lry = 0 (up to a
total derivative) yields the following identity

(©) ©) 1
T, <Vu + ﬁvTH> Eg + 1L, <V# + EVT}L> Egy + EZYTM) + §Tpng'£VHW =0. (4.51)

To obtain this result, we have used the following identity
LaXPtn,, |, =EOV XMt
— VB XtV ER XM
—ZoTH g X Pt EOTR2 g X B (4.52)
+ Vi EOXM o Vi, BOXI
BT gy XFUHr g 4 BT oy XU g

which holds for an arbitrary tensor X#1#r, , and any torsionful connection with asso-
ciated covariant derivative V and torsion 1%,

4.3 Large speed of light expansion

In the following, we carry out the actual large ¢ expansion of the Lorentzian geometry of
GR. In analogy with (4.1), our starting assumption is that all the relevant fields (PNR
fields, diffeomorphism-generating vector fields, LLTs...), denoted generally by ¢’ (o, ), are
analytic in ¢ such that they admit a Taylor expansion around ¢ = 0,

¢ (0,2) = ¢'(0,2) = ¢h(x) + 091 (x) + o>Ph(x) + O(c®). (4.53)

Expanding the PNR fields and their transformation laws will elucidate how NC geometry
arises from Lorentzian geometry. In particular, at LO one finds that the expansion results
in a NC metric structure, which will eventually result in TTNC geometry when we put the
theory on shell in Section 4.4, while type II TNC geometry emerges at NLO. We shall also
show how the latter can be obtained by gauging the level one expansion of the Poincaré
algebra.

4.3.1 Vielbeine and metric

Assuming that the PNR fields enjoy a Taylor expansion around o = 0 of the form (4.53),
we can write them as

T, =7, +omy + 0B, + O(c?), (4.54a)
M = hyy + 0@ + 02, + O0(c?), (4.54D)
Vi =ovt 40 (U”Upmp - e”“bvpﬂpb> + O(0?), (4.54c¢)
" = b + o <2hp(“v”)mp - hﬂphw’@m) +0(0?), (4.54d)
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where we have used the following expansion for the spatial components of the vielbeine and
their inverses,

E =e," +om, " + 0%k, + O(c?), (4.55a)
Et,=¢e!y+0o (v“epamp - e“bepaﬂ'pb) + O(c?), (4.55b)
and defined
Py =0apep e, (4.56a)
RV =5t eV, (4.56D)
D =20ape(, )", (4.56¢)
Vv :=0ap (Wuaﬂ'yb + 2e(ua/£y)b) (4.56d)

Note that we have not introduced new variables for the subleading terms in the expansions
of V¥ EF, or II" since these are determined through (4.18) by the leading order terms
and the subleading ones in the expansion of T),, E,* and 1I,,. For the metric tensor and
its inverse (4.20), this means that they are large ¢ expanded according to

g#ll = —027'“7'1/ + B'u,y + O'(i),uz/ + 0(02)7 (457&)
G = B — o (T + WP E,,) + O(c?), (4.57b)

where we have introduced the tensors

hlw = h’#ll — QT(MWLV), (4.58&)
ot =" — h'Pmy, (4.58D)
(i);w =, — mymy, — 2B(,T,). (4.58¢)

The LO fields in (4.54) satisfy the following orthogonality and completeness relations, ob-
tained by expanding (4.18) and collecting terms at leading order,

Tl = —1, T, =0, v'hy,, =0, huph?™ = 0, 4 v"1,. (4.59)

4.3.2 Newton-Cartan geometry from Lorentzian geometry

We see from (4.57) that the LO terms in the expansion of the metric and its inverse give
rise to a degenerate metric structure given by 7,7, and h*”, which has a degeneracy of
degree one. It then follows from (4.59) that

ker h = span{t}. (4.60)

As argued before, (7,,h"”) is not a NC pair until they realise the transformation laws
resulting from local Galilean symmetry. To see how these arise from the diffeomorphisms
and LLTs of GR, we expand in small ¢ the diffeomorphism generating vector field Z* and
the generator of infinitesimal LLTs A5 as

=Mt ot 4 O(0?), (4.61a)
A =\ 4 on® 4 O(0?), (4.61b)
A% = X% + op®y + O(0?), (4.61c)
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where recall that A® := cA%. We interpret this as &* being a vector field generating
diffeomorphisms, while (* generates gauge transformations acting on the subleading fields
m,, and 7,*. As for the LLTs, we interpret the expansion as giving rise to a local Galilean
boost parameter A® and its subleading version n® and to a local spatial rotation parameter
A%, and its subleading version p%,. This follows from the fact that taking the non-relativistic
limit of a Lorentz boost yields a Galilean boost.

We can now expand (4.23) and (4.24) according to (4.54) and (4.61). Collecting terms
order by order in o will then yield the transformation laws that implement the corresponding
non-relativistic local symmetry of the resulting geometry at each order in the expansion.
At leading order, for instance, we obtain a geometry defined in terms of the pair

(7 B,
with projective inverses (v*, hy,). Moreover, we can also expand the PNR connection (4.25),
so that its leading order term is given by

wlo=0 —

. 1
Chi = Cpulyg = =0"0uTs + 5H7 (Qubus + Dby = Dohy). (4.62)

Its associated covariant derivative operator V then satisfies

V=0,  V,h"" =0, (4.63)

as follows from the LO expansion of (4.32). Therefore, it satisfies the NC metric compati-
bility conditions (3.29).

The LO fields then transform under diffeomorphisms and local Galilean transformations
according to

07y = LeTy, (4.64a)
ShH = Leht”, (4.64b)
vt = Levt + Ny, (4.64c)
Oy = Lehyw + 21,0, (4.64d)

where )\, := e,%)\, and using that the spatial vielbeine transform as

de,” = Leey® + A7, + A%e’, (4.65a)

det'y = L+ Aalety, (4.65D)

as follows from truncating (4.61) at LO and substituting in (4.23) and (4.24). The transfor-

mations (4.64) reproduce the ones in (3.27), from which we conclude that the large speed
of light expansion of the Lorentzian geometry of GR yields NC geometry at LO.

Let us now see what is the geometry that arises at NLO in the expansion. In this case,

from the expansion of (4.23) one obtains that the LO fields transform as in (4.64) and
(4.65). For the subleading fields in the expansions of the vielbeine we find

dmy = Lemy, + LT, + Aaey”, (4.66a)
Om,® = Lem,® 4+ Lom,® + Amy, + 1°7, + A%, + p%hel. (4.66b)

In some contexts, it is preferable to work with the Milne boost invariant quantites v*, fLW,
®,,, and ® appearing in the expansion (4.57) of the metric and its inverse. For completeness,
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we also record here their transformations properties

5o = Lev — WP LeT,, (4.67a)
Shy = Lehyy — 27(,L¢Ty), (4.67D)
6Py = LePpuw + Lchyuw, (4.67¢)

58 = Le® — 0" LT, (4.67d)

Notice that these fields are also invariant under local spatial rotations and subleading
tansformations with parameters n* and p%,.
If we now write, without loss of generality, the subleading diffeomorphism generating
vector field ¢* as
¢t = —=Qv* + W' (,, (4.68)

we can then rewrite the transformation for m,, and use (4.66b) to obtain the transformation
for ®,,,. This yields

dmy = Lemy, + Ay + 0,2 — Qay, + 207 (:0),7,, (4.69a)
(SCI)W, = qu)'uy + 2Xq (T(Mﬂ',,)a + m(ue,,)a) + 277(16(““7',/) + QQKIW + 2?0@), (4.69D)

where a,, is the torsion vector for the connection (4.62), i. e.,

ay, = 2(7[’;@ = —20°0), 7y = LTy, (4.70)

and we have introduced the extrinsic curvature

1
K, = _iﬁvh/w- (4.71)
Therefore, the result of expanding Lorentzian geometry at NLO is a geometry realised by
the fields

(Tps P sy, i ®),

or alternatively,
(Tua hH", My, (I)uu)a

transforming as described above. If we compare this to type I TNC, we immediately
realise that the expansion gives rise to one extra field, namely 7,* or ®,,. In addition, the
transformation rule for m,, in (4.69a) does not coincide with the one in (3.65) corresponding
to type I TNC geometry, unless 7, is closed. Indeed, notice that in this case the last two
terms in (4.69a) vanish due to d7 = 0 and using (4.70). The geometry arising from the
large speed of light expansion of Lorentzian geometry at NLO is therefore different from
type I TNC and it is precisely the one we introduced as type II TNC geometry in Section
3.3.3. Next, we shall elucidate what is the underlying symmetry algebra of this geometry.

4.3.3 Poincaré algebra

We have seen in Sections 2.4 and 3.3.1 how Lorentzian and NC geometries can be elegantly
obtained by gauging their corresponding symmetry algebras. It is then natural to study
the large ¢ expansion of the Poincaré algebra itself, which was first considered in [44] and
subsequently in [10, 46], by means of the method of Lie algebra expansions [23, 60]. We
will perform such expansion and then show that the gauging of the level one expanded
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algebra yields the relevant geometric fields of the type II TNC geometry emerging from the
expansion of Lorentzian geometry at subleading order.

We start by considering the Poincaré generators Tt = {H, P,, K, Jap} as in Section
3.1. It is now convenient for our purposes to make the factors of o explicit in the structure
constants of the Poincaré algebra. With this consideration, the commutation relations
(2.72) become

[H7 Ka] = Paa [Jabapc] :5acpb_5bcpa7
[Paa Kb] = 00apH, [Jaba KC] = 0acKp — 0pcKa, (472>
(Ko, Kp] = —0Jap,  [Jaby Jed] = SacTbd — Obead — adJoc + ObdJac-

We can then write the Cartan connection taking values in the Poincaré algebra as
1
Ay =T Al = HT, + P,E," + Kaw, " + iJabwu“b, (4.73)

where the Lorentz boost connection w,® and the rotation connection wlﬂb correspond to
the splitting of the usual Lorentz connection wMAB appearing in (2.73). Assuming that they
admit a Taylor expansion like (4.53), we can now expand in large ¢ each of the components

I
A
I~
AL =Y o"A" (4.74)
n=0
On the algebraic level, this means that we obtain the new generators
T =T, ® 0", (4.75)

where n > 0, n € N, is called the level. The set {Tl(n)}nzo generates a graded Lie algebra
g = D,> 9n in which A, takes values,

A, = iT}”)fﬂf . (4.76)
n=0
The graded algebra g has the following non-zero commutation relations
|10, K| = P, IS5, PO = 0PI — 8y P,
P K | = G, G K| = Gk < 8 KO, (4.77)
K B | = =Gy, IS TS| = 260 + 20005,

For a given level L, the subalgebra @, ; g, C g is an ideal of g, and we can define

oL = g/@ o’ (4.78)

n>L
which is a graded Lie algebra itself. Notice that quotienting out all the generators with
level n > L amounts to truncating the small ¢ expansion of the Poincaré algebra at order
L. In this way, we find from (4.77) that go has the following commutation relations

[H(O), Kgo)] _ pO), |:J(§2)7 p(O)] = 5P — 5,.PO),

[

P00 =0 K] =k ) am
K, K] =0, I ID] = 0T = 00T ) = 8aa iy + a2,
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thus being isomorphic to the Galilean algebra (3.2) through
HO —H, ~ PO=p, K9G, JVe (4.80)

At the next level, we find that g; is generated by the four generators of gg plus four
extra generators:

N:=HD — T,:=PD  By=K®V — Sy:=J) (4.81)

a

satisfying the following non-zero commutation relations

] - 5(1ch - 6cha7

[H,Go] = Pa,  [Jabs

[Pay Gb) = 6abN,  [Sabs Pe] = 6acTh — pcTas

(Ga, Gyl = —Sap,  [Sab, Ge| = 6acBy — 0peBa, (4.82)
[H,B,) =T, [Jabs Jed] = SacTvd — ObeJad — adbe + ObdJac

[N,Go| =T, [Jabs Sed] = dacSbd — ObeSad — dadSbe + ObdSac;

where X, € {P,,Ta, Go, B,}. This is exactly the algebra (3.78) that we introduced without
any further motivation as the one encoding the local symmetries of type II TNC geometry.
Notice that N enters the commutator of P, and G} as in the Bargmann algebra (3.9).
However, N is not central in this case as follows from [N,G,] = T,. In particular, the
Bargmann algebra, which is the underlying local symmetry algebra of type I Newton-Cartan
geometry, is not a subalgebra of g;. As we anticipated in Section 3.3.3 and shall now see
in detail, gauging the algebra g; yields the relevant fields and transformations properties
of type II TNC geometry [43]. Altogether this yields a more algebraic perspective on the
difference between type I and type II TNC geometry.

We start the gauging procedure as always, by taking a cartan Connection A, taking
values in gi:

1 1
A, = Hry+ Pae,® + Nmy, + Tom,” + Gaw,” + BoQ,* + §Jabwu“b + 5S,V.LbQ,f“’, (4.83)

with associated curvature given by

Fu =0,A, —0,A,+ A, A)]

= HR,,(H) + P,Ru*(P) + NRuw(N) + T,Ru(T) + . .. (4.84)
The connection transforms according to
ONAy = OuN + [Ay, Al = Hopty + Padne,” + Noamy, + Tpoam,* + .., (4.85)
where A € g; is infinitesimal and can be written as
A= BET 4 Pl + N(Emy 4 (i) + TulEmie + 0P+ GolEh 430
.86

a a a 1 a a 1 a a a
+ Ba(€Q" + P +0%) + S an(€w ™+ X) + 5 San (€1 + e+ p"),

where &* and (* are two non-zero vectors. Notice that there is no loss of generality here,
since this is a linear combination of the generators with general coefficients. These are
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however written in a way adequate to our interests, as will now become clear. Indeed, we
can now define a new set of transformations by

07y = AT, — "Ry (H), (4.87a)
de,* = one,* — "R, (P), (4.87b)
dmy, = dymy, — &Ry (N) — ("R, (H), (4.87¢c)
omy® = 0am,* — &Ry (T) — VR “(P). (4.87d)

We then use (4.86) to compute the adjoint transformation of A, in (4.85) and collect the
corresponding adjoint transformations d of 7,, m,, e,* and 7,%. Plugging these in (4.87)
yields

0Ty = LeTy, (4.88a)
dmy, = Lemy, + Loty + Aaey”, (4.88b)
Sep® = Lee,® + A7, + A%e,.0, (4.88¢)
Om,® = Lem,® 4 Lom,® + Amy, + 1°7, + A%, + p%eld, (4.88d)

which are exactly the transformations (4.64a), (4.65a) and (4.66) expected for the corre-
sponding fields of type IT TNC.

We have thus seen that type II TNC can be understood as the geometry arising from
gauging the non-relativistic algebra g;, in the same way that NC geometry can be un-
derstood as the geometry arising from gauging the non-relativistic algebra gg, i. e., the
Galilei algebra. It seems reasonable to conclude that this holds at any order in the ex-
pansion, namely that the local symmetry underlying the geometry of the N"LO expansion
of Lorentzian geometry is given by the algebra obtained from the level n expansion of the
Poincaré algebra.

4.4 Non-relativistic gravity

In this section, we apply the results discussed above as well as those discussed in Section 4.1
to the EH Lagrangian of GR. In the same way that making Lorentzian geometry dynamical
yields GR, we refer to the theories arising from making non-relativistic geometries dynamical
as non-relativistic theories of gravity. The expansion of the EH Lagrangian up to NNLO,
as well as the obtention of the corresponding EOM and the study of matter couplings was
presented in [46]. Here, we shall mainly focus in the LO theory, whose EOM will simply
constrain the underlying NC geometry to be TTNC geometry, and write down the NLO and
NNLO Lagrangians as follow from the general framework of Section 4.1. The procedure,
however, can in principle be extended to any desired order up to computational complexity,
so we shall highlight some of its general aspects.

Our goal is therefore to study the Lagrangian arising from expanding according to
(4.54) the PNR fields appearing in the PNR form (4.45) of the EH Lagrangian. Following
the notation introduced in Section 4.1, setting a = o, the small ¢ expansion of the EH
Lagrangian will yield a theory

Lrn = (Lro + oLnro + Lanto + O(c?)) (4.89)

depending on the fields

d)é = {T,ua h,ul/}a qb{ = {m,u? (I),uu}a ¢£ = {Bua ¢ul/}> (4'90)
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with I € {1,2}. In analogy with (4.10), we define the EOM of 7, and h,g in the N"LO
Lagrangian (n € N) as?

(N"LO) 8mG N | 0LN 1,0 OLN"LO
. — = = 4.91
G € [ okrs On <a(au7a))] ’ (4.912)
(N"LO)
aB 167TGN aﬁNnLo 8EN"LO
N _ it Nl 4.91
Gi 2 e o ()| o)

where e is the leading order term in the expansion of the PNR integration measure (4.21)
given by

e:= \/— det(—7u1y + huw), (4.92)

and acting as the Galilean boost invariant measure of both type I and type II TNC geometry.
Similarly, for the subleading fields m, and ®,, we define

(N"LO) 8nGN | 0LNmLO 0LN"L0
GY = — — _— 4.93
" € [ Ome, g (8(8;/’7104))} 7 ( 2)
(N"LO)
1 n n
G = 6mGn [OLNmLO ) ILN"LO 7 (4.93b)
e | 0%, 9(0,%.5)

and analogously for the NNLO fields B, and 9.

The LO Lagrangian L0 will depend only on the LO fields 7, and h,,,, while the NLO
Lagrangian will also depend on the subleading fields m,, and ®,,. In general, at N"LO there
are 2(n+1) fields, and hence 2(n+1) EOM. The recursive structure of the EOM discussed in
Section 4.1, however, implies that only 2 new EOM appear at every order in the expansion,
the remaining 2n being those corresponding to the EOM of the N*~'LO Lagrangian. More
precisely, at every order n the only new pair of EOM to solve is

(N"LO) (N"LO)

G =0, @.=o, (4.94)

The recursive structure of the EOM up to NNLO is summarised in the following diagram:

(LO&B (LO)
Go Go
Y A
(NLO) (NLO) (NLO) (NLO)
af af
Gy Gy T m
V4 7 N\ N\
(NNLO) (NNLO) (NNLO)
(NNLO) (NNLO) (NNLO)
afB aff afs a « «
G G Go G Ge Gy,

4.4.1 LO theory: on shell TTNC geometry
Let us now study the LO Lagrangian. Using (4.7) and (4.46), we find

EF 1 e 1
1T, , T, = —hH*¥ pPe Vo
me UU:O 167Gy 4 TupTva

£LO = ﬁLO(Tv h7 8) =

- 167Gy 4 (4.95)

2Notice here the inclusion of some prefactors in the definitions of the EOM, following the notation
introduced in [46].
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where we have defined

Tuw = 20,7, (4.96)
The corresponding EOM are then given by
(LQ; 1 Qv po 1 Qv po 1 —1 Qv po
G = §h hP° TupTvova + §auh h?%1,, + ¢ (e hPt,,) = 0, (4.97a)
@o 1 1
G = — g M T o h® - SHE R 7T = 0, (4.97b)
where we have used 5 9
ve _ __on e _¢ B 4.98
o, s ohy, 27 (4.98)
as well as 9 Op
T o (mpav) — _pplapBv 4.99
OTq, v ’ Ohag (4.99)
If we now contract (5.94a) with 7, we find
(LO)
0= G%7a < MW7 7,5T00, (4.100)

which can be written as a sum of squares. Indeed, since
Ty = (A7) o, (4.101)
we can write, for any spacetime vector fields X* and Y*,
dr(X,Y) := (d7) W XHY". (4.102)
In this component-free notation, we can expand the RHS of (4.100) as
Y P T 5 Tye = 5ab(50dd7(ea, ec)dT(ep, eq) = dr(eq, ep)dT(e?, eb), (4.103)
after renaming dummy indices. Therefore,
YR T,y =0 = d7(eq,ep) =0,

uaeob

which, upon multiplication by e , yields

" P 7, = 0. (4.104)
. . . (Lo
Notice that this automatically sets G" to zero.

We will now show that the condition above is equivalent to the TTNC condition TAdT =
0. With this purpose, let us first note the following equivalence:

dr=aANT <<= 7TAdr =0, (4.105)

where the first implication is straightforward from the anticommutativity and associativity
of the wedge product and the converse can be obtained by writing down each side of the
equivalence in components. Now, we use that any given two-form A, can be written as

Auu = _2T[u’UaAou/} + hﬂphl,oAga, (4.106)

with
AP? = hOPRP7 A g, (4.107)
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as follows from the last equality in (4.59). In particular, for A,, = 7, this means
T = 20’[#7-1’] + huphuo’TSl)U, (4108)

where we have also used (4.70). The LO EOM then imposes 7{° = 0 and we have proved
the first implication in

huyhpg’i'w, =0 <~ 8[”,,} = A[uTy)s (4.109)

the converse being obvious from the orthogonality of A*" and 7,. Of course, the RHS here
is simply the condition d7 = a A 7 written in components. Putting everything together, we
have proved the following chain of equivalences:

MWt =0 <+ dr=aAT <= TAdr=0. (4.110)

We conclude that the EOM of the LO Lagrangian constrain the NC geometry resulting
from the LO expansion to be TTNC geometry. Therefore, on shell we have a foliation of
the NC spacetime in hypersurfaces of simultaneity.

4.4.2 NLO and NNLO Lagrangians

We can now write down the Lagrangian of the NLO theory as follows from (4.8). First,

we need to calculate the partial derivative of (4.46) with respect to o evaluated at o = 0,

which reads ~
0o

The remaining terms in (4.8) are just the EOM for the LO Lagrangian of the leading
order fields contracted with the corresponding subleading fields (together with the adequate
changes to account for the prefactors introduced in (4.91)), and we obtain

F HW(C)

o 167Gy W

e

= R R, 4.111
o 167Gy . ( )

roo € (Ypwn G Ly (G (4.112)
NLO 87GN \ 2 pr = Mpbar = 58wy |- .
This theory is referred to as Galilean gravity [46] and was previously studied in [8] with a
first-order formalism. As a first approach to the study of its dynamics, it can be instructive
to consider a truncation of the NLO theory obtained by setting the subleading fields m,,
and ®,, to zero by hand:

e .
= MR, . 4.113
mu=®,,=0 167Gy v ( )

LNLo

This truncation no longer reproduces the EOM of the LO theory, but the resulting EOM
for 7, and h, are simpler than those for the full NLO theory. We shall come back to this
truncated NLO theory in Section 4.4.3.

As for the NNLO theory, we can now write down what (4.12) means for the EH La-
grangian (4.46). In this case, we need the second derivative

9*L10 E

()
- " ymyrR,| =-
do? | ._, 8GN "o 8GN

" 0Y Ry (4.114)
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Now, using that L1,0 does not depend on the derivatives of h,, we get

e 1 . L) 1w
LNNLO = — e (21’“UVRW + BuGY + §¢WGZ >
+167T1GN {m“ (81 ~ % (Wim))) * P (Wiu ~ % (59(3;:8}%))” e B
L R et
2 2
O+ O

(4.115)

The study of this theory is beyond the scope of this work, but we would like to record some
of the additional results determined in the original work [46], in the sake of completeness.
The last two lines in (4.115) can be written as

e 1
T 167Gy <4FWFW + hi* h”"TquW) ) (4.116)

where X ,; is some arbitrary tensor and we have defined
Fuy =2 (9ymy) — agmy)) - (4.117)

Notice that any variation of eh*’h”°r,,X,, that is proportional to h*’h"’7,, will not
contribute on shell. It turns out that if one is only interested in the EOM for the LO and
NLO fields, the term involving X ,, as well as the terms involving the NNLO fields can be
ignored. This amounts to imposing the TTNC condition 7 A d7 = 0 off shell, by means of
a Lagrange multiplier L,,. The Lagrangian resulting from this considerations is known as
the non-relativistic gravity Lagrangian:

&
TAdT=0 + 327TGN

LNRre := LNNLO Lpah”phygij. (4.118)
This Lagrangian was first considered in [43], where it was obtained not from a large speed of
light expansion of the EH Lagrangian, but from gauge symmetry principles. More precisely,
it was there determined to be the unique two-derivative Lagrangian featuring all the gauge
invariances of type II TNC geometry.

Equipped with these Lagrangians, one can then find the corresponding EOM and study
possible solutions. It turns out that many of the canonical solutions of GR, such as FLRW’s
or Schwarszchild’s, can also be viewed as solutions of the NRG theory, showing that the lat-
ter is much richer than Newtonian gravity. Moreover, one can use the methods presented in
Section 4.1 here to perform a large speed of light expansion of a generic matter Lagrangian,
in order to find the EOM of NRG in the presence of matter. One can then focus on specific
matter Lagrangians like those corresponding to point particles, scalar fields, fluids or elec-
trodynamics, and study how they couple to non-relativistic gravity. Once again, we refer
the reader to the original work [46] for the details.

4.4.3 NLO theory and non-relativistic magnetic limit of GR

It has been known for many years that electromagnetism admits two distinct non-relativistic
limits accounting for electric and magnetic effects [7]. These are known as the electric and
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the magnetic non-relativistic limits, respectively. More recently, it was determined that
electromagnetism also admits two distinct ultra-local Carroll limits retaining the electric
and magnetic sectors, respectively [30]. Such two inequivalent Carroll limits were then
also studied from a Hamiltonian perspective for Lorentz-invariant field theories other than
electromagnetism, as well as for gravity® [55]. These were called electric and magnetic
Carroll limits, following the original terminology. Subsequently, they were considered for
field theories from a Lagrangian perspective in [24]. Finally, this picture was completed in
[48] by a successful Lagrangian approach to both the electric and magnetic Carroll limits
of gravity. In particular, it was shown there that the leading order action in the ultra-local
expansion of GR corresponds to its electric Carroll limit, while its magnetic Carroll limit
is equivalent to a truncated sector of the NLO theory.

Regarding the non-relativistic case, however, the picture of the corresponding electric
and magnetic limits of GR is still open. As we mentioned earlier, however, the NLO theory
(4.112) can be related to the action obtained from a first-order perspetive in [8] by taking
an appropriate non-relativistic limit of the EH action. Our goal is then to contribute to
this picture by proposing an interpretation of the truncated NLO theory (4.113) as the
non-relativistic magnetic limit of GR. More precisely, we show that the latter is equivalent
to a Galilei-invariant action obtained from a non-relativistic limit of the EH Lagrangian in
PNR form, which is obtained by mirroring the analogous procedure described in [48] for
the ultra-local case. This, in turn, is based on the methods considered in [24] for building
Carroll invariant actions from ultra-local Carroll limits of relativistic field theories.

We start by rewriting the PNR form (4.45) of the EH Lagrangian as

8 1 (©) 5 (©)
167-[-G E (4G“p’yUTupTyg + O‘HIUJVRMV — 0 V'U‘VVR/“/> 9 (4.119)
N

Ley =

where we have introduced
Grevo . — TIHlvIee] = qrlevrele (4.120)

The latter can be thought of as a symmetric bilinear form in the space of antisymmetrised
indices. Indeed, if we put

A=lup], n<p
then A=0,..., $D(D —1) — 1 and we can write
GPPYOT,, Ty = GABT, T},
The symmetry of GAB follows from the symmetry of TT#.
GBA _ qowe _ vlegrer) — il — AB.
We can define a projective inverse G, oo of G**77 by
Guvpo = Wyplle = 11,6, (4.121)

so that
GuupeGPo™M = PRPR, Pl =6+ VI, (4.122)

3Similar Carroll-invariant theories of gravity were obtained from gauging procedures in [50, 8]
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We can introduce an auxiliary antisymmetric tensor (#¥, which we take to be purely
spatial, i. e., such that (#*T), = 0. This allows us to rewrite the EH Lagrangian as

A © 1 ©)
Loon = 167TGNE T + 1 Ry = 5 (GW,WX“PX”" + V“V”R,W)] . (4.123)

with (" acting as a Lagrange multiplier. Indeed, one can verify that the EOM for ¢*¥ sets

2
P — %G%MTM. (4.124)

from which one recovers the EH Lagrangian in (4.119). Moreover, if we now take the
non-relativistic ¢ — oo limit of (4.123) we find

e
167G N

(CHPrup + hWRW) = ENLO‘ ¢ Tup-
(4.125)
Therefore, the non-relativistic limit yields the truncated NLO theory (4.113) plus a La-
grange multiplier term that on shell sets 7, to zero. But imposing this constraint in the
full NLO theory is equivalent to setting the subleading fields to zero by hand, as follows

from the fact that

L = lim 425, =
BT oo EH M= ,,=0 + 167G N

(LO)

), (LO&,B
=0 = G*=G%=0. (4.126)

This means that the theory L. obtained from the non-relativistic limit of E%H is equiv-
alent on shell to the truncated NLO theory (4.113), but with the advantage that it can be
made Galilei-invariant by an appropriate transformation law for (** under Galilean boosts.
In particular, when the latter is given by

S = =R RPITEN 7 + 20 R RO N 7, (4.127)
then Ly, transforms into a total derivative under Galilean boosts. Then, the action

1 D wo J 285
167TGN/d ze(CHPru, + W Ry) (4.128)

Sinag = / AP Lonag =

is Galilei-invariant.
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Chapter 5

Weak field limit of non-relativistic
gravity

In the previous chapter, we have shown how covariant formulations of different non-relativistic
theories of gravity! can be obtained from a non-relativistic expansion of GR, truncated at
the desired order. An interesting and natural subsequent step is to consider non-relativistic
gravity in the weak field limit, in analogy with the well-known weak field limit of GR.
The latter is obtained by considering the metric tensor to be a small perturbation around
the flat Minkowski metric and linearising the theory at first order in the perturbation. As
a consequence of this linearised analysis?, the Einstein field equations (EFEs) are greatly
simplified, which allows to obtain gravitational waves as an exact solution of linearised GR
(LinGR).

As argued in Section 1.2, the weak field limit of NRG provides a new framework for
the study of gravity under the two assumptions that relativistic effects are small and the
gravitational field is weak. Starting from GR, these assumptions correspond to taking
simultaneously the following two independent limiting cases: non-relativistic expansion and
weak-field limit through a linearisation. This can be summarised as follows:

-NR expanSiOH-
_

Linearisation

. Linearisation

!These correspond to the different Lagrangians obtained from the non-relativistic expansion of the EH
Lagrangian. In what follows, we shall use the term NRG in a wide sense, as the physics described by any of
these theories, and not as the name of the theory with Lagrangian (4.118).

20ne can of course perform a linearisation of GR around any given solution of the latter. From now
on, unless otherwise stated, it will be implied when we talk about linearising GR that we are referring to
linearising GR around Minkowski’s solution.
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The goal of this chapter is to explore the lower right corner of the diagram above, by
following the two natural routes towards it. The first one corresponds to considering the
non-relativistic expansion of LinGR, resulting in a theory that we call non-relativistic lin-
earised GR (NRLinGR). The second one corresponds to the linearisation of NRG around a
flat NC background, resulting in a theory of linearised NRG (LinNRG). Conceptually, we
expect the diagram to be commutative and the two theories equivalent, since they describe
the same physics.

With the ultimate goal of finding a formulation of the weak field limit of NRG that is
consistent with the two approaches, we start by studying the non-relativistic expansion of
LinGR at the Lagrangian level. This involves writing the usual metric perturbation in PNR,
form and finding what we call a perturbative pre-non-relativistic (PPNR) parametrisation of
the Lagrangian of LinGR. We then find the resulting Lagrangians at LO and NLO theories
in the non-relativistic expansion, as well as their EOM. Finally, we also comment on how
the usual choice of harmonic gauge in its PPNR form can be implemented to simplify the
EOM of the LO theory.

Next, we study the linearisation of the LO theory (4.95) around a flat NC background.
We show that the resulting theory is precisely the LO Lagrangian of NRLinGR. We consider
this a central result, and conjecture that the equivalence holds also beyond LO, although
it is then no longer manifest. Therefore, this result also suggests that our formulation of
NRLinGR provides an adequate framework for the study of the weak field limit of NRG.

5.1 Non-relativistic expansion of linearised GR

5.1.1 Linearised GR

Let us start by reviewing the linearisation of GR around the flat Minkowski solution.
This procedure, as well as the study of the resulting theory, can be found in any GR
textbook. There are therefore countless references on the subject, but we shall mainly
follow [13, 15, 71].

As mentioned above, the starting point for the linearised analysis of GR is the assump-
tion that the gravitational field is weak enough as to be described by a small perturbation
around the flat Minkowski metric?,

Guv = M + X |X,u1/| < 1. (5.1)
Here, we restrict ourselves to coordinate systems in which 7, takes the form:
N = diag(—c?,1,1,1). (5.2)

The idea is then that, given the smallness of x,,, we can ignore anything that is higher
than first order in this quantity or in its derivatives. In particular, this means that we can
take the inverse metric to be

g =" —x", (5.3)

with x*¥ = n*"n"? x o. It then follows that coordinate indices are raised and lowered using
n*" and 1), respectively. This means that we can interpret LinGR as a theory describing

3We depart from the usual notation for the perturbation of the metric found in the literature, in order
to avoid confusion with the leading order term h,, in the expansion of Il .
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a symmetric tensor field x,, propagating on a flat background spacetime. In particular,
the theory is Lorentz invariant and the perturbation of the metric transforms as

Xpv — Xp'v! = (A_1>'uu/(A_1)V;/X,uu> (5-4)

under a Lorentz transformation z# — 2 = A¥ pt.
With the considerations above, the Christoffel symbols of the Levi-Civita connection
are found to be

1
F,ZV = 5770)‘(@9(:/)\ + 8VX)\,u - 8)\X#V)' (55)

In particular, they are already linear in the perturbation. The terms of the form I'? in the
definition (2.4) of the Riemann tensor can then be ignored and we have

Ryuvps = W/\(apré,, - 8UF;)J\V)
- %(apa”xﬁ“’ + 05 0uXpv = 0500 Xpup = DpOpXow)- (5.6)
The Ricci tensor then becomes
Ry = 0" Rypuo
= %(808“)(01, +050uX7 , — OOy X — X)), (5.7)

where x := 7", is the trace of the perturbation and [J := 0“0, is the usual d’Alembertian
operator in flat space. Contracting again with n*” yields the linearised Ricci scalar,

R = 0,0,x"" — Ox. (5.8)

Finally, we can build the linearised Einstein tensor, which reads

1
G/“, = R#V - inNVR

= %(fhf%x"u + 050, X7, — 000X — OXpw — M 0p0ox” + 1 0x),  (5.9)
and satisfies the linearised version of the Bianchi identity for the full Einstein tensor,
0"G,, = 0. (5.10)
The linearised vacuum EFEs then read
%((%afx”,, + 050uX7 ), — 000X — OXpw — M 0p0o X" + nwlx) = 0. (5.11)

These EOM can also be obtained from an action principle, by varying with respect to x*”

the action

3

= 167G N

SIx] / dtd®e/ 7L (x, D), (5.12)

with

L0GOX) = = 5O B+ 5 Q)0 )~ 3 D) xp0)+ (@) @0)- (513

This Lagrangian is known as the Fierz-Pauli Lagrangian [32] for a free masless spin-2 field
Xuv Propagating on a flat background. Notice that we can take the integration measure to
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be the Minkowski one since any contribution of x,, to the measure would yield subleading
contributions to the Lagrangian. Notice also that we have explicitly included such measure
to stress the fact that it carries a power of c. More precisely, following our convention (5.2)
we have /—n = ¢, so that we can ignore the integration measure by adding an extra power
of ¢ in (5.12). For the sake of definiteness and consistency with our notation in Section
4.2.3, let us define the theory of LinGR as the one given by

Stmerly] = / dtd Lymar, (5.14)

with

A

Cuincn = g [~@)0) + BN ON") = F(OX)O"m) + 5000,

(5.15)
It is precisely this Lagrangian that we will expand in powers of ¢~2 to study the non-
relativistic expansion of LinGR. Note that, besides the powers in the prefactor, (5.15)
depends on ¢ through the implicit presence of 7, and its inverse, that accounts for all the
lowered and raised indices.
With these conventions, one can show that a variation

Xpv = Xpv + 5X,LL1/ (5.16)
leads to .
. — _ d uv 1
SSianor N =~ Jgog / A2 G 53, (5.17)

with G, as defined in (5.9). Notice that the minus sign here comes from the fact that
ogh” = —doxM, (5.18)

as follows from (5.3). In this way, the expression (5.17) is consistent with the usual definition
of the Einstein tensor as the response to the variation of the EH Lagrangian with respect
to the metric tensor?.

Besides a manifest Lorentz symmetry, the theory (5.14) has a gauge symmetry inher-
ited from the diffeomorphism invariance of GR. Indeed, under an infinitesimal change of
coordinates

ot — ot —gH, |EH < 1, (5.19)
the metric (5.1) changes by
09ur = LeGuw = L + LeXw = Oy + 0uép, (5.20)

where in the last equality we have used that the contribution of L¢x,, is subleading. We
can therefore interpret the infinitesimal coordinate transformation (5.19) as the following
transformation of the metric perturbation:

Xpv = Xpv T 8#51/ + 8V§,LL7 (5'21>

so that
OXpw = 28(M£V). (5.22)

4This sign convention is followed by [13, 71], but not by many references in the literature, e.g. [15], where
the Lagrangian in (5.13) is taken to have the opposite sign.
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Notice that the smallness of &* ensures that such a transformation is consistent with the
weak field approximation. It is straightforward to check that the linearised Riemann tensor
(5.6) is invariant under the transformation (5.21). This is in complete analogy with the
gauge transformations of electrodynamics, where a shift in the gauge potential of the form

Ay, = A, + D0 (5.23)

leaves the field strength F),, = 20|,A,; unchanged. At the level of the action, it follows
from (5.17) and (5.22) that under a gauge transformation like (5.21),

4

167Gy

04

122G, 01" = / Y22(0M G )€ = 24
/dtdeuﬁf TonGy | 22 Gu)e” =0, (5.24)

0SLinGR =

where the second equality holds up to boundary terms and in the last one we have used
the linearised Bianchi identity (5.10).
Returning to the analogy with electromagnetism, we know that Maxwell’s equations,

0"Fu = ju, (5.25)
take the particularly nice form
A, = j,, (5.26)

after imposing the Lorenz gauge condition
0"A, =0. (5.27)

The analogue of the Lorenz gauge in GR is the so-called harmonic® or de Donder gauge,
which in its linearised version is given by the condition

1
8“)(;”/ - 5&/){ =0. (5.28)

The harmonic gauge condition above simplifies significantly the linearised vacuum EFEs
(5.11), which reduce to the set of wave equations

1
_55)—(“” =0, (5.29)

where we have defined )

X}LV = Xpv — ianX’ (530)

5.1.2 PPNR parametrisation

The goal of this section is to write the Lagrangian (5.15) in a form that is suitable for
its non-relativistic expansion. Since we are interested in making contact with the theory
obtained when we linearise NRG, we shall rely heavily on the PNR formulation of GR that
we studied in Section 4.2. In particular, we will consider the PNR parametrisations (4.20)
of a general metric and its inverse in the specific case of the weak field metric (5.1), in order
to relate its perturbation x,, to perturbations of the PNR fields, and express Liingr in
terms of these.

5The name stems from the fact that in this gauge the coordinates are harmonic, i.e., they satisfy the
equation V¢V ,z" = 0.
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As a first step, it is convenient to rewrite Ly;ngr with the partial derivatives and the
perturbation of the metric appearing only with lower indices, as

4
327G N

Liincr(X,0x) = 0 " | = (0pxpo) (Buxas) + (03X ) (OpXno)

(5.31)
N %(auxna)(af)x'»\) + %(QUXVU)(OPX/\“) ’

In analogy with (4.20) and using (5.2), we can write the PNR parametrisations of 1, and
its inverse as

M = —C* 000 + Sy, (5.32a)
#Wz—é%%+#ﬂ (5.32b)
where we have introduced
Suv = 0ab0500, s = 590645y, (5.33)
satisfying the following relations:
Swof =0, SO0 =0,  s,,8" =0} — 056, = 5,00 (5.34)

Our goal is then to express the perturbation x,, of the metric around 7, in terms of
perturbations of the PNR fields T}, and 11, around 52 and s, respectively. And similarly
for the corresponding inverses and projective inverses. To this end, let us consider the
timelike and spatial vielbeine (and their inverses) to be given by

T, = 6%+ Ty, (5.35a)
B, =6+ E,", (5.35h)
VH = g + VA, (5.35¢)
EH, =M + EH,, (5.35d)

where hatted variables denote the corresponding perturbations and hence satisfy
PO \a a
|TM|7|V“’7‘E,U« |7’Eua‘ < 1.

If we now impose the orthogonality and completeness relations (4.16) to hold up to linear
order in the perturbations, we get

POy, VO =B B =T, BY%= B o0V 605, = 8T, + 0VE,"
(5.36)
In particular, this means that the perturbations of the inverse vielbeine are completely
determined by the perturbations of the vielbeine, since we can write

‘7‘“ = 55T0 + 55E0a, (537&)
Bl = 00T, — 8B, (5.37b)

62



Ignoring terms that are higher than linear in the perturbations, we can now write the
PNR fields and their projective inverses as

T, = 6% + Ty, (5.38a)
I, = S+, (5.38b)
VH = g + VA, (5.38¢)
I = M 4 TIM, (5.38d)
where we have defined
M = 20060, E,)", 1" = 25205 ), (5.39)

so that \ﬂW|, ]f[/“’ | < 1. We shall refer to the perturbations of the PNR fields as the PPNR
fields. Note that, imposing that the orthogonality and completeness relations (4.18) hold
at linear order in the PPNR fields, one has

VO =1y, % = —Tus“”, Iy, = V“SW, (5217” - supﬂp” = 56Tu + s’”’ﬂup.
(5.40)
It is also useful to realise that
Iy = 1% = 0, (5.41)

which follows from (5.40) by using s, = 0 and s*° = 0.
If the PNR fields are given by (5.38), then it follows from (4.20a) and (5.32a) that the
metric can be written, up to terms quadratic in the perturbations, as

G = My — 26260, Ty + T (5.42)

We shall refer to the expression above as the PPNR, parametrisation of the metric. If we
now compare it with (5.1), we find

Xpy = _2025?NTV) + ]f[ul/7 |XHV| < 1. (543)

This relation is very important for our purposes. It can be interpreted as a PNR parametri-
sation of the metric perturbation and will allow us to write Ly;ngr in terms of the PPNR
fields. Notice that there is no loss of generality here, the expression above is just the state-
ment that any metric perturbation x,, as defined by (5.1) can be interpreted as tracing
back to perturbations on the vielbeine EMA, which is ultimately a consequence of (2.26).

Similarly, using (4.20b) and (5.32b), we can write the PPNR parametrisation of the
inverse metric,

2 ~ N
g = 4 SV T, (5.44)
c
In this case, a comparison with (5.3) yields

2 .
X = —gég“v") —0m, e < L (5.45)

We have now all the ingredients to write the Lagrangian of LinGR as a function of the
PPNR fields. Indeed, plugging (5.32b) and (5.43) in (5.31), we have

Lringr = ¢ Lrinar(0; T, 11, 9), (5.46)
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with

g in 5T7 ﬂu = ( y y 2L 5C ) ) A4
Ly, GR(O' 8) 167G Lo+ oLli+0°Lo+0°Lg (5 7)
and
- 1 A~ A~
Lo = Zs“”spUTM,TW, (5.48a)

£y = 557 { 2(0,T1) Dy Tlop) + (D, T},) (GoTTujo)
+ (8[MT0})(8V12[PU) + (8qu>(3[0ﬂu]a) + (a,uT[O)(aVﬂp}a)

4 35 (@I 10) (0 TTre) + (BuTTp2) (04 Tu)0) + (DT, 12) 0Tl |
(5.

48b)
. . . 1 . . . .
Lo = sHsP? [(&/Hao)(amﬂp]o) + 5(301_1”[,;)(301_1”]0) — s"(00Tv)(0,11,0), (5.48c¢)
L3=0. (5.48d)
Note also that we have defined R R
Ty = 20,T,). (5.49)

Some of the equalities above hold up to total derivative. In particular, we have used that the
product of two partial derivatives with antisymmetrised indices yields only total derivatives
and hence can be ignored. For example, we have

S (O, 1) @ To) = 50y, (T Ty ) — D000 To = 0y (s Dy To) . (5.50)

where in the last equality we have used that s*” is constant.

The theory above, with the PPNR fields as dynamic variables, is at this stage completely
equivalent to LinGR. In particular, it has the same symmetries. This means that under a
Lorentz transformation z# — z# = A¥ px*, the PPNR fields transform as

Ty — T =N Th T — My = (A (AT, T, (5.51)

as follows from plugging (5.43) in (5.4). Similarly, the gauge symmetry (5.21) results in
M = M + 0,60 + 0,85, (5.52)

upon the same substitution and assuming that the dependence on ¢ of &" is of the type
(4.53).

In what follows, we shall carry out the large speed of light expansion of the PPNR
fields with the ultimate goal of obtaining the non-relativistic expansion of the Lagrangian
of LinGR, by applying the general results of Section 4.1 to the Lagrangian (5.46).

5.1.3 Large speed of light expansion of the PPNR fields

Assuming that the vielbeine perturbations admit a Taylor expansion around ¢ = 0 of the
form (4.53), we can write

T, = 7 + o1y, + 0B, + O(c%), (5.53a)
B =, + ort," + O(0?), (5.53b)
VH =ik + oit + O(0?), (5.53¢c)
Bl = ¢y +apty + O(0?). (5.53d)
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Substituting in (5.36) and collecting terms in powers of o we find

00 =79, 0" =e0" a=—Fa, €% =—0% 00" =01 =00+ 5.6, (5.54)
and

a’ =1o, A% =m0 Py = —tha, P%=—m%  OGRY—60p", = O+, (5.55)
It then follows that

o' = b7 + 6Féo”, (5.56a)

ey = —0h T, — Ohe,’, (5.56h)

At = 841 + 6H o, (5.56¢)

ply = —0h1ng — ' 7a?, (5.56d)

which implies that the fields appearing in the expansion of the perturbations of the inverse
veilbeine at a certain order in o are completely determined by those appearing in the
expansion of the vielbeine at the same order in o.

The expansion of the PPNR fields is found to be given by

Ty, = 7 + oy, + 0B, + O(c®), (5.57a)
M, = by + 0@, + O(c?), (5.57b)
VH =o' 4 o (410 + 0170) + O(a?), (5.57¢)
Y = 0 — o (25706 1, + 0577, ) + O(0?), (5.57d)

where we have used (5.39) and defined

hyw = 20a500,6,), (5.584)
b = 25905 mev), (5.58b)
Oy = 200500, 1) (5.58¢)

The leading order fields satisfy the following relations:

W=7, B =—Fus", hoy=0Msu, 00" — b = 047+ 5 hyp. (5.59)
The transformation properties of the fields resulting from the expansion of the PPNR fields
are obtained from expanding the Lorentz and gauge transformations of the latter. At
leading order, the expansion of (5.51) yields the usual Galilean symmetry. This is all we
will need in order to make contact with the subsequent linearisation of the LO theory of
NRG.

Notice that the expansions in (5.57) are all we need to carry out the expansion of the
Lagrangian (5.46). This is of course because 7, and its inverse don’t carry any further
powers of ¢ than the ones appearing in (5.32). Even if it is not necessary for our purposes,
let us write down the corresponding expansion of the metric perturbation and its inverse,
resulting from plugging (5.57) in (5.43) and (5.45), respectively:

Xpv = _2625?/1721/) + Buv + U(T);w + 0(02)7 (5.60a)
X,ul/ _ _BMV _ 0.(25(():“'13]V) _ SNPSVU(EPU) + 0(0-2)’ (560b)
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where we have defined

Py = hy — 25&@), (5.61a)
ot =" — sMPmy, (5.61b)
Bpr = Ppo — 28,07 (5.61c)

Let us finish this section with a comment about how the results above can be related
to those of Section 4.3. The expressions in (5.57) and (5.60) follow from our definitions
of the PPNR fields and their expansions, as explained above. However, they can also be
obtained in a more straightforward way by using the general results of Section 4.3 in the
particular case where the PNR fields take the form (5.38). Indeed, if we substitute there
the corresponding expansions at each side of the equalities, we can identify

Ty =0p + o, P = S + Py, (5.62a)

V= SR R = g (5.62b)

My = My, D, =D, (5.62c)

One can then verify that (5.57) and (5.60) can be obtained by substituting (5.62) in (4.54)

and (4.57), respectively, and keeping only terms that are at most linear in the perturbations.
In the last case, one needs to keep in mind that ¢g"” and x*" carry different signs, as follows
from (5.3).

5.1.4 LO and NLO theories

We shall now carry out the large speed of light expansion up to next-to-leading order of
the Lagrangian Lyi,gr in its PPNR form given by (5.46). The procedure again relies on
the general results of Section 4.1, and will therefore be completely analogous to the non-
relativistic expansion of the EH Lagrangian in Section 4.4. In this case, the expansion will
yield a theory

Liincr = ¢° (ﬁLo +oLnLo + (9(02)> ; (5.63)
depending a priori on the fields
¢6 = {ﬁu B,uu}a (b{ = {m,ua (i);w}a (5'64>
with I € {1,2}. We also define the EOM of these fields with respect to the N"LO (n € N)
Lagrangian by
(N"1.O) dLN"LO dLx"LO
2:=-8 — .
G4 7G N o7 oy o) || (5.65a)
(N™LO A n 8 n
G~ 1gry | 2580 0, Obxrio | (5.65b)
h Ohag 0(Ouhap)
(N"LO) ILNLO dLN"LO
G = -81GN | —— -0y | =——= 5.65
m N e\ 00 | | (5.65¢)
(N"LO s n ; n
G~ 1grgy | 250 0, OLxrro ) | (5.65d)
@ 0P, (0, Pap)

in analogy with (4.91) and (4.93). The recursive structure of the EOM up to NLO can be
summarised as
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(LO&B (LO)

(0%
h G
Y A
(NLO) (NLO) (NLO) (NLO)
o o @ @
Gy G GY  GY

Using (4.7) and (5.47), the LO Lagrangian reads

1 1 1 1

L1o = Lringr(0) = 167G 4 L — gV gPT

o I67Gy4 TupTue,

(5.66)

where we have defined
Ty i= QOWA’V}. (5.67)

Note that the LO Lagrangian is independent of h#" and its derivatives, and in fact depends
only on the derivatives of 7,. Of course, this comes as no surprise since Lo in (5.48a) only
depends on the derivatives of T The corresponding EOM are then given by

(LO) A 1

G% :=8rGNO, (%) = is“yspo‘ﬁuﬂp, (5.68a)
(LO

G%ﬁ = 0. (5.68D)

Let us now move to the NLO theory. Using (4.8) with the appropriate changes to
account for the prefactors in (5.65), the NLO Lagrangian is given by

1 ) 1 1
m, G L
- 871Gy M7 = G N < !

(LO)
8£L1nGR — muG¢> , (569)

Lo = Linar(0) = oo

o=0

o=

where in the first equality we have used (5.68b) and in the second one that

1 ~

OLLinGR _ 7
oo 167GpN !

Oo

(5.70)

0':0'

In particular, the NLO Lagrangian does not depend on ®,,, as expected. With these
considerations, one finds the latter to be given by

~

1 v oo . . . 5 .
e {2<aﬂmp><aw> + 200,75 @) + (a7 o)
)(8 hpc) ((%7%)(8[0}1,,}0) + (8u72[0)(avi1p]a)

+ @,
+ 55 (@l Ot + @) o) + Dudyia) Ou)] .
(5.71)

Lnro =
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up to a total derivative containing 772,,. Its EOM are then found to be given by

(NLO) o po . 1 . «
G = — 5[03 s [%Qoha]u 3 (8u}avhpa + auavhplff)]
, (5.72a)
4 g gP? (8,)8[”77%0] + 28pa[0ha],u> s
(NLO)
G — 5[(gtsﬁ)psw (2@‘@@] — 9,007y — auaﬁ,,]) + 5751 91, 0,7 (5.72b)
— S(Q [B)SM]V (2808,,‘7%/ — %s’)"ﬁu&,ﬂpa + ispaauapill/a)v
(NLO)  (LO)
Ge — G, (5.72¢)
(NLO) (LO
e - G%ﬁ_ (5.72d)

Notice that in order to complete the description of the NLO theory, we would like to have
a better understanding of its underlying symmetry resulting from the expansion of the
Lorentz transformations and diffeomorphism generating vector field in (5.51) and (5.52),
respectively. As argued in Chapter 6, this is left for future work.

5.1.5 Harmonic gauge

As argued before, the gauge freedom of LinGR inherited from the diffeomorphism invariance
of the full theory can be exploited to simplify the linearised EOM. It is therefore reasonable
to study how such gauge freedom can be used to simplify the EOM of the expanded theory.
In particular, we choose the harmonic gauge (HG) given by the condition (5.28), and focus
on how it can simplify the leading order EOM (5.68a). As shown in the diagram above, there
are two natural ways of implementing the choice of gauge to our formalism, depending on
whether we impose the HG condition before or after the PPNR parametrisation of Ly gR.
As expected, they turn out to be equivalent, and we shall comment on both.

HG
Lringr(x, 0x) —————— LES R (x, 0x)
Jast o~
= =
& &
o o

ﬁLinGR(Ta ﬂ7 8) H—G> EEIEGR(T, f[, 8)

Let us start by considering the PPNR version of the HG condition. To this end, let us
start rewriting the latter as

1
nupapx;ux = inupaux;zp- (573)

Substituting (5.32b) and (5.43) and collecting terms in powers of ¢? yields the following
equalities,

89, T, =0 = s"9,1,=0, (5.74a)
A A A 1 .

s 0,11, = 20, Tty — 6000y + 55" 0Ly (5.74b)

aoﬁo,, = O, (5.74C)
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which we interpret as the PPNR version of the HG condition. These can be plugged in
(5.46) to obtain the Lagrangian EESGR(T, ﬂ,@) of LinGR in HG and PPNR form. Since
we are interested in the LO theory, however, we shall focus on the term (5.48a), as it is the
only one contributing to the LO EOM. In this case, we have

6
HG 1 9y — _ © AHG
£Har(T11,9) = 15 (419 + 0(0) (5.75)
and we can use (5.74a) to find
~ ~ A 1 A A
HG v po v PO
Lo =0, T500 15| = 555" (0uT,)(00T5), (5.76)

where the last equality holds up to a total derivative. It follows that we can then write the
large speed of light expansion of (5.75) as

LilSar = SCLES + O(ch), (5.77)
where 1 1 1
FHG ~HG — = UV PO A A
Lio 7Gx Ly om0~ T6nCn 55" (OuT)(0vT5). (5.78)
The non-vanishing EOM at LO then read
(LO& aﬁgg aﬁgg 1 LY L po A
G% HG = —87TGN 87206 — au a(a'u%a) = 58 S 3M3V7p =0. (579)

Notice that we could have reached the same result in a more straightforward way by simply
imposing the relation (5.74a) in (5.68a). The approach at the level of the Lagrangian is
however necessary to compare to the situation resulting from imposing the HG condition
before the PPNR parametrisation. This is done by imposing (5.28) on the Lagrangian
(5.15), which up to a total derivative results in

A

CHfon (000 = 5o | 100000

~ 327Gy - ;(%X”")(@“xpa)] : (5.80)

Indeed, one can verify that a variation of this Lagrangian with respect to —y®? yields the
linearised vacuum EFEs in HG as given in (5.29). By writing (5.80) in PPNR form, one
recovers the expression

6
= 167Gy

LS R (1,11, 0) (£8¢ +0(0)) (5.81)
with ENEG given as in (5.76). In particular, after the corresponding large speed of light
expansion, the EOM for the LO theory is given again by (5.79), showing that it does
not make a difference whether the HG condition is imposed before or after the PPNR
parametrisation.

In summary, we have shown that the HG conditon allows to simplify the EOM of the
LO theory to

sM'sP*0,0,7, = 0. (5.82)
Noticing that
s 9,0, = 0"0y = V?, (5.83)

and using (5.59), the EOM (5.82) reduces to
VZhe? = 0. (5.84)
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5.2 Linearisation of NRG

Let us now address the linearisation of the theory resulting from the non-relativistic expan-
sion of GR at LO,

e 1
167Gy 4
More precisely, we consider a linearisation around a flat NC background®. Flat NC geometry
is characterised by the existence of global inertial coordinates [51], such that the clock form
and the inverse spatial metric can be taken to be

L10= P R T Tyer s (5.85)

(67, 5"), (5.86)

where s* = §%§H 0y . Alternatively, one can also think of it as the geometry arising from
the non-relativistic expansion of the flat space solution 7,, of GR at LO. The projective
inverses of (5.86) are given by

(756115 S/LV)a
with s, = 5ab(52(53.
Note that the pair (5.86) is a (trivial) solution of the EOM (4.97) of the LO theory. In
order to carry out the linearisation around this solution, we therefore consider a NC pair

(Tua h*)

with corresponding projective inverses (v*, h,, ), given by

Ty =00 + o, (5.87a)
R = MY 4 R (5.87b)
ot = =68 + oH, (5.87¢c)
Py = Sy + Py, (5.87d)

with |7, ||, oM, |iLw/| < 1. Imposing the orthogonality and completeness relations
(4.59) one obtains again the constraints (4.59), implying that also in this case the projective
inverses v and fzw are determined by those of 7, and B’“’, respectively. The perturbations
on the spatial metrics can be related to the following perturbations on the spatial vielbeine,

eﬂa — 5,3 + éﬂa’ (5.88&)
eh g4 o, (5.88b)

with [€,7,]é",] < 1, by
]Az;w _ 25“b5£‘“éy)b, B,uu — 25ab5?uéu)b‘ (589)

Before proceeding to the linearisation of the EOM of (5.85), let us first address address
the linearisation of the integration measure e, defined in (4.92). Up to first order in the
perturbations, we have

det(—=7,7 + hyw) = det (T — 200,7,) + hyu), (5.90)

5The linearisation of non-dynamical NC geometry around a flat NC background was already considered
in [41]
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where 7, = —000) + s, Putting A, := —25?“?',,) + hy,, and using that [|A,, || < 1, we
get

det(fap + Aap) = —1 — " A, + O(A?), (5.91)

which follows from Taylor expanding the matrix identity
det M = eTrlos M (5.92)

for M =71+ A. We then have

e = (147" Ay + 0(A2)"/?

=1+ %ﬁ“”AW + O(A?) =1 — 7o+ &,% + O(7%,8%). (5.93)
We can now obtain a linearised version of the EOM (4.97), simply by substituting the
expressions (5.87) and ignoring terms that are higher than linear in the perturbations.
In particular, it then follows from the discussion above that we can take the integration
measure to be the flat NC one e = 1, since any contribution of the perturbations to the
measure will yield terms at least quadratic in the perturbations. In this way, we find

(Lo(gé 1 17 (6%

7l = 3% 5 OuTvp, (5.94a)
(LO
Gfﬂ =0, (5.94D)

Note that these are precisely the EOM (5.68a) obtained from the non-relativistic expansion
of LinGR at leading order, showing that the two theories are equivalent on shell. We would
however like to show the two theories to be equivalent also off shell. To do this, we simply
need to consider the leading term in the perturbations of ﬁLO, which is also straightforward.
Indeed, substituting (5.87) in (5.85), we find

1 1
= 6 G Zs“”sp"f'upf'yg + subleading terms, (5.95)
TGN

Lro
where we have again used that the contributions of the perturbations to the measure yield

only subleading terms. We see that the leading order contribution of the linearised theory
is precisely the leading order Lagrangian (5.66) of NRLinGR.
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Chapter 6

Discussion and outlook

The main purpose of this thesis has been the study of the weak field limit of non-relativistic
gravity. To this end, we have presented a description of some non-Lorentzian geometries
that arise from non-Lorentzian local symmetries. In particular, we have studied NC geom-
etry and its extensions as the adequate geometric framework of non-relativistic physics, as
well as Carrollian geometry, as the appropriate geometric framework of ultra-local physics.
We have payed special attention to understanding both geometries in the more general con-
text of frame bundles. The generality of this approach blurs the initial conceptual barrier
between Lorentzian and non-Lorentzian geometry, since both can be described in terms
of G-structures but for different subgroups G <GL(D,R). The topic inevitably lies in the
interface between theoretical physics and mathematics, and as such its further development
from any of the two sides would most likely benefit the other.

We have presented a detailed description of the non-relativistic expansion of GR, and
how it gives rise to the recently discovered covariant formulation of non-relativistic gravity.
In passing, we have benefited from the duality between NC and Carroll geometry to gain
valuable insight on non-relativistic gravity by studying the even more recent covariant
formulation of Carroll gravity from an ultra-local expansion of GR. In particular, this has
led us to propose an interpretation of a truncated sector of the NLO theory in the non-
relativistic expansion as the non-relativistic magnetic limit of GR.

The main contribution of this thesis is the investigation of the weak field limit of non-
relativistic gravity. As we have previously argued, the latter can be approached from
two routes: a non-relativistic expansion of linearised GR and a linearisation of NRG. We
have explored both of them, giving rise to the theories of non-relativistic linearised GR
(NRLinGR) and linearised NRG (LinNRG). The equivalence between the two was expected,
but its non-trivial explicit realisation has been one of the main goals of this work. We have
succeeded in showing that the equivalence holds at leading order. More precisely, our
formulation of NRLinGR yields a LO Lagrangian that coincides with the one obtained by
considering small perturbations of the geometric fields of NRG at LO around a flat NC
background. We conjecture that the equivalence holds also beyond LO, although in this
case it is no longer manifest. The result therefore suggests that our formulation of NRLinGR
provides an adequate framework for the study of the weak field limit of NRG. This is very
relevant in that the study of NRLinGR beyond leading order seems to be simpler than that
of LinNRG. In particular, we have obtained the LO and NLO Lagrangians of the latter as
well as their corresponding EOM. These are also among the main contributions of this work.
Finally, we have also found a simplification of the EOM of its LO theory by considering a
non-relativistic version of the harmonic gauge condition of linearised GR.
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The results explained above open up a variety of interesting future research directions.
As a first further analysis, we would of course like to explicitly show the equivalence beyond
LO of the two paths to the weak field limit of NRG. As a first step in this direction, it
could be instructive to consider the linearisation of the truncated sector of the NLO theory
in the non-relativistic expansion of GR, that we have interpreted as its non-relativistic
magnetic limit. The obtention of the EOM and solutions thereof for this theory (outside the
weak field limit) is also something we would like to explore. Regarding the non-relativistic
expansion of LinGR, we would like to look closely on the symmetries of the NLO theory,
which requires the large speed of light expansion of the Lorentz and gauge transformations
of LinGR. Another obvious direction is the study of possible solutions to the EOM of the
LO and NLO theories. In this sense, the gauge fixed simplified version of the LO EOM is
a natural start. In particular, we would like to study solutions of NRLinGR. by considering
the linearised versions of non-trivial solutions of NRG, such as the Schwarzschild solution
of [44].

Another interesting problem to address is the study of the weak field limit of Carroll
gravity, to which we believe that the methods developed here should readily apply. In-
deed, the duality between the non-relativistic and ultra-local expansions of GR from which
NRG and Carroll gravity are obtained implies that our PPNR, parametrisation of the EH
Lagrangian could be mirrored in order to obtain a perturbative pre-ultra-local (PPUL)
parametrisation of the latter. This would eventually lead to an ultra-local expansion of
LinGR, that could then be compared with a linearised version of Carroll gravity.

On a conceptual level, we would like to understand better the relation between New-
tonian gravity and the weak field limit of NRG. The former is obtained from GR by the
so-called Newtonian limit, which is characterised not only by the assumption that the field
is weak, but also that it is static and that test particles are moving slowly with respect
to the speed of light. The last condition effectively removes relativistic effects from the
picture. Therefore, we expect the weak field limit of NRG to go beyond Newtonian gravity
as it allows for a time dependence of the perturbations of the geometric fields. Moreover,
the perturbation 7, of the clock-form can in principle give rise to a small amount of torsion
and hence local time dilation, which would also go beyond the absolute time of Newtonian
gravity.

Finally, a good understanding of the weak field limit of NRG could lead to an even-
tual study of its quantum version, thus providing a new way to access the non-relativistic
quantum gravity corner of the Bronstein cube in Fig. 1.1.
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