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1 Classical String Theory

The goal of this chapter is to understand the classical theory of infinitely thin relativistic

strings.

1.1 Action principle for the relativistic point particle

In this section we consider the action principle for the relativistic point particle. From
the action principle one derives the dynamics of a free relativistic point particle moving
in Minkowski space which should be familiar from the theory of special relativity. Our
formulations of the action principle will be generalized in Secs. and to the action
principle for the infinitely thin relativistic string.

For later convenience we consider the relativistic point particle in D space-time di-
mensions.

Notation: Position in D-dimensional space-time is z#, u = 0,1,2,...,D — 1. We also
write 2° =t and 7 = (2!, 22, ..., 2P71).

We consider motion in D-dimensional Minkowski space. What is the action for a
relativistic point particle? It should pick the longest proper time between two events.

Natural candidate is:

S=-m [ d (1.1.1)
WL

Here m is mass of the particle and fWL dl is the total proper time of the worldline (called
"WL”) of the particle which starts at the initial event F; and ends at the final event
E¢. One computes fWL dl by summing over the proper time for infinitesimal pieces of
the worldline. For a given infinitesimal piece of the worldline we have two infinitesimally
close events (t, %) and (t + dt, Z + d7) and dl is the proper time between these two events.

See Fig. [1] for illustration. In D-dimensional Minkowski space we have
di* = dt* — di® = (d2°)? — (dz")? — (d2®)* — -+ — (d2P™1)? = —pdatds”  (1.1.2)

Here we have set the velocity of light ¢ = 1. Note that in Eq. (1.1.2)) we used Einsteins
summation convention stating that we sum over repeated indices (which means we have

two hidden sums in —n,, dz*dz” over p and v). Here 7, is the metric of D-dimensional
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Figure 1: Tllustration of an infinitesimal piece of the worldline of a particle.

Minkowski space

100 0 0
010 0 0
00 1 0 0
. 1.13
o 000 1 0 (1.1.3)
0000 - 1

which is a D by D matrix that only is non-zero in the diagonal. Notice that in the above
we are considering a massive particle of mass m. The worldline is thus a timelike path

between the two events E; and E; which means that di? > 0 on the path.

1.1.1 Manifestly physical action

We can choose to make the parametrization & = Z(¢) in terms of the time coordinate t.
Then

2 2 di)* 2
dl* = dt* — (E) dt (1.1.4)
which gives
dl = dty[1 — (g)z = dtvV1 — 2 (1.1.5)
where we defined the velocity
7= g (1.1.6)

We can also write this as v* = dd—’f fori=1,2,...,D — 1. The action (1.1.1]) then becomes

tf
S = —m/ dtV1 — 2 (1.1.7)
t

i
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where ¢; is the time for the initial event E; and t¢ is the time for the final event F;.

The Lagrangian for the action ([1.1.7) is
L=-mV1— (1.1.8)

The relativistic momentum for the particle is

oL maut
o oLy 1.1.
b= T = (1.1.9)

with ¢ = 1,2,..., D — 1. The corresponding Hamiltonian is

, m
h=ptv'—L=—u—==F 1.1.10
v Vi (1-1.10)

which we recognize as the energy E of a relativistic point particle. From the Euler-

Lagrange equations
d oL 0L

—— = . 1.1.11
dt ovt  Ox* ( )
we find the equations of motion p
Di
=0 1.1.12

with ¢ = 1,2,..., D — 1. Thus, we see that the equations of motion corresponds to the
conservation of the relativistic momentum.

Advantage of the above formulation Eq. of the point particle action: Degrees
of freedom for the point particle are manifest, hence there are no auxiliary variables or
Lagrange multipliers.

Disadvantage of the above formulation Eq. of the point particle action: The
action ([1.1.7]) is not manifestly covariant - We have chosen a specific way to parametrize

the path of the point particle using the time coordinate t.

1.1.2 Covariant action

We now make the arbitrary parametrization of the worldline path using the parameter 7:

T — X*(7) (1.1.13)

This signifies a map from the worldline, seen as a one-dimensional space parametrized by
7, to what we shall call the target space: Namely our D-dimensional space-time which

we have chosen to be D-dimensional Minkowski space. See Fig. for illustration.
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Figure 2: Tllustration of an infinitesimal piece of the worldline of a particle.

Thus, a given value 7 is mapped to an event x* = X*(7) in D-dimensional Minkowski
space.ﬂ We use here capital X to distinguish the map X#(7) from an arbitrary point x*
in the target space (not necessarily on the worldline).

On the worldline we have

dX*
dXH* = ——d 1.1.14
dr T ( )
Thus I X
Iz v .
dl* = =y, dXPAX" = =1y, ————d7" = =1, X' X d7? (1.1.15)
where we introduced the notation
. dX*
XH = 1.1.16
dr ( )

Considering the worldline as a one-dimensional space parametrized by 7 we can thus

interpret nWX #X" as the induced metric on this one-dimensional space.

The action ((1.1.1)) becomes

S=-m dl = —m/dT\/—nu,,X“X” = —m/dr\/ —X?2 (1.1.17)
WL

where we introduced the notation

X? =, X"X"Y (1.1.18)

I Above we stated that the worldline is a timelike path between the events E; and E ¢. Hence 7 should
take values 7, < 7 < 75 where z*(7;) and z#(7s) are the two events E; and E;. For ease of notation we

imagine that the path is extended ad infinitum in the following, thus with 7, = —ooc and 74 = co.



In this parametrization the action is now manifestly covariant. The corresponding La-

grangian is

L=—-mV-X? (1.1.19)
The conjugate momentum is thus
oL m 77qu v
= = 1.1.20
P ke T e (1120
The Euler-Lagrange equations
d OL 0L (1.1.21)
dr oxXr  OXH o
gives the equations of motion
Pu =0 (1.1.22)

The above covariant formulation of the point particle gives the same physics as the for-

mulation of Sec.[1.1.1] To see this one chooses the particular parametrization 7 = t of the

worldline. Notice then that X°(7) = 7 which means that X is no longer an independent

function. Moreover, X° = 1 so that —X2 = 1 — 42 thus the action (T.1.17)) indeed reduces

to (CT9).

Consider now the symmetries of the action ((1.1.17)):

e Poincaré invariance: the action (|1.1.17)) is invariant under transformations

Xt — A XY 4

(1.1.23)

with 7, A", A" = n,, where A*, and ¢* are constants. This symmetry combines
Lorentz invariance and translational invariance. It is a global symmetry on the
worldline, in the sense that it does not depend on 7, so it acts the same everywhere

on the worldline.

Reparametrization invariance: the action ((1.1.17)) is invariant under transforma-

tiondZ
T — 7(7) (1.1.24)

under which X* transforms as a scalar
XH(1) = XMF) = X*(7) (1.1.25)

This is a local symmetry on the worldline, as its action depends on where you

are on the worldline. One can think of reparametrization invariance as a gauge

2Note that we require d7/dr > 0.



freeedom (since gauge transformations are local transformations that do not change
the physics). In that sense we can for example think of X°(7) = 7 as a specific

gauge choice.

Gauge-fixing and constraints

Comparing the covariant formulation of Sec. with the manifestly physical formulation
of Sec. we have one extra position, velocity and momentum: XV, X0 and po. But
the physics is equivalent. How is this possible? This is because the extra fields are

compensated by the local symmetry on the world-volume in the form of reparametrization

invariance (|1.1.24)-(|1.1.25)) that one can think of as a gauge freedom. This means that

there are more fields than there are physical degrees of freedom and that if one wants
a manifestly physical formulation, where all the fields corresponds to physical degrees of
freedom, one has to fix the gauge.

Going from the covariant formulation to the physically manifest formulation (|1.1.7))
corresponds to the choice of gauge X°(7) = 7 called static gauge. This immediately fixes
X% = 1 and one can check explicitly that the Lagrangian reduces to .
But how about pg? What fixes this when going from the covariant formulation to the
physically manifest one?

The answer is that one can derive certain covariant identities that we call constraints
in the covariant formalism. These can be thought of as constraints on the dynamics that
effectively reduce the D component of the D-momentum p, to D — 1 free components.
We now illustrate this with two examples of such constraints.

The first example is the so-called mass-shell constraint
p® =pupt = —m? (1.1.26)

This identity follows from ((1.1.20)). We see that it is a covariant equation both in the

sense that it is invariant under the reparametrizations ([1.1.24])-(1.1.25)) but also that it

is invariant under Lorentz transformations. Its physical interpretation is that the D-
momentum p,, should have the standard relation to the mass m of the particle.

We see that imposing precisely gives a constraint on the D components of
Py, thus giving D — 1 free components as in the physically manifest theory. If we choose
the gauge X°(7) = 7 we find in particular that p3 = m? + p* which is the square of the
relativistic energy and hence we can fix py in this gauge.

The second example involves the Hamiltonian of the covariant formulation. In the
physically manifest formulation of Section we found the Hamiltonian h = E. But

6



this is non-covariant. The Hamiltonian in the covariant formulation is given as
H=p, X"~ L (1.1.27)
Inserting and we get
H=0 (1.1.28)

This identity is known as the Hamiltonian constraint. We see that this is covariant in the

same sense as (|1.1.26]).

Choosing the gauge X° = 7 the covariant Hamiltonian H is related to h = E as
H = poX°+h = py+h = py + E. Hence the Hamiltonian constraint can be written
as po = —F which again is the statement that the time-component of the relativistic

D-momentum is equal to the relativistic energy of the particle.

1.1.3 Einbein action
The action has disadvantages as well:
e The squareroot in is difficult when quantizing the theory.
e The limit of m — 0 gives S = 0 hence it cannot be used for massless particles.

We introduce therefore yet another action for the relativistic point particle:

1 .

S=3 /dT(e_1X2 —em?) (1.1.29)
where e = e(7) is another field defined on the worldline known as the einbeinf| Notice that
while we added the field X°(7) in the covariant formulation of Sec. in comparison
to the formalism of Sec. (1.1.1)) we add here another field as well.

For m > 0 the equation of motion for e is 0L/de = 0 which gives

9 1

¢ =~ XX (1.1.30)

which shows that e? is proportional to the induced metric 77qu “X" on the worldline.
Inserting e = %\/——X2 in the action we get back the action (|1.1.17)). Thus, for
m > 0 the action (|1.1.29) is equivalent to . But in the new einbein formalism of
the action (|1.1.29) we have the advantages

3Tt is the one-dimensional analog of the vierbein which is an alternative formulation of the metric of

a four-dimensional space-time.



e No squareroot in the action.
e The limit m — 0 gives a finite action.

In addition the action ([1.1.29) has the same symmetries as those of the action (|1.1.17))
described above, i.e. the Poincaré invariance and reparametrization invariance. For the
Poincaré invariance e(7) is invariant. Instead for the reparametrization invariance ({1.1.24])

the X#(7) fields transforms as scalars (1.1.25)) while e(7) transforms as

e(r) = é(7) = (%) h e(T) (1.1.31)

Einbein action in flat gauge

In the Einbein formulation of Sec. we have yet another field e(7) on the worldline.
We already mentioned in Sec. that one gets back the covariant action by
imposing the equations of motion on e(7). However, there is another way to get rid of the
extra field e(7) that is reminiscent of what we shall be doing below for the string action.
Hence we go through it in detail here.

The action ([1.1.29)) is invariant under reparametrizations ((1.1.24]), (1.1.25)) and (1.1.31)),

which we can think of as a gauge transformation. It is clear from the transformation
(1.1.31)) of e(7) that we can pick a gauge in which

e(r) =1 (1.1.32)

We call this flat gauge since it means that the metric on the worldline of the particle is
flat. In this gauge, the action ([1.1.29) becomes

]‘ 2 2
5_5/617()( —m?) (1.1.33)

Since we have now fixed e(7) = 1 we cannot get the equation of motion for e(7) from the
action (|1.1.33)). Hence, the equation ((1.1.30]) has to be imposed as a constraint equation

X? = —m? (1.1.34)

Clearly the action (|1.1.33) has momenta p, = WVX Y. Hence the constraint equation
can alternatively be written as p? = —m? that we recognize as the mass-shell constraint.
This provides an alternative covariant formulation of the relativistic point particle action

with the same number of physical degrees of freedom as the manifestly physical and

covariant formulations in Secs. [1.1.141.1.2] The action ([1.1.33) has the advantages that it

8



is manifestly covariant with respect to Lorentz transformations, and that the equations
of motion are very simple
P =0 (1.1.35)

which are easily solved in general as X#(7) = p#7 + a* with a* constant. The small price
of these advantages is the non-linear constraint (1.1.34)) that requires p?> = —m?.

1.2 The Nambu-Goto action

In this section we introduce our first formulation of the action principle for infinitely thin
relativistic strings. We do this in analogy with that of the covariant formulation of the
relativistic point particle of Sec. . In that formulation we have the map from
the one-dimensional worldline to the D-dimensional target space. The action then took
the form ([1.1.7)). Note that we consider the string to be infinitely thin which means we
do not allow for finite-thickness structure of the string, just as we consider particles to be

points in Sec. [[.1] This is not a limitation as we aim to describe fundamental strings.

1.2.1 The map from worldsheet to target space

An infinitely thin relativistic string spans a two-dimensional surface in the D-dimensional

space-time. Thus, we can think of such a string as a map
(1,0) = X¥(7,0) (1.2.1)

from what we call the worldsheet, being a two-dimensional space parametrized by the
two coordinates 7 and o, to the target space, which here is taken to be D-dimensional
Minkowski spaceﬁ The map X*(7,0) is also known as an embedding because we are
embedding a two-dimensional space into a higher-dimensional space. The map is
in analogy with the map for the point particle case. We have illustrated the map
in Fig. B

Later we shall also use the notation

=7, =0 (1.2.2)

for the worldsheet coordinates. We shall be thinking of 7 as the worldsheet time and

correspondingly ¢ as a spatial direction on the worldsheet. This means concretely that

4Note that when we talk about the worldsheet we mean both the two-dimenisonal surface of the string
embedded in the target space as well as a two-dimensional space that exists independently of the target

space. The latter point of view will be promoted more below.

9



%
X
Figure 3: Tllustration of the map of the worldsheet to the target space for a string.

for constant o the map should map to a time-like curve (or a null curve) while for
constant 7 it should map to a space-like curve in the target space.

Since 7 is considered the worldsheet time we take it to have the range from —oo to oo.
Instead for the spatial coordinate o we consider two distinct situations: That X#(7,0) is

periodic in o, or that it is not:
e (Closed string: A configuration where
XH*(r,0 +2m) = X¥(1,0) (1.2.3)
i.e. where X* is periodic in o, is called a closed string. See illustration in Fig. [

e Open string: A configuration where we require 0 < o < 7 and X*(7,0) # X*(7,7)

for at least one p is called an open string. See illustration in Fig. [4]

2 Z.
3 X
A dosedl ﬁfrlnﬁ o=T
open S’[’ffnﬁ
‘ o=0 «
X 7 X

Figure 4: Tllustration of a closed and an open string.
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We note that one can always pick the period of o to be 27 for closed strings due to
reparametrization invariance of the worldsheet (see below). The same holds for picking

the interval [0, 7] for the range of o for the open string.

1.2.2 Action principle for strings

Above we have described the geometry of a string. But we need to introduce a dynamical
principle. For the relativistic point particle described in Sec. the dynamical principle
is to extremize the length of the worldline as realized by the action ﬂ Naturally,
the dynamical principle of the infinitely thin relativistic string should be to extremize the
area of the worldsheet. The analogue of the action is

S = —T/ dA (1.2.4)
WS

Here dA is the area element for an infinitesimal piece of the worldsheet (abbreviated
"WS”) and T is the tension of the string. Tension is measured as mass per lengthﬁ

To compute fws dA we need to consider the metric of space-time restricted to the
worldsheet. Differentiating the map we get

DG oXH oxX#

XH = = « 1.2.
d 57 dr + 5o do oEa d¢ (1.2.5)
Hence 93k 9
v a 3-8 a,j¢eB
M dXPAX = 1, G G dEE” = e (1.2.6)
where we defined
oXHoXY

YaB = nuua_é.aa_gﬁ (127)

and o, 8 = 0,1. We see from this that ~,s is the induced metric on the worldsheet from
the metric 7, on the target space. Considering the infinitesimal square piece of the
worldsheet with corners (€9, &%), (€0 +d€0, &), (€9 +d€0, €1 + d€r) and (€°, & + d¢r) it has

the area
dA = devdet\/— det y (1.2.8)

Here det vy is the determinant of 7,4

detfy = YooY11 — 731 = XQXIQ — (X . X/)2 (129)

®More precisely, it maximizes the proper time.
61f one has a closed string with fixed length L then fws dA=1L fWL dl and m = T'L hence the action

(1.2.4) reduces to (1.1.1). In Minkowski space one cannot have a string with fixed length but it is possible

when one has a compact direction in the target space.

11



where we introduced the notation

(1.2.10)

as well as X - X/ = nw,X“X’”.

Thus, we can conclude that the action for infinitely thin relativistic strings is

S = —T/d%/—det — —T/d2§\/(X-X/)2 — X2X7? (1.2.11)

This is known as the Nambu-Goto action for strings. It is the analogue of the action

(1.1.17)) for the point particle.

In Planck units with A = ¢ = 1 mass has unit of inverse length. Hence tension has

unit of inverse length squared. One defines therefore

T_

=52 (1.2.12)

where [, is known as the string length. Sometimes one also writes [2 = o’ (this is ”old
school” notation). In some sense one can regard [s as the only parameter of string theory

(more on this later).

1.2.3 Symmetries

The Nambu-Goto action ([1.2.11]) has the following symmetries:
e Poincaré invariance: the action (|1.2.11)) is invariant under transformations
XH — A XY 4 (1.2.13)

with 7, A", A" = 1,, where A*, and ¢ are constants. This symmetry combines
Lorentz invariance and translational invariance. It is a global symmetry on the
worldsheet, in the sense that it does not depend on 7 and o, so it acts the same

everywhere on the worldsheet.

e Reparametrization invariance of the worldsheet: the action ([1.2.11)) is invariant

under the transformations
(r,0) = (7(7,0),6(r,0)) (1.2.14)

One can also write it more compactly as £* — é‘”‘(é’). This is a local symmetry on

the worldsheet in that its action depends where you are on the worldsheet.

12



Just like in the case of the relativistic point particle one can think of the reparametriza-
tion invariance of the worldsheet as the " price” one pays for having a covariant formulation
of the string. The reparametrization invariance can be thought of as gauge invariance,
hence fixing 7 and o in terms of the X#(7,0) corresponds to a choice of gauge. Con-
nected to this, the string has two more fields than in a manifestly physical formulation.
Later we shall see this explicitly when using the so-called lightcone gauge. The number
of physical fields is thus D — 2 rather than D.E] When working in the covariant formalism
one thus needs two independent constraints to get from D to D — 2 physical fields. The

two constraints are

MI-X'=0, I>4+7°X?=0 (1.2.15)

where or
- = 1.2.16
= % (1.2.16)

is the momentum density of the string.

1.3 The Polyakov action

The Nambu-Goto action (|1.2.11]) for the string has the disadvantage of the squareroot,
just like for the covariant action ([1.1.17)) for the point particle. The squareroot is a
problem when quantizing the theory. We got rid of the squareroot for the point particle

2

by introducing the extra field e(7) in the action (1.1.29) where e(7)? was seen to be

proportional to what one could think of as the metric on the world-line. The action for

strings analogous to ((1.1.29) is the so-called Polyakov action.

1.3.1 Introducing the Polyakov action

The Polyakov action for infinitely thin relativistic strings moving in D-dimensional Minkowski

space is

2

where we introduced the two by two matrix of fields on the worldsheet g,s(7,0) with

T
Spallg, X] = == / =990, X" 05X 0,0, (1.3.1)

o, = 0,1, as well as its inverse matrix ¢g*’(7,0). Since we require that Jap 1s symmet-
riC gag = gsa it corresponds to three extra independent fields on the worldsheet. We

introduced also the notation g = det(g,s) and the short-hand notation for worldsheet

"This is analogous to the point particle case where the number of physical fields is D — 1 rather than
D.
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derivatives

_ 9
o€~

We interpret the new field g,s5(7,0) as the metric on the worldsheet. Note that the

analogue of the Polyakov action for the point particle is the Einbein action ([1.1.29)).

Oa (1.3.2)

We find the equation of motion for g,z by varying the action

T

1
0Spol = ) /d2§ (—5\/—ggagg”587X 0 X + V=90, X - 8ﬁX) 5g°° (1.3.3)

We used here §,/—g = —%\/—g 9apdg®®. Thus the equation of motion for g,s is given by
%gaﬂg%avX - 05X = 0,X - 93X. One can check that this is fulfilled if and only if there

exists a function A(7,0) on the worldsheet such that

gaﬁ = )\(T, 0)2701[3 (134)

where 7,3 = 0,X - 03X is the induced metric on the worldsheet defined in Eq. .
Using this one finds /=g g*?9, X - 95X = /— det v y*’v,5 = 2/— dety hence inserting
this in the action we get back the Nambu-Goto action . Thus, the Polyakov
action is classically equivalent to the Nambu-Goto action. We will have to revisit this
equivalence again when going to the quantum theory.

There is another interpretation for the variation of the action with respect to g.gs.

Interpreting g, as the worldsheet metric one defines the energy-momentum tensor as

47 (SS 1
Tog = ————— 20 1.3.5
s /_g 5ga6 ( )
This is known as the worldsheet energy-momentum tensor. We compute
1
Tos = 27rT(8aX 05X = S9a59"0, X - &;X) (1.3.6)

However, the other interpretation of the variation of the action with respect to g,z as

giving the equation of motion for g,3 now tells us that this is zero
Tog =0 (1.3.7)

This becomes a constraint equation for the Polyakov action when one chooses a gauge
for gos. Thus, just as we learned in the point particle case, whenever we introduce new
fields in the formalism all the while we still want to describe the same physics, we get a
number of constraints in the theory that ensures that the new fields are restricted in such

a way that the same physics comes out. For the classical string theory above, we see that
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this indeed is the case. Compared to the Nambu-Goto action (|1.2.11]) we introduced the
new fields g,p in the Polyakov action ([1.3.1). From this action one gets the constraint
equation that is solved by which when inserted into the Polyakov action
(1.3.1) gives back the Nambu-Goto action ([1.2.11)). We emphasize again that this is an

equivalence between actions that at this point is only true at the classical level.
1.3.2 Symmetries
The Polyakov action (|1.3.1]) has the following symmetries:
e Poincaré invariance: the action (|1.3.1)) is invariant under transformations
XF 5 AP, XY 4t (1.3.8)

with 1, A*,A”, = 1,, where A*, and ¢* are constants. This is a global symmetry

on the worldsheet.

e Reparametrization invariance of the worldsheet: the action (1.3.1)) is invariant under

transformations
£ = €°(¢) (13.9)
Under this transformation the fields X*(§) transform as a scalars

XH() = XM(€) = X*(€) (1.3.10)

while gn5(€) transform as a two-dimensional metric

. o 08
9ap(&) = Gap(§) = % 088

This is a local symmetry on the worldsheet. Note that if we interpret the world-

975(8) (1.3.11)

sheet as a two-dimensional space-time with coordinates £* and metric g,5 then the
reparametrization invariance of the worldsheet is nothing but the diffeomorphism

invariance of the two-dimensional space-time on which there lives D scalar fields

XH(E).

e Weyl invariance: the action (1.3.1]) is invariant under the so-called Weyl transfor-

mations
gaﬁ(f) — gaﬁ(g) = Q(§)2ga5(§) (1.3.12)

while X#(£) stays the same and the coordinates £* are not transformed. Thus, Weyl
transformations acts only on the metric g,g. This is another local symmetry on the

worldsheet.
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We see that the Polyakov action has the same symmetries of the Nambu-Goto
action ([1.2.11]) - namely the Poincaré invariance and the reparametrization invariance of
the worldsheet - but in addition also the Weyl invariance. Weyl transformation of the
metric preserves angles but not lengths. Indeed, if we look at two small line elements d&*
and déa (one can see them as vectors when taking the zero length limit) then the angle

between them is .
JapdE®dE”

V19asdE*dEPT\ [ |gasdédé?|

which is seen to be invariant under Weyl transformations (|1.3.12]).

cos = (1.3.13)

1.3.3 The Polyakov action in flat gauge

As we now shall see, the diffeomorphism invariance and Weyl invariance of the Polyakov
action exhibited in Sec. are important since they enable us to make gauge
choices for g, that simplifies the action while still keeping the same physics as the Nambu-
Goto action . Seen from this point of view the Nambu-Goto action itself corre-
sponds to a gauge choice (1.3.4)). The motivation for fixing a different gauge for g,z is
that the equations of motion as derived from the Nambu-Goto action are highly
non-linear and thus complicated to solve. Furthermore, the non-linearity means that it is
an interacting theory which makes it highly difficult to quantize it.

Later we shall see that in going from the classical theory to the quantum theory the
symmetries of the classical theory can be broken. This is known as an anomaly. It will be
important for us to avoid anomalies when quantizing the theory since otherwise we will
not preserve the equivalence to the physics of the Nambu-Goto action.

Let us now see the power of diffeomorphism and Weyl invariance. Consider first a

general two-dimensional metric

Jap = (goo gm) (1.3.14)

go1 911

The metric only has three independent fields since it is symmetric. One can now use one
coordinate transformation to eliminate go; = 0 and another to set go9 = —g11. Thus using
diffeomorphism invariance we can - at least locally - get any two-dimensional metric to

be of the form
Gop = €**1ap (1.3.15)

where ®(&) is a function of the worldsheet and where we defined the two-dimensional
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Minkowski metric

Mg = <_(1) ?) (1.3.16)

The gauge choice is known as the conformal gauge.

As an interlude we note that we have just argued that any two-dimensional metric can
be transformed to be of the form . One says that any two-dimensional metric is
locally conformally flat.

We can now employ the Weyl invariance as well to the worldsheet metric
. Choosing € = e~® we get the even simpler worldsheet metric

Jap = Tapg (1317)

corresponding to a two-dimensional Minkowski space. This is known as the flat gauge

and it is this gauge that we shall be working in extensively in the following.
Choosing the flat gauge (1.3.17)), the Polyakov action (1.3.1)) simplifies greatly

T
Spol =~ / d*EN™P 0 X 05X Ny (1.3.18)

As we shall exhibit below, this is in fact the action for D free bosons living in two-
dimensional Minkowski space. This is in contrast with the Nambu-Goto action (|1.2.11))
that has highly non-linear equations of motion. Nevertheless, the two actions give the
same physics, as long as we in addition to the action (|1.3.18]) also satisfy the constraint
equation (|1.3.7)).

Indeed, the price of working in the flat gauge (1.3.17) is that the constraint equation
now is non-trivial. Indeed, fixing the gauge means that is not
satisfied as a equation of motion for g,s anymore since g,3 cannot vary. Also, it is in
contrast with the gauge choice (the gauge giving the Nambu-Goto action (1.2.11)))
for which the constraint equation is satisfied automatically.

Below in Sec. we shall see that even though we used both the diffeomorphism and
Weyl invariance to obtain the flat gauge there is still a left over symmetry of the
action which will prove to be very important.

Note finally that the point particle analogue of choosing flat gauge for the Polyakov
action is the flat gauge for the Einbein action (1.1.29)), resulting in the simpler ac-
tion . Moreover, the analogue of the constraint is the mass-shell constraint

([T.1.34).
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1.4 String solutions of the flat gauge Polyakov action

In this section we find the equations of motion for the Polyakov action in flat gauge
(1.3.18) and solve them in terms of mode expansions both in case of closed strings and

open strings.

1.4.1 Equations of motion and general solution
The Lagrangian corresponding to the Polyakov action in flat gauge ((1.3.18]) is
T Ao
Lyo = —Eaax 0°X, (1.4.1)

From the Euler-Lagrange equations

OL 01 0L pol
= 1.4.2
Oa (&%X #> oXn (14.2)
we get the equations of motion
0,0°X* =0 (1.4.3)

Thus, for each = 0,1,..., D — 1 the field X*({) obeys the free scalar wave equation in
two dimensions.

At this point we introduce a new set of coordinates on the worldsheet that will be
useful for many purposes, including solving . The lightcone coordinates are defined
as

F=rt+o=60+¢ (1.4.4)

We are in flat gauge thus the metric is (1.3.16]). This metric transform to the following

in lightcone coordinates

(1.4.5)
ntT=nt==2, nT=n""=0
Instead for the worldsheet derivatives (1.3.9) we have
0 1

Using now the lightcone coordinates (1.4.4)) the equation of motion ((1.4.3)) can be written
as
0_0; X" =0 (1.4.7)
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Thus, we see immediately from this equation that it has the general solution
XH(E) = Xp(§7) + XL(ET) (1.4.8)

for any functions X5 () and X7 (£). Here X3(£7) is a right-moving wave while X' (£7)

is a left-moving wave, as illustrated on Fig.

Figure 5: A right-moving wave X#(£) = X}5({7) on the worldsheet. At 7 =0 we have 0 = —§~
while at 7 = 79 we have 0 = 79 — £~. This shows that the wave-profile moves linearly with

increasing o as the worldsheet time 7 increases.

1.4.2 Conserved currents

The Polyakov action in flat gauge is invariant under Poincaré transformations of
the target space, as seen in Sec. [[.3.2] Poincaré invariance combine Lorentz invariance
and translational invariance of the D-dimensional Minkowski space. These are global
symmetries as seen from point of view of the worldsheet of the string. As we shall see

below, one can show using the Noether procedure that any given global symmetry leads to

a conserved current on the worldsheet. Furthermore, in Secs. [1.4.3| and [1.4.4] we shall see

that the conserved currents can give rise to conserved charges on the worldsheet associated
to the symmetry.

We begin by reviewing briefly the Noether procedure. Consider first a general action
S[XH = / d?€ L(X", 0, X") (1.4.9)

where X* depends on £%. Clearly the Polyakov action in flat gauge ([1.3.18)) is of this

form. Assume this action is invariant under the global infinitesimal transformation
IXH(E) = eM*(X) (1.4.10)

where € is a small parameter and M#(X) is some transformation of X*. This is assumed

to be a symmetry of the action irrespective of whether we impose the equation of motion
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for X*#. Since this is a symmetry of the action the change in the Lagrangian must be a

total derivative proportional to the small parameter €
0L = €0, (1.4.11)

for some 2*. Take now € to be dependent on £“. Then the variation of the Lagrangian

gets an extra term proportional to the derivative of €
L = €0,0% 4 (00€) N = €00 J* + 0a(eN¥) (1.4.12)

where we defined J* = Q% — N®. Assuming we take ¢(§) to vanish at the boundaries of

the world-sheet of the string the variation of the action is

68 = /d2§e(§)8aJ°‘ (1.4.13)

Assume now that the variation of the action is around an extremum of the action, meaning
that the fields X*(§) obey the equations of motion. Since 0S5 = 0 for any infinitesimal
variation of the fields (obeying the correct boundary conditions) around a solution of the

equations of motion, and since we can take €(£) to be any function, we must have that
0, J* =0 (1.4.14)

Thus, we have derived that J“ is a conserved current when X* obeys the equations of
motion.

The action ((1.3.18]) is invariant under infinitesimal translations § X*(§) = eb* for con-
stant b*. This corresponds to M*(X) = b* in (1.4.10)). Using this in the Noether procedure

above, we find J% = —b*IIf} with II}] being a current given by
I = 90" = -T0"X, (1.4.15)

The conservation of this current
(%H,’j =0 (1.4.16)

is immediately seen by the equations of motion (1.4.3)). Of particular importance is the

worldsheet time component of the momentum current. We use the notation

I, (7,0) =1L (7,0) (1.4.17)
Notice oL
v = =T, (1.4.18)



Thus, II, is the momentum conjugate of X*. Indeed, we call II,(7,0) the momentum
density of the string since if we have an infinitesimal piece of the string going from o to
0 +do then while X#(1, o) gives the position of the piece, II(7, 0)do gives the momentum
of the piece.

The action (|1.3.18)) is also invariant under infinitesimal Lorentz transformations M*(X) =

wk, X” with w#, being a constant antisymmetric tensor w,, = —w,,. Employing the
Noether procedure this gives the conserved current J* = %w‘“’JfV where J, is the cur-
rent

T = X5 — X105 (1.4.19)

The conservation of Jg, on the worldsheet
OaT s, =0 (1.4.20)

easily follows from ([1.4.15)) and (|1.4.16)).

1.4.3 Closed string mode expansion

So far we have not imposed boundary conditions on the general solution of Eq. .
We begin this here with the study of the closed and open string. As already noted above,
7 is the worldsheet time hence we take it to be unbounded. However, the range of o
depends on whether we consider open or closed strings. We consider here first the closed
string case and then turn to the open string case in Sec. [1.4.4]

For closed strings we consider X*(1,0) to be a periodic function of ¢ with period
27, as written in Eq. . This is illustrated in Fig. |4, We can now write the action
(1.3.18]) with the range of 7 and o

T 00 2
Spol = —5/ dr /—o do 0,X"0"X,, (1.4.21)
Varying the action we get
oo 2m
5%d=4j/(h/ 4o (Da(0° X 5X,) — (0,07 X")3 X, ) (1.4.22)
—00 o=0

Assuming X*#(£) is a solution ([1.4.8) we obtain
2

5&d:—T/)dﬂXﬁXﬂ ~0 (1.4.23)

o=0

—00

which is zero due to the periodicity of X#(7,0) in o.
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We now exhibit what the periodicity in ¢ means for a general solution ((1.4.8). The
fact that X* is periodic in o gives that also d, X* and 0_X* are periodic in ¢ with period
2m. Since 0. X* = 0; X} and 0_X* = 0_X/; this means that

O, XH(EF +2m) = DL XH(E) . O-XA(E +2m) = D_XA(E) (1.4.24)

Thus, we can make a Fourier expansion of both 0, X} and 0_ X}, since they are periodic

functions (with period 27). We write these Fourier expansions as

et 0 XM =0, X = =) ake ™ (1.4.25)
nEZ \/_ nezZ

where o and & with n € Z are the Fourier modes of the Fourier expansion (the factor

O_X"=0_Xi =

l,/+/2 is chosen for later convenience). Integrating this we get

XH(E) = ¥ + %( hE +abet) + Z (age*mﬁ‘ + &ge*mf*) (1.4.26)

However, since X*(§) is periodic in o we get off = a. Hence we get what is known as

the mode expansion for the closed string

XH(E) =a"+p

Z ( e e ) (1.4.27)

where

p=Y2os = Ve
ls ls

Using this one finds the following mode expansion for the momentum density (|1.4.18)) of

(1.4.28)

the closed string

I (¢) = ip 27“1/_[ Z (a e~ 4 Gleming” ) (1.4.29)

Eq. (1.4.27), with arbitrary modes z*, p*, a# and a# for n # 0, is the most general
solution to the equation of motion (|1.4.3)) with closed string boundary conditions ((1.2.3)).
We note that while this is a solution to (1.4.3) we still need to impose the constraint

(1.3.7). We consider this in Sec. [1.5

Since the field X*#(7, ) should be real (X*(1,0))* = X*(1,0) we need to require
(@) =o', () =p", (b)) =ak,, (&) =a (1.4.30)

for the complex conjugates of the modes.
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We now interpret zero modes z* and p* of the mode expansions ((1.4.27)) and (|1.4.29)).
First we see that the quantity

21
/ do Tl (r,0) = p, (1.4.31)
0

is the total momentum of the string. This is a conserved quantity on the worldsheet

associated to translation invariance in the target space. One can check this using the

conservation of the momentum current (|1.4.16)

d 21 2w 2 2
bu=g | doll = /O do 0,17, = —/0 do 9, = —[17] " =0 (1432)
The center of mass of the closed string is given by
1 2
— do X*(1,0) = a" + 2p'r (1.4.33)
2m Jo

We see that x* is the center of mass position of the string at 7 = 0 while the term linear
in 7 accounts for the free motion of the string center of mass. Thus, the zero-modes z*
and p, characterize the center of mass position and the total momentum of the string.
Instead the modes a# and &# for n # 0 gives the local movements of the string, i.e. the
vibration modes.

Finally, one has the charges associated with Lorentz invariance of the target space
2 2
T = / do T, = / dor (X,TT, — X,11,) (1.4.34)
0 0

Using a completely analogous argument as in ([1.4.32)) one can show these charges are
conserved

Juw =0 (1.4.35)

on the worldsheet.

The interpretation of J;; with ¢,7 = 1,2,...., D — 1 is the total angular momentum of
the closed string in the ij-plane. Thus, the conservation of J;; is the statement that the
angular momenta of an isolated system are conserved.

The conservation of Jy; with ¢ = 1,2,....,D — 1 is instead related to the fact that
the center of mass motion is linear for an isolated system as seen for the closed string in
Eq. (1.4.33). To see this we pick the static gauge X°(7,0) = ar where a is a constant.

Then we have II° = aT'. Using this we compute
2 ]
JOi = —amtp; + (IT/ do X" (1436)
0

23



This gives
1 21 . l2
— do X" = = Jo; + Ppir (1.4.37)
2 Jo a

Thus, in the static gauge Jo; = az'/I2.

1.4.4 Open string mode expansion

Open strings have o € [0, 7] with two endpoints at ¢ = 0 and o = 7. The action (|1.3.18)

becomes

T (o] =T
Spol = —5/ dT/ do 0, X"0*X,, (1.4.38)
—0o0 o=0

Varying the action we get
88y = —T / dr / o (007X, 6X¥) — (0,07 X")0X,) (1.4.39)
—00 o=0

Assuming X*#(£) is a solution ([1.4.8) we obtain

§Spo = —T / dr [X;L(SX“Y (1.4.40)

— 50 o=0

Since 0 X* can vary independently for each p and for each end point one should satisfy
X, 0X#* = 0 (here without a sum over p) for each p and each end point. This means
either X L =0 or 6X* = 0. Thus, we have two possible boundary conditions for each p
and for each end point. For the end point ¢ = 0 and for a given ¢ = 0,1,..., D — 1 the

two possible boundary conditions are

Neumann: X'*(7,0) =0

. (1.4.41)
Dirichlet: ~ X*(7,0) =0

and the same for ¢ = m. The Dirichlet boundary condition means that the end point
cannot move. Hence for © = 0 we can only impose the Neumann boundary condition -
otherwise the end points would not be able to move on a time-like or null pathﬁ Instead
for p =1,2,...D —1 we have four possibilities: NN, ND, DN and DD (i.e. ND means that
the 0 = 0 end point has the Neumann boundary condition while ¢ = 7 has the Dirichlet
boundary condition).

For simplicity we focus in this course on the two possibilities NN and DD, i.e. where
the two end points have the same boundary condition. Without loss of generality, we

can then assume NN conditions for = 0,1,...,p and DD for py =p+1,....,D — 1. For

8However, if one goes to the Euclidean section - i.e. after a Wick rotation - then one can actually

make sense of such a boundary condition in terms of something called a D-instanton.
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later conveniece we introduce the notation that the index a = 0,1,...,p and the index

I=p+1,...D —1. The DD boundary conditions means that
X (r,0)=c , X!(r,7)=¢} (1.4.42)

where ¢! and cl are constants. In this way each end point of the open string defines a
p-dimensional hyperplane in the (D — 1)-dimensional Euclidean space. One hyperplane
is defined by the equation ! = ¢!, I = p+1,...,D — 1, and the other by 2! = ¢,
I=p+1,..,D —1. Thus, the p + 1 directions 2%, a = 0,1, ..., p, are longitudinal to the
two hyperplanes, while the D — p — 1 directions 2/, I = p+1,..., D — 1, are transverse to
the two hyperplanes, see Fig. [0]for an illustration. The correct string theory interpretation
of these p-dimensional hyperplanes are as the so-called Dirichlet p-branes, abbreviated as
Dp-branes. In the quantum open string theory one can show that these Dp-branes are
dynamical objects which in some sense are made of open string end points. We shall

consider quantized open strings and Dp-branes in Sec. [5

XA / | /

P
/T/V
? S /

= —> X
o o

Figure 6: An open string with NN conditions in p + 1 directions and DD conditions in the
remaining D — p — 1 directions ends on two p-dimensional hyperplanes embedded in (D — 1)-

dimensional Euclidean space.

We now turn to the mode expansion for the open string. From the general solution
(1.4.8) we know that 0_X* only depends on £~ while 9, X* only depends on {*. Hence,

for use below, we can define the functions

fUET) = 0:XM(E) , g"(&7) = 0-X"(§) (1.4.43)

for u=20,1,....,D — 1.
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Consider first the p + 1 directions with NN boundary conditions. For ¢ = 0 we have
0= X"%7,0)=0,X%,0) —0_X%,0) so that 0, X*(7,0) = 0_X*(7,0). From (|1.4.43)
we see this means f(7) = g%(7) for any 7 since £&* = 7 for 0 = 0. Hence f¢ and g¢¢ is
the same function. Instead for ¢ = 7 we have 0 = X'*(7,7) = 0, X*(7,7) — 0_X*(7, )
which using is seen to give f(T 4+ m) = g*(7 — ) for any 7. Using that f* = g*
this means that f*(7 + m) = f*(t — ), from which we deduce that f*(7 + 2w) = f*(7).
Thus f* = ¢g* is a periodic function with period 27. Using again we see that this

means we can make the following Fourier expansions

Gemint” 9, X = § aging? (1.4.44)
9 =+ .
f

ne”L

Thus, for the NN open string boundary condition the Fourier modes of the right-moving
sector are equal to those of the left-moving sector. Integrating this we get that the mode

expansions for the directions with NN boundary conditions areﬂ

1 .
X(1,0) = 2%+ 20%p°1 + V2, Z —age " cos(no) (1.4.45)
n
n#0

with a = 0,1, ..., p. The momentum density ((1.4.18) has the mode expansion

1%(r, o) = ;p ol Za e """ cos(no) (1.4.46)

Here we have set )
= ——af 1.4.47
s (1.447)

Consider now the D — p — 1 directions with DD boundary conditions . For
o =0 we have 0 = X'(7,0) = 9, X!(7,0)+0_X"(r,0) so that 0, X(7,0) = —9_X(r,0).
From we see this means f!(1) = —g’(7) for any 7 since £&* = 7 for ¢ = 0. Instead
for ¢ = 7 we have 0 = X!(r,7) = 9, X'(r,7) + O_X'(r,7) which using is
seen to give fI(7 + 7) = —g'(7 — ) for any 7. Using that f! = —g’ this means that
fli(r+7) = fi(r — ), from which we deduce that f/(7+27) = f{(7). Thus f! = —¢' is
a periodic function with period 27. Using again we see that this means we can

make the following Fourier expansions

Z OéI —in&~ ’ a+XI

nez

> afemnt (1.4.48)

nez

o \/_ \/_

9Since we need that (X(r,0))* = X%(7,0) we require (x%)* = z%, (p®)* = p® and (a2)* = a2, for

the complex conjugates of the modes.
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Thus, for the DD open string boundary condition the Fourier modes of the right-moving
sector are equal to minus those of the left-moving sector. Integrating this we get that the

mode expansions for the directions with DD boundary conditions ard™]

X(r,0) =cl + (c} - 01)— — V2, Z —ale ™ sin(no) (1.4.49)
n#0 n
with I =p+1,...,D — 1 in accordance with (1.4.42]). Note that this requires the identifi-
cation P
al =12 (1.4.50)

V27l

of the zero-mode. The momentum density (({1.4.18) has the mode expansion

HI

= ol g ol e™ sin(no) (1.4.51)
T
n#0

For directions with NN boundary conditions the center of mass position and the total
momentum is

1 ™ ™
— / do X*(1,0) = 2 + 21%p°T | / do 11, (7,0) = p, (1.4.52)
0 0

™

Thus z* is the center of mass position of the string at 7 = 0. The total momentum p®

is conserved p® = 0 since the momentum current II% is conserved (|1.4.16|) using the same
manipulations as in (1.4.32)) and that [I1Z]7_, = 0. Similarly, the charges associated with

Lorentz invariance
27 27
Jab = / do ab = / do (XaHb - XbHa) (1453)
0 0

are conserved Jab = 0 on the worldsheet.
For directions with DD boundary conditions there are no dynamical zero modes, in-

stead the center of mass position and total momentum includes contributions from all o |

n # 0.

1.5 Energy-momentum constraint in flat gauge

In this section we consider the constraint equation ([1.3.7]) in the flat gauge (1.3.17). In
Sec. 1.4 we found the general solution to the equations of motion (1.4.3)) to the Polyakov
action in the flat gauge (1.3.18)) in the form of mode expansions for X*(7, o) both for the

0Since we need that (X!(7,0))* = X!(1,0) we require (af)* = ol ,, for the complex conjugates of the

modes.
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closed and the open string. However, an arbitrary set of modes for the mode expansions
do not in general correspond to the physics of the closed and open string since we have
not imposed the constraint equation . We consider in this section how to impose
the constraint equation for the closed string mode expansion . We briefly
comment on the open string as well.

Consider the closed string with mode expansion . For any values of the modes
this solves the equations of motion to the Polyakov action in the flat gauge ([1.3.18)).
However, the solutions should also satisfy the constraint 7,3 = 0 with the worldsheet

energy-momentum tensor given by

1
nﬁzg%@xwkx—?mﬁﬂrmx) (1.5.1)
In the lightcone coordinates ((1.4.4)) we find using (1.4.5) and ((1.4.6]) that 7", _ = 0 identi-
cally and therefore 7', ~ = 0 does not constrain X*(£). We can write this as
n**T.s =0 (1.5.2)

which states that the trace of the energy-momentum tensor is zero, a fact that we return
to in Sec. 2.4, The non-trivial components of the worldsheet energy-momentum tensor

are thus

T =172(0_X)*, Ty, =1;%(0,X) (1.5.3)

Thus, in the flat gauge (|1.3.17)) the constraints are 7. =0 and 7', ; = 0.
Notice now that the conservation of the energy-momentum tensor 9,7*” = 0 can be

written 7*°9, T3, = 0 which in lightcone coordinates is equivalent to
8+T__ == 0 y 8_T++ = O (154)

hence T =T _(£7) and T, = T, (¢7). Since 0 X* is a function of £* we see from
that these equations are satisfied automatically for the mode expansion ([1.4.27)).
Since 94 X* is a period function of £* with period 27 we can make the following mode
expansion of the worldsheet energy-momentum tensor

T ()= Lae™ | Tyi(€) =Y L™ (1.5.5)

nez neL

Using (|1.4.25)) we compute

1 ~ 1 5 -
Ln - 5 Zan—k c O, Ln = 5 Zan—k eI (156)

kEZ keZ
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Reality of T__ and T, requires

(L) =L_,, (L) =1L_, (1.5.7)
for n € Z. The constraints T _ = 0 and 7T, = 0 is then equivalent to requiring
L,=1L,=0 foral n>0 (1.5.8)

Thus, this tells us how to implement the constraint (1.3.7) on the o and a# modes of

the mode expansion ([1.4.27)) of the closed string.
Consider the constraints Lo = Ly = 0. We find

2 o0 5 I2 >
= p2+204,k O, Lo = Zsp2+z&,k CNYk (159)
k=1 k=1
Since the mass-shell condition is p> = —M? with M being the mass of the string the

constraints Ly = EO = 0 can be written

pZak%—%Z.%@ (1.5.10)

Thus, this gives the mass of the string in terms of the excited oscillator modes. We also
see that it gives a relation between the right-moving modes a# and the left-moving modes
a”. We note that getting M? from the Ly = Ly = 0 constraints is somewhat analogous
to getting pg from the H = 0 constraint in the case of the relativistic point particle, see
Sec. [L.1.2

For the open string the constraint is implemented in a very similar fashion.
For both the NN and DD boundary conditions one has that 9, X* can be computed from
O0_X* thus there is only one set of modes a#. Thus, if one sets &% = a# in the above, one
finds the correct mode expansion of 7,5 and the correct constraint equations in terms of

these modes as well.

1.6 Conformal symmetry

In Sec. we derived the flat gauge for the Polyakov action . In the flat gauge the
Polyakov action takes a particularly simple form ((1.3.18]). This gauge was found by ex-
ploiting both the diffeomorphism invariance as well as the Weyl invariance of the Polyakov
action, see Sec. [[.3.2] In this section we shall see that there is still remnant symmetry
left over in the flat gauge. This left over symmetry will be seen to take a prominent role

both when discussing the constraint (|1.3.7)) and when quantizing the theory.
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We furthermore consider the relation between the conformal symmetry and the modes
of the worldsheet energy momentum. This will point to a connection between imposing
the constraint ((1.3.7) and the conformal symmetry.

1.6.1 Conformal symmetry as remnant symmetry in flat gauge

A conformal transformation is a particular kind of coordinate transformation that pre-
serves angles. If we consider this in two dimensions, with coordinates {* and metric gqg,

a general coordinate transformation £€* — £ transforms the metric as follows

s _ 06 0¢

Jas = Gap(§) = a—@a—éﬁgw(f) (1.6.1)

Instead a conformal transformation is a coordinate transformation £* — Sa such that

Gos = Gap(§) = €@ gas(€) (1.6.2)

Consider now the Polyakov action in flat gauge ([1.3.18)). Our starting point is that

the worldsheet metric is 1,5. If we perform a conformal transformation {¢ — fa we
28(

get a metric of the form g,3(§) = e
transformation (1.3.12) with Q(£) = e ®®© we see that the Weyl transformed metric

Qnaﬁ. However, combining this with a Weyl

is Jas(€) = Q%(€)Jdas(§) = nas. This thus brings us back to the flat gauge choice for
the worldsheet metric. Conversely, it is also clear that if we had coordinate transforma-
tions that is not of the form §as(§) = €*®©@n,5(€) then we could not get back to the
flat gauge choice. Thus, we conclude that the Polyakov action in flat gauge is
invariant under conformal transformations on the worldsheet, and that this constitutes
all the remnant local symmetry on the worldsheet after fixing the flat gauge .

To find the specific form of the conformal transformations we first consider infinitesimal

diffeomorphisms on the worldsheet, i.e. coordinate transformations of the form

£ =& =¢" —a"(§) (1.6.3)

where a®(¢) is infinitesimally small. The embedding X*#(§) and the metric g,5(§) trans-
forms in general as (1.3.10) and ([1.3.11)) which in the infinitesimal case become

0XH(§) = a®0u X", 09ap(§) = a7019ap + gary9pa” + ggy0ad” (1.6.4)

where 6X#(&) = XH(€) — X*(€) and 69ap(&) = Gap(&) — gap(§). Since we start in flat
gauge gop = Nap this reduces to

OXH(E) = a0, X", 09ap(&) = Datp + Dpag (1.6.5)
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Infinitesimal conformal transformations should be of the form

69ap(&) = 20()Nagp (1.6.6)

The task is thus to find the a®(§) functions for which the metric transformation is of the
form (1.6.6). From (1.6.5) and (1.6.6) we get 7n*?6g,5 = 4®(£) = 20,a® hence 2d(§) =

0,a®. Thus the conformal transformations are those for which d,ap + 0sa, = 0ya"n,p. It

is not difficult to infer that the necessary and sufficient conditions are
80a0 + alal =0 s 80@1 + 6’1a0 =0 (167)

We now write this in lightcone coordinates (1.4.4). Define a* = a°+a' = —ag+a;. Then
the conditions ((1.6.7) are equivalent to

dya” =0, d_at =0 (1.6.8)

Thus, the infinitesimal conformal transformations are such that a= = a=({7) and a™ =
a’(&7).
Combining many infinitesimal transformations ([1.6.8)) one finds that a general confor-

mal transformation is of the form
& =), & =EEh (1.6.9)

when starting from the flat gauge. Hence we have derived that the Polyakov action in flat
gauge (|1.3.18) is invariant under the worldsheet conformal transformations ((1.6.9)) and

that these transformations constitute all the remnant local symmetry after fixing the flat
gauge (|1.3.17)).
1.6.2 Conserved charges
The action (|1.3.18) is symmetric under worldsheet translations
e R (1.6.10)

where ¢* is constant. For any symmetry of the action one has a corresponding conserved
current. In this case it is
Jo = Topc”? (1.6.11)

We see immediately that this is conserved 0%J, = 0 by using the energy-momentum

conservation 07,3 = 0. Using this one derives easily that

/daJo (1.6.12)
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is a conserved charge. In the special case ¢! = 0 and ¢ # 0 we have that
is worldsheet time-translation and the conserved charge is proportional to the
energy, while for ¢® = 0 and ¢! # 0 is spatial translation and the conserved
charge ([1.6.12)) is the momentum along o.

Consider instead the infinitesimal conformal transformations
£ =" —a*(§), 0-a"=0;a” =0 (1.6.13)

Note that worldsheet translations are included in these transformations. A good guess

for a corresponding conserved current is thus
Jo = Tppa” (1.6.14)
One can indeed show that this is a conserved current. Note first from that
0" Jy = 1n*P0uJs = =20, —20_J, (1.6.15)
Instead from (|1.6.14)) we see
J.=T _a , J. =Ty a" (1.6.16)

using that Ty~ = 0 from (|1.5.2)). Using now energy-momentum conservations (|1.5.4]) we
see that
(9+J_ — 0 y a_J+ — O (1617)

which from (|1.6.15]) indeed shows that the current (1.6.14]) for conformal transformation

+

is conserved 0“.J, = 0. Note that since a® are arbitrary functions of £* we have that

Worldsheet energy momentum conservation
(1.6.18)

& Conservation of current for conformal transformations

Since T+ is a period function of ¢+ with period 27, we also take a®™ to be a periodic
+

function of ¢* with period 27. Hence we can make the Fourier decompositions a

Y onez Affemfi. For any given function a™({~) we can now construct the conserved charge

Qla™] = /027r de~J_ = /027r A&~ T _a” = Z Az /027r de~ T _ems (1.6.19)
nez

We see that this charge is conserved. Firstly, it does not depend on £~. Secondly, we see
from ((1.6.17) that it does not depend on £ either. Inserting now the mode expansion

(1.5.5)) for T _ we get
Qa’] =) 2rA L, (1.6.20)

nez
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In particular for a= = %emé— we get Qla~] = Ln. Similarly, we can construct the
conserved charge Q[a*] = fOQW déT T, La™* which for a™ = %emﬁ gives Q[a*] = L,. Hence
we conclude that the conformal symmetry of the Polyakov action in flat gauge gives rise
to an infinite set of conserved charges and that this infinite set of charges corresponds

precisely to the set of modes L,, and L, of the worldsheet energy momentum tensor.

1.7 Exercises for Chapter

Exercise 1.1. Consider the relativistic point particle moving in the background of a

general D-dimensional space-time with metric G,,,. Take the action to be

S = —m/dn/—GWXﬂX” (1.7.1)

where X* is the derivative of X* with respect to 7.

e Find the equation of motion by varying the action. Does the fact that the metric

can be arbitrary give extra terms?

e The world line is parameterised by 7 and this action is invariant under transforma-
tions of 7 — 7(7). Discuss what condition 7 should obey in order for 7 to be the

proper time of the particle.

e Show that the equation of motion for the particle is equivalent to the geodesic

equation as known from General Relativity.

Exercise 1.2. We consider 3-dimensional Euclidean space R? in Cartesian coordinates
hence with metric ds? = d;;dx'da?, 7,57 = 1,2,3. In this 3-dimensional space we embed
a 2-dimensional surface described by the embedding coordinates X*(¢!, £2) where (£, £2)

are the coordinates parameterising the surface.

e What is the general expression for the induced metric v4, a,b = 1,2, on the surface
in terms of X*(§) and the metric ¢;;7 In terms of this induced metric 7, what is

the general formula for the area of the surface?

e Consider a finite cylinder of length L and radius R described as

X'(§) = Reos(&') , X?(§) = Rsin(¢') , X°(¢) = L&?
(1.7.2)
0<¢<2r, 0<&<1

UTf one wants to stick to real functions one can use a~ = %cos(nf‘) giving %(Ln + L*,) and
- 1

a” = 5-sin(n{~) giving —%(Ln — L_,,) corresponding to the real and imaginary parts of L.
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Find the induced metric on the cylinder and use the general formula for the area to

compute the area of the cylinder.

e Consider a sphere of radius R described as

X1(§) = Reos(¢')sin(€?) , X*(§) = Rsin(¢") sin(€?) , X°(§) = Reos(?)

0<&<2r, 0<& <7
(1.7.3)

Find the induced metric on the sphere and use the general formula for the area to

compute the area of the sphere.
Exercise 1.3. Consider the Nambu-Goto action ((1.2.11]).

e Write down the conjugate momentum
oL

IL,(r,0) = 3%

(1.7.4)
in terms of X#(7,0).
e Show that IT- X’ = 0 and T1? + T?(X")? = 0. These are constraints.

e Find the canonical Hamiltonian and show this gives another constraint.

Exercise 1.4. Consider the Nambu-Goto action (1.2.11)). What are the boundary con-

ditions for the open and closed strings?

Exercise 1.5. Derive that the variation of the square root of the determinant of the

metric of a D-dimensional space-time is

1 1
04/ —detg = SV~ det g g"" 0, = —5\/ —det g 9,09 (1.7.5)

Hint: Seing g,, as a D by D matrix we can write g = exp(M). What is det(g) then in
terms of M7

Exercise 1.6. We consider a classical closed string in a four-dimensional space-time as
described by the Polyakov action in flat gauge . We work in the static gauge
XO(r,0) = cT where ¢ is a constant.B Consider a closed string that at 7 = 0 is in the
following configuration
X!'=Rcoso, X?=Rsinoc, X*=0, 0<o<2r
(1.7.6)
X1= X2 X0 =0
20ne can show that this gauge is always possible using the residual symmetry of the Polyakov
action in flat gauge and the fact that 0,0°X° = 0.
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e What happens to the closed string? Hint: You can use the ansatz X'(7,0) =
r(t)coso and X?(7,0) = r(7)sino. Don’t forget to also impose the constraints
X-X'=0and X?>+ X? = 0[

e Give a physical explanation for what happens. At what point has the string only
"potential energy”? At what point has the string only "kinetic energy”? What is

the nature of the "potential energy”?

Exercise 1.7. We consider a classical closed string in a four-dimensional space-time as
described by the Polyakov action in flat gauge (1.3.18)). Pick the static gauge X°(7,0) =

cT where ¢ is a constant.
e Write the two constraints X - X’ = 0 and X2+ X’* = 0 in terms of X (7, 0).

e Consider the first constraint X - X’ = 0. What does this say about the motion of

the string in the direction longitudinal to the string?

e Consider the second constraint X2 + X’> = 0 when X = 0. What is the relation
between the constant ¢ and the length of the string?

Exercise 1.8. The Polyakov action is diffeomorphism invariant under coordinate trans-
formations of the world sheet coordinates. Show that under the infinitesimal coordinate

transformation
£ = €2(6) = & = a®(¢) (1.7.7)

the target space map X*(§) and the world sheet metric g,s(€) transform as follows
IXH =0a%0, X", 0gap = a"0v90p + Joary 080" + gp0aa” (1.7.8)

where §X#(£) = X#(&) — X*(€) and 6ga5(£) = Gas(€) — gas(é).

Exercise 1.9. Consider two-dimensional Minkowski space-time with coordinates £¢ =
(€°,£Y) and metric 1,5d€dEP = —(d€%)? + (d€Y)?. Consider the coordinate transformation
(€9,€Y) — (€7,€7) to the lightcone coordinates

e =04¢! (1.7.9)

e Show that in the new coordinates we have the metric

1
Me =04 = =5 ey =7 =0 (1.7.10)

13These constraints follow from the constraint ((1.3.7)) using (1.5.1)).
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e Show that the inverse metric is

et ==2, Tt =9 =0 (1.7.11)

e Show that the derivatives are related as

o, — %(30 o) (1.7.12)

Exercise 1.10. In this exercise we find the conserved currents for the Poincare invariance
of the string using the Noether procedure introduced in Sec. Consider a classical
bosonic closed string as described by the Polyakov action ([1.3.18]) in the flat gauge.

e Using M*(X) = b* in ({1.4.10]) derive from the Noether procedure that the conserved
current for translations is J* = —b"II}} with IIj} given by (1.4.15).

e Check that the conservation ([1.4.16) of the current II;; follows from the equations

of motion for the string.

e Using M*(X) = w*, X" with w", being a constant antisymmetric tensor w,, =
—wyy, derive from the Noether procedure that the conserved current for Lorentz
transformations is J* = %w“”j/fj, where Jg, is the current given by ([1.4.19).

e Check that the conservation ([1.4.20)) of the current J, follows from the equations

of motion for the string.
Exercise 1.11. This exercise concerns the Fourier mode expansion of periodic functions.

e Consider a function f(o) which is known to be periodic in o with period 27. Then

we can make the Fourier series expansion in Fourier modes f,

flo) =" fae™ (1.7.13)

ne”L

Show that we have . .
fo= 4 / do f(o)ein7 (1.7.14)
0

:27T

e Consider the bosonic closed string. The mode expansions of the position field
X#(r,0) and the momentum density IT,(r,0) = TX, are given in Eqs. (1.4.27)
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and (|1.4.29)). Show that one can express the modes of the mode expansion as fol-
lows

™

) l 2m ) n 2m )
al =" [ = doll¥(7,0)e™ " — do X (1,0)e” " 1.7.15
e G A ¥ A

Gk = e ( Ly /27r doTI*(1,0)e™ — in /27r do XH*(T 0)@““’)
" \/§ 0 ’ 27T\/§ls 0 7

21 1 21
H = / do (2—X“(T, o) — l?THM(’T, 0)) , pt = / doT1*(T,0)
0 0
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2 Covariant Quantization of the Closed String

The goal of this chapter is to quantize the infinitely thin relativistic string that we de-
scribed classically in Chapter |1, We consider in this chapter only the closed string. The
open string will be treated in Chapter [5]

There are two approaches to quantize the string both using the Polyakov action in flat
gauge (1.3.18)) with constraints ((1.3.7]) as starting point:

e Covariant quantization: In the covariant quantization approach one quantizes all the

D fields of X*(£) on the same footing. Then one imposes the constraints 7__ = 0
and T = 0 in the quantum theory Fock space. A challenge in this approach is how
to deal with the negative norm states - called ghost states - which naturally occur.
One can show that under certain conditions, including that D < 26, the ghost states
disappear when imposing the constraints. Another issue in the covariant quantiza-
tion approach is that there is an anomaly in the conformal symmetry algebra. As
we shall see in Sec. one can remove this anomaly precisely for D = 26 and then
the theory is fully consistent when imposing the quantum version of the constraints
T _ =0and T,y = 0. To show that this is fully consistent one needs to use the

path-integral approach, introduce ghost fields and perform a BRST quantization.

e Lightcone quantization: A rather different approach is lightcone quantization. This
is reviewed in Appendix A} In this approach one first solves the constraint ([1.3.7)) in

the classical theory thus finding a classical description that is manifestly physical.

After this, one quantizes the theory without having to deal with imposing constraints
in the quantum theory. The price one needs to pay in this case is that an anomaly in
the Lorentz invariance of the target space generically enters in the quantum theory.

Amazingly, one can show that this anomaly precisely disappears for D = 26.

The infinitely thin relativistic string is known as the bosonic string as it only gives rise
to bosonic degrees of freedom. In Chapter [6] we discuss instead the quantization of the

superstring that also has fermionic degrees of freedom.

2.1 A first look at covariant quantization

Thanks to the fact that the Polyakov action in flat gauge ((1.3.18]) is a theory of D
free scalar fields living on the two-dimensional worldsheet the first step in the covariant
quantization procedure is very simple. We have found the mode expansions (|1.4.27]) for
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X#*(€) and ((1.4.29) for its conjugate momentum I1#(¢) (the momentum density of the
string). These mode expansions are in terms of the modes x#, p* as well as a# and aZ.
We can now quantize X*(£) by promoting the modes z#, p* as well as o and & to

operators and imposing the canonical equal-time commutation relations

(XH(r,0),11,(1,0")] = id(c — o")"

(2.1.1)
[XH(T7 U)> XV(T> U/)] = [H,u(T’ U)? H,,(T, U/)] =0
Moreover, we also impose the reality conditions
(X*(r,0)t = X*(r,0), (,(7,0))" =1,(7,0) (2.1.2)

In doing this, we find that imposing (2.1.1)) and (2.1.2)) for X*(§) and I1#(&) is equivalent
to imposing the following commutations relations on the x*, p*, a# and &* operators

v
n

NV

[x'uupl/] = Z(S,’j ) [aﬁw a ] = [&ﬁn? an] = m5m+":0nuy

(2.1.3)
[xu’l-l/] = [puapu] =0 , [arum&;;] =0
as well as the reality conditions
(@) =2, ) =p., ()'=d,, (@) =a, (2.1.4)

Clearly, the commutator [z#,p,] = " is like the standard commutation relation be-
tween position and momentum in quantum mechanics, at least when p, v # 0. Considering

the commutators for the o/ and &* modes we see that defining
a = —at | (a")' = —a" (2.1.5)
for n > 0 we get the commutation relation

[aty, ()" = Ot (2.1.6)

m

Thus, this corresponds to a bunch of harmonic oscillators (at least for p, v # 0) with o
being the annihilation operators and o, the creation operators for n > 0, and similarly
for the left-moving sector with the & modes. That we get a bunch of harmonic oscillators
when quantizing the X*(¢) field should be no surprise since that is what one should expect
in quantum field theory by quantizing a free field.

Following the idea that o/ and &/ are annihilation operators while o, and a*,, are

creation operators for n > 0, we see that a ground state |0) should obey
akl0) =ak|0)=0, n>0 (2.1.7)
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However, we have not specified how the zero modes z* and p, acts on this ground state.
This choice in fact gives the ground state a further structure. We choose that a ground
state should have a definite D-momentum p, = k,,, and thus write it as |0; k), hence it is

defined by
pul0; k) = k,|0; k)

(2.1.8)
ak|0;ky = ak0;k) =0, n>0
with £ =0,1,..., D — 1. We furthermore normalize it as
(0;k|0; k) =1 (2.1.9)

Note that this normalization only makes sense if we only act on the ground state with
one particular momentum p, = k,. This is consistent since we are only working with a
single string. However, in some cases one needs to work with several vacua with different
momentum eigenvalues. In these cases one should normalize the vacua as (0; k|0; k') =
c6P(k — k') with ¢ a suitably chosen constant.

We can now write a basis for the closed string Fock space as

p1

a_mlaﬂz e al‘p a’t oar: ... dl:qnq ’0, k,> (2110)

. Dy O, 02
with m;, n; > 0. However, notice now that for a given n > 0 the state
L
lg) = ﬁa,n\o; k) (2.1.11)
has negative norm
(919) = {0 Kloa?,0:K) = ~(0: ][0, 0%, JJ0:K) = (O:k™0:K) = 1 (2.1.12)
Such states are unphysical and are known as ghost states. This means that the physical
states is only a subset of the states in the closed string Fock space with basis .
At the same time, we should also impose the constraints 7" =T, , = 0 in the quantum
theory. This also defines for us a subset of the states of the full Fock space that we
can call physical. However, what one finds is that the two conditions for physical states
actually are related, and that imposing the constraints also solves the problem with ghost
states. Looking at the classical theory this relation should not be a surprise. Consider
for instance the covariant action of the relativistic point particle: we have included too
many field configurations for the particle, and the constraints are what ensures that end
up with physically sensible field configurations.
In the classical theory for a closed string the constraints 7 = T, = 0 can be written
as L, = f)n =0 for n € Z with L,, and in given in . What is the quantum version
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of this? One finds that the constraints should be imposed in terms of their expectation

values. In particular we require that for any two physical states |¢) and |¢')
(¢/|Lald) = (¢'|Lnl) = 0 for n#0 (2.1.13)
This is easily seen to follow from requiring
L)) = Ly|¢) =0 for n >0 (2.1.14)

for any physical state |¢) and using that L_, = L. We shall show in Exercise that
it is not possible to require L,|¢) = 0 on a state |¢) for all n # 0 hence is the
strongest requirement that it is possible to make (for n # 0).

We should also make a quantum version of the classical constraints Lo = f/o = 0.
However, here we run into what is known as a normal ordering ambiguity. Namely, for
n =0« . and af do not commute in the quantum version of the classical expression
for L, in Eq. (1.5.6). Indeed, we have of'a”, = p"* + o” 4. For definiteness, we define
therefore the quantum versions of the classical expressions as

-1
Ln:—z:an_k-ak:, Ln:§Z:dn_k-dk: (2.1.15)

Here we define for any composite operator A not made entirely out of zero modes (i.e.
x* and pt) that the normal ordered expression : A : is obtained by moving all creation
operators to the left of all annihilation operators, such that (0;k| : A : |0;k) = 0. Note
that if A is composed of commuting operators one can always write : A := A. For instance,
we have : a1 - a_1 := a_1 - a1. For the quantum expression the normal ordering

is only non-trivial for n = 0 for which we compute
L :112])2—1—50:04 k- Ok E :112p2+§:d k'&k (2116)
N k=1 ) C e k=1 ) -

However, if we take the classical expression for Ly literally as a quantum expression,
this is not equal to the quantum definition . Indeed, at each k£ in the sum one
gets a number, adding up to a so-called normal ordering constant. This normal ordering
constant relies entirely on how one translates the classical expression into the quantum
expression. A priori there is an infinite number of ways to do that, as we have an infinite
sum in Ly, all leading to a different normal ordering constant. We parametrize this
unknown normal ordering constant by stating that the quantum versions of the classical
modes are L, — ad, o and L, — oy here with the L,, and L, quantum operators
defined as in (2.1.15)), and with a and @ being constants. Since the right and left moving
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sectors are completely identical we have a = a as whatever procedure one uses to obtain
these constants would necessarily be identical for the two sectors. The quantum version
of the classical constaint Ly = 0 is thus (Lo — a)|¢) = 0 for any physical state |¢).

In conclusion, the quantum version of the classical constraint is to require

(L — b, 0)|¢) = (Ln — adn0)|¢) =0 for n >0 (2.1.17)

for any physical state |¢) where a so far is an undetermined constant. This defines the
set of physical states in the covariantly quantized theory for closed strings.
As such, the constraints (2.1.17)) on physical states do not rule out ghost states. How-

ever, one can show the following so-called no ghost theorem:

No physical states are ghost states provided

(2.1.18)
either a =1and D =26, 0or a <1 and D < 25.

Thus, we can get rid of the ghost states among the physical states defined by by
choosing the above values of the normal ordering constant a and the space-time dimension
D of the target space.

Below we shall see that there is stronger condition on a and D by demanding that the
conformal symmetry of the string, as seen classically in Sec. [L.6], is without anomalies in
the quantum string theory. As we learn in Sec. this fixes that @ = 1 and D = 26,
which overlaps with the conditions of the no-ghost theorem .

Amazingly, when employing the lightcone quantization described in Appendix [A] one
gets that the Lorentz symmetry of the target space is only without anomaly when a =1
and D = 26 which thus reproduce the same critical space-time dimension and normal
ordering constant as the covariant quantization procedure.

Assuming that @ = 1 and D = 26 no physical states have negative norm. However,
among the physical states we have a particular class of states that we need to address. A
physical state (thus obeying ) is called a spurious state if it is orthogonal to all
physical states, i.e. all states obeying (2.1.17). Thus, |y) is a spurious state if |x) obeys
and if (x|¢) = 0 for any state |¢) obeying (2.1.17). In particular we see that
(x|x) = 0 thus spurious states have zero norm. We cannot make sense of a zero norm
state as describing a quantum configuration of the string since a non-zero norm is needed
in quantum mechanics for the probability interpretation. Instead, spurious states have
a different interpretation. Consider any state |¢) that is physical and with non-
zero norm (¢|¢) > 0. This corresponds to a certain physical quantum configuration of the

string. Add now an arbitrary spurious state |x) to get the state |¢') = |¢) + |x). Then we
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claim that the two states |¢') and ¢) contains the same physics, i.e. that they correspond
to the same physical quantum configuration of the string. This defines an equivalence
relation for physical states. Spurious states are thus equivalent to 0 which means they
do not contain any physical information. On the other hand, adding a spurious state to
a given physical state |¢) with non-zero norm is interpreted as a gauge transformation of
16).

An important check of the above is that the norm of a physical state is preserved when

adding spurious states. To see this, consider the state |¢') = |¢) + |x) with |¢) physical
and |x) spurious, then we get (¢/|¢) = (¢|¢) + (x|®) + (d[x) + (x|x) = (¢]9).

2.2 Particle spectrum of the closed string

Before taking a closer look on the covariant quantization of closed string theory we first
consider one the main physical properties namely the spectrum at low energies. Since we
shall see later that we need a = 1 and D = 26 for the consistency of the quantum theory

we assume these values in the following.

2.2.1 Particle spectrum

Our interpretation of a given physical state |¢) in the closed string Fock space obeying
(2.1.17)) is that it is a superposition of particle states. Indeed, looking at the constraints
for n = 0 it is not hard to see that different physical states in the spectrum of a
closed string leads to different values of p?. Hence the space of physical states of the closed
string leads to a spectrum of particles with masses M given by the mass-shell condition
M? = —p?.

In detail, using we can write the constraints for n =0 as

M) = S (N = 1)|6) = 5 (¥ ~ 1)}6) (2.2.1)

S S

on a physical state |¢) where we inserted the value a = 1 and defined the operators

N:ia_n-an, N:id_n~&n (2.2.2)
n=1 n=1

Acting with N on the Fock space basis state (2.1.10)) one gets the state multiplied with
the number > 7 m,;. Similarly, the action of N gives the state times Z?Zl n;. We can

infer from this that the eigenvalues of N and N are positive integers, or zero. We see

from that
(N —N)|¢) =0 (2.2.3)
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This is called the level-matching constraint and is an extra constraint that one needs to
impose on the closed string Fock space (2.1.10). This provides a non-trivial connection
between the right-moving and left-moving sectors. In particular for the basis state (2.1.10))

it would impose 7, m; = > _%_; n;. This number is known as the level of the state.

2.2.2 Tachyon

We can now consider the particle spectrum of the closed string. We start with level zero
N = N = 0. This singles out the ground state

10; k) (2.2.4)

of the closed string, as defined by ([2.1.8]). Imposing the physical state conditions (2.1.17)
we see using ([2.2.1)) that they require

4
M? = —k* = = (2.2.5)

s

This is the only condition for |0; k) being a physical state since it is easy to see using
that L,|0; k) = L,|0; k) = 0 for n > 0. A particle with M? negative is known as a
tachyon, and it has the special property that it moves faster than light since p? is positive.
The closed string state |0; k) is thus known as the closed string tachyon. It is a scalar
particle since the state |0; k) only depends on k. Since we have a k dependence in the
state |0; k) we can more generally think of the tachyon as a momentum dependent field
T'(k). That the closed string has a tachyon state is considered a problem for the theory.
However, it does not necessarily mean that the closed string predicts scalar particles
moving faster than light. A more sensible interpretation is that the closed string ground
state is unstable and thus prone to decay to a new ground state. This could be the case
if the negative mass squared came from a potential for the tachyon for which the tachyon
is sitting on the top of a hill, see Fig. [7] This view point has been shown to be correct
in case of the open string. For string theory as a whole, however, it is not considered a
major issue as one anyway considers the bosonic closed string, which is what the string we
describe in this chapter in called, only as a warming up exercise to the superstring. As we

shall see in Chapter [f] the tachyon is absent both for the closed and the open superstring.

2.2.3 Massless spectrum

The next step is to consider level one: N = N = 1. A basis for states of level one obeying

the level-matching condition is provided by the states o/';&”|0; k). Thus, we can write
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Figure 7: Tllustration of the closed string tachyon potential.

a general linear superposition as
Cu (k) 16" 110; k) (2.2.6)

with coeflicients (,, (k) where we added the index k referring to the specific momentum
of the ground state. More generally, we can think of (,, (k) as a field in momentum space.
Imposing the constraints (2.1.17)) we find the following conditions

M=k =0, kCu(k)=0, k“(u(k)=0 (2.2.7)

The first constraint comes from n = 0 in (2.1.17) which is equivalent to (2.2.1)). This
means that the states correspond to massless particles. The two other constraints comes
from n =1 in (2.1.17]). Physically they mean that the particles do not have longitudinal
modes, in accordance with what one would expect for massless particles.

One can show that a state of the form k,m, o ,&",|0; k) is spurious assuming k? = 0
and that m, obeys k#m, = 0. Similarly, also m,k, o",a"|0; k) is spurious if k#m, =0
and k? = 0. This has the consequence that the physics of the state is invariant
under the transformations (., (k) — (uw(k) + kym, and (k) — (u (k) + myuk, for
any m, with k*m, = 0. Thus, the physics of the state is invariant under the

transformations
Cu(k) = Cu (k) + kymy, +myk, , k-m=k-m=0 (2.2.8)

These transformations correspond to gauge transformations, as we shall see.

To see what particles (,, (k) corresponds to we have to break it up in to irreducible
representations of the Lorentz group SO(1,25) (more precisely into representations of the
little Lorentz group SO(24) since we are considering massless particles). We use that for

a given k, one can find /;;# such that
=0, k-k=1 (2.2.9)
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The three irreducible parts are the symmetric and traceless part G, (k), the antisymmetric

part B, (k), and the trace part ®(k), given by

Gu() = 5 (G 8) + Gul)) = (s = Ky = By ) o (B)
, , (2.2.10)
Buolk) = 5(Guk) = (k) @(8) = 1o )
such that
o) = G (1) + B (1) + (s — Py = Fy ) B(0) (2.2.11)

The field G, (k) corresponds in four dimensions to a spin 2 representation of the
SO(1,3) Lorentz group. This is interpreted as a graviton field. Apart that it transforms
in the right representation of the Lorentz group one can furthermore show that the low
energy equations of motion for G(k) on a general background corresponds to the Einstein
equations, possibly also with matter fields. We find below the linearized versions of the
Einstein equations as well as the diffeomorphism transformations with 26-dimensional
Minkowski space as background. We shall discuss general space-times and the derivation
of the full non-linear Einstein equations in Chapter [3

This is one of the major successes of string theory: string theory provides a quantum
description of the graviton, the quantum of the gravitational field. This quantum descrip-
tion is consistent (there are no ill-defined states in the theory etc.) and we can get out the
theory of general relativity in a low energy limit. So far, no other proposal for a quantum
theory of gravity has been able to match this success.

To see this explicitly, note that one gets the following position space equations for
G () from (2.2.7) and (2.2.10)
0,0'G,, =0, "G, =0, G =0 (2.2.12)
The second and third equations are gauge conditions on G, (). In this gauge, the first
equation corresponds to the linearized vacuum Einstein equations (linearized around 26-
dimensional Minkowski space). These equations are known to describe gravitational waves
propagating in vacuum, which fits with the fact that one gets a classical gravitational wave
from superposing a large number of gravitons.
The transformations (2.2.8) of (., (k) become the gauge transformations of G, (k)
Gu(k) = Gu(k) +km, +muk, , k-m=0 (2.2.13)

Seen in position space these transformations of G, areE

Gu = Gu + 0,8 + 0,6, , 0", =0, 0"0,5, =0 (2.2.14)

4One can go from momentum space to position space by using a Fourier transform. We note that in
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which correspond to linearized diffeomorphism transformations that are consistent with
the gauge choice given by the second and third equations of (2.2.12]).
The antisymmetric field B, is known as the Kalb-Ramond field. We see from ([2.2.8))

that it is invariant under the transformations
B, (k) = B (k) + kym, —muk, , k-m=0 (2.2.15)

In position space these become B,, — B,, + 0,4, — 0,A, (along with 04, = 0 and
0"0,A, = 0) which are known as the gauge transformations for a two-form potential with
a corresponding gauge invariant three-form field strength H,,, = 0,B,,+ 0,B,, + 0,8,
Moreover, from we get 0,0/'B,, = 0 and 0"B,, = 0 that we can combine to
show that 0" H,,, = 0 which is the equation of motion for a source-free three-form field
strength. The equation 0" B, = 0 can be interpreted as a gauge choice consistent with
0*A, = 0. We shall discuss the interpretation of these findings further in Chapter [3| and
Sec.

Finally we have the field ®(k) which is known as the dilaton field. We see from its
definition in that ®(k) is invariant under the transformations of (k).
In correspondence with this, ®(k) is interpreted to be a scalar field in the 26-dimensional
space-time. The conditions gives that k? = 0 which in position space becomes

00, = 0 (2.2.16)

which is the Klein-Gordon equation for a massless scalar field in the background of 26-
dimensional Minkowski space. The interpretation of the dilaton field will be discussed in
Chapter [3

One can continue with considering states with level N = N > 2. These states corre-
spond to a discrete spectrum of massive particles with M? = 4(N — 1)I;?. One can show
that for high level number the number of available states at a given level increases expo-
nentially with the level number. This has the interesting consequence that the partition
function for a gas of non-interacting strings is not defined above a certain temperature

called the Hagedorn temperature.

2.3 Poincaré invariance of the target space

It is a general fact that when quantizing a theory which classically has a conserved charge

corresponding to a symmetry, the conserved charge is mapped to a generator of that

going to position space we need to use the more general normalization (0; k|0; k') = ¢dP(k — k') for the

ground state.
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symmetry. For instance, in a classical theory with translation invariance the momentum
is conserved. Quantizing the theory, the momentum operator now corresponds to the
generator of translations. In this section we shall see how this works for the Poincaré
symmetry of the closed string, as described by the Polyakov action in flat gauge .
In Sec. we turn to the conformal symmetry.

2.3.1 Poincaré symmetry and algebra

Consider D-dimensional Minkowski space with coordinates z# and metric 7,,. This is
invariant under Poincaré transformations, consisting of translations and Lorentz transfor-
mations. Consider a quantum state |¢) on D-dimensional Minkowski space with corre-
sponding wave-function ¢(x) = (x|¢) defined on the Minkowski space. The wave function
transforms as a scalar 45(35) = ¢(x) under Poincaré transformations. We map here a gen-
eral Poincaré transformation into a corresponding operator that acting on the quantum
state yields the same result. Making a translation z# — x* — b* corresponds to acting

with the operator
exp(iV'p,) (2.3.1)

where the translation generators is

P = —id), (2.3.2)

To see that this is the case, consider an infinitesimal translation. Since the wave function
should transform as ¢(Z) = ¢(z) we see that ¢(x) = () = ¢(z — b), and hence p(z) =
¢z +b) = ¢(x) + 00,¢. On the other hand, acting with the operator gives
p(z) = ePPug(z) = (1 +ibFp,)d(x) = ¢(x) + b*d,p(x). In the same way, one can check

that making a Lorentz transformation corresponds to acting with the operator

exp (—%w’“’JW> (2.3.3)
with the Lorentz generators given by
Jy = —i(x,0, — x,0,) (2.3.4)

Having now the translation and Lorentz generators (2.3.2)) and (2.3.4)) we can find

their algebra. For instance, to compute [p,, J,,] we do the following

Pps Jurl0(x) = (Ppdw — JuwPp)9(x) = =0,(2,0,0) + 0,(2,0,9) + 1,0,0,¢ — ,0,0,¢
= _npuau¢ + npuau¢ = _i<77pupu - Upupu)¢($) (235)
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revealing that [p,, J.| = —i(npuPy — Mpwpy). In this way we find the Poincaré symmetry
algebra for the Poincaré generators

[p;upu] =0, [pm J;w] = _i(npupu - npupu) (236)

(s Jpo) = =i(Mupd o + Mo Jup — Mupdve — Mo Jup)
2.3.2 Poincaré generators of the string

Classically, the Polyakov action in flat gauge is invariant under Poincaré transformations
of the target space, see Sec. , consisting of translations and Lorentz trans-
formation. For the closed string the translations give rise to the conserved charge p, of
Eq. which is the total momentum. The Lorentz transformations give the con-
served charge J,, of Eq. . We now consider the quantized theory to see if the
corresponding operators fulfil the Poincaré symmetry algebra .

Quantizing the theory we have already established in Sec. that the total momentum
Py as an operator. Moreover, the [z#, p,] = i6" commutator is in accordance with .
Instead for J,, we should quantize the expression . Since it contains a product of
fields there is a possible normal ordering constant. To this end, consider the ground state
|0; 0) corresponding to zero momentum p,|0;0) = 0. From a physical point of view this
should be a Lorentz invariant state. Hence this means that .J,,|0;0) = 0. Thus, we can

conclude from this that the quantum operator J,, is normal ordered
2
o :/ do : (X, I, — X, 11,,) : (2.3.7)
0
We compute
JH = [P BRY 4 R (2.3.8)

where

v

" = ghp” — 2’ pt

. S . S (2.3.9)
B = —i Z E(O‘—kak —alpay), EY=—i Z E(Otkak — a%ay)
k=1 k=1

It is now a straightforward exercise, using the commutators (2.1.3)), to find that p, and

J, for the closed string indeed obey the Poincaré symmetry algebra (2.3.6)).

2.4 Conformal invariance on the worldsheet

In Sec. we found that the Polyakov action in flat gauge (1.3.18)) is invariant un-

der two-dimensional conformal transformations (1.6.9). The conformal invariance on the
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worldsheet of the closed string was seen in Sec. to give rise to the conserved charges
(1.5.6) which are the modes of the worldsheet energy-momentum tensor. In this sec-
tion we consider the conformal symmetry of the quantum string and the generators of
the conformal symmetry corresponding to the conserved charges of the classical

string.

2.4.1 Two-dimensional conformal symmetry and algebra

Consider a two-dimensional space-time with coordinates £* and Minkowski metric 7,4.
We consider a quantum state |¢) on the worldsheet with wave-function ¢(§) = (£|¢).
We established in Sec. that conformal transformations are of the form . In
particular, infinitesimal conformation transformations £* — £€* = £€* —a®(€) have 0,0~ =
O_a™ = 0. In our application to the string theory worldsheet all fields are periodic in
both ¢~ and £~ with period 27 hence we impose this on the conformal transformations
as well. For an infinitesimal conformal transformation given by a*(£%) this means we can
make the Fourier expansion

at(er) =) Az (2.4.1)

nez

where A are constant. Turning on a single A, corresponds to the conformal transfor-
mation £~ — £ — A" Since a wave-function @(€) transforms as ¢(€7) = B(£7)
we find @(7) =~ ¢(E™ + A7 e ) ~ ¢(£7) + A, e §_¢ corresponding to acting with
the operator e=“nPn on ¢(¢7) where D, = ie™ d_. Thus, conformal symmetry in two
dimensions has the generators

D; =i 0_, D =ie™ o, (2.4.2)

n

Thus, we have two infinite sets of generators for the conformal symmetry. Acting with
[D,., D, ] on ¢(¢7) and similarly for the left moving sector, we find the following conformal
symmetry algebra

[Dy, Dyl = (m —n)Dy, (D D] = (m —n) Dy,

m+n m4n

D, D=0  (2.4.3)

for m,n € Z. This algebra consists of two copies of the so-called Virasoro algebra. Thus,
both the right-moving and left-moving sectors obey the Virasoro algebra separately, and
the sectors commute with each other. The generators DT are correspondingly called

Virasoro generators.
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2.4.2 Conformal symmetry generators of the string

We found in Sec. for the classical description of the closed string that the modes
L, and L, of the worldsheet energy-momentum tensor are conserved charges due to the
conformal symmetry on the worldsheet. As exemplified in Sec. [2.3] the conserved charges
due to a symmetry in a classical theory become the generators of the symmetry in the
quantum theory. Hence, the quantum operators L, and L, defined in (2.1.15)) should be
generators of the conformal symmetry on the worldsheet of the quantized closed string.
Specifically, L,, should be correspond to D, and L, with D of the two-dimensional
conformal symmetry algebra of Sec. . Using now the commutator relations
one can compute the following algebra for L, and L,

D
[Lins Ln] = (m —n) Ly + E(mg = 1M)0m1n,0
= s = D 3 (2.4.4)
my Hn| — - m+4n T 75 - m+n,0
[Lim, Ln] = (m — n) Ly, + 12(m M)Omtn, e
[Lin, Ln] =0

for m,n € Z. This algebra consists of two copies of the same algebra and is a particular
case of an algebra known as the centrally extended Virasoro algebra (see also below in
Sec. . The extra part %(m?’ — M )0m+4no Which is absent in the Virasoro algebra is
called the central extension.

Comparing the algebras (2.4.3) and ([2.4.4) we see that (D, D) and (L, L,) do not
obey the same algebra. The difference is the central extension in (2.4.4). Thus, there
is an anomaly in the algebra . This suggests that the conformal symmetry of the

quantized closed string is anomalous. Why is this a problem? The answer is that in the

classical description the local symmetries of the Polyakov action is what enables one to
claim that one gets the same physics as if one used the Nambu-Goto action. Hence it is
crucial that we keep the local symmetries that we found in the classical description. We
shall see the resolution to this below in Sec. but first we shall examine the properties

of two-dimensional conformal symmetry a bit further.

2.4.3 Properties of two-dimensional CFTs

Consider a two-dimensional classical field theory. The energy-momentum tensor is defined

via the variation of the action

1
5S = = / d*¢ \/=gT.p309™" (2.4.5)
7I
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For a classical conformally invariant field theory the action should be invariant under
conformal transformations dg.s = 2P gos. From the above we see that this is only possible

if the trace of the energy-momentum tensor is zero
T,*=0 (2.4.6)

Conversely, if holds for a classical field theory, then it is conformally invariant.

A two-dimensional conformal field theory (CFT) is a two-dimensional quantum field
theory which is conformally invariant in its classical limit, or, equivalently, obeys .
Clearly, the two-dimensional quantum field theory for the closed string that is the main
subject of this chapter is an example of a two-dimensional CFT. In particular, we found
([T.5.2).

Consider a given two-dimensional CFT. Since any two-dimensional metric is locally
conformally flat we can go to coordinates such that the metric is of the form ezcb(f)na/g.
One can then use a conformal transformation in the classical limit to remove the factor
e?®© while at the same time imposing that the theory is periodic along the &' direction
with period 2w. With this, a general conformal transformation is now written as
where ¢+ = €9 4 ¢! and € are periodic coordinates with period 27. Moreover, is
equivalent to T, _ = 0. This means we can define the Fourier modes £,, and L,, in terms
of the mode expansions of the T"__ and 7', ; components of the energy-momentum tensor
of the CFT (in the classical limit) just like we did in (1.5.5). Quantizing the theory, the
algebra of the generators of the right-moving sectors is of the general form

(Lons L] = (10— 1) Lonym + (1—62m3 + km) Srtn (2.4.7)

and similarly for the left-moving sector (possibly with different ¢ and k). The right
and left-moving sectors commute. The algebra is called the centrally extended
Virasoro algebra, now with its central extension (%m?’ + k:m) Om+n,0 0 the most general
form. The generators are called Virasoro generators. As explained above in Sec. 2.4.2] a
non-zero central extension means that the conformal symmetry algebra is anomalous.
The constant k in depends on the normal ordering scheme when quantizing the
theory. In particular, replacing £,, with £,, 4+ 0d,, o in the algebra gives an algebra
of the same form as , with the same ¢, but with k replaced by k& — 2b. Thus, one
can in particular make a redefinition of the Virasoro generators that sets k = —c/12.
This is a natural choice since then the algebra of £L_1, £y and £; is without anomalies.
This is a subalgebra of the Virasoro algebra with commutators [£i,£_1] = 2Ly and

[Lo, L41] = FL41. The subalgebra of Lo, L1, Lo and L.y corresponds to the subalgebra
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of the conformal symmetry that one also finds in more than two dimensions, consisting
of translations, rotations and boosts, dilatations and special conformal transformations.

The constant ¢ in ([2.4.7)) is known as the central charge of the two-dimensional CFT.
This constant is not sensitive to normal ordering and is considered to be a measure of
the number of degrees of freedom (it is connected to the entropy of the CFT via the
so-called Cardy formula and is also an important quantity in the so-called c-theorem for
renormalization group flows in two dimensions).

Considering the anomalous conformal algebra of the closed string it corresponds
to two copies of the extended Virasoro algebra with central charge ¢ = D. Thus,
the central charge is equal to the number of space-time dimensions of the target space
which fits well with the interpretation of ¢ as a measure of the number of degrees of
freedom.

Classically, conformal invariance is equivalent to the trace of the energy-momentum
tensor being zero . Generically, a CFT has the anomalous conformal symmetry
algebra (along with the equivalent algebra for the left-moving sector). Thus, for
non-zero central charge ¢ one would expect that the expectation value of the trace of the
energy-momentum tensor should be non-zero, in accordance with the anomalous algebra.
Indeed, one can derive that the expectation value of the trace of the energy-momentum

tensor is
c
(PITa"0) = —5 8 (2.4.8)

where c is the central charge of the CFT, as in , and R is the Ricci scalar of the two-
dimensional metric. When this expectation value is non-zero it is known as the conformal
anomaly.

Note that an alternative definition of a two-dimensional CFT is a two-dimensional
quantum field theory for which the expectation value of the trace of the energy-momentum

tensor vanishes in flat space. We see that this is in accordance with the above since the
conformal anomaly (2.4.8)) is zero in flat space.

2.5 Ghost field sector from string path integral

Consider the general Polyakov action Spei[g, X] of Eq. (1.3.1). This action depends on
the metric field g and the string embedding map X. To properly quantize this action we
should understand the string theory path integral

7 = /Dg DX exp(iSpailg, X]) (2.5.1)

53



Notice that this path integral includes integration of all two-dimensional metrics gqs (given
certain global boundary conditions such as topology). So given this, how can we make
sense of fixing the gauge to a specific metric? The way to do this is called the Fadeev-
Popov method. We briefly outline this method and the resulting ghost field sector in the
following. A more detailed version can be found in Appendix [B]

We want to gauge-fix the world-sheet metric to the flat gauge in the path
integral (2.5.1)). Any metric can be connected the flat metric via a combination of a
diffeomorphism £%(€) = £ — a®(€) and a Weyl rescaling with here written as
Q&) = MO, Hence instead of integrating over all metrics g,s(¢) in the path integral
we can integrate over all diffeomorphisms a®(§) and Weyl rescalings A(£). One can
think of this as a change of integration variables. However, when one changes integration
variable in an integral [ dyF(y) to a new variable z(y) one gets an extra factor dy/dz in

dy

the integral [ dz32F(y(x)). In the same way this happens in the path integral, giving an

extra factor in the integration measure
Dg = Arp DA Da (2.5.2)

This extra factor App is called the Fadeev-Popov determinant. One can show that it
does not depend on A and a. Using this together with the fact that the Polyakov action
(1.3.1)) is invariant under diffeomorphisms and Weyl rescalings, and that the measure DX

is invariant under diffeomorphism, one can now write the path integral as
7= / DADaDX App exp(iSyorln, X]) (2.5.3)

One sees now that nothing in the integrand depends on A(§) or a®(¢). This means that the
factor [ DA Da decouples from the theory and hence one can remove it from Z without

changing the physics. We get now
7z - / DX App exp(iSyaln, X]) (2.5.4)

This is our gauge fixed path integral, since we now got rid of the integration over the met-
rics, we fixed the metric to the gauge choice and we are left only with an integral
over the embedding fields X#(£). However, we notice also that the correct gauge fixing
procedure in the quantum theory includes the Fadeev-Popov determinant factor App.
This factor can be computed using so-called Grassmannian-valued fields that are fields
that anti-commute. We shall encounter such fields again in Section [6] when considering

the superstring. One finds

App = /Dch exp(iSgn[b, c]) (2.5.5)
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where '
Sanlb, ] = ~ / d2£(b__8+c‘ + b++8_c+> (2.5.6)
T

The fields b__, by, ¢ and ¢* are all Grassmann-valued fields. They are called ghost
fields since they transform as bosonic fields under worldsheet diffeomorphisms but are
Grassmann-valued like one would have for fermionic fields. Thus, they cannot correspond
to physical degrees of freedom. Nevertheless they are important in the quantum theory, as
we shall review in the following. Writing the Fadeev-Popov determinant as —

the gauge-fixed path integral is written as
. / DbDeDX exp (z'spol[n,X} +iSalb, c]> (2.5.7)

One can show that b-c ghost system defined by the action (2.5.6)) is a two-dimensional
CFT. Indeed, in the quantized theory one can define modes LEY and L& of the energy-
momentum tensor corresponding to the action (2.5.6)). The algebra of these modes can

be computed as

1
[LED, L] = (m— n) Lty + 75(=26m° + 2m)3nn
- ~ ~ 1
(L&Y LEN] = (m — n)Lﬁ,%}fn + E(—Qﬁmg + 2m) 000 (2.5.8)
L, LE) = 0

This corresponds to two copies of an extended Virasoro algebra, as defined in Sec. 2.4.3]
Comparing with we conclude that the b-c ghost field sector corresponds to a two-
dimensional CFT with central charge ¢, = —26.

Going back to the path integral we see that in the complete quantum theory of
the closed string we should add the contributions from the Polyakov action and the ghost
field action to get the complete energy-momentum tensor. Hence the Virasoro generators

in the complete quantum theory are
Lo=1L,+ L —ad,o, L,=L,+ L& —ad,, (2.5.9)

for n € Z where L, and L,, are the Virasoro generators (2.1.15)) for the contribution from
the X* field. Finally, the term —ad, o allows for a possible normal ordering constant. One

computes

(Lo, L] = [Lim, Ly + [LEY, L]
(2.5.10)

1
= (= )L+ LI + (1300 = ) 5200+ 2m) ) B
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Hence one finds

1

[Lons La] = (= 1) L + 7 ((D — 26)m® + (24a +2 — D)m) Smimo  (2.5.11)
and the equivalent result for the left-moving sector Virasoro generators £,. Thus, we
conclude that for

D=26 and a=1 (2.5.12)

we get the algebra
(Lon, L0] = (M — 1) Lonsn s [Lons Ln] = (M= 1) Lopin s [Lon, L0] =0 (2.5.13)

which corresponds to the anomaly-free conformal symmetry algebra . Hence for the
critical values of the dimension D of the target space, and the normal ordering
constant a, the covariant quantization of the closed string is consistent when including
the ghost field sector.
For the central charge we see that it is additive when combining the X* field and the
b-c ghost fields
c=cx+cpe=D—26 (2.5.14)

which also means that the conformal anomaly disappears for D = 26, as expected.

In Appendix we review the last step in the covariant quantization with the ghost
fields where one looks at the full spectrum of states that come both from the matter
sector and the ghost sector. Introducing the so-called BRST charge (), one can show that
demanding that this charge is zero on physical states precisely corresponds to imposing
the physical state condition (2.1.17) with @ = 1 and D = 26. Thus, one has a fully

consistent quantum theory of the closed string.

2.6 Exercises for Chapter

Exercise 2.1. Consider the (bosonic) closed string in the covariant quantization approach
of Section 2.1] The mode expansions of the position field X*(7,0) and the momentum

density I1,(7,0) = TX,, are given in Eqs. (1.4.27) and (.4.29). As found in a previous

exercise, the modes written in terms of the X*(7,0) and II#(7,0) fields are given in

Eq. (T.7.15).

e Show that the canonical equal-time commutation relations (2.1.1)) imply the com-
mutation relations for the modes (2.1.3). Show then the reverse, that the canonical

equal-time commutation relations ([2.1.1]) follow from the commutation relations for
the modes ([2.1.3)).
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e Show that the reality conditions (2.1.2]) on X*(7,0) and II,(7,0) imply the reality
conditions on the modes (2.1.4). Show the reverse, that (2.1.2) follows from ([2.1.4)).

Exercise 2.2. Consider the spectrum of the (bosonic) closed string in the covariant

quantization approach of Section [2.1

e Show that the ground state |0; k) is a physical state provided the conditions ({2.2.5)).
e Show that the level 1 states Eq. (2.2.6]) are physical provided the conditions ({2.2.7)).

e Find all the states at level N = N = 2 without imposing the physicality constraint.

Exercise 2.3. Consider the (bosonic) closed string in the covariant quantization approach
of Section with @ = 1 and D = 26 (the space-time dimension D will not play a role in
the following). Consider a state |x) of the form

IX) = L1|n) (2.6.1)

with the state |n) obeying
Laln) =0 and (L, — d,0)[n) =0 for n >0 (2.6.2)

e Show that the state |y) given by ({2.6.1) is orthogonal to any given physical state
|¢), i.e. that (x|¢) = 0.

e Show using the algebra (2.4.4)) that |y) is a physical state.

As a result we have shown that a state |x) of the form (2.6.1)) is a spurious state for any

state |n) obeying (12.6.2)).

Exercise 2.4. Consider the (bosonic) closed string in the covariant quantization approach
of Section with @ = 1 and D = 26 (the space-time dimension D will not play a role in
the following). Consider the state

V2
) = < —=mual,[0; k) (2.6.3)

with k% = 0 and k#*m,, = 0.
e Show that the state (2.6.3) obeys the conditions (2.6.2)).

e Using Exercise 2.3 we now know that |y) = L_;|n), with |) given in (2.6.3), is a
spurious state. Show that |x) is given explicitly by

Ix) = k,m,a 6”105 k) (2.6.4)
with k#m,, = 0 and k* = 0.
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States of the form ([2.6.4)) provides part of the gauge transformation of the massless states,
as explained in Sec. (one can easily show the other part of the gauge transformation
from spurious states by repeating the above arguments of this exercise and Exercise [2.3

with the left- and right-moving sectors interchanged).

Exercise 2.5. Consider the (bosonic) closed string in the covariant quantization approach
of Section [2.1} The generators of Lorentz transformations for the covariantly quantized
closed string are given by (2.3.7)) in terms of the quantum fields X*(¢) and II,(£) for the

string.

e Derive Eqs. (2.3.8)-(2.3.9) which expresses the Lorentz generators .J,, in terms of

the mode expansion operators z#, p,, ot and af.

e Show using Eqgs. (2.3.8))-(2.3.9)) as well as the commutator relations (2.1.3) that .J,,
obeys the Lorentz generator part of the Poincaré algebra (2.3.6))

(Juvs Joo) = =1 (Mupd o + Nuodvp — Nppdve — Mo dup) (2.6.5)

Exercise 2.6. Consider the (bosonic) closed string in the covariant quantization approach
of Sec.[2.1] Let |¢) be a given state in the closed string Fock space. Assume that L,[¢) =0
for all n > 1. Show using the algebra that it is not possible to have L_,|¢) = 0
for all n > 1.

Exercise 2.7. This exercise is about the form of the central extension of the extended
Virasoro algebra ([2.4.7)) for a general two-dimensional CFT. Consider a set of quantum

operators L, with algebra
(Lo, Ln] = (M —n)Lpsn + g(M)0mino (2.6.6)
where g(m) is an undetermined function of m.
e Explain why g(—m) = —g(m).
e Using the Jacobi identity
(Lo Ly Li]] + [Liy [Lon, L] + (Lo, [Liy L1n]] = 0 (2.6.7)
show that for m +n + k = 0 we can derive

(n—k)g(m)+ (m —n)g(k) + (k—m)g(n) =0 (2.6.8)
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e Derive a recursion relation for g(m + 1) in terms of g(m) and g(1) using Eq. (2.6.8)
for k=1 and n = —m — 1 and using g(—m) = —g(m) .

e Show that g(m) = 5m®+ km satisfies the recursion relation for any values of ¢ and
k. Argue that this is the most general solution of the recursion relation. Thus, the
algebra (2.6.6)) for the £, operators must be of the form

Loy L] = (M — 1) Lonsn + (1—627713 n km) St (2.6.9)

As reviewed in Sec. an algebra of this form is known as a centrally extended

Virasoro algebra (for ¢ = k = 0 it is instead called a Virasoro algebra).

Exercise 2.8. Consider the (bosonic) closed string in the covariant quantization approach

of Section [2.1 We consider in this exercise the algebra for the Virasoro generators L,

and L, as given in Eq. ([2.1.15).
e Show that for m # 0, n # 0 and m + n # 0 we have

[Lyn, Ly] = (m — 1) Lypen (2.6.10)

e Show that for m # 0 we have
[Lim, L] = 2mLy + b(m) (2.6.11)

where b(m) at this point is an undetermined function of m arising from normal

ordering.

e Show that for m # 0 we have

[Lin, Lo} = mLy, (2.6.12)

e Explain using the three above results that we have derived
[Lim, L] = (m —n) Lyytn + b(M)0mn 0 (2.6.13)

e Argue that [Lm,in] = 0 and that the L, Virasoro generators satisfy the same
algebra as the L,, generators with the same function b(m). Conclude from the result
of Exercise that this means the algebra of the Virasoro generators L, and L,

must be of the form

[Lin, Ly) = (m —n) Ly + (1—02m3 + km) Smtn.0
(Fos L] = (m — 0) Emn + (1—02m3 + km) Srim (2.6.14)
[Lma -Zn] =0

where ¢ and k are constants.
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Exercise 2.9. This exercise is a continuation of Exercise 2.8 We continue with studying
the algebra of the Virasoro generators ([2.1.15) for the (bosonic) closed string in the
covariant quantization approach of Sec. . Our starting point is the result (2.6.14]). We

use the state |0; k) defined by Eqgs. (2.1.8) and (2.1.9).

e Show that L,|0;0) =0 for n > —1.

Show that L_5]|0;0) = sa_; - _1]0;0).

Compute (0;0|[L1, L_1]|0;0) and use this to show that b(1) = 0.

Compute (0;0|[L2, L_2]|0;0) and use this to show that b(2) = D/2.

Use the results for (1) and b(2) to show that the L,, Virasoro generators obey the

extended Virasoro algebra
D 3
[Lin, Ly) = (m —n) Ly + E(m — M) 0min0 (2.6.15)
and conclude from this that we have derived the algebra ([2.4.4)).

Exercise 2.10. This exercise considers the graviton part of the massless closed string
states discussed in Sec. . Consider the closed string state written in terms of
Cuw (k) with the conditions and gauge transformation (2.2.8). The graviton part
G (k) defined in (2.2.10)) is the symmetric and traceless part of (. (k).

e Show using that the conditions implies
=0, k'G,(k)=0 (2.6.16)
for G, (k). Discuss that the first equation implies
G (k) =0 (2.6.17)
since either G, (k) = 0 or k? = 0. Show using that
"G (k) =0 (2.6.18)

Moreover, show that the gauge transformation (2.2.8)) for ,, (k) implies the gauge
transformation (2.2.13) for G, (k).

e Write the Fourier transform of G, (k) as

1

G#,,(x) = W

/ d’k G, (k)e*™ (2.6.19)
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Show that for the Fourier transformed field G, (x) defined by (2.6.19) it follows
from Egs. (2.6.16))-(2.6.18) that

8,0"G, =0, 0"Guy =0, 7"G =0 (2.6.20)

Hint for the first identity: Try to act with 0,0" on the right-hand side of ([2.6.19))
for G, (x) and use (2.6.17)).

e Show that the gauge transformation (2.2.13)) for G, (k) implies the gauge transfor-
mation (2.2.14)) for G, (z).

Exercise 2.11. The Virasoro generators L,, and L, are defined in Eq. ([2.1.15). Show
that

Ly, ] = —nat . (L, @] =0, [Lp, @] =—-nd,,, [Lma’]=0 (2.6.21)

Exercise 2.12. In this and the next two exercises we explore the quantum versions of
the constraints on physical states in the covariant quantisation of the bosonic string. For
simplicity we consider open strings with Neumann boundary conditions in both end points
(since then we do not have independent left and right moving sectors). The X* field has

mode expansion
1 )
XH(r,0) = 2t + 20%p"T + V2, E —ake ™" cos(no) (2.6.22)
n
n#0

We see that we can think of this as the closed string mode expansion but with the
identification &* = o/ and with the total momentum operator p* = of /(v/2l,) (this is a
factor of two different compared to the closed string because of the different range of o

for 0 to 7). In particular this means that defining the Virasoro generator
1
Ly =3 Z Uk U (2.6.23)

we find the same algebra (2.6.15)). In the following we call a state |¢) a physical state if
it has
(Ly, — adpp)|¢) =0 for n>0 (2.6.24)

For use below we remind that the ground state |0; k) is defined as p,|0;k) = k,[0; k),
ak0; k) =0 for n > 0 and (0; k|0; k) = 1.

e Consider a physical state |¢). Assume a = 1 and D = 26. Show using the algebra

(2.6.15) that L,|¢) # 0 for n < 0.
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e Show that (L,)! = L_,. Show this means that for any two physical states |¢) and
|¢') we have (¢'|(L, — adno)|¢) =0 for all n € Z.

e Show that if a state |¢) obeys (Lo — a)|¢) = L1|¢) = La|¢) = 0 then it is a physical

state.

e Show that the ground state |0; k) has L,|0;k) = 0 for n > 0. Show that it is a
physical state provided I2k* = a.

Exercise 2.13. Continuing Exercise 2.12]

e Show that
(L, o] = —nag, ., (2.6.25)

e Consider the state |¢) = q-a_1|0; k) where ¢g* is a real valued vector. Find the norm
(p|¢) in terms of g. Write down the conditions on ¢ and k for |¢) being a physical

state.

e We would like to pick @ and D to avoid ghost states in the spectrum of physical
states (ghost states are states with negative norm). For what values of a is it possible

that |¢) is both a physical state and a ghost state?
Exercise 2.14. Continuing Exercise and 2.13] Assume a = 1. Consider the state
|9) = [(04—1)2 + 1o - g + ey - 0471)2] |0; k) (2.6.26)
e Find the values of ¢1, ¢, and k? such that |¢) is a physical state.

e Find the norm of |¢). For what values of D is it possible that |¢) is both a physical

state and a ghost state?
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3 General Relativity from String Theory

We have seen in Sec. that the graviton can be consistently described as a mode of
the quantum bosonic closed string. This will be further elucidated when we consider the
superstring in Chapter [0] in which case we can get rid of the tachyon of bosonic closed
string theory while still keeping the graviton mode. However, to establish string theory
as a theory of quantum gravity, it is not enough that one can find a quantum description
of a spin two particle (although that is already a highly non-trivial problem). One needs
also to be able to get the theory of general relativity in a classical limit of the quantum
gravity theory. This is what we consider in this Chapter.

The way to get general relativity as a classical limit of string theory is to consider
the limit of having a large number of strings, corresponding to having high quantum
numbers, and then consider the low energy limit of this. One does this by considering
the consistency of having a single string moving in the background of the many strings at
low energies, which then results in an effective description given by general relativity in

26 dimensions. As we shall see, the key to all of this is conformal invariance of the string.

3.1 Polyakov action for general background fields

So far we have been considering the quantized bosonic string in a 26-dimensional Minkowski
space. Similarly in Chapter [6] we consider the quantized superstring in a 10-dimensional
Minkowski space. Thus, in both cases one has D-dimensional Minkowski space as a target
space for the string. However, as seen in Sec. the closed string on 26-dimensional
Minkowski space has a massless excitation that corresponds to the graviton, which is the
quantum of the gravitational field. Below in Sec. we shall see the same for the closed
superstring in 10-dimensional Minkowski space. Hence, if we imagine considering a lot
of closed (super)strings, giving rise to a lot of gravitons, we should be able to create a
gravitational field that differs from the metric of Minkowski space, also in the classical
limit. This parallels that one can create a classical electrical field out of photons, if only
one has enough of them. These considerations points to the fact that one should be
able to describe closed strings moving around in backgrounds other than D-dimensional
Minkowski space. And with background we mean a classical configuration made of many
string excitations for the metric field, as well as the other massless fields that corresponds
to massless modes of the closed string. The reason that the classical configuration is
described by the massless fields such as the metric is that one is considering a low energy

limit.
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The goal in the following is to describe the dynamics of a single closed string in the
background of many closed strings. We work in the limit in which the energy of the single
string is small. In this regime we can describe the background of the many closed strings
using the massless fields that they induce.

For simplicity we stick to bosonic strings in the following. The induced background is
thus described by the fields G, By, and ®, as found in Sec. . We ignore here the
closed string tachyon, regarding the results as a precursor to the superstring.

The effective theory for a single bosonic closed string in the low energy limit Fgying <

;1 is now
S = Sgp + Se
Se = ﬁ P [V/39" G (X)0a X105 X" + B (X)0uX"0:X*]  (3.11)
Sp = % d*¢/gR® &(X)

where p,v =0,1,..., D — 1, with D being the dimension of the target space (one can also
think of D as the number of scalar fields X#(£) on the worldsheet). An action of this
type is known as a non-linear sigma-model and we see that it generalizes the Polyakov
action . Several comments are in order here. First, we are working now in two-
dimensional Euclidean signature (for later convenience). This means that we have made
a Wick rotation €2 = it = i£". Hence our worldsheet coordinates are now (&1, £%), and
the sums over v and § above in are over «, 8 = 1,2. The metric g,p is thus a
two-dimensional metric with Euclidean signature and hence g = det(g.z). Moreover, R?)
in the last term of denotes the Ricci scalar of g,g. Note that the two-dimensional
e-symbol is given by €2 = 1 and €’ = —¢Pe.
The Euclidean path integral corresponding to the action is

Z = / Dy / DX e 59 X] (3.1.2)
M

given the background fields G, (X), B,,(X) and ®(X) that in general can depend on

XH(€, €%). Here M denotes the space of all two-dimensional Riemannian manifolds/”

15 A Riemannian manifold is a manifold equipped with a Euclidean signature metric.
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3.2 Dilaton field as the string coupling

Consider a closed string moving in the background of a constant dilaton field ®(X) = ®.
The dilaton part of the action (3.1.1) Sg is then

1
A%:¢X,X:Z%/fggmﬂ (3.2.1)

where Yy is a purely geometrical quantity known as the Euler character. One can show that

x for a given two-dimensional manifold is an integer that depends solely on the topology

x=-2(g—-1) (3.2.2)

where ¢ is the genus of the manifold, found as the number of holes (hence g > 0). In

Fig. |8l we have illustrated the types of manifolds one has for genus g = 0,1, 2, 3.

3:0 xX=1
. A 5
Sy\'\ea/e, S* Torus T°

Figure 8: Two-dimensional manifolds with genus ¢ = 0,1,2,3 and the corresponding Euler

character x.

From (3.2.1) and (3.2.2) we see now that the path integral can be written as an

expansion in the topology of the worldsheet

VA :/ DQ/DX e—S6Bl9,:X]-Sal9,X] _ Z/ Dg/DX e~ ScBl9.X]=Sa[g.X]
M g=0 Mg

= (eq’)Q(g_l)/ Dg/DXe_SGB[g’X] (3.2.3)
Mg

g=0

where M, denotes the space of all two-dimensional Riemannian manifolds with genus g.
In particular, when e® < 1 we see that the genus zero contribution dominates of the
higher geni ¢ > 1 manifolds. Thus, we can think of e® like a coupling constant. Following

this, we define therefore the string coupling constant

gs = () (3.2.4)
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as the expectation value of e®. Hence,

Z=g2> g% / Dy / DX e~ ScrloX]
9=0 My

— g2 [ / Dy / DX e~SenleX) | g2 / Dy / DX ¢ SenloA]
Mo Ml
_i_ggl/ 'Dg/'DX e—9aBlg:X] 4. ] (3.2.5)
Mo

In particular for g; = 0 we see that only the spherical topology of the worldsheet con-
tributes. This corresponds to what we have been considering in Chapters where we
analyzed the Polyakov action in flat gauge as well as the version of this with
global supersymmetry . To see this, note first that R? is the Wick rotation of
two-dimensional Minkowski space, and use then that the plane R? can be mapped to S2
by a conformal transformation and adding a point at infinity.

For g; small but non-zero one can perturbatively include the higher genus contribu-

tions. This is called string perturbation theory.

3.3 Conformal invariance of the sigma-model

Consider the non-linear sigma-model action (3.1.1]). Classically, it has the following local

symmetries

e Diffeomorphism invariance: the non-linear sigma-model action (3.1.1)) is invariant

under worldsheet coordinate transformations

§* = £%(¢) (3.3.1)

with a = 1, 2, along with the transformations

XH(E) = X&) = XH(€) (3.3.2)

00 98

9ap(§) — gaﬁ(ﬁ) = a_éaa_gﬁgvé(g) (3.3.3)

e Weyl invariance: for a constant dilaton field ®(X) = & the non-linear sigma-model
action (3.1.1)) is invariant under the Weyl transformations

gaﬁ(f) — gaﬁ(g) = Q(ﬁ)an/g(g) (3.3.4)

under which X#(£) and the coordinates £* are not transformed.
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Combining these local symmetries one can see that the non-linear sigma-model action
is classically conformally invariant. In detail, choosing any particular gauge for
the metric g,s3, one can first perform a conformal transformation, and afterwards a Weyl
rescaling to get back the chosen gauge for the metric. This works in particular for the flat
gauge gos = Nap in the same way is explained in Sec. m Thus, for constant dilaton
field ® the non-linear sigma-model action is classically conformally invariant.

We now impose that also the quantum theory of the non-linear sigma-model action
is conformally invariant. We do this since we view the conformal invariance of
the string theory just like the gauge invariance of Yang-Mills theory: it is an underlying
symmetry that defines the quantum theory.

However, the non-linear sigma-model action is a non-linear two-dimensional
quantum field theory. Hence, we have to quantize it using perturbation theory. This
perturbation theory is defined in terms of the string length scale versus the length scale

of the variations of the background fields G, and B,,. Indeed, we work in the regime
ls < Lbackground (335)

where Lpackground 18 the smallest length scale associated with the background fields G,
and B, e.g. it could be the length scale of the geometry that G, defines. In this way,
we can expand in powers of the string length, as we shall see.

For the two-dimensional quantum field theory with action one introduces a
UV cutoff to regulate divergencies. After renormalization, this means that the physical

quantities depends on the scale u. One can therefore introduce the f-functions

oG 0B 0P
a _ vp B _ vp » _  O¥
z/p_:u aM ) yp_ll‘ a'u ) /8 —,uaﬂ

(3.3.6)

that parametrize the dependence of the background fields G,,, B,, and ® on the scale p.

vp»y
In terms of these S-functions the trace of the worldsheet energy-momentum tensor is

d
T, =7

- R®
12 +

1 G o a v

gﬁ( G B ) X" s X7 (3.3.7)
where R is the Ricci scalar on the worldsheet. We see now that insisting on conformal
invariance in the quantum theory means that we should require that all the S-functions

are zero
=0, 8 =0, B*=0 (3.3.8)

vp vp

which means that no new scale will appear in the theory after quantization.
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By direct quantum field theory calculations one finds

o = l? (Rvp - %LHVMHPM + QV,,VPQD) + O(l;l)

vp

B = 112V [e7*H,,,| + O(I}) (3.3.9)

vp
B® =D —26+312[4(V®)* -4V, Vr® — R+ LH? + O(1)

where V, is the target space covariant derivative with respect to the metric G, (X) and
where we defined
H,po = 38[,,3,)0] = 0,B,, + 0,85, + 0,B,, (3.3.10)

and H? = H, - H"??. Moreover, R, is the Ricci tensor and R the Ricci scalar computed
from the D-dimensional metric G, (X).

Imposing conformal invariance of the quantum theory to order [? we deduce
from that this imply D = 26 as well as the following equations for the background
fields G, (X), B, (X) and ®(X)

1
R, = ZHW"’H”M -2V, V,®

V, (e **H") =0 (3.3.11)
4V®)? -4V, VP® =R — %}F

These equations can be interpreted as equations of motion for the background fields G,
B,, and ®. In the special case for which B,, = ® = 0 we see that they reduce to
R,, = 0 which is Einsteins equations without matter for a D = 26 dimensional space-
time. Thus, we have obtained the theory of general relativity as a low energy effective
theory from closed string theory. More precisely, putting a single closed string in the
background fields generated by many closed strings and demanding conformal invariance
of the effective description of the single closed string, general relativity and the equations
of motions for the B, and ® matter fields come out as a requirement.

This means that string theory can describe gravity all the way from an individual
graviton (massless mode of a closed string) to the low energy effective theory in the form
of general relativity. In other words, we have obtained the theory of general relativity
from a classical limit of string theory.

In addition, one can go to higher orders in [, computing order by order the S-functions
. Since the power of [, is connected to the number of derivatives, this gives higher-
derivative corrections to the equations . These are suppressed in the low energy
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regime in which we are working. Hence, in conclusion, we can obtain corrections to the
equations of general relativity from string theory.

One can show that if one linearizes the equations one obtains the equations
found in Sec. for G,,, B,, and ® in position space, using the gauge freedom to
impose suitable gauge Choices.E

The equations (|3.3.11]) follows from the action

1

1
0s — — d% - -2 4 0] 2_ —H2 3.12
s 167TGN/ o =Ge 2 | R+ 4(VD) (3.3.12)

12
where G is the gravitational coupling. Writing

q)full = CI)() + & (3313)

where ®y = (®g,) is the expectation value of the dilaton, ® contains the fluctuations of

the dilaton and ®¢,y is the full dilaton field, we can set
gs = e® (3.3.14)

We see that this means that Gy o g2 so perturbation theory of gravity is the same as

the topological expansion of strings.

3.4 Exercises for Chapter

Exercise 3.1. Show that the non-linear sigma-model action (3.1.1)) is invariant under
Weyl rescalings (3.3.4) when the dilaton field ® is constant.

16Note that in linearizing G, one should write G, = 1, + é;w where CNJ,“, is the metric field we find

in Sec. @
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4 Branes

In this chapter we introduce the concept of relativistic p-branes. Since O-branes are
particles and 1-branes are strings, we have already encountered examples of branes in
the previous chapter. However, in Chapter |5 we shall see that higher-dimensional branes
occur in string theory as well, in the form of Dp-branes. Moreover, we introduce the
mathematical tool of n-forms that we use to write down the action for a charged p-
brane. This is both important to understand that the fundamental string is charged,
which is related to the Kalb-Ramond field encountered in Sections and Chapter [3]
and moreover the connection between Ramond-Ramond fields and Dp-branes that will be

considered in Chapter [6]

4.1 Action for structureless p-branes

A p-brane is a general term for a dynamical p-dimensional object. A O-brane is a particle,
a l-brane is a string, a 2-brane is a membrane, and so on. Considering a relativistic
p-brane we can generalize the worldline of the particle and the worldsheet of the
string ((1.2.1]) to a (p + 1)-dimensional worldvolume of the p-brane. Thus, corresponding

to a relativistic p-brane we have a map

(60,68, .., €P) — XH(€0, &€, €P) (4.1.1)

from the (p + 1)-dimensional worldvolume to the D-dimensional target space, which we
here pick as D-dimensional Minkowski space.

Considering an infinitely thin p-brane the dynamical principle should generalize the
extremization of the worldline of the worldline of the particle, or the area of the worldsheet
of the string. Thus, the dynamical principle of an infinitely thin relativistic p-brane is the
extremization of the volume of its (p 4+ 1)-dimensional worldvolume. We can define the

induced metric for the worldvolume as
Yab = NuOa X" Op X" (4.1.2)
for a,b=0,1,...,p with 9, = 9/9£*. With this, we can write the action as
S=-T, / dPHie/— det y (4.1.3)

where T}, is the tension of the p-brane (in units of inverse length to the power p+1). This

is known as the Dirac action. This action is the direct generalization of the point particle
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action (({1.1.17) and the Nambu-Goto action for strings (|1.2.11)) to p-branes.m The EOMs
can be found by variation of the action to bd"

Oa(v/— det yy0, X*H) = 0 (4.1.4)

The infinitely thin relativistic p-brane is an object without further structure than the
embedding map (4.1.1) and its tension 7). In Section [5| we shall encounter so-called
Dirichlet p-branes in string theory that are made out of open strings, and thus have a

further structure than the branes presented here.

4.2 Charged branes
4.2.1 Electrically charged branes

In this section we generalize the infinitely thin relativistic p-brane to include an electric
coupling to a background field. This is relevant both for the fundamental string and for
the Dirichlet p-branes found in Sec. [f

Consider the following action for a relativistic point particle
S = —m/dT\/ —X2 4 q/dTAMX“ (4.2.1)

This describes a relativistic point particle with mass m and charge ¢ moving in Minkowski
space on the worldline X#(7) with a background electromagnetic field given by the field
strength F,, = 0,A, — 0,A,. Notice that the first term in the action is the same as

(1.1.17). Instead the second term gives the coupling to a background electromagnetic

field F,,. The EOMs are
d X :
— =qF*, X" 4.2.2
i (¢_—X2> ! 422)

We now generalize the action (4.2.1) to higher-dimensional p-branes, including the

string. To this end, we first introduce something called n-forms. This is a special type

of tensor that we can define on any D-dimensional space-time assuming 0 < n < D.

We assume below that we are in D-dimensional Minkowski space. An n-form U is a

1"We remark that if one tries to propose a fundamental theory of infinitely thin p-branes with p > 2
then one encounters problems in that the spectrum seemingly is continuous. Hence the infinitely thin
relativistic string is special in this sense since it gives a discrete spectrum. Despite this, there is evidence
that the superstring can be derived from a fundamental membrane theory of the so-called M-theory. How
this works is still a mystery.

80ne can alternatively write them as D®D,X* = 0 with D, being the covariant derivative on the

worldvolume with respect to the induced metric v4p.
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completely antisymmetric tensor with n lower indices Uy, u,...u,,» @-€. OnE gets a minus by
interchanging any two of the indices. Often one uses the notation U, for an n-form to
emphasize that it has n indices. Note that a zero-form is a scalar field. Given any n-form

U we define the so-called exterior derivative dU as an (n + 1)-form with components
(dU) iy pgeeopinsr = (04 1) 0 Uy 1] (4.2.3)

The notation |- - -] means the completely antisymmetrised sum over the indices inside the
square paranthesis weighted by the number of terms in the sum. Consider V..., for a
given tensor V), ...,,, with m lower indices. In this case we have m indices and hence we
sum over the m! possible permutations of the m indices. When there is an even number
of permutations, one puts a plus in front of the term, and when there is an odd number

of permutations, one puts a minus. Indeed, we have

1 1
Vi) = §<Vuv - Vw) » Vg = Q(VWP = Voup + Vopu = Vioup + Vo — Vupl/) (4.2.4)
and so on.
As examples of the exterior derivative, consider a one-form A, then its exterior deriva-
tive is the 2-form

(dA)w = 0,A, — 9, A, (4.2.5)
For a two-form B, we have
(dB)wp = 0,By, + 0,B,, + 0,B, (4.2.6)
A very important property of the exterior derivative of an n-form U is that
d*U =d(dU) =0 (4.2.7)

A form U is called exact is its the exterior derivative of another form U = dV. A form
U is called closed if its exterior derivative is zero dU = 0. Thus, means that all
exact forms are closed. For our purposes here, we can also assume that the converse is
true, i.e. that all closed forms are exact[™”]

For use in Chapter [6] we also define the wedge product of forms. Given an n-form U
and an m-form V we can combine them into a n +m form U AV as

n—+m)!
(UAV) = uU{m---unV

Pt ml Hn41Pntm]

(4.2.8)

9Tt is not true in general that all closed forms are exact. This is only the case if the manifold in
question has sufficiently simple topology, or if one considers a subset of the manifold with a simple
topology. In mathematics, one uses this fact to define topological invariants of manifolds via something
called De Rham cohomology. For our purposes here it is true since we are in D-dimensional Minkowski

space which topologically is like RP and hence has a trivial topology.

72



Finally, for a given n-form U we define its Hodge dual *U as the (D —n)-form given bym
1

*[JHn+1bn+2 4D — ][]

Ui €171 (4.2.9)
n.

where we uplifted the D —n indices of *U with the Minkowski metric and where e#*#2#D
is defined as the completely antisymmetric object with e (P=1) =1,

Suppose now we are considering an electric p-brane. This brane is assumed to be
infinitely thin and relativistic. Such a brane can couple to a higher-dimensional version
of Maxwell’s electromagnetism. Indeed, consider the (p + 1)-form A known as the gauge
field. The exterior derivative gives a (p + 2)-form F' = dA that we call the field strength.

The equivalent of Maxwell’s equations without sources are
dFF =0, dF =0 (4.2.10)

We see that the first equation in (4.2.10)) follows from F' = dA and the general property
(4.2.7)) of the exterior derivative. In component form we can write the equations as

O Frgpy ) =0, O"Fuyy,,, =0 (4.2.11)

assuming for the second equation that we are in D-dimensional Minkowski space. One can
check that for p = 0 the above equations reduces to the source-free Maxwell’s equations.
The (p + 2)-form field strength F' = dA is invariant under gauge transformations of the
(p + 1)-form gauge field A

A— A+dy (4.2.12)

where x is a p-form.

We are now ready to formulate the action for the electric p-brane. It is

1
S = _Tp/dp+1§ /_ det’y + Qp/dp+1£m€almap+lAu1~~up+1aa1Xu1 R aap+1XMp+1
(4.2.13)
While the first term is the Dirac action (4.1.3)) the second term generalizes the coupling
term in the action (4.2.1)) for the electrically charged relativistic point particle where @,
is the charge. The EOMs are

a Q ai--a v v
T,04(v/— det y Y20, X ) = _(prn!e VLR, 1O X Dy X (4.2.14)
Note that in the presence of electrically charge p-branes the (p+ 2)-form field strength
F is sourced. Hence the second equation (4.2.11)) is modified to O*F,..,y = Jojeyyy

where Jy,..,,,, is the (p 4 1)-form current that corresponds to the distribution of the

charged branes.

20We assume here the D-dimensional Minkowski metric Nuv- The definition is modified for a general

metric.
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4.2.2 Magnetically charged branes

A p-brane can also couple magnetically to a (D — p — 2)-form field strength F. The

source-free equations of motion for F' are

dF =0, dF =0 (4.2.15)

F="F (4.2.16)

The equations of motion for F' can now be translated to for the dual
field strength F. The equation dF' = 0 means that one can find a (p + 1)-form A such
that F' = dA. Employing this, the action (4.2.13)) can now be used to describe how the
p-brane couples magnetically to the (D — p — 2)-form field strength F with @Q, being its

magnetic charge.

4.2.3 Fundamental string is charged

We now apply the above formalism that we developed in order to write the down the
action for a charged p-brane to the case of the fundamental bosonic string. This
corresponds to setting p = 1. In this case the Dirac action clearly becomes the
Nambu-Goto action which is equivalent to the Polyakov action .

The string can couple electrically to a three-form field strength with a corresponding
two-form gauge field. Indeed one can show that the two-form gauge field is the Kalb-
Ramond field B, that we first encountered in Sec. (2.2.3) where we found it as a massless
mode of the closed string. In Sec.[3.T]we considered a closed string in a general background
given by a metric, Kalb-Ramond field and dilaton field, corresponding to the action (3.1.1])
(for an euclidean worldsheet). Restricting now to a background with Minkowski space
G, = 1w and zero dilaton ® = 0 and Wick-rotating to a Lorentzian worldsheet, this

becomes
1 2 af o v 2 1 af o v
S = ) A“EN/ =991 00 X1 0 X" 41 d 556 B, 0, X" 05X (4.2.17)

We recognize the first term as the Polyakov action ([1.3.1). The second term is precisely
the second term in for p = 1 with B, being the two-form gauge field. Hence we
see that the fundamental string is electrically charged. Note that the charge is equal to
the tension T of the string.
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Interpretating the Kalb-Ramond field B, as a two-form gauge field, we know from
Sec. that that the corresponding three-form field strength is the exterior derivative
H = dB. In components we read from (4.2.1]) that

H,,, = 0,B,,+ 0,B,,+ 0,B,, (4.2.18)

which is the same definition as (3.3.10f) in Sec. . This field strength obeys dH = 0 and

d*H = 0 which we can write as
Q[MH,,M] =0, 0"Hu,=0 (4.2.19)

These equations are the three-form analog of the source-free Maxwell equations. The
first equation follows from . Notice that the second equation in is the
same as we found in Sec. from imposing the physical state conditions (including
some additional gauge conditions). Furthermore, it is the same as the second equation of
Eq. for G, = 1., and ® = 0 found from imposing conformal invariance of the

general sigma-model (3.1.1)).

As explained in Sec. 4.2.1], one can make gauge transformations of the two-form gauge
field B of the form B — B + dx where x is a one-form. In components, this is

Since H = dB this means that H is invariant under such gauge transformations.

4.3 Exercises for Chapter

Exercise 4.1. Derive the expressions (4.2.5) and (4.2.6) for the exterior derivatives of a

one-form A and a two-form B from the general formula for the exterior derivative (4.2.3).
Exercise 4.2. Consider a one-form U in a D-dimensional space-time. Show that d?U = 0.
Exercise 4.3. In this exercise we derive the EOMs for relativistic p-branes.

e Derive the EOMs (4.1.4) from the Dirac action (4.1.3). [Hint: You can use the
identity dv/—dety = 21/— det 77*67a.]

e Derive the EOMs (4.2.14)) from the action (4.2.13]) of a charged relativistic p-brane.

e Show that the EOMs (4.2.14)) reduce to (4.2.2)) for p = 0.

Exercise 4.4. Consider a (p + 2)-form field strength F'.
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e Show that (4.2.10]) is equivalent to (4.2.11]) in D-dimensional Minkowski space. One

can use that
IR E gy = (D — n)!n!(sfﬁldlg o 55:] (4.3.1)
where €,,...,, is completely antisymmetric with €g;...p—1) = 1.

e Consider the case p = 0. Argue that (4.2.10)) are the source-free Maxwell’s equations
with F' as the field strength and A as the gauge field. Argue furthermore that (4.2.12))

corresponds to gauge transformations of A.
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5 Quantization of the Open String and D-branes

5.1 Quantization of the open string for a single D-brane

In Sec. we analyzed the classical solution of an open string that has Neumann
boundary conditions at both end points in p 4+ 1 directions (including the time-direction)
and Dirichlet boundary at both end points in the remaining D — p — 1 directions. As
discussed in Sec. the open string ends on two flat p-dimensional hyperplanes defined
by ! = ¢l and 2! = ¢l for I = p+1,..., D—1. In this section we consider a special case of
this with only one hyperplane, thus ¢! = ¢} = ¢!. Hence both end points of the open string
ends on the same flat p-dimensional hyperplane defined by ! =¢/, I =p+1,....D — 1.

Thus, the boundary conditions are
X"r,0)=X"(1,7) =0, X'(1,0)=X(1,7)=¢' (5.1.1)

where a = 0,1,...,pand I = p+1,..., D — 1. This setup is illustrated in Fig.[9] The mode
expansions for X*(§) and I1#(¢) are given by Eqgs. (1.4.45)), (1.4.46), (1.4.49) and(1.4.51)
with ¢ = ¢} = ! P

XN

o f{‘rt‘\'\j

{ —> X7
C_'E

Figure 9: An open string ending on a Dp-brane with its worldvolume parallel to the x® direc-
tions, a = 0,1,...,p, and located at 2! = ¢!, I = p+1,...,D — 1, in D-dimensional Minkowski

space. The arrow on the open string specifies the direction of increasing o.

The difference between the open string and closed string is a matter of boundary
conditions. Thus, considering the constraint equations (1.3.7]) for the classical open string

one has the same energy momentum tensor components (|1.5.3) which again are periodic

2INote that the non-zero mode parts of the open string mode expansions can be obtained from the
closed string mode expansions (1.4.27) and (1.4.29)) by setting % = o and &), = —al.
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functions. However, as one can infer from (|1.4.44)) and ((1.4.48]) the Fourier modes of
T__(£) are equal to those of T, (£1),

T__=> L™ | Typ=> L™ L,= %ZO‘M e (5.1.2)

nez nez kEZ

Thus, classically the constraints are L,, = 0 for n € Z.

We can readily apply the covariant quantization method to this setup for the open
string. Again the fields X*(§) and II,(£) are promoted to quantum fields that obey
the canonical equal-time commutation relations and the reality conditions .

Correspondingly, the modes x%, p, and o are promoted to operators with commutation

relations
[xaapb] = 261()1 ) [xa’xb] = [paapb] =0
(5.1.3)
[Oéélm Oé;;] = m6m+n,077w/
with a,0 =0,1,...,p and pu,v = 0,1, ..., D — 1. The reality conditions are
() =2, (pa)' =pa, (@) =0a", (5.1.4)

We have the ground state |0; k) defined for a given momentum k,, a = 0,1, ..., p, by
Da|0; k) = ka|0; k) , ak|0;k) =0 for n >0 (5.1.5)

in line with the interpretation of o/ as annihilation operators and o, as creation opera-

tors for n > 0. The open string Fock space has basis

o at? oot |0; k) (5.1.6)

—n1 S —ng —ng

with n; > 0. One can now proceed with the covariant quantization of the open string in

completely analogous manner as we did for the closed string. Physical states obey
(Ly, — adpp)|p) for n>0 (5.1.7)
where we defined the Virasoro generator

1
Ly =3 > k- ay: (5.1.8)

One can follow the same steps as for the closed string in Sec. [2| computing the same
extended Virasoro algebra as for the right-moving sector of the closed string algebra
(2.4.4]), thus with the same central extension. Also for the ghost field sector one finds the

same extended Virasoro algebra as for the right-moving sector of the clsoed string algebra
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(2.5.8)). Hence one finds that the conformal symmetry algebra is only anomaly-free for
a =1 and D = 26, just as for the closed string.@ With this, we can consider the open

string spectrum and interpret it as a spectrum of particles. Setting a =1 and n = 0 in

(5.1.7) we derive for a physical state |¢)

1
M?|¢) = —pap®|¢) = Z—Q(NH + N —1)|¢) (5.1.9)
with
9] oo D-1
Ny =Y nwaaf, Ni=Y Y alaf (5.1.10)
k=1 k=1 I=p+1
where we used the mass-shell condition M? = —p,p® for the total momentum p, of the

open string along the directions with Neumann boundary conditions as well as af =
V2l,p®. Note that here and in the following we will be using the Einstein summation

convention for the indices a and b with sums from 0 to p such that for instance p,p® =
o PaD"

Consider first Ny = N, = 0. This singles out the open string ground state |0; k).
According to this state has M? = —p,p® = —I;2. This corresponds to a tachyon
and is hence known as the open string tachyon. We shall consider the interpretation of
this below.

Consider N =1 and N; = 0. A general linear superposition is
Au(k)a,10; k) (5.1.11)
The physical state conditions give
kok* =0, k*A.(k)=0 (5.1.12)

Thus it is a massless particle. Note also that the state k,a®,|0; k) is spurious, hence we

have the gauge transformations
Ay (k) = Au(k) + kgm(k) (5.1.13)

where m(k) can depend on k,. Going to position space by the Fourier transform

1
(271')]3-‘1-1

Aq(z) = / dPT e A (K)etter (5.1.14)

22Note that the two-dimensional conformal symmetry for the open string only consists of one Virasoro

algebra since the right-moving and left-moving sectors are linked. One can easily see this by repeating
the arguments of Sec. for open strings.
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we see that in position space the field A,(z) is only supported on the (p + 1)-dimensional
surface with embedding in the 26-dimensional Minkowski space defined by o/ = ¢!, I =
p+1,...,25. Thus, one can say that the field lives on a (p + 1)-dimensional space-time
that is a subspace of the 26-dimensional Minkowski space. In this sense we see that the
open string end points define a (p + 1)-dimensional subspace with dynamical fields living
on it. Below in Sec. we interpret this (p + 1)-dimensional surface as a special case
of a worldvolume of a p-brane, the higher-dimensional dynamical objects that we defined
in Chapter [4, With the predictions of certain types of particles living on the p-brane it
is a special type p-brane called a Dp-brane, where D is for Dirichlet (named after the
boundary conditions of the open string). As we shall see, a Dp-brane is defined by the
open strings that end on it.

Going back to the A,(x) field defined by the Fourier transform we see that

the above conditions become
0,0"Ap =0, 04, =0 (5.1.15)
whereas the gauge transformation can be written
Ay = A+ 0ux, 0,0°% =0 (5.1.16)

We see that this is nothing but a U(1) gauge boson in the Lorenz gauge 0,A* = 0
living in (p+ 1)-dimensions. Indeed, we can define the corresponding field strength F,, =
0, Ap— Oy Ay. This is clearly invariant under the gauge transformations . Moreover,
we see that we write the remaining condition on A, as 0°F,, = 0 (in addition to the
Lorentz gauge condition). We recognize this as the equations of motion for A, since it is
a source-free Maxwell equation.

Consider instead N; = 1 and Ny = 0. A general linear superposition is

25

> @y(k)al|0; k) (5.1.17)
I=p+1
The physical state conditions (5.1.7)) give k,k* = 0 thus the state is a superposition of
massless particles. Since the indices are transverse to the momentum £k, it is in fact 25 —p
scalar fields ®(k), one for each value of I = p+ 1,...,25. Going to position space

1

(I)I($) = (27T)p+1

/ dPE @ (k)etka” (5.1.18)

we see that for a given [ = p + 1,...,25 the field ®;(x) obeys the equation of motion

0,0°®; = 0 which is the massless Klein-Gordon equation in p + 1 dimensions. Below in
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Sec. these scalar fields will be interpreted in terms of the transverse position of the
Dp-brane.

One can proceed with considering the infinite tower of massive states in the spectrum
of open strings. As we mainly are interesting in low energy physics of the open strings we
will not go through that. However we note below that even in the low energy limit the
massive open string states become relevant in that if one consistently integrate them out
in a low energy limit one can include their effect as higher order terms in /2 for the above

found equations of motion for A,(z) and ®;(z).

DD O~ | O

U

Figure 10: If one has a non-zero string coupling one can have a process where an open string

ending on a D-brane can become a closed string which is sent off the D-brane and into the bulk.

One could wonder why closed string theory and open string theory should share the
same critical dimension D = 26 for the target space. So far, the open string and closed
string have seemed two completely separate systems. However, once one has a non-zero
string coupling, which leads to the splitting and joining of closed strings, it is also possible
with a process in which an open string that ends on a D-brane becomes a closed string
by the joining of the two end points, and the closed string subsequently is send off into
the bulk of the space-time. This process is illustrated in Figure[10] This process connects
the open and closed string thus making them part of the same overall string theory. It
furthermore gives a way for the closed string to interact with the D-brane.

Below in Section [5.2] we shall see how the above results for open strings imply the
existence of Dp-branes. Building on that one can consider further the interpretation of
the open string tachyon. One has done impressive research using open string field theory
to reveal that the correct interpretation of the open string tachyon is that one sits at the
top of a potential. Rolling down this potential one sheds away an energy that corresponds
to the energy of a Dp-brane. The end state of this decay process is interpreted as the
closed string vacuum (here meaning 26-dimensional Minkowski space), thus without the

Dp-brane present. The open string tachyon is absent for the open superstring, as we shall
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see in Chapter [0

5.2 D-brane dynamics

The infinitely thin relativistic p-brane considered in Chapter |4 with action (4.1.3)) is an
object without further structure than the embedding map . However, in string the-
ory there is evidence for dynamical p-branes that are made out of other more fundamental
constituents. In particular, the Dp-branes (short for Dirichlet p-branes) can be seen as
being made out of open strings. They have a thickness of order the string length [,. If
we consider string theory at low energies energies £ < ;! we have that a Dp-brane can
be seen approximately as infinitely thin, but with the low energy excitations of the open
string living on the Dp-brane.

Consider now our findings of Sec. [5.1]in this context. The (p+1)-dimensional worldvol-

ume considered in Sec. [5.1] corresponds to the following special choice for the embedding

map (4.1.1)
X&) =¢" for a=0,1,...,p, X&) =¢c for I=p+1,..,D—1 (5.2.1)

In this case we get the induced metric vq, = 4. The U(1) gauge field A,(¢) and D—p—1
scalar field ®;(¢) (renaming here the worldvolume directions to ) of Sec. [5.1|is thus seen
to live on the Dp-brane worldvolume. What action would provide the equations of motion

that we found for A, and ®;? Consider the action

2
I=p+1

D—1
1 1 1 ab 1 a
Sap = _?/dp'f' ¢ (ZFabF + Z 0,970 CDI) (5.2.2)

with an appropriate normalization 1/g?. While this action provides the correct equations
of motion for A, and ®; it is not immediately clear how one should generalize this to
an action that could work for other embeddings than the flat one , especially since
somehow it should generalize the Dirac action . However, one finds that the general
action is the so-called Dirac-Born-Infeld (DBI) action

SDBI = —TDp / dp+1£\/— det(Vab —+ 27Tl§Fab) (523)

where 7, is the induced metric (4.1.2)) and Tp,, is the tension of the Dp-brane that can

be computed to be
1

_— 5.2.4
(27T)pgsl§+1 ( )

Tpp =
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in terms of the string coupling g, and string length [,. In the DBI action ([5.2.3]) we seem
to have lost the ®;(§) fields but these are in fact included in this action as well. Namely,
one can show that the ®;(¢) fields can be interpreted as small deviations in the position
of the brane around the flat embedding . More precisely, write

X&) =& for a=0,1,....,p
(5.2.5)
X&) =c 4 2n2®;(¢) for I=p+1,...,D—1

Inserting this into the DBI action one can make a low energy expansion in powers
of the string length [;. At order Tp, we see that the DBI action reduces to a constant
proportional to the infinite volume of the brane. The next non-zero contribution is at
order Tppl4, giving precisely the action (5.2.2) with normalization 1/¢* = (27)213Tp,. To
derive the scalar part one uses that v = 1ap + (27)%02 ?:_pil 0,P;0,P;.

Analyzing the embedding we can conclude that the D — p — 1 massless scalar
particles that we found in Sec. from the spectrum of the open string actually corre-
sponds to the transverse position of the Dp-brane. This means that the position of the
Dp-brane is a dynamical quantity. Since we are working in a regime with a very small,
if not zero, string coupling g,, one can see from that Tp,, is very large, and hence
the dynamics of the Dp-brane can be described classically to a good approximation.

We see also that the fields A,(¢) and ®;(€) enter non-linearly in the action (5.2.3).
This effect arises by considering the contribution of all the massive open string modes to
the dynamics of the massless fields. This gives rise to the action as an effective theory at
low energies for the full tower of open string states.

Considering the A,(&) field in particular we see that while the action corre-
sponds to a (p + 1)-dimensional generalization of Maxwell’s electromagnetism, the full
action ([5.2.3]) corresponds to a non-linear version of electromagnetism. This type of non-
linear electromagnetism theory was first written down by Born and Infeld in the 1930’s
(their action corresponds to p+1 = D = 4 and 74, = 7a). Note that even if we are at low
energies we can still see the non-linear electromagnetism in by considering 12 F,

to be of order one.

5.3 The open string for multiple D-branes

So far we have only considered the situation in which an open string ends on a single
D-brane. We now consider what happens if there are more than one D-brane present in

D-dimensional Minkowski space.
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Consider the specific situation in which we have two parallel Dp-branes both with flat

world-volumes, i.e. the first Dp-brane has embedding

X&) =¢ for a=0,1,....,p, X' () =c for T=p+1,..,D—1 (5.3.1)
and the second Dp-brane has embedding

X9€)=¢* for a=0,1,....p, X' (&) =¢c} for I=p+1,...D—1 (5.3.2)
From point of view of the open string, we now have four possible situations to analyze:

e 11-string: The open string starts at Dp-brane 1 and ends at Dp-brane 1.
e 12-string: The open string starts at Dp-brane 1 and ends at Dp-brane 2.
e 21-string: The open string starts at Dp-brane 2 and ends at Dp-brane 1.

e 22-string: The open string starts at Dp-brane 2 and ends at Dp-brane 2.

These four possibilities are illustrated in Figure [II} In terms of open string boundary
conditions we see that in all four situations the open string has Neumann conditions
at both end points in (p + 1)-directions: X'*(7,0) = X'*(7,m) = 0. In the remaining
D — p — 1 directions the open string has Dirichlet boundary conditions. For instance for
the 12-string we have X’ (7,0) = ¢f and X’ (7,7) = ¢} with I = p+1, ..., D—1. Classically,
the 12-string has mode expansions given by (1.4.45), (1.4.46), (1.4.49) and (1.4.51).
Considering the quantum theory for the open string in the presence of the two Dp-
branes and we see that we have a Fock space for each of the four possibilities.

Thus, the full Fock space for the open string becomes a product space

F11 ® Fia ® Fo1 @ Fa (5.3.3)

where Fj; is the Fock space for the ij-string. We introduce now a convenient notation
that can capture the full Fock space. First of all, we introduce the ground states |0; k; i7),
1,7 = 1,2, for the open string. These are the four ground states for the four separate
Fock spaces in . The extra indices in the ground state are known as Chan-Paton
indices for the open string. For the p + 1 directions with Neumann boundary conditions
at both end points we use the mode expansions (|1.4.45)) and (| m for X?(¢) and I1,(&),
a=0,1,...,p. Instead for the D —p —1 dlrectlons with Dirichlet boundary Conditions at
both ends we use the slightly generalized mode expansions

1 .
X(r,0) = 2! —V2,ale — V2, Z —ale™™ sin(no)

n7$0

A (5.3.4)
= onl. g ale™™ sin(no)
T

HI T,0
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Figure 11: The four possibilities for open strings ending on two parallel Dp-branes with their
worldvolumes parallel to the x® directions, a = 0,1, ..., p, and with their locations in the trans-
verse directions given by z! = c{ and at 2! = cé, I =p+1,...,D—1, in D-dimensional Minkowski

space. The arrows on the open strings specify the direction of increasing o.

for [ =p+1,...,D — 1. For the zero modes x! and af we require

11-string: 2]0; k; 11) = cl]0; k; 11) , o |0;k;11) =0

12-string:  z|0; k;12) = c1|0; k;12) | of|0; k;12) = (j;:é 0; k; 12)

(5.3.5)
. el _el
21-string:  27|0; k;21) = c4|0; k; 21) , f|0; k;21) = o |0k 21)
22-string:  27|0; k; 22) = c£|0; k;22) , f|0;k;22) =0
for  =p+1,...,D — 1. Instead the other modes are quantized as
[xaapb] = Z(sl? ; [xa’xb] - [paapb] =0
(5.3.6)
[aﬁm Oé;;] = m5m+n,077W
with a,b=10,1,...,p and u,v = 0,1, ..., D — 1. The reality conditions are
(@) =2, (p)' =pa. (ah) =0, (5.3.7)

The ground state |0; k;47) with the Chan-Paton indices is defined for a given momentum

ka? a = 07 17 "'7p7 by
Pal0; k;07) = kal0; k;45) , ah]0;k;ij) =0 for n >0 (5.3.8)
for i,7 = 1,2. A basis for the Fock space ([5.3.3) is thus

o o 10 ki) (5.3.9)

—n1 Y —ng —ng

o
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with n; > 0 and ¢, = 1,2. With this we are setup to quantize the open string in

the presence of two Dp-branes (5.3.1) and (5.3.2). As in Sec. [5.1 one implements the
constraints as ([5.1.7)) in terms of the Virasoro generators ([5.1.8). This is consistent only

for a =1 and D = 26. From the n = 0 constraint of (5.1.7) we see that

1

D—1
M?|6) = —pap"|6) = (% > () + Ny + N - 1) ) (5.3.10)
s I=p+1

with N and N, defined as in (5.1.10). Using (5.3.5) we see that the term with o gives

the square of the mass

|62 — |
27l?

corresponding to the mass of a classical straight open string stretched between the two Dp-

branes when either ij = 12 or ij = 21 with the length L = |, — | = \/ZDf1 (ch —ch2.

My =TL = (5.3.11)

I=p+1
In the cases ij = 11 and 75 = 22 that term is instead zero.

Consider now moving the two Dp-brane to the same position ¢} = ¢f. Then the mass
(5.3.11)) goes to zero. In this case one gets extra massless particles on the brane from the
N+ N = 1 level. Namely, one obtains massless particles not only from the 11-string
and 22-string, as analyzed in Sec. [5.1], but also from the 12-string and 21-string.

Consider N =1 and N; = 0. A general linear superposition is

2
D Agi(k)a 1[0 ks i) (5.3.12)

ij=1
Such a state corresponds to a massless particle k%k, = 0 with k%A, ;;(k) = 0. Seen as a
matrix A, (k) is required to be hermitian due to the reality condition on the open string.
Above we saw that a single Dp-brane had a U(1) gauge boson living on it. Now we see
that this generalizes to a U(2) gauge boson since the extra massless modes from the 12-
string and 21-string corresponds to the enhancement from U(1)? to U(2). Indeed, a U(2)
gauge boson is precisely characterized by being a hermitian 2 by 2 matrix corresponding
to the adjoint representation of U(2). Under a global gauge transformation we have the
transformation A, — UA,U~! with U a unitary matrix UUT = I. Since A, is in the
adjoint representation the indices i and j of A,;; transforms in the fundamental and

anti-fundamental representations, respectively, 7.e.

Allfij — Z Uz’z”U;j/Aa,i’j’ = (UAQUT)Z'J' (5313)
! jl

In this way we see that also the ground state 0; k;ij) transforms in the adjoint represen-

tation of U(2). Continuing along these lines one can show that the equations for A, ;;
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corresponds to a Yang-Mills theory with gauge group U(2) living on the two coinciding
Dp-branes. Thus, whereas for one Dp-brane we found photons, for two Dp-branes we find
gluons. If one takes N coinciding Dp-branes one can show that the above generalizes to
a U(N) gauge boson for a Yang-Mills theory with gauge group U(N).

Consider instead N; = 1 and N = 0. A general linear superposition is

D—-1

> ®rlk)al [0; ks dg) (5.3.14)

I=p+1ij=1
These states corresponds to massless particles k%k, = 0. The matrix ®;(k) should be
hermitian. For a single Dp-brane, we found for each transverse direction I = p+1,...,25 in
Sec. [5.1|a real scalar field ®(k) living on the brane that corresponds to a small deviation in
the transverse position of the brane. Now instead for two Dp-branes, ®;(k) is a hermitian
2 by 2 matrix. What is the interpretation of this? Clearly, in case ®; is diagonal we
can interpret ®; 17 and ®; 95 as the position of Dp-brane 1 and 2, respectively. However,
in the general case, we see that ®; must have the interpretation of a generalized type of
position in which the position is a matrix. Since two matrices do not commute in general,
it means that such a generalized type of position corresponds to a non-commutative
geometry. Thus, we find that multiple coinciding Dp-brane can realize a non-commutative
geometry.

Taking into account the massive open string states in a low energy limit one should
again be able to find an effective action that includes non-linear effects for both the U(2)
gauge boson and the 2 by 2 hermitian matrix position field, thus generalizing the DBI
action to the case of two coinciding Dp-branes. At present it is not fully understood
what this effective action isP?

5.4 Exercises for Chapter

Exercise 5.1. Consider the classical open string in the setting of Sec. m (for general

cl and o).

e The worldsheet energy-momentum tensor in flat gauge is ((1.5.3)). Using this, derive
that the worldsheet energy-momentum tensor has the mode expansion given by
(5.1.2) in terms of the mode expansion of X*(1, ). Note that a¢ and of are given

by (1.4.47) and (|1.4.50)).

23Unlike for a single Dp-brane one has not been able to derive the effective action from first principles,

i.e. by integrating out the massive open string degrees of freedom in a low energy regime. However, there

is a proposal for it that has passed many test.
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e Argue that the constraint ((1.3.7)) in flat gauge is equivalent to L, = 0 for all n € Z

for the open string.
Exercise 5.2. In this exercise we consider the conformal symmetry of the open string.

e Let X#(€) be any solution (1.4.8) to the equation of motion ((1.4.7) (not imposing
closed or open string boundary conditions). Consider a general conformal transfor-

mation on the worldsheet
¢ — & (¢h) (5.4.1)

How do 9_X and 0, X transform under such a general transformation?

e Consider now X#(&) with the open string boundary conditions of Sec. imposed.
Argue that the conformal transformations that preserve the open string boundary

conditions are of the form

=& =uE), &= =u(eh) (5.4.2)
for a one-variable function u that is periodic with period 2.

e In the context of Sec. deduce from (5.4.2)) that the subset of the infinitesimal
conformal transformations (2.4.1)) that preserve open string boundary conditions

have A} = A-. Moreover, show that the infinitesimal conformal transformation
=& =A™ Lo = A (5.4.3)

corresponds to acting on the state with the operator e *P» where the generator
is given by
D, = ie™ §_ +ie™ o, (5.4.4)

Finally, show that the algebra of the generators D,,, n € Z, is the Virasoro algebra
(D, D] = (m —n)Dpyin (5.4.5)

Hence, one can conclude that this is the conformal symmetry algebra that is con-

sistent with open string boundary conditions.
Exercise 5.3. Consider the covariantly quantized open string in the setup of Sec. [5.1]

e Given the Virasoro generators L,, defined in ([5.1.8)), argue using the results of Ex-
ercise 2.7] and [2.9] that they have the algebra

D
[Lim, Ly) = (m —n) Ly + E(m?’ — M) 0pmn0 (5.4.6)
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being the same extended Virasoro algebra as the right-moving sector of the closed
string (2.4.4)). Note that no new computations should be needed, it should be enough
to compare to the Virasoro generators of the right-moving sector of the closed string

(however, pay attention to the zero modes).

e The ghost field sector that arises from the gauge fixing of the Polyakov action is
the same as found in Sec. However, the open string boundary conditions means
that the left and right-moving sectors are identified also in the ghost sector. Hence
one can show that there is only one set of Virasoro generators szg h), and that they

have the algebra

1
[LE L&) = (m —n)LEY 4 15 (=26m" + 2m)din0 (5.4.7)

being the same extended Virasoro algebra as the right-moving sector of the closed
string . Writing the total Virasoro generator as £, = L, + ngh) — adp,,
argue that one avoids the anomaly in the conformal symmetry for the covariantly
quantized open string of Sec. [5.1] if and only if a = 1 and D = 26.

Exercise 5.4. We consider here the U(1) gauge boson derived from the spectrum of the
open string in the setting of Sec.

e Derive the general formula ([5.1.9)) with (5.1.10) for the mass squared spectrum of

the open string.
e For Ny =1 and N, =0, derive that the most general state is of the form ([5.1.11)).

e Show that the physical state conditions ([5.1.7)) gives the conditions (5.1.12]).

e By following the same steps as in Exercise [2.3] one can show in general that a state
of the form |x) = L_1|n) with L,|n) = 0 for n > 0, is spurious (for the covariantly
quantized open string in the setting of Sec. . Use this fact to show that the state

koa®,]0; k) with k,k* = 0 is spurious (thus using the same strategy as employed in

Exercise .

e Show that the field A,(k) has the gauge transformation ([5.1.13)).

e Using the Fourier transform (5.1.14)), show that A,(z) should obey (5.1.15) and
have the gauge transformation (5.1.16). Argue along the lines described below

Eq. (5.1.16) that A,(z) is a U(1) gauge boson in Lorentz gauge .
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6 Superstring Theory

In this chapter we introduce superstrings. A superstring is a supersymmetric version of
the bosonic string that we have been considering in Chapters [I] to [5}

Supersymmetry (SUSY) is a symmetry that can transform bosons into fermions and
vice versa. It can either be a global or a local symmetry. Global SUSY - i.e. when
SUSY is a global symmetry - is relevant for theories defined on a fixed background. It
is for example relevant in particle physics since here one is dealing with theories defined
in Minkowski space with Poincare invariance. Indeed, when one thinks of extensions of
the Poincare symmetry of the S-matrix in particle physics there is a theorem of Haag,
Sohnius and Lopuszanski saying that SUSY is the only possible extension of the Poincare
symmetry of the S-matrix of a relativistic Quantum Field Theory. Global SUSY is also
relevant as an extension of the conformal symmetry of Conformal Field Theories (CFT’s).
Such theories are known as Superconformal Field Theories (SCFT’s). Instead local SUSY
- i.e. when SUSY is a local symmetry - implies that one has a theory with a dynamical
metric. Theories with local SUSY where the bosonic part describes gravity are known as

supergravity (SUGRA) theories.

6.1 Action and constraints

In the following we consider closed and open superstrings moving in the background of a
D-dimensional Minkowski space with metric 7, .

We begin by considering the Polyakov action in flat gauge (1.3.18). We would like to
make this into a theory with global SUSY on the two-dimensional world-sheet. This can
be achieved by adding a kinetic term with spinors living on the world-sheet resulting in

the following action

S = —g / d’¢ (naﬂaaX“agXu - i&”paaawu) (6.1.1)

Here we have defined the two-dimensional Dirac matrices

o [(0—i . (o
o () (%) oo

{p%, "} = —2°* (6.1.3)

24The anticommutator is defined as {x,y} = zy + yz.

which obeyf]]
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In general, spinors on the worldsheet can be chosen to be real and with two components

X = <X> (6.1.4)
X+

One defines the bar of a spinor x as ¥ = x? p°. The chirality operator is

popr = <_01 ?) (6.1.5)

From this we see that the two components of a world-sheet spinor correspond to the
two chirality states. Accordingly, for each p = 0,1,...,D — 1 one has that ¢ is a real

world-sheet spinor field on the world-sheet of the form

(v
W <¢i> (6.1.6)

Since 9*(&) should correspond to a fermion on the worldsheet it is a Grassmann-
valued field which means that ¢/ (£) is a Grassmann-valued number for any given £. A
Grassmann-valued number is defined as an anticommuting number. For instance for two
Grassmann-valued numbers x and y we have xy = —yx. Thus, 22 = y?> = 0. Using the
anticommutator we can write {z,y} = 0. This is in contrast with the ordinary c-numbers,
meaning commuting numbers, since any two c-numbers a and b (real, integer, complex,
etc.) have [a,b] = 0. We remark that combining two Grassmann-valued numbers z and y
as xy gives a c-number and that Grassmann-valued numbers commutes with c—numbers@

One can now check that the action is invariant under the global world-sheet
SUSY transformation

OXH =t Wt = —ip®0, X e (6.1.7)

where € is a constant real world-sheet spinor (which also implies that it is Grassmann-
valued).

Just like one can write down the Polyakov action for the bosonic string for any world-
sheet metric g,3 one can also find an action S (en)[g, ¢, X, 1)] generalising to any
world-sheet metric g,z (strictly speaking one should use a zweibein field). To do this, one

has to supplement the worldsheet metric (zweibein) with its superpartner field (, called

25The reason for introducing Grassmann-valued numbers for fermionic fields is that while the classical
limit & — 0 of a harmonic oscillator algebra [a,a] = h gives commuting numbers [a,a’] = 0, the
classical limit & — 0 of a fermionic harmonic oscillator algebra {f, fT} = h gives anticommuting numbers

{f, f1} = 0. See Exercise ﬂ for more on the fermionic harmonic oscillator.
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the gravitino which is a spinor field for each «. Beyond the global symmetry of Poincare
invariance this action S [g, ¢, X, ] has the local symmetries of diffeomorphism invari-
ance, Weyl rescaling invariance and furthermore also local SUSY. Since this action has
diffeomorphism and Weyl rescaling invariance we can make the gauge choice of the flat
gauge for the metric gog = 74p and gravitino ¢, = 0 and the action then reduces to
. This also reduces the local SUSY into the global SUSY . Then the remain-
ing local symmetries preserving this gauge makes the theory a two-dimensional theory
with super-conformal invariance.

While the equations of motion for g,z gives that the worldsheet energy-momentum
tensor is zero T,3 = 0, the equations of motion for the gravitino ¢, gives that the super-
current is zero .J,. Hence, when choosing the flat gauge g5 = 1a.s and ¢, = 0 we need
to impose the equations of motions of g,s and (, as constraints. Thus, in addition to the
equations of motion that one derives from the action one needs also to impose the
constraints

Twg =0, Jo= (6.1.8)

The energy-momentum tensor (in flat gauge) is

1 1 -
T.s = 2 0, X"0sX,, — 5%577”5&,)(“85)(# - Z@/J“(paﬁg + 00 — Napp 0y) 0, | (6.1.9)
In lightcone coordinates £ = 7 & o we have T, _ = 0 (since it is conformally invariant)
and

BT _=0.X 0_X + %¢_ b, PT =0,X 0.X + %m 0.0, (6.1.10)

The supercurrent (in flat gauge) is

1

Ja:—2—l§

P patt" 95X, (6.1.11)

In lightcone coordinates we have

J__ 0
() () s

1 1
J,f = wa . 87X, J++ — Ew+ . (9+X (6113)

with

Thus we can write the constraints as
Tff - T++ = O 5 Jff - J++ = O (6114)
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6.2 Equations of motion and mode expansions

We can write the superstring action (6.1.1)) in lightcone coordinates £+ = 74 ¢ as

S=T / d2§<28_X VX i - Dy + ity - a_¢+> (6.2.1)

Impose now that o is defined in the range 0 < o < 7 (below we impose 6 = 27 for a
closed string and ¢ = 7 for an open strings). The variation of the action with respect to

Y* then gives

o

5S — —2@'T/_Z dr /05 d0(3+1/1_~(5¢_+8_1/1+-5w+> +z§ /_Z dr [w_.5¢_—¢+.5¢+]

o=

(6.2.2)
From this we read off the EOM’s

o f =0, 0_Y" =0 (6.2.3)

Clearly the EOM’s imply that ¢” is a function only of £~ and that ¢/ is a function only
of &,

6.2.1 The closed superstring

We consider here the classical closed superstring theory that leads to the so-called type ITA
and IIB string theories when quantized (see Sec.[6.6]for more on this). See instead Sec.
for a different type of closed superstring theories known as Heterotic string theories.

As we encountered in bosonic string theory a closed string has X*(&) being a periodic
function of o with period 2w. This means we should choose ¢ = 27 in . As in

bosonic string theory X#(£) has the mode expansion

L1, oo |
XH(E) = o + 2T+ £ 3 = (e 4 e ) (6.2.4)

po g S
T+ NGl 2
with [;pH = ﬂag = \/5&6‘.

For the 9" and ¢ fields, we have two different choices for periodicity conditions: The
Ramond(R) condition ¢ (7,0 + 27) = ¢ (1,0) and the Neveu-Schwarz(NS) condition
Y (7,0 + 21) = —i(7,0). Combining the right and left-moving sectors this means
we have four possible periodicity conditions on ¥*(1,0): R-R, R-NS, NS-R and NS-N§,
meaning that for example R-NS is the case with the R periodicity condition on 9" and the
NS periodicity condition on ¢/ . It is easy to see that the boundary term in the variation

of the action (|6.2.2)) vanishes in all four cases.
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Consider the right-moving sector. With the R condition, we have that ¢ is periodic

in o with period 27. This means that " is a periodic function of £~ with period 2.

With the NS condition, we have instead that ¥* is antiperiodic in o with period 27, so

" is a antiperiodic function of £~ with period 27. Thus, for the R and NS conditions we

find the mode expansions

R: (&) =1,y die™ | NS: (&) =1, Y e (6.2.5)

nez reZ4t

where the set Z + % means numbers of the form n + % with n being an integer. Turning
to the left-moving sector we find in the same way the mode expansions

Re g4 (€F) =1, dhe ™ | NS: gh(eh) =1, > bre ™ (6.2.6)

ne€z rezZ+1

Regarding the mode expansions of the energy-momentum we have

T =) L™ | Tyy=3 L™ (6.2.7)

ne”Z nez

with L, = L + LY and L, = L) + L% where the bosonic part is
1 ~ 1
L =5 anpap, LTV =23 Gy (6.2.8)
keZ keZ
and the fermionic part depends on which of the four possible conditions we impose on the
fermions. Consider the right-moving sector. For the R and NS conditions on 9" we find
1 1 1 1

R LY =5 (k+gn)deg dops, NS: LY=o % 0 (r+5n)by - busr (6.2.9)

2
keZ T€Z+%

For the left-moving sectors it works analogously.
Considering the right-moving part J__ of the supercurrent we have the following mode
expansion in case of the R condition on "
1 L
R: J._=—=)Y Fe™ (6.2.10)

and the following mode expansion in case of the NS condition
1 o
NS: J._=— G,e ¢ 6.2.11
V2 re%; o2t

and analogously for the left-moving sector J,, (now with the names F, and G, for the

modes). We find
Fo=Y o g dup, Go=D> g by (6.2.12)

keZ keZ
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withn € Z and r € Z + % and analogously for the left-moving sector.

We can thus formulate the constraints ((6.1.14]) as

R: L,=F,=0 for n€Z, NS: L,=G, =0 for n€Z, reZ+} 621
R: f}n:Fn:O for ne Z , NS: f,n:éT:Ofor nEZ,rEZ+% B
with the R and NS conditions for the right and left-moving sectors.
The conserved current ITf; for translation invariance is the same as for the bosonic string
along with the definition of the momentum density as the world-sheet
time-component of the current . The conserved current for Lorentz invariance is

T, = XuIy — X,I05 — iT9,p%, (6.2.14)

Using the EOMs one finds indeed that 0,7, = 0. The associated conserved charges are

27 27
Juw = /0 doJ;, = /0 do (X1, — X1, — T4, 0%,) (6.2.15)

generalizing the Lorentz charges ((1.4.34) for the bosonic string.

6.2.2 The open superstring

Open superstrings are relevant in the presence of D-branes. Moreover, they are present
in the so-called Type I string theory as reviewed in Sec. [8.2

We take the range of o to be 0 < ¢ < 7 hence 6 = 7 in the variation of the action
(6.2.2)). For the bosonic part of the string we have two possible boundary conditions on
each of the end points: The Neumann condition X’* = 0 and the Dirichlet condition
X# = (0. Consider now the boundary term in . We see the boundary conditions are

(o - 8- = by 00 om0 = 0, (o - 8 — oy - 6 )|gr = 0 (6.2.16)

No matter which condition we impose on X* at the end points we see that for ! we
can satisfy these boundary conditions by relating ¢/ to 1* on the end points, specifically
by having them equal up to a sign. Without loss of generality we can choose ¢ (7,0) =
Y (7,0) on the 0 = 0 end point@ This means we have two possible boundary conditions
for the other end points at ¢ = m: The Ramond (R) condition ¢* (7, 7) = ¢ (7,7) and
the Neveu-Schwarz (NS) condition ¢* (7, 7) = —¢% (7, 7).

Z6Generally one can satisfy the boundary condition at o = 0 by " (1,0) = ¢ (7,0) but since the

action is invariant under ¥ — —9" one can always transform this to ¥ (7,0) = ¥ (7,0).
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With the R condition we havd®’| ¢* (1) = ¢/ (1) and ¢* (1 — ) = ¥} (7 + 7) so " is
a periodic function of £~ with period 27, and we have
Ri (67) =1, die™ | (M) =1, dhe™™" (6.2.17)
neL ne’l
where we used ¢* (7,0) = ¢ (7,0) to infer the mode expansion for ¥ as well. With the
NS condition we have that ¢" (1) = ¢! (1) and " (1 — 1) = =Y (7 + 1) so ¢ is an
antiperiodic function of £~ with period 27, and we have
NS: (&) =1, 3 e ™ () =1, Y ble (6.2.18)
reZ+i reZ+i
where we used again ¢* (7,0) = ¢} (7, 0) to infer the mode expansion for ¢ as well.
The mode expansions for the energy-momentum and supercurrent works the same way

as for the closed superstring.

6.3 Covariant quantization of the closed superstring

We consider here the covariant quantization of the closed superstring. Note that we
consider here only the Type II string theories. See Chapter [8|for other types of superstring

theories.

6.3.1 Covariant quantization

We now quantize the closed superstring using the covariant quantization approach. For the
bosonic part we should impose the equal-time commutator relation [X*(7,¢), I, (7, 0")] =

i6(o — 0’)ok which gives the commutator relations

[‘T'u’pV] = 155 ) [O‘Zwam = [dum7dryz] - m5m+n,077W (631)

along with the reality conditions (z)! = z#, (p,)" = p,, ()T = o", and (&))" = a",,.

For the fermionic part we should impose the equal-time anti-commutator
{Yh(r,0),¢¥%(1,0)} = 27128 (0 — o )dapn*™” (6.3.2)

with A,B = +,— and pu,v = 0,1,..., D — 1.@ The fermionic field commutes with the
bosonic fields. Considering the right-moving sector we get for the R and NS periodicity
conditions

R: {d",d"} = 1" Spino , NS {BE 0} = 06,00 (6.3.3)

m?n TS

2"Here we write ¢* as a function of one variable since it is only a function of £~. The same thing goes

for " .
Zthe dap for A,B = +,— is defined by §,y =6__ =1land §,_ =6_, = 0.
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with m,n € Z and r,s € Z + % Similarly for the left-moving sector

R: {d",d"} = "0pmino , NS: {B 07} = 0" 6ris0 (6.3.4)

r)Ys

We also impose the reality condition (¢(7,0))" = ¥4 (7, 0) which gives (d*)" = d",,,
(b =b" ., (d*)T =d", and (b*)t = b",.

In Section we made a harmonic oscillator interpretation of modes of the closed
bosonic string. For the right-moving modes o/ one can write the commutation relation
as by defining (2.1.5)), and it works analogously for the left-moving sector. Thus,
ak and a¥ with n > 0 are annihilation operators and afand &/ with n < 0 are creation
operators. This holds for the bosonic modes of the closed superstring as well.

Similarly, we can interpret the fermionic modes in terms of a fermionic harmonic
oscillator. A fermionic harmonic oscillator, with f as the annihilation operator and fT

the creation operator, has the algebra

{f.fr=0, {ffly=0, {£.f=1 (6.3.5)

A ground state |0) has f|0) = 0 so that the only excited state of this fermionic harmonic
oscillator is f7]0). In analogy with this, we interpret the modes for the R periodicity
condition in the right- and left-moving sectors d*, dg operators with n > 0 as annihilation
operators and those with n < 0 as creation operators, and the modes for the NS periodicity
condition in the right- and left-moving sectors b, l;?‘f operators with » > 0 as annihilation
operators and those with r < 0 as creation operators.

Thus, if one is in the R-NS sector of the closed superstring, one has the R periodicity
condition on the right-moving sector and the NS periodicity condition for the left-moving
sector. In this case the fermionic annihilation operators are d* and b* with n > 0 and

r > 0 and the fermionic creation operators are d”, and l;‘ir with n > 0 and r > 0.

n
Using these creation operators, as well as the bosonic ones, one can build up the closed
superstring Fock space from a given ground state.

Since we now know which operators are creation operators, and which are annihilation
operators, the natural next step will be to define the ground state of the superstring. This
turns out to be quite involved, as the ground state in some sectors of the superstring is

degenerate. We address this in Section [6.5]

6.3.2 Constraints on physical states

Just like in the case of the bosonic string the physical states should be found by imposing
a quantum version of the classical constraints (6.2.13)). In the quantum theory we have
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the Virasoro generators
L,=LX+1® [ =L 4 LW (6.3.6)
with bosonic part given by

1 ~
LY = 2 d vampap:, LY=o d g dy (6.3.7)

and the fermionic part by

R: L) = %Z(l{:—l—%n) td_gedney, NSt LW == 3" (rd-n) tboybag, o (6.3.8)

keZ r€Z+%

R: lxlw) = %Z (/{:—i—én) : J_k-cZnJrk ., NS: ES’Z’) = % Z (7”—1—%71) : l;_r'i)nw : (6.3.9)
kez reZ+i

in addition to this we also have the generators corresponding to the supercurrent modes

Fnzza—k'dn+k ; Gr:Za—k'br+k

keZ kEZ (6 3 10)
Fnzzd—k’dn—&—k’ év‘:z&—k'gr—&—k
keZ keZ

for which we do not have to normal order since the operators commute.

The constraints on a physical state |¢) in terms of the above generators are given by

R: L,|¢) = ardnolp) for n>0 and F,|lp) =0 for n>0

NS: L,|¢) = ansOnol¢) for n >0 and G,|¢) =0 for r >0
(6.3.11)
R: L,|¢) = ardnol¢) for n >0 and E,|¢) =0 for n>0

NS: Lp|¢) = ansdnold) for n >0 and G,|¢) =0 for r >0

where we introduced the normal ordering constants ag and ayg for the R and NS boundary
conditions on the fermions. For the generators corresponding to the supercurrent no

normal ordering constant is needed since the operators involved commutes.

6.3.3 Lorentz generators

Considering the Lorentz generators for the closed superstring they follow by quantization

of the Lorentz charges (6.2.15))
2
= / do : (X, 10, — X, 10, — iT,p",) : (6.3.12)
0
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generalizing (2.3.7). In terms of modes this gives
oy ey Ly Ty ey (6.3.13)

with the bosonic part given by (2.3.9) and the fermionic part given by

R: K" = —%[dg,dg] — iy (ddy —dydl) , NSt KM= —i Y (Vb — b7 b)
k=1 k=1/2

(d" i — d” i) . NS: KM = —i y (b, by — b, bf)

k=1/2

NE

R: K" = —%[Jg,dg] —i

i
I

(6.3.14)
where we indicated the possible periodicity conditions for the right-moving and left-

moving sectors.

6.4 Superconformal symmetry

For the classical bosonic string the remnant local symmetry of the Polyakov action in the
flat gauge means that it is conformally invariant. For the classical superstring the action
can be shown to be superconformally invariant. The quantized bosonic string in
the covariant quantization approach have an apparant anomaly in the Virasoro algebra
that can be removed by properly taking into account the b— ¢ ghost fields which originates
from gauge fixing the metric in the path integral for the bosonic string to work in the flat
gauge. Similarly, we see below that the quantized superstring has an apparant anomaly
in what is called the Super-Virasoro algebra that also can be removed by properly taking
into account the gauge fixing of the metric in the path integral for the superstring.

First of all, the right-moving and the left-moving sectors are decoupled, meaning that
all the symmetry generators for the right-moving sector commute with the ones of the left-
moving sector. Furthermore, the algebra of the right and left-moving sectors are exactly
the same. Therefore, we work below solely in the right-moving sector.

Consider first the R condition. The generators L, and F}, have the algebra

D
[Lm7 Ln] = (m - n)Lern + §m35m+n,0
(6.4.1)

1 D
[Lm7 Fn} = <§m - n) Fm—i—n y {Fma Fn} = 2Lm+n + 5m25m+n,0

We now analyze this result. Consider first the anti-commutator {Fy, Fy} = 2Lg. Acting
with this on a physical state |¢) obeying (6.3.11]) we see that this anti-commutator relation

immediately implies ag = 0.
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Consider now the full algebra (6.4.1). An algebra of the form

1
(Lo, L] = (m —n)Lyin + —(cm3 + qm)Omn0
) 12 ) (6.4.2)
(Lo, Fol = (im _ n) Fovin s AFms Fa} = 2Lmin + 75 (4em?* + @) im0

is called a centrally extended Super-Virasoro algebra and the generators £, and F,, are
collectively known as Super-Virasoro generators. Here ¢, ¢ are constants where c is known
as the central charge of the algebra. An algebra of this form with ¢ = ¢ = 0 is called
a Super-Virasoro algebra and this is the algebra one finds for a theory that has super-
conformal symmetry also at the quantum level. We see that the algebra is a
particular case of a centrally extended Super-Virasoro algebra for which ¢ = %D and
g = 0 hence this suggests that the superstring theory is not super-conformal at the quan-
tum level. Therefore, we have encountered an apparent anomaly in the super-conformal
invariance of the superstring.

Let us focus for a moment on the central charge. This involves only the conformal
symmetry of the theory, so only the [L,,, £,] part of the algebra . The bosonic
and fermionic parts of the theory are separately classically conformally invariant. For the
bosonic part with £, = L) we find the central charge ¢ = D (and ¢ = —D). For the
fermionic part £, = L we find central charge ¢ = D /2 (and ¢ = D). Since the bosonic
fields commute with the fermionic fields we can find the total central charge simply by
adding them, so ciotal = cx + ¢y = %D as found in . To achieve an anomaly-free
Super-Conformal symmetry it necessary to have zero central charge. For the bosonic
string we found that the gauge fixing of the metric in the path-integral gave an extra
part to the theory, namely the b — ¢ ghost system. This has central charge ¢ = —26 (and
q = 2). However, obviously we cannot find a dimension D such that %D = 26. Hence we
must be missing a further part of the theory.

Reconsidering the gauge fixing of the metric in the path-integral for the superstring
one finds that there is an additional sector of the theory called the 5 — + ghost system.
This is the ghost system for the fermionic part, just as the b — ¢ ghost system is the ghost
system for the bosonic part. With the R condition one finds that it has central charge
¢ =11 (and ¢ = —2). Adding up the central charges for the four different sectors one
finds the total central charge ciota1 = cx + ¢y + Cpe + sy = %D —15. Hence for an anomaly
free conformal symmetry we need D = 10. One can furthermore look at the constant ¢
related to the normal ordering constant ar. Adding up the four different sectors one finds
q = 0. Hence q is zero without the need of adding an additional normal ordering constant

to the zeroth Virasoro generator. Hence we find that ag = 0. Thus, we record that for
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the R condition we have conformal invariance of the quantized superstring provided
D=10, ar =0 (6.4.3)

We would also like to have superconformal invariance as well. If one combines the b — ¢
ghost system with the 5 —~ ghost system one has a classically superconformally invariant
theory that when quantized has a centrally extended Super-Virasoro algebra ((6.4.2)) with
¢ = —15 and ¢ = 0. Hence combining the Super-Virasoro generators L = L9 + L")
and F® for the two ghost systems with the Super-Virasoro generators L, and F,, for
the bosonic and fermionic fields we find that the combined Super-Virasoro generators
L,=1L,+ L%gh) and F,, = F,, + FTSgh) obey a Super-Virasoro algebra without anomalies,
i.e. the algebra with ¢ = ¢ = 0. Thus, the combined theory is super-conformally
invariant.
We now turn to the NS condition. The generators L, and G, have the algebra

D
[Lm, Ln] = (m — n)Lm+n -+ g(mg — m)5m+n’0

1 D 1 (6.4.4)
[Lm, Gr] = <§m — T’) Gerr N {GT, Gs} = 2Lr+s —+ 5(7’2 — L_L)(sr+s’0
with m,n € Z and r,s € Z + % This is a special case of an algebra of the form
1 3
(Lo, Ln] = (M —n)Lpin + —=(cm® 4+ qm)dpmino
) 12 ) (6.4.5)
[£m7 gr] = (5771 - 7’) ngrr 5 {gr; gs} = 2£r+s + E(4cr2 + q>5r+s,0

which is known as a centrally extended Super-Virasoro algebra with Super-Virasoro gen-
erators £, and G,. Clearly the algebra is a special case of this with ¢ = %D and
q= —%D. As for the R condition we have a ghost sector with a b—c and a —+ ghost sys-
tem. The ghost sector has Super-Virasoro generators L& = L0941 1 and G which
obey the algebra with ¢ = —15 and ¢ = 3. Notice that setting £,, = —ansdn, o and
G, = 0 the generators L,, and G, obey the algebra with ¢ = 0 and ¢ = 24angs. There-
fore, the combined Super-Virasoro generators £, = L,,+L&" —ansdn0 and G, = G, +GEY
obey the algebra (6.4.5)) with ¢ = %D —15and g = —%D + 3 4 24ans. Hence, provided
we have

1
D=10, axs=; (6.4.6)

we find that the combined Super-Virasoro generators obey the Super-Virasoro algebra
without anomalies, i.e. with ¢ = ¢ = 0. Thus, we need the condition (6.4.6) to have

super-conformal invariance for the quantum superstring in case of the NS condition.
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6.5 Ground states for the closed superstring

In this section we address the problem of the degeneracy of the ground state in the R-NS,
NS-R and R-R sectors of the closed superstring. We use in this section that D = 10.

6.5.1 Degenerate ground state for R condition

Consider first the right-moving sector with the R periodicity condition. Consider a state
|¢) with o|¢) = 0 and d%|¢) = 0 for n > 0 as well as p,|¢) = k,|¢). Clearly, we can
think of this as a ground state for this sector. However, it is not unique. To see this we
notice first that the ten operators dfj, u = 0,1, ...,9, anticommutes with all the creation

and annihilation operators d”, with n # 0. Furthermore, the operators djj have the algebra

{dg, di} =n" (6.5.1)

This means that acting with the operators dfj on |¢) we can find more ground states.
Hence we have a degeneracy of the ground state for this sector. To see this degeneracy

more explicitly, define the ten operators

' 1
hl = %(dg £dy) G = (i) for a=2,3,4,5 (6.5.2)

Using the algebra (6.5.1]) we find that these ten operators have the algebra
{ny 02} =6", {hG hi} ={h W} =0 (6.5.3)

for a,b=1,2,...,5. Thus, comparing to ([6.3.5)) we see that we have five fermionic oscilla-
tors. Impose now on a state |¢) that o|¢) = dt|¢) = 0 for n > 0, p,|¢) = k,|¢) as well
as h* |p) =0 for a = 1,2,...,5. Then the states

(hi)™ (R2)™ (h3)™ (R)™ (h)™ | 6) (6.5.4)

are non-zero only if n, € {0,1} for a = 1,2,...,5. This means we have 2° = 32 linearly
independent states that all are ground states. Write now a basis for these ground states

as
0: k) with o =1,2,..,32 (6.5.5)

with the conditions
al0; k) = d*0;k)e =0, n>0
(6.5.6)
Pul0s K)o = kpul0; K)o
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The action of dfj on |0; k), is now a linear combination of the states |0; k), hence we can

write this linear combination as

B0 K)o = (T 0:k); (6.5.7)

where a sum over f = 1,2,...,32 is understood. Then we can think of (I'*)?,/v/2 as
a representation of dfj on the ground states in terms of the ten 32 by 32 matrices T'*,
pw=0,1,...,9, known as the gamma matrices.

Applying two dfj operators gives

2dgd6|07 k>a = \/ﬁdg(ryygam; k>ﬁ = (Iw>5a\/§dg’0; k>ﬂ
= (I")7a(T")75]0; k), = (T#)75(0") a]0; k),
= ([*T7)7a[0; k) (6.5.8)

where in the last line we wrote the product of the matrices ['* and I'V as (I'*I")7, =
(D#)75(I)#,,. Using this result together with the algebra ([6.5.1]) one gets that the gamma
matrices obey the algebraf|

{T# T} = 291 (6.5.9)

for u,v = 0,1, ...,9 where I is the 32 x 32 identity matrix. We recognize this algebra as the
Clifford algebra for ten-dimensional Minkowski space for which the gamma matrices I'*
provide a representation. One can show that it is possible to impose that these matrices
are real and that (I'*)” =T, where T, = 71, I".

Since the I'* matrices provide a representation of the Clifford algebra for ten-
dimensional Minkowski space the index « on the ground states |0; k), is a spinor index,
as seen from a ten-dimensional point of view. In other words, while the p index on
X*(€) means that X*(&) transforms like a vector with respect to ten-dimensional Lorentz

transformations, the ground states |0; k), instead transform like a spinor.

6.5.2 The ground state for each of the four sectors

We are now ready to write the ground states for the four sectors of the closed superstring.
In the NS-NS sector we do not have any degeneracy of the ground state with respect to

fermionic zero-modes, since b2 and b modes do not have zero modes. Hence in this case

20ne gets ({T*, T} — 2n*1}8,]0;k)s = 0 which implies (6.5.9) since the ground states |0; k), are

linearly independent.

103



we have the ground state |0; k) defined by

ak0;k) = ak0;k) =0, n>0
NS-NS: b0 k) = b0 k) =0, >0 (6.5.10)
Pul0; k) = k,|0; k)

Since all the raising operators in the NS-NS sector o, &, n > 0, b",., V"  r > 0

—ny Qp, —ry Uy
transforms like vectors under ten-dimensional Lorentz transformations, and since |0; k)
instead transform like a scalar, all the states in the Fock space of the NS-NS sector are
bosonic, as seen from point of view of the ten-dimensional Minkowski space.

For the R-NS sector we have the R periodicity condition in the right-moving sector.
Thus, we can use directly the result (6.5.6). Hence we define the 32 ground states |0; k),

in this sector by

a%m; k)a = dmoa k>a =0, n>0
R-NS: dij0;k)e =0, n>0, B0k)a=0, r>0 (6.5.11)
V2dh10; k) = (T1)2,]05K)p . pul0; k)a = kul0; K)o

where the gamma matrices ['* are real 32 by 32 matrices, (I'")" =T, and T, = n,,I".
Since all the raising operators in the R-NS sector o, &, , d" ,n > 0, b", , r > 0,
transforms like vectors under ten-dimensional Lorentz transformations, and since |0; k)
transforms like a spinor, then all the states in the Fock space of the R-NS sector are
fermionic, as seen from point of view of the ten-dimensional Minkowski space.

The NS-R sector ground states is found by exchanging the right- and left-moving

sectors of the R-NS sector. Hence, we define the ground states |0; k),, in this sector by

ahl0; k) = ah]0;k)a =0, n>0
NS-R: b0 kY =0, 7>0, d*0;k)e=0, n>0 (6.5.12)
\/ingloa k)oz = (F“)Bam; k)ﬁ ) pu|0; k>o¢ = ku|0§ k)oc

Note that we require the representation of the gamma matrices to be the same for the
R-NS and NS-R sectors, i.e. they are the same ten 32 by 32 matrices. Clearly, by
applying the same reasoning as in the R-NS sector, one has that all the states in the Fock
space of the R-NS sector are fermionic, as seen from point of view of the ten-dimensional
Minkowski space.

Finally, we have the R-R sector. This is special in that we have the R periodicity
condition in both the right- and left-moving sectors. Hence we have a degeneracy with

respect to both dfj and J‘é . This gives a degeneracy of 322 = 1024 states. We write these
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ground states as |0; k)" where both o and 3 takes values from 1 to 32. This in turn gives
rise to two separate representations of the Clifford algebra (6.5.9). We define the R-R

sector ground states |0; k),” as

;

arl0;k)o” = a0 k)’ =0, n>0

de|0; kYo = di]0;k)o® =0, n >0

R-R: . (6.5.13)
V2dh10; k) = (T1)]0; k)7, V25|05 k)" = (T)2,]0; k)oY

\ pu|0§k>aﬁ = ku|0§ k>aﬁ

where we use the same representation of the gamma matrices in the right- and left-moving
sectors as the one used in the R-NS and NS-R sectors, i.e. they are the same ten 32 by
32 matrices. Notice that the « index in |0; k),” refers to the right-moving sector while 3
refers to the left-moving sector. Using the same reasoning as in one finds
2505 k)o” = (D'T)7a0; k),
o (6.5.14)
2dyds|0; k)o” = (TVT")7, |05 k) o
showing that the algebras {d4,d%} = n* and {d},d%} = 7" are consistent with the
gamma matrices obeying the Clifford algebra .

Since the degeneracy of the R-R ground state corresponds to a product of two spinor
indices, this means in efffect that the R-R ground state transform like a boson under ten-
dimensional Lorentz transformations. This will be confirmed in detail below in Sec. [6.6.21
Since all the raising operators transforms as bosons as well this means that the states
in the Fock space of the R-R sector are bosonic, as seen from point of view of the ten-

dimensional Minkowski space.

6.5.3 Chirality and spinors

Using the ten gamma matrices I'* we can define an additional 32 by 32 matrix I';; = I''!
by
FH = F(]Fl e Fg (6515)

One can check that it follows from the Clifford algebra (6.5.9)) that
<F11)2 =1 ) {Flh F;L} =0 (6516)

Since (I'11)? = I the eigenvalues of I'y; are +1. This defines a notion of chirality. Writing
S = %[FM, [',] one can check that the irreducible representation of the Clifford algebra

gives rise to a representation of the ten-dimensional Lorentz algebra
(s Jpo) = =i(Mupd o + Mo Jvp — Mupdve — Mo Jup) (6.5.17)
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known as the Dirac representation. Since [['yy, 5

[I',,T]] = 0 one can split up the Dirac
representation into representations according to the eigenvalues of I'y;. This splits up the
32-dimensional reducible representation into two irreducible 16-dimensional representa-
tions called Weyl representations of the Lorentz algebra.

For use below we now define an operator version of the I';; matrix (6.5.15)) in the R-NS,
NS-R and R-R sectors. When we have the R-periodicity condition in the right-moving
sector we define

Ty = —25d%d} - - - df (6.5.18)
Using the algebra ((6.5.1)) one finds
2, =1, {Ty,d'} =0 (6.5.19)

for £ =0,1,...,9. Similarly, when we have the R periodicity in the left-moving sector we
define

that obeys ,
Ty=1, {Tu,dj} =0 (6.5.21)

One can now apply the operators (6.5.18)) and (6.5.20)) to the ground states defined in
the R-NS, NS-R and R-R sectors. This gives

R-NS: T'11]0; kYo = (011)%4]0; k) 5

NS-R: T11[0; kYo = (T'11)%al0; ) 5 (6.5.22)

i1\11|0; k>o/8 = (F11)7a|0; k>76

R-R: ~
'y ‘0; k)aﬁ = _(Fll)ﬂ'y‘o; k>a7

The minus sign in the left-moving sector of the R-R periodicity condition can be derived
using .

The 32-dimensional space on which we found an irreducible representation of df is
the linear space of spinors of ten-dimensional Minkowski space. Thus given a spinor Y,
by which we also mean that it is Grassman-valued, it is a vector in the 32-dimensional
linear space. Weyl spinors are spinors that obey I';;x = £x. This is directly related to
the splitup of the 32-dimensional Dirac representation into the two 16-dimensional Weyl
representations of the Lorentz algebra. One can furthermore formulate the Majorana
condition on a spinor simply as x* = x, where x* means the complex conjugate of x.

Since the matrices I', are real this means we can impose a spinor to be Majorana-Weyl.
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So starting from having spinors defined on a 32-dimensional complex linear space we can
restrict them to be defined on a 16-dimensional real linear space.

It is important to be able to combine two spinors into a bosonic object such as a scalar
or a vector with regard to the Lorentz transformations. Writing ¥ = x'T° one finds
that for two spinors y and X the object Ay transforms as a scalar while A"y transform
as a vector under Lorentz transformations. It is useful for our considerations below to
introduce an index for the spinor x*, a = 1,2, ..., 32, as well as x,, such that we can write

AHY = Ao (T#)%5x? where (T'*)% is the matrix entry at row o and column 3 of T*.

6.6 Spectrum of the closed superstring

We now consider the spectrum of the closed superstring. Using the constraints (6.3.11))

on a physical state with ag = 0 and ang = % we find the following expressions for the

mass of the superstring states in the right-moving and left-moving sectors

R: M? = é(N@ +N@), NS: M? = E(Nm) L NG 1)

12 12 2

(6.6.1)
R: M= %(z\?(a) +N@), NS: M? = %(ma) N0 1)
[2 ’ 12 2
where we defined
N@ — Z(Ln‘an . N@ = anfn'dn NG = ZNLT b,
n=1 n=1 r=1

o (6.6.2)

KO =S a,a,, NO=3 nd,-d,. §O=3 ri i,
n=1 n=1

r=3

It is not difficult to see that the eigenvalues of N, N@ N@ and N@ are integers
that are greater than or equal to zero. Instead the eigenvalues of N® and N® consist of

integers and half-integers that are greater than or equal to zero.

6.6.1 GSO projection

Consider now the R-NS periodicity condition on the fermions. From the equations for the
mass of superstring states we encounter a problem. Clearly the mass as computed
in the right-moving and the left-moving sectors should agree. This is the condition of
level-matching. But this forces N® to be a half-integer. In particular, the vacuum case
N® = 0 is not consistent with level-matching. Thus, in the R-NS sector it seems that

part of the spectrum for the NS condition has been projected out. The question is then
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whether this is true in the NS-NS sector as well? Indeed, this is part of a necessary
truncation of the states in the closed superstring Fock space that is implemented by the
so-called GSO projection.
The GSO projection on the closed superstring Fock space means that only states |¢)
that fulfil the conditions
R: ﬁl(_l)zf:ld,n-an) =[¢), NS: (-1)
(6.6.3)
Re Ty (—1)55 b jg) = slg) , NS (—1)>

are part of the closed superstring Fock space. Here s = +1 and we used the operators fn
and fn defined in Egs. and . A state that does not fulfil the conditions
(6.6.3)) is not in the closed superstring Fock space, and we say that it is projected out by
the GSO projection.

For the NS periodicity condition the GSO projection in the right-moving sector means
that there should be an odd number of raising operators b, (r > 0) which implies
that N® is a half-integer, and similarly for the left-moving sector. Thus, the above-
mentioned problems of the level-matching conditions in the R-NS and NS-R sector are
solved. In connection with this, notice that as consequence of the GSO projection on the
NS periodicity condition the NS-NS, R-NS and NS-R ground states are no longer part of
the closed superstring Fock space.

For the R periodicity condition the GSO projection works by restricting the helicity
of the superstring state according to the helicity operators fll and fn defined above. In
particular, the ground states (6.5.11)), (6.5.12)) and for the R-NS, NS-R and R-R

sectors are now restricted to be of a certain helicity. One finds

R-NS: T1|0:k)a = [0:k)a
NS-R: T'11]0;k)e = s|0;k)q (6.6.4)
R-R: Til0:k)? =[0;k)a? , Ti|0:k)a? = s]0; k)o?
Using ([6.5.22)) one can alternatively write this as
R-NS: (T11)%.[0;k) 5 = [0; k)q
NS-R: (T11)%.|0;k)5 = 5]0; k)a (6.6.5)
R-R: (Tu)7al0ik)," =10 k)" . (T11)75]0; k)™ = —5|0; k)’

Unlike in the NS case, for the R case there is a choice of the overall sign of the projector.

By itself the right-moving sector is equivalent whether one chooses fn or —fu to be the
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helicity operator. However, combining the right- and left-moving sectors, the relative
sign denoted in (6.6.3) by s between the projectors gives rise to two physically different

superstring theories:
s =—1: Type IIA string theory , s =1: Type IIB string theory (6.6.6)

Thus, depending on the sign of s we are either studying closed superstrings in Type ITA
string theory, or in Type IIB string theory. These two superstring theories have important
differences, as we shall see below.

As already mentioned the GSO projection for the NS condition resolves the
issue with level-matching for the R-NS and NS-R sectors. However, there are other
reasons that the GSO projection is necessary. A very important reason is that if one
studies the one-loop contribution in perturbative closed string theory one finds that the
GSO projection is necessary for having a consistent theory. This is very likely connected
to a very interested consequence of implementing the GSO projection: That the spectrum
of the superstring now becomes supersymmetric. Thus, with the GSO projection not only
the world-sheet theory is supersymmetric but also for the ten-dimensional space-time that
the superstring lives in is supersymmetric. Moreover, with the GSO projection there are
no tachyon states in the superstring spectrum. This also follows from having space-time
supersymmetry.

Thus, by imposing the GSO projection one gets supersymmetry in the target space,
in addition to the supersymmetric on the world-sheet. This poses the natural question
whether one can find a formulation of the superstring in which the target space super-
symmetric is manifest, rather than something one derives, imposing the GSO projection.
This is indeed possible. One can find a way to formulate superstring theory such that the
superstring action has manifest space-time supersymmetry, just as the action has
manifest space-time Poincare symmetry. This way to formulate the superstring is known
as the Green-Schwarz formalism. One can show that the Green-Schwarz formulation is
equivalent to the above description - known as the RNS formalism - when including the
GSO projection. For the Green-Schwarz formulation one is forced to start directly in
D = 10 dimensions since the space-time supersymmetry is highly dependent on the num-
ber of dimensions D. Moreover, it is not clear how to covariantly quantize the superstring
in the Green-Schwarz formalism. It is only known how to quantize the Green-Schwarz

superstring in the lightcone gauge.
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6.6.2 Massless spectrum

We consider now the lowest lying states in the spectrum of the closed superstring. For
the NS-NS sector we see that due to the GSO projection (6.6.3) the lowest lying states
are of the form

NS-NS: C (k) 0", B” 1 |0; k) (6.6.7)

The field (,, (k) splits into three fields transforming in irreducible representations of the

ten-dimensional Lorentz group as follows

Graviton: G (k) = 5(Cu (k) + Cu(k)) — § (0 — kuky — Kk )1 Coo (K)
Kalb-Ramond: B, (k) = 3(u (k) — Gu(k)) (6.6.8)

Dilaton: ®(k) = 1/ Cyo (k)
where we used for a given £, that one can find l;:u such that
=0, k-k=1 (6.6.9)

With this, we have that (,,(k) = G, (k) + Bu (k) + (0w — kuk, — k,k,)®(k). These
are all massless M = 0 according to thus we have found that the NS-NS sector
has the same massless spectrum as that of the closed bosonic string, namely a massless
graviton field, a massless Kalb-Ramond 2-form field and a massless scalar called the
dilaton. However, unlike the closed bosonic string these massless state are the lowest
lying states. In other words: We have managed to get rid of the closed string tachyon by
going to superstrings. Notice that the massless NS-NS spectrum does not depend on the
sign s.

One can derive from the G and é% constraints that k*(,, (k) = 0 and k", (k) =0
(see Exercise[6.8)). This implies that Gy, (k), By (k) and ®(k) fulfil the same equations as
in the case of the massless modes of the bosonic closed string (See Sec. except now
in 10 dimensions instead of 26. For instance, one finds for G, in position space.
Similarly one can derive the gauge transformations by finding the appropriate
spurious states (see Exercise , thus leading in particular to the gauge transformation
(2.2.14) of G, in position space.

For R-NS and NS-R sectors the lowest lying states according to the GSO projection

(6.6.3) are
R-NS: S2(k) 8", |0; k)a
o (6.6.10)
NS-R: Si(k) ", [0: k).
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where we sum over both 1 and «. These states are massless M = 0 according to (6.6.1]).
We see from (6.6.5) that T'y;S, = S, and I';;S, = sS,. The two fields Si(k) and Sﬁ(k‘)
each split up into irreducible representations of the Lorentz group which consist of

Two spinors: x* = 15(I"S,)*, X* = %(F“SM)“

(6.6.11)

Two gravitinos: A% = S% — &(I,T%S,)*, A% =S¢ — L(T,I*S,)"

We consider the constraints on these fields and their gauge transformations in Exercise[6.9]
The two spinors are Majorana-Weyl spinors with I';;x = —x and 'y ¥ = —sy. Similarly
the two gravitinos are Majorana-Weyl with respect to the spinor index I';; A, = A, and
FHS\H = SS\N. We see here an important difference between type IIA and type IIB string
theory: For Type ITA string theory the massless spectrum is non-chiral while for Type
IIB string theory it is chiral. As one can see from the GSO projection this is not
only true for the massless states but is a general feature for all the states of the Type ITA
and IIB string theories. Said more explicitly, Type IIA string theory is non-chiral since
for any fermionic chiral state of the superstring we find an otherwise equivalent state of
opposite chirality. Instead Type IIB string theory is chiral since for a given fermionic
chiral state we can find an otherwise equivalent independent state of the same chirality.
Turning finally to the R-R sector we see from the GSO projection that the

lowest lying states are of the form
R-R: H?3(k)|0; k)" (6.6.12)

where we sum over o and /3. These states are clearly massless M = 0 according to (6.6.1]).
The chirality conditions on the R-R ground state (6.6.5)) give the matrix equations

H=T,H=—-sHT'y; (6.6.13)
We define the antisymmetric product of the I'* matrices as
k2 bn — Tleasz |, Trnl (6.6.14)

One can then show that the matrices I'*1#2#» from n = 0 (defined as the identity matrix)
to n = 10 provides a basis for the linear space of 32 x 32 matrices. Hence we can express
the matrix H as a linear combination of these antisymmetric products as follows

10

1 .
H(k) = Z Hquz-wn(k)(me ) s (6.6.15)
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where the fields F;

K12 n

is an n-form, as defined in Sec. m These n-form corresponds dividing the field H3(k)
into irreducible representations of the Lorentz group. Using (6.5.16]) we notice

(k) are completely antisymmetric in the indices. Hence F,, ,,,.....,, (k)

10 10
Z 1 1

Puft = EFNWQ"'MnFUmemun = E :(_1)nﬁFﬂlm"'unmemunrll (6616)
n=0 n=0 '

Using now I'\1 H = —sHT'y; from Eq. we see that for type IIA string theory with
s = —1 we can only have n-form fields with n being even while for type IIB string theory
with s = 1 we can only have n-form fields with n being odd.

From the physical state conditions Fy|¢) = Fy|¢) = 0 in for the R-R massless

states (6.6.12)) one gets the matrix equations
kJVH = k,HI'™ =0 (6.6.17)
where we used the properties of the R-R grounds states (6.5.13)). One can show that

DALV Vn — Tnvn gy il Twa-val

(6.6.18)
(—1)PT¥rwn Tk = Drrvn g b vl
Combining this with one finds the following equations for F},, ..., (k)
K Frgopin () = 0, ke, PP 801 (1) = 0 (6.6.19)
In position space this becomes
O Frgepi ) =0, O FPHHn=1 = () (6.6.20)

We recognize these equations as the source-free equations of motion for an n-form field
strength, as discussed in Sec. [4.2.1] One can alternatively write them using the exterior
derivative and the Hodge dual as dF{,) = 0 and d'F{,) = 0 where F{, is a short-hand
notation for the n-form F, ,,...,. We call therefore F{,) the Ramond-Ramond n-form
field strength. Since dF{,y = 0 one can find an (n — 1)-form gauge field C(,_1) such that
Foy = dC(n-1). C(n-1) is called the Ramond-Ramond (n — 1)-form gauge ﬁe]dm We
discuss below in Sec. that the Ramond-Ramond field strengths couples to D-branes.

Using the relation I'\1H = H from one finds that the n-form is equal to the
Hodge dual of the (10 — n)-form up to a sign]]

30Notice that for n = 0 Eqgs. (6.6.20) gives that Flo) is a constant which means it does not correspond

to a physical degree of freedom.

310ne can show this by using that 'j;T##2 #n = :I:(loin)!em“z“‘“wl"

by inserting the definition ((6.5.15)) of I'y; in the identity.

fngt finsa-po- ONE can see this
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where the Hodge dual is defined in . This means that for type ITA string theory
the 6-form can be written in terms of the 4-form and the 8-form in terms of the 2-form
and the 10-form in terms of the O-form. Hence we only need to use the 0-form, 2-form
and 4-form fields. Instead for type IIB string theory we only need to use the 1-form,
3-form and 5-form fields. Notice in particular that the 5-form field is special in that it is
self-dual, i.e. it is equal to its Hodge dual.

In summary, we have found that in the R-R sector of the type ITA string theory the
lowest lying states are massless and they correspond to the 2-form and 4-form Ramond-
Ramond field strength Fio) and F{4) with the 1-form and 3-form gauge fields C(;) and C{s).
The 2-form and 4-form field strengths are dual to the 6-form and 8-form field strengths
Fey and F(g).

For Type IIB string theory in the R-R sector the lowest lying states are massless
and they correspond to the 1-form, 3-form and 5-form Ramond-Ramond field strengths
Fuy, Fiz) and Fi5) with the scalar (0-form), 2-form and and 4-form gauge fields C|g),
Croy and Cyy. The 1-form and 3-form field strengths are dual to the 7-form and 9-form
field strengths F(7) and Fg). Moreover, the five-form Ramond-Ramond field strength is
self-dual *Fi5) = F(5).

Considering all the massless states for the type IIA and IIB string theories one can see
that they fit into two different supersymmetric multiplets (with respect to supersymmetry
in ten dimensions). These multiplets are precisely those corresponding to Type ITA and
Type IIB supergravity. Thus, we have found for Type IIA (IIB) string theory that the
massless states are related by supersymmetry in ten dimensions and that they correspond
to the field content of Type IIA (IIB) supergravity.

One can also consider the whole spectrum of type ITA or IIB string theory, including
both the massless and massive states. As argued in Sec. [6.5] the NS-NS and R-R sectors
give rise to bosonic states while the R-NS and NS-R give rise to fermionic states, as seen
from a ten-dimensional point of view. Amazingly, one can show that for each mass-level in
the discrete spectrum of the closed superstring the number of fermionic degrees of freedom
is equal to the number of bosonic degrees of freedom. Moreover, one can relate them by
a supersymmetry transformation. Thus, the spectra of Type ITA and Type IIB string
theories are supersymmetric from a ten-dimensional point of view. The easiest way to

show this is by using the Green-Schwarz formulation of the superstring mentioned above.
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6.6.3 Ramond-Ramond field strengths and D-branes

In the previous section we found the Ramond-Ramond field strengths F}, ,,,....,, that satisfy
the source-free equations of motion for an n-form field strength. For type IIA
string theory, n is required to be even, while for type IIB string theory n is odd. We
learned in Sec. that an (p + 2)-form field strength can couple electrically to an
electrically charged p-brane. So, the questions is, what branes do the Ramond-Ramond
field strengths couple to? This is in fact the D-branes, made from open superstrings.
One can show that a Dp-brane in type ITA or IIB string theory is electrically charged
with respect to the (p 4 2)-form Ramond-Ramond field strength Fi, 2. Specifically, the

bosonic part of the action for a Dp-brane is

1 ca
S = Sppr + TDp / dp+1£m€a1 p+1 Cm_”#pﬂaalxm .. .aapﬂ

in accordance with (4.2.13)) and Spg; is the Dirac-Born-Infeld action of Eq. (5.2.3]). The
gauge field C,41) is (p+1)-form Ramond-Ramond gauge field defined by Fi,12) = dC(p11).

XHwi (6.6.22)

This action is valid for ten-dimensional Minkowski space as background, with zero Kalb-
Ramond field and dilaton. In the action we have only written the bosonic part
of the action for a Dp-brane. There are fermionic terms as well, making it into a super-
symmetric theory. This is discussed in Sec.

One says that the Dp-branes in type ITA and IIB string theory carry Ramond-Ramond
charge. We see from that the charges of the Dp-branes are equal to their tensions
@p = Tpp. Connected to the fact that type IIA string theory only has Ramond-Ramond
n-form field strength with n even, one can show that there are only Dp-branes in type ITA
string theory for even p. Thus, in type IIA string theory one has the DO-brane (also called
the D-particle), D2-brane, D4-brane, D6-brane and D8-brane. Following the same line of
reasoning, one finds that in type IIB string theory one has the D1-brane (also called the
D-string), D3-brane, D5-brane, D7-brane and D9—braneEZ]

6.7 Supergravity from superstring theory

We consider here the low energy effective action of the closed superstring of type ITA and

type 1IB string theory.

320ne can also define Dp-branes with p odd in type ITA string theory and p even in type IIB string
theory, but they are unstable due to a tachyon in the spectrum of the open superstring. Hence the
Dp-branes with p even (odd) in type ITA (IIB) string theory are the ones that are stable and in fact also

supersymmetric.
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We saw in Chapter |3| that the low energy effective action for the massless fields of
bosonic closed string theory is (3.3.12)). This follows from demanding conformal invariance
of the theory for a single bosonic closed string immersed in a background formed by many
bosonic closed strings. One can in principle do the same for the closed superstringﬂ
The closed superstring has the following massless fields living in a ten-dimensional target
space. The bosonic fields are the graviton field G, the Kalb-Ramond field B, and the
dilaton ® from the NS-NS sector and the n-form field strengths F{,y from the R-R sector,
with n even for type ITA and odd for type IIB. The fermionic fields are the two spinors
and two gravitinos from the R-NS and NS-R sectors. As noticed in Sec. these fields
correspond to the field content of ten-dimensional type IIA (IIB) supergravity for the
type ITA (IIB) superstring. Indeed, one can show that type IIA (IIB) supergravity is the
low energy effective description of type IIA (IIB) string theory.

Type ITA supergravity has action

St = 1671-1GN /dl%m [e_ch (R +4(VE)” - %m) - iFé) - ﬁﬂi)
_327TlGN /B(Q) N dC3y A dC(3) + fermionic terms (6.7.1)
with the field strengths
Hg) =dB) , Foy=dCu), Fuy=dCs + He A Cq) (6.7.2)
and the supergravity coupling constant
167Gy = (27)"13g? (6.7.3)

We note that the last bosonic term with By A dC3y A dC'3) is written using the wedge
product of forms defined in (4.2.8). This term is topological, meaning that it does not
depend on the metric.

Type 1IB supergravity has action

_ 1 10 —20 o Lo Lo L L
Sip = o /d V=G [e (R +4(v0) - H ) - SFo— P — e F
1
TN /0(4) A Hzy A F3) + fermionic terms (6.7.4)

33In practise it is not clear how to do it this way since one does not know how to covariantly quantize
a superstring in the presence of generic Ramond-Ramond field strengths. However, since one can show
that the theory should be supersymmetric in ten dimensions, one can infer the equations of motion of the
fields of the R-NS, NS-R and R-R sectors from those of the fields in the NS-NS sector. This determines

the low energy effective action uniquely.
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with the field strengths
Hg) =dB), Fuy=dCu), Fg =dCe—CoAHa), Fis = dCu—CeAHg) (6.7.5)
and the supergravity coupling constant

167Gy = (27)"13g? (6.7.6)

6.8 Quantization of the open superstring and D-branes

We consider here the quantization of an open superstring ending on a Dp-brane. We

1

take the Dp-brane to have flat world-volume with 2°, x!, ..., 2P being the parallel space-

time directions to the Dp-brane and xP™!, ..., 2 being the orthogonal directions to the
Dp-brane. The position of the Dp-brane in the orthogonal directions is given by z! = ¢/,

I =p+1,....9. The mode expansion of X* is

X1, 0) = x® + 20%p°1 + V2, Z %af;e‘“” cos(no)
e (6.8.1)
X!(r,0) = — V2, Z ﬁaie_”” sin(no)
n#0
with a = 0,1,...,pand I = p+ 1,...,9 where we imposed Neumann conditions on the
parallel directions and Dirichlet conditions on the orthogonal directions.

As found in Section the boundary conditions for the fermionic field 1" are inde-
pendent of the ones on X* thus we can impose either the R condition or the NS condition
on Y* which gives the mode expansions and .

We can now covariantly quantize the open superstring following the covariant quan-
tization of the closed superstring. Essentially the quantization of the open superstring
is read off from the quantization of the right-moving sector of the closed superstring.
Thus we have the anti-commutator relation for the modes df and bY. The Super-
Virasoro generators are given by the right-moving part of — and hence the
constraints on the physical states by the right-moving part of . The results on
the superconformal symmetry of Section [6.4] are the same as well, since the right and
left-moving sectors of the closed superstring can be treated independently. Therefore, we

find also for the open superstring that

1
D:10, CLR:O, CZNS:§ (682)
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Thus, we record here the constraints on a physical state |¢) of the open superstring

R: L,|¢) =0 for n >0 and F,|¢) =0 for m >0

, (6.8.3)
NS: L,|¢) = §6n70\¢> for n >0 and G,|l¢p) =0 for r >0
We find from this the mass formula
1 1 1
: 2 _ — (N (d) . 2 __ —(N@ ® _ =
R =, (N YN ) NS M= (N YN 2) (6.8.4)

where we defined

oo o 0
MMZZhWﬂML‘MQZEMmM%%’N@:Epmwiw (6.8.5)

n=1 n=1 r=1

2

where we sum over p,v = 0,1,....,9. The GSO projection on a state |¢) is
~ S dn-dn Z:il b_r-br
Ri Thy(=1)&m=1""g) = |¢) , NS: (=1)7=2" " "[¢) = —[¢) (6.8.6)

where 'y is defined as in Eq. (6.5.18]).

Starting with an open superstring with the NS condition we see that the ground state
|0; k) in the NS sector is defined by

ak|0;k) =0 forn >0, b*|0;k) =0 forr >0
NS: (6.8.7)
pa’O; k> = kayo; k>
The ground state |0; k) is projected out by the GSO projection (6.8.6) hence the lowest

lying states in the NS sector are linear combinations of b* | /2\0; k). We write
NS: Aq(k) b, ol05 k), @1(k) b, 5|05 k) (6.8.8)

where A,, a = 0,1,...,p is a U(1) gauge field living on the world-volume of the Dp-
brane and ®;, I = p+1,...,9, are D — p — 1 scalar fields living on the world-volume
of the Dp-brane (that they live on the world-volume can be seen from the fact that the
momentum £k, is only along the Dp-brane world-volume directions hence the same is true
also in position space). We see from that these fields are massless M = 0. We
notice that this is the same massless spectrum as that of an open bosonic string ending
on a Dp-brane. Indeed, one can show that the A,(x) field in position space satisfies the
equations due to the physical state conditions and using spurious states one finds
the gauge transformation (5.1.16). The ®; fields in position space satisfy the massless

Klein-Gordon equation on the Dp-brane 0,0°®; = 0. Thus, one has exactly the same
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interpretation of A, as a U(1) gauge boson living on the Dp-brane and ®; as describing
a small fluctuation of the transverse position of the Dp-brane, as described by ([5.2.5)).
Turning to the open superstring with the R condition we see that the ground states

are given by

at|0; k) = d*0;k)q =0 for n >0
R: pa|0; k>a = ka|0; k>a (689>
V2d5|0;:k)a = (T)%a]0: k)5, (T11)’al0: k)5 = |05 K)o

which by construction already fulfil the GSO projection (6.8.6). Hence they correspond

to the lowest lying states in this sector and we write a state as
R: x“(k)|0; k)q (6.8.10)

The spinor field x(k) is a Majorano-Weyl spinor with I'y;x = x. As one can see from
it is a massless spinor field M = 0. This is the superpartner of the A, and &;
fields that we found in the NS sector.

If we turn off x* the dynamics of the Dp-brane in ten-dimensional Minkowski space
(without any of the background fields of type IIA or IIB supergravity turned on) is
described by the DBI action [5.2.3] Since x* is a superpartner, one should use a super-
symmetric version of the DBI action for general x*. This action has indeed been found.

Altogether we found that the lowest lying states of the open superstring ending on a
Dp-brane are massless and one can furthermore infer that they belong to a supermultiplet.
Thus, we again see that the superstring gives rise to supersymmetry in ten dimensions.
This is true for the massive states of the open superstring as well.

Generalizing the above to the case of N parallel Dp-branes one finds the same spectrum
just with the inclusion of the Chan-Paton factors in the ground states as well as in the
fields. Considering the case of N coinciding Dp-branes one finds that the massless states
of the open superstring ending on the N Dp-branes have the massless fields A,(k), ®;
and x*(k) all being in the adjoint representation of U(N). In particular A,(k) becomes
a U(N) gauge field.

6.9 Exercises for Chapter [6]
Exercise 6.1. Consider the classical superstring with action (6.1.1)).

e Show that the SUSY transformation (6.1.7) is a symmetry of the action (6.1.1))

where € is a (Grassmann-valued) constant spinor.
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e Use the Noether procedure of Section to find the conserved current associated

with the supersymmetry of the action. The answer (up to normalization) should be

the supercurrent (6.1.11)).

Exercise 6.2. In this exercise we play around with the Dirac matrices in two dimensions.
We use in the following Eqgs. (6.1.3)) and (6.1.5). We define the helicity projectors

_ 1% pops

Py 5

(6.9.1)

and we use p* = p° £ p' and p = 2 (po £ p1).

- s - 0
po= (7). non- (1) -

pt=20"Py, pp_=—=2P_, ptp.==2P , ptp_=ppy=0 (693)

e Show that

e Show the identities

e Using (6.9.2)) and the first identity in (6.9.3) show that the superstring action (|6.1.1))
can be written in lightcone coordinates as ([6.2.1]).

e The supercurrent is given by (6.1.11)). Show using ([6.9.3) that in lightcone coordi-
nates the supercurrent takes the form given by Eqs. (6.1.12)) and (6.1.13]).

e The energy-momentum tensor for the action (6.1.1)) is given by Eq. (6.1.9). Show
that in lightcone coordinates it has components given by (6.1.10) and T, - =T, =

0.

Exercise 6.3. Consider the classical superstring with action (6.1.1). In this exercise we
generalize the derivation of Section [1.4.2| and Exercise of the conserved currents for

Poincare invariance to the superstring.

e Consider the infinitesimal translation transformation 6 X* = eb* and dy* = 0 where

€ is a small parameter. Derive that the current for translational invariance is
JU =011, 1 =T X, (6.9.4)
e Consider the infinitesimal Lorentz transformation
0XH =ew, X", oYf = ewh W (6.9.5)
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where w,,, = —w,,,. Derive that the current for Lorentz invariance is

1 -
Jo = ST T4 = ~T(X'a X" — X" 0uX" + i pot”) (6.9.6)

which is the same as ((6.2.14]).

Exercise 6.4. Fermionic harmonic oscillators.

e Consider an operator f and its hermitian adjoint fT with the anti-commutators

{f.fy=0, {flffr=0, {f£.f=1 (6.9.7)

Define a ground state |0) as f|0) = 0. Let the Hamiltonian be H = fTf. This is
called a fermionic harmonic oscillator system. Derive the spectrum of the Hamilto-

nian.

e Define the three matrices corresponding to the spin-1/2 rotation generators

1/01 1/(0 —i 1/10
S, = - .S, == .S, == 6.9.8
2(10) Y 2(@0) 2(0—1) (6.9.8)

Show that identifying f = S, —iS, and fI = S, + S, gives the same anti-
commutators (6.9.7). Show that one can identify the ground state |0) with the

vector
0
( ) ) (6.9.9)

corresponding to the spin-down state (with respect to S,). Finally, show that the

Hamiltonian of the fermionic harmonic oscillator can be identified with H = S, + %

Exercise 6.5. Consider the following centrally extended super-Virasoro algebra corre-

sponding to R periodicity condition with the super-Virasoro generators £, and F,

[Lons L] = (= 1) Lonsm + (%m?’ + km) Smins
(6.9.10)

1
(Lo, Fo] = (§m _ n> Foin s AFms Fud = 2Lomin + F(m)dmimo

for m,n € Z where ¢ and k are constants and f(m) a function of m. Show using the
(graded) Jacobi identity

(Lo {Fns Fi}] = {F0 (Lo, Ful} +{Fn, [F1, L]} = 0 (6.9.11)

with m, n,[ € Z that the function f(m) in the algebra (6.9.10)) is fixed in terms of ¢ and

k to be

F(m) = ng +k (6.9.12)
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Exercise 6.6. Consider the covariantly quantized closed superstring of Sec. Take
the spinor field ¢*(7, ) to have the R-NS periodicity condition. Using the mode expan-

sions written in (6.2.5)) and (6.2.6)), derive from the equal-time anticommutator (6.3.2]) for

Y*(7, o) that the right-moving modes have anticommutator {dX,, d’} = 7" 0,4n0 and the

m? n
left-moving modes have anticommutator {E‘T‘, BZ } = 77“”57«+570.

Exercise 6.7. We consider here the degeneracy of the ground states for the R periodicity

condition and the related 32-dimensional representation of the Clifford algebra.

e The ten operators hy are defined by (6.5.2)) as linear combinations of the ten df

zero-mode operators for the R periodicity condition (in the right-moving sector).

Using the algebra (6.5.1) for the dfj operators derive the algebra (6.5.3)) for the
% operators. Using this algebra, argue that (6.5.4]) gives a basis of 32 linearly

independent ground states”|

e Go through the derivation (6.5.8) that follows from (6.5.7). Use this to show that
the 32 by 32 matrices I'* obey the Clifford algebra (6.5.9) given that the operators
djy obey the algebra (6.5.1]).

e Show the result (6.5.14)) for the R-R sector ground states.

e Defining the operators Ty and Ty by Egs. (6.5.18]) and (6.5.20) show that for the
R-R sector ground states |0; k),” one gets the representation written in ((6.5.22)).

Exercise 6.8. Consider the massless states (6.6.7) in the NS-NS sector.
e Show that the G% and é% constraints give the conditions k#(,, (k) = k(.. (k) = 0.
e Consider a state |n) that obeys

Ln|77> =0 ) (En - %6n,0)‘77> =0 for n 2 0
) (6.9.13)
G.n)=G,|n)=0 for r>0

Show that |x) = G_%|n> is a spurious state.m

34Hint: See Exercise for how to get a specific Fourier mode of a periodic function by integrating
over it. How does one do it for an anti-periodic function?

35Hint: It is easier to derive the algebra for h% if one defines DY = id} and D* = df for p=1,2,...,9
since {D*, DV} = " and /2hg = D?*~2 4+ D%~ 1,

36Hint: Use the centrally extended Super-Virasoro algebra to show that it is a physical state.

121



e Show that the state

2 -
) = \l/_mub‘i;IO; k) (6.9.14)

obeys the conditions (6.9.13)) if we demand k,m* = 0. Use this to argue that
x) = ka0 0 4|0 k) (6.9.15)
2 2

is a spurious state provided k,m* = 0. Hence we have found a gauge transformation

of NS-NS massless states (6.6.7)).
Exercise 6.9. Consider the massless states (6.6.10]) in the R-NS sector.

e Show that it follows from the G 1 constraint that

RS2 (k) = 0 (6.9.16)

e Show that it follows from the Fy constraint that

ky(T%) %350 (k) = 0 (6.9.17)

e Use Egs. (6.9.16) and (6.9.17) to derive the massless Dirac equation for x*(k) (in

momentum space)

E*(T,)sx" (k) =0 (6.9.18)
e Show that the following state in the R-NS sector
G_1[0;k)a (6.9.19)

is spurious [Hint: Use the centrally extended Super-Virasoro algebra to show that

it is a physical state.]. How does the state look if you use the explicit expression for
G_17?
2

e Use the spurious state just found to show that Sﬁ“(/{) is invariant under the gauge
transformation

So(k) — S(k) + ik (k) (6.9.20)
This implies that in position one has the gauge transformation
S, — Sy +0oun” (6.9.21)

where 0#0,n“ = 0. With some work, one can show that this imply a gauge transfor-
mation A} — A+0,n* with I'*9,7* = 0 and 0"9,7* = 0 and a gauge transformation
X* = x* +I'"0,n* with 0*9,n* = 0.
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Exercise 6.10. Consider the massless states (6.6.12) of the R-R sector.

e Derive from the chirality conditions (6.6.5) on the R-R ground states the relations
(6.6.13)) for the 32 by 32 matrix H.

e Show that Eq. (6.6.17) follows from the physical state conditions Fy|p) = Fy|é) = 0.

e Assume that only for a single n one has a non-zero F{,) field. Using (6.6.18)), show
that (6.6.19) follows from Eq. (6.6.17) ]

3TWith a bit of work, one can also show it when all F,) fields are turned on.
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7 T-duality of Type ITIA /B String Theory

7.1 Closed superstring on R!® x S!

We have seen in Sec. [3 that for a general background the two-dimensional quantum field
theory for a single string is interacting. Thus, we need to do perturbation theory in I to
solve the theory order by order in a low energy expansion.[ﬂ Instead for the Minkowski
space background R'Y the two-dimensional quantum field theory is a free theory. This
means we can solve it exactly. However, there are also other backgrounds in which the
two-dimensional quantum field theory is free. An example of this is provided by the type
ITA/B closed string theory in the background G, = ., By =0, ® = 0 and F(,,) = 0

but with one of the directions being periodic
) =2 + 27R (7.1.1)

Thus, we are considering a closed superstring in the background of nine-dimensional
Minkowski space times a circle R x S1.
Consider first the bosonic part of the superstring. Since the z° direction is periodic

we can generalize the periodicity condition of the closed string in this direction as follows

X(r,0+27) = X(1,0) = 2rmR, m € Z (7.1.2)

The integer m is the winding number of the string since it counts how many times the
closed string is wound around the circle in the 2° direction, as illustrated on Fig. . The

integer m is more commonly known as the winding mode of the string.

Figure 12: Tlustration of the winding number m of the string in the 2 direction for m = 3.

381n some cases it is possible to solve the theory to all orders using integrability of the string action.
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From ([1.4.26)) we have the general mode expansions of X?(£) and I1°(£)

[ [ il 1 - .
X9(6) = 2%+ 5 (af L a0 — (0 — ad)g 4 e _(age—mg +&9€—1n§>
(5) \/5( 0 0) \/5( 0 0) ﬂnzﬂ) n n n
1 i 1 o
(&) = ad +ad) + <a26_m§ + a%e‘mg )
(5) 27T\/§ls( 0 0) 277\/5157;50
(7.1.3)
Imposing the periodicity boundary condition ((7.1.2) we get
2

a) —ay = \/_mR (7.1.4)

The total momentum along the z¥ direction is py = fo% dolly = (af + &3)/(v/2ls). Since
the we need the translation operator e o be single-valued, we get that the total

momentum is quantized pyg = k/R with k € Z. Hence,
9 | ~9 k
af +a) = \/§l3§ (7.1.5)
Solving for af and aj we get

R

o L (k mR>7 o s (% ”;_f> (7.1.6)

ap = ﬁ ap = E

Considering instead the fermionic part with the worldsheet spinor *(¢) the period-
icity of the 2% direction does not change anything compared to having ten-dimensional
Minkowski space as the target space. Thus, nearly everything that we have derived in
Secs. carries over to the closed superstring on R"® x S*. Only the formulas that
depend on the zero modes of and &j are affected. In particular, the whole covariant
quantization procedure carries over to this case as well. Therefore, in the following we use
the Einstein summation convention for the target space indices p, v = 0,1, ...,9 to include
the 2% direction. The same goes for formulas like a_j, - oy, which includes the sum over
0?0l

Consider the covariantly quantized superstring with target space R'® x S'. Since we
are considering a space-time with a compact direction one should consider the mass M of

the string states as measured in the nine-dimensional Minkowski space R®. Hence,
M? = —p,p" + (po)* (7.1.7)

where we sum over u = 0,1,...,9 (as explained in paragraph above). Considering the
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right- and left-moving sectors with R and NS conditions, we find

Re 2270) = [V + 819 + (£ 2 1)
4 1 k R
NS: M2|¢) = [E<N<a> +N® 5) + (E ”ZQ ) } )

(7.1.8)

Re M%) = | (V)4 8+ (- 20V 1o

NS: M2|g) = F (F6 + B0 - 1) + (% - ”;-f)z} 16)

S

where we used the definitions (6.6.2)). From these formulas one can derive the spectrum

of the superstring on R%® x S!.

7.2 T-duality

T-duality for a superstring on R%® x S! is a symmetry that exchanges momentum with
winding modes on the circle, i.e. k <+ m. For this to be possible we need M? to be invariant
under the symmetry, hence (% + %)2 should be invariant. This is only possible if we
exchange R <> [?/R under the T-duality. Thus, the T-duality transformation sends

2

l
E—=m, m—=k, R—>}—S_{ (7.2.1)

We see that this corresponds to ) — aj and &y — —ag. Since a given physical state

fulfilling the constraints should also be physical after the T-duality transformation
we need to send L,, — L,, and fjn — [:n. From the bosonic part we see that this
requires that

ad—a), al - -a (7.2.2)

for all n € Z under the T-duality transformation. Considering the constraints (6.3.11])
involving the supercurrent modes (6.3.10) we find that we should send

&P —=d, &=, =, b — - (7.2.3)

for all n € Z and r € Z + —. We see that this in particular sends fn — fn and
FH — Fu Thus, looking at the GSO projection ([6.6.3) we find that T-duality sends

s — —S$ (7.2.4)
Hence T-duality maps type IIA string theory to type IIB string theory, and vice versa.
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In conclusion, we have derived that

Type IIA string theory on R x S with radius R
is dual to (7.2.5)
Type IIB string theory on RY® x S! with radius I2/R

and that under this duality the winding modes and momentum modes on the circle are
exchanged . Note that the T-duality transformation does not affect the string
length [, and string coupling g;. This duality gives an exact map between the two string
theories —. Thus, any physics that we describe in one of the string theories
can be mapped to the other.

A very important conclusion follows from the above T-duality : the space-time
geometry of the target space is not a fundamental property in string theory. For instance,
we can relate type ITA string theory on RY® x S! with R very large R > [, such that it is
approximately ten-dimensional Minkowski space R%?. Then on the type IIB string theory
side the target space is approximately nine-dimensional Minkowski space R%® since the
S! has an extremely small radius. So which of these very different target spaces are the
right space-time? They both are!

One can also study T-duality for open superstrings. Then one learns that a Dp-brane
in one string theory can be mapped either to a D(p — 1)-brane or a D(p + 1)-brane in the
other string theory, depending on whether the circle is along the Dp-brane worldvolume,

or not.
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8 Landscape of Superstring Theories

In Chapter [6] we constructed two distinct superstring theories: The type ITA and IIB
string theories. These are closed superstring theories that include D-branes on which
open superstrings ends. However, one can show that it is possible to construct other
superstring theories as well, namely two so-called Heterotic string theories and the type

I string theory. Indeed, one has found five consistent superstring theories:

e Type IIA string theory

Type IIB string theory

SO(32) Heterotic string theory

Es x Eg Heterotic string theory

Type I string theory

So why five superstring theories? As we shall review below, this turns out to be the wrong
question to ask, since we shall see below that they are all part of one and the same theory,

just in different disguises.

8.1 Heterotic string theories

To construct Heterotic string theories we exploit the fact that the right-moving and left-
moving sectors of closed bosonic string and superstrings are decoupled from each other,
apart from the level-matching condition. A Heterotic string theory is made by combining
the right-moving sector of a closed superstring with the left-moving sector of a bosonic
string. Classically, this is straightforward to do. But when quantizing the Heterotic
string, one has a problem: For the right-moving sector the space-time dimension should
be D = 10 whereas for the left-moving sector the space-time dimension should be D = 26.
From point of view of the two-dimensional world-sheet theory, this is not a problem, since
one simply specify that the right-moving sector consists of 10 right-moving scalar fields
and 10 right-moving spinor fields, and that the left-moving sector consists of 26 left-
moving scalar fields. But seen from the target-space point of view, how can we both live
in ten and twenty-six dimensions at the same time?

To make this a consistent string theory, also from point of view of the target space,
one compactifies the 26 dimensions on a 16-dimensional compact space. Hence, while the

target space of the right movers are ten-dimensional Minkowski space R, the target
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space of the left-movers are ten-dimensional Minkowski space times a 16-dimensional
torus RM x 716, A 16-dimensional torus correponds to having 16 periodic directions, not
necessarily at right angles with respect to each other. Therefore, one has in general the
symmetry group U(1)'6. However, for special tori this symmetry group can be enhanced
to a non-abelian Lie group of rank 16. One finds that the Lie groups of rank 16 which
do not give rise to anomalies in the string theory when quantizing are the groups SO(32)
and Eg x Eg. Therefore, only these two Heterotic string theories are consistent. Note
furthermore that one should impose the GSO projection on the right-moving sector
and that this makes the two Heterotic string theories space-time supersymmetric. The
Kalb-Ramond B,

and dilaton field ®. There are no Ramond-Ramond fields and hence no D-branes in the

bosonic part of the massless spectrum consists of the graviton G,

theory.

8.2 Type I string theory

Consider type IIB string theory. In this string theory we find D9-branes. We now consider
a setup where we put N D9-branes in type IIB string theory. D9-branes are space-filling
branes which means that we do not break the ten-dimensional Poincare symmetry by
putting them in the background of ten-dimensional Minkowski space. Now we have a the-
ory with both open and closed superstrings where the open superstring have Chan-Paton
factors corresponding to the adjoint representation of U(N). Clearly the open strings
ending on the D9-branes have Neumann boundary conditions along all the directions.

However, one finds that in general that the non-abelian gauge group U(N) gives rise
to anomalies. These anomalies can be cancelled first by putting a so-called orientifold
9-plane that basically makes the open superstrings lose their orientation by identifying o
with m — 0. This changes the U(N) gauge group into an SO(2N) gauge group. When
one then puts N = 16 the theory is free of anomalies from the non-abelian group. Hence
this gives rise to an additional superstring theory called Type I string theory with SO(32)
symmetry.

Thus Type I string theory comes from putting 16 D9-branes and one orientifold 9-
plane in Type IIB string theory. Type I string theory is a superstring theory since it is
supersymmetric seen from a ten-dimensional point of view. In particular the massless
states of type I string theory are in a supermultiplet that is the same as that of type I
supergravity with gauge group SO(32).

The bosonic massless fields in Type I string theory are the graviton G, the dilaton ¢
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and the Ramond-Ramond 3-form field strength F(3). This means one has D1-branes and
D5-branes in the theory. The reason that one has less massless fields than compared to
the type IIB string theory is that some of the fields are projected out by the orientifold

plane.

8.3 T-duality, S-duality and unification of the five string theo-
ries

In Section we saw that type IIA and type IIB string theory are dual to each other
through the so-called T-duality . This means that any phenomena in type ITA
string theory can be translated to type IIB string theory, and vice versa.@ Thus, knowing
only one superstring theory one can describe the other in full.

In addition to the T-duality between type ITA and IIB string theory one has
other dualities as well. For one thing, one has more T-dualities. For instance, one has a
T-duality that maps Fg x Eg Heterotic string theory on RY® x St to SO(32) Heterotic
string theory on RY® x St

Moreover, T-duality is not the only type of duality that one has in string theory. S-
duality is a completely different type of duality that in general maps a strongly coupled
gs > 1 string theory to another theory (in most cases weakly coupled).

For type IIB string theory with string coupling gs and string length [, one finds that
it is mapped to type IIB string theory with new string coupling g; = 1/gs and new string
length I, = \/9sls. Hence strongly coupled IIB string theory with g, > 1 is dual to weakly
coupled type IIB string theory with g, < 1.

For type ITA string theory with string coupling g, and string length [, one finds that
it is mapped to the so-called M-theory on the 11-dimensional space-time R'Y x S* where
the circle has radius R = g;/s and Planck length [, = g;/ 3l,. Hence gs > 1 implies R > [,
which means that one gets eleven-dimensional Minkowski space if one takes g; — oc.

What is M-theory? The fundamental description of M-theory is not known. However,
it is known that the low energy effective description of M-theory is eleven-dimensional
supergravity theory. This supergravity theory is special since 11 is the highest possible

space-time dimension for a supergravity theory, and since there is only one possible su-

390ne could object that this duality relies on having the two theories compactified on a circle. However,
having type ITA on a very large circle is approximately the same as having it in ten-dimensional Minkowski
space. The winding modes then become arbitrarily heavy compared to states with a finite or zero mass
in the spectrum. This can then be described exactly by type IIB on a vanishingly small circle with very

light winding modes.
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pergravity theory in eleven dimensions, hence it is a unique theory. This suggests that
M-theory, what ever it is, is also a unique theory.

Also for the Heterotic string theories and the type I string theory we have an S-duality
map. The SO(32) Heterotic string theory with string coupling g, is mapped to Type I
string theory with string coupling gs = 1/g;.

Finally, the Eg x Eg Heterotic string theory with string coupling g, and string length [,
is mapped to M-theory on the eleven-dimensional space-time R x [0, 7 R] with R = gl
and Planck length [, = g231,. Hence g, > 1 implies R > l,. Note that R x [0, 7R] is a
manifold with two boundaries, and the two FEg groups are associated to supersymmetric
gauge theories that live on each boundary.

Using the above described T- and S-dualities, we can connect all of the five string
theories and M-theory. This is illustrated in Fig. [I3] Thus, what we learn from this is
that we should not think of the five string theories as separate theories, but as particular

cases of a larger theory that connects the five of them.

\ 0 M—theory
Seluaf S-dleat f \S—dua( \fﬁ:j‘q_“i‘fw
L O D Tyf)& I[B ) T?/)’)e :D:/AY 65*6-9 HET SO('EZ) HET Ty}?e l—
ﬂ v T =Avall T -Aval

Figure 13: Illustration of the T-dualities and S-dualities that connects the five weakly coupled
string theories and M-theory.

More generally, if one thinks more abstractly about the space of theories of non-
perturbative string theory, one has that the five weakly coupled superstring theories are
special points of a more general theory, and so is 11-dimensional supergravity, as illus-
trated on Fig. One has in addition found many other interesting special points that
one can describe.

In modern terms, one describes the theory space illustrated in Fig. [14] as a landscape
of string theories. Included in this landscape are all the string theories that one gets by

compactifying to lower-dimensional space-times, including four dimensions.
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Figure 14: The landscape of theories, including the five weakly coupled string theories and

11-dimensional supergravity as special points.

A Lightcone Quantization of the Closed String

The idea of lightcone quantization is that one uses the remaining conformal symmetry
of the Polyakov action in flat gauge to make a nice gauge choice that breaks
explicit Lorentz invariance of the target space. In this gauge one can solve the constraint
explicitly, thus revealing a classical theory for the string that is manifestly physical.
One then proceeds to quantize this theory, avoiding completely the problems with ghost
states and with imposing constraints in the old covariant approach of Sec. 2.1 However,
the price one has to pay, as we shall see, is that breaking the explicit Lorentz invariance of
the classical theory makes it possible that an anomaly occurs for the Lorentz invariance

in the quantum theory.

A.1 Classical string in lightcone gauge

Our starting point is the Polyakov action in flat gauge (1.3.18). This action has D-
dimensional Minkowski space has D-dimensional Minkowski space as its target space.
Clearly the Lorentz invariance is explicitly realized in the action (|1.3.18]) as it is invariant
under X# — A#, X" with n,, A* A", = 1,,. Introduce now lightcone coordinates for the

target space
1
ot = — (2" + 2P (A.1.1)

V2
such that the D-dimensional Minkowski space has coordinates (z, 27, 2%),i = 1,2, ..., D—

2. This gives the target space metric (and its inverse)

Ne-=nq=n"=n"=-1
(A.1.2)

with all other components being zero.
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We found in Sec. that the Polyakov action in flat gauge (|1.3.18)) is invariant under

the conformal transformations ([1.6.9). We can write these transformations as

r o (r0) = EE) O, o alro) = EE) O (ALY

This means that the remnant conformal symmetry of gives us the freedom to
choose the new coordinate 7(7,0) equal to any function that satisfies the wave equation
0_0,.7 = 0 as long as our choice is consistent with having (7, ) a periodic coordinate.
Given such a choice 6(7,0) is fixed up to a constant[7] Since X*(¢) has the equation of

motion d_0, X = 0 we see from the above argument that we can make the gauge choice

() = %(X*(f) . (A1.4)

where xt is the center of mass for 7 = 0 and p* is the total momentum for the string in

Rl

the 2 direction. Hence choosing this gauge means that we have
XHE) =2t +1%p'r (A.1.5)

This is called the lightcone gauge. Note we renamed é"‘ as £* and T as 7 in .
Comparing to the mode expansion (|1.4.27)) without gauge fixing we see that the lightcone
gauge effectively means that we have set of = & = 0 for all n # 0. We note
that with this gauge choice we used up all the remaining local symmetry of the Polyakov
action in flat gauge (apart from a trivial translation in ¢). Thus, since we used
up all the local symmetry on the worldsheet it means that the gauge-fixed theory should
be manifestly physical. This is indeed what we shall see below.

Consider now the constraints 7.~ = 0 and T, = 0. The constraint T__ = 0
means 7),,0-X"9_X" = 0. Using we see that this gives .7 %9 X0 X' —
20_X*t0_X~ = 0. Using now the lightcone gauge (A.1.5)) we see this gives

D—2
_ 1 i
X~ = o E_lj(ax )2 (A.1.6)

Inserting the mode expansion (1.4.27) for X~ and X" in this we get

D—2
_ 1 i i
o, = N E E a0, (A.1.7)

keZ i=1

40This statement can be seen as follows. If we know 7(¢) for all £, it means we know 7(£7,¢1) for all
¢~ and €. We have £H(£1) — £€1(0) + £ (£)~ — €7(0) = 27(¢7,£F) — 27(0,0). Hence from 7(£7,£%)
we can find both £T(¢1) — £T(0) and £ (€)™ — £ (0). Thus, we find 26(67,6) up to the constant
£(0) —£7(0).
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Similarly we get for the left-moving sector

=
2pt+
lsp i=1

0, X = (0, XY, @&, = Y (A.1.8)

D—
! \/_lsp+ keZ 2; o
With this, we have accomplished to write X*(£) solely in terms of modes of, and &, with
n € Zandi=1,2,...,D—2, and the two zero-modes 2+ and p*. The interpretation is here
that in the lightcone gauge (A.1.5) only the transverse directions X*(§),i=1,2,...,D —2,
corresponds to physical degrees of freedom. In conclusion, we used the remaining local
symmetry on the world-sheet to fix the gauge and with this our description
of the closed string is manifestly only in terms of physical fields ||

The above is perfectly analogous to what happens in the case of the relativistic point
particle. In the covariant formalism of Sec. X?(7) can be any function such that the
equations of motion and the constraint are obeyed. However, choosing
the static gauge X°(7) = 7 and solving the constraint we get the gauge fixed description
of Sec. which is manifestly physical.

A.2 Quantized string in lightcone gauge

So far we have been describing the lightcone gauge-fixed theory classically. We now turn to
the quantized theory. We quantize the theory by quantizing the transverse fields X*(€),
i = 1,2,..,D — 2. This is done by promoting all the transverse modes !, and &’ to

operators and impose the canonical equal-time commutation relations

(X9 (7,0),(,0")] = (0 — a’)éi

. (A.2.1)
(X7 (7, 0), X*(7,0")] = [II;(7,0),I)(7,0")] = 0
for j,k=1,2,...,D — 2, along with the reality conditions
(XI(1,0))l = XI(1,0) , (IL; (7, o)) = (7, 0) (A.2.2)

We find that this is equivalent to imposing the following commutators for the transverse

modes ‘
' ' (A.2.3)
[xjvxk] = [p]apk] =0 ’ [O[‘qj—ma‘m =0
as well as the reality conditions
(@) =2l () =p;, () =al,, (@) =d, (A.2.4)

4INote however that the constraint ay = &, coming from (1.4.28) is not solved with the above. This

will have to be dealt with later on when discussing the spectrum of the theory.
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with j,k =1,2,..., D — 2. Superficially, the above quantization might look very similar to
what we found in the covariant approach of Sec. 2.1} The differences are crucial, however.
Defining
al = —ozfl , (ad)T = — (A.2.5)
\/_

for n > 0 we get the commutation relation

[, (ay,)] = 65.md”" (A.2.6)

m

We can again interpret this as a bunch of harmonic oscillators. However, the right-hand
side of (A.2.6) is now positive definite. Thus, we have completely removed the problem
of ghost states that one has to deal with in the covariant approach of Sec.
In line with the interpretation of a! and a! as annihilation operators and o', and
&', as creating operators for n > 0, we define the ground state |0; k) = |0; k;; p*) as
p;l0; k) = k4[0; k)
T (A.2.7)
al|0;ky =al]|0k) =0, n>0
for j =1,2,..., D—2, as well as demanding that |0; k) is in a eigenstate of p* (the operator)
with eigenvalue p™. We use the normalization (0; k|0; k) = 1 just as in Sec. 2.1} A basis

for the closed string Fock space is

oL Q2 o Gk gk gt |0 ) (A.2.8)

—ni-t—na —np ' —mq mo

with n;, m; > 0. We see that all states in this Fock space have positive norm.

However, we should also quantize the classical expressions Eqs. - for
X~ (§) in terms of the transverse modes. Here we again encounter a p0851b1e normal
ordering constant when quantizing the expressions for ¢, and ¢, in terms of the transverse
modes o and &‘. In line with our considerations of Sec. we introduce the normal
ordering constant a to parametrize the ambiguity in the quantization prescription and we

write

Q, = \/_l = (Z Z ozfl_koz}; : —2a5n70)

(A.2.9)
a; = \/_lsp+ (ZZ &l _al —2a5n,0)

Note that at this point it is not obvious that the constant a in the above is related to

the constant a introduced in Sec. 2.1} However, we shall see below that this actually is
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the case. We also note that we picked the same constant for both the right- and the left-
moving sectors as the procedure to find these normal ordering constants will be identical
for the two sectors.

Considering in particular the zero-modes o, and & we get from that [,p~/v/2 =

ag = Gy . Hence using (A.2.9)) we find

D—2 4 D—2 4
+ - 2 . 2 \7
2p"p —izlpl- +E(N—a)—izlpi +E<N—a) (A.2.10)
with N and N defined as
D—-2 o ~ D—-2 oo
N=> > a'a,, N=) > a,a; (A.2.11)
i=1 k=1 i=1 k=1

and where we used ((1.4.28]) for the transverse directions as well. We see now that for

consistency we have to impose the constraint
(N —N)|¢) =0 (A.2.12)

for any physical state |¢) in the quantum theory of the closed string. This is called the
level-matching constraint. It is imposed directly on the closed string Fock space, with
basis . With this we have identified all the physical states of the closed string.

Thus, using the lightcone gauge we have succesfully found a manifestly physical
quantum description of the closed string. However, when going from a classical to a
quantum theory, one should always beware of symmetries that are not explicitly realized
in the theory. Indeed, one might encounter an anomaly, which means a new contribution
in the quantum theory that is absent in the classical theory but which can spoil the
symmetry. In this case we notice that in the classical theory in lightcone gauge the
Lorentz invariance is not explicitly realized. Of course, in the classical theory we know
that the Lorentz invariance is still there. Instead in the quantum theory it is not obvious.

In the covariant quantization approach of Chapter [2] it is shown explicitly that the
quantum theory is Lorentz invariant. Indeed, this can be seen from the fact that the
Lorentz generators obey the Lorentz symmetry algebra

B L S U e L S L ) (A.2.13)

as part of the Poincaré algebra (2.3.6). As we have shown in Sec. this algebra is a
direct consequence of the Lorentz invariance of the theory. Conversely, any theory that

satisfy the Lorentz algebra is Lorentz invariant.
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Going back to the lightcone quantization of the closed string the Lorentz algebra
(A.2.13)) should still hold, otherwise it would not be a Lorentz invariant theory. Consider

now the subset of generators
. 27r . .
JIT = / do : (X'II" = X7IV) : (A.2.14)
0

with 7 =1,2,..., D — 2. After a substantial amount of very tedious algebra, one finds

‘ 2 & , ‘ . ,
[Ji=, J] = oL > A0k —af o+ Ak — 6k al) (A.2.15)
n=1
with D-—2 D—2\1
A, = (ﬁ - 1> n + (a — ﬁ) - (A.2.16)

Instead the Lorentz algebra (A.2.13)) dictates [J7~, J¥~] = 0. Thus, we can conclude that

the lightcone quantized closed string only has target space Lorentz invariance provided
a=1 and D =26 (A.2.17)

since only in that case is A,, =0 for all n > 1.

Conversely, we see that while the classical closed string in the lightcone gauge has
Lorentz symmetry, this symmetry is generically broken when going to the quantum theory
(apart from the special case ) This is an example of an anomaly, a symmetry
that exists in the classical theory but which is broken by a new term that only appears

in the quantum theory.

A.3 Exercises for Appendix [A]

Exercise A.1l. In this exercise we consider the closed bosonic string in the lightcone

quantization approach. This means that the constraints impose that o, and &,; are given
by (A.2.9). For the right-moving sector define the operators

!
A, = 5 pta- A3.1
Vo ( )

with n € Z.

e Using Exercise 2.7 and 2.8 argue that the algebra of the A,, operators is a centrally

extended Virasoro algebra
(A, An) = (m —n)Apin + (arm + aam®) 6,0 (A.3.2)
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where a; and as are undetermined constants. Hint: Look first at the set of op-
erators A, + ad, o and argue they obey a centrally extended Virasoro algebra (no

computations needed for this).

e We use here the ground state with zero transverse momentum written as |0; 0; p™).
It obeys p;]0;0;p™) = 0, a4]0;0;p*) = 0 for n > 0 and (0;0;p™|0;0;pT) = 1 with
J =1,2,....D — 2. Using Exercise as a guide, argue that (no computations
needed for this)

An)0;0;pT) =0 for n>1, Ap0;0;p") = —al0;0;pT)

A]0;0:p7) =0, A5[0;0:p7) = 5 > alial [0;0;p%)
=1

e Using again Exercise as a guide, show using (A.3.3) that a; + a; = 2a and
2a1 + 8ay = 4a + (D — 2) which means the centrally extended Virasoro algebra of

the A,, operators is

D -2
(A, Anl = (m —n)Apn + [T(m3 —m)+ 2am} Ormtn.0 (A.3.4)

Exercise A.2. In this exercise we consider the closed bosonic string in the lightcone

quantization approach. This means that the constraints impose that o, and &, are given

by (A.2.9). In particular since I;p~ = v/2ag we find

1 D—-2 9 oo D-2
p = ot < )"+ 2p+ (Z Z al ol — a) (A.3.5)
7j=1 n=1 j=1
The goal of this exercise is to compute the commutator [J9~, J*~] for j .k =1,2,.... D —2.

Here J7~ can be read from (2.3.8)-(2.3.9) to be
JT =V BT BT U =adp —ap

jf__. - ] - — ] Njf__. - ~j S~ ~j
B = — E n(&_n&n a_nan> , BT = —i E n(a_nan a_nan)
n=1 n=1

Since «,, and specifically p~ are given in terms of the other modes we cannot impose

(A.3.6)

the commutator relations that involve o, and p~. Those should be derived. However, for
all other possible commutator relations one can read them off from (2.1.3)). Thus we are

assuming the following commutators
(27, 2" = [o7, 2% = [o", 2] = [¢F,27] =0, [P 0" = "0 ] =0

[xjvp+] = [I+7pj] = [x_apj] =0, [Ij7pk] = i(sjk ) [x_,p+] =—1

| (A.3.7)
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as well as

[Oéfm O‘fb] = [&zm 6‘2] - Tném-&-moéjlc ) [Oézm dﬁ] =0
(27,0 ) = [27,8%] =0 for m #0
' ' ' ‘ (A.3.8)
[fr?afn] - []3_,04%1] - [p],afn] = [p+,ozﬁn] =0
", ad,) = [z, &) = [, ap) = [p*,ad,] =0

for j,k =1,2,...,D — 2. We note that p™ commutes with all operators except . There-
fore, in the computations below we can effectively regard p* as a number in all the

commutators and expressions where x~ is not present.
e Show that
o _ o i _— T
W, =" p]=0, [27,p ]:Fp [ p ]:Fyﬂ (A.3.9)

Hint for the third one: Show first that [z, pTp~] = 0. Use this and (A.3.7) to show

that
(=] =0 (A.3.10)
e Show that
on] = o ] = o [ag] =0

- 2 V2 _ -

P~ o] = _Wno‘n ;o o] = lSermaner , a7l = 2pt -
(A.3.11)
Hint for the second one: First show that [x7,pTa;, ] = 0. Hint for the fourth one:

Use the algebra (A.3.4). Use these commutators along with (A.3.8]) to show

N A
—+E] 5 [.I ,Ej ]——JrEj (A312)

[pjaEk_] = [p_ij_] =0, [xj’Ek_] = _p D

e (To be continued...)

B Ghost Field Sector from Gauge-Fixing of the Quan-

tum String

We have seen in Sec. [2.4]that the conformal algebra that arises when covariantly quantizing
the closed string seemingly is anomalous. The anomaly being that the central charge of the
two copies of the extended Virasoro algebra (2.4.4)) is D rather than zero, as it should be
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according to . As mentioned above, it is important that the conformal symmetry of
string theory as formulated by the Polyakov action in flat gauge is not anomalous
since the presence of the conformal symmetry ensures that the Polyakov action in flat
gauge describes the same physics as the Nambu-Goto action . However, it turns
out, as we shall see below, that by understanding better the covariant quantization of the
Polyakov action we can in fact remove this anomaly under specific circumstances, thus
getting a consistent quantum theory for the closed string.

What we shall see in the following is that the source of the problem with the anomaly
in the conformal algebra is that we have not properly implemented the gauge of flat gauge
for the worldsheet metric in the quantum theory. While one can easily implement
a gauge choice in a classical theory, it is less obvious in the quantum theory since one
should include not only the classical configuration in the path integral, but sum over all

possible configurations, using a measure that gives a weight for each path.

B.1 Gauge fixing the string path integral

Consider the general Polyakov action ({1.3.1). This action depends on the metric field g
and the string embedding map X. To properly quantize this action we should understand
the path integral

7 = /Dg DX exp(iSpollg, X]) (B.1.1)

Notice that this path integral includes integration of all two-dimensional metrics gqg
(given certain global boundary conditions such as topology). So given this, how can we
make sense of fixing the gauge to a specific metric? The way to do this is called the
Fadeev-Popov method. We write here g,s for the specific metric we want to implement
as our gauge choice (thus g,z = 1.5 for flat gauge). Using a diffeomorphism and a Weyl
rescaling we can transform ¢ into any two-dimensional metric g, at least locally. We write
this statement as

g =gt (B.1.2)

Here the notation §*% denotes the metric that we obtain after a Weyl-rescaling
parameterized by Q(¢) = ¢ and subsequently a coordinate transformation (1.3.11)
parametrized by £*(£) = £€* — a®(€). Thus, in this sense the physics of ¢ and § are the
same, they merely correspond to two different gauge choices and we can relate them by
gauge transformations (in terms of Weyl-rescalings and diffeomorphism transformations).

We would now like to rewrite the path-integral over metrics g into a path integral

over gauge transformations parametrized by A and a. Thus, instead of integrating over
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all metrics ¢ we want to integrate over all Weyl rescalings A and diffeomorphisms a.
However, in general when one changes from one set of integration variables to another
one gets a Jacobian determinant. Consider the simple case of integrating the function
F(y) of the n variables y = (y1,v2,...,yn). Write this integral as [d"y F(y). If we
now introduce a new set of n integration variables z = (z1, xs, ..., ,,) specified by the n

functions y;(x1, za, ..., x,), i = 1,2, ...,n, one finds that
[avrw) = [ @ @p@) (B.1.3)

where J(z) = det(%) is the Jacobian given as the determinant of the n by n matrix with
J

%:  Analogously to this, we can write

entries Doy

Dg = App[A,al| DA Da (B.1.4)

where the Jacobian of the transformation is given by

ArplA, ] = det [ 2927 B
Fp[ ,(l}— et (m) ( 15)

This is known as the Fadeev-Popov determinant. With this, the string path integral

(B.1.1) becomes

7= / DADaDX App[A, a] exp(iSpald ™, X)) (B.1.6)

Under a diffeomorphism transformation a the measure DX is invariant, i.e. DX — DX,

Using this, we get
7 = / DADaDX App[A, a] exp(iSya[§™, X (@]) (B.1.7)

From the diffeomorphism invariance and Weyl rescaling invariance of the Polyakov action

(1.3.1)) we have
Spol[g(Aﬂ)vX(a)] = Spol[gaX] (B18)

Notice that the right-hand side is the Polyakov action gauge fixed to the metric g. One

can also show that the Fadeev-Popov determinant is gauge invariant, which means that
AFP[A, CL] == AFP [0, 0] (Blg)
Hence we can write the path integral as

Z = / DADaDX App|0,0] exp(iSyad, X]) (B.1.10)
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However, notice now that nothing in the integrand depends on the gauge variables (A, a).
This means that Z is proportional to the factor V = [ DADa. V is the (infinite) volume
of the symmetry group of diffeomorphisms and Weyl transformations. Hence V' decouples
from the theory since it is just an irrelevant overall normalization factor that we can

remove from Z without changing the physics. We get now
7z - / DX App|0, 0] exp(iSold, X]) (B.1.11)

This is our gauge fixed path integral, since we now got rid of the integration over the
metrics, we fixed the metric to the gauge choice g and we are left only with an integral
over the embedding fields X#(£). However, we notice also that the correct gauge fixing

procedure in the quantum theory includes the Fadeev-Popov determinant factor

App[0,0] = d (89(&&)) (B.1.12)
rp|0, 0] = det 1.
(A, a) /| szazo
This we shall compute in the following.
B.2 Ghost field sector from Fadeev-Popov determinant
Let z; and y; for 2+ = 1,2, ...,n be 2n Grassmann-valued variables,
{zi,z;} ={vi,y;} ={zi,y;} =0 for 4,j=1,2,....n (B.2.1)

Then one has the integral identity

/d"x d"y exp (Z xiAijyj> =det A (B.2.2)

ij=1
where A;; is an n by n real antisymmetric matrix. We now want to exploit this integral
identity to compute the Fadeev-Popov determinant (B.1.12)). We see that the analogue of
A;; should be 99¢t) . In this analogy the sums over i, j become integrals over the

O(Aa) | p—a=0
worldsheet, the variables x; and y; become Grassmann-valued fields and the matrix A;;

becomes an operator acting on fields.
Consider now (A, a) near (0,0). We have

5ga5 = Agag + Va(l/j + V5aa (B23>

where V,, is the covariant derivative on the worldsheet. From this we see that

"(Ava) ’\(A7a)
OA da? K 7
A=0 a=0
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From this we see that the analogy of Z” 1 T Ai;y; is the integral

/d2£ V _gbaﬁ (Agaﬁ + ga7V667 + .@Bﬁ/vacw) (B25)

Here z; becomes the Grassmann-valued field 5*°(¢) that connects with the metric part

f 9g\%) Note that since g,5 is symmetric also b8 should be, i.e. b*? = bPe.
e -

Similarly, y; becomes the Grassmann-valued fields (A(€),¢7(€)) that connects with the

L A:)) . We can then write (B.1.12)) as

gauge transformation fields (A, a) of A
—a—O

App[0,0] = / DbDeDA exp< / 6/ =55 (Ras + o V56 + gﬁvvaa)> (B.2.6)

Notice that A acts as an Lagrange multiplier since integrating over A simply restricts
b°#Gop = 0. Thus, we obtain

App|0,0] = /Dch exp( /d N/ —b* g, 7V507> (B.2.7)

where we now require b*?g,5 = 0. For convenience we shall work below with the field b,5 =

Jargpsb?®. Taking this into account, we can conclude that the Fadeev-Popov determinant
(B.1.12) can be computed as the path integral

App[0,0] = /Dch exp(iSan[b, ]) (B.2.8)

with '
¢ ~ Ao
Sgh[b, C] = —% /d2€\/ —4qg ﬁbOWVWﬂ (B29)

where the field b,s is symmetric and traceless,
9*%bas =0, bap = bsa (B.2.10)

Both b,s(§) and ¢7(&) are Grassmann-valued fields. In this sense they resemble fermionic
fields. However, at the same time they transform like bosons on the worldsheet, i.e. like
particles with integer spins. Thus their are neither like bosons, nor like fermions. For
this reason they cannot correspond to actual physical modes of the theory and they are
known as ghost fields.

We can now write the gauge fixed path integral as

_ / DhDeDX exp (iSpali X] + iSalb,d)) (B.2.11)

from which we can conclude that the gauge fixed path integral includes the ghost field
sector in addition to the gauge fixed Polyakov action which becomes in the flat
gauge o3 = Nag- Above in Sec. we only considered the contribution from the gauge
fixed Polyakov action. Now we can see that to get the correct full quantum theory we

should also include the above derived ghost field sector.
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B.3 Extended Virasoro algebra of the ghost field sector

We consider now the newly derived ghost field sector in the flat gauge gos = 743. We use
the worldsheet lightcone coordinates ((1.4.4)) in the following. From (B.2.10) we see using
(1.4.5) that by =b_, = 0. Thus the action for the ghost fields reduces to

Sanlb, ] = ~ / d2§(b__8+c‘ + b++8_c+> (B.3.1)
™
This gives the equations of motion
8+b__ = 3+C_ =0 s 8_b++ = a_c+ =0 (B32)

We consider here a closed string, hence b,s(7, o) and ¢*(7, o) are periodic in o with period

2m. Thus, we have the mode expansions

b——(T7 U) = Z bneimg_ ) b++(T7 U) = Z Bneiing-‘_ <B33)

nez nez

¢ (1,0) = Z che” ™ ¢ (r,0) = Z Cpe " (B.3.4)

nez neL

The worldsheet energy-momentum tensor for the ghost fields in the flat gauge has com-

ponents
TE = 2ib__0_c +i(0_b__)c , TE =2ib, 0.t +i(0sbiy)ct (B.3.5)
as well as TJ(rg_h ) = Tﬁgf) = 0. This means that the trace of the energy-momentum tensor is

zero n*? Té%h) = 0 which we learned in Sec. [2.4.3| means that it is a conformally invariant

theory. Write the mode expansion of the energy-momentum tensor as

TE =N et ) = N [ emine (B.3.6)
neEL neEL
with
LE) =Y "(n— k)byc—y . LE) =) " (n— k)byyiiy (B.3.7)
kEZ keZ

By the same logic as in Sec. these modes can be thought of as conserved charges
due to the conformal invariance of the theory.
So far we have been considering classical field theory for the ghost fields. We now

quantize them. We use the canonical anti-commutators
{b++(77 0)7 ¢’ (Ta UI)} = 27?5(0- - OJ) ) {b——(Tv U)a c (T7 0/)} = 27T5(U - OJ) (B38)
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This corresponds to the following non-zero anti-commutators for the modes

{bm> Cn} = 5m+n,0 ) {Bmy 671} = Om+4n,0 (B39>

One can interpret these anti-commutator relations in terms of so-called fermionic harmonic
oscillators (see Chapter |§| for more on fermionic harmonic oscillators). More precisely, for
a given n > 0 the operators ¢,, ¢,, b, and b, are interpreted as annihilation operators
and b_,, l;_n, c_, and ¢_,, are interpreted as creating operators for fermionic harmonic
oscillators. The interpretation for the zero-modes is considered in Appendix [B.5 For the
modes of the ghost field energy-momentum tensor we use the normal ordering

prescription (we allow for a normal ordering constant below)

L = Z(n — k) :bpipcy E;gh) = Z(n — k) t byl : (B.3.10)

keZ k€EZ

With this we are ready to compute the algebra for the generators L%gh) and megh). After

a complicated computation one gets

1
[LEW LEN] = (m —n) L) 4+ —(—=26m> + 2m)dmino

m n m+n 12
A . 1
[LEW LEM] = (m —n) L&+ 13 (=26m" + 2m)d1n0 (B.3.11)
L, 169 = 0

This corresponds to two copies of an extended Virasoro algebra, as defined in Sec. [2.4.3
Comparing with (2.4.7) we conclude that the b-c ghost field sector corresponds to a two-

dimensional CFT with central charge ¢, = —26.

B.4 Conformal symmetry of quantized closed string without

anomaly

Going back to the path integral (B.2.11]) we see that in the complete quantum theory of
the closed string we should add the contributions from the Polyakov action and the ghost
field action to get the complete energy-momentum tensor. Hence the Virasoro generators

in the complete quantum theory are
Lo=1L,+L® —ad,o, L,=1L,+LE —ad,, (B.4.1)

for n € Z where L, and L, are the Virasoro generators (2.1.15) for the contribution
from the X* field as described by the Polyakov action in flat gauge, while LEY and LEY
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defined in (B.3.10)) are the Virasoro generators for the ghost field sector. Finally, the term
—ad, o allows for a possible normal ordering constant.

We compute

[Lons L] = [Lumy L] + [LEY, LEV]
(B.4.2)

D 1
= (m —n)(Lpin + Lﬁf’;?n) + (E(mg’ —m)+ E(—26m3 + 2m)) Simtn.0

Hence we find

(Lo, Ln] = (M —n)Lppyn + ! <(D —26)m” + (24a + 2 — D)m) Simtn,0 (B.4.3)

12
and the equivalent result for the left-moving sector Virasoro generators £,. Thus, we

conclude that for
D =26 and a=1 (B.4.4)

we get the algebra

(Lon, L0] = (M — 1) Longn » [Lons Ln] = (M= 1) Lopin s [Lon, L] =0 (B.4.5)
which corresponds to the anomaly-free conformal symmetry algebra . Hence for
the critical values of the dimension D of the target space, and the normal ordering
constant a, the covariant quantization of the closed string is consistent when including
the ghost field sector.

For the central charge we see that it is additive when combining the X* field and the
b-c ghost fields
c=cx +cpe =D — 26 (B.4.6)

which also means that the conformal anomaly (2.4.8)) disappears for D = 26, as expected.

B.5 BRST quantization

Consider the full quantum theory of the closed string as given by the path integral
for any space-time dimension D. With the introduction of the ghost fields b, and ¢* in
addition to the matter fields X* what are the physical states of the theory? We need
to find a consistent way to define what is meant by a state without ghost field parts.
Moreover, whereas in Sec. we used the Virasoro generators LS9 and LYY only for
the matter fields X*, but now we have the full Virasoro generators . Finally, we
should somehow be able to get the approach of Sec. out of demanding a state to be
physical in the full quantum theory including the ghost field sector. The answers to all the
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above questions and issues is provided by employing the very powerful method of BRST
quantization to the full quantum theory of the closed string. BRST quantization is a
general method to quantize theories with constraint that one can also apply for instance
on Quantum Electrodynamics (QED).

In the following we shall describe briefly how BRST quantization is applied to the
quantum theory of the closed string and how it can determine the physical spectrum of
the theory. We shall keep the space-time dimension D and the normal ordering constant
a in (B.4.1]) general for now.

We begin by introducing the operator

Q=) : (_n+ by G —a5n0>cn.+z <_n+li(g2)—a5n7g)én: (B.5.1)

2
neL

known as the BRST operator. In addition to the Virasoro generators for the matter fields
and ghost fields this also includes the modes of the ¢* field defined in (B.3.4). We notice

that ) is a Grassmann-valued operator. One can show that this operator has the property

Q=0Q" (B.5.2)

We claim now that () is the generator of a global fermionic symmetry of the gauge-
fixed action Spo[n, X] + Sen[b, ¢|. The transformations that () generates can be written
compactly as §Y = [AQ, Y] where ) is a Grassmann-valued constant and Y can be any
of the fields X*(£), bas(§) or ¢*(§). Thus, for any given Grassmann-valued constant A
the expression provides a specific transformation of the fields X*(), bas(§) and
c*(&) of the closed string. These transformations are known as BRST transformations.

For a translation generator P = —id/0x we have [P, P| = 0. In analogy with this we
would like to have that

0= [)\1@> )\2Q] = )\1)\2{@ Q} = )\1)\2Q2 (B'5-3)

for any two Grassmann-valued constants A\; and A\,. Thus, we would like that the BRST
operators has the property
Q*=0 (B.5.4)

Starting from the definition (B.5.1)) one can compute

1

@ = 2 3 (e £al = (1= )i + % S™ (B £l = (1= 1) e omien

m,neL m,neL

(B.5.5)
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here written in terms of the complete Virasoro generators . Hence, using the result
(B.4.3) we see that Q% = 0 if and only if D = 26 and a = 1. Thus, Q? = 0 is equivalent
to demanding an anomaly-free algebra for the conformal symmetry as we discussed in
Sec. [B.4] In conclusion, we can avoid anomalies in the conformal symmetry precisely
when the BRST quantization is consistent, and vice versa.

Since () is a symmetry generator we would like that physical states are invariant under

this symmetry. Hence we demand that a physical state |¢) should obey

Ql¢) =0 (B.5.6)

States |¢) with Q|¢) = 0 are known as BRST invariant states. Notice now that if |¢) is
a BRST invariant state then also |¢) + Q) is a BRST invariant state since

Qo) + QY)) = Qo) + Q) =0 (B.5.7)

We use this fact to define an equivalence relation between BRST invariant states, i.e. that
|¢) and |¢') = |¢) + Q|v) are equivalent. Or said in more physical terms, we say that
that |¢) and |¢') = |¢) + Q|v) corresponds to the same physical quantum configuration.

In particular, one can easily check that |¢) and |¢') have the same norm

(@'1¢") = (] + IQN(16) + Q¥)) = (¢l0) (B.5.8)
where we used both and (B.5.4). States of the form |x) = Q|¢) for some state

|t} are known as spurious states. Spurious states are automatically BRST invariant since
Qlx) = @*]v) = 0 and they have zero norm (x|x) = (¥|QTQ|¢) = 0. Notice moreover
that any given spurious state |x) = Q|¢) is orthogonal to all BRST invariant states. To
see this let |¢) be BRST invariant then (x|¢) = (¥|QT|¢) = (¥|Q|®) = 0.

However, there is one remaining subtlety that prevents us from identifying the physical
states of the theory. The issue is that the solutions to @|¢) = 0 can be divided into disjoint
sets called BRST cohomology Cl&SSGSH Thus, to identify the physical states within the
set of BRST invariant states one needs to specify the correct cohomology class. It turns

out that the correct cohomology class is given by states |¢) that fulfil

Qo) =0, culd) = Ealg) = balg) = bal) =0 for n>0, bol) =bolg) =0 (B.5.9)

Thus, we define the physical states of the quantum theory of the closed string as states
|¢) that obeys the conditions (B.5.9). Note that the condition for the non-zero modes of

42We know from mathematics that any non-trivial operator O that squares to zero O2 gives rise to a

cohomology with distinct cohomology classes.
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the ghost fields in fit intuitively with demanding that there are no ghost field part
in the physical spectrum of states. Thus, the non-trivial part of the conditions (B.5.9)) is
the zero-mode conditions by|¢) = bg|¢) = 0

Consider now a physical state |¢), thus meaning a BRST invariant states that obeys
the conditions . One can easily check that

Lt 10) = =3 (M4 k) b gkCogCn | 0) = 0 (B.5.10)
keZ
for all m € Z. Moreover, one finds that L_,,c,,|¢) = 0 for m > 0. Thus, we see now that
the condition of BRST invariance Q|¢) = 0 becomes

0= Qlp) = Z <L_mcm — 0m.0Cm + Lo — 5m,05m> |9)

meZ

- (CO(LO 1)+ i ¢_nLy + Go(Lo— 1) + i 5_nin) 16) (B.5.11)

n=1 n—1
Thus, from this we conclude that a physical state |¢) according to (B.5.9) is physical if
the non-ghost-field part of it obeys the physical state condition that we found
in Sec. 2.1 Hence, in other words, we have shown that for D = 26 and a = 1 the
covariant quantization approach of Sec. is indeed consistent. In particular, note that

the spurious states as defined above corresponds to the spurious states defined in Sec. [2.1]

B.6 Exercises for Appendix

Exercise B.1. In the classical theory for the ghost sector, consider the energy-momentum

tensor (B.3.5)) expanded in Fourier modes (B.3.6)). Derive the classical expression (B.3.7)
for the Fourier modes in terms of the mode expansions (B.3.3))-(B.3.4)) of b,z and c¢*.

Exercise B.2. In this exercise we consider the centrally extended Virasoro algebra for the
ghost fields b, and ¢ for the closed bosonic string. The Virasoro generators for the ghost
fields are given in . Hint: Use below that for any three operators A, B and C one
has the identities [AB,C] = A{B,C} — {A,C}B and [A, BC| = {A, B}C — B{A,C}.

e Following the same line of arguments as in Exercise [2.8 show that the algebra for

the right-moving sector is of the form

LD, L) = (m — ) L%, + f(m)dmino (B.6.1)

m-+n

43Since {bgy,co} = {EO,EO} = 1 one can interpret by and by as annihilation operators and ¢ and & as

creation operators for two fermionic harmonic oscillators.
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Argue using Exercise (no computations needed) that f(m) is of the form

f(m) = fim + fom? (B.6.2)
Hence the algebra for the L&Y generators is a centrally extended Virasoro algebra.

e Consider a state |¢) with (¢|¢) =1 and
bin|®) = cm|d) =0 for m >0 (B.6.3)
This means that (¢|b_,, = (¢|c_,, = 0 for m > 0. Show the following identities

LE6) = —(b_1c0 + 2boc_1)|)

(GILE = (¢](2boer + brco)

(B.6.4)
L%16) = —(2b_sco + 3b_1c_1 + 4boc_»)| )
<¢‘L§gh) == <¢|(2b200 + 36101 + 4b062)
Use these identities to show
(LY, Loy = —2, (SI[LEY, LE)|g) = (B.6.5)

and that this implies f(1) = —2 and f(2) = —17. Argue from this that the algebra

for the L'®" generators is

1
(L, LE) = (m = m) Ly, + 5 (=26m° + 2m)bin0 (B.6.6)

Exercise B.3. The BRST operator @) for the closed bosonic string is given by (B.5.1)).
Consider a state |¢) obeying

Show that the condition that |¢) is BRST invariant

Qlo) =0 (B.6.8)

is equivalent to imposing the conditions
(Lp — a6,0)|¢) = (L — adnp)|d) =0 for n >0 (B.6.9)

which we recognize as the physical state conditions (2.1.17) found in Sec. 2.1]
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Exercise B.4. The gauge fixed Polyakov action in flat gauge including the ghost action
is
1 1
S[X, b, C] = —/dZU |:l_28X . 8+X -+ Z.(b,78+ci -+ b++a,C+> (B610)
™ S

Consider the transformation
OXH = —i(Ae”0_X" 4+ Act O, XH)
d¢ = —idc 0_c”, 6cT = —iXcTO,cT (B.6.11)

Sb__ = NTY + T b, = AT + TiE)

where

1
T = (02X, TED = 2iby Oyt + i(Orbys)c™ (B.6.12)

and where A is a Grassmann-valued constant. Show that this transformation is a symme-

try of the action (B.6.10]). This is the classical version of the BRST symmetry.

Exercise B.5. The BRST operator @) for the (bosonic) closed string is (B.5.1). We
want to show in the following that this is the symmetry generator corresponding to the
classical symmetry transformation (B.6.11]) in the sense that a field Y on the world-sheet

is transformed as

5Y = [\Q,Y] (B.6.13)

where X is a Grassman-valued constant. Since (B.6.11)) is a classical transformation it
is sufficient to show this correspondence while ignoring all normal ordering issues (since

normal ordering constants go to zero in the classical limit).

e Show using the mode expansions of X* and ¢ (Hint: Use [L,,, %] = —nal,,,.)
A (Lonen + Lonn), XV = —i(Ac 0_X" + "0, X*) (B.6.14)
nez

This gives the 0 X* part of the transformation (B.6.11])).

e Show the identity

1
[)\5 Z (—n — k)b_pykCopCp, ¢ | = —iAc" O_c™ (B.6.15)

n,k€Z

This gives the ¢~ part (and by analogy also the dc™ part) of the transformation

(B-6.11).
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e Show the identities

A Lonen b ] = AT

ne’l

1
[/\5 Z (_n - k>b—n+k‘c—kcm b——] = >\T£g,h)

n,kEZ

(B.6.16)

where T) and T®" are given in (B.6.12)). This gives the db__ part (and by analogy
also the b, part) of the transformation (B.6.11]).
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