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1 Introduction to General Relativity

The theory of General Relativity is arguably the most beautiful theory of physics. It
encompasses all of classical physics. It is incredibly profound in its consequences, and in
its insights about the meaning of space, time and gravity. At the same time, once one
understands the underlying mathematics, its formulation is simple and natural. Among

the insights of General Relativity are:

e Space and time are not separate entities, but instead inseparable parts of a space-

time geometry.

e Gravity is not a force, as Newton originally thought, even if his formulation of the
force of gravity could be argued to be the single most succesful insight in the history
of science. Instead gravity is a manifestation of the curvature of the space-time

geometry.

e Everything, all matter and energy, can source gravity, in the sense that any matter

and energy can make the space-time geometry curve.

e The space-time can interact with itself. This means that General Relativity is a

non-linear theory, unlike Newtons laws of mechanics and gravity that all are linear.
e Space-time geometry can bend so much that a black hole is created.

e Ripples in the space-time geometry can propagate with the speed of light as a wave.

These ripples are called gravitational waves and they can carry energy with them.

e The evolution of the whole universe can be understood in terms of a dynamical

space-time geometry.

The theory of General Relativity replaces Newtons laws of mechanics as well as New-
tons law of gravity, dating back to the second half of the 17th century. Then in 1905
Einstein understood that Newtons laws of mechanics are not consistent with Maxwells
laws of electromagnetism. Based on this, he proposed the theory of Special Relativity,
that replaced Newtons laws of mechanics with a new theory, valid in situations where
one can neglect gravity. The theory of Special Relativity reduces to Newtons laws of
mechanics for small velocities, but when velocities approaches the speed of light, Special
Relativity gives the correct description. In the years after publishing the theory of Special

Relativity Einstein, with some help and input from other physicists and mathematicians,



searched for a theory that could extend the theory of Special Relativity to include New-
tons law of gravity as well. Remarkably, this took only about ten years, and resulted in
Einstein publishing the theory of General Relativity in 1916 [1].

The theory of General Relativity gives a framework for all of macroscopic physics (also
known as classical physics), thus for distances ranging from at least a micrometer and up
to the size of the universe. For small enough distances, one needs instead to take quantum
mechanics, and possibly quantum field theory, into account. For even smaller distances,
so small we have not yet seen them in experiments, quantum effects presumably mix
with gravitational interactions, and one needs a theory of quantum gravity to replace the
theory of General Relativity.

These lecture notes have the following chapters:

e Chapter 1: The theory of General Relativity is introduced. First in Section
needed aspects of the theory of Special Relativity are reviewed. In Section
the Equivalence Principle is discussed. This is one of the cornerstones in the new
insights into the nature of gravity and its connection to space and time. In Section
the notions of the metric and space-time are introduced. In Section the
principle of General Covariance is explained, and the mathematics of tensors is
introduced. In Section [I.5] the curvature of space-time is introduced. Finally, in
Section Einsteins equations are introduced. To formulate Einsteins equations
one needs the concept of curvature introduced in the previous section, as well as the

energy-momentum tensor for matter and energy.

e Chapter 2: Here we derive our first example of a metric for a curved space-time,
namely the Schwarzschild metric. This metric can be used to describe the metric
of stars and planets, as well as black holes. We then discuss the geodesics in the
Schwarzschild metric and how this affects the motion of planets in the solar system,

as well as how light is bend around a massive object.

e Chapter 3: In this chapter we introduce black holes. We first discuss the Schwarzschild
black hole, which is spherically symmetric and static. We then turn to the Kerr black
hole which is rotating, thus being our second example of a curved space-time. Fi-
nally, we discuss the laws of black hole mechanics which are of interest for many

modern studies of black holes.

e Chapter 4: In this chapter we study cosmology, i.e. the evolution of the universe

as a whole, using General Relativity.



e Chapter 5: Finally, in the last chapter we consider the weak field limit of gravity,
where Einsteins equations become linear. We use this to consider gravitational

waves.

1.1 Special Relativity

Before turning to the theory of General Relativity, we briefly consider the theory of
Special Relativity. The theory of Special Relativity applies to physical systems for which

gravitational interactions can be neglected.

1.1.1 Inertial Systems

In the absence of gravity, one can find special coordinate systems called Inertial Systems
in which particles that are not subject to external forces either will move in a straight
line, or not move at all. We use Cartesian coordinates x, y and z for the three spatial
direction and t for the time.

In Newtonian physics, which can be used for velocities much smaller than the speed
of light ¢, time and space can be separated. This means for instance that two observers
in two different Inertial Systems will agree that time intervals and lengths are always the
same. Instead, in the theory of Special Relativity, time and space can be transformed into
each other, and two observers in two different Inertial Systems will in general measure
different time intervals and lengths. Thus, it makes sense to introduce a new notation for

the space and time coordinates that unify space and time

D =ct, at=z, =y, =2, (1.1.1)
where
c=2.998-10°m/s, (1.1.2)

is the speed of light. In this way all four coordinates z*, u = 0,1, 2, 3, have the dimension
of length, meaning that one for example can measure time intervals in terms of meters.
From now on we will denote collectively all four coordinates simply as x*. Here p is called
an index (plural: indices). Since we from now on will measure time in units of length we
set the speed of light to one

c=1, (1.1.3)

which means that

D =t, 2t=a, 2*=y, 2*=z, (1.1.4)



thus making it explicit that time and space are measured in the same units. Unless
explicitly noted, we assume ¢ = 1 in the rest of the lecture notes.

According to the theory of Special Relativity, starting with a given Inertial System x*
one can get a new Inertial System z* by boosts, rotations and translations, and any com-
binations thereof. Conversely, any two given Inertial Systems z* and z* must be related
by a combination of boosts, rotations and translations. Any combination of rotations and
boosts is known as a Lorentz transformation.

A translation can be written

=zt +a, (1.1.5)

where a*, = 0,1,2,3, is constant. An example of a rotation is

1 2

=2, 7' =cosfr' +sinf2®, ¥ =—sinfz' +cosba?, i’ =2", (1.1.6)

where 6 is constant, corresponding to rotating with angle 0 in the 12-plane. An example

of a boost is

1
P =y —val), ¥ =y —va®), =27, =2 —, (1.1.7)

SRV

corresponding to a boost along the x! axis with relative speed v. Both transformations

(1.1.6) and (1.1.7) are examples of Lorentz transformations.

1.1.2 Minkowski space

An event is a particular point in time and space. Minkowski space is defined as the collec-
tion of events, in the absence of gravity - i.e. the situation that is described by the theory
of Special Relativity. A given Inertial System x* provides a coordinate parametrization
of events. Hence z* gives a particular coordinate system for Minkowski space. It fol-
lows from the above that two different Inertial Systems x* and z* provide two different
coordinate systems for Minkowski space.

We see that Minkowski space is four-dimensional as it is parametrized by four coor-
dinates. Since we have one time and three spatial coordinates, one says that Minkowski
space is a four-dimensional space-time. This is the first example of a space-time that we
encounter in this course. Later we shall encounter several other space-times.

Consider two events p; and py in Minkowski space. In an Inertial System x* the two
events are parametrized by xé‘l) and xé), respectively. Define the difference between the
two events

Azt =z — 2y - (1.1.8)

4



According to the theory of Special Relativity, the quantity
As? = —(Ax")? + (Az')? + (A2?)? + (Az?)?, (1.1.9)

is the same for all Inertial Systems. Before considering this further, we now introduce a

different way of writing this statement. Define 7, with p,v =0,1,2,3 by

Moo =—1, mi=mnw=1n3=1,

(1.1.10)
Nuw =0 for p#v.
One can view 7, as a four by four matrix
—1000
o100 1111
v 0010] o
0001
Using this we can write Eq. (1.1.9)) as
3 3
As* =" nuAatAxt. (1.1.12)
pn=0 v=0

We now introduce a new notation called the FEinstein summation convention that will
simplify formulas like . This notation means that one does not write explicitly
the sums over repeated indices. In Eq. there are two sums over repeated indices,
namely the one over ;4 = 0,1,2,3 and the one over v = 0, 1,2, 3. Thus, with the Einstein
summation convention we can write as

As® =, Azt Az” . (1.1.13)

Given a different Inertial System Z#, where the two events are parametrized by 55’(1)
and f’é), respectively, the fact that ((1.1.13]) is the same for all Inertial Systems means

Nuw AT Az” = As® = 1, ATFATY (1.1.14)

where AZH = i‘é) - jé). Another way to state this is that is invariant under all
Lorentz transformations (i.e. any combination of rotations and boosts) and translations.
The quantity As? in generalizes the square of the distance between points in
Euclidean space to Minkowski space. Since Minkowski space involves time as well, As?
can be negative, zero or positive, unlike in Fuclidean space where the distance between
two distinct points always is positive. We now consider the physical meaning of this.
Consider two distinct events p; and p, in Minkowski space, parametrized by w’(‘l) and

x’é) in the Inertial System z#. We have now three possibilities



e As? > 0. In this case we say that the two events p; and p, are space-like separated.
One can find an Inertial System z* in which the two events happen simultaneously
A7Y = 0. This means that they are causally disconnected (since nothing can travel
faster than the speed of light). The quantity vAs? = VM Art Az is the proper

distance between the events.

e As? < 0. In this case we say that the two events p; and p, are time-like separated.
One can find an Inertial System z* in which the two events happen at the same
spatial point AZ' = AZ? = AZ® = 0. Thus, the two events can be causally con-

nected to each other (e.g. if AZ® > 0 the event p; can influence the event py). The
quantity v —As? = /—n,, Azt Az¥ is the proper time between the events.

e As? = 0. In this case we say that the two events p; and py are null separated
(alternatively one says light-like separated). This means that one can reach one
event from the other by travelling at the speed of light. Thus also in this case the

events can be causally connected.

One can illustrate the above statements about As? in a Lightcone diagram, see Figure
Seen from point of view of the point p; this diagram illustrates how the geometry of
Minkowski space is separated into events that are space-like, time-like and null separated
from the p; event, assuming for simplicity that Az? = Ax® = 0.

1.1.3 Unaccelerated motion and proper time

Consider two infinitesimally separated events in an Inertial System x* for Minkowski space
¥ and 2" + dz" . (1.1.15)
Then we have the invariant infinitesimal quantity called the line-element
ds® = n,,dztdz” . (1.1.16)
We have three possibilities

ds? > 0: space-like separated events,
ds* < 0: time-like separated events, (1.1.17)

ds* = 0: null separated events.

Consider ds? < 0. Then the infinitesimal proper time dr between the two events is
dr? = —ds* = —n,, datdx” . (1.1.18)

6



Figure 1: Lightcone diagram for Minkowski space with Az? = Az3 = 0.

Consider now a time-like curve in Minkowski space, meaning a curve for which each
infinitesimal piece of the curve is time-like according to ([1.1.16)). Using ({1.1.18)) we define

the relativistic velocity

dxt
b= — 1.1.19
also known as the four-velocity for each point on the curve. One has
. , 1
W=y, u ="y (1.1.20)

SRl
wherei = 1,2,3 and v' = dz'/dz". One can furthermore define the relativistic acceleration
i dut  d*x*
at = — = .
dr dr?
Particles with non-zero rest mass follow time-like curves. If there are no external forces

on the particle, then the relativistic acceleration (|1.1.21]) of the particle is zero a* = 0.

(1.1.21)

Hence the equation for the curve must be given by z# = u*7 + b* with u* and b* constant
which means the particle is moving along a straight line in Minkowski space.
Straight line maximize the proper time

One can characterize the path with zero acceleration in a different way, as we now shall

see. Suppose we are given two time-like separated events p; and py (with py being in

7



the future lightcone of p;). Write these events as x’(‘l) and m’é) in the Inertial System z*.
Consider a time-like curve z#(\) parametrized by A such that one goes from a:’é) to x’é) as
the parameter A goes from A\; to g, ie. zt(\;) = 37?1) and zt(\g) = xé). The parameter
A could for instance be chosen to be the time-coordinate z2° or the proper time on the
curve, but any other parametrization works as well, as long as one goes forward in time
(e.g. coordinate-time or proper time) on the curve when A increases. See Figure 2| for an
illustration.

N

AN\

N )
7 X

Figure 2: Tllustration of time-like curve z#(\) in Minkowski space between two time-like sepa-

rated events z!

(1) and xé), here with 22()\) = 23(\) = 0 for simplicity.

For a given curve x#(\) between p; and p, one can compute the proper time along the

curve as R
2 dzt dxv
AT = / A Ny ————. 1.1.22
A 2d\ d)\ ( )

This follows from (L.1.18). One can now show the following:
The time-like curve between p; and py that maximize At
& The time-like curve between p; and py with a* = Lot _ ) (1.1.23)
< Straight line between p; and po

Thus, the time-like curve between p; and ps that has the longest proper time is the

straight line. We will not prove this statement here, since we shall prove it more generally

8



in Section [L.3l

In Euclidean space, one has that the shortest curve between two points is given by
a straight line. One can similarly show that the shortest curve between two space-like
separated events in Minkowski space is a straight line, where one measures the length of
a curve by integrating up the proper distance between infinitesimal events on the path
corresponding to the right hand side of without the minus inside the square-
root. Instead for two time-like separate points the straight line corresponds to the one
with maximal proper time. One way to understand this difference is by noticing that
ds? changes sign when going from space-like to time-like curves. Thus, making ds? as
small as possible, which in the space-like case corresponds to the minimal proper length,

corresponds in the time-like case instead to the maximal proper time since ds? = —dr2.

Twin paradox and maximization of proper time

One can illustrate the fact that one maximizes the proper time by not accelerating with
the example of the so-called T'win paradoxﬂ Our version of it is as follows. Twin A stays

at home at Earth while Twin B travels to Mars and returns. This is illustrated in Figure

B
t

?\ t > X

Figure 3: Tllustration of the paths of the twins in our version of the Twin paradox.

We have three events. Event p; is that Twin B leaves Twin A and starts the spaceship.

!Note that the Twin paradox is not an actual paradox. The supposed paradox is that one can try to
follow the Inertial Systems of both twins, and then naively both would have larger proper time than the
other (which would have been paradoxical if true). However, the resolution is that only one of the twins
is in the same Inertial System throughout the trip. Thus, while Twin A is never accelerating, Twin B is

accelerating at some point during his trip.



Event ¢ is that Twin B arrives to Mars. Event p, is that twin B arrives to see twin A on
Earth. Since Twin A is not moving we can choose an Inertial System in which Twin A is at
a constant position. We assume for simplicity that Twin B is traveling at approximately

constant speed v in this coordinate system. Hence we can parametrize the events as
1
pr: (t,z)=1(0,0), q: (t,z)= (§At, Ax), py: (t,z) = (At,0), (1.1.24)

with ¢ = 2° and 2 = '. Clearly, Az = viAt. The proper time of Twin A is Aty = At

while the proper time of Twin B is
Atp = V1 —0v2At = V1 —12A714. (1.1.25)

This follows from using that the proper time from p; to ¢ is

1 1
V =Nt Ay = ZAtQ — Ax? = 5\/1 —v2At, (1.1.26)

and that this is the same as the proper time from ¢ to py. Thus, we see that one always
has
Atp < ATy, (1.1.27)

which means Twin B is younger than Twin A once they are together again. In other
words, Twin A has a longer proper time than that of Twin B, in accordance with the
general statement .

One notices that the greater speed Twin B travels with, the smaller the ration A7 /ATy
would be. Indeed, this is another argument for why a straight line cannot correspond to
the minimum proper time between two time-like separated events. Because, if we have
two given time-like separated events p; and p,, then we can find a time-like curve that
gets arbitrarily close to the curve of a light ray that starts at the event py, travels to event
q where it is reflected, and goes to the event p,. A light ray always has zero proper time,
since it travels with the speed of light which means that ds? = 0 along the curve of the
light ray. Thus, one can approximate the curve of a lightray by travelling close to the
speed of light. We illustrated an example of this in Figure [4. This means that one cannot
minimize the proper time of time-like curves that goes between two time-like separated
events since one can always find a curve that gets closer to zero proper time, but it is not

possible to find a time-like curve that has exactly zero proper time.

1.1.4 Motion at speed of light

In Special Relativity massless particles travel at the speed of light, hence with ds? = 0

along the line. Writing z#(\) as the curve of the massless particle in an Inertial System

10



TI\‘ILII‘b— curve
wilh gmall prope
e

P\

Figure 4: Tllustration of how one can minimize the proper time between two time-like separated

events.

z we can formulate this as

d?at dzt dx¥

o2 T A T

(1.1.28)

The general solution of these conditions is z#(\) = k#* A + b* with k* and b* constant and
Nuwktk” = 0.

One can change the parametrization ¢ = ((\) so that the curve instead is parametrized
as 2#(¢). However, if we demand that d?z*/d¢? = 0 then we see that ¢ can only depend
linearly on A, i.e. it is of the form ( = c; A + ¢o. ( and A are known as affine parameters.

In general dx*/d\ is proportional to the relativistic momentum p* of the massless
particle. Hence, since both k* = dz*/d\ and p" are constant one can use the freedom of
parametrization to choose the affine parameter \ such that
B dxt

- 1.1.2
) (1.1.29)

p/i
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1.1.5 Dynamics of particles

Consider a particle with rest mass m and relativistic velocity u* = dx*/dr (1.1.19). We

assume that the rest mass is conserved. We define the relativistic momentum vector as

P = mut. (1.1.30)

Here E = p° is the energy and p' = (p', p? p?®) its momentum. Since 7, uu” = —1 we
have 7, p"p” = —m? and hence

E? —p* =m?. (1.1.31)

For a massless particle one gets that E? = p2.

It is a common misconception that accelerated motion cannot be treated within the
framework of Special Relativity. In fact it can, as long as the gravitational interaction
can be neglected. The relativistic external force on a particle is
_ "

H— 1.1.32
=T (11.32)

where p* is the relativistic momentum (or four-momentum) of the particle. Hence we get

a relativistic generalization of Newtons second law
FH =ma. (1.1.33)

One finds that FO = ~F - ¢ and F! = vFi for i = 1,2,3 where F' = (F', F2 F3) is
the external force of Newton that obeys Newtons second law in the form F = %f with

p=~ymv and 2° = t.

1.1.6 Maxwells equations

The theory of Special Relativity states that the laws of physics are the same in any
Inertial System. Here we consider an example of this in the form of Maxwell equations
for electromagnetism. Furthermore, the Lorentz force provides a useful illustration of
accelerated motion in Special Relativity.

Maxwell equations for electromagnetism in vacuum are

. _ - - OJFE
V'E:pe,VXB:J—FE, (1134)
. . . 0B

12



where p. is the charge density and J is the current density. Eqs. (|1.1.35]) is equivalent to

the statement that there exists a scalar potential ¢, and a vector potential A such that

. . A - L
E_—que—%—t, B=VxA. (1.1.36)

We define the electromagnetic field strength F),, by
Foy=—FE", Fys=B', F3y=B*, F,=B?, (1.1.37)
and by demanding that it is antisymmetric
Fo=—-Fu. (1.1.38)

Define furthermore the relativistic vector potential A, so that (A, As, A3) is equal to the
above vector potential A = (A!, A%, A3) and Ay = —¢.. Then we can write the Maxwell

equations (|1.1.36|) as
F,, = _814,, — —aA“ (1.1.39)
R T o

Introduce now also the electromagnetic field strength with upper indices F** by
FYUi=F  F®=p' 3 =p> F2=p3 (1.1.40)
and by demanding that it is antisymmetric
FH = —Fr . (1.1.41)
Note that the electromagnetic field strengths with lower and upper indices are related by
Fuw = Nyuptuo B . (1.1.42)

Defining the relativistic current density J* so that (J', J2, J?) is the above current density

J and JO = pe, we can write the Maxwell equations (1.1.34)) as

Fu
aaxu ——J. (1.1.43)

Under a boost coordinate transformation like (T.1.7) the electric field £ and the mag-
netic field B mixes together, which means that the four equations in (T.1.34)-(T.1.35) do

not preserve their form. For instance, one can start with B = 0 and F non-zero, and

then generate a B by a boost. Instead the four equations in (T.1.34)-(T.1.35) do preserve
their form under rotations and translations like (1.1.6)) and ([1.1.5). Considering instead
the reformulated equations (|1.1.39)) and ({1.1.43) they have the same form in all Inertial
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Systems, thus the form of these equations do not change under any Lorentz transforma-
tion or translation. One says that Egs. and are covariant with respect
to Lorentz transformations and translations. This is an example of the general statement
in the theory of Special Relativity that the laws of physics are the same in all Inertial
Systems. We shall come back to the concept of covariance in the context of General
Relativity in Section [I.4]

One can also formulate the Lorentz force F = q(E +7 x B) in a natural way in Special

Relativity. One finds that for a particle of charge ¢ the relativistic Lorentz force is
FH = —QT]VPUVFP'M. (1144)

If the particle has rest mass m and is only subject to electromagnetic forces, we find by
combining it with ((1.1.33]) that the relativistic acceleration of the particle is

M:—%WW@W. (1.1.45)

Given ¢/m and the electromagnetic field strength F},,, one can now use this to find the

ma
accelerated motion of a particle in Minkowski space. This is an explicit illustration of the

fact that one can treat accelerated motion in Special Relativity.

1.2 Equivalence Principle

The theory of Special Relativity generalizes Newton mechanics so that one can describe
velocities close to the speed of light. Since Newton mechanics can be used to describe
gravity, one could wonder why is it not possible to describe gravity within the framework of
Special Relativity? The answer lies within the Equivalence Principle that follows from the
universality of gravity. As consequence of the Equivalence Principle, at least in Einsteins
strong version of it, one finds that neither Newtonian mechanics for small velocities, nor
Special Relativity, is sufficient to describe gravitational physics. In particular, one finds
that a gravitational field affects space and time, so that distances and time intervals can

vary depending on where and when you measure them.

1.2.1 Equivalence Principle in Newtonian mechanics

Consider gravity according to Newton. Newtons second law

F=ma, (1.2.1)



states that the external force on a particle Fis equal to its inertial mass m; times its

acceleration @. The force on a particle in a gravitational field is
F,=—m,Vo, (1.2.2)

where m, is the gravitational mass and ¢ is the gravitational potential. Hence if the only

external force on the particle is from the gravitational field we get
mii = —myVe. (1.2.3)

Galilei and Newton discovered that the inertial mass and the gravitational mass are one
and the same

m; =myg. (1.2.4)

Hence, as consequence we have

i=-Vo. (1.2.5)

From this we see that the response of matter to gravitation is universal:

Every object falls at the same rate in a gravitational field, independently of the

composition of the object.

This is known as the Weak Equivalence Principle. It was first discovered by Galilei.
The Weak Equivalence Principle shows already that the gravitational force works very
different from other forces. For instance, a particle only affected by the Lorentz force in
an electromagnetic field has
m;@ = qE + qi x B. (1.2.6)

In this case we know very well that m; and ¢ can vary independently of each other.

While Newtons theory of mechanics is able to include the Weak Equivalence Principle
by setting m; = m,, there is no explanation of why it should be true. If one thinks about
this, it poses a deep mystery: why should two physical quantities, the inertial mass m;,
and the gravitational mass mg, be equal for all matter in the universe? If Newtons theory
poses the whole truth about mechanics and gravity, this would require an extreme level
of fine-tuning. We shall see below in Section how the theory of General Relativity
solves this mystery.

Consider the consequences of the Weak Equivalence Principle in the following thought
experiment. We imagine an observer inside an elevator so that she is not able to see

what is outside the elevator. This means she is not able to distinguish a gravitational
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field giving a constant acceleration —ﬁgb from a constant acceleration @ of the elevator by
observing the motion of freely falling objects.

For instance, if she observes that freely falling objects do not accelerate inside the
elevator, she cannot tell from this observation whether it is because the elevator and
herself are freely falling in a gravitational field, or whether she is far away from any
sources of gravity and hence is not accelerating at all.

A more precise version of the Weak Equivalence Principle, that takes into account the

possibility of non-constant gravitational fields, is

Weak Equivalence Principle: The motion of freely falling particles are the same
in a gravitational field and a uniformly accelerating system assuming a small enough

region and small enough time duration.

Here uniformly accelerating system refers to an observer in Newtonian mechanics or
in Special Relativity that has a constant acceleration with respect to an Inertial System.
The above statement assumes that one adjusts the constant acceleration to the particular

location (and time) in a given gravitational field.

1.2.2 Einsteins Equivalence Principle

The idea of Einstein is to promote the Weak Equivalence Principle to include all physical
measurements, not just the motion of free falling particles. Hence he formulated what we

call Finsteins Equivalence Principle:

Einsteins Equivalence Principle (EEP): In small enough regions, and small
enough time durations, the laws of physics reduce to those of Special Relativity.
Hence, it is impossible to detect the existence of a gravitational field by means of

local experiments.

This principle has large consequences for our understanding of gravity and mechanics.
The acceleration of a point particle is a local statement since it is a statement that one can
define in an arbitrarily small region and time duration. Suppose now that an observer is
accelerating with the point particle so that in the system of the observer, the point particle
is not accelerating. According to EEP, the physics of the point particle in the system of
the observer can be formulated in terms of the theory of Special Relativity which means

without gravity. Hence if the observer finds that there are no non-gravitational external
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forces on the particle then the particle is not accelerating according to the theory of
Special Relativity (or Newtonian mechanics if the velocity of the particle is small). Thus,

one concludes:

Consequence of EEP: A freely falling particle in a gravitational field (i.e. not

subject to any non-gravitational forces) is not accelerating.

At first sight, this seems obviously wrong. But that is because we have learned about
the concept of acceleration as something that should be measured relative to an Inertial
System in Newtonian mechanics. Thus, as consequence of EEP, the Newtonian under-
standing of acceleration and Inertial Systems is flawed in the presence of a gravitational
field.

Imagine we are observing a man standing still in a room, and he throws a ball up
in the air so it first flies up and then falls down and lands on the floor. According
to Newton, what we are seeing is that the gravitational force makes the ball accelerate
downwards towards the floor. Instead the man is standing still, hence he is not accelerating
with respect to the room which (at least approximately) can be regarded as an Inertial
System. However, according to Einstein, and EEP, this is not the right understanding.
When the man has thrown the ball, it is freely falling and hence not accelerating. Instead
it is the man that is accelerating, because as consequence of EEP one cannot distinguish
locally between being in an accelerated system and in a gravitational field. Indeed, the
acceleration of the man is due to the fact that he is stopped by the floor from falling
freely. Thus, EEP completely interchanges who is accelerating and who is not, in this
situation.

An important lesson that we have learned from the above thought experiment is:

Consequence of EEP: The acceleration of a particle is measured relative to the

motion of freely falling particles.

Thus, instead of defining acceleration in comparison to Inertial Systems as in New-
tonian mechanics, we should define acceleration in comparison to freely falling particles,
meaning particles that are not subject to any non-gravitational external forces.

Furthermore, we conclude that since freely falling particles are not seen as accelerating
then gravity cannot be a force since a force is something that leads to acceleration. We
will revisit this insight in Section[I.4.4] But we can already anticipate how this solves the

mystery of why m; = m, in Newtons theory of mechanics. Since there is no gravitational
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force, one does not need to introduce the coupling m, between the gravitational field and
the corresponding force, as Newton thought. Thus, there is actually no such thing as a

gravitational mass m, and therefore no need of fine-tuning.

1.2.3 Gravitational redshift and blueshift

We now present a thought experiment that shows light is redshifted or blueshifted when
propagating in a gravitational field, as consequence of EEP. The idea is to compare two
seemingly different physical situations that actually are the same according to EEP, and

draw the consequences of this.

First situation: Two rockets

The following situation will be considered purely within the framework of Newtonian
mechanics without the presence of gravity. Consider first two rockets, far away from any
source of gravity such that gravitational effects can be neglected. We assume that both
rockets have constant acceleration a in the same direction and that they have a constant
distance L between them. We assume that the speed of the rockets is small compared to

the speed of light. See Figure |5 for an illustration.
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Figure 5: Tlustration of two rockets with acceleration a and distance L.

Let now Rocket 1 send a light signal with wavelength \; towards Rocket 2 at the time
t = t;. As illustrated in Figure [5] the light signal is sent in the same direction as the

rockets are accelerating. The light signal then reaches Rocket 2 at the time
L
t=ty =1t +—, (1.2.7)
c

where c is the speed of light that we are temporarily reinstating in this section. However,

at time t5 the rockets have gained the extra speed

L
Av=a(ty—t;) = =, (1.2.8)
C
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due to the acceleration. Using the standard Newtonian theory of Doppler-shift, this means

that the wave-length of the light is subject to a redshiftﬂ in the wave-length

A L
AN=200 = (1.2.9)
c c
where Ao = A1 + A\ is the wave-length of the light when received at time ¢, by Rocket 2.
If instead one sends a light signal from Rocket 2 to Rocket 1, one gets a blue shift of
the same magnitude as (1.2.9)), i.e. with A\; = Ay — AX being the wave-length received by
Rocket 1.

Second situation: Tower in a gravitational field

Consider a tower of height L. We assume that the tower is placed on the surface of the
Earth, hence with a uniform gravitational acceleration a4. A light signal is sent from the
ground (denoted 1) with wave-length A; towards the top of the tower (denoted 2). We
illustrated the tower in Figure [0

X
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Figure 6: Illustration of a tower of height L.

According to EEP, if we set a = a, there is no difference between the two situations
for the observer receiving the light signal either inside Rocket 2, or on the top of the
tower (assuming the observer receiving the light signal is only able to see that light signal
and nothing else - and hence she does not know whether she is in a rocket, or on the top

of a tower). Hence, according to EEP the observer should receive the light signal with

2Note here that a redshift means that the frequency of light decreases and the wave-length increases,
which for visible light means that it is shifted towards the red part of the spectrum. Instead a blueshift
means that the frequency of light increases and the wave-length decreases, which for visible light means

that it is shifted towards the blue part of the spectrum.
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wave-length Ay = A\ + A\ where .
AN =220, (1.2.10)

2
Hence we conclude that light is redshifted when sending it from the bottom to the top of
the tower. We assume here that the velocities of the emitter and the receiver of the light
are much smaller than the speed of light.

Similarly, one can infer that light is blueshifted with the amount if one emits
a light signal from the top of the tower that is received at the bottom of the tower.

One can understand further the connection to the rocket example by thinking about
Einstein’s definition of acceleration. For Einstein, a freely falling particle falling down
from the tower is not accelerating. Hence the emitter at the ground as well as the receiver
at the top of the tower are accelerating with the acceleration a, upwards, i.e. away from
the ground, since the acceleration is measured relative to freely falling particles. Thus,
using Einstein’s concept for acceleration in a gravitational field, we see that we get exactly
the same scenario as the two rockets, namely an emitter and a receiver of a light signal,
both accelerating with the same acceleration and a constant distance between them.

One can write the formula for the gravitational red- and blueshift using Newtons
gravitational potential. Put a coordinate system with the x-axis going upwards and
parallel to the tower. Using @, = —V¢ we find —a, = (@y)s = —(Vd)s = —¢/dx where
ag = |dy|. We find then ¢ = a,z + constant since a, can be assumed to be approximately

constant. Write now A¢ = @receiver — Pemitter ANA AX = Areceive — Aemitter, then we get from

ZI0)f

3Note that the above arguments leading to (1.2.11)) should be regarded with some reservation and care.
It uses thought-experiment and a general principle to show a new physical phenomena. But is it not an
exact derivation. First of all, the result (|1.2.11]) is more general than the setting in which we derived

it since it is generally valid when gravity is weak and therefore well-described by Newtonian gravity.

Secondly, one ignores that the system has the finite size L and the EEP cannot be applied exactly to the
full system, only approximately. Instead one should apply the EEP to the two events of emitting and
receiving the light signal. However, as discussed in Section this is a negligible correction.
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Gravitational redshift and blueshift: If one emits light with wave-length A
in a gravitational potential ¢, and it is received with wave-length A + A\ in a

gravitational potential ¢ + A¢, then the shift of the wave-length is given by

AX 1

— = =A¢. 1.2.11

IRV, (12.11)
Thus, light is redshifted (blueshifted) if the gravitational potential is greater
(smaller) at its reception than at its emission. We assume here that the veloci-
ties of the emitter and the receiver of the light are much smaller than the speed of

light.

Experimental test

In 1959 Pound and Rebka verified the gravitational redshift and blueshift of light by
placing two samples of Iron emitting gamma rays at the roof and at the basement of the
Jefferson Physical Laboratory building at Harvard University [2]. The difference in height
is 22.5 meter. They then measured the blueshifted gamma rays received in the basement
and the redshifted gamma rays received at the roof. The results fitted with the formula
to a 10% accuracy. Nowadays the effect has been confirmed with an accuracy of
0.01%.

1.2.4 Gravitational time dilation

Consider again sending a light signal with wave-length A; from the bottom of the tower
towards the top of the tower, received at the top of the tower with wave-length \s, as
illustrated on Figure [f] We now attempt to analyze the light signal from a Newtonian

perspective. At the bottom of the tower, when it is sent out, the light signal has period

7= (1.2.12)
&

When it is received at the top of the tower, it has period

=22 (1.2.13)
&

Consider the propagation of the beginning and the end of a period of a light signal
as illustrated on Figure E| Clearly, one sees from Figure [7| that since the beginning and

4A simple definition of the beginning and the end of a period of a light signal is to consider the
electromagnetic fields of the electromagnetic wave at a given moment in time as the beginning, and the

end as the next moment in time that one has the same configuration for the electromagnetic fields.

21



the end of the light signal both propagates with speed ¢ and they both have to traverse
the distance L, the beginning and the end of the light signal must take the same time
to travel from the bottom to the top of the tower. Therefore, the time duration between
the beginning and the end of the signal must be equal at the bottom and the top of the

tower. Thus, one concluces Ty = T7.
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Figure 7: Tllustration of the propagation of the beginning and end of a period of a light signal

assuming Newtonian concepts of space and time.

However, we have just found above that EEP implies T3 # 17 due to the gravitational
redshift effect. How is this possible? The answer is that Newton made certain assump-
tions about the nature of space and time when formulating his theory of mechanics. In
particular, Newton assumed that there is a common time that both applies to the bottom
and the roof of the tower. But we now see that this cannot be the case, as consequence
of EEP.

In fact, the gravitational redshift can alternatively be seen as a consequence of the

time at the bottom of the tower running slower than at the top of the tower. Indeed, we

get from (L.2.10)f]
Ao A+ AN - M

T, =— —=T1. (1.2.14)
c c c
Notice that using (|1.2.11])
L 2, 29 (1.2.15)
Tl N )\1 N c? ' o

5Ty > T} means that the time at the top of the tower runs more quickly since it is larger.
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One can infer from this that the closer one is to a source of gravity, the slower time will
run since ¢ increases as one moves away from the source. This phenomena is known as

gravitational time-dilation which we can succinctly formulate as:

Time runs slower in a stronger gravitational field.

More precisely, if two observers are placed in a gravitational field that can be described
by Newtons law of gravity, and they are moving with speeds much lower than the speed
of light, then the clock of the observer that is in the stronger gravitational field will run
slower than that of the other observer.

Note that already the theory of Special Relativity means that one has to abandon
the centuries old assumptions behind Newtonian mechanics: that time is an universal
quantity that all observers can agree on. Now we see that this is even true for velocities
much smaller than the speed of light, since a gravitational field can affect how one measures
time. Thus, our concept of time is modified with respect to Newtonian mechanics both

in the case of high velocities and in the presence of gravitational fields.

GPS satellites

The effect of gravitational time dilation is very important for the accuracy of the GPS
positioning system measuring the positions on the Earth using a GPS receiver. This is
because time in the GPS satellites runs more quickly than time at the surface of the
Earth.

The satellites are 20000 km above the surface of the Earth and they move with a
relative speed of 14000 km/hour. On board are atomic clocks that have an accuracy
of a nanosecond. The time-dilation effect of Special Relativity means that the atomic
clocks should go 7 microseconds slower for every 24 hours. Instead the gravitational time-
dilation mentioned above gives that the atomic clocks aboard the satellites should go 45
microseconds faster for every 24 hours. Thus, the net effect is that the atomic clocks
goes 38 microseconds faster for every 24 hours. This fits with what the GPS satellites are
measuring.

Note finally that the accuracy of the GPS positioning system requires an accuracy for
time measurements of 20 to 30 nanoseconds. Hence, one could not measure positions on

the Earth accurately without taking into account the effect of gravitational time-dilation.
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1.3 General Space-Times

We shall see in this section that the consequence of the gravitational time-dilation effect
that we found in Section [1.2.4]is that we are not living in Minkowski space. Hence Special
Relativity does not describe physics when gravity is present. To understand this better,
we first take a lightning tour of geometry in Section [1.3.1] and how it is described by
line-elements and metrics. This will enable us to introduce general space-time geometries
in Section and the geometric concept of a geodesics in Section which describes
freely falling motion in General Relativity. In Section we shall connect this to the
Newtonian equation for a particle in a gravitational field by considering the Newton limit
of General Relativity. Finally in Section [L.3.5 we will give a geometric interpretation of

Einsteins Equivalence Principle with the concept of Local Inertial Systems.

1.3.1 A lightning introduction to geometry

The main inventors of geometry are Pythagoras and his followers, around 2500 years ago,
and Euclid, around 2300 years ago. They invented what today is known as Fuclidean
geometry.

Pythagoras and his followers observed that for a right-angled triangle as depicted in
Figure [8| the square of the hypotenuse is given by L? = 2?2 + 42, a statement known as
Pythagoras’ theorem. This is a corner stone of Euclidean geometry, in this case in two

dimensions.

L

X

Figure 8: A right-angled triangle.

One can use Pythagoras’ theorem to write down relations for triangles without right-
angles as well. In Figure [9] we have depicted a triangle with a general angle 6 and sides
of lengths x, y and L, which for § = 7/2 would reduce to a right-angle triangle. One can
now compute the length L by using Pythagoras’ theorem for the projected right-angle

triangle drawn on the Figure, giving

L? = (z —cosfy)® + (sinfy)* = 2* + y* — 2cosfxy, (1.3.1)
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Figure 9: Triangle with general angle 6.

which generalizes Pythagoras’ theorem. In this way we see that the cross term z y in the

above computation of L? arises due to having an angle different from 0 = /2.
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Figure 10: Coordinate grids to measure distance between two points.

So how does this relate to modern geometry? Imagine for a given geometry we want
to measure the distance between two nearby points. Then we can lay in a coordinate
system (grid) on the geometry to mark where the two points are. We take one point
to be at (x,y) while the other point is at (z + dx,y + dy). This is drawn in Figure [10]
where ds is the distance between the two points, here taken to be infinitesimally close,
for reasons explained below. Thus, dz and dy are the (infinitesimal) differences in the
coordinates as illustrated with the coordinate grids in Figure |10} where the lines marks
when the coordinates have constant values.

Consider first the left part of Figure[I0] Supposing dz and dy are distances between the
lines in the coordinate grids, then Pythagoras directly gives ds? = dx?+dy?. However, now
we open for the possibility that the difference in coordinate values are not directly related
to the difference in distance. So we need a way to translate a difference in coordinates to

a distance. This is done with the concept of a metric. Concretely, we write
ds® = gupdx® + gy, dy? (1.3.2)
This expression means that the distance along the z-direction is measured as ./g,.dx

while the distance along the y-direction is /g,,dy. Given this, (1.3.2]) again expresses
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Pythagoras’ theorem. Thus, the metric components g,, and g,, can be used to translate
coordinate differences to distances.

On the right part of Figure we have the more general situation for which the
coordinate grid does not have right angles between the two directions. Then we invoke

one more component of the metric g,, to write
ds® = goodz” + gy dy” + 2guydz dy | (1.3.3)

Thus, an angle different from 7/2 again corresponds to a cross term g¢,,dz dy, and the
angle can be found from g.,/,/Gzzgyy- The formula is called a line-element and
gives a general relation between the distance between two points ds, the coordinate system
(x,y) and the metric in a two-dimensional geometry.

If the metric components ¢, gy, and g,, do not depend on the coordinates then we
are still in two-dimensional Euclidean geometry. However, the mathematician Bernhard
Riemann invented curved space geometry almost two centuries years ago by allowing the

metric components to depend on the coordinates. Thus, the line-element is then
ds® = guu(7,y)dx? + gy (2, y)dy® + 29, (2, y)dx dy (1.3.4)

This means that the measurements of distances and angles can vary as one moves around
in the geometry. This is why it is important that we use the line-element only to measure
distances between infinitesimally separated points, so that the metric components are ap-
proximately constant when using the relation (|1.3.4). Thus, for a general two-dimensional
curved space geometry the line-element only works for infinitesimally separated points.
Another way to state this is that curved space geometry is anchored in Euclidean ge-
ometry, since for very small distances the metric components are always approximately
constant, and then one can use Pythagoras’ theorem to measure the distance between two
points.

With the above, one can now specify complete two-dimensional geometries by writing
down how distances between infinitesimally separated points are measured in a specific

coordinate system. Two-dimensional Euclidean space can be written as the line-element
ds® = da* + dy? (1.3.5)

meaning that for any two infinitesimally separated points we always have the same relation
between ds, dxr and dy. A central property of a geometry is that the coordinates are not

important. This we touched upon above, where the same infinitesimal distance between
two points in Euclidean space ((1.3.5)) is described by many different line elements ({1.3.2)
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and (assuming g, g,y and g,, are constant) in relation to Figure . In fact, one
can describe the same geometry in infinitely many different coordinate systems. For the
geometry we can for example also use polar coordinates x = rcosf and y = rsin 6
with line-element ds? = dr? + r2df?. Again, this is the exact same geometry, so with the
same distance between two given points, but just described in another coordinate system.
We will have more to say about this in the next section.

Another example of a two-dimensional geometry is the sphere with metric
ds* = a*(df* + sin® 0 d¢?) (1.3.6)

where the coordinates now are the spherical angles # and ¢, with ranges 0 < # < 7 and
0 < ¢ < 27, and a is the radius of the sphere. We notice that ggp = a?, gsy = a®sin®0
and ggy = 0. One can obtain this metric by embedding the sphere in three-dimensional
Euclidean space, see Exercise [1.6l The two-dimensional sphere is an example of a curved
geometryﬁ and hence a non-Euclidean geometry. This is also known as Riemannian
geometry after Bernhard Riemann.ﬂ

We can generalize line-elements and metrics to three-dimensional geometries as

3
ds® = Z gijdz'da? (1.3.7)

ij=1
where we wrote the coordinates as ' = (a',2?,2°%). Here g;; can be seen as a three-by-

three metric

911 912 913
Gij = | 921 922 g23 | - (1.3.8)
931 932 933
However, one imposes the important requirement that it is symmetric
9ij = Yji » (1.3.9)

since cross terms dz'dz? in the above line-elements do not care about the order of dx* and

dz’. A special case is when g; = 1 and g;; = 0 for i # j giving the line-element
ds* = (dz")? + (dz?)? + (dz®)? (1.3.10)

which is the metric for three-dimensional Euclidean space in Cartesian coordinates.

6The curvature of the sphere is computed in Exercise
"Note that for many geometries one cannot expect a single coordinate system to cover the whole

geometry. This means one needs to make a patchwork of coordinate systems that works for every part of
the geometry, plus the coordinate transformations between the coordinates where more than one set of

coordinates are valid. This is a subtlety that will be important when we consider the space-time geometry
of the Schwarzschild black hole.
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1.3.2 Metric of a space-time

With the above lightning introduction to spatial geometry, we can now return to the

concept of a space-time that we already introduced in Sections|[I.1.2]and [1.1.3] In Special

Relativity, physics is described in Minkowski space. Consider an Inertial System z*, and
two infinitesimally separated events z* and x* + dz*. Then we introduced in Eq. (|1.1.16))

the line-element
ds® = ndrtde” = —(da®)? + (dz')? + (do®)? + (dz®)? (1.3.11)

that gives back either the proper time or the proper distance between the two events,
depending on whether they are time-like or space-like separated, or it is simply zero
if they are null separated. Comparing to we see that we extended Pythagoras’
theorem to include a time-direction, but with the important difference that one should
include a relative sign between time and space.

The line-element is our first example of a four-dimensional space-time geom-

etry. The example is limited to the particular space-time called Minkowski space and

furthermore in Inertial System coordinates, as described in Sections[1.1.2] and [1.1.3]

So, the question is now: Can we describe all of physics within the framework of
Minkowski space or do we need to generalize to more non-trivial space-time geometries?
The answer to this question is found by considering the gravitational time-dilation effect
described Section [1.2.4] Let us consider the bottom of the tower of Figure [6] to be at
the point (x!, 22, 23) = (0,0,0) while the top of the tower is at the point (z!,z?% 2?) =
(L,0,0) in Minkowski space with line-element . When measuring the period T}
at the bottom of the tower we can regard it as a difference between two events with
dr' = da® = da® = 0, hence T} = dx°. This also holds for measuring the period T, at
the top of the tower, hence T, = dz". Furthermore, since both the beginning and end of
the light signal propagates at the speed of light ¢ = 1 in Minkowski space, the difference
dx® is the same at emission as at the detection. Thus, we get that T} = Ty = da° from
(1.3.11f). However, this contradict the effect of gravitational time-dilation inferred on the
basis of Einsteins Equivalence Principle in Section Therefore, we conclude that
when gravity is turned on, one can no longer describe physics using Minkowski space.

To account for gravitational time-dilation, we need therefore to consider more general
space-time geometries than Minkowski space. Analogously to the spatial geometries of
Section [I.3.1] this can be done by allowing for more general line elements, i.e. more
general relations between coordinates and proper distances/times.

To write down a line-element for a general space-time, we should first pick a coordinate
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system that parameterize it. We write here a given set of space-time coordinates for the
space-time as x*, p = 0,1,2,3. In terms of the coordinate system we can write the

line-element of the space-time for two infinitesimally separated events x* and z* + dz* as
ds® = g, datdz” (1.3.12)

where g, (z) for each value of p,v = 0,1,2,3 is a function of the space-time coordinates
z#. The object g,,(x) is known as the metric of the space-time. We require the metric to

be symmetric in its indices
9 () = guu() (1.3.13)

since any antisymmetric part would not contribute to the line-element. It is sometimes

useful to view g, (x) as a four by four symmetric matrix

Joo Yo1 Go2 Jo3
G = go1 911 912 913 7 (1.3.14)
go2 912 G22 G923

go3 913 923 933

where all the ten different entries are functions of the space-time coordinates x*. The
line-element defines whether two events z# and z* + dx* are space-like, time-like or null

separated
ds® > 0: space-like separated events,

ds? < 0: time-like separated events, (1.3.15)

ds* = 0: null separated events .

This in turn defines which events can causally affect each other, and hence part of the
causal structure of the space-time. However, the line-element does not define whether one
event lies in the future or the past of another; that one has to specify in addition to the
line-element.

Minkowski space is a special case of a space-time geometry. Minkowski space is the
space-time for which one can find coordinate systems x*, also is known as Inertial Systems,

such that the metric is
() = N (1.3.16)

for all z#. Hence 1), is called the Minkowski metric. It is important to note that there

are other coordinate systems for Minkowski space as well where 7,, is not the metric,
see for instance Exercises [1.0] and [I.8] where we consider spherical, polar, and rigidly

rotating coordinates for Minkowski space .
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So can we accommodate the effect of gravitational time-dilation of Section within
this more general framework of four-dimensional space-time geometries? We shall come

back to this question in the end of Section [1.3.4}

Coordinate transformations

A space-time is a four-dimensional geometry. That it is a geometry means that we do
not want its properties to depend on what coordinate systems we choose. Specifically,
while the space-time geometry depends on the line-element, it should not depend on what
coordinates we use to write down the line-element. Hence, we require that the line-element
ds? should be invariant under any coordinate transformation.

Consider a given coordinate transformation
at — 7H(x). (1.3.17)
That ds? is invariant means
ds*(z) = d&*(7), (1.3.18)
where the LHS is the line-element in the z* coordinates, while the RHS (RHS) is the

line-element in the #* coordinates. Thus, since d3? = §,5di“di” we demand

G () dr"dz” = Gop(F)dT*dT" . (1.3.19)
Under the coordinate transformation we have
= ajad “ (1.3.20)

= ——dx
ok ’

where 02%/0x" is a partial derivative of *(z). This follows from dz* and dz® being

dz®

infinitesimal. Moreover, we can invert this relation as
ozt
e
where Oz#/0z® is a partial derivative of the inverse coordinate transformation z#(z).
Using with we find

oxt Ox¥
) o o

dat = Z—di®, (1.3.21)

d7*di” = Gop(3)dT*dz" . (1.3.22)

This relation should hold for any dz®. Hence we conclude:

Transformation of the metric: Under a coordinate transformation z# — &#(x)

the metric should transform as

- ox* Ox”
gaﬁ(x) = guy(x)%ﬁ . (1.3.23)
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The transformation law of the metric is an important part of the theory of
General Relativity that we now have started describing. It is a necessary requirement
for the line-element to be describing a space-time geometry, since geometry is
something that one should be able to give meaning to in a coordinate-invariant manner.
Demanding that our space-time can be described as a geometry is a central assumption

of the theory of General Relativity.

Inverse metric

In a given coordinate system z* with metric g,,(z) we can define the so-called inverse
metric
g" (x), (1.3.24)

as the inverse four by four matrix of the metric in each point (event) of the space-time.

Hence, we demand

9" (2)9up(x) = gpu(2)g"" () = 0, (1.3.25)
everywhere in the space-time. We use here the Kronecker delta which we define as
1if p=
0y = R (1.3.26)
0 otherwise.

One can show that it follows that the inverse metric is symmetric
g (z) = g™(x). (1.3.27)

The inverse metric does not have any direct physical interpretation in General Relativ-
ity. However, it is a highly useful object in General Relativity for writing down various
equations and for performing computations.

From the transformation law of the metric one finds the following transfor-

mation law for the inverse metric:

( R

Transformation of the inverse metric: Under a coordinate transformation

x# — TH(x) the inverse metric should transform as

07 07
~afB (Y Y
3 (z)=yg (x)_ﬁx# et (1.3.28)

. v

One can easily check the validity of this transformation law. First one can see from
combining and that

0 0rt _ ., 0u 03"

dxr 078 P 9F Oxv

= 0" (1.3.29)
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Using this, we compute

~af~ w0207 QxP Oz 9T 0x° , 07 027
g gy =g - Ypo =3 9~ =3 Yoo po 50 p
ox* Ox 0P 017 ox+ 0 ozt 01"

Thus, we see that the transformation law ([1.3.28]) ensures that the inverse metric is also

P
14

=0, (1.3.30)

the inverse of the metric after the coordinate transformation.
Note finally that in the special case of Minkowski space and using an Inertial System,

the inverse metric reduces to the inverse Minkowski metric g = n*” which is defined as
g0 =1, gll=p2=p® =1
" =0 for p#v.
Using (|1.1.10]) one can check explicitly that
N = 0" Ny = 0. (1.3.32)

Thus, the Minkowski metric 7, and its inverse " fulfil the relation ([1.3.25]).

Y

(1.3.31)

1.3.3 Geodesics

Without gravity, space-time geometry is described by Minkowski space. In this case one
has that a freely falling particle, that in this case means a particle not subject to any
external forces, is moving along a straight line. Turning on gravity, one should consider
a general space-time with line-element . A freely falling particle is defined as a
particle that is not subject to any non-gravitational forces. The question we address in
this section is: what is the motion of a freely falling particle in a general space-time?

To address this, we consider two time-like separated events p; and p, in the space-time.
We use a coordinate system x* in which the two events are :1:‘(‘1) and az’é), respectively.

Consider then a time-like curve between the two events parametrized as
(N, (1.3.33)

so that x#(\) goes from x’(‘l) to x’é) as A goes from A\; to \o. See Figure for an
illustration.
For the infinitesimal piece of the curve from x#(\) to z#(A 4+ d\) we have the proper

time dr1 given by it d®
dr? = —gudxtdr” = —gu,,% dl;\ d\? . (1.3.34)

Hence the proper time for the whole curve from x‘(‘l) to :c’é) is by integrating this, giving

dzt dzv

A2
AT = AM| —guw———. 1.3.
T /)\1 I I (1.3.35)
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A=4,

,I\

Ke
X K (A) |

Figure 11: Tlustration of time-like curve z#(\) between two time-like separated events :L‘Ié) and

33(2)

In Minkowski space, one has that the unaccelerated path is the path that maximize
the proper time, as stated in (|1.1.23]). We promote now this to a general principle for all

space-times:

A freely falling particle in a general space-time will follow a curve that maximizes

the proper time.

Thus, among all the time-like curves from Iﬁ) to xéy a freely falling particle will
follow a curve that maximizes the proper time . Such a curve is called a geodesic.

The concept of a geodesic is known from Riemannian geometry (i.e. geometry without
time directions) that we considered in Section [1.3.1] In this case a geodesic between two
points is a curve that minimizes the length between the two points. In the case of the
plane with line-element (i.e. the two-dimensional Euclidean space) the geodesics
are straight lines. Instead in the case of the sphere with line-element the geodesics
lie along the great circles.

When considering space-time geometry, the closest analogue to geodesics in Rieman-
nian geometry is a geodesic between two space-like separated events. Such a space-like
geodesic is a curve that minimizes the proper length between the two events (measured
by integrating up the squareroot of the line-element). Instead, for two time-like separated
events, as considered in the special case of Minkowski space in Section [1.1.3] the sign dif-
ference in dr? = —ds® means that the time-like geodesic between the events is naturally

defined as a curve that maximizes the proper time.

Geodesic equation

We now find the equations describing geodesics, i.e. the motion of freely falling particles

in a general space-time.
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Consider the same setup as above with a time-like curve z#(\) that goes from :13?1) to

a:’é). We write again the proper time ((1.3.35)

dzt dxv

A2
AT[zH (A :/ AN/ —gw———. 1.3.36
[ ()] AL 1 d/\ d)\ ( )

Here we added the dependence of A7 on the curve z#(\) on the LHS to make this explicit.

Given a time-like curve z#(\) we can consider another curve z#(\)+0z#(\) that lies in-
finitesimally close, meaning that the difference between the curves dx*(\) is infinitesimally
small. Since both curves start and end at the same events, we have dz* () = da*(\y) = 0.

We can then compute the difference in the proper time (|1.3.36))
OAT = AT[xH(N) 4+ 0xH(N)] — AT[z*(N)] . (1.3.37)

When 2#(\) is a geodesic it maximizes the proper time A7. Hence any curve that lies
infinitesimally close to it should have JAT = 0 to first order in dz#(\)

To find a geodesic between x’(‘l) to .9:‘(‘2), we need thus to find a curve z#(\) that
extremises the proper time such that 0A7 = 0. To achieve this, one can go ahead
and directly perform the variation of with respect to the infinitesimal difference
dz#(N). However, we shall instead use a well-known result in analytical mechanics. To
this end, one notices that the RHS of can be viewed as an action corresponding
to the integral of the Lagrangian

dz+ dzv
datN
over the curve z#(}) from z{)) to x{,, where 2# can be viewed as four coordinates and
dx*/d\ as four velocities. It is a well-known result in analytical mechanics that the
extremum of the action, and hence an extremum of the proper time A7, is found when

the curve z#(\) satisfy the Euler-Lagrange equations

d oL oL
— | == | == 1.3.39)
dCEU o ) (
where we use the index o for later convenience. We compute

oL 1 0gy,dx” dx* oL 1 dz”

gr" 2L 027 d\ dx ~ o=~ T LPan (1.3.40)

8This is analogous to the statement that if a curve h(u) has a maximum at u = ug then the first

derivative of h(u) is zero at u = uy.
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Thus, (|1.3.39)) gives
d (1 dx” 1 9g,, dz” dz”

) (Zg”"ﬁ) T 2L 027 dX dX’
which is four equations since o is a free index. This is true for any parametrization of the
curve z*(\) that extremises (1.3.36). Thus, it holds in particular when we use the proper
time 7 to parametrize the curve, such that A = 7. However, the proper time is special as
dr? = —g,,dz*dx”, hence L = 1 for this particular parametrization. Therefore,

gives
d dz” 10g,, dx" dx”
B (P I [T 1.3.42

dr (g dT) 2 0x° dr dr (1.342)

Writing out the derivative with respect to 7, this becomes

(1.3.41)

d?z” O9vo  10gy,\ da” da”
L - o 1.3.4
o2 < Oxf  20x° ) dr dr 0 (1.3.43)
Contracting now with ¢"?, we get
>zt 1 dg dg dx” dz?
—gh | 222 22 —=0. 1.3.44
dr? * 29 ( OxP (9x") dr dr (1.3.44)

Thus, we can conclude that any curve that extremises (|1.3.36]) should obey (|1.3.44]).
Therefore, we have shown:

Geodesic equation: The geodesic equation that describes the motion of a freely
falling particle in a general space-time, with metric g,,(z) and coordinate system
x#, is
d?xt dx” dx”
i — =0 1.3.45
dr? YPdr dr ’ ( )
where ') is the Christoffel symbol defined in terms of the metric by
1 dg dg dg
re =—g"° ‘d 2=, 1.3.46
= 5 <8xﬂ * Ozv  O0x° ( )

Note that in Egs. (1.3.45)-(1.3.46) we have symmetrized the expression in the second
term of (|1.3.44)). This is because only the symmetric part can contribute. Hence the

Christoffel Symbol is symmetric in its lower indices

PH =T%,. (1.3.47)

In the special case of Minkowski space, and choosing an Inertial System, the metric

1S g = M- This is immediately seen to give I') = 0. Hence the geodesic equation
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reduces to d?z*/dr?* = 0. Thus, as expected, the geodesics of Minkowski space
are straight lines.

We have shown above that a time-like curve that maximizes the proper time should
be a geodesic curve, i.e. it should obey the geodesic equation ([1.3.45)), since a maximum
is an extremum. However, in principle the condition dA7 = 0 holds for any extremum of
AT, and not just for a maximum. Thus, one could ask if the reverse is also true: could
the time-like geodesic curve be an extremum without being a maximum? The answer
is given in Section 9.3 of [3]: for a time-like geodesic curve to be a maximum of the
proper time, a necessary and sufficient condition is that the geodesic does not contain so-
called conjugate events. Two events in a space-time are called conjugate if there are more
than one geodesic curve between them that extremize the proper time. For Riemannian
geometry (i.e. without a time-direction) an example of two conjugate points are the north
and south pole of a sphere (|1.3.6]) since any curve between the poles with ¢ constant is a
geodesic.

In accordance with the above, it is easy to see that one cannot find time-like geodesic
curves that minimize the proper time. The reason for this is that one can always connect
two time-like separated events by a combination of null curves as illustrated in Minkowski
space as illustrated in Figure [ of Section[I.1.4l A null curve has zero proper time. Thus,
if one has a time-like curve that lies very close to the null curve, it should have very
small proper time, as also illustrated in Figure [d] Therefore, one can find time-like curves
with arbitrarily small proper time in this way. On the other hand, the proper time of a
time-like curve can never be zero. Thus, A7 can be made arbitrarily close to zero but

never zero and hence one cannot find a time-like curve that corresponds to a minimum of

AT.

1.3.4 Newton limit of geodesic equation

To understand better the meaning of metrics and geodesics in relation to gravity we
apply now the results on geodesics of Section to the so-called Newton limit in which
General Relativity should reduce to the Newton theory of gravity.

Suppose we consider a space-time and a massive particle in that space-time following
a time-like curve. Then the Newton limit of General Relativity requires that we can find

a coordinate system x* such that the following conditions are met:

e Gravity is weak. The metric g,, in the coordinate system z* is close to the metric
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of Minkowski space in an Inertial System:

G (T) = Ny + () (1.3.48)

where h,, (x) is small
|y (2)] < 1. (1.3.49)

e Independence of time. The metric g, in the coordinate system z* is independent

of time
0w

pum— 1- .
o 0, (1.3.50)

where t = 9.

e Small velocities. The velocity of the particle in the coordinate system x* is small
compared to the speed of light
da’
dr

<1 for i=1,2,3. (1.3.51)

Consider now a freely falling particle in a space-time, and assume the above require-
ments of the Newton limit are met in the coordinate system z#. Using (|1.3.51) the
geodesic equation (|1.3.45]) to leading order becomes

A2zt dt\?
RN (_> —0. (1.3.52)

dr? 0\ ar

Using (|1.3.48)-(1.3.49) we find to leading order in h,,

1 po Ohoo
277 0x°

Because of ((1.3.50) we see that I'); = 0 hence we get d*t/dr* = 0 from (1.3.52)) with
g = 0. This means dt/dr is a constant. Thus, for p =i = 1,2,3 we find

-
FOD__

(1.3.53)

d2xt dr\? d*z -~ 10hgo
— (=) 2 ¢ o = a 1.3.54
dt? <dt) dr2 00" 2 Jr ( )
We can write this in 3-vector notation as
Pr 1=

We want to compare this to the Newtonian equation (|1.2.5)) for a freely falling particle in

a gravitational field that we write here as

PE
2 =-Vo, (1.3.56)
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where ¢ is the Newtonian gravitational potential. Comparing this to (|1.3.55]) we see that
we should identify

Here one could add a constant but we choose this to be zero by imposing the boundary
condition that ¢ goes to zero when one is far away from any source of gravity.

Thus, in the Newton limit the 00-component of the metric is
goo = —1 —20¢. (1.3.58)

This result actually shows how allowing for more general space-time geometries, as in-
troduced in Section [1.3.2] enables us to describe the phenomenon of gravitational time
dilation, which in fact was the motivation to introduce the general space-time geometries.
To see this explicitly, we imagine again the tower in a coordinate system x* so that the
bottom of the tower is at (x', 2% z%) = (0,0,0) and the top at (z!, 22 23) = (L,0,0).
Since the gravitational field around Earth can be well described by Newtonian gravity,
which means the tower is in a weak gravitational that does not depend on time, and since
the tower is not moving in the coordinate system, we can assume the Newton limit. Thus,
the conditions to apply the formula are met. At the bottom of the tower we now

measure the period T} of the emitted light signal as the proper time

(T1)* = (1 + 2¢)(da)? (1.3.59)
while at the top the period T5 of the received light signal is the proper time

(Ty)* = (14 2¢)(da”)? (1.3.60)

A pertinent question to answer is why dz° is the same when the light signal is sent and

when it is received. This is not immediately obvious since the metric is only approximately

the Minkowski metric as in Eqs. ([1.3.48)-(1.3.49). However, here we invoke the condition
that the metric is time-independent ([1.3.50). Denote the coordinate time that a light

signal takes to travel from the bottom to the top of the tower as Az?. The time Ax°

depends on the metric along the light signal path since light should propagate along a
null curve. However, since the metric is not changing with time, Az® is the same for all
light signals that are sent from the bottom to the top of the tower. This implies that
the period dz in coordinate time remains the same, since it can be seen as the difference
between the propagation of the start of the light signal and the end of the light signal,

that always takes the same coordinate time Az to travel from bottom to top. Thus,
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given this, we get by taking the squareroot of the ratio of (1.3.59)) and ({1.3.60))

T 1+ 20,
T, ~/1+2¢1 + o2 — P +A¢ ( )

which gives the formula for gravitational time-dilation. This demonstrates that
we were right to introduce more general space-time geometries to account for this effect.
More generally, Eq. suggests that the metric in the theory of General Relativity
is what replaces Newtons gravitational potential since we now find a relationship between
the two in the Newton limit. Moreover, Newtons law of motion in a gravitational field
is replaced in General Relativity by the geodesic equation ((1.3.45]) which has a geometric
interpretation in terms of the geometry of space-time. Hence, in General Relativity we
have that
Gravity = Geometry . (1.3.62)

But we still have not understood how to determine g,,. In Newtonian mechanics one
determines the gravitational potential from Poissons equation ﬁqu = 47 Gp,, where G is
Newtons gravitational constant and p,, the mass density. What is the analogue of this
equation in General Relativity? We will return to this in Section [1.6] after developing

further basic geometric concepts that one needs in order to address this question.

1.3.5 Local Inertial System

In Section we introduced Einsteins Equivalence Principle (EEP). A consequence of
this is the gravitational time-dilation effect, which naturally led us to introduce more gen-
eral space-time geometries than Minkowski space as a framework to understand gravity.
However, this means that the Newtonian concept of Inertial Systems cannot hold in the
presence of gravity, since one cannot find a coordinate system for the space-time geometry
in which its metric reduces to the Minkowski metric 7, .

In General Relativity, what replaces Inertial Systems is the concept of Local Inertial
Systems. As we shall see, the existence of Local Inertial Systems for a given space-time
is both natural from point of view of the EEP, as well as from the point of view that our
space-time is described by a four-dimensional space-time geometry.

We begin with the geometric understanding. Let us assume we are given a space-time.

Then one can show the following:
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Local Inertial System: Consider an event p in a space-time. Then one can always

find a coordinate system z* for which the metric obeys

09,
Guolo =M+ 57| =0 (1.3.63)
p

A coordinate system with this property is known as a Local Inertial System for the

event p.

\ J

In other words, given any space-time, and any event p in this space-time, we can
always find such a Local Inertial System ((1.3.63)). This makes sense geometrically, since
it means that locally any space-time geometry reduces to the Minkowskian line-element

in a small neighborhood around p
ds®|, ~ —(dz®)? + (dz")* + (dz?)* + (dz*)?, (1.3.64)

when using a LIS for the event p. Another way to say this is that any curved space-time
geometry is anchored in the geometry of Minkowski space, since for sufficiently small
neighborhoods around p one can use the Minkowskian line-element (if one is in a Local
Inertial System). This is analogous to the statement that spatial geometry is anchored
in the geometry of Euclidean space, in that for a sufficiently small neighborhood around
a given point one can use Pythagoras’ theorem. Thus, the existence of Local Inertial
Systems is basically part of what defines a space-time geometry.

Regarding the EEP, Local Inertial Systems are equally natural. EEP, as stated in
Section [[.2.2] says that in small enough regions of space-time the laws of physics reduce
to those of Special Relativity. We can now use the concept of Local Inertial Systems to

give a more precise formulation of EEP:

Einsteins Equivalence Principle: Given a Local Inertial System x* for an event
p, thus with the metric obeying (|1.3.63)), the laws of physics in a sufficiently small

region around p should reduce to those of Minkowski space in an Inertial System.

As an immediate example of this, we note that for a Local Inertial System z* for an
event p we have that the Christoffel Symbol is zero at p: F‘V‘p]p = 0. Hence the geodesic
equation in such coordinates reduces to d?z#*/dr? = 0 sufficiently near p, which
we recognize as the equation for unaccelerated motion in an Inertial System within the
context of Special Relativity. This is in perfect agreement with our conclusion above in
Section that freely falling motion is unaccelerated.
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Finally, it is interesting to re-examine the thought-experiment with the two rockets
and the tower of Section [1.2.3|in view of this more precise formulation of the EEP that we
now have found. In our more precise version of the thought-experiment we consider two
events for which we apply the EEP: Event E1) Rocket 1/bottom of tower emits a light
signal. Event E2) Rocket 2/top of tower receives a light signal. Since the two rockets
are not subject to gravity, they are in Minkowski space for which we can use the metric
9w = N everywhere. However, the tower is not in Minkowski space since Earth sources
a gravitational field. Indeed, for the tower we have found Eq. where we can use
¢ = —GM/r with M being the mass of Earth. This means that goy is not the same at
the two events and hence we are working in two different coordinate systems at the two
events E1 and E2 when applying the EEP, and one could worry whether this means the
formula for the redshift would be invalidated. However, the consequence of this
difference is rather small. If the tower is 20 meters high, the redshift is of the
order a,L/c* ~ 107% and the effect of using two different Local Inertial Systems gives
a difference in the two time coordinates used in the two Local Inertial Systems also of
order a,L/c* ~ 107% which means that the correction to the formula is of order
(agL/c*)? ~ 10712 Thus, we were right in neglecting this correction for computing the

leading order redshift.

1.4 Tensors and the Principle of General Covariance

The geometry of space-time is given by its line-element . In a specific coordinate
system x# the line-element is given by the metric g,,. However, one is free to choose
other coordinate systems, provided the metric transforms according to (1.3.23). With
this arbitrariness in the choice of coordinates, how can one formulate laws of physics?
Something that appears static in one coordinate system could appear as accelerating in
another. How does one formulate physical laws that takes this into account?

In this section we will address these questions by formulating the principle of general
covariance. We then develop the necessary mathematical tools called tensors and the
covariant derivative of tensors to implement this principle. Finally, we consider specific
applications, such as a general definition of what is meant by acceleration in the theory

of General Relativity.
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1.4.1 Principle of general covariance

How do we formulate laws of physics in General Relativity? Space-time geometry is
defined by the line-element which is invariant under coordinate transformations
of the metric (1.3.23]). This enables us to define what we mean by the geometry of space-
time in a coordinate-independent manner. Similarly, we would like to formulate laws of
physics that also is not specific to what coordinates that we use. This is formulated by

the principle of general covariance:

4 3

The principle of general covariance: The general laws of nature are to be ex-
pressed by equations that are covariant with respect to coordinate transformations,
meaning that the equations can be formulated in a covariant form such that they

preserve that form under any coordinate transformation.

\ J

We have seen a precursor to this principle when discussing the formulation of Maxwells
equations in Special Relativity in Section [I.1.6] In that case we could formulate Maxwells
equations in a form that is the same for all Inertial Systems. In General Relativity this
idea is generalized to all possible coordinate systems, no matter if they are accelerated in
complicated ways with respect to each other.

EEP means that the laws of physics reduce to those of Special Relativity in a local
Inertial System. As we shall see below, combining this with the principle of general
covariance will allow us to generalize laws of physics to a general space-time without need
of further input. This works in particular for Maxwells equations, as we discuss in Section
[1.4.5] To do this, we need first to develop a mathematical object called tensors.

1.4.2 Tensors

We now introduce the concept of tensors. The idea behind tensors is that one should
be able to formulate any physical quantity in General Relativity in a way that does not
depend on the specific coordinate system one uses to describe the space-time. Thus,
given a physical quantity in a particular coordinate system - this could for instance be an
electromagnetic field configuration - one should be able to translate this quantity to any

other coordinate system in a consistent manner.
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Scalar fields

Consider a given space-time geometry. The simplest type of tensor on such a geometry
is the scalar field. A scalar field ® assigns a number to each event of the space-time.
Thus, for a given coordinate system z* it is a function ®(z) of z#. In more detail, this
means that the scalar field ® in the coordinate system z* is a function of four variables
O(x) = D(2°, 21, 22, 23).

Make now a coordinate transformation z# — Z#(x). Such a transformation means

that the point that before was labelled z* now is labelled Z*(x). Hence:

( B

Transformation of scalar fields: A scalar field ®(z) transforms as
(%) = d(2), (1.4.1)

under a coordinate transformation z# — Z#(x).

\ J

Note that ## = z#(x) in (1.4.1). The transformation rule (1.4.1)) ensures that one
assigns the same number to a given event irrespective of what coordinate system one

uses. Writing this out in more detail, it states ®(3°, &', 72, #%) = ®(20, ', 22, 2%).

Vectors and vector fields

We now turn to vectors. Our previous knowledge of vectors are from Euclidean space.
In Euclidean space a vector is not thought of as associated to a particular point in that
space. Instead it can be thought of as the difference between two given points. Also,
we think of the vector as given by a specific list of numbers, i.e. one number for each
coordinate axis.

In a curved space-time we have to discard all of these ways to think about vectors. In
a space-time a vector is something we define in a particular point (event) and one cannot
just move that vector to a different point without having a prescription of how to do that
(see Section . A vector is not just a list of numbers because, as we shall see, the
components of a vector depend on what coordinate system we use.

We define a vector as a tangent vector to a curve. This gives a definition of vectors
that is independent of coordinate systems, since a curve can be defined independently of
coordinate systems.

The precise definition of what we mean by a vector in a general space-time is as follows.

Consider a space-time with coordinate system z#. For a given event p, consider a curve
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x#(A) going through p for A = 0. Then the derivative

B dzt

VH =
dA

(1.4.2)

A=0
defines a vector V* at the event p, as illustrated in Figure [12 The numbers V# u =

0,1, 2,3, are called the components of the vector for the particular coordinate system x*.

O{Xh
A

1=0

X(R)

Figure 12: Ilustration of the vector (1.4.2) at p obtained as a tangent vector of a curve that
goes through p.

After a coordinate transformation z* — Z*(x) the same curve is parametrized by

Z*(x(\)) in the new coordinates. Hence the vector at p in the new coordinates is

~a d .
Ve = oo (x(N))

dzt

d\

o

= Ok
oo O »

o

ro Ozt

v, (1.4.3)

p

using the chain-rule of differentiation. From this we can read off how vectors transform
under coordinate transformations.

The vector V# at p in the coordinate system z* is the same as the vector V# at p in
the coordinate system z#. Why? Because they are both defined as the tangent vector
to the same curve at the same point (event) p. The only difference is that we expressed
this tangent vector in two different coordinate systems. Thus, while the components V#
and V* in general can be quite different, given the two different coordinate systems, they
nevertheless parametrize the same vector at p.

A vector field is defined such that for each event in the space-time geometry we assign
a vector to that event. Given coordinates z* a vector field is written as V*(z) meaning
that for each event z* we have a vector V#(z) at that event. Consider now a coordi-
nate transformation. From the above considerations we see that we have the following

transformation rule for vector fields:
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Transformation of vector fields: A vector field V#(x) transforms as

Ve(z) = %V“(m), (1.4.4)

under the coordinate transformation x* — z#(zx).

The above transformation property defines what we mean by a vector field on a gen-
eral space-time since it gives a prescription on how to transform a vector field from one

coordinate system to another.

One-forms and one-form fields

Suppose we are given a general space-time in a coordinate system z*. A one-form at
an event p is a linear map from vectors at p to numbers at p. Since vectors have four
components, also the one-form needs to have four components. Write now a given one-

form at p as A,. Then the linear map at p that this one-form defines is
AV (1.4.5)

since this maps any vector V* at p to a number, and since the map is linear in V#. In
order for this linear map to give the same number for a given vector in all coordinate
systems we need that under a coordinate transformation z# — Z*(x) the one-form A,

transforms as

~ ort
Aa — @ e (146)
p
which means one-forms transforms oppositely to vectors. Using (|1.4.3|) this gives
AV = A VM (1.4.7)

which indeed shows that the linear map gives the same number in both coordinate systems.
One-forms are also called dual vectors.

A one-form field is defined such that for each event in the space-time geometry we
assign a one-form to that event. Given a one-form field A,(z) in a coordinate system z*

it transforms as

( R

Transformation of one-form fields: A one-form field A, (z) transforms as

- ~ axﬂ

Ao(®) = 3 Aula), (1.4.8)

under the coordinate transformation z# — 7#(x).
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We see that A, (z)V*#(z) transforms as a scalar field
A (B)VNE) = Au(2)VH(x) . (1.4.9)

This is in accordance with the fact that in any particular event the one-form field can be

seen as a coordinate-independent linear map from vectors to numbers for that event.

Tensors

The scalar, vector and one-form fields are the simplest types of tensors that one can have

on a space-time geometry. In general a tensor can have many indices
THyEn L (). (1.4.10)

Such a tensor has the transformation rule:

4 3

Transformation of tensors: A tensor 7#'"#», ., (x) transforms as

B ozt oz Ox™? oxrm
O Orkn HT5 O7Bm

g, . 5, () T, (@), (L4LL)

under the coordinate transformation z# — Z#(x).

Note that in general a tensor does not need to have all the upper indices on the left
of the lower indices, e.g. one can consider tensors with index structures like 7,,”,(x) or
T,”(x) for instance. The transformation rule is always that the upper indices transform
like that of a vector and the lower indices transform like that of a one-form.

A very important feature of tensors is that one can use them to write down covariant

equations. Suppose the equation
THEHe L () =0, (1.4.12)

is satisfied everywhere in the space-time for the tensor in the particular coordinate system

x#. Make now an arbitrary coordinate transformation z# — #*(z). Then it follows from

(1.4.11)) that the equation
Talmanﬁlwﬁm (j») = O7 (1413)

also is satisfied everywhere in the space-time. Thus, we see that the equation ((1.4.12]) is
a covariant equation since it keeps the same form in all coordinate systems.
It follows from ([1.4.11)) that the sum of two tensors of the same type, i.e. the same

index structure, is a tensor of that type. Moreover, the product of any two tensors is
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a tensor, regardless of what type they are. For instance, given a vector field V#(z) the
product L*(z) = V#(z)V¥(x) is a tensor (with two upper indices). If we are also given
a one-form field we can make a tensor of the form M*,(x) = V#(z)A,(z).

In this connection we define in general a contraction of two tensors to be the product
of two tensors with sums over one or more of the indices. Each contraction should be
over a lower index and an upper index. This ensures that the resulting object is a tensor.
In general any contraction between two given tensors is again a tensor. For instance for
a tensor 7, (x) and a vector field V#(z) the contraction 7,V is a one-form field. Or,
as already noted above, the contraction of a one-form field with a vector field is a scalar
field.

We have already encountered two special tensors in defining what we mean by a space-
time: the metric g, (z) and the inverse metric ¢g"*(z). Their transformations and
(1.3.28|) means that they transform as tensors.

Using the metric tensor g, (x) and the inverse metric tensor g*’(z) we can raise and
lower indices on tensors. For instance, if we are given a vector field V#(z) we can make

a one-form field by the contraction
Vi(z) = gu(x)V"(x). (1.4.14)

One can check that this transforms as a one-form (1.4.8). Similarly one can make a
one-form field into a vector field.

We can also use the metric to define the norm of a vector as
V=g, VFVY. (1.4.15)

Note that V2 is not restricted to be positive. Indeed, for a given event x* the vector

V#(z) can be divided in three categories:

space-like if V2 >0,
VH(z) is < time-like if V2 <0, (1.4.16)
null if V2=0.
One can make the same categorization for one-forms A,,(x) using the norm A? = g A, A,.
Note also that a vector field V#(x) which for instance is space-like in one region of the
space-time can be time-like or null in another region of the same space-time.
Another tensor we have encountered is the Kronecker delta . This is a highly

special example of a tensor which has the same components in all coordinate systems.

Indeed, it follows from (|1.3.29) that

%%

_ oo,

5 570 (1.4.17)
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which is the transformation of a tensor with one upper and one lower index.

1.4.3 Covariant derivative

Having defined the concept of tensors on a general space-time we now consider how to
define a derivative of tensors. Having a concept of derivatives is crucial since that enables
us to compare quantities at different events of the space-time and to quantify the rate
of change of a given tensor. However, we need that the derivative of a tensor also is a
tensor. Otherwise any statements we would make about the rate of change of a tensor
would depend on what coordinate system we use.

Consider first a scalar field ®(z) on a space-time in a coordinate system z#. Then
0,9, (1.4.18)

is a one-form, where we introduced the following short-hand notation for the partial

derivative

0
~ Oamn’
that we will use repeatedly from now on. That ([1.4.18]) transforms as a one-form is easily
checked:

8, (1.4.19)

00  0z" 0  Ox*
oz 9x2 dxr  Ox™

where one uses the chain-rule of differentiation for the second equal sign. However, that

Da® =

9, (1.4.20)

one can get a tensor by taking the partial derivative of a scalar field is unique to the
scalar field. For any other type of tensor, taking the partial derivative of the tensor is not
a tensor. Thus, we have to make a definition of a derivative of tensors that is a tensor
while still being related to the partial derivative in some way. This is what we will do in

the following.

Covariant derivative of vector fields

Consider a vector field V#(x) in a space-time with coordinate system z*. The quantity
0,V" is not a tensor. This can be checked by doing an arbitrary coordinate transformation

zt — 7#(x). We compute

. ©
aa‘/B._.ékz_au (

- Qqo

ozh ozt 0xf _ _ oxt 9%P
r ) = 900Vt 570 Hpra
(1.4.21)

w A58 v 257
0zt 07 (8MV”—|—&C 0°% Vp)

= 05 Oxv 077 OxtOxP
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This clearly shows that 9,V does not transform as a tensor.

We define now the covariant derivative of V*(x) as the tensor D,V" that reduces to
the partial derivative in a local Inertial System. That it should be a tensor means that it
transforms as Bt 537

L~ ot 0T
D,VFP=_"—-—"-D,V". 1.4.22
oz gzv ( )

for any coordinate transformation z# — Z#(x).

Consider an event p in the space-time. Then from Section [1.3.5[ we know that one can
transform from the coordinates z* to a new coordinate system z*(x) in which one has a
local Inertial System at p

Jalp =Tag s Oadsylp =0. (1.4.23)
According to our definition of the tensor D, V" we require that in the local Inertial System

#* at p the covariant derivative of V* should be the partial derivative
D VP, = 0,V?, . (1.4.24)

Requiring this can be seen as a realization of EEP in the sense that the covariant derivative

reduces to the derivative used in Special Relativity in a local Inertial System.

Combining ([1.4.24)) with the general result (|1.4.21]) we find

.- <~ ozt 08 dz” 9?77
DoV, = 0V = 70— v g 1.4.2
Voo = 0V, 0z Ozv (8“ * oz ax/@xpv > ( 5)
Using that the covariant derivative should transform as a tensor (|1.4.22) we get
ozv 0%*1"
v v P
DV, = (auv + 9 (%Jﬂaxﬂv ) (1.4.26)

The next step is to express the RHS of this equation only in terms of quantities computed
in the z# coordinates. Transforming ([1.4.23)) to the x* coordinates we find

0z 0z° v Ozt dx” 4
guu‘p = @@nab’ , g |p = @85;577 )
(1.4.27)
0%~ 93P oz 9%3f

a v — « + ap s
o Guvlp oxHoxP 6x”n A oan 8x”8xﬁn p
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at the event p. Hence

14 1 vo
Fup’p = 59 (Oupo + OpGuo — OoGup)lp

1027027 4 < o’ 0x° 91 0%%°

= 20i% 018 0i8"! OxtOxr Ox° + OxP OxHOx°

1.4.28
N 0%z 070 +85ﬂ 0?70 P 07° o 0230 ( )
OxPOxt Ox°  Ox# OxPOx®  Ox°OxH OxP  Oxt 0x°O0xP
_ Ox¥ 02" 5 07 9Z° Oz ol dz”  O*r~
= 508" g e~ 95" M a0 Durdnr
Thus, we have derived
DVl = (0.V" + T}, V)| . (1.4.29)

Notice now that nothing on the RHS depends on the coordinate system z*. Since the

event p is chosen arbitrarily, we conclude:

4 h

Covariant derivative of vector fields: Given a general space-time with metric

guw(x) in a coordinate system z* the covariant derivative of a vector field V*(z) is
DV =9,V +T% VP, (1.4.30)

where I'  is the Christoffel symbol ({1.3.46)).

\ 7

We note that it follows from our construction that D, V" transforms as a tensor since
one can always find a local Inertial System at any event in the space-time. Alternatively,
one can check explicitly that obeys the transformation for any coordinate
transformation.

It is important to notice that since D,V transforms as a tensor but d,V* does not,
then it follows from that the Christoffel Symbol is not a tensor.

Covariant derivative of tensors

One can now generalize our notion of covariant derivative to all tensors. Thus, for a
general tensor the covariant derivative should itself be a tensor and it should reduce to
the partial derivative of the tensor in a local Inertial System.

Since the partial derivative (1.4.18)) of a scalar field ®(x) transforms as a tensor (as

checked in ((1.4.20)) we conclude:
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Covariant derivative of scalar fields: Given a general space-time with metric

g () in a coordinate system z* the covariant derivative of a scalar field ®(z) is

D,® = ,0. (1.4.31)

\ 7

One can use similar arguments for one-form fields as we did above for vector fields to

find the covariant derivative. This gives:

( 3

Covariant derivative of one-form fields: Given a general space-time with met-
ric g,,(x) in a coordinate system z* the covariant derivative of a one-form field
A, (z) is

DA, = 8,4, - T4, A,. (1.4.32)

Finally, one can generalize this to a more general tensor of the form (1.4.10]). This can

again be done using the approach that we used to find the covariant derivative of vector
fields. One finds:

4 3

Covariant derivative of tensors: Given a general space-time with metric g, (x)

in a coordinate system x* the covariant derivative of a tensor T+ #», ., (z) is

01 . 01
DT = TR, L,

1 o2 H2 1O 3 e HIp2 " Un—10
+ FPUT nl/1-~~ym + FpUT nylmym + Tt + FP;T n V1 Um (1433)

. 1 fn _T9° 1 n I 1 fn
FPU1T oV Um sz/gT V10V3 - -Um prmT V1VUm—10 *

\. J

Notice that the covariant derivative for a general tensor is the partial derivative
plus terms with the Christoffel symbol for each upper index corresponding to what one
has for a vector field and minus terms with the Christoffel symbol for each lower
index corresponding to what one has for a one-form field .

Covariant derivative along a curve

An important concept that one can introduce using the covariant derivative of tensors is
the covariant derivative along a curve. Consider a curve x#(\) in a general space-time

parametrized by the parameter \. We define the covariant derivative along the curve as

D dxt
D P

This derivative can act on any tensor that one has given along the curve.

(1.4.34)
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In particular, for a given curve z#(\) and vector field V#(z) the covariant derivative
of V#(x) along the curve is
D dz?

If one reparametrizes a curve z#(\) with a new parameter ( = ((\) so that one can

write the curve instead as z#(() then we have

D de* _ drde* | dAD

i e e (1.4.36)

Properties of the covariant derivative

The covariant derivative is a linear operator. For instance, for two vector fields V#(x)
and WH#(x) we have

D,(V*+WH) = D,V* + D,W" (1.4.37)

and similarly for other types of tensors.
The covariant derivative also has a product rule. For instance, for the tensor A,,(x)

and the vector field V#(z) we have
D,(A,,V?)=(D,A,,)VF+A,,D, V", (1.4.38)

and similarly for other product of tensors. This works regardless of how many indices are
contracted, and also if one does not contract any indices.

Another important property of the covariant derivative is:

. . . o Giv » wi )
Covariant derivative of the metric: Given a general space-time with metric
guw(x) in a coordinate system z* the metric and inverse metric are covariantly

constant
D,g., = D,g"" =0. (1.4.39)

It is a straightforward computation to show this explicitly. The reason that the metric
is covariantly constant is that by Section [1.3.5|one can always for any event p go to a local
Inertial System where the partial derivative of the metric is zero at p. From the definition
of the covariant derivative it follows then that D,g,, = 0 since the covariant derivative
should be equal to the partial derivative at p.

That the covariant derivative of the metric is zero means that it does not matter

whether one raises an index before or after the covariant derivative. For instance, we have

Dy(9uV") = g (D,V7").
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1.4.4 Acceleration in General Relativity

We can now make a covariant definition of the acceleration of a particle. Suppose a
particle follows a time-like curve x#(7) parametrized by its proper time 7. We define the
velocity of the particle as

dz*
w27
Y dr

This is a vector for each point on the curve, hence it is a vector field defined on the curve.

(1.4.40)

Therefore, we can take the covariant derivative of this vector field along the curve using
the definition ([1.4.34). We use this as a covariant definition of the acceleration

D
r= 1.4.41
a dTu ( )

Since this is defined using the covariant derivative this is again a vector field defined on
the curve. Hence, we have found a definition of the acceleration that can be used in all
coordinate systems. This is quite striking, if one thinks about it, since something that
stands still from point of view of one coordinate system can seem to accelerate from point
of view of another coordinate system. Here we resolve this issue by making a covariant
definition of whether a particle is accelerating or not, as well as how much and in what
direction it is accelerating. With the definition , those statements do not depend

on what coordinate system we choose to work in.

Using (|1.4.34)) and ({1.4.30) we can write out the definition (|1.4.41)) as

AP dz¥ dx”
Cl“ = d7'2 + Flljp dT E . (1442)

This reveals that in a local Inertial System z* in the neighbourhood of an event p on the

curve (obeying ((1.4.23))) we have

a], = (1.4.43)

Thus, our definition of the acceleration reduces to the one in Special Relativity in a local
Inertial System. Together with demanding that a* transforms as a vector field this means

that (|1.4.41)) is the only possible covariant definition of acceleration.

According to (|1.4.41]), an unaccelerated particle obeys

D

—ut =0. 1.4.44
dru ( )
Using (|1.4.42)) we see that this is equivalent to
d?at dx” dx?
” —=0. 1.4.45
dr? YPdr dr ( )
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We recognize this as the geodesic equation (|1.3.45)). Thus, is a covariant for-
mulation of the geodesic equation. Hence it is the equation of motion for freely falling
particles. We see now that the fact that this corresponds to the covariant acceleration
being zero a* = 0 is in accordance with Einsteins Equivalence Principle (EEP).

Unlike the original formulation , the covariant formulation of the geodesic
equation (|1.4.44]) satisfies both the criteria for a covariant formulation of a law of physics,

namely:
e The equation has the same form in all coordinate systems, i.e. it is covariant.

e The equation reduces to the one of Special Relativity in a local Inertial system (as

one can deduce from ([1.4.43))).

We conclude from the above that the covariant acceleration makes explicit that
a freely falling particle in a gravitational field is unaccelerated, as previously deduced as
consequence of EEP. This confirms that acceleration due to gravity is not a well-defined
concept since it is a coordinate dependent statement. Another way to think about this

is that Newtons gravitational force is proportional to the derivative of the metric in the
Newton limit (see Section [1.3.4)

— — ]_ —
Fy=—mV¢ = ingoo. (1.4.46)

But we can always transform a first derivative of the metric away by going to a local In-
ertial System. Thus, a covariant formulation of Newtons force of gravity must necessarily
be that the gravitational force is zero since that is the only covariant statement one can
make. Of course, this is what we are already saying when we state that freely falling mo-
tion is unaccelerated. Therefore, from point of view of General Relativity, there is no such
thing as the force of gravity. Hence, acceleration can only be caused by non-gravitational

forces.

1.4.5 Maxwells equations in a general space-time

We apply now the principle of general covariance to find Maxwells equations for electro-
magnetism in vacuum for a general space-time. To do this, we should formulate them in
a covariant form, i.e. a form that is the same in all coordinate systems, and ensure that

they reduce to Maxwells equations of Special Relativity in a local Inertial System.

In Special Relativity we reformulated Maxwells equations (|1.1.34]) and ((1.1.36) for
electromagnetism in vacuum as equations ([1.1.43)) and (|1.1.39)), respectively.
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The covariant version of Maxwells equations for electromagnetism in vacuum can be

written as the equations
F,=0,A,—0,A,, (1.4.47)

D,F* = —J". (1.4.48)

Here F},, is the electromagnetic field strength, A, is the one-form potential, J* is the

electromagnetic current vector and we require
F' = ghPg" F,y . (1.4.49)

Note that it follows from (1.4.47) that F),, is antisymmetric F,, = —F},.

We now show that equations ((1.4.47)-(1.4.48) are the correct equations for electro-

magnetism in vacuum in a general space-time. First of all, we see that these equations
correctly reduce to Eqs. and in a local Inertial System, as required. Hence,
if we can argue that Eqs. (1.4.47) and ((1.4.48)) are covariant then we have shown that
they are the correct equations. The covariance of Eq. follows from demanding
that F),, and J* transform correctly as tensors. That ensures that Eq. looks the
same in all coordinate systems. Regarding Eq. we require that the potential A,
transforms as a one-form field. Using one can show that for any one-form field
A

L
D,A, - D,A, =0,A, —0,A,. (1.4.50)
Hence it follows from this that since A, transforms as a one-form, F},, transforms correctly
as a tensor. This completes the argument []
One can furthermore use the principle of general covariance and local Inertial Systems
to generalize the Lorentz force ((1.1.44]) to a general space-time. In particular, if we have a
particle with charge g and rest mass m in a general space-time with metric g,, and we have
a electromagnetic field strength F),, in the space-time, then the covariant acceleration of
the particle is given by
q v
at = — Gl P (1.4.51)

assuming the particle is only subject to the electromagnetic force.

1.4.6 Null geodesics

So far we have only discussed the motion of massive particles in General Relativity.

While massive particles follow time-like curves, massless particles folllow null curves. In

9Note that a tensor F,,, with two lower indices which is antisymmetric F,,, = —F},, is known as a
two-form field. Eq. (1.4.47) thus gives the two-form field F,,, in terms on the one-form field A,,.
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particular, freely falling massless particles follow null geodesics. Using the principle of

general covariance we find:

Null geodesic: For a general space-time with metric g,, in a coordinate system
x#, a null geodesic is a curve x*(\) that satisfy

D dz# dzt dx¥

A is called an affine parameter of the null geodesic.

\ 7

This follows from the principle of general covariance since it is the covariant general-
ization of the equations for motion at the speed of light in Special Relativity.

The second condition of means that a null geodesic is a null curve, i.e. that
any infinitesimally separated points on the curve are null separated, as one would expect
of a particle that travels at the speed of light. The first condition of can be

written more explicitly as
d*aH dx” dx?
+1I7 — =
d\? PdN dA
We see that this resembles the time-like geodesic equation ([1.3.45|) apart that the proper

time now is replaced by the affine parameter .

(1.4.53)

If one wants to change parametrization of a null geodesic z#(\) obeying (1.4.52)) to
another parameter ¢ = ((A) then we see that in order for the curve in the new parametriza-
tion z#(() to obey d%% = 0 we need that the two parameters are related linearly to each
other ( = 1A + ¢s.

A particular convenient choice of affine parameter A is the one for which we have

dzt
o— 1.4.54
p d\ ’ ( )

where p* is the relativistic momentum of the massless particle. That this is possible
follows from the fact that %p“ = 0 for any affine parameter A\ which is the covariant
generalization of the statement in Special Relativity that p* is constant for a massless

particle.

1.5 Riemann Curvature Tensor
1.5.1 Curvature of space-time

We have learnt that in General Relativity there is no force of gravity. This follows from
Einsteins Equivalence Principle (EEP), as explained in Section Indeed, consider a
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freely falling point particle, which means a particle not subject to any non-gravitational

forces. Then the point particle follows a time-like geodesic x*(7) given by

2 v

izf: + 5,)6?7 % ~0. (1.5.1)
As explained in Section [1.4.4] a time-like geodesic corresponds to zero covariant acceler-
ation a* = 0. Since the acceleration is zero, there is no external force.

That there is no force on the freely falling point particle means that we cannot infer
whether it is subject to gravity, or not, if all we can observe is this single point particle.
Thus, following a single geodesics, we are not able to observe the effects of gravity. Again,
this is simply due to the fact that a geodesic corresponds to zero covariant acceleration.

That we cannot infer the presence of gravity from a single point particle is due to the
fact that one cannot measure gravity locally. This is also what we have learned from the
existence of Local Inertial Systems (LIS’s) combined with Einsteins Equivalence Principle
(EEP). For any event in space-time, one can find a LIS (1.3.63)), and then EEP tells us
that for a sufficiently small region around the event, the laws of physics reduce to those
of Special Relativity in an Inertial System. Thus, for any event in a space-time we can
ignore the effects of gravity in a small enough region around the eventH

So how can we see the effect of gravity”? We need to consider a non-local measurement,
i.e. a measurement where one compares what happens in different events of the space-time.
A way to do this is to compare the motion of two nearby freely falling point particles.

To understand this better, let us first consider what happens in Minkowski space. In
this case, one can choose an inertial system so that the line-element is ds* = 1, dz*dz".

d2zH
dr?

start out as parallel (e.g. with parallel initial velocities) then they would always be parallel.

This means that any geodesic x#(7) follows a straight line = 0. Thus, if two geodesics
For this reason we call Minkowski space a flat space-time. In contrast to this, a curved
space-time should be one in which initially parallel geodesics do not necessarily remain
parallel. In other words, the curvature of space-time can bend geodesics so that they are
not straight lines anymore. With a single geodesic, one cannot see this. But with two
geodesics, one should be able to see a curvature of space-time from the relative motion of
the geodesics, which in turn means that one can see the effect of gravity.

With this in mind, we shall now consider the relative motion of two nearby freely falling

point particles. Consider again the freely falling point particle following the time-like

10We can also tie this to the above-mentioned freely falling particle by picking an event p on the
geodesic curve. Then the geodesic equation ([1.5.1)) would reduce to M\p = 0 which is the equation for

dr?

zero acceleration in Special Relativity.
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geodesic z*(7) written in Eq. in a space-time with metric g,, and in a coordinate
system z*. Imagine now a second freely falling point particle in the same space-time.
Hence it follows a time-like geodesic which we denote as ##(7). We want to compare the
motion of this second particle to that of the first. We choose some particular starting
position for the two particles, and adjust 7 and 7 so that they correspond to 7 = 0 and
7 = 0. Then we compare their motion after the same amount of time passed for both
their respective proper times. l.e. we compare x*(7)|,—¢ to Z*(7)|7=0, "(T)|r=1second tO
T (T)|7=1second, T*(T)|r=2seconds 10 T#(T)|7=2seconds, and so on. In effect, this means we

should compare z*(7) with 2#(7) for all 7, i.e. we equate 7 = 7. We have illustrated this

in Figure [I3]

Figure 13: Tllustration of the deviation between two geodesics x#(7) and Z#(7).

Now we further assume that the freely falling point particles are close to each other

during their motion. This means we can write
ah(r) = at(1) + (1), (1.5.2)
where &#(7) is small. A way to think of the smallness of £¥(7) is to write it as
EH(T) = eVH(T), (1.5.3)

where € is an infinitesimally small number while V#(7) is finite and transforms as a vector
field on the curve z#(7)[7] See again Figure [13] for an illustration.
To compare the motion of the two particles we should compare the geodesic equation
of the first particle to geodesic equation of the second particle
d?(zh + eVH) d(z¥ 4 eV") d(xf + eVP)
dr? dr dr

" One can see this from the fact that the infinitesimal line element dz* = €V * transforms the same way

+ 1%, (z +€V) =0, (1.5.4)

as a vector under coordinate transformations. This is seen explicitly by comparing (|1.3.20]) to ((1.4.4).
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in the limit where € is arbitrarily small. Expanding (1.5.4]) to first order in ¢ and sub-

tracting ([1.5.1)) we get
d*VH dz” dz? dz? dVr
VIO, e =
-

Yo dr dr vdr dr

We would now like to write this as a covariant expression. The covariant derivative of the

(1.5.5)

vector field V*# along the curve z#(7) is

DVE  dvH da”
e R (1.5.6)

This gives a new vector field DV*#/dr on the curve x*(7). Hence we can again take the

covariant derivative along the curve, giving
D2V* d DV# dz” DV?
- - __ + Fllj
dr? dr dr Pdr dr

APV dx” dV?* Az dz® dx” dx” dz°

~ ore ST e C Ty o, “ye e Epn Sy
dr? v dr dr v dr? * dr VP dr v dr % dr
>V dx¥ dV?° Az dx¥ dz°

= —— 4 2I'# o \Via O, I re re)ye , 1.5.7
dr? el dr dr thap dr? +( vo T Laot vp ) dr dr ( )

where in the last equality we renamed contracted indices in two of the termsE Plugging

in the geodesic equation (1.5.1]) for z*(7) gives
D*VHE  dPVH dz? dV?

V _ Vv 4 orw xV dV

dr? dr? Pdr dr
Finally, using the geodesic equation ([1.5.5)) for the second particle on the first two terms

gives

dz¥ dx°
—_ 1.5.
( 5 8)

dr dr

+ (=8 TS, + 8,10, + T4 T2 ) VP

ap™ vo ac™ vp

D2y# dx dx°®
=— (o, I'® r«re —o,r* —Tr 1% )Ve —_ 1.5.9
dr2 ( ol Vo T v ) . ( )

ap— Vo oo vVp
As we shall see below, this equation gives the sought-after connection between the relative

motion of two geodesics and the space-time geometry in which they move. However, before
getting to that, notice first that on the LHS D;V;‘ is a tensor, while on the RHS, we have
da”

the expression in the parenthesis contracted with the tensor V'* % g

can define a tensor from the expression in the parenthesis on the RHS. In fact, we define:

This suggests one

4 3

The Riemann curvature tensor: For a general space-time with metric g,, in a

coordinate system x*, we define the Riemann curvature tensor as

Rty = 0,1, — 0,10, + T4 Ty, — T4 T (1.5.10)

ap™ vo ac™ vp)

where I') ) is the Christoffel symbol (1.3.46).

dz? _ 1tp pa yypdz dz® _ pp pa yypdz® dz¥ _ pup Ta y/pdz? dz”
dr _FVOCFUPV dr dr _FUQFVPV dr dr _FUQFVPV dr dt

12In particular, ry,re,ve dfT
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This new tensor is highly significant in General Relativity, as it gives a covariant
measurement of whether a space-time is curved or flat, and hence whether one has gravity,

or not. Using the definition (L.5.10)), Eq. (1.5.9) now gives{™|

4 3

The geodesic deviation equation: For two nearby geodesics, the deviation be-

tween them obeys the geodesic deviation equation:

p dz¥ dx°

D2y+
N dr dr

dr?

—R*,,,V

(1.5.11)

Here the two geodesics are parametrized as z#(7) and 2#(7) = 2#(7) + eV#(7) with

e small. The proper time 7 is equated between the two geodesics in the comparison.

We now discuss the geodesic deviation equation (1.5.11]) as well as the Riemann cur-
vature tensor ([1.5.10]).
Regarding Eq. (|1.5.11]), e2ZV on the LHS can be thought of as the covariant accel-

dr?

eration of the deviation eV* between the two geodesics. Thus, we see that if the tensor

D2y#
dr?

Choosing initially parallel geodesics, one can see from this that they are always parallel.

(1.5.10]) is zero everywhere in the space-time, then ¢ = 0 for any nearby geodesics.

Since this is true for all geodesics, it suggests that the space-time is flat, with all geodesics
being straight lines. Conversely, if the tensor (1.5.10]) is non-zero, it means that e2 Vg

dr?

non-zero at least for some nearby geodesics, which in turn suggests that if they were ini-

tially parallel they cannot stay parallel, as their deviation is accelerating, suggesting that
the space-time is curved. Thus, the tensor seems indeed to be able to characterize
whether a space-time is flat, or is curved, justifying its name.

To understand this better, let’s take a closer look at the Riemann curvature tensor
(1.5.10). We see from Eq. that the Riemann curvature tensor is given in terms
of the metric g,,, and its inverse g"”, along with the first derivative d,g,, and the second-
derivative 0,0,9,, of the metric, in a rather complicated non-linear expression. Therefore
R, s is determined solely by the metric of the space-time, which means it is a purely
geometric quantity, as one would expect from a curvature tensor.

One could ask: why should a curvature include a second derivative of the metric? This
is clear from the fact that when using a LIS at an event p, all the first-derivatives of the
metric at p are equal to zero. Hence it is necessary to go beyond first derivatives of the

metric to include covariant information about the curvature of the geometry. One could

13Note that on the last term inside the parenthesis 't 'y, we can exchange v and o since the expression

outside the parenthesis is symmetric under this exchange.
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also ask: does the Riemann curvature tensor contain all the covariant information about

the second derivatives? This is indeed the case, since one can show the following:

Zero curvature in a point: For a given space-time, consider an event p in which
the Riemann curvature tensor at p is zero, i.e. R*, |, = 0 (this is a coordinate inde-
pendent statement since R*,,, is a tensor ). Then one can always find a coordinate

system x* for which the metric obeys

Gulp = M+ BpGuwl, =0, 005gul, = 0. (1.5.12)

This shows that the Riemann curvature tensor at an event p contains all
the coordinate-independent information about the second-derivative of the metric at that
event.

With this in hand, we are ready to address a crucial question: Can we use the Riemann
curvature tensor to distinguish between when a space-time is flat, i.e. Minkowski space,
and when it is not?

First of all, we can easily check that for Minkowski space, the Riemann curvature
tensor is zero everywhere. This is seen by using an Inertial System with metric g, = 7,
Then the Christoffel Symbol is zero in that coordinate system, hence R*,,, = 0. Since

R*, s is a tensor we conclude that
R'uupcr = 07 (1513)

in any coordinate system for Minkowski space. Thus, the Riemann curvature tensor is
zero in a flat space-time geometry, i.e. in Minkowski-space, precisely as one would expect.

However, the more important question is the converse statement. If the Riemann cur-
vature tensor is zero everywhere, is the space-time geometry given by Minkowski spaceﬂ

The answer is affirmative:

4Note that mathematically this can at most be a local statement. We show below that the Riemann
curvature being zero implies a flat space-time. This implies locally that it is Minkowski space. But
in principle the global structure of space-time could be different, for instance with one of the spatial
directions wrapped on a circle in a particular Inertial System. However, for our purposes this is not a

physically viable scenario.
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Flat space-time from zero curvature: Consider a space-time in which the
Riemann curvature tensor is zero everywhere, i.e. at all events. Then one can

always find a coordinate system x* for which the metric is that of Minkowski space

Guv = Nuw - (1514)

This means the space-time geometry is flat and hence there is no gravity.

\ 7

One can see this using the result . If R*,,» = 0 for any event, and not just at
p, then one can find a coordinate system in which holds while at the same time
also the third-derivatives of the metric are zero, since all the first-derivatives of R*,,,
are zero at p. And then one can go on to argue that also the fourth-order derivatives of
the metric can be set to zero, and so on, until one has a coordinate system around p in
which all derivatives of the metric are zero at p, and hence the metric must be constant.
Note that in practise this takes some work to show as one needs to exploit the freedom
in choosing a coordinate system at each level of the number of derivatives. However, this
is the idea of the argument.

Since a vanishing Riemann curvature tensor implies that space-time is flat, this means
that all possible information about the curvature of space-time must be contained in the
Riemann curvature tensor. The reason for this is that if one imagines constructing an
alternative curvature tensor, using the metric and its derivatives, then that tensor would
become trivial once we have set g,, = 7,,, and hence it would not contain any further
information about the curvature of space-time beyond R*,,,.

Let us now consider again the geodesic deviation equation . As mentioned
above, the LHS of corresponds to a covariant acceleration of the deviation between
two nearby geodesics. We notice that while the covariant accelerations of the two geodesics

D2VH
dr?

with curvature. Thus, while we cannot associate a gravitational force to an individual

are always zero, the relative acceleration can instead be non-zero for a space-time
freely falling particle, there are actually forces associated with the relative motion of
nearby freely falling particles. These forces are known as tidal forces in General Relativity,
named after the tidal forces in Newtonian gravity that Newton originally found could
explain the ocean tides, as due to the variation in the gravitational field of the Moon
around the Earth. In Exercise [L.27 one shows that Newtons tidal forces can be derived
from the Newton limit of the geodesic deviation equation ((1.5.11)).

These gravitational tidal forces are what can be used to distinguish whether one has
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gravity, or not. As we said above, there is no gravitational force on a single point particle.
But for two point particles, or more, one has tidal forces, which can be measured. As we
see from Eq. , these tidal forces are directly tied to the curvature of space-time,
i.e. the Riemann curvature tensor (1.5.10). Thus, we conclude that curvature of space-
time is tied to gravity. If there is no gravity, there is also no curvature, and vice versa. So,
in the theory of General Relativity, a more accurate statement than saying that ”gravity
equals geometry” is to say:

Gravity = Curvature (1.5.15)

1.5.2 Properties of the Riemann curvature tensor

In this section we consider various properties of the Riemann curvature tensor defined by
Eq. (1.5.10).

Commutator of covariant derivatives

By repeated use of the covariant derivative one can show:

4 3

Commutator of covariant derivatives: For a general space-time with metric g,
in a coordinate system z*, we have for a given vector field V#* that the commutator

of the covariant derivative is

(D,D, — D,D)V* =R,V (1.5.16)

where R*;,, is the Riemann curvature tensor ({1.5.10)).

\ J

For Minkowski space we have R?;,, = 0. Thus, in this case the formula (1.5.16) gives
that (D,D, — D,D,)V? = 0. Hence the covariant derivatives commute in a flat space-
time. Indeed, this makes sense since if one goes to an Inertial System x* of Minkowski
space the covariant derivative reduces to the partial derivative D, = d,, and hence in such
a coordinate system the commutativity of the covariant derivatives is equivalent to the
commutativity of the partial derivatives (9,0, — 9,0,)V? = 0.

For a general space-time the formula ([1.5.16|) instead shows that covariant derivatives
do not commute with each other. Thus, turning on gravity one gets a curved space-time

for which covariant derivative do not commute.
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Symmetries with indices of Riemann curvature tensor

In the following we use the Riemann curvature tensor ((1.5.10) with all four indices down
Rivpe = GuaR%po - (1.5.17)
It is straightforward to compute the following result

1
Roups = §(ayapgw ~ 0005 Gup + 00590y — 0,0p900) + Gap(T2, T8 —T2 T8 ). (1.5.18)

po vp pp™ vo
From this one finds the following identities for permuting the first two or the last two
indices
R,uzlpa = _sz/o'p = _Rup,pg-, (1519)
for exchanging the first two and the last two indices
Rul/pa - Rpauu ) (1520)
and for cyclic permutation of the last three indices

R,ul/po + R,uoup + R,u,pm/ =0. (1521)

Without any symmetries of the indices a tensor with four components would have 44 = 256

independent components. One can show that the symmetries ((1.5.19), (1.5.20) and
(1.5.21]) this reduces the number of independent components to 20 for the Riemann cur-

vature tensor.

Bianchi identity for Riemann curvature tensor

Consider the tensor
DOCRHJ//)O' + DVRalj,po' —I— DuRyapo' . (1.5.22)

Given an event p, use now the formula for R,,,- in a local Inertial System for p.
Since the Christoffel symbol is zero the only non-zero terms in are those with three
partial derivatives acting on the metric. These terms are computed simply by replacing
the covariant derivatives in (|1.5.22)) with partial derivatives and keeping only the terms
in ((1.5.18)) with two partial derivatives acting on the metric. Writing this up, one gets
twelve terms that on closer inspection are seen to cancel out with each other. Hence, one
finds that the tensor is zero at the event p in a local Inertial System for p. If a
tensor is zero at p in a local Inertial System then it is zero at p in all coordinate systems,
as one can see from the general transformation rule . Thus, since this works for

any given event p, we conclude:

64



Bianchi identity for Riemann curvature tensor: The Riemann curvature

tensor obeys the identity

DC%R,ul/pO' + D]/Ra‘u,pa' + D,U«RI/OépU = O o (1523)

Ricci tensor and scalar curvature

From the Riemann curvature tensor we define the Ricci tensor by
R, =Ry = 9" Rppov - (1.5.24)
Using the identity we see that the Ricci tensor is symmetric
R, = Ry,. (1.5.25)
We define furthermore the Ricci scalar as the trace of the Ricci tensor
R=g"R,, = R",. (1.5.26)

The Ricci scalar is a scalar field. Using the Bianchi identity ((1.5.23]) as well as ((1.5.19)

we find
0= gaﬁgyp(DuRaVBP + Dy Ryuapp + DaRuygpp)

= gaﬁgyp(DuRaV,Bp - DVRauﬁp - DaRyupﬁ) (1527)
=D,R—-2D"R,,.
Thus, we have the identity D" R,,, = %DMR. We can write this as

1
D" (R, — 59, R) = 0. (1.5.28)

This identity is clearly a direct consequence of the Bianchi identity for the Riemann cur-
vature tensor ([1.5.23)). It will be highly important below in Section for the derivation

of Einsteins equations.

1.6 Einsteins Equations

So far we have seen that the geometry of space-time is deeply linked to what we know
as the force of gravity in Newtonian physics. We have been considering how the motion
of particles and the laws of physics are affected by replacing the Minkowski space with
a general space-time. In particular, the geodesic equation and the equation for
null geodesics address how matter and energy are influenced by gravity in the
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theory of General Relativity. But we have not yet addressed a major question: how is the
space-time geometry influenced by the presence of matter and energy?
Another way to pose this question is: what is the analogue in the theory of General

Relativity of the Poisson equation for Newtonian gravity
V3¢ = 47Gpp, , (1.6.1)

where ¢ is the Newtonian gravitational potential, p,, is the mass density and G is Newtons

gravitational constant"]

3
G =6.674- 10—“%. (1.6.2)

The analogue of ¢ in General Relativity is the metric g,,. Hence the LHS of
should be generalized to something involving two derivatives of the metric. As we shall
see in Section [1.6.2] this will be related to the curvature tensors we found in Section [1.5]
Instead on the RHS we have to find the generalization of p,,. As we shall see in Section

1.6.1} this is a tensor with two indices called the energy-momentum tensor.

1.6.1 Energy-momentum tensor

In this section we consider the energy-momentum tensor which is a physical quantity that
characterizes a continuous configuration of matter and/or energy in General Relativity,
thus generalizing the mass density p,, in Newtonian physics. We begin by considering the
energy-momentum tensor in Special Relativity and then generalize it to General Relativity

and general space-times in the end.

Energy-momentum tensor in Special Relativity

Section [1.1| considers massive and massless particles in Special Relativity. However, when
discussing Einsteins equations we need to understand the physics of a continuous distribu-
tion of matter and energy. We begin by considering this in the case of Special Relativity.

In Newtonian physics gravity is sourced by p,, which is the mass density for continuous
matter. However, it does not make sense to consider this quantity by itself in Special
Relativity. In Special Relativity, mass, momentum and energy are related by the formula
that states E? — p? = m? where m is the rest mass of the particle. Thus, energy
and momentum mix together in the same way as time and space mix together in Special
Relativity. Moreover, mass and energy are equivalent in Special Relativity, i.e. one has
in general £ = ym where ~ is given by . Thus, one is lead to consider the full

15For applications in which we have set speed of light ¢ = 1 we record that G/c? = 7.42 - 10~?%m /kg.
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relativistic momentum vector p* = mu* in Special Relativity. In fact, this can be used to
characterize massless particles as well. Hence, for a continuous distribution of matter and
energy, a proposal could be to consider the density of the relativistic momentum instead
of just the mass density.

However, the density of relativistic momentum is not a covariant quantity in Special
Relativity. The problem is that this density is measured for a fixed time 2° and when
multiplying with a small volume dz'dx?dz® one gets the total relativistic momentum
in the small volume at that time. Thus, since time mixes with space under Lorentz
transformations, this means that such a density is not a covariant quantity by itself. The

resolution is to instead define a tensor with two indices:

Energy-momentum tensor: Consider Minkowski space in an Inertial System x*.

The energy-momentum tensor 7" (x) in Special Relativity is defined by

3 The total relativistic momentum p*
T (z) 1_[7,é dx” = < passing through the 3-dim. volume Hizo’p# dz?  (1.6.3)
p=0,p#v

located at a 3-dim. surface of constant z¥

for p,v =10,1,2,3.

\ J

We note that since Minkowski space is four-dimensional a surface of constant x” is a
three-dimensional surface, possibly including the time-direction.

Consider first the definition for v = 0. In this case the definition means that
TH(z)datdx?dz? is the total relativistic momentum in the volume dx'dz?dz® given by a
cube with sides [z%, z' + dz‘] for i = 1,2,3. The volume is located at a surface of fixed

time

since the infinitesimal variations do not include time. Thus, T7#°(x) is the density
of relativistic momentum at the event z*. In particular 7% is the energy density and 7
is the z’-component of the momentum density at the event z*.

Consider then the definition for p = 0 and v = 3. In this case the definition
means that T%(z)dzdA is the total energy p° passing through the area dA = dx'dz?
during the time from z° to 2°+dz°. dA is the area of the rectangle with sides [z!, 2!+ dz?]
and |22, 22 + dx?] which is perpendicular to the 2® direction. This means that 7% is the
energy flux (meaning the energy per unit time and area) through a surface perpendicular
to x3. More generally 7% is the energy flux through a surface perpendicular to /.

For the components T% of the energy-momentum tensor one gets from the definition

(1.6.3) that these components describe internal forces in the continuous distribution of
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matter and/or energy.m In general one can show that 7% = T7¢. If we consider a fluid or
a gas, and we assume that velocities are much smaller than the speed of light, then one
has T% = pd;; where p is the pressure of the fluid or gas.

Thus, in summary:

Energy-momentum tensor: The components of the energy-momentum tensor

have the following physical interpretations:

T : energy density

T : density of z’-component of the momentum

: , (1.6.4)
T% : energy flux through surface perpendicular to 2’
T% : internal forces per unit area (such as the pressure)
where 7,7 = 1,2, 3.
Since in Special Relativity mass equals energy we have
TY% = (energy density) - (velocity of energy flow)’ (1.6.5)
— (mass density) - (velocity of mass flow)’ = T . -
Hence we conclude that the energy-momentum tensor is symmetric
TH = T, (1.6.6)

Examples

Below we give a few examples of the energy-momentum tensor for certain types of matter
and energy. In addition, note that in Exercise|l.21|we consider also the energy-momentum
tensor for an electromagnetic field.

A perfect fluid is a continuous distribution of matter and/or energy which is locally

isotropic and for which we can neglect viscosity and heat conduction (at least to a good

16For those who are interested (this is not part of pensum). One finds that T% = —¢% where o is
Cauchy’s stress tensor. This can be argued as follows. According to the definition T3 (2)dx"dA
is the total momentum p* passing through the area dA = dx'dz? during the time from z° to z° + dx°.
Using that momentum per unit time is the force, one deduces that 77 is the z’-component of the force
exerted by the surface element dA = dz'dz?. This is equal to minus the z’-component of the force on
the surface element dA = dx'dx?, thus corresponding to —o®3. Since Cauchy’s stress tensor is symmetric
one finds T% = T7°,

68



approximation). We introduce the following quantities:

p(x) : Energy density in local rest-frame,
p(z) : pressure in local rest-frame, (1.6.7)

u*(z) : local velocity of fluid .

With this, one can write the energy-momentum tensor as
T = (p + p)u'u” + pn™” . (1.6.8)
If we go to a local rest-frame at a given event z# where u* = (1,0,0,0) we see that

p 000
0p 00
=] f)) ol (1.6.9)

000Pp

Hence we see that p is the energy density 7% in the local rest-frame and p is the pressure
T = T2 =T33, Moreover, the energy-momentum tensor in the local rest-frame
is rotationally symmetric which means that it is locally isotropic.

The perfect fluid energy-momentum tensor can be used to described a variety of differ-
ent types of matter and/or energy. The different types of matter/energy are characterized

by the equation of state
p="p(p). (1.6.10)

For instance, for continuous matter with p = 0 we can neglect the force of pressure and
hence we call it dust. Instead a relativistic gas such as a gas of photons is described by
p= %p. Thus, while it is called a perfect fluid it can be applied to examples in which it
is a gas or a distribution of matter. We will return to these examples in Chapter [4] when
we apply the theory of General Relativity to Cosmology.

For Newtonian matter velocities are much smaller than the speed of light. This means
that the spatial components p’ of the relativistic momentum p* of a particle is much
smaller than the energy p°. Using the definition and the symmetry of the energy-
momentum tensor one sees that to a good approximation

pm 0 0 0
0 000

™= a0l (1.6.11)
0 000
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where p,,(z) is the mass density. It is the mass density rather than the energy density
since in Newtonian physics we can only consider massive particles. One can think of this
energy-momentum tensor as coming from a perfect fluid with small velocities v’ < u° and
neglible pressure p < p. This should be a good approximation to all Newtonian matter.
But how can this for instance be a good description of water which is known to have a

non-zero pressure? Or the Earth? The pressure of water on Earth is found as

p=po+dpmnyg (1.6.12)

where p is the pressure, p is the pressure at the surface of the water, g is the gravitational
acceleration at the surface of the Earth, d is the depth below the water surface and p,, is

the density of water. We have

k k
po=1atm=101325-10° —2_ 5. =1-2_=1000 -2 | g=982.  (1.6.13)
m - s2 cm? m?3 s2

To compare the pressure of water p to the density of water p,, in units with ¢ = 1 we

should divide the pressure with ¢2. Thus, we should compute the quantity

d
P _ B 29 (1.6.14)

pm  Rpy 2

At the water surface this gives

p Po 105 —15
Aoy Cpm (3-108)%2-103 ( )

At a depth of 10 kilometers (reached in the deepest parts of the oceans) this gives

D 10*- 10 19
~ ~ 1077, 1.6.16
Apm (3-108)2 ( )

Thus, we see that for water on Earth the highest pressure we can encounter is about
p/pm ~ 10712 in units with ¢ = 1. Similarly, even if the pressure inside Earth can reach
high values one still has that the ratio p/p,, is very small and thus the pressure can be
neglected to a good approximation.

Conservation of 7" in Special Relativity

A general property of the energy-momentum tensor T*” is that it is conserved

8,T" = 0. (1.6.17)
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This expresses both the conservation of energy and of momentum locally in the continuous
distribution of matter and/or energy. As a consequence the total relativistic momentum

of an isolated system is conserved. The total momentum is
PF = / 7T (1.6.18)
v

where V' is the volume of the system. Let OV be the boundary of V. Then one finds

dPH ’ ‘ ,
— :/deaoT“‘): —/ ¢’z o1 = —/ dAn;TH (1.6.19)
dt 14 14 ; °1%

=1

where we used the symmetry of 7" and Gauss theorem. Here n; is the unit normal vector
to OV and dA is an area-element on dV. Since the system is assumed to be isolated it
means that there is no energy or momentum passing through the boundary 0V. Hence
TH = 0 on the boundary V. Thus, we conclude that the total relativistic momentum
of the system is conserved

dp
— = 0. (1.6.20)

TH in a general space-time

One can readily promote the energy-momentum tensor T*” to a general space-time using
the connection to Special Relativity via local Inertial Systems. E.g. a perfect fluid in a

space-time with metric g,, in a coordinate system z* has the energy-momentum tensor
" = (p + p)u*u” + pg"” . (1.6.21)

The local conservation of energy and momentum ([1.6.17)) is promoted to the fully covariant
equation
D, T" =0. (1.6.22)

This follows by applying the principle of general covariance of Section |1.4.1] along with
using a local Inertial System [1.3.5] The energy-momentum tensor is required to transform
as a tensor under general coordinate transformations x* — Z#(x). It is also required to
be symmetric

T = TV (1.6.23)

Below we use the energy-momentum tensor with indices down T}, = ¢,,9,51"°
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1.6.2 Derivation of Einsteins equations

The energy-momentum tensor 7" introduced above in Section [1.6.1]is the natural can-
didate for what should generalize the mass density p,, as a source of gravity in the theory
of General Relativity. Indeed, the mass density is not a covariant quantity in Special and
General Relativity and thus we were led to T" as the covariant generalization. But what
about the LHS of Poissons equation ? As already remarked, since ¢ is related to
the metric in the Newton limit (see Section it should be something involving second
order derivatives of the metric. The natural candidate for that is something involving the
curvature tensors introduced in Section L5

Since T}, is symmetric and has two indices one should equate it to a combination
of curvature tensors that has two indices and is symmetric. The Ricci tensor R, is an
obvious candidate, but also g,, R is symmetric and involves second order derivatives of
the metric. No other candidates for tensors that are symmetric with two indices and have

at most two derivatives of the metric can be found. Hence, we conclude
R;w + agpyR - 6Tul/ 5 (1624)

where o and 3 are undetermined constants. We now consider how to fix these constants.
First, we notice that T, is conserved ([1.6.22)). This can be written as D*T),, = 0.

Using this with ((1.6.24)) it implies
D*(R,, + agwR) =0. (1.6.25)

However, we have the mathematical identity D*(R,, — %gw,R) = 0 of Eq. (1.5.28)) that
follows from the Bianchi identity (|1.5.23]). Subtracting this identity from (|1.6.25)) implies

(a+ %)DNR ~0. (1.6.26)

Since D, R generically is non-zero for a general space-time, the only consistent choice of

aisa= —%. Hence,

1
R;,LV - EgMVR = BTMV . (1627)

Taking the trace on both sides (i.e. contracting with g"”) gives

—R=pg"T,.. (1.6.28)
Inserting this into (|1.6.27)) gives
1
Ry =B (T,w - §gwg””Tpa> : (1.6.29)
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To fix § we take the Newton limit described in Section of a particular compo-
nent of Equation ((1.6.29)). The Newton limit involves a weak gravitational field (|1.3.48|)-

(1.3.49)), that the metric is independent of time (|1.3.50) and small velocities (1.3.51)). In

this limit we are considering Newtonian matter, hence the energy-momentum tensor is

given by (|1.6.11]). Consider now the 00-component of (|1.6.29). We find

1

1
~om) = =Bpm 1.6.30
2F ) 25/) ( )

to leading order in the Newton limit (|1.3.48))-(1.3.51)).

We compute

Roo = ﬁ(ﬂm -

Roo = R"ou0 = Rloio (1.6.31)

using ((1.5.24) and that (1.5.19)) implies Rgpoo = 0. Using that the gravitational field is

weak and that the metric is independent of time gives

Rog = Rigi = 9T - (1.6.32)
From (1.3.53) we get
- 1
Hence we have derived
1. 1=
Ry = —Ealﬁz’hoo = —§V2hoo7 (1.6.34)

to leading order in the Newton limit (1.3.48)-(1.3.51]). Using the result (1.3.57)) from the

Newton limit of the geodesic equation we find

Ry = V%¢. (1.6.35)
Combining ([1.6.30) and (|1.6.35]) we get
- 1
Vip = 55%. (1.6.36)

Comparing this to the Poisson equation ((1.6.1)) we see that § = 87G. Thus, from (|1.6.27))

we conclude:

Einsteins equations: A general space-time with metric g,, and with energy-

momentum tensor T*” should obey the equations

1
Ruy — 59 R = 87GT,,, . (1.6.37)

These equations are known as Einsteins equations.
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On the LHS of Einsteins equations are curvature terms for the given space-time. Thus,
Einsteins equations states that the curvature of space-time is sourced by the matter and

energy present in that space-time. Note that they can also be formulated as
1
Ry = 876 (T, égw,g””Tpa> . (1.6.38)

as seen from (|1.6.29)). We see from this that in the special case where we are considering

a region without matter and energy, and thus 7),,(z) = 0, Einsteins equations reduce to

called the vacuum Finstein equations.

Together with the geodesic equations and , Einsteins equations
define the theory of General Relativity. While the geodesic equations determine the mo-
tion of matter and energy in a general space-time geometry, Einsteins equations determine
how the space-time geometry is curved due to presence of matter and energy.

One can see from the definition of the Riemann curvature tensor that it is
non-linear in the metric g,,,. Concretely, while some of the terms on the LHS of Einsteins
equations are linear in the metric, others are quadratic. This means that Einsteins
equations are non-linear. This non-linearity of General Relativity is one of the crucial
differences from Newtonian gravity in which one can find the gravitational field of two
point masses by superposing their individual fields. That the equations are non-linear can
be interpreted as a self-interaction of the gravitational field, i.e. that it couples to itself.
One way to think of this is that the universality of gravity means that everything couples

to gravity, even gravity itself, since a gravitational field can carry energy.

1.7 Parallel Transport and Curvature

Section is not part of the pensum of the course.

In this section we consider the parallel transport of vectors along a curve. This is
defined using the covariant derivative along a curve. This will enable us to compare
vectors at different events in the space-time. We shall see that in general the parallel
transport of a vector from one event to another can depend on the curve you choose to

transport the vector along if the space-time geometry has a non-zero curvature.

1.7.1 Parallel transport

Consider a vector V* at the event p and a vector W* at the event ¢ in a general space-time

with metric g,, and coordinate system z*. The question we address in this section is:
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how can we compare these two vectors?

In the case of Special Relativity, one can just compare their components V# and W*
directly without worrying that they have been given at different events (assuming we work
in an Inertial System of Minkowski space with metric 7,,). However, this is not the case
in General Relativity. For instance, one can well imagine having two coordinate systems,
where in one coordinate system the components V# and W*# are equal, and in the other
they are different.

The answer to the above question is that we can use the covariant derivative of a
vector along a curve to compare vectors at different events in the space-time. To
do this we consider a curve z*(\) that goes from p to ¢ as A goes from 0 to A. We then
extend the vector V* to be a vector field on the curve by demanding that the covariant

derivative along the curve is zero

VP =0. (1.7.1)
From this we get the parallel transported vector
VH=A - (1.7.2)

This is a vector at the event ¢ that we can compare to the vector W* at q. See Figure

for an illustration.

Veo

Ve

XIM(;] ) W/"

1

Figure 14: Tllustration of the parallel transport of the vector V#|x—¢ at p to V#| = at gq.

In the special case of Minkowski space, we see that in an Inertial System x* with
metric 7, the Christoffel symbol is zero I}, = 0. Thus, for Minkowski space parallel
transport of a vector V* along a curve x#(\) means that % = 0. From this we see that
the components V*# are constant along the curve x#(\). Therefore, in Minkowski space
parallel transport from p to ¢ simply means that the vector V#* is the same at p and gq.
Note in particular that the parallel transport does not depend on what curve one uses to

transport the vector along.
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1.7.2 Curvature from path-dependence of parallel transport

In Minkowski space the parallel transport of a vector from one event to another does
not depend on the path, i.e. it does not depend on what curve one transports the vector
along. As we shall see in the following, this is not the case for a general space-time. The
difference lies in the fact that while Minkowski space is flat, a general space-time can be
curved. In this section we use the path-dependence of parallel transport to define a new
tensor that can quantify the curvature of general space-times.

We are given a general space-time with metric g,, in a coordinate system z#. We
consider a vector V* defined at the event zff in the space-time. We then compare the
parallel transport of V# along two different infinitesimal paths.

Path 1 consists in parallel transporting V* from ) to x5 +a* and then to z} +a* + b*
where a* and b* are infinitesimal. We denote the resulting vector at zfy + a* + 0" as V.
Path 2 consists in transporting V* first to xf + b* and then to zf + a* 4 b*. The resulting
vector at xf + a* + b* from following Path 2 is denoted as V3. See Figure [15] for an

illustration.

X+ o

(o)

XC+b"

Figure 15: Illustration of the parallel transport of V# at zf along two different infinitesimal
paths to the event zf + a* + b* with two different parallel transported vectors V{* and V3’

depending on the path.

Using ((1.7.1)) one finds that transporting a vector V* from x# to z* + dx* gives a new
vector VH# 4+ dV#* with
dVt = —T VVdz". (1.7.3)

This we shall use repeatedly below.
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Consider first Path 1. From (|1.7.3) we find
VH(xo+a) = VH#(xg) — F’ij(xo)V”(xo)ap. (1.7.4)
Transporting this vector to zf + a* + b* we find
V' =V*(xo +a) — TV (w0 + a)V" (zo + )b’
= V¥(xo0) — Fffp(xo)vy(%)ap
— (Tt (o) + BT (w0)a” ) (V" (o) = Ths(wo)V (o)a? ) b7

+ higher order terms,

(1.7.5)

where we included terms up to second order in the infinitesimal quantities a* and b*.

Since now all the quantities are evaluated at zy we drop the reference to xgy and find

VI =Vr— Fllij”(a” +0°) + VVafb (—0,I%, + % T'0 ) + higher order terms, (1.7.6)

ac™ vp

where we included terms up to second order in the infinitesimal quantities a* and b*.

For Path 2, the only difference is that we should interchange a* and b*. Hence

Vit =VE—T% V¥ (a” +b°) + V7a’b (—0,1', + ' T',) + higher order terms. (1.7.7)

ap™ vo

Consider now the difference
AVEF =V -V, (1.7.8)

between the two vectors at zf +a*+b*. Using now the definition of the Riemann curvature

tensor (|1.5.10) we have
AVHE = R",,;V"a’b? + higher order terms, (1.7.9)

The result means that for a space-time with a non-zero Riemann curvature
tensor R*,,,, the parallel transport of a vector will in general depend on the path that
one chooses to transport the vector along. The physical reason for the difference between
V" and VJ' is that they were subject to different gravitational fields along the two paths.
Instead for a flat space-time like Minkowski space there is no path-dependence since
R",,; = 0, in accordance with the physical interpretation that flat space-times do not

have gravity.

1.8 Exercises for Chapter

Exercise 1.1. Invariance of the line-element in Special Relativity.

In Special Relativity the line-element in an Inertial System z# is given by ds* = n,, dz*dz”
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(see Eq. (1.1.16])). Here 7, is the Minkowski metric given by (1.1.10)). Show that the line
element is invariant under the translation (|1.1.5)), the rotation ([1.1.6)) and the boost ([1.1.7)

coordinate transformations, i.e. show that under these three coordinate transformations

we have
N dT!dz” = n,, dx"dz” . (1.8.1)

[Hint: Do this by inserting #* on the LHS of (1.8.1) as given from the transformations
(1.1.5), (1.1.6) and (1.1.7) and show that it gives the RHS.]

Exercise 1.2. Newtons second law in Special Relativity.
Please read Section before starting on this exercise. In this exercise we consider
dynamics in the theory of Special Relativity and in particular the formulation of Newtons

second law of mechanics. In the following we write ¢ = 2°.

e The relativistic velocity u* is defined by Eq. (1.1.19). Show that this is related to
the ordinary 3-dimensional velocity vector ¢ as in Eq. (1.1.20)).

e Consider a particle of rest mass m assumed in this exercise to be conserved. Newtons
second law for the particle in Special Relativity can be formulated as

= dp
F=— 1.8.2
-z (182)

where F is the external force and the momentum of the particle pis given by
p="ymu. (1.8.3)

Show that this implies the relativistic version of Newtons second law as formulated

by Eqgs. (1.1.32)) and ((1.1.33)) where we defined the relativistic force as
FO=~nF .5, F'=~F, (1.8.4)
using also the relation ((1.1.31]).

Exercise 1.3. Maxwells equations in Special Relativity.

Please read Section before starting this exercise. In this exercise we consider
Maxwells equations for electromagnetism in vacuum which can be written as Egs.
and where E is the electric field, B is the magnetic field, J is the current density

and p, is the charge density.

e Show that Eqs. ((1.1.34) and (1.1.36]) can be written as Eqgs. (1.1.43]) and (|1.1.39),
respectively, if we define the field strength F),, by Eqgs. (1.1.37)) and (1.1.38) and F'*”

by ([1.1.42)) along with the relativistic current density J* defined so that (J*, J?, J?)
is the current density J and JO = Pe-
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e Show that the Lorentz force F = q(E + U X é) can be written in terms of the
relativistic force F* defined by Eq. (1.8.4)) and the electromagnetic field strength

F" as in Eq. (|1.1.44)). Use this with Newtons second law (|1.1.33]) to show that the
relativistic acceleration a* of a charged particle in a electromagnetic field in vacuum

is given by Eq. (1.1.45)).

Exercise 1.4. Charged particle in an electric field.

Consider a particle with charge ¢ and rest mass m in an Inertial System z#. We write
t = 2°. Assume the particle is subject to a constant electric field E = (£,0,0), that the
magnetic field is zero B = (0,0,0) and that the particle is at rest at t = 7 = 0 with

position Z = 0 in the Inertial System z*. Define the quantity
w=~Eq/m, (1.8.5)

for use below. In the following we explore the motion of the particle. The exercise should

make it clear that one can treat accelerated motion in Special Relativity.

e Find the relativistic velocity u*(7) of the particle using Eq. (1.1.45). Express the

answer in terms of w.

e Find the coordinate time ¢ as function of proper time 7. This is the relation between
the time seen from a static observer in the Inertial System z# and an observer

travelling with the particle.

e Find the ordinary 3-dimensional velocity ¢ (see Eq. (1.1.20))) both as function of

proper time 7 and of coordinate time ¢, i.e. the functions ¥(7) and 9(t).
e Find the position of the particle Z(¢) as a function of the coordinate time ¢.

Exercise 1.5. GPS satellites.
A GPS satellite orbits the Earth at 20000 km above the surface. The radius of the Earth
is 6400 km. It takes about 12 hours to complete an orbit.

e Based on the above information, compute the number of microseconds that the
clock on the GPS satellite runs slower in 24 hours compared to a clock on Earth
due to the time dilation of Special Relativity, i.e. that time runs slower for a clock

in relative velocity compared to the observer.

e For time dilation in a weak gravitational field we imagine two clocks being in fixed

positions relative to each other, with clock 1 being in gravitational potential ¢; and
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clock 2 in gravitational potential ¢o. An observer at clock 1 now measures a time
interval T;. The observer then sees that clock 2 instead has measured the time T5.

The relation between the two time intervals is

(1.8.6)

Use the above information to compute how many microseconds faster a clock in the
same distance from Earth as a GPS satellite runs compared to a clock on Earth in
24 hours.

e Argue that you can add up the two effects and find the final result for how many
microseconds a clock onboard the GPS satellite runs faster than a clock on Earth

in 24 hours, due to General Relativity.

Comment: The imprecision of the clock, as calculated above, would potentially make
the position measurement inaccurate with time. Using the above, one finds easily that
the inaccuracy in the clock onboard the satellite would correspond to an inaccuracy of a
few centimeters for the position on Earth that corresponds to the position of the satellite,
after one orbit. This effect is accumulative, so after a month its around a meter, and so
on. For a GPS receiver on Earth, one measures radiosignals from four GPS satellites (note
that a smartphone instead calibrates its position using the cell towers and wifi hotspots).
This goes into a complicated computation of the position and time of the GPS receiver.
If one had a atomic clock build in to the GPS receiver, one could do this with three
satellites using triangulation. However, it is obviously impractical, and it would also be
highly expensive, to build in an atomic clock in a GPS receiver that you bring for a trip
to the forest. So one uses instead radiosignals from four satellites to also calibrate the
time coordinate of the GPS receiver with atomic clock precision. To do this correctly, the
GPS receiver needs to take into account that time for the satellites run faster than for
the GPS receiver. Thus, General Relativity is a prerequisite for making the computation
of the GPS receiver.

Exercise 1.6. Spherical coordinates.
In this exercise we consider three-dimensional Euclidean space and Minkowski space in

spherical coordinates.

e Consider three-dimensional Euclidean space R? with line-element

ds® = da® + dy* + d2* . (1.8.7)
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Make the following coordinate transformation to spherical coordinates r, 8, ¢
x=rsinfcos¢, y=rsinfsing, z=rcosh. (1.8.8)
What is the line-element in these coordinates?
e One should restrict € to be in the interval 0 < 6 < 7. Why is this the case?
e One can define the unit sphere as
Pyl =1. (1.8.9)

What is this in spherical coordinates? Use this to argue that the line-element of the

unit sphere is

dQ* = db”® +sin® 0 d¢? . (1.8.10)

where 0 < 6 <7 and 0 < ¢ < 27. Correspondingly, the line-element for a sphere is
radius a is

ds® = a®d)® = a*(df* + sin® 0 d¢?) . (1.8.11)
e Argue that the line-element of Minkowski space in spherical coordinates is
ds® = —dt* + dr* + r?dQ? = —dt* + dr* + r*(d6” + sin® 0 d¢?) . (1.8.12)
Exercise 1.7. Geodesic equation in polar coordinates.

In this exercise we derive the geodesic equation for Minkowski space in polar coordinates.

e We start from the Minkowski space line element
ds* = —dt* + da* + dy* + d2*. (1.8.13)
Go now to polar coordinates (with ¢ and z kept the same)
rT=rcos¢, y=rsing. (1.8.14)
Show that the line element in these coordinates is

ds* = —dt* + dr® + r’d¢* + d2*. (1.8.15)

e Compute the Christoffel symbol and show that the non-zero components are

1
Pho=-r, T, =—. (1.8.16)
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e Show that the geodesic equation in polar coordinates have the components

.. . 2 .
t=0, i=r¢*, ¢=—-"r¢p, =0, (1.8.17)

r

where i* = dz*/dr and i* = d?x*/dT>.

e Show using only ((1.8.14]) that (|1.8.17)) is equivalent to
t=0, =0, =0, 2=0. (1.8.18)
Exercise 1.8. Rigid rotation and the centrifugal force.

We consider a coordinate system that follows a rigid rotation with angular velocity w in

the z = 0 plane. This corresponds to changing coordinates to
b =¢—wt, (1.8.19)
with ¢, » and z kept the same.

e Consider Minkowski space in polar coordinates (1.8.15)). Show that in these new

coordinates the line element is

ds® = —(1 — w?r?)dt* + 2wr?d®dt + dr® + r*d®* + dz*. (1.8.20)

e What happens for r = 1/w?

e Using (|1.8.17)) and (|1.8.19)), derive the components of the geodesic equation in ro-
tating polar coordinates

t=0, F=r(®+wi)?, d=—-"r(®+wi), 5=0. (1.8.21)
r

We note that by taking the Newton limit so that t = 7 and ¢ = 1 one can show that
the terms proportional to w? correspond to the centrifugal force while the terms
proportional to w correspond to the coriolis force. Hence one gets the ficticious
forces for a rotating coordinate system in this way. Consider in particular a particle
with zero velocity 7 = & = 2 = 0 at a given moment in time. Argue that in this

case we find (at that moment)
P=rw?, ®=0, 5=0. (1.8.22)

We see that this corresponds to the centrifugal force on the particle in the radial

direction.
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Exercise 1.9. Transformation of the metric and its inverse.
Under a general coordinate transformation z# — Z#(z) the metric transform as (1.3.23)).

e Show that the line element ds? = g, dx*dz" is invariant under a general coordinate

transformation z# — 7#(x).
e Using the chain rule, show the relations (|1.3.29).

e The inverse metric g"” if defined by the statement that ¢""g,, = d5. Argue that

if this should hold in all coordinate systems the inverse metric should transform as

([T.3.29).

Exercise 1.10. Zero Christoffel symbol equals zero derivatives of metric.
Consider a general space-time with line element ds* = g,,dz"dz” and a given event p.
The Christoffel symbol is defined by Eq. ((1.3.46[). From the definition of the Christoffel

symbol it is obvious that if %g;p” p = 0then I'” |, = 0. We shall now see that the opposite

is true as well.
Define

9up | O _ Wi (1.8.23)

Apr = 20p01 70, = ozt oxV oxr

Compute
Ao + Avpy - (1.8.24)

Use the result of this computation to argue that if '/ [, = 0 then %]p = 0.

Exercise 1.11. Vector field in the plane.

Consider the two dimensional plane in Cartesian coordinates x,y with line element

ds® = dz* + dy* . (1.8.25)
Consider a vector field on the plane V = (V*, V¥) given by

Vi=1, V¥=0. (1.8.26)

e Make a coordinate transformation to polar coordinates x = r cos ¢ and y = rsin ¢.

What are the components of the vector field V" and V® in polar coordinates?
e Explain that in the Cartesian coordinate system we have
0, V" =0. (1.8.27)

Argue that this means
D,V' =0, (1.8.28)



in the Cartesian coordinate system. Suppose now one makes a coordinate trans-
formation to a new coordinate system. Does ([1.8.28)) hold in the new coordinate

system as well?

e Compute d,V” and D, V" in polar coordinates.

Exercise 1.12. Contraction of the Christoffel Symbol.

Define the determinant of the metric as
g = det(gu) , (1.8.29)

meaning that we take the determinant of the four by four matrix ((1.3.14). One can show

in general that the partial derivative of this determinant is
949 =99"0ugup - (1.8.30)
See Exercise [L16] for a derivation of this result.
e Show using that
NN T (1.8.31)
e The Christoffel symbol is defined in ((1.3.46)). Use Eq. to show that

¢L__gau¢——= 9, log v=3. (1.8.32)

P —
Fpu_

e Use Eq. (1.8.32) to show

[ — 1 _ M
D, V* = \/__gau(\/_g‘/ ) (1.8.33)
H — 1 _ I
D, D' = \/__gau(\/_ga ), (1.8.34)

for a vector field V# and a scalar field ®.

e Show that for an antisymmetric tensor F* = —F"* one has

D, — %@(HF“”) | (1.8.35)

Exercise 1.13. Covariant Maxwell equation and electric field from point source.
We consider an electric field from a point source in two different coordinate systems for

Minkowski space. The purpose of this exercise is to illustrate that the covariant Maxwells

equations (|1.4.47)) and (|1.4.48|) are useful also in Minkowski space in coordinate systems
that are not Inertial Systems.
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e Consider Minkowski space in an Inertial System z#. Then Maxwells equations can

be written as ((1.1.39) and ([1.1.43)). Consider a point charge ¢ sitting at the origin

x' = 0 (¢ is assumed to be constant). Show that the corresponding electromagnetic
field strength

_ av
43
satisfies the Maxwell equation (|1.1.43) away from the point source, where 72,5 =

1,2,3 and r = \/(2')2 + (22)2 + (23)2.

jad Fi =0, (1.8.36)

e Transform the electromagnetic field strength ((1.8.36]) to spherical coordinates for
Minkowski space t = 2°, r,  and ¢, given by

(z', 2%, 2%) = r(sin 6 cos ¢, sin fsin ¢, cos ) . (1.8.37)

[Hint: Use that ['*” is a tensor. Alternative route: Use that ((1.4.47)) works in all
coordinate systems. First find potential A, in the Inertial System (with only Ay
non-zero), make the (very simple) transformation of A, to spherical coordinates for

Minkowski space, and use this to find F'**.]

e Show that the transformed field strength in spherical coordinates for Minkowski

space satisfy the covariant Maxwell equation ([1.4.48]). [Hint: Instead of computing
Christoffel symbols you can use the result (|1.8.35]) of Exercise M]

Exercise 1.14. Christoffel Symbol is not a tensor.
Argue why the Christoffel Symbol I'} ) is not a tensor.
[Hint: There are two different ways: 1) Consider how it transform under coordinate

transformations. 2) Use that one can go to a local inertial system.]
Exercise 1.15. Properties of the covariant derivative.

e Check explicitly that
D,gu =0. (1.8.38)

e Check explicitly the product rule in the following case
D,(A,,V?)=(D,A,,)VF+A,,D,V". (1.8.39)
e Use Egs. and to show
D"V, =D, V*, (1.8.40)
where D"V, = ¢"(D,V,,).
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Exercise 1.16. Variation of determinant of the metric.
The determinant of the metric is defined by Eq. (1.8.29). In this exercise we show that

an infinitesimal variation of g satisfies the relation

09 =99""09um , (1.8.41)
and that the partial derivative of g is
09 =99"0uup - (1.8.42)
e Consider a matrix A that is the exponential of another matrix B
A=eP. (1.8.43)
For an infinitesimal variation A to A + 0 A we have

§A =eP6B. (1.8.44)

Use this to show that
A'6A =6B. (1.8.45)

e One can show that the determinant of A is the exponential of the trace of B
det(A) = ™5, (1.8.46)

Use this to show that
d(det(A)) = det A Tr(dB) . (1.8.47)

Use this with (|1.8.45)) to show that
§(det(A)) = det A Tr(A10A). (1.8.48)

Note: One can show that this formula is valid also for matrices that are not expo-
nentials as in (|1.8.43)).

e Use (|1.8.48) to show that for an infinitesimal variation of the metric from g,, to
9109, the variation of the determinant of the metric satisfies the relation (1.8.41)).
Using this, argue that the partial derivative of g is given by Eq. ([1.8.42)).

Exercise 1.17. Vector field in the plane II.

Consider the two dimensional plane. In polar coordinates (r, ¢) the line element is
ds® = dr® + r*d¢? (1.8.49)
Consider a vector field on the plane V = (V", V%) given in polar coordinates as

Vi=1, V®=0. (1.8.50)
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e Make a drawing of the vector field.

e Make a coordinate transformation to Cartesian coordinates x = rcos¢ and y =
rsin ¢. What are the components of the vector field V* and V¥ in Cartesian coor-

dinates? Does this fit with your drawing?
e Explain that in the polar coordinate system we have
0,V" =0. (1.8.51)

Does this mean that one has D,V" = 07 Preferably answer this question without

making further computations.
e Compute D, V" in polar coordinates.

Exercise 1.18. Curvature of a sphere.

The sphere of radius a has line-element
ds® = a*(df* + sin® 0d¢?) . (1.8.52)
with 0 <0 <7 and 0 < ¢ < 27.

e Check that the non-zero Christoffel symbol components are

cos

F‘Zw = —sinfcosf , FZ’¢ = (1.8.53)

sinf
e A general formula for the Ricci tensor (1.5.24]) is (see Eq. (2.1.28)) in Section [2.1.2))

Ry = 0,17, — 9,0, log \/1g] + T, 0, log \/[g] — T%,T7, , (1.8.54)

where |g| is the numerical part of the determinant of the metric g = det(g,,) so in

this case |g| = g. Use this to compute the components of the Ricci tensor

Rogp=1, Rpy=0, Rys=sin’0. (1.8.55)

e Using (|1.8.55)), show that the Ricci scalar ((1.5.26)) for the sphere of radius a is

2
R— = (1.8.56)

a?’

Can you explain why it makes sense that the curvature goes like 1/a??

Exercise 1.19. Alternative form of Einsteins equations.
Einsteins equations are written in Eq. (1.6.37). Show that one can write them on the

form (|1.6.38]).

87



Exercise 1.20. Commutator of covariant derivatives.

Consider a vector field V# in the coordinate system x* on a space-time geometry.
e Show that taking two covariant derivatives of V# gives the result

D,D,V* = D,(D,V*) = 8,(D,V*) —T%,D,V* + T, D,V°

(1.8.57)
= 0,0,V? =17, D, VP + 1% 0,V° +17,0,V + (9,17, + 14,7, )V’.
e Show that the commutator of the covariant derivatives acting on V* gives
(DD, — D,D,)V* = (0,7, = 0,1, +T¢ Iy, =17 10 )V (1.8.58)

Check that this commutator can be expressed as ([1.5.16]) in terms of the Riemann
curvature tensor ([1.5.10)).

Exercise 1.21. Energy-momentum tensor in electromagnetism.

The energy-momentum tensor for electromagnetic fields is

v v 1 v loa
Ty = F*,F7P — Zg“ F,F* (1.8.59)
In the following we are in Minkowski space in an inertial system z* hence the metric is

Guv = Nuw- We consider electromagnetic fields in vacuum, hence the relativistic current
density J* = 0.

e Show that T, is equal to the energy density of electromagnetic field pgy = %(EQ +

B?). Does this make sense?

e Show that T%, is given by the Poynting vector of electromagnetism S = E x B.

Does this make sense?

e Using the Maxwell’s equations [1.1.39-(1.1.43) with J# = 0, show that T%y; is con-

served (for g,, = nu.).

e Argue using the result for Minkowski space, that for a general space-time geom-
etry the energy-momentum tensor for electromagnetic fields (|1.8.59)) is conserved

provided the covariant Maxwell’s equations |1.4.47}+(1.4.48) holds with J* = 0.

Exercise 1.22. Riemann Normal coordinates.
Consider a general space-time with line-element ds* = g, dz#dz” in the coordinate system

zt. Let p be any event in the space-time. Write p in the z* coordinates as zf.
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We define a new coordinate system Z*(x) in a neighborhood of p called Riemann
Normal coordinates. Consider any point ¢ in the space-time (written as zf in the z#
coordinates) that can be reached by a curve x#()\) obeying the geodesic equation (note

that the curve is not required to be time-like)

D [dx*

so that 2#(0) = x& and (1) = 2%. We define the new coordinates 7#(z) at ¢ to be equal
to the components of the tangent vector of the curve at p

da
d\

H(xq) =

. 1.8.61
o (1.8.61)

e Consider the above-mentioned curve z#(\) from z to x% as A goes from 0 to 1 and
obeying (|1.8.60). Make now a linear reparametrization of the form

W=7, (1.8.62)

where b is a constant in the interval 0 < b < 1. Show that

(ili: = b% : (1.8.63)
Argue that z#(() fulfils
d%_ (%ﬂ) =0, (1.8.64)
and that one has o .
i o =b—| (1.8.65)

e Consider the point z#({ = 1). This is the point x*(\ = b) in the old parametrization.
Show using the above that

dx#

i (@(A =) = #(2(C = 1)) =b-| . (1.8.66)
Use this to argue that the curve #(\) = z#(x()\)) is given by
dz#
M (A) = A— 1.8.67
Zz ( ) d)\ )\:07 ( )
for 0 <\ < 1.
e Argue from (1.8.67)) that
d*z"
— =0. 1.8.
2 s 0 (1.8.68)




e Argue that the above shows that Eq. (1.8.68)) is the geodesic equation at the point
p in the 7 coordinates. Use this to argue that the Christoffel symbol in the z*
coordinate system is zero at p

ry, b, = 0. (1.8.69)

Conclude using Exercise that as consequence of this we have

Opfyu|, = 0. (1.8.70)

Exercise 1.23. Local Inertial System.
In this exercise we show that for any non-singular event in space-time one can find a local

Inertial System for that event.

e Consider a general space-time with line element ds* = g, dz*dz”. Consider a given

point p of the space-time. Show that by a rigid coordinate transformation
P = At (1.8.71)

where A%, is constant, we can diagonalize the metric at the point p, i.e. that g/,
is only non-zero for u = v. Argue that by a further rescaling of the coordinates
the diagonal entries can be chosen to be £1. For the metric of a space-time, this
requires that diagonal entries have one —1 and three 1. Thus, we have shown that
for any given point p we can make a rigid coordinate transformation ([1.8.71]) such
that

Guw |y = My - (1.8.72)

e Consider a general space-time with line element ds* = g, dz*dz”. Consider a given
point p of the space-time. Using the results of Exercise [1.22]go to Riemann normal
coordinates Z# near p. In these coordinates 5p§w,|p = 0. Perform now a further
rigid coordinate transformation ## = A*,7" as above such that g,,|, = 7,,. Argue

that the new coordinate system z* obeys

guu‘p = Nuv » apg/ux|p =0. (1873)
We have thus found a local Inertial System for the event p.

Exercise 1.24. Bianchi identity for Riemann curvature tensor.

Derive the Bianchi identity (|1.5.23]) following the prescription written below Eq. (|1.5.22]).
Use this identity to derive (|1.5.28)).
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Exercise 1.25. Norm and dot product of parallel transported vectors.

Read Section [I.7.1] Consider two parallel transported vector fields V# and W* along a
curve z*(\). Show that their dot product g,,V*W?" is constant along the curve. Argue
that also the norm ([1.4.15]) of the vector field V* is constant along the curve.

Exercise 1.26. Parallel transport of a tangent vector.
Read Section [1.7.1] Consider a geodesic z#(\) going through the event x#(0). Let V#(\)

be a parallel transported vector field

D
V=0, (1.8.74)

on the geodesic z#(\). Show that if V#(0) at the event x#(0) is parallel to the tangent
vector of the curve
T (1.8.75)
dX o
where a is a constant, then it is parallel to the tangent vector everywhere on the curve,

with a constant ratio between them, i.e.

VE(A) = a (1.8.76)

)
for all \.

Exercise 1.27. Newtons tidal forces from geodesic deviation equation.
We consider the geodesic deviation equation (|1.5.11)) in the Newton limit Eqgs. (|1.3.48))-

([T.3.51).

e Argue that to leading order in the Newton limit the geodesic deviation equation

(1.5.11)) reduces to
d*vi
dt?

where 2 = t, i = 1,2,3 and we have a hidden sum over j = 1,2, 3.

= —RigjV? (1.8.77)

e Argue that in the Newton limit '}y = 0;,® with i = 1,2, 3.
e Argue that in the Newton limit R'o;0 = 9;0;9.

e Argue that the geodesic deviation equation (1.5.11]) in the Newton limit becomes

d?Vi

ol —0,0;0 V7 (1.8.78)

with a hidden sum over 7 = 1,2, 3.
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e Consider Newtonian mechanics for two point particles A and B in a gravitational
potential ®. Write their spatial locations as z’y and z%. Argue that when the
particles are nearby, their separation z% — x%, = €V*, with € small, obeys the same
equation as . This is Newtons equation for tidal forces, which he used to
show that the gravitational pull of the Moon is responsible for the ocean tides on

Earth.
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2 Schwarzschild Metric: Derivation and Geodesics

In Chapter [I] we introduced the notion of a general space-time defined by its line-element
ds* = g,dztdz”. In general, the metric g, is determined from Einsteins equations
(1.6.37). In this chapter we shall consider the most important example of how this is
done in practise, namely in Section we derive what is known as the Schwarzschild
metric for spherically symmetric matter distributions. Subsequently we briefly discuss the
interpretation of the metric, which for example can be used to understand the gravitational
field around the Sun.

Two other key ingredients in the theory of General Relativity are the geodesic equa-
tions and for massive and massless particles in a general space-time. We
apply these equations in Section to the Schwarzschild metric and through that learn
about the planetary orbits in our solar system as well as the deflection of light by massive

objects.

2.1 Derivation

In this section we derive the metric for spherically symmetric distributions of matter.

2.1.1 Spherically symmetric line-elements

The gravitational field from a spherically symmetric source is relevant for many important
physical situations. The Sun is spherically symmetric to a good approximation and from
its gravitational field we can determine the motion of the planets in the solar system.
Another important case is the gravitational field from Earth. Since the source is spheri-
cally symmetric, the space-time geometry it induces by Einsteins equations is also
spherically symmetric. Hence, we start by considering a general spherically symmetric
metric line-element that possibly can be time-dependent.

We know already an example of a spherically symmetric space-time: Minkowski space

with line-element
ds* = ndatds” = —dt* + d7 - dT = —dt* + dr® + r*dQ?, (2.1.1)

where

7= (2", 2%, 2%) = r(sin 6 cos ¢, sin f sin ¢, cos 0) ,

2=z -7, d0*=df*+sin?0de’.
The line-element ([2.1.1)) for Minkowski space is written both using Cartesian coordinates

t and ¥, corresponding to an Inertial System, and spherical coordinates (t,7,6,¢) with

(2.1.2)
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0<o<m.

What is the most general spherically symmetric line-element? Spherical symmetry
means that the line-element is invariant under any rotation of #. Thus, a term like x'dz?
is for instance not invariant under rotations. Instead we can use the ingredients ¢, dt, &
and d¥ to build spherically symmetric combinations. In this way we see that a spherically

symmetric line-element can only depend on
t, dt, z-2, r-dd, dr-dr. (2.1.3)

Using (2.1.2)) along with 7 - dZ = rdr and d7 - d = dr? + r?d2* we see that in terms of

spherical coordinates (t, 7,6, ¢) a spherically symmetric line-element can only depend on
t, dt, r, dr, dQ?, (2.1.4)

where dQ)? = df?+4-sin® d¢*. From this we see that the most general spherically symmetric

line-element is
ds* = —A(t,r)dt* + B(t,r)dr* + 2C(t,r)dtdr + D(t,r)r*dQ?, (2.1.5)

involving four functions of r and ¢. We now simplify this line-element by employing
coordinate transformations involving ¢ and r but not € and ¢ since that would ruin the

spherical symmetry. First, we make the transformation[]
t'=t, " =ryD(r), (2.1.6)
that gives a line-element of the form[™|
ds* = —a(t',v")dt”* + b(t',v")dr'* + 2c(t', ") dtdr' + r"*dQ? (2.1.7)

with three functions of v’ and t'.

Make then the coordinate transformation

t=tt,r"), =1, (2.1.8)

1"We assume here that 72 D(t, ) is not constant. If it was constant the space-time would be a product of
a two-dimensional space-time times a sphere of constant radius. This is not a relevant class of space-times

for us since we want space-times that can become asymptotically flat when the radius goes to infinity,

see Sec. @

’ 2 ’
180me finds ds? = —Adt?+ B (520 — 90Dy ) wacar (58 — 20Dy ) 972402, Wait-

ing out all the terms one can see that this is on the general form (2.1.7)).
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where we require that df is of the form
dt =n(t',r") (a(t’, rdt" — c(t', r')dr') ) (2.1.9)

This is equivalent to the relations

ot ot

A consistent transformation requires

o0 (ot 0%t 0*t g (ot
or (8_75) T oror - oror ot (8_7’) ‘ (2.1.11)
Combining this with we find
0 0
%(7}@) = —%(770)- (2.1.12)

This relation determines the function n(t',r") in (2.1.9)) if one specifies it for all 7’ at a

given value of ¢’. Compute now from ([2.1.9))
dt* = n* (a*dt"” + Fdr'* — 2acdt'dr’) | (2.1.13)

which gives

1 2
——dP? = —adt” — = dr' + 2cdt'dr’ . (2.1.14)
an a

Using this with (2.1.7) we get the line-element
2 L o AN o e
ds® = ——dt" + ( b+ — | di" + 77dQ". (2.1.15)
an a

We see that we have eliminated the didF cross term in the line-element and hence the
above metric is written in terms of only two functions. Renaming the coordinates by

removing the tildes and defining two new functions, we have derived:

( )

Spherically symmetric line-element: A general spherically symmetric line-

element can always be written on the form
ds? = —e22tn) g2 1 2800 gr2 4 12402 | (2.1.16)

where a(t,r) and B(t,r) are two undetermined functions and dQ? = d? + sin® 0d¢?

with 0 < 0 < 7.
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2.1.2 Derivation of the Schwarzschild metric

In this section we derive the metric outside a spherically symmetric distribution of matter
employing Einsteins equations . We assume that any mass or energy present out-
side the matter distribution have a neglible influence on the gravitational field. E.g. an
apple in the gravitational field of the Earth has a completely neglible influence on the
gravitational field around the Earth. Thus, we can assume 7}, = 0 to a good approxima-
tion outside the matter distribution. This means that the metric g, (z) obeys the vacuum
Einstein equations outside the spherically symmetric matter distribution.

Since the matter distribution is spherically symmetric, the metric around it should also
be spherically symmetric. Hence the line-element can be written on the form (2.1.16]).
To simplify our task in the following, we impose in addition to the spherical symmetry
that the line-element is static, i.e. independent of time. For the line-element this
means that the functions a and g should not depend on ¢. Hence, we use in the following

the line-element
ds? = —e2M g2 1 2P0 qr2 4 12402 (2.1.17)

with dQ? = d6? + sin? 0d¢?. We comment below on what happens in the time-dependent
case.

The task in the following is thus to impose the vacuum Einstein equations R,, =

0 on the line-element (2.1.17). To compute R, for the line-element (2.1.17)) we first
need to compute the Christoffel symbol ([1.3.46)). To this end, we record that the metric

components corresponding to (2.1.17]) are

g = =€ g =€ gog =17 gy = r’sin’ 6. (2.1.18)

The components of the inverse metric are
gtt _ _6—2(1(7“) grr _ 6—26(7") 909 — i qud) — ; ] (2119)
’ ’ r2’ r2sin? 6

Consider now the following components of the Christoffel symbol

1
Ffw = §9tt(augut + 0y G — 8tgul/) . (2.1.20)
This can only be non-zero if (u, v) = (t,7) (or equivalently if (u, v) = (r,t)). We compute

I, =d.«. (2.1.21)

Consider
T 1 TTr
F,w - 59 (augl/r avgur arg;w) : (2'1‘22)
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The non-zero components are
Iy, =e*0a, T, =08, Tpy=-re*, T, =—re*sin’0. (2.1.23)

Proceeding this way we also find

1 1 ) cos
P%:;, Ff¢:;, I, =—sinfcosf oo =7 (2.1.24)
Using (|1.5.24)) and (1.5.10) we find the general expression for the Ricci tensor
R, =90,0%, =0, 1% + 1% 17, —T0 T7,. (2.1.25)

In Exercise [[.12] we have shown

1
FZH = \/—__gau\/ —(q = 8M log v —g, (2126)

where ¢ is defined as the determinant of the metric
g = det(gu) , (2.1.27)
viewing the metric as a matrix . Using this in (2.1.25)) we find
Ry = 0,1, — 0,0, log/—g +1%,0,log /=g — T4 IV, (2.1.28)
This is a general result for the Ricci tensor. For the concrete case at hand we compute
g =det(g,,) = —e2@e®risin? g, (2.1.29)

hence
V=g =¢e*Pr2sing. (2.1.30)

Using (2.1.21)), (2.1.23)), (2.1.24)) and (2.1.30)) with (2.1.28), we can compute the rr-

component of the Ricci tensor

RTT = 8TF:T - 67? lOg V—g+ F:raT V—9— (Fir)z - (F:r)z - (Fzr)Q - (Fir)Q

5 (2.1.31)
= —0%a+ 0,a0,8 — (0,a)* + ;arﬁ
Similarly we compute
Ry = 2028 (@Ea + (0ha)? — B0, + %am)
Rop=1+e2 <r(a,,5 —da) — 1) (2.1.32)

R¢¢ = sin2 9R99
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These are the only non-zero components of R, .

We now impose R, =0 on (2.1.31]) and (2.1.32)). First, we notice

2
¥ 2 Ry 4 By = ~ (0,04 0,5) (2.1.33)

Thus, since the LHS is zero, we find that o + ( is constant. What is the natural value of
this constant? Since we would like that the metric asymptotes to the Minkowski
space metric in spherical coordinates when we are far away from the matter
distribution, this implies o and (8 should both goes to zero as r — oo. Thus, a natural
choice of the constant would be that it is zero. We can set the constant to zero by making
a redefinition of the time coordinate ¢ — et with x a constant. Choosing x appropriately,
one gets a + § = 0. Hence

B(r) = —a(r) (2.1.34)

We have now the remaining equations

R, = —0%a — 2(0,a)? — 2@04 =0
r (2.1.35)

Rog=1—¢e**(1+2rd,a) =0
We compute from this that

0, Rgg = 2re**R,., (2.1.36)

Thus, at this point we only need to impose Rgy = 0 to satisfy R,, = 0. Compute
0, (re*®) = e** + 2re*d,a = e**(1 + 2r,q) (2.1.37)

Hence we can rewrite Rgg = 0 as
O,(re**) =1 (2.1.38)

The general solution of this is 7e?® = r — ry where 7y is a constant. Thus, we have

e =1-"22 (2.1.39)
r

We have thus derived that any static and spherically symmetric line-element solving
R, = 0 can be written on the form

dr?

T + 7r2d0? (2.1.40)

as? = — (1= 2) ar* +

r

where rq is a constant.
We now fix r¢ in (2.1.40) in terms of known quantities. For r > ry we see that the
line-element is close to that of Minkowski space (2.1.1). Indeed the correction to the
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Minkowski space metric 7, is of order ro/r. This means that we can use our results on
the Newton limit for r > ry. The Newton limit is valid provided we consider a weak
gravitational field (1.3.48)-(1.3.49), that the metric is independent of time and
that we have small velocities . Thus, it is valid for an observer with r > ry which
is moving slow compared to the speed of light. In the Newton limit we found gy = —1—2¢
where ¢ is the gravitational potential (see Section . Hence the metric for

r > ry corresponds to the Newtonian potential

__In
o=—3 (2.1.41)

We should compare this to the Newtonian gravitational potential from a static, spherically

symmetric distribution of matter by solving Poissons equation (1.6.1). For a total mass

M we know from Newtonian physics that
6=

where G is Newtons gravitational constant (1.6.2]). Hence, by correspondence with New-

GM

r

(2.1.42)

tonian physics which is a good approximation for r > ry we identify
ro =2MG (2.1.43)

We have thus derived:

( R

Schwarzschild metric: Any static and spherically symmetric line-element solving

R, = 0 can be written on the form

2G M 2
ds? = — (1 — GT ) dt® + J%G_M + r2d0? (2.1.44)

with d? = d6? + sin? 6dp>. Here M is the total mass as measured for r > ry =
2GM. The radius ro = 2GM is called the Schwarzschild radius and the metric

corresponding to this line-element is known as the Schwarzschild metric.

\ 7

We note that in our formulation of the above we have not specified what sources the
metric (2.1.44)). Below in Section we consider Newtonian matter as the source, hence
the total mass M can alternatively be computed by integrating over the mass density.
This is not the case in Chapter |3| where we use the metric to describe black holes.

The Schwarzschild radius ro = 2GM will be discussed extensively in Chapter [3

In deriving the Schwarzschild metric we assumed that the metric is
static 0, = 0,8 = 0. However, actually one gets the same result without this assumption,

as formulated by Birkhoffs theorem:
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Birkhoffs theorem: Any spherically symmetric line-element solving R,, = 0
can be written on the form ([2.1.44]) where M is the total mass as measured for
> = 2G M.

See Exercise [2.4] for a way to show this explicitly.

2.1.3 Metric outside planets and stars

If we for a moment consider the Schwarzschild metric to be valid for all radii
r > 0 then it has two radii where components of the metric goes to zero or infinity:
r=0and r =1y =2GM. As we shall see below in Section |3.1, » = 0 corresponds to
a true curvature singularity of the space-time geometry, while the Schwarzschild radius
r = ro corresponds to an event horizon. However, these two radii are not relevant for
astrophysical objects such as planets and stars, as we now shall see.

Consider a star or a planet of total mass M. To a good approximation we can assume
spherical symmetry of the matter distribution. Hence, since R,, = 0 outside the matter
distribution, the Schwarzschild metric describes the space-time geometry and
thereby the gravitational field around the planet or star.

In detail, let » = r, be the surface radius of the planet or star (in the coordinate
system of the metric ) Thus, the Scwarzschild metric is valid for » > r,. Instead
for < r, it is not valid since one has 7},, # 0 and R,,, # 0. Now, for all stars and planets
we have r, > ro = 2GM which indeed means that the Schwarzschild radius rg = 2G M is

not physically relevant. In particular, we record

Sun: r, ~ 700000 km , M ~2-10* kg, ro=2GM ~ 3 km,

(2.1.45)
Earth: r, ~6400km , M ~6-10** kg, ro=2GM ~ 9 mm.

2.2 Geodesics

In this section we consider the geodesics of massive and massless particles moving in the
background of the Schwarzschild metric (2.1.44]).

2.2.1 Time-like geodesics

In the following we use this to study geodesics in the background of the Schwarzschild

metric (2.1.44). Define

dx* d*aH
= — M= ——. 2.2.1
o ar " dr? ( )

100



Then the geodesic equation (|1.3.45)) for a freely falling massive particle following a time-

like curve z#(7) is

it + Ty ava? = 0. (2.2.2)
The condition g, dx"dz” = —dr? for time-like curves gives
g’ = —1. (2.2.3)

We now consider (2.2.2)) for the Schwarzschild metric (2.1.44)). Using the components
of the Christoffel symbol Egs. (2.1.21)), (2.1.23) and (2.1.24), computed in Section [2.1.2]

we find

1 1 0
It = 5& log (1 - %0) , T9, = Ff¢ = Fi(b — —sinfcosh , T cony (2.2.4)

%~ §in
Note that there are also non-zero components of the form I',, but those we will not need
in the following. Using (2.2.4)) in (2.2.2)) we find for u =t, 0, ¢:

i+ 0,log (1—r—°> =0,
T

.92 . .
0+ ;f@ —sinfcos¢* =0, (2.2.5)
-2 . 92cosf ..
$+ Zid+ o Zhd = 0.
r sin 0
We can write these equations as
dr; "o\ _ d [ o] a2 o Aoy 907
o [t (1 r>] =0, I [r 0] = r“sinf cosfp” , o [r sin Ogb] =0. (2.2.6)

Instead of using the geodesic equation (2.2.2)) for g = r we use the condition (2.2.3) which

gives
22

1= (1 - %) - T (0P 4 sin04%). (2.2.7)

where the 1 on the LHS comes from the RHS in (2.2.3). We now have four equations
(2.2.6) and (2.2.7) to determine four functions ¢(7), r(7), 6(7) and ¢(7). Thus, this is

sufficient to determine the time-like geodesics of the Schwarzschild metric (2.1.44]).

One can show that all geodesic motion of a single particle takes place in a plane
that includes the center of mass of the source at » = 0. Since the metric is spherically

symmetric we can choose the plane of motion to be

= — 2.2.
=7, (2238)

without loss of generality. Indeed, starting with the initial conditions # = 7/2 and 0=0
one sees from the second equation of (2.2.6) that § = 0 which shows explicitly that one
stays within the plane 6 = /2.
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The remaining three equations of (2.2.6) and (2.2.7) are

£H0-D] -0 EP -0 1= (-2)p-E - o

We define

E:i(l—@> , L=1%. (2.2.10)
T
We see from ([2.2.9)) that these quantities are conserved
dE dL
— =0, —=0. 2.2.11
dr Todr ( )

Here E is the energy per unit rest mass of the freely falling particle, while L is the
angular momentum per unit rest mass. Thus, one has conservation of energy and angular
momentum, just as in the case of Newtonian mechanics.

The definitions of E and L are for the specific coordinate system used in the
metric . One can define them more generally as

E=—g,T"i" , L= guJ"i", (2.2.12)

where T* = (1,0,0,0) and J* = (0,0,0,1) are constant vector fields in the coordinate
system used in . One can then transform the vector fields T* and J* to other
coordinate systems along with the metric to define energy and angular momentum more
generally. The reason that the vectors T* and J* give conserved quantities for geodesics
is because they are so-called Killing vector fields for the metric which means that they are
associated to symmetries of the metric, in this case the symmetries of time-translation
and rotations in the plane with § = 7/2 (see Exercise [2.5] for more on this).
Inserting £ and L in the third equation of we get

E2 _ 7;2 L2

1_2GTM r2”’

1= (2.2.13)

where we also inserted 7o = 2G M. One can now proceed to solve this ordinary differential
equation for r(7) and thereby obtain the time-like geodesics of the Schwarzschild metric.

A trick to accomplish this is to introduce the new variable

x - &M (2.2.14)
T

Regard now X = X (¢) to be a function of the rotation angle ¢. We have

X _drdX  GMP_ _GM_ (22.15)

dp  dpdr r2g L
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Inserting this in (2.2.13)) we get

1 L2 /dXx\? L2
l=—— |E?— —- — X? 2.2.1
12X [ (G (d¢) (G (2.2.16)
We can write this as
L2 dX\? 2
— = 1-2X X2%(1 —-2X) = FE? 2.2.17
(G2 (dcb) B (7 TRl (22.17)
Differentiating with respect to ¢ and dividing with dX/d¢ we getlﬂ
A2 X ,  (GM)?
-@5+X:3X._ I (2.2.18)

One can study the solutions of ([2.2.18]) to obtain all the geodesics of the Schwarzschild
metric ([2.1.44)). However, in the following we choose to focus only on the geodesics that

are close to the Newtonian circular or elliptic orbits.

2.2.2 Precession of elliptic orbits

The study of orbits around massive objects is useful for many applications, ranging from
the motion of the planets in our Solar System to stars that move around the black hole in
the Milky Way galaxy. These orbits are to a good approximation described by Newtonian
physics. However, as we shall see, General Relativity gives an important correction to the

orbits that can be measured.

Newtonian approximation

Using Newtonian mechanics and Newtons force of gravity, one can write down the equation

of motion for a particle moving around a point source of mass M. This gived”|

2GM L2
¢ + = = E?, (2.2.19)

Newton: 72+ 1 — 5
r r

198trictly speaking this derivation does not hold for dX/d¢ = 0. However, the equation of motion

(2.2.18]) is nevertheless valid also in this case. See footnote for (2.2.21]) for a comment on this.
20A Newtonian analysis gives that the conserved energy is H = tmi? + mLs — GMm for a point

272
2H 2GM

particle of mass m. We can write this as =~ = 72 4 f—j — =22 which suggests that we should identify

the conserved quantities as % = E? — 1. We can understand this relation by considering a free particle.
A free particle with restmass m has relativistic energy E,q = \/m? + p? with speed of light set to one.
Using E = E,q/m this gives E? = 1 + :;—22. The kinetic energy is H = % which corresponds to the

Newtonian energy of a free particle. Hence we get the relation B2 =1 + %, as promised.
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where 7 = dr/dt. We can rewrite this as

2

2
L
) +1-2X+ ——X*=FE". (2.2.20)

Newto L’ X
wton:
(GM)?

(GM)> \ do
Comparing to ([2.2.17)) we see that the difference is the absence of the term going like X3
on the LHS. Differentiating with respect to ¢ and dividing with dX/d¢ we ge@

d?X GM)?
Newton: — + X = ( ) .

s = (2.2.21)

Comparing (2.2.21)) to (2.2.18) we see that the extra 3X? term in GR is suppressed when
X <« 1 and X <« GM/L corresponding to r > GM and r > L. Moreover, inserting
X < 1in (2.2.21)) we see that since the LHS is small also the RHS is small and hence

L > GM. Thus, Newtonian gravity is approximately valid for the geodesic motion when

r>L>GM. (2.2.22)
Considering ([2.2.21]) we find that
(GM)?
X(¢) = T2 (2.2.23)
is a solution. This corresponds to circular motion with constant radius
L2
= . 2.2.24
"T oM (2224)
Notice for the solution we have r > L provided we require
L>GM. (2.2.25)
An elliptic orbit in Newtonian mechanics corresponds to the solution
(GM)?
X(¢p) = 72 (1+ecosg), (2.2.26)
of Eq. (2.2.21]) with 0 < e < 1. Indeed, using ([2.2.14]) we find the standard formula
(1—ea
— )7 2.2.27

21 This derivation of the equation of motion (2.2.21]) does not work when dX/d¢ = 0 which is the case

for a circular motion. However, a proper derivation still gives the result (2.2.21]) also in this case. A way
to see this is by starting with the Lagrange function L = %7'“2 + %7'2(;-52 — %

equation d% (‘Z—f) = %—f, and then translate this equation into the X and ¢ variables. One can also do

this for the full GR equation (2.2.18) by including the extra GR terms in the Lagrange function.

, write out the Lagrange
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for an ellipse with the semi major axis a given by

L2
ol (1—ea. (2.2.28)

Here e is the eccentricity of the ellipse which is in the interval 0 < e < 1. For e = 0 we

have a circle. For the Newtonian approximation (2.2.22)) to be valid we need ([2.2.25|).

Inserting the solution ([2.2.26]) into the integrated Newtonian equation ([2.2.20f) for X
one finds that it is satisfied provided

(GM)?

2 __
B =1+

(e* —1). (2.2.29)

From this one sees that the lowest energy F is for a circle e = 0. In the range 0 < e < 1
one has an ellipse. For e > 1 one has instead an unbounded and non-periodic motion

which means the energy E' is too high for the massive particle to be in a bounded motion.

Post-Newtonian correction

Consider the regime in which Newtonian mechanics is valid to a good approximation. For
a circular or elliptic orbit this requires . In this regime we can get an accurate
description of the orbit in General Relativity by first finding the orbit using Newtonian
mechanics, and then adding a small correction due to General Relativity. We write the

full General Relativity orbit as

X(¢) = Xo(¢) + X:1(0). (2.2.30)
Here X((¢) solves the Newtonian mechanics equation ([2.2.21)). Using (2.2.26)) we write
GM)?
Xo(0) = 1 4 ecos), 2.2.31)

Instead X (¢) is the leading correction to the Newtonian orbit due to General Relativity,
known as a post-Newtonian correction. Inserting (2.2.30]) into the General Relativity
equation (2.2.18) we get to first order in X;(¢)
d’ X,
d¢?
Since X is of order (GM/L)? this means X; is of order (GM/L)* and hence is a small
correction in the regime (22.2.25). We impose the boundary condition that X (¢) starts at

a (local) maximum at ¢ =0

+ X, = 3X¢, (2.2.32)

X
- e

dX

S <0. (2.2.33)

$=0
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This corresponds to a (local) minimum for the radius 7(¢). Notice that the Newtonian
solution ([2.2.31]) obeys this boundary condition.
We now solve (2.2.32) for X;(¢). From ([2.2.31]) we find

GM)*
X2 = ( L4) (1—|—620082¢—|—26cosgb)
(GM)* e e?
=71 1+§+ECOSQ¢+2€COS¢ . (2.2.34)
Inserting this in Eq. (2.2.32)) gives
d*X, (GM)* 3e?  3e?
00 + X, = T (3+7+7C082¢+66008¢) . (2.2.35)
Since
d*(¢sin ) , d*(cos 2¢)
T+¢51n¢—2005¢ , T&—FcosQ(b— —3cos2¢, (2.2.36)
we find the solution
G M)A 32 2
Xi(¢) = ( L4) (3—1—% — %Coqub—l—?)egbsingb) , (2.2.37)

that satisfies the boundary condition . Note that one can add a term proportional
to cos ¢ to this since that solves the homogenous equation d;;gl + X; = 0. However, this
can be regarded as part of the Newtonian solution by redefining e.

The term 3e ¢sin¢ in is not periodic. This has the important consequence

that the elliptic orbit has a precession, i.e. that it makes the ellipse rotate slightly with

increasing ¢ so that the orbit is not quite periodic. To see this consider
dX dXy n dX,
dp  do  do

Without the 3e ¢sin ¢ term X (¢) would reach the next maximum for ¢ = 27 (starting

(2.2.38)

from the maximum at ¢ = 0 and increasing ¢) since all the other terms in X (¢) are
periodic with period 27. But because of the 3e ¢sin ¢ term the maximum gets shifted.
Denote the shifted angle of the maximum as 27w + A¢ where A¢ is due to the post-
Newtonian correction. Then we should impose
S
do

$p=21+A¢ do
We compute to leading order in the post-Newtonian correction (thus neglecting higher

dX,

—1 =0. (2.2.39)
p=21+Ad dg

p=2m+A¢

order corrections)

ax,
do

2 2
= — <G]\24) esin(2r+A¢) = — (G]\f) esin(A¢) ~ —
¢=27+A¢ L L

(GM)?
L2

eAg, (2.2.40)
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dX, dX, (GM)* d ) (GM)*
— ~ — = —(3egsin ¢ = 6me . 2.2.41
d¢ p=2m+A¢ d¢ ¢=2m L d(b( ) ¢=2m L1 ( )
Inserting this in (2.2.39)) gives
6m(GM)?
Ap = (T . (2.2.42)

Using the formula ([2.2.28)) for the semi major axis and reinstating the speed of light c,
we find

a N

Precession of elliptic orbits: In the regime r > L > GM in which Newtonian
mechanics is valid to a good approximation, the precession of an ellipse due to the

leading post-Newtonian correction from General Relativity is given by

6mGM
A¢ —_— m . (2.2.43)

This angle represents the precession of the ellipse, i.e. how much the ellipse is shifted

after what would have been a single orbit in the Newtonian approximation.

Precession of Mercury

The effect of the precession of elliptic orbits means that all planets in the Solar
System have a precession due to General Relativity. However, since the effect is propor-
tional to GM /a, it is bigger when the planet is closer to the Sun. The closest planet to
the Sun is Mercury. At the time Einstein developed his theory one had observations of
Mercurys orbit dating back to 1765. Mercury has an orbital period of about 88 days.

According to these observations it has a precession of

arcsec
A®) observed = 1] —. 2.2.44
(A9)observea = 560 100 years ( )
Here
27
= d = 2.2.45
AR = 3500 T 3600 - 360 (2:245)
Using Newtonian physics one could account for
arcsec
A ewton — 5 2.2.4
(A)New 0558 100 years ( 6)

from the gravitational attraction between Mercury and the other planets in the Solar Sys-
tem. The discrepancy between the Newtonian result and the measured precession
(2.2.44)) was pointed out already in 1859. Using the formula for the precession of
Mercury, Einstein computed in 1916

arcsec

(Ad)ar = 43 (2.2.47)

100 years
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Amazingly, this adds up perfectly:

(A¢)observed = (A¢>Newton + (A¢)GR . (2248)

Thus, General Relativity could explain a known discrepancy in the orbit of Mercury! At
the time that Einstein published his theory in 1915-1916 this was the most important

confirmation of it.

2.2.3 Deflection of light

According to Newtonian physics, light moves along straight lines. Instead in General
Relativity, the path of light in a general space-time can be bended. A massive body
such as the Sun curves the space-time around it, as described by the Schwarzschild metric
. Thus, in General Relativity, the path of light is deflected when passing a massive
body, due to the gravitational field around the massive body.

Light moves along null geodesics. A null geodesic is a curve x#(\) that obeys .

Define
dzt o d?xt

Tt T e

where A is the affine parameter for the null geodesic z#(\). We can then write the

equations for a null geodesics (1.4.52)) as

=

(2.2.49)

BT i =0, (2.2.50)

and

Guiti” = 0. (2.2.51)

We notice that Eq. (2.2.50]) is the same as (2.2.2)) while (2.2.51)) has a 0 instead of a —1
on the RHS as compared to (2.2.3). Thus, to obtain the equations for null geodesics of

the Schwarzschild metric (2.1.44) we can use the results of Section it we formally
identify ## and #* and track where the —1 goes in the derivation so that we can put a
0 instead. Indeed, (2.2.6]) is the same for a null geodesic while (2.2.7) has 0 on the LHS.
It is also true for null geodesics that they move in a plane that includes » = 0. Hence by
spherical symmetry we can again choose to be in the plane § = 7/2. Define
dt To do
E:—<1——), L=r% 2.2.52
X r " (2252)
This parallels the definition (2.2.10). With this we get (2.2.13) with 0 on the LHS.
Introduce the same variable X defined by (2.2.14). Then we get (2.2.16)) with 0 on the
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LHS, hence

1 L* [dx\° L?
0= D - X2, 2.2.53
1-2X [ (GM)? (d¢) (GM)? ( )
We can write this as ) ,
dX (GM)
— X*(1-2X) = E? 2.2.54
(%) +xa-20 = e, 2250
Differentiating with respect to ¢ and dividing with d.X/d¢ we get
d*X
—— + X =3X". 2.2.
o + 3 (2.2.55)
Using Newtonian mechanics one finds instead
d’X
Newton: y7e) +X =0. (2.2.56)

which, as we shall see below, means that light moves in straight lines. We notice that
the X? term is absent in comparison to , similarly to what happens for time-like
geodesics. For the Newtonian equation to be approximately valid, we see that we
need X < 1 and hence

r>GM (2.2.57)

This corresponds to having the null geodesics being far away from the Schwarzschild
radius rog = 2G'M.
We now consider the leading post-Newtonian correction to a null geodesic in the regime

(2.2.57) for which Newtonian physics is approximately valid. Write the full General

Relativity solution as
X(¢) = Xo(9) + Xi(¢), (2.2.58)

where X(¢) is the Newtonian contribution that solves the Newtonian mechanics equation
(2.2.56) and X;(¢) is the leading post-Newtonian correction from General Relativity,
obeying to first order in X; the equation
d>X,
d¢?
We impose the boundary condition that ¢ = 0 corresponds to a (local) maximum

for X (¢). The solution to the Newtonian contribution is

+ X =3X;. (2.2.59)

GM
Xo(p) = - cos ¢, (2.2.60)
which is seen to solve (2.2.56) and obey ([2.2.33)). This corresponds to
b
= . 2.2.61
0) = o (2261)
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This parametrizes a straight line. Writing the Cartesian coordinates

z(¢) =r(p)cosd , y(p) =r(¢)sing, z=0, (2.2.62)

we see that the Newtonian solution (2.2.61)) corresponds to the line xz(¢) = b. This is
illustrated in Figure [[6] The constant b is the minimal distance from the center of the
matter distribution at » = 0 and is known as the impact parameter. Hence we need
b > GM for the Newtonian approximation to be valid. While ¢ = 0 is where one has
the minimal distance to the center, one has r — oo for ¢ — £m/2. This corresponds to
Xo(¢p) — 0 for ¢ — £m/2.

Y
\fﬂ?ﬂ‘ray
Z2=0
P Im-1¢
.
r=0
Canter op\ 4’ S X
’:h’ai\izh'oh -~ V —
b
Umpact Vc.rw«atu’
lighteny

Figure 16: Light follows a straight line in Newtonian mechanics.

The post-Newtonian correction X;(¢) obeys Eq. (2.2.59). From (12.2.60) we get

d>X, 3(GM)?* 3(GM)?
T& + X1 = b—2 COS (b = T(l + cos 2¢) . (2263)
Using the second relation of Eq. (2.2.36) we find
M 2
Xi(p) = (G2b2) (3 —cos2¢). (2.2.64)
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To compute the deflection angle A¢ that a lightray would be bend by, we should find the

zeroes of X (). Since X(¢) is an even function, the zeroes are at £(% + 22). See Figure

for an illustration of this using again the Cartesian coordinates (2.2.62)).

4 |
\t‘ﬂw‘rﬂ}/ ‘; |
|
[ Zz2=0
| plane
|
|
l
r=0
C_em"l"er oh N X
atter—
ke | y —
b
(npact pereueber
\is‘ﬂ'my
Figure 17: Tllustration of the bending of light.
We compute
VAN GM T A GM
xoT A0y S G (7 Boy O 2
o2+2 ;o Co8 2+2 5% o) (2.2.65)

For X;(¢) we need only the leading order since it is already a small correction, giving

X (g n %) ~ X, (g) - 2(Gb—im2 . (2.2.66)

Thus, X(%%—%) = 0 gives A¢p = 4G M /b. Reinstating the speed of light, we have derived:
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Deflection of light: The deflection angle A¢ for a lightray with impact parameter

b due to the gravitational field from a matter distribution with total mass M is

AGM
AP = .
¢ bc?

(2.2.67)

This is valid when b > GM/c*. The matter distribution should be approximately
spherically symmetric or have an extension that is much smaller than the impact

parameter.

Experimental tests

In 1919 an experiment led by Sir Arthur Eddington and Sir Frank Watson Dyson took
place involving two expeditions that sailed out from England to take pictures of the stars
seen close to the Sun during the solar eclipse May 29, 1919: one expedition went to the
island of Principe on the west coast of Africa, the other to the city of Sobral in northern
Brazil. The idea was to take pictures of the stars close to the Sun during the solar eclipse,
then take pictures of the same piece of sky in the night when the Sun is no longer there,
and then compare the two sets of pictures to see if the stars have moved. Combining
the results of the two expeditions, the experiment measured a deflection angle A¢ of 1.60
arcseconds. Using the formula one finds A¢p = 1.75 arcseconds as the prediction
of General Relativity, using that M is the mass of the Sun and b is the radius of the Sun
(see Exercise[2.1)) [4]. This measurement was considered a major breakthrough in showing
that Einsteins theory of General Relativity is right. See Figure [L§| for an article in New
York Times from shortly after the discovery was announced.m

Since then many observations of deflections of light have been observed. Typically from
the deflection of light from one galaxy due to the gravitational field of another galaxy.
This effect is also known as gravitational lensing. The most spectacular phenomenon
occurs when the positions of the two galaxies relative to Earth is such that light rays from
the same galaxy can reach us from several directions at once, forming a ring known as an
Einstein ring. This is illustrated in Figure [19] The first complete ring was observed in

1998. Figure 20]is a recent observation of an Einstein ring.

22For more information you can read the article ” The 1919 measurement of the deflection of light” by
Clifford M. Will, arXiv:1409.7812, about the history of this discovery and how they measure these things
today.
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Figure 18: Article in The New York Times, November 9, 1919 (page 6).
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Figure 19: Tllustration of bending of light leading to an Einstein ring.

Figure 20: Picture of an observed Einstein ring for the gravitationally lensed galaxy SDP.81
taken by the Atacama Large Millimeter/submillimeter Array (ALMA) in 2015.

2.3 Exercises for Chapter

Exercise 2.1. Deflection angle for the Sun.
Compute the deflection angle for light passing close to the Sun. You can use that the
radius of the Sun is 696 000 km and the mass of the Sun is M, = 2.0 - 103 kg.

Exercise 2.2. The orbit of star S2 around Sagittarius A*.
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The star S2 is observed to have an elliptic orbit around Sagittarius A* (Sgr A*) located
in the center of the Milky Way galaxy. Sgr A* is believed to be a supermassive black hole
with mass M = 4.2 - 10M, where M, = 2.0 - 10*®° kg is the mass of our Sun. We assume
below that it is a Schwarzschild black hole. The star S2 has a period T" = 15.6 years,

eccentricity e = 0.88 and semi-major axis a = 1.4 - 10** meter.
e What is the Schwarzschild radius of Sgr A*?

e The precession of an elliptic orbit due to the leading post-Newtonian correction of

General Relativity is
6rGM

(1—e?)ac?”

What is the precession angle A¢ of the elliptic orbit of S27 What is it in units of

A¢ = (2.3.1)

arcminutes per orbit? What is it in units of arcseconds per 100 years (i.e. the same

units as used for Mercurys precession)?

e How close does the star S2 comes to the event horizon of Sgr A*? Is the approxi-

mation used above warranted (i.e. that the post-newtonian correction is small)?

[Hint: You can find the minimal radius using Eq. (2.2.27)).]

Exercise 2.3. Circular orbits for Schwarzschild metric.
We consider here the circular orbits for freely falling massive particles moving in the
background of the Schwarzschild metric (2.1.44]).

e Consider the geodesic equation (2.2.17)). We can interpret this equation as a particle
with unit mass moving in one dimension parametrized by X with velocity dX/d¢
and total energy &£, hence obeying

1 /dx\*

| — V(X)=¢E. 2.3.2

s (5) +ven (2:52)
What are £ and V(X)) such that we can write (2.2.17)) in this form?

e Using your intuition and knowledge from classical mechanics, argue that for circular

orbit one needs to find a radius 7. corresponding to an X. = GM/r. such that

dV(X) =0. (2.3.3)
dX |y_x.

e Argue furthermore that for a stable circular orbit, one needs

2V (X)
X2

>0. (2.3.4)

X=X,
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Here a stable circular orbit means that a small perturbation of the circular motion

remains small.

e Find the radii for which we have (2.3.3). What is the condition on L ensuring that

this equation has solutions?

e Find a radius that both satisfies (2.3.3) and (2.3.4). What is the condition on L

ensuring that a stable circular orbit is possible?
e How close to the Schwarzschild radius can a stable circular orbit be?

e Compare now all the above answers to what one obtains starting with the Newtonian
geodesic equation (2.2.20). What are the differences?

Exercise 2.4. Birkhoffs theorem.
Assuming a spherically symmetric space-time, we have shown in Section that the
line-element can be written in the form (2.1.16]). The Christoffel symbol for this line-

element has components
I, =8, T! =0, I =e229,3,

D= 00, Th=08, TL=08, Th=-—re®, I, =—re?sin’0,

1
ré, = o Fzﬁaﬁ = —sinfcosf,

1 cos
e =—-, Iy, =——.
K S Y

(2.3.5)

Below we solve the vacuum Einstein equations R,, = 0 for the spherically symmetric

line-element ([2.1.16]).

e Calculate the three components I',, T and T and check that they are the same
as in ([2.3.5)).

e Using the general formula for the Ricci tensor (2.1.28)) compute

r
Argue that this means
B =pB(r). (2.3.7)
e Compute
Rog =14 e #(ro.p — ro,a — 1). (2.3.8)
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Show using (2.3.7)) that this means 0,0,a = 0 and hence
a(r,t) = f(r)+g(t) . (2.3.9)

e Argue that one can absorb the function g(t) into a redefinition of the time-coordinate
in the line element ([2.1.16)). Hence we end up with the line element (2.1.17)) that was

our starting point for the derivation of the Schwarzschild metric in Section [2.1.2]

Comment: In conclusion, if we combine the above result with the derivation of
the Schwarzschild metric in Section 2.1.2] we have shown that if one starts with a
general spherically symmetric line-element , with a possible time-dependence
included, then the vacuum Einstein equations still lead to the Schwarzschild metric
(2.1.44]). This proves Birkhoffs theorem mentioned in Section m

Exercise 2.5. Killing vector fields and conservation of energy.
Consider a time-like geodesic x#(7) and a vector field T#(x) in a space-time with line-

element ds* = g, dztdz”. Given this, we consider the scalar field

dz”
E=-Tg,—. 2.3.10
In this exercise we consider under which circumstances E is a conserved quantity. The
results of this exercise are generalizing the statement that F defined by ([2.2.10)) is invariant

for the Schwarzschild metric ((2.1.44]).

e Show by applying % on both sides of the equation that

dE 1 dz* dx¥
—=—(D,T,+D,T,)——.
dr 2( phv “) dr dr

From this it follows that if the vector field T* obeys the so-called Killing equation

(2.3.11)

D,T,+D,T, =0, (2.3.12)

then FE is constant along the geodesic. A vector field T* that obeys ([2.3.12) is known
as a Killing vector field.

e Consider a given vector field T#(x). Argue that if £, as defined in Eq. (2.3.10)), is

a conserved quantity for any geodesic z#(7) then T* is a Killing vector field.

e Consider a vector field 7" = (1,0,0,0). Show that the Killing equation (2.3.12)
reduces to Jpg,, = 0. Argue that this means we have rederived the result of Sec-
tion that E defined by ([2.2.10) is a conserved quantity for a geodesic in the

Schwarzschild metric.
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Exercise 2.6. Acceleration at the surface of the Earth.

Use the covariant formula for the acceleration to compute the direction and the
magnitude of the acceleration of somebody standing still on the surface of the Earth. You
can use that the radius of the Earth is 6 370 km and the mass is 5.97 - 10** kg.
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3 Black Holes

3.1 Schwarzschild Black Hole

In Section [2.1 we found that the unique line-element with spherical symmetry solving the
vacuum Einstein equations is . The metric of the line-element , called the
Schwarzschild metric, is valid outside a given spherically symmetric matter distribution
with total mass M. We assumed in Chapter [2| that the radius of the matter distribution
exceeded the Schwarzschild radius rp = 2GM. In this section we shall explore what
happens if this is not the case, i.e. that the matter distribution is inside the Schwarzschild

radius rq.

3.1.1 Event horizon

We assume in the following that the Schwarzschild metric is valid for all r, i.e. that
the vacuum Einsteins equations are valid everywhere (apart from at r = 0, see Section
below). Considering the Schwarzschild metric ([2.1.44]), we see that approaching the
Schwarzschild radius r — ro = 2GM the time component of the metric goes to zero
gy — 0 while the radial component blows up g,, — oo. In this section we shall explore

the physical meaning of this.

Infalling spaceship

Suppose we are watching from far away (i.e. 7 > 1) a spaceship that falls freely towards
the center of the Schwarzschild metric. Write the time-like curve of the spaceship as
x#(7) where 7 is its proper time. As far away observers we measure time according to
the coordinate time ¢ since the metric for r > ry is approximately the Minkowski metric.
Instead the spaceship measures a proper time 7 determined by its motion. We can assume
0 = m/2 without loss of generality. Hence, we can use the results on geodesics of Section
2.2.1} From ([2.2.10) we have the conserved quantity

E:;l—j (1—%) , (3.1.1)

which is the energy per unit rest mass of the spaceship. We can rewrite this as

_To

1 ro
dr = Tdt . 1.2
r=— (3.1.2)

We see from this that as the spaceship approaches the Schwarzschild radius r the proper

time 7 of the spaceship goes slower and slower compared to the coordinate time ¢ which
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is the proper time for us as observers,

%—)O for r—rg. (3.1.3)

In fact, for r = ry we have dr = 0 which means that time is standing still. However, as
we shall see below, the spaceship will actually never reach r = ry.
To consider this in more detail, we assume for simplicity that the spaceship follows a

time-like radial geodesic, i.e. one with fixed angles # and ¢. Thus,

Z—iz%z@. (3.1.4)
Moreover, we impose for convenience here the initial condition on the freely falling motion
that for r/rq — oo the proper time 7 should be equal to the coordinate time ¢ since
one approaches Minkowski space in this limit. This means that £ = 1 which in fact
corresponds to the statement in Special Relativity that energy is equal to mc? (if one

reinstates the speed of light ¢). Thus, since £ = 1 we have

dt 1

D . 3.1.5

dr  1-7= ( )
Using this in (2.2.7)) we find

dr To

— = =/ 3.1.6

dr r’ ( )

where the minus sign is because 7 is decreasing with time. In Section we consider

freely falling motion with £ # 1 as well, corresponding to more general initial conditions.

Use now (3.1.5) and (3.1.6]) to compute

dr  drdr 0 70
e L 1_—> —. 1.
dt  dr dt < r r (3.1.7)
For r ~ ry this gives p
T To T —To
— o~ -1+ —~— ) 3.1.8
dt + r To ( )

Hence, once the spaceship is close to the Schwarzschild radius, we have

r() — ro = Clexp (—i) , (3.1.9)

To

where C' is a constant. This shows that it takes an infinite time for r(¢) to reach ro, as
seen from point of view of the far away observers which measures proper time using ¢.

Thus, as far away observers we will indeed never see the spaceship reach r = ry.
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If we instead consider the spaceship point of view we should use the proper time 7.

From we get /rdr = —,/rod7 and hence

2/ 3 3

§<r2 _ TO) = —/ror, (3.1.10)
where 7(0) = ry. This shows that from the spaceship point of view, the spaceship reaches
the Schwarzschild radius ry in a finite time. This is quite a remarkable consequence of
the idea that time is an observer-dependent concept in General Relativity. Depending on
who is observing, one either reaches the Schwarzschild radius in finite time, or one never
reaches it.

The Schwarzschild radius r = rg in the metric defines a sphere in the space-
time (for fixed t). We call this sphere the event horizon because in a certain sense it works
similarly to a horizon on Earth: due to the curvature of the surface of the Earth, one
cannot see further than the horizon in the distance. However, moving towards it, one is
able to travel beyond the point that one saw as the horizon.

We call the part of space-time that is inside and on the event horizon a black hole.
The reason for the name is that nothing, not even light, can escape from being behind or
at the event horizon??] This will be shown below in Section 3.1.2l We denote the black
hole associated with the Schwarzschild line-element a Schwarzschild black hole,
in order to distinguish it from other black holes that we shall discuss below in Section [3.3]

Closing of light cones

Light travels along null curves, and nothing can move faster than the speed of light. Hence
it is interesting to examine the consequences of the event horizon at r = r( for null curves.

Consider for simplicity only radial null curves. Then df = d¢ = 0 and we have

ro 9 dr?
1——) dt* — ~0. 3.1.11
< r - ( )
Hence, we get J
T To
—zi(l——) : 3.1.12
dt r ( )

where the plus (minus) sign is for outgoing (infalling) radial null curves. Far away from
the event horizon r > ry this means we have dr ~ +dt. Thus, in the (¢,7) coordinates
the speed of light is one. But when r is close to ry, we see that the apparent speed of

light in the (¢,7) coordinates is diminished, and at r = rq it is zero. We have illustrated

23This is according to the theory of General Relativity. It is conceivable that in a quantum theory of

gravity information from behind the event horizon is allowed to escape to the outside.
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this in Figure [21] in terms of the light cones in the (t,7) coordinates. As one can see in

this figure, the light cones close up near the event horizon at r = ry.

N\t

w#(/znj outgeing
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Figure 21: Tllustration of lightcones in the ¢ and r coordinates of the Schwarzschild metric
(2.1.44)).
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How should we interpret the closing of the light cones? It suggests that light cannot
move radially at » = o and move very slowly near r = rg. This means that in the (¢,7)
coordinates, it is both difficult to reach the event horizon with a light ray, and to escape
the event horizon with a light ray. Indeed, for the infalling radial null curves it takes
infinite time ¢ to reach the event horizon. This follows by using and - ) with
exact equal signs replacing the approximate equal signs. This fits Well with our conclusion
above that ingoing radial time-like geodesics also takes infinite time ¢ to reach the event
horizon. However, we saw also that in terms of the proper time 7 of the spaceship it
actually reaches and passes through the event horizon in a finite time. As we shall see
below in Section [3.1.2] a similar phenomena is true for an infalling radial light ray, once
we use a different time coordinate than .

Turning to outgoing radial null curves, we show below in Section that they are
unable to pass through, or leave, the event horizon. This is true regardless of what time
coordinate one uses.

Note that one can show similar behavior of general null curves. For a general null
curve in the Schwarzschild metric (2.1.44]) it is straightforward to derive

(-2 (e (estd). e

Hence, we get that dr/dt = 0 on the event horizon is also true when including the sphere

part.
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3.1.2 Eddington-Finkelstein coordinates

As we have seen above, strange phenomena appears near the event horizon r = rq when
using the (¢,7,0, ¢) coordinates. These coordinates are appropriate to use for an observer
far away, as t for r > ry would correspond to a proper time for someone with dr = df = d¢.
Such an observer would see that massive particles, as well as light, would take infinite
time to reach the event horizon. Therefore, to be able to show that ingoing light rays
actually can reach and pass through the event horizon, we need to find a new coordinate
system. This will also show us that outgoing light rays cannot pass through the event
horizon. In other words, we need to find a new set of coordinates in which the light cones
do not close up, as in Figure [21]

An issue that is closely connected to this is that the Schwarzschild metric (2.1.44])
behaves singularly at the event horizon, since g;; — 0 and g, — oo. Does this mean
that space-time geometry is singular at » = ro? This would be at odds with the fact that
the spaceship that we discussed above passes r = ry unscathed. We will show in this
section that the singular behavior of the Schwarzschild metric is an artifact of
the particular coordinate system used, rather than a singular behavior of the space-time
geometry itself. This is again addressed by finding a new set of coordinates.

To find our new coordinates, we first define the so-called tortoise radial coordinate r*
ad]

r*(r) =1+ rolog

T
——1]. 3.1.14
Z-1 3.114)

We compute
dr

11—

r

Hence in terms of r* the radial null curves (3.1.12)) obey

dr* = (3.1.15)

r* = +t + constant . (3.1.16)

Define now the v and v coordinates as

u=t—r", v=t+r". (3.1.17)
Then
v = constant: infalling radial null curve,
] _ (3.1.18)
u = constant: outgoing radial null curve.
Z4Here we defined the numerical value as |z| = x for # > 0 and |z| = —x for x < 0. We put the argument

in the logarithm with the numerical value since we shall later apply this formula also for r < 7.
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We are now ready to define our new set of coordinates for the Schwarzschild metric
(2.1.44). The new coordinates are the Eddington-Finkelstein coordinates (v,r,0,¢). To
write the Schwarzschild metric in these new coordinates, we should make a coordinate

transformation from the old (¢,7, 6, ¢) coordinates. To accomplish this, we record

dt:dv—dr*:dv—lf—rm, (3.1.19)

since t = v — r*. Inserting this in the line-element (2.1.44)) one finds the line-element

ds? = — (1 . %) dv? + 2dvdr + r2dQ? . (3.1.20)

This is the Schwarzschild metric in Eddington-Finkelstein coordinates.
We first observe that the metric in Eddington-Finkelstein coordinates (3.1.20) does

not break down at r = ry. To see this, set r = rg to find

010 0
L —|1roc0 o (31.21)
Julr=ro 0072 0 ' o

0 0 07r2sin?0

Thus, seen as a four by four matrix, the metric is both finite and invertible. Hence
the Schwarzschild line-element in Eddington-Finkelstein coordinates is regular
(i.e. non-singular) at r = r, unlike in the coordinates used in (2.1.44). Therefore, we con-
clude that the apparant breakdown of the metric (2.1.44)) at » = ry is due to a coordinate
singularity and not a genuine singularity in the space-time geometry.

We can now further examine radial null curves in this new coordinate system. From
(3.1.18) we have that dv = 0 for infalling radial null curves. Instead outgoing radial null
curves have dt = dr* = dr/(1 — ") and hence dv = dt +dr* = 2dr* = 2dr/(1 — ). Thus,

in Eddington-Finkelstein coordinates radial null curves are given by

— = .1.22
dr (3 )

2

dv 0 for infalling,
—=55 for outgoing .

1—

One sees immediately from this that the lightcones no longer close up in Eddington-
Finkelstein coordinates. We have illustrated this in Figure 22]

It is clear from and Figure that infalling radial light rays actually do
pass through the event horizon, as we have anticipated above. Furthermore, we see that
outgoing radial light rays actually cannot escape the event horizon, nor pass through it.

This is in fact true for all outgoing light rays, not just the radially directed ones. Thus,
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Figure 22: Tllustration of lightcones in the Eddington-Finkelstein coordinates v and r.

light cannot escape from the black hole. Since nothing travels faster than light this means
that nothing can escape the black hole. Therefore, an outside observer will never be able

to know what goes on inside a black hole[]

3.1.3 Inside the black hole

We have shown above that the Eddington-Finkelstein coordinates (v,r,0,¢) are well-
behaved across the event horizon at » = ry. This leads to the conclusion that the metric
is valid not only for r > ry but also for » < ry. Thus, using the metric (3.1.20))
we can actually get a peek at what is behind the event horizon of the black hole. Note
that we assume in this section that one does not have any matter distribution inside the
black hole, except very close to r = 0. We consider the validity of this assumption in the
end of the section.

The radial null curves in Eddington-Finkelstein coordinates, illustrated by Figure [22]
show that inside the black hole, i.e. for r < ry, a light ray can only decrease the radial
r coordinate. This is in contrast to outside a black hole where r can both decrease and
increase. Since a massive particle travels slower than the speed of light, a radial time-like
curve must also have decreasing r inside the black hole. Thus, no matter what, one has
to travel towards the center of the black hole.

It is interesting to further consider the inside of the black hole in different coordinates.
Define for r < rg the coordinate ¢ as

t(v,1) = v — 1 — 1o log (1 - 1) (3.1.23)

To

25 Again, here we ignore effects of a quantum theory of gravity.

125



in accordance with (3.1.14]) and (3.1.17)). One finds
dr

_To
r

Inserting this in the metric (3.1.20) we get back the Schwarzschild metric (2.1.44)). Thus,
we have shown that the Schwarzschild metric (2.1.44)) is actually also valid for r < rg m
Using now the Schwarzschild metric (2.1.44)) we see in these coordinates that the g

and g, terms both changes sign when we enter the black hole. Clearly this means that ¢

dt = dv — - (3.1.24)

cannot be a time-coordinate anymore, since a curve with fixed (r, 6, ¢) would have ds? > 0
and hence not be time-like. Instead a curve with fixed (¢,6,¢) is time-like since ds* < 0.
Thus, r can be used as a time-coordinate inside the black hole. Since all time-like or null
curves are decreasing in 7, one gets that decreasing r corresponds to moving forward in
time, just like increasing ¢ does outside the black hole. From this one deduce that no
matter what one does inside a Schwarzschild black hole, one can only move towards the
center of the black hole at r = 0.

Using one sees that a massive particle following a geodesic would take a finite

proper time to reach r = 0. Indeed, starting from r = ry it would take the proper time

2
T=3"0, (3.1.25)

to reach the center » = 0. Since a geodesic maximizes the proper time, this is an up-
per bound on how long it takes to travel from the event horizon to the center of the
Schwarzschild black hole 7]

Consider now the center r = 0 of the Schwarzschild black hole. We see that the metric
behaves in a singular way both in the coordinates of the Schwarzschild metric (2.1.44])
as well as in the Eddington-Finkelstein coordinates . This is because there is a
singularity in the space-time geometry at r = 0, thus all coordinate systems break down
at r = 0. To show this, we need to construct a scalar field out of the Riemann curvature
tensor that diverges at » = 0 since that would show that the geometry is singular
irrespective of what coordinate system we describe it in. One finds in the coordinates of
the Schwarzschild metric
12r2

Uy po _
R Ripe =

(3.1.26)

261t is important to note that to connect r > 79 and r < o one needs strictly speaking to use coordinates
without a coordinate singularity at r = rg such as the Eddington-Finkelstein coordinates. Of course, some

computations might very well work fine even if one disregard this.
2TNote that the proper time (3.1.25)) depends on the initial conditions of the freely falling motion from

r =19 to r =0 (see Section [3.1.5)). Indeed if one starts with dr/dr = 0 at r = ry one would get a longer
proper time. Thus, (3.1.25)) is only an upper bound given that one has the same initial velocity at r = rg.
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This is clearly a scalar field made out of the Riemann curvature tensor, and it diverges for
r — 0. Thus, we conclude that the space-time geometry of the Schwarzschild line-element
has a curvature singularity at r = 0.

Using the so-called geodesic deviation equation one can show that tidal forces inside
the black hole would pull apart any extended object such as an astronaut or a spaceship
before one reaches r = 0. This effect is increased for smaller black holes. For sufficiently
large Schwarzschild black holes one can survive passing the event horizon without being
torn apart. So in this case one survives a bit inside the black hole before reaching certain
death.

So far we have assumed in this section that one does not have any spherically symmetric
matter distribution for » > 0. However, even if one did, the above considerations show
that such matter would shrink towards » = 0. Note that if one is in a spaceship inside
the black hole it would not help if there is matter closer to the center that possibly could
smoothen out the singularity, since that matter would shrink away before one reaches the
singularity at the center (in tiny pieces).

Finally, note that one of the biggest question marks in modern theoretical physics
is if the picture of General Relativity of what is inside a black hole is true. There are
several new ideas and theories that points towards that General Relativity breaks down
already around the event horizon of a black hole. This is in accordance with the fact
that according to General Relativity, one cannot communicate anything from inside the
black hole to the outside. Thus, if quantum gravity effects kicks in already near the event
horizon this would not alter significantly the physics outside the event horizon. But it
could fundamentally change our understanding of what happens inside a black hole and

what a black hole is made of. We shall briefly come back to these questions below in

Section 3.5.3

3.1.4 Global time coordinate

As we have seen above in Section the coordinate t of the Schwarzschild metric
(2.1.44]) is only a time coordinate outside the event horizon since a curve with fixed r, ¢
and ¢ is only time-like for » > 7. Inside the event horizon it is instead r that can be seen as
a time-coordinate. Thus, the Schwarzschild metric in the (t,7,0,¢) coordinates
does not have a global time coordinate, i.e. a coordinate that can be used as a time
coordinate everywhere in the space-time. Also for the Eddington-Finkelstein coordinates
(v,7,0,¢) with metric there is no global time coordinate. In this section we

consider a new coordinate system for the Schwarzschild space-time with a global time
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coordinate that works both inside and outside the event horizon. This clarifies the fact
that the direction of the flow of time is well-defined for the Schwarzschild black hole.
The new coordinates are called Lemaitre coordinates (T, R, 0, ¢). They are defined in

terms of the Eddington-Finkelstein coordinates (v,r,0,¢) as

3
2rz2

T(v,r) =v —1+4 24/ror — 21 log <1+1/TLO> , R(v,r) = W

The angles 6 and ¢ are the same as in (3.1.20]). Notice that » > 0 implies

+T(v,r). (3.1.27)

T<R. (3.1.28)

From (]3.1.27))
d
Al =dv— — | dR=dT + | dr. (3.1.29)
14/ To

Using this in (3.1.20]), one finds that the Schwarzschild metric in Lemaitre coordinates
becomes
ds? = —dT? + 2dR? + r2(d6? + sin® 0d¢?) (3.1.30)
r

where r = (T, R) seen as a function of the new coordinates 7" and R is

rqu)::(quaﬁu-Jn)g. (3.1.31)

This follows from the second equation of . We see that the the metric has
T as time-coordinate both inside, on, and outside the event horizon since all curves with
fixed R, 6 and ¢ are time-like. Thus, T is a global time-coordinate. Correspondingly, R,
0 and ¢ are always spatial coordinates.

In terms of the original coordinates (t,r,0, ¢) for the Schwarzschild metric we find

r dr
dR = dt — ) .1.32
R +’/m1——% (3.1.32)

This can be obtained by employing

dr
-

T

dv = dt + (3.1.33)

We can use (3.1.32) to give an interpretation of the Lemaitre coordinates. Consider having
R, 6 and ¢ constant. Comparing (3.1.32)) for dR = 0 with (3.1.7]) we see that they give the

same equation for dr/dt. Hence a motion with R, § and ¢ constant corresponds to a free
fall along a radial time-like geodesic with £ = 1. Moreover, for such a motion we have

ds? = —dT? which means T corresponds to the proper time. Thus, the coordinate system
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(T, R,0,¢) follows observers which fall freely along radial geodesics with £ = 1, i.e. the
same type of radial motion that we have explored in Section [3.1.1 The time-coordinate
T thus measures the proper time for such observers.

The location of the singularity » = 0 is at R = T". Thus, for a motion with constant
R, 0 and ¢, T'= R is the moment in time in which the singularity is reached. Therefore,
in the case of a radial free fall the condition expresses the fact that it will end at
the singularity. We have illustrated this in Figure [23]
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Figure 23: Tllustration of the Schwarzschild black hole space-time in Lemaitre coordinates. A

radial free fall with £ = 1 corresponds a curve with R held constant.

From (3.1.31)) we see that the event horizon is at

2
R—T=2r. (3.1.34)

Thus, we are outside the event horizon for R — T > %ro and inside for 0 < R —T < %7"0.
We see that for a motion with constant R, # and ¢ the difference in proper time T for
such freely falling observers is %ro which reproduces the result ([3.1.25]).

Finally, we can consider the lightcones in these coordinates. For a radial null curve we

dT = +,/ %R, (3.1.35)
T
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in order to get ds* = 0. The plus (minus) sign corresponds to the outgoing (infalling)
radial null curve. Thus, we find that d7'/dR > 1 outside the event horizon and dT'/dR < 1
inside the event horizon. This fits with the fact that the outgoing radial null curve can
increase R —T and hence escape the event horizon when we are outside the event horizon.
Instead when we are inside the event horizon R — 7' can only decrease which means we

inevitably end up in the singularity. See also Figure [23| for an illustration.
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Figure 24: Tlustration of two astronauts Anna and Berit in radial free fall towards the black
hole.

We can use the Schwarzschild metric in Lemaitre coordinates to address the following
scenario which is illustrated in Figure Suppose two astronauts are in a radial free fall.
The one closest to the event horizon is Anna and the one slightly further away is Berit.
Anna keeps sending light signals to Berit with a flashlight. The question is: suppose
Anna sends a light signal just after she passed the event horizon. Wouldn’t Berit, who
is just outside the event horizon, receive the light signal before entering the black hole,
and thereby violate the fact that light cannot escape the black hole? The answer is no. If
Anna sends a light signal before she enters the event horizon this can reach Berit before
Berit enters the black hole since the outgoing part of the lightcone permits this. However,
if Anna sends a light signal after she enters the event horizon the lightcone has narrowed
such that the outgoing radial null curve can only reach Berit after Berit herself enters the
black hole, as illustrated in Figure
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3.1.5 Redshift for infalling observer

We consider here how the curved space-time geometry of the Schwarzschild metric affects
sending light signals to and from the vicinity of the event horizon. In addition we consider

a more general solution to an infalling observer.

Infalling observer with £ =1

We consider here again the two observers of Section[3.1.1 An observer at infinity, meaning
very far away from the black hole, i.e. with r so large that we can ignore r¢/r in the metric
(2.1.44). The second observer is inside an infalling spaceship, meaning a freely falling
spaceship with r > ry which is close to the event horizon. The scenario we consider is
that light signals are sent and received between the two observers. In the following we
use for simplicity the same initial conditions as described in Section [3.1.1| with E = 1.
Below we generalize the results to initial conditions with any F.

Consider the motion of the infalling spaceship as described in (¢,7) coordinates by

Egs. (3.1.5)-(3.1.6]) in terms of the proper time of the spaceship. Using Egs. (3.1.15)) and
(3.1.17)) we find that in terms of the (u,v) coordinates this motion is

d d
du=—"—  dv=—"1 (3.1.36)

11—/ YT VE
This describes the motion of a freely falling massive particle when the motion is only in
the radial direction, i.e. with fixed angles 6 and ¢.

The first scenario we consider is that the infalling spaceship sends light signals towards
the observer at infinity (along a radial null curve).

We represent this as two infinitesimally close events, the event A1l that corresponds to
the first light signal from the infalling observer and the event A2 that corresponds to a
subsequent light signal, with proper time dr between them. This is illustrated in Figure
25| The proper time d7 could be taken to correspond to the beginning and end of one
period of an electromagnetic wave, with d7 being the period (not necessarily in the visible
part of the spectrum). The event Al is at » = rp and ¢ = t5 while the event A2 is at
r =ra+dr and t = ty + dt with dr and dt given by — with d7 being the
proper time of the infalling observer between the two events. In (u,v) coordinates this

corresponds to

Al: (u,v) = (ua,va) , A2: (u,v) = | ua + , VA + ) (3.1.37)
e 1+, /o
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Figure 25: Tllustration of scenario 1 with the infalling observer that sends a light signal towards
the observer at infinity as well as scenario 2 with the infalling observer receiving a light signal

from the observer at infinity.

using Eq. where (up,va) = (ta — 7%(ra), ta +17*(ra)).

The light signals are then received by the observer at infinity. The first light signal is
received at the event B1 and the second at the event B2, as illustrated in Figure [25] The
event Bl is at » = rg and ¢ = tg. Since the event B2 occurs at the same position it is at
r =rg and t = tg + d7r,, where dr, is the proper time between the two events. Note that
dt = dr., since we assume 7 is so large that we can neglect r/r in the metric (2.1.44]).
Thus,

Bl: (u,v) = (up,vg) , B2: (u,v) = (up + d7eo, VB + d7w) (3.1.38)

in (u,v) coordinates where (up,vg) = (tg — r*(rg), tg + r*(rg)).

We impose now that the two light signal are outgoing radial null curves. From
this means that u is constant along the null curves. Thus, for the first light signal we
have that uy = up and for the second ug + dro = up + dr /(1 — \/ro/—rA). We conclude
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that?]
dr

1, /o
TA

From this we see that dr,, > dr. This means that if the two light signals are send with

(3.1.39)

dTee =

1 second apart from the infalling observer, they are further apart in time when the reach
the observer at infinity. If r, is very close to ry one can have that dr, could be hours,
or years. Thus, the closer the infalling observer is to the event horizon, the more she will
appear to be frozen in time. Moreover, interpreting dr as a period of an electromagnetic
wave, we see that the wave will be redshifted in general, and if r4 is very close to rg the
redshift can be arbitrarily large. Therefore, not only the infalling observer will appear
to freeze in time, she will also fade away to the infrared part of the spectrum. Since
our instruments naturally have physical limits in how long wavelengths we can observe
(the longest radiowaves are measured in meters) eventually we will not be able to see the
infalling observer from afar.

The second scenario we consider is that the observer at infinity sends light signals
towards the infalling observer. We represent this again at two infinitesimally close events,
the event B1 that corresponds to the first light signal sent from the observer at infinity, and
the event B2 corresponding to the second light signal, with proper time d7,, between them.
The infalling observer then receives the first light signal at the event A1 and the second
at the event A2 with proper time d7 between the events. This is illustrated in Figure [25]

We can use the same parametrization of the four events as above in ([3.1.37)-(3.1.38)). For

this situation we should impose that the two light signal are ingoing radial null curves.
From (3.1.18]) this means that v is constant along the null curves. Thus, for the first light
signal we have that v4 = vg and for the second vs + dro = vp + d7/(1 4+ \/T0/7Ta). We

conclude that
dr
1+, /o
TA

From this we see that dr > dr,. This means light reaching the infalling observer is

(3.1.40)

dTee =

redshifted, just like in the other situation. However, in this case the redshift factor at
maximum becomes d7 =~ 2d7,, when the infalling observer is close to the event horizon.

In fact, only close to r = 0 the redshift factor diverges. This makes sense as the light

28Note that one cannot use the formula to relate the proper time between the light signals for
the two observers since dt in that formula should be the difference in the coordinate time for the motion
of the spaceship (the infalling observer) near the horizon between the reception of the two light signals,
and this difference in coordinate time does not have to be equal to the difference in coordinate time that

occur when the two signals were sent from the observer at infinity.
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signal should be able to travel inside the event horizon, and in fact one should be able to
receive light signals from the observer at infinity.

The key to understand this is to remember that while from point of view of the
observer at infinity nothing can go out of the black hole. Hence for this observer the
event horizon is a very special region in space-time. In contrast to this, from point of
view of an infalling observer nothing special happens when reaching the Schwarzschild
radius. There is no local physical measurement that one can perform to see that one is
passing the Schwarzschild radius. This follows from Einsteins Equivalence Principle as
formulated in Section [1.3.5] and the fact that there is no singularity in the space-time at

this radius.

Infalling observer with any F

We consider here the most general initial conditions for an infalling observer falling along
a radial geodesic. In Section [3.1.1] we imposed FE = 1 corresponding to a freely falling
motion that has zero velocity for r/rg — co. However, as we explain below, all values
of E corresponds to physically reasonable initial conditions. Taking E to be arbitrary in

(3.1.1) we have
d¢  FE
dr 1-1n"

r

(3.1.41)

Inserting this in Eq. (2.2.7) we find

dr 0
—=—/E?2-1+—. 3.1.42
dr + r ( )

For E > 1 one has a motion for which the kinetic energy is non-zero for r/ro — oo. This
corresponds to a scenario in which the spaceship starts far a way from the black hole with
an initial acceleration, giving an initial velocity, and afterwards turn off the engines of
the spaceship with the observer so that it is freely falling. Turning to £ < 1 one can see
from that dr = 0 at the radius r = —%. Thus, I < 1 is realized by starting a

1-E?2

freely falling motion with zero velocity at this radius.

Using Eqs. (3.1.15)) and (3.1.17) with Eqs. (3.1.41))-(3.1.42)) we get the change in the

u and v coordinates

du = (3.1.43)

E?—-14+12 E—/E?-1+1
T “dr , dv= dr

11— ’
'

given the change in proper time d7 of the freely falling observer.

We can now again look at the two scenarios, as illustrated in Figure [25. We use again

the parametrization (3.1.37)-(3.1.38). In scenario 1, where the infalling observer sends
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out light (or electromagnetic waves) towards the observer at infinity, we get

E+,/B>—1+2
: dr . (3.1.44)

_ o
TA

dTee =

We see again that d7., > d7 and that dr, diverges for r — ry. This means that essentially
one has the same physics as for £ = 1, namely that there is a redshift of the light signals
received from the infalling observer, and this redshift becomes arbitrarily large as the
infalling observer approaches the event horizon.

In scenario 2, where the infalling observer receives light (or electromagnetic waves)

E- /B2-1+1
. dr . (3.1.45)

from the observer at infinity, we get

AT = m

TA
First we observe that for r4 = ry we have

1
= —dr. 1.4
dToo 2EdT (3.1.46)

Thus, there is no divergency at r = rg for any E. We notice that for £ > % one has a
redshift when the infalling observer reaches the Schwarzschild radius since dr > dr,, at
r = ro. Instead for £ < % there is a blueshift when the infalling observer reaches the
Schwarzschild radius. More generally, one can see that for £ > 1 the infalling observer
always receives the light with a redshift. Instead for £ < 1 one has a blueshift above a
certain critical radius, and a redshift below the critical radius. In particular, at the radius

ra = %2 for which the velocity is zero, one finds

1
droe = ———dr . (3.1.47)
1— o
TA

Thus, the closer one starts to the event horizon with the freely falling motion, the higher

a blueshift factor one gets.

Observer at fixed position

Finally we consider the case in which we keep the spaceship with an observer aboard at a
fixed position outside the events horizon. More precisely, we consider a motion for which
the coordinates (r,6,¢) do not change. To accomplish this, one needs the spaceship to

accelerate, and the closer one gets to the event horizon the larger the acceleration has
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to be. The observer at fixed position has dr = df = d¢ = 0 and hence from the metric
(2.1.44]) we get

dr? = (1 - @) dt* | (3.1.48)
r
Using the v and v coordinates defined by Egs. (3.1.15]) and (3.1.17]) this is
du—dv— T (3.1.49)

For the observer at infinity we have again du = dv = dr, as above. Thus, we derive
the relation , both in the scenario where the observer at fixed position sends light
towards the observer at infinity, and the scenario where the observer at fixed position re-
ceives light from the observer at infinity. In the first scenario, we get a redshift which, as
in the cases above, becomes arbitrarily large close to the Schwarzschild radius. In the sec-
ond scenario, one gets a blueshift that becomes arbitrarily large close to the Schwarzschild

radius. We see that this ties up nicely with the £ < 1 case of the freely falling observer

T0
1-E2

at the radius r = for which the velocity is zero.

3.1.6 Maximal extension

Section is not part of the pensum of the course.

We have seen that the Schwarzschild space-time geometry that initially was
found for r > ry can be extended to include 0 < r < ry by considering what happens in
the future to freely falling observers that starts with » > rq. The question we ask and
answer in the following is: can one extend the Schwarzschild geometry further? We show
below that this indeed is possible if one also considers the possible past of radial free fall,
or of radial null curves.

We define the Kruskal-Szekeres coordinates by

T— %(62:0 _e ), R %(wfo 4T, (3.1.50)
These coordinates are defined in terms of the ¢t and r coordinates of through
u = u(t,r) and v = v(t,r) given by and (3.1.14). In Exercise one shows

that the Schwarzschild metric (2.1.44)) in these coordinates becomes

a3
Js? — %e = ( AT dR2> 4 72(d6? + sin® 0dg?) (3.1.51)

where the function r(7,R) is defined indirectly by

T

T2 -R2= """, (3.1.52)

To
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We see that the coordinate 7 is a global time-coordinate since grr < 0 everywhere.
Similarly, R is a global spatial coordinate since we have grr > 0 everywhere. More-
over, the metric (3.1.51]) is well-behaved everywhere except for » = 0. Thus, just like the
Eddington-Finkelstein coordinates, the Kruskal-Szekeres coordinates show that the singu-
lar behavior near r = 7¢ in the metric (2.1.44)) is because the coordinate system (¢, 6, ¢)

breaks down, not because there is a genuine singularity in the space-time geometry.

Using (3.1.52) we find
r=ry & R==xT,

r>ry < |R|>|T|,
r<ry < |R|<|T],
r=0 & T7T?=1+R>.
This maps the important regions of the Schwarzschild metric to the Kruskal-
Szekeres coordinates. We have illustrated the space-time given by the metric in
Figure
Considering we notice that r = rq can both be achieved for R = 7 and
R = —7T. What is the physical meaning of this? To understand this, we consider the

(3.1.53)

motion of outgoing and infalling radial null curves. For outgoing radial null curves u is

constant, while for infalling radial null curves v is constant. Hence

outgoing radial null curve : R =T + constant,
BOHS ¥ (3.1.54)

infalling radial null curve : R = —7T + constant .
Thus, since the event horizon that we have been considering so far is characterized by
capturing the outgoing radial null curves, such an event horizon must be with R = 7. In
the rest of this section we call the region R =7 with 7 > 0 and R > 0 the future event
horizon.

What is instead the meaning of the region R = —7T with 7 < 0 and R > 0?7 This
region we call the past event horizon since it appears at earlier times compared to the
future event horizon. This past event horizon is characterized by the fact that outgoing
radial null curves can leave the region with r < r(, while infalling radial null curves cannot
enter the region r < ry. Thus, we have a region with the opposite physics than that of
a black hole. For a black hole, light cannot escape from behind the event horizon, but it
is possible to enter from outside. Instead for the region behind the past event horizon,
light cannot enter, but it can escape. Thus, one calls this a white hole. See also Exercise
for more on this. We have illustrated the past and future event horizons for R > 0 in
Figure 26| as well. Note here also the singularity at » = 0 is mapped both to a singularity
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Figure 26: Tlustration of the Kruskal-Szekeres space-time with metric (3.1.51)) which is the
maximal extension of the Scwarzschild metric ([2.1.44)).

in the future given by 7 = v/1 + R2 which is hidden behind the future event horizon, and
a singularity in the past given by 7 = —v/1 + R2 which is hidden behind the past event
horizon.

Finally, one notices that it is possible to analytically extend the metric (3.1.51)) to
negative values of R just like we extended the metric to include r < ry. In this
way one obtains the maximally extended space-time that one can obtain from the original
Schwarzschild metric , known as the Kruskal-Szekeres space-time. As illustrated
in Figure [26] one has a future event horizon at R = —7 with 7 > 0 and R < 0, i.e. a
black hole, and a past event horizon at R = T with 7 < 0 and R < 0, i.e. a white hole in
the R < 0 region as well. The region for —R > |T| corresponds to a region outside a past
and future event horizon, analogous to the region R > |T|. How should we think of this?
The point here is that both on the right side R > 0 and the left side R < 0 in Figure

we have a universe with a black hole in its future and a white hole in its past. Thus,
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we have really two distinct universes. For 7 < —1 these two universes are disconnected
from each other, and we have a white hole in each of the universes. For —1 < 7T < 1
the two universes are connected by a wormhole that starts as a white hole and ends as
a black hole after 7 = 0. Finally, for 7 > 1 the two universes disconnect again and we
have a black hole in each of them. This process is illustrated in Figure 27} As one can see
from Figure [26| this wormhole is not traversible, in the sense that one cannot connect the
two universes by a time-like curve. Thus, it is not possible to travel from one universe to
the other. But two space-ships entering the future event horizons from the two different
universes could (briefly) meet and share notes before they are torn apart from the tidal
forces near the future singularity at 7 = v/1 + R2.

\\// v ' S N V/

r=r,
4\ /\
T=-2 T=-% IT=0 T=2 =2

Figure 27: Tllustration of the flow of time in the Kruskal-Szekeres space-time with a wormhole

that appears and then disappears again.

One should stress that the sitation described by the Kruskal-Szekeres space-time is very
likely completely unrealistic. From what we know about black holes, they are created by
the gravitational collapse of ordinary matter. Hence, in such a space-time there is only a
future event horizon and no past event horizon. Indeed, one should think of white holes
as the time-reverse of black holes. Suppose I am making cornflakes with milk in a bowl
for breakfast, but then I manage to drop everything on the floor, so that all the cornflakes
and milk lie on the floor, together with pieces of the bowl that broke. This is a realistic
physical scenario. But the time-reverse is not. It is not likely that a bunch of cornflakes on
kitchen floor, together with small lakes of milk and the scattered pieces of a bowl, all fly
up and end up as a nice breakfast that is ready for me to eat. In the same sense, a white
hole, which is the time-reverse of a black hole, is not a realistic physical scenario. It occurs
in the Kruskal-Szekeres space-time only because we derived this space-time assuming that
we have a time-reserval symmetry, i.e. t — —t or T — —7 of the line-element ds?. But

in nature, such a symmetry is not natural.
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3.2 Observations of Black Holes

In the last thirty years, the subject of black holes have changed from being one of conjec-
ture to being a full-blown observational science. I will not discuss all aspects of observa-
tions of black holes since this is too rich a subject for a theoretical course. Nevertheless,
[ will try to give a few of the most important facts.

There are three classes of black holes that all have been observed in astrophysics:

e Stellar mass black holes with masses between 3 and 100 solar masses.

e Intermediate-mass black holes with masses ranging from 100 to 10° solar masses.
e Supermassive black holes with masses ranging from 10° to 10'° solar masses.

Here a solar mass is the mass of the Sun M, = 2.0 - 10%° kg.

Stellar mass and intermediate-mass black holes

The burning of a star is fueled by thermonuclear fusion in the core. This gives an outward
directed force in the star. That force is balanced by the gravitational force (in Newtonian
terms) directed inwards. When the star runs out of fuel it undergoes a gravitational
collapse. In this process it can explode (supernova) leaving a remnant that undergoes
gravitational collapse, or the whole star can collapse if it is sufficiently heavy.

If the remnant undergoing gravitational collapse is less than 3M, then it becomes a
white dwarf or a neutron star. If instead the mass of the remnant is more than 30, then
it will collapse to a black hole.

Regarding observations of stellar mass black holes, one possibility is to measure the
mass of objects in a binary system of a black hole and a star. The method is then to
exclude that the compact object orbiting the star can be anything else than a black hole,
in the sense that it is too compact to be anything else. The first reliable observation was
the Cygnus X-1 with mass about 15M, and a companion star denoted HDE 226868 (with
mass about 25 to 35 times M,). It was originally discovered in 1964 as a radiosource. In
1990 the observational data became convincing enough to conclude that Cygnus X-1 was
indeed a black hole in the binary system. This is considered the first observation of a
black hole. Since then one has had several other observations of stellar mass black holes
in binary systems. In Table [I| we have collected a list of ten observed black holes.

Another type of observations that we will discuss in Chapter [5] is the observations of

the collision and merger of stellar mass black holes using gravitational waves. The first
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Stellar black hole || Mass of black hole | Rotation parameter
M /M, J/(GM?)

Cygnus X-1 14.8 > 0.95
LMC X-1 10.9 0.92
M33 X-7 15.7 0.84

GRS 1915+105 10.1 > 0.95
4U 1543-47 9.4 0.80
GRO J1655-40 6.3 0.70
XTE J1550-564 9.1 0.34
H1743-322 8 0.2
LMC X-3 7.6 < 0.3
A0620-00 6.6 0.12

Table 1: Masses and rotation parameters for ten stellar mass black holes. Data taken

from [5] where one can read about the methods and uncertainties of the measurements.

observation of gravitational waves, known as GW150914, was made September 14, 2015,
by LIGO [6]. It originated from two colliding black holes, approximately 300/, each, that
collided 1.3 billion years ago. This is the first observation of black holes that relies directly
on the physics of the gravitational field as described by General Relativity. We discuss
this observation more in Sections and Chapter

Since then, many additional mergers of black holes have been observed, see Section
for more details and in particular Figure . One of the particularly interesting
observations is the event called GW190521 that resulted in the first observed black hole in
the intermediate mass-range, since the black hole resulting from the merger has a mass of
approximately 142M,. Subsequent to this event, further gravitational-wave observations
of intermediate-mass black holes have been made as well. Whether intermediate-mass
black holes can only arise from mergers of stellar black holes, or whether there are other

mechanisms for their creation, is at this point unknown.

Supermassive black holes

Astrophysicists suspect that most - if not all - galaxies have a supermassive black hole in
their center. The breakthrough in observational evidence for this came with the Hubble

telescope launched in 1990. The most convincing evidence is for our own galaxy - the
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Milky Way - as well as for a few nearby galaxies.

In the Milky Way there is a black hole in the center of the galaxy with mass 4-10%M,.
It is called Sagittarius A*, or, in short Sgr A*. The most compelling evidence is the star
S2 that is orbiting Sgr A* (see Exercise . From this orbit one can infer the mass of
Sgr A* as well as the maximal possible radius of Sgr A*. The only known type of object
that is able to be sufficiently compact to fit inside this radius is a black hole. The star
S2 was discovered in 1992 and since one orbit takes about 16 years, one has increasingly
good measurements of the orbit of S2 around Sgr A*. One has also observed other stars
orbiting Sgr A*, with same conclusions.

In 2019, the Event Horizon Telescope
for the first time published an image of
a black hole shadow [7], see Figure [2§
The image depicts the supermassive black
hole M&87* which is located in the center
of the supergiant elliptical galaxy Messier
87 (M87) of approximate mass 6.5 - 10°M,.
One can observe the gravitational bending
of light by the black hole on the image. In
2022 the Event Horizon Telescope has pub-

lished an image of Sgr A* as well [§].

It is not clear how supermassive black

Figure 28: Image of M87* from [7].

holes have been formed. One theory is that
they were formed before the galaxies that

surrounds them, thus being a seed for the galaxies.

3.3 Kerr Black Hole
3.3.1 Astrophysical motivation

The Schwarzschild black hole with metric (2.1.44]) is not the only type of black hole that
one can find as solution of Einsteins equations (|1.6.37). We made three assumptions in
deriving the Schwarzschild metric (2.1.44)):

e The metric satisfy the vacuum Einstein equations ((1.6.39)).
e Spherical symmetry of line-element.

e The metric is invariant under time translations.
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Note that the last assumption follows from the other two by Birkhoffs theorem.

There exist more general black hole space-times that do not fulfil the first two assump-
tions. One can find electrically charged black holes that are spherically symmetric (known
as Reissner-Nordstrom black holes). These do not obey the vacuum Einstein equations
(1.6.39) since the charge induces an electromagnetic field around the black hole. How-
ever, for applications in astrophysics it is inconceivable to have an electric charge on a
macroscopic scale since that would immediately attract particles of the opposite charge.
For the same reason one does not find electrically charged stars or planets.

Thus, for astrophysical applications one can safely assume that black holes are solu-
tions of the vacuum Einstein equations . Note that matter and electromagnetic
fields around an astrophysical black hole can be neglected when solving Einsteins equa-
tions for the black hole since their mass and energy are insignificant compared to the mass
of the black hole. This includes accretion discs, jets and electromagnetic fields.

However, the Kerr metric is an example of a metric for a black hole that solves the
vacuum FEinstein equations , is invariant under time translations, but that is not
spherically symmetric. Thus, it breaks the second of the two above assumptions. The
absence of spherical symmetry is tied to the fact that the Kerr metric describes a rotating
black hole. This means that it has an angular momentum J that is comparable in size to
GM? where M is its mass (See Sec. .

In astrophysics one has observational evidence for rotating black holes. In Table [1| we
have listed ten observed stellar mass black holes, all having a measurable value of the
angular momentum J in units of GM?. Moreover, the recent observation GW150914 of
gravitational waves from the collision and merger of two black holes gives firm evidence
for rotating black holes since the final black hole has angular momentum. We shall come
back to this in Sections and Chapter [5

In conclusion, we have ample motivation to go on with describing black holes with

rotation.

3.3.2 Kerr metric

The Kerr metric is

2
ds? — — (1 - %) dt? — “g’r sin? Odtde

(12 4+ a?)? — Ada®sin? 0
b))

(3.3.1)

5
sin 0dg” + L dr? + Sd6?
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where we defined the functions
N(r,0) =r* +a*cos’0 , A(r) =r* —ror +a’. (3.3.2)

We see that the metric depends on two parameters rg and a. The components of the metric
depends only on the coordinates r and 6. Hence it is invariant under time translations,
t — t + constant, and rotations around the axis at sinf = 0, i.e. translations ¢ —
¢ + constant. The metric is also invariant under the combined transformation a — —a,
¢ — —¢@ hence we can choose a > 0 without loss of generality. For a = 0 the Kerr metric

(3.3.1)-(3.3.2)) reduces to the Schwarzschild metric (2.1.44)).

We see that g, blows up when A goes to zero. The zeroes of A(r) are

ro . To 4a?
=—+ —/1—-—. 3.3.3
T (3:33)

Note that for a > r/2 one does not have any zeroes while for a = ry/2 one has a single
zero. See Section for comments on what happens for a > r¢/2. We assume here and
in the following that 0 < a < ry/2 which gives r_ < r,. Using (3.3.3) we can write

A=(r—r_)(r—ry). (3.3.4)

ro is the highest radius for which g, blows up. This suggests that we have an event
horizon at » = r,. To show that this indeed is the case, consider a light ray with r > r

that moves away from r = r,, i.e. with % > (. Since it follows a null curve we have
0 = gudt® + 2g15dtdd + goedd” + grpdr® + gopdf? . (3.3.5)

From this we get

d d 2 2
dr® __gut 2062 + goo%r + gootex
di? Grr '
Since g, — oo as r — r,, while the other components of the metric are finite, one

(3.3.6)

gets that % — 0 for r — r,. This shows that from point of view of an observer far
away, i.e. with ¢ as the proper time, light appears to move slower and slower in the 7-
direction the closer one gets to r = r,. This is analogous to what happens in the case
of the Schwarzschild black hole with the closing of the light cones, as seen in Section
B.1.1] Since also infalling matter moves slower and slower it means that one has an event
horizon at » = r,. Thus, we call the object that the Kerr metric describes the Kerr
black hole. Note that one needs to verify as well that light cannot escape the event

horizon. This is shown in Exercise by introducing coordinates that are analogous to
the Eddington-Finkelstein coordinates for Schwarzschild (3.1.20)).
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For the Schwarzschild black hole (2.1.44)) one has that g is zero at the event horizon.
Instead for the Kerr black hole we see from — that gy is non-zero for r = r,.
The reason for this is that the metric is off-diagonal in the ¢t and ¢ directions. Consider
the determinant

det (g“ gw) — _Asin?g. (3.3.7)
9te Yoo
We see that this is zero at the event horizon r = .

As we shall see below, the reason for the off-diagonal term g, is that the Kerr black
hole is rotating. It is rotating around the axis sinf = 0 in the direction of the ¢ angle.
The effect of this rotation near the horizon is explored in Section [3.3.3] Moreover, in

Section [3.4.1] we find that the Kerr black hole has angular momentum.

3.3.3 Ergoregion and frame dragging

Consider the g;; component in the Kerr metric (3.3.1))-(3.3.2)). This is zero when ¥ = ryr

which is equivalent to r* — rqr + a* cos? # = 0. The solutions of this are

ro . To | 4a?
TZEiE 1—T—8COS26. (338)

Comparing to r, in (3.3.3) we see that the root with the plus gives a radius that is larger

than r, while the root with the minus gives a radius that is smaller than r,. Write the

4 2
rerg0<0) = % + %\ / 1— % cos? 0. (339)

T = Tergo(0) (3.3.10)

root with a plus as

The surface

is called the ergosphere and it is surrounding the event horizon at r = r, except at the
axis of rotation sinf = 0 where they intersect. In between the event horizon and the

ergosphere is the ergoregion, defined by
re <7 < Tergo(f) - (3.3.11)

See Figure 29| for an illustration of the event horizon, ergosphere and ergoregion for the
Kerr black hole.

Outside the ergosphere 1 > 7¢40(#) we have g < 0. This means that keeping the three
coordinates (7,0, ¢) fixed gives a time-like curve and is thus a possible path for a massive

particle (note that it is an accelerated path, not a geodesic). At the ergosphere 1 = 7eyg0(6)
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Figure 29: Illustration of the event horizon r = r, the ergoregion ry < r < rergo(6) and the
ergosphere r = 7Tergo(f) of the Kerr black hole for fixed ¢t and ¢. The axis of rotation is at
sing = 0.

we have g;; = 0. Thus, keeping (7,0, ¢) fixed corresponds to a null curve. Moreover, in
the ergoregion 1y < 7 < reygo(#) we have gy > 0 which means that keeping (r, 6, ¢)
fixed is a space-like curve. Thus, it is impossible to stand still inside the ergoregion. A
related consequence of this is that ¢t cannot be used as a time on the ergosphere or in
the ergoregion. But what is the physical interpretation of the ergosphere and ergoregion?
This is what we now shall explore.

Consider a massive particle in the ergoregion. Since it moves on a time-like curve (also

in case it is accelerating) we have
—dr? = gudt® + 2g,4dtdd + g4pdd® + grrdr® + geedb? . (3.3.12)

This gives

do dr\? do\? dr\ 2 do\?
_QQWE:(a) + Gt + 9po (a) + Grr T + Goo %) (3.3.13)

In the ergoregion all the terms on the RHS are positive, as one can infer from (3.3.1))-
(3.3.2)). Since g1y < 0 we deduce the angular velocity of the particle must be positive

do
= >0 (3.3.14)

Thus, any massive particle moving in the ergoregion, also if its accelerating, must have

that the angle ¢ increases with time ¢ (i.e. the time a far away observer measures). This
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is rather striking since we could for instance have a very powerful rocket that accelerates
all it can, but no matter what it does, it is not able to decrease ¢. What we observe here
is the effect of frame-dragging, namely that the rotation of the Kerr black hole is dragging
particles in the ergoregion along with it, making it impossible to go in the direction of
decreasing ¢. It is called frame-dragging since one can view this effect as the local Inertial
Systems in the ergoregion (also known as local inertial frames) being dragged along with
the rotating event horizon of the Kerr black hole.

We now want to find a lower and upper bound on the angular velocity d¢/dt of the

particle. Since g, and ggyg are positive in the ergoregion we have

do do\? dr\?
_29t¢$—9¢¢ (E) 2 (a) + gt - (3.3.15)

To find the lower and upper bound of d¢/dt we should consider particles that travel
arbitrarily close to the speed of light, hence with arbitrarily small d7. Thus,

d do\”
_29t¢d_<tb — oo (d_f) > Gt - (3.3.16)

See Figure [30] for an illustration of this inequality.

o4 % “jw(%%)t
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Figure 30: Tllustration of the inequality (3.3.16)) and how it leads to the inequality (3.3.19) via
Q4 (r,0) defined by (3.3.18)).

Solving the equation

do do\ 2
—92q, — — ) = 3.1
gives
d ~Gt6 T \/ Gy — 91966 _g, . + sin VA
9 ), () = ' _ TS TSI V_, (3.3.18)
dt 9o 9o
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where we used (3.3.7). Since gis < 0, g > 0 and g4 > 0 both solutions are positive
Q4(r,0) > 0. Hence, we see that the lower and upper bound on a massive particle in the
ergoregion is

Q_(r,0) < Cji—f < Qy(r,0), (3.3.19)

where r and 6 are given by the momentary location of the particle. See Figure [30] for an
illustration of this. Note in particular that Q_(r,#) > 0 inside the ergoregion. On the
ergosphere we have g, = 0, hence one finds Q_(r,0) = 0. This is in accordance with the
fact that outside the ergosphere the effect of frame-dragging is weakened so much that it
is possible to have negative angular velocity d¢/dt < 0.

If we instead consider the limit of approaching the event horizon r — r, we find
that the lower and upper bounds on the angular velocity both asymptote to the angular
velocity

Q= Qu(ry,0) = -2 =_¢ (3.3.20)

9 lr=r,  TOT+ ’

where we used r2 + a® — ror;. = A(ry) = 0. Thus, right outside the event horizon the
angular velocity of a massive particle is in a small interval around €2y, and the closer the
particle is to the event horizon, the closer the angular velocity d¢/dt of the particle must
be to Q. For this reason we interpret 2y as the angular velocity of the Kerr black hole.
Indeed, the frame-dragging effect means that all particles close to the event horizon must
approximately rotate with this angular velocity. Notice that 2y is independent of 6. This
is not a priori an obvious fact since the Kerr black hole is not spherically symmetric.

For massless particles in the ergoregion one evidently get the lower and upper bounds
do
Q_(r,0) < pr < Qi(r,0), (3.3.21)

since they have dr = 0. Thus, also massless particles have an angular rotation close to

Qp near the event horizon.

3.4 Asymptotics and uniqueness of black holes
3.4.1 Asymptotic region

Imagine that one starts with Minkowski space, and then one places a localized object in
it (i.e. an object of finite extension) then that object would curve space-time around it.
But far away from the object one should get Minkowski space to a good approximation,

and the farther one is from the object, the closer the metric will asymptote to that of
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Minkowski space in a suitable coordinate system. A space-time with this property is
called asymptotically flat.

A way to formulate this more precisely is as follows. For an asymptotically flat space-
time one should be able to find a coordinate system (¢, 7,6, ¢) such that the metric g, in

these coordinates asymptotes to
ds* = —dt* 4 dr* + r*(d6? + sin® 0d¢?) (3.4.1)

for r — co. The Kerr metric (3.3.1))-(3.3.2)) and the Schwarzschild metric (2.1.44) are

examples of asymptotically flat metrics, i.e. metrics for asymptotically flat space-times.
This makes sense since when one travels very far away from a black hole the gravitational
pull should become very small and hence one should be able to use Minkowski space to a
good approximation.

As explained in Section [2.1.2] one can read off the total mass of the Schwarzschild
black hole by considering the leading correction to gy for r — oco. One can generalize
this to include angular momentum as well. Imagine that we have a localized object with
total mass M and angular momentum J around a particular rotation axis. The metric
is asymptotically flat so it asymptotes to . Define now the angles such that the
rotation axis for which we have an angular momentum coincides with sinf# = 0 which
means that the associated rotation angle is ¢. Then one can show that the leading

corrections to g, and g are given by

2GM in? ¢
g~ L+ = g —2GJSH; , (3.4.2)

for 7 — 0o up to corrections of order 1/r?/

Consider now the Kerr metric (3.3.1))-(3.3.2). We compute

ror arorsin® @ argsin® 6
~Y

To
9t + r2 4+ a2 cos? 0 * r o 9 r2 4+ a2 cosf r ( )
Comparing this to (3.4.2)) we find that for the Kerr black hole
To aro
M= — —— 4.4

where M is the mass and J is the angular momentum associated with the rotation around

the sin @ = 0 axis. Note that from ([3.4.4]) we have

J 2a
— = — 4.
GM2 To ’ <3 5)

hence the dimensionless ratio a/rg is directly tied to J/(GM?).

29See Section W for a derivation of this (note that Section is not part of this course).
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3.4.2 Black hole uniqueness
The Schwarzschild metric (2.1.44]) and the Kerr metric (3.3.1)-(3.3.2) both have the fol-

lowing properties

(1) The metric is asymptotically flat.
(2) There is an event horizon.

(3) Outside the event horizon the metric is a solution to the vacuum Einstein equations

(550).

(4) The metric is stationary.

We have already discussed the properties (1), (2) and (3). Regarding (4), the definition
of a stationary metric is that it is invariant under time translations. This is fulfilled
provided that we can find coordinates (¢,7,6,¢) such that the metric is asymptotically
flat for r — oo and such that all the components of the metric are independent of the
t coordinate. If in addition to being stationary, the metric is also invariant under the
time-reversal coordinate transformation ¢ — —t we say that it is static.

Clearly both the Schwarzschild metric and the Kerr metric — are
stationary. Instead, only the Schwarzschild metric (2.1.44)) is static since the gy term in
the Kerr metric — changes sign under ¢ — —t.

Given that the Schwarzschild metric and the Kerr metric — obey

all four properties (1), (2), (3) and (4), one could ask: do there exist any other metrics
that have these four properties?

Amazingly, the answer is no. This is the content of the so-called uniqueness theorems
for black holes. From these uniqueness theorems we know that any metric that has the
four properties (1), (2), (3) and (4) is either the Schwarzschild metric or the Kerr
metric —, possibly in a different coordinate system. This means that since the
Kerr metric is completely specified by its mass M and angular momentum .J, we know
that the black hole space-time is unique given M and J. Obviously, for the special case
J = 0 we have the Schwarzschild black hole.

This is quite striking if one compares to matter distributions, e.g. planets or stars. For
a planet or a star there are an infinite number of possible matter configurations for each
value of M and J. Hence, one would need many more parameters to characterize them
with some precision. Instead for black holes, one needs just two parameters.

This, in turn, has another striking consequence: seemingly we can lose information

if something falls into the black hole. E.g. for a star collapsing to a black hole we lose

150



the information about the precise composition of the star. Another way to say this is
that it seems that we can lower the entropy of an isolated system containing a black
hole if we let matter fall into the black hole. If so, it would contradict the second law of
thermodynamics. We will come back to this point in Section |3.5.3| when discussing black

hole thermodynamics.

3.4.3 Cosmic censorship hypothesis

Consider the metric — for the Kerr black hole. We now consider what happens
for various values of a.

As already explained, we can assume a > 0 without loss of generality. We have
shown above that one has an event horizon at r, given by when 0 < a < 7¢/2,
ie for 0 < J < GM? using . Note in particular that a = 0 corresponds to the
Schwarzschild black hole ([2.1.44)).

What happens for larger values of a? For a = r/2 one finds J = GM?. This gives
ri =1r_ =ry/2. This is known as the extremal Kerr black hole. Also in this case one has
an event horizon.

Finally, what happens for a > ry/2, i.e. J > GM?? In this case A(r) > 0 for all r > 0.
Thus, we do not have an event horizon. Moreover, the space-time geometry is singular at
r = 0, and this singularity is not covered by an event horizon in this case. Hence, for such
a space-time the physics of the surrounding space-time can be affected by the singular
part of the space-time. This is unlike the case J < GM? where the event horizon shields
the curvature singularity from affecting the space-time outside the event horizon. In this
case, where the singular part of the space-time is not shielded by an event horizon, one
says that the space-time has a naked singularity.

It is generally accepted that one should not be able to create naked singularities
from matter undergoing gravitational collapse. However, this has not been proven. The
hypothesis that this is not possible is known as the cosmic censorship hypothesis (it was

first stated by Sir Roger Penrose).

3.5 Black Hole Mechanics

In this section we discuss the laws of black hole mechanics, most importantly the first
and second law. These are general laws that enable one to grasp aspects of a black hole
seen as a whole, without needing to know the details about the space-time. For instance,

from the second law of black hole mechanics one gets restrictions on how much energy

151



a gravitational wave can have if it arises from a merger of two black holes. Related to
the first and second laws are also the Penrose process that explains that one can extract
energy from a Kerr black hole. Finally, we briefly comment on how the laws of black hole

mechanics can be turned into laws of thermodynamics for black holes.

3.5.1 First law of black hole mechanics

The first law of black hole mechanics expresses a general relation for the change in mass
of a black hole for a process that changes the black hole slightly, e.g. if one throws in an
astronaut into a black hole. We begin by considering this in the case of the Schwarzschild
black hole, defining two new physical quantities that one needs to be able to formulate
the first law of black hole mechanics. These are the surface gravity and the area of the
event horizon. After considering the first law for the Schwarzschild black hole we turn
to the Kerr black hole where the first law of black hole mechanics involve the angular

velocity Qg and the angular momentum J as well.

First law for the Schwarzschild black hole

Consider a Schwarzschild black hole with metric . Suppose we want to keep a
massive particle at a certain fixed position outside the event horizon. Thus, we consider
a particle with fixed r, 8 and ¢ in the coordinates of . Since the particle feels a
gravitational pull from the black hole it requires an acceleration to keep the particle there.

We now compute this acceleration. Since the particle is not moving in the coordinate
system of ([2.1.44]) the relativistic velocity is

1 < To\ "3
ut = - 1——) o =u? =uf =0. 3.5.1
Vv gt r ( )
The normalization of u’ comes from the requirement g, u*u” = —1. From (1.4.41])-(1.4.42)

we see that the acceleration is

D dut 1

o = ' = —— + T u"u’ = I (u')? = T =Ll (3.5.2)
We compute from the metric (2.1.44)
m 1 Lo ,ul rr " To To
Ftt = —59 aagtt = _57" 59 rJit — 5r (1 — 7) 2—702 . (353)
Hence, the acceleration is
=2 g=d=a®=0. (3.5.4)
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This expresses the expected result that to keep the particle at a fixed position outside
the event horizon of a Schwarzschild black hole, one needs an acceleration that is directed
away from the black hole, i.e. in the direction of increasing r. However, a” is not coordinate
invariant, so to get a coordinate invariant measure of the magnitude of the acceleration

required to keep the particle at a fixed position we compute the norm of a*

1 To
Vo = —— 8 (35.5)

which is a coordinate invariant way of defining the magnitude of the acceleration. This
is the magnitude of the acceleration as seen from point of view of an observer that is
fixed in the same position as the particle, since one uses the proper time 7 to measure
the acceleration. We see that this quantity goes to infinity as one approaches the event
horizon at » = rg. This expresses that the closer the particle is placed to the event horizon,
the more it needs to be accelerated.

If we instead want to know how the acceleration of the particle near the black hole is
measured from point of view of an observer far away from the black hole, i.e. for r > rq,
we should measure the acceleration using the time ¢ since that is the proper time for such
an observer. In other words, we consider the path of the particle as function of ¢ rather

than 7. Hence, the acceleration is

D dr D dr 70
H = — H = — H = — H = 1 — —ag* 0.
WTa" T aart T a” T\ r e (3:5.6)

where we used ((1.4.36) and dr = \/—gudt. The magnitude of this acceleration is
7o
272’

Suppose now we put the particle just outside the event horizon. What is the magnitude

(3.5.7)

Iuw Oy @y =

of the acceleration that one needs to keep the particle there, as seen from point of view
of a far away observer? This quantity is called the surface gravity of the Schwarzschild
black hole, denoted as k. Evaluating (3.5.7) at r = o we find

_ (3.5.8)
N o, T AGM i

This represents the gravitational pull of the black hole close to the event horizon, as seen
from point of view of a far away observer.

We now turn to measuring the area of the event horizon. This will turn out to be
a very important quantity for black holes in general. Consider the Schwarzschild metric
(2.1.44)). For fixed time ¢t and radius r we find

ds®|,t fixed = 72dQ? (3.5.9)
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where dQ? = df? + sin? fd¢? is the metric of the unit sphere. Taking the limit r — r( we

get
lim ds®|,s fixed = 70dQ% . (3.5.10)

=70

This is the metric for a sphere of radius ry. Thus, we can compute the area of this sphere
A = dnrl = 167G*M?*. (3.5.11)

This quantity is called the area of the event horizon.

Note that while the Schwarzschild metric has a coordinate singularity at r =
ro, which is why we took the limit » — rq above, one can also compute the area of the event
horizon directly from the setting r = rg in the metric (3.1.20) in Eddington-Finkelstein
coordinates, with the same result.

Consider a small perturbation of the Schwarzschild black hole in which the
mass M changes from M to 6 M. This could be caused from the black hole absorbing
matter, for instance. Given this perturbation, we compute using Eqgs. and

— 1 272y —
KOA = 4GM5(167TG M?) =8rGoM . (3.5.12)

Thus, we have derived:

( B

First law of black hole mechanics for Schwarzschild black hole: Consider a
small perturbation of the Schwarzschild black hole such that when it settles down
again to a new stationary state it is again described as a Schwarzschild black hole.
Then the changes in mass M and the area A of the event horizon obey

K
M= —— 5.1
) 87rG6A’ (3.5.13)

where k is the surface gravity of the Schwarzschild black hole. This is known as the

first law of black hole mechanics in the special case of the Schwarzschild black hole.

. 7

For astrophysical applications, the requirement that the new stationary state is de-
scribed by the Schwarzschild black hole consists in demanding that one does not perturb
it in a way that gives rise to a rotation, since then the new stationary state is instead
described by the Kerr black hole. Thus, in astrophysical terms, we get a general first law
of black hole mechanics if we can formulate it for the Kerr black hole. This is what we

consider now.
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First law for the Kerr black hole

One can also define the surface gravity  for the Kerr black hole —. However,
the physical interpretation does not work as well as in the case of the Schwarzschild black
hole. If we want a particle to be at fixed radial position just above the event horizon
r = ry then from Section we know that it will have to rotate with the event horizon
with angular velocity (2y. Thus, we are interested in a particle with r and 6 fixed, ¢ — Qyt
fixed, and with r being infinitesimally close to r,. Change now to the so-called co-moving

coordinates

f=t, ¢=0¢—Qut. (3.5.14)

In these coordinates the particle has fixed ¢. In line with (3.5.6)) we consider the acceler-

ation

D dr
al, = —ut = —ad" = \/—gza", 3.5.15
(t) dt dt 9 ( )
where a* is the covariant acceleration of the particle (1.4.41)). After a considerable amount
of computations, one finds that the magnitude of this acceleration for r — r, is finite

and equal to
. Ty —T-

— v

which is how we define the surface gravity of the Kerr black hole. Note in particular
that this is independent of 6, which is not an obvious fact as the Kerr black hole is not
spherically symmetric. The issue with the physical interpretation of this is that the time
t in the co-moving coordinates is measured by an observer at infinity that should be
travelling arbitrarily faster than the speed of light, since the observers velocity for a given
radius 7 is rQ2g. This is related to the fact that ¢ is not a good time-coordinate in the
ergoregion where we are placing the above-mentioned particle. If one wants to make sense
of all this, one has to instead introduce the notion of Killing horizons, where the surface
gravity comes out naturally as a quantity that one can measure for any event horizon.
For the area of the event horizon of the Kerr black hole, we can follow the same

procedure as for the Schwarzschild black hole without any issues. Thus, consider the

metric (3.3.1)-(3.3.2). Keeping fixed ¢ and r we find

2 1 42)2 _ Ad? sin?
PETI Gl s . 7SIY 02 0dg? + Do, (3.5.17)

Taking the limit r — r, we get

, r2 + a?)?
lim d52’r,t fixed = ( - )

~ 2 sin? DY 2, 5.1
Jim S0r.0) sin 0d¢” + X(ry,0)do (3.5.18)
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To compute the area of a two-dimensional surface with a given two-dimensional metric,
one should integrate over the squareroot of the determinant of the metric. In this case,
the metric of the two-dimensional surface is the one written on the RHS of Eq. .
The determinant of this metric is easy to compute since it is a diagonal metric, hence we

get
(ri + a?)?
Z(T-H 8)

Thus, the squareroot of the determinant is

sin® 0 X(ry, 0) = (r2 + a®)*sin®6. (3.5.19)

(r3 +a®)sing. (3.5.20)
To find the area, we should integrate this over the whole surface. We get

T 2m ™
A= / d@/ do(r? + a®)sinf = 27 (r2 + a®) / dfsing = 4r(r2 +a*). (3.5.21)
0 0

0

Using r2 + a* — rory = A(ry) = 0 we can write this as

A = dnrgry, = 87G*M? (1 +4/1— ng—;ﬂ> : (3.5.22)
This is the area of the event horizon of the Kerr black hole.

We have defined the five parameters M, J, Qy, k and A for the Kerr black hole in
Eqs. (3.4.4), (3-3:20), (3.5.16) and (3.5.22). These can be seen as functions of the two
parameters ro and a where r is given by . One can now compute

OM _ kDA o 0] OM_ & 04, D]
orog 871G Org dro da 871G Oa da

This shows that for an arbitrary small change in the parameters of the Kerr black hole

(3.5.23)

we have

oM oM K

Thus, we have derived:

4 N

First law of black hole mechanics: Consider a small perturbation of a black
hole in a stationary state. When it again settles down to a new stationary black
hole the changes in the quantities M, J, Qy, x and A obey

K

This is known as the first law of black hole mechanics. We assume here that one

starts with a Kerr or a Schwarzschild black hole and that the perturbation does not

involve charge of a magnitude comparable to M and J.
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That one starts with either the Kerr or a Schwarzschild black hole and that the per-
turbation does not involve charge, are highly well-founded assumptions in astrophysics,
as already discussed above. However, we note that one can also generalize the first law
of black hole mechanics to include the possibility of an electric and/or magnetic charge

that potentially can be useful for black holes of subatomic size.

3.5.2 Second law of black hole mechanics and the Penrose process
Increase of area of event horizon in absorption process

Consider the setting of the first law of black hole mechanics for the Schwarzschild black
hole . A perturbation that should change the mass of the Schwarzschild black
hole can only involve the black hole absorbing matter or radiation with a positive energy.
Therefore one has always 6 M > 0. Using the first law (3.5.13]) we see that this means the
change in area is positive as well § A4 > 0.

Let us consider instead the Kerr black hole. In this case, the presence of the ergoregion
makes the analysis of a perturbation of the Kerr black hole considerably more interesting.
Outside the ergoregion, one can use the coordinate ¢ for the flow of time. This corresponds

to the vector field T* given by
T'=1, T°=T"=T=0. (3.5.26)

The energy of a particle with restmass m associated to the flow of time T* outside the

ergoregion is measured as

dz”

dr ’
in accordance with (2.2.12]). Note that for geodesics this is a conserved quantity for the
Kerr black hole since the metric does not depend on ¢ (see Exercise . If the particle

moves on a geodesic and it at some point is located in the asymptotic region far away from

E = —mg,,T" (3.5.27)

the black hole r > r,, then we need to require that E is positive since in the asymptotic
region £ = mdt/dr and hence FE is positive if the particle moves forward in time ¢ (so
that dt/dr > 0).

However, inside the ergoregion ¢ is not a good time coordinate. This can be seen from
the fact that T? = g, > 0 in the ergoregion. How can we remedy this? We can go to the
co-moving coordinates . In these coordinates we have

i = Gie + 2Quis + Vigss - (3.5.28)

One can check that g; = 0 on the event horizon r = r, and that g; < 0 sufficiently

close to the event horizon. The coordinate ¢ is thus a good time-coordinate sufficiently
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close to the event horizon (but not necessarily in the whole ergoregion). The flow of time
associated with # is the vector field ¥* that in the co-moving coordinates is given by y* = 1

and )25’ = X" = XY = 0. Transforming that vector field back to the original coordinates
(t,r,0, ) for the Kerr metric (3.3.1)-(3.3.2)), we find that the vector field x* is given by

X'=1, x*=Qu, x'=x"=0. (3.5.29)

Now we find that the energy of a particle with restmass m associated to the flow of time
X" near the event horizon is measured as

dz?
dr

E=—-mgux" (3.5.30)

The energy £ of a particle should be positive if it is sufficiently close to the horizon since
then the sign of £ is the same as df/dr which is required to be positive as the particle
moves forward in time f In line with ([2.2.12)) one can define the angular momentum of

the particle as

dz”
dr -
For geodesics this is also a conserved quantity for the Kerr black hole as the metric does
not depend on ¢ (see Exercise . Using this, we find

L =mgy (3.5.31)

E=FE— QL. (3.5.32)

Consider now a particle that is being absorbed by a Kerr black hole with mass M and
angular momentum J. Just before the particle reaches the event horizon it should have
E > 0. Thus, one gets that E > QuL for the particle. From the conservation of energy
and angular momentum one gets that 0M = E and §J = L. Thus, one finds

SM > QuéJ, (3.5.33)

for the absorption of the particle. Combining this with the first law of black hole mechanics
(13.5.25)) we get
0A >0, (3.5.34)

where we used that x > 0. Thus, we see that also in absorption processes for the Kerr

black hole the area of the event horizon always increases.

300mne can see this in the co-moving coordinates since for r — 7, we have gi3 — 0 and hence & ~

G 4
— Mg -
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The Penrose process

In the above argument we see that having positive energy of the particle that is absorbed
by the Kerr black hole means £ > 0. But £ is not the energy that an asymptotic observer
would measure. Instead, that is £ = £ +QuL. This difference gives rise to the possibility
that one can extract energy out of the Kerr black hole in a process known as the Penrose
process (named after Roger Penrose), that we now briefly describe.

In the Penrose process, we start with Particle A that travels toward a Kerr black hole
from far away. Particle A has the energy F4. We have E4 > 0 since it starts out in
the asymptotic region. Suppose now that Particle A enters the ergoregion of the Kerr
black hole and splits up into two particles near the event horizon: Particle B and Particle
C. Particle B is absorbed by the black hole, while Particle C exits the ergoregion and
flies away from the black hole. We assume the particles move along geodesics, hence
their energies are conserved. Measuring the energy of particle C when it is far away from
the black hole we must have E- > 0. However, Particle B is created close to the event
horizon where y* gives the flow of time with time coordinate . Thus, while particle B
necessarily has g = Egp — QuLp > 0, it does not need to have Eg > 0. Indeed, if Lpg
is sufficiently negative, this can happen, corresponding to Particle B having an angular
momentum with the opposite sign of the Kerr black hole. Seen from far away, the black
hole is now absorbing a particle with the energy Ep < 0 which means that the change
in mass of the black hole is negative 0M = Ep < 0. Hence, in the Penrose process the
mass of the black hole is decreasing. Another way to see this is that the energy Fo of
particle C is greater than the energy E 4 of particle A. Thus, by energy conservation the
black hole must have lost some of its mass. We conclude from this that the Penrose
process makes it possible to extract energy out of a Kerr black hole, basically by letting it
absorb a particle with negative energy. To understand this process better let us consider
the angular momentum. The angular momentum Lp of Particle B has to be sufficiently
negative for Fg to be negative, and we have that §J = Lp in the absorption process.
Thus, the Penrose process always involves a decrease of the angular momentum of the
Kerr black hole. In conclusion, what is happening is that we are extracting some of the
rotational energy of the Kerr black hole.

The Penrose process is very important for astrophysics. In astrophysics, there are
highly spectacular phenomena associated with jets of particles that are accelerated away
from rotating black hole along its rotation axis. It is believed that what drives this process

is the extraction of the rotational energy of the rotating black hole similarly to what we
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described in the Penrose process, i.e. that the rotating black hole is absorbing negative

energy and angular momentum [9, [10].

General formulation of the second law

We have shown above that for the absorption of particles assumed to be much smaller
than the black hole itself, the area of the event horizon increases. More generally one can

show the second law of black hole mechanics:

Second law of black hole mechanics: The area A of the event horizon of a black
hole can not decrease as a function of time (as observed asymptotically) under any

process that can be described in the framework of General Relativity.

This is also known as Hawkings area theorem after Stephen Hawking that proved it
mathematically in the early 1970’s 1]

An important consequence of the second law of black hole mechanics is that it in-
troduces irreversability for physical processes involving black holes. Suppose we consider
two Schwarzschild black holes with masses M; and Ms. Thus, their event horizons have
areas A; = 16mG*M?, i = 1,2. Tmagine now a process in which these two Schwarzschild
black holes merge into a new Schwarzschild black hole. The resulting black hole should
have mass M; + My, at least approximately (we assume only very few energy loss in the

process). The area of its event horizon is therefore
Arp = 167G* (M, + M) (3.5.35)
We see now that the resulting area is bigger than the combined area before the merger
A = Ay + Ay + 320G M My > Ay + A, . (3.5.36)

Thus, this is a process that is allowed by the second law. But the reverse is not: it is not
allowed that a black hole splits up into two black holes. This is clear from the second
law of black hole mechanics since that would mean the total area would be decreasing.

Hence, the merger of two black holes is an irreversible process.

31Note that in addition to the first and second laws of black hole mechanics one has also a zeroth and

a third law. The zeroth law of black hole mechanics states that the surface gravity x and the angular

velocity Qg are constant on the event horizon, as one can infer from Eqgs. (3.3.20)) and (3.5.16)). The third

law of black hole mechanics says that the extremal Kerr black hole has zero surface gravity x = 0. One
can see this from (3.5.16]) since the extremal Kerr black hole has r; = r_.
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Consider the GW150914 event mentioned above in Section (see also Chapter [5).
This actually gives us a concrete experiment in which we can test the second law of black

hole mechanics. The origin of the GW150914 event was a merger of two black holes with

masses
My, = 35.6M,, M, =30.6M,, (3.5.37)
with neglible angular momenta. The merger resulted in a final black hole with
J
M =631M,, —— =0.69. 5.
63 e 0.69 (3.5.38)

The total energy radiated as a gravitational wave is 3.1M,. Using (3.5.11) we find that

the total area before the merger is

Abefore

_ 2 2 _
Toncoap = 5067+ 306 = 2204. (3.5.39)

After the merger the area is

Agier 63.12
_ 1 +v1-0692) — 3432, 5.4
TecaTehate (1+VI=069) =343 (3.5.40)

Hence we have Agfier > Apefore i accordance with the second law. Thus, the second law

of black hole mechanics holds up in this concrete experiment.

3.5.3 Black hole thermodynamics

The laws of black hole mechanics bear a striking resemblance to the laws of thermody-
namics. As we now shall discuss, this is not a coincidence. Stephen Hawking discovered
in 1975 that black holes radiates particles with a black body spectrum of temperature

h K

= —— 3.5.41
T2 (3.5.41)

TBH

where x is the surface gravity of the black hole, A is the reduced Planck constant and
kg is the Boltzmann constant | This is known as Hawking radiation. The argument for
(13.5.41)) uses Quantum Field Theory in the curved space-time background of the black
hole. Thus, it is a quantum effect that goes beyond what can be described by the theory
of General Relativity.

Hawking and Bekenstein argued around the same time that black holes obey the laws
of thermodynamics. Based on (3.5.41)) we see that this means that a black hole has the

entropy
kg A

4G

32To reinstate the speed of light one should have a ¢ in the numerator.

Sp = (3.5.42)
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where A is the area of the event horizon, since then the first law of black hole mechanics

(13.5.25)) becomes the first law of thermodynamics
OM = TppdSpy + Qo J . (3.5.43)

Moreover, the second law of black hole mechanics gives that Sgy is a non-decreasing
function of time for processes that are described by General Relativity.

Bekenstein went further and defined a generalized entropy for an isolated system con-
sisting of a black hole and the surrounding matter, radiation, electromagnetic fields and
what ever else might be in its vicinity. This entropy has a contribution from the black

hole as well as from everything surrounding it
Stotal = SBH + Srest ) (3544)

where Spest is the entropy of everything outside the event horizon of the black hole in
the isolated system. Sioa is thus meant to represent the total entropy of everything
in the isolated system, including inside the event horizon. In line with the second law
of thermodynamics, Bekenstein conjectured that Si.. never decreases in any physical
process.

For one thing, this can potentially resolve the issue raised in connection with the
black hole uniqueness, namely that the entropy St can decrease when it is created in a
gravitational collapse from a remnant of a star. Since Spy is macroscopically large, it is
conceivable that the decrease in Sy is offset by an increase in Sgy giving that Sioa does
not decrease. However, this requires that the non-trivial restriction that the entropy of
the remnant, which is proportional to its volume, is less than the entropy of the resulting
black hole, which is proportional to the area of the black hole.

Another problem that Bekensteins proposal has the potential to resolve is that the
Hawking radiation of an isolated Schwarzschild black hole will make the Schwarzschild
black hole lose mass since the radiation carries energy. If a Schwarzschild black hole loses
mass it also decreases its area, and hence its entropy Sgy. However, the Hawking radiation
also has an entropy which is part of Syest. Thus, a logical resolution of the problem is that
that the increase in entropy S,est due to the Hawking radiation offset the decrease in Sgy.
However, Hawking argued as part of his famous information paradox that the entropy of
Hawking radiation is rather low since it only carries information about the temperature of
the radiation and hence the resolution of this problem is part of the information paradox.

The introduction of an entropy for black holes raises crucial questions that we

are still working on answering:
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e Can we find Sgy by counting the quantum states of a black hole?

e Why is Sgy proportional to an area rather than a volume? What does this mean

for the quantum states of a black hole?

e Hawkings information paradox: in some cases a black hole can evaporate after
loosing all its mass via Hawking radiation. But the Hawking radiation seemingly
carries only the information about the temperature . Does this mean that
one can lose the information that was contained in the black hole? If so, Quantum

Mechanics would be in trouble.

All three questions go beyond General Relativity. Answering them requires a theory that
in one way or the other can unify Quantum Mechanics and Quantum Field Theory with

the theory of General Relativity.

3.6 Exercises for Chapter

Exercise 3.1. White holes.
We consider the Schwarzschild line-element ([2.1.44)).

e Express the Schwarzschild line-element ([2.1.44]) in the so-called outgoing Eddington-
Finkelstein coordinates (u,r,0,¢) where u is defined by (3.1.17)).

e Find du/dr for infalling and outgoing radial null curves. Use this result to draw a
r-u diagram illustrating the lightcones formed by the infalling and outgoing radial
null curves for outgoing Eddington-Finkelstein coordinates v and r. This should
be the analogue to the r-v diagram for the lightcones in Figure 22 for Eddington-

Finkelstein coordinates v and 7.
e Argue that r necessarily will increase as time moves forward for r < rq.

e Argue that a particle inside the Schwarzschild radius ry necessarily either ends up
at r = rg or that it goes outside the Schwarzschild radius r > ry. Argue that a

particle with r» > ry can never arrive inside the Schwarzschild radius r < rg.

Comment: The interpretation of the above results is that the Schwarzschild line-element
(2.1.44)) not only can be used to describe a black hole with an event horizon at r = rg,
for which one can never escape. It can also describe a white hole which has the opposite

behavior of a black hole, hence the name. The surface at r = ry in the white hole is
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called the past event horizon (as opposed to future event horizon for black holes) and the
region r < 1y is the white hole. Particles in a white hole will necessarily leave it, and it is
never possible to enter a white hole from outside. Unlike black holes, white holes are not
thought to exist since there does not seem to be any physical scenario under which they

could be formed. See also Section B.1.6 for further comments on this.

Exercise 3.2. Photon sphere.

Consider light rays (photons) moving on the Schwarzschild black hole space-time .
For motion in the plane § = 7/2 we can use the equation of motion (2.2.55) where
X =GM/r.

e Using Eq. (2.2.55]) find the radius r for which a photon would travel on a circle. The
sphere with this radius of known as the photon sphere of the Schwarzschild black
hole.

e Using the ansatz

X () = % +6X(6), (3.6.1)

where 0.X is considered small, derive photon orbits near the photon sphere obey

2
X
ddi2 =X . (3.6.2)

e Argue that the most general solution to (3.6.2)) is
X (¢) = Acosh ¢ + Bsinh ¢, (3.6.3)

and that this translates to

3 97"0

r(p) = S T(A cosh ¢ + Bsinh ¢), (3.6.4)
to leading order for photon orbits near the photon sphere.

e Give a physical interpretation of the solution
3
r(¢p) = g0+ Lcosh¢. (3.6.5)
with a positive L < rg.

e Supposing that L = roughly how many times would a photon revolve around

T000°
the photon sphere, before it escapes the black hole again?
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Exercise 3.3. Symmetries of Kerr metric.
In this exercise we consider symmetries of the Kerr metric (3.3.1)-(3.3.2).

e Define the vector fields T# and J* by
™" = (T, 7", 7°, 7% = (1,0,0,0) , J*=(J',J",J% J%) =(0,0,0,1). (3.6.6)

Show that T* and J* are Killing vector fields as defined in Exercise Show that
TH being a Killing vector in the coordinates of the Kerr metric — is
equivalent to

G =0, (3.6.7)

and show that J* being a Killing vector in the coordinates of the Kerr metric

(3.3.1)-(3.3.2)) is equivalent to
s = 0. (3.6.8)

e Define for any time-like curve z#(7) the scalar fields
L dx” dz”

L = mgyuJ*
dr '’ mg“JdT

Argue using the results of Exercise that E and L are conserved on any time-like

E = —mg,T

(3.6.9)

geodesic x#(T).

Exercise 3.4. Ingoing Kerr coordinates for the Kerr metric.
Consider the Kerr metric (3.3.1)-(3.3.2) in (¢,7,0,¢) coordinates. Define a new radial

coordinate p(r) by
dp r*+a?
A
This is analogous to the tortoise radial coordinate for Schwarzschild. One can

find p(r) explicitly by integrating the above, but this will not be important below. Using

(3.6.10)

this, we define the two new coordinates v(t, r) and x(¢,r) by
v="t+p(r), dX:quJr%dr, (3.6.11)

With this we define a new coordinate system (v, r, 8, x) for the Kerr metric called ingoing

Kerr coordinates.

e Show that the Kerr metric (3.3.1)) in the new coordinates (v, r, 6, x) takes the form

2
ds? = — (1 — %) dv?* + 2dvdr — g sin? dvdy — 2a sin® Odydr

(3.6.12)
(r? +a®)? — Ada?sin? 0

> sin? Odx? + Ld6?
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where 3 and A are defined in (3.3.2)). [NOTE: If this becomes a long calculation

you can also just select one or two particular component to check, e.g. g,r, gy»r Or

gm“]

e In Section we have shown that dr/dt — 0 for r — r, which means that in the
(t,r,0,¢) coordinates the light cones close up at the event horizon r = r. Explain
why dr/dv does not need to go to zero for r — r, in the ingoing Kerr coordinates,

and hence that one avoids the closing of the light cones.
e Consider radial null curves in the ingoing Kerr coordinates. Show that

Infalling radial null curves: dv =20,

dr 1 roT
tgoing radial null :—:—(——).
Outgoing radial null curves 70 = 3 >

(3.6.13)

Use this to argue that light cannot escape from behind the event horizon at r = r .

Exercise 3.5. Schwarzschild black hole in Kruskal-Szekeres coordinates.

We consider the line-element for the Schwarzschild black hole. This line-element is
in coordinates z* = (t,7,0,¢). In this exercise we consider the coordinate transformation
to the so-called Kruskal-Szekeres coordinates 7# = (T, R, 6, ¢) given by where u

and v are defined by (3.1.17)) and (3.1.14)).

e Show that in coordinates (u,v, 6, ¢) the line-element (2.1.44)) is
ds? = — (1 - @) dudv + 12(d6? + sin? 0d¢?) , (3.6.14)
r

where u and v are defined by (3.1.17)) and (3.1.14]).

e Show that the line-element ([2.1.44)) in Kruskal-Szekeres coordinates z# = (7, R, 0, ¢)
is given by Eq. (3.1.51)) where r(7,R) is given indirectly from Eq. (3.1.52)). [Hint:
You can use (3.6.14]) as an intermediate step.]

e Using and by considering outgoing radial null curves (i.e. with constant u)
in the line-element , show that the event horizon of the Schwarzschild black
hole is located at 7 = R. Where is the region outside the event horizon? And
where is the inside of the black hole?

e Argue that 7 in the line-element ([3.1.51)) can be used as a time-coordinate both
inside and outside the Schwarzschild black hole.
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e Using (3.1.52)) and by considering infalling radial null curves (i.e. with constant v)
in the line-element (3.1.51f), show that there is a past event horizon of a white hole
(see Exercise located at T = —R.

Comment: The Kruskal-Szekeres space-time gives the maximal possible exten-
sion of the Schwarzschild line-element . This not only includes inside the black
hole, but also a past region with a white hole, and if one allows R to be negative as well,
another asymptotic region outside a black hole and white hole for negative R. Since it
includes a white hole (see Exercise , the whole extended Kruskal-Szekeres space-time
cannot arise from gravitational collapse, and for this reason the parts with negative R
and the past event horizon 7 = —R are not relevant for applications to black holes in
astrophysics. In any case, one can still use it for studying the inside of the Schwarzschild
black hole. And it is interesting to study it as a theoretical laboratory to learn more
about General Relativity. See Section for more on the Kruskal-Szekeres space-time.

Exercise 3.6. Merger of black holes and the second law of black hole mechanics.
Consider two Schwarzschild black holes with masses M; and M, that spiral around each
other until they merge together into a new Kerr black hole with mass M and angular
momentum J = aGM? where 0 < o < 1. The event releases a gravitational wave with

energy F.

e Using the second law of black hole mechanics, show that

1++v1—a? N (M1)2+ (%)2

— 6.1
5 i i (3.6.15)

e [f the masses of the two merging black holes are equal M; = M, and the resulting
Kerr black hole has o = v/3/2, what is maximal possible energy (measured in units
of M) of the gravitational radiation that the event can emit according to the second

law of black hole mechanics?

o [f My = 3M, and the resulting energy of the emitted gravitational waves is F = %M
what is the maximal possible value of o = J/(GM?) (i.e. the maximal possible value
of J measured in units of GM?) for the resulting black hole according to the second

law of black hole mechanics?

e In the GW170814 event (see also Section [5.2.3)) two black holes with approximately
no angular momenta and masses M; = 31 M, and My = 25M, inspiraled and merged

1.8 billion years ago into a Kerr black hole with mass M = 53M, and angular
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momentum (in units of GM?) o = 0.7 while emitting the energy 3M, as gravitational
waves. Is the GW170814 event in accordance with the second law of black hole

mechanics?

Exercise 3.7. First law of black hole mechanics.
For the Kerr black hole we have the mass M and angular momentum J given by (3.4.4)),

the angular velocity Q2 by (3.3.20]), the surface gravity « by (3.5.16]) and the area of the
event horizon A by (3.5.22]).

e Show the two relations in Eq. (3.5.23]).

e Show using Eq. (3.5.23)) the first law of black hole mechanics (3.5.25]).
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4 Cosmology

4.1 Friedmann-Lemaitre-Robertson-Walker Metric
4.1.1 The Cosmological Principle

Cosmology is the study of the evolution and dynamics of the universe as a whole. This
means one is describing the universe on the very largest scales. The Cosmological Principle
asserts that the universe for a given moment in time looks the same everywhere, i.e. that
no region or direction of the universe is special. This principle concerns the largest scales
in the universe, thus one should imagine averaging over all the matter and energy present
at smaller scales (e.g. stars, planets, dust, galaxies, clusters of galaxies, etc.) to find
the average distribution of matter at the largest scales. According to the Cosmological
Principle this averaged distribution of matter looks the same everywhere.

The observable universe today is about 100 billion light years in diameter. The cosmo-
logical principle should apply to scales above at least 100 million light yearsEr] While one
has some evidence for the Cosmological Principle from observing the visible universe, the
best evidence for the Cosmological Principle is not from looking at todays universe, but
instead from the cosmic microwave background (CMB) which tells us about the state of
the universe at a very early moment. It is found that the CMB has a constant temperature
of 2.725 Kelvin with variations less than 1/1000 Kelvin.

Since the space-time geometry of the universe is sourced by the matter and energy
in it, it follows that at the largest scales the space-time geometry should look the same

everywhere for any given time. We shall consider the consequence of this in the following.

4.1.2 Derivation of the Friedmann-Lemaitre-Robertson-Walker metric

We now consider the space-time geometry of the universe as a whole, on the largest scales.

We begin by assuming the existence of a coordinate system
(t, ', 2* 2%, (4.1.1)

in which ¢ is a cosmic standard time that can parametrize the evolution of the universe.
For a given t it follows from the Cosmological Principle that the space-time geometry
should be

331 million lightyears corresponds to 0.3066 Mpc (Megaparsecs). Hence 100 billion light years is about
30000 Mpc and 100 million light years is about 30 Mpc.
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e Homogeneous. The geometry should look the same everywhere for the given t,

i.e. one has invariance under spatial translations.

e Isotropic. That the geometry is isotropic around a given point z* means that it
should look the same in all directions from that point z¢, i.e. it should be spheri-
cally symmetric around this point. Combining this with homogeneity, it means the
universe should be spherically symmetric around any point in the universe, for the

given t.

The averaged distribution of matter and energy is at rest for constant z* in this coordinate
system. If this was not true, it would mean that the velocity u’ = dx’/dr would be non-
zero, which would mean that the direction of the velocity would be special and this would
clearly be at odds with having isotropy around all points of the universe.

As a consequence of the averaged matter and energy being at rest for constant z° it
follows that any path with the position z° fixed is a time-like geodesic. Consider a massive
test particle at constant z. One has dr? = —g,dt? where 7 is the proper time of the
particle. Clearly g, cannot depend on z° because of the homogenuity of the universe and
the t dependence can be absorbed in the definition of ¢ without affecting the fact that the
averaged matter and energy are at rest. Hence, one can choose g; = —1. This is natural
since then the cosmic standard time ¢ is equal to the proper time 7 of the matter and
energy at rest.

One can furthermore argue that g,; = 0. A non-zero g;; for a particular time ¢ and
point x* would imply a preferred direction at that point which is in contradiction with
having isotropy in that point. Thus, the line-element in the coordinates can be
written

ds® = —dt* + g;da'da’ . (4.1.2)

It follows from this line-element that a particle at a fixed position z° is a geodesic. This

corresponds to the relativistic velocity

dx?
wt = di = (1,0,0,0). (4.1.3)
T

One can see that this fulfil the geodesic equation (|1.3.45)) provided T'; = 0. This follows
from 20,91, = 0,gu that is easily seen to be satisfied for the line-element (4.1.2]).
For a fixed time ¢ = ¢; the metric g;;|;—, should describe a homogeneous and isotropic

space. Consider a three-dimensional space with line-element
do® = vda'da? . (4.1.4)
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Demanding this to be homogeneous and isotropic means that it should be maximally
symmetric. For such a space the high degree of symmetry means that the Riemann

curvature tensor should take the form
™) k
Rigi = —5 (vt = vy (4.1.5)
with a > 0 a constant of dimensional length and with
ke{-1,0,1}. (4.1.6)

Here (V)Rijkl is our notation for the Riemann curvature tensor of the metric ~;; where

1,7, k, 1l =1,2,3. From (4.1.5)) we compute the Ricci tensor

(R, — Z_];%j' (4.1.7)
Since this geometry is isotropic around any point we can choose at random a point, and
then the geometry will be spherically symmetric around that point. Hence, we can use
that we have derived in Section that the line-element for a spherically symmetric
space-time always can be written in the form . Taking away the time-direction
this means that we can put the line-element on the form

do? = e*Ddi® 1+ 72(df* + sin® Odp?) . (4.1.8)

We can now find the Ricci tensor for the line-element (4.1.8)) from the Ricci tensor (2.1.31))-
(2.1.32)) calculated for the line-element (2.1.17) in Section by setting o« = 0. This
gives

2
(V)Rff = =z ~5 ’ (7)R99 =1 + 672'8(7?87:ﬁ — 1) y (7)R¢¢ = Sin2 0 (7)R99 . (4.1.9)

7

For this to be consistent with (4.1.7)) we need

2k 2k 2k 2k 72
(W)Rﬁ = = = 62[3? 7 (’Y)Ree — 5709 : (4.1.10)
This is equivalent to the equations
k _ Yy 2k 72

O3 = ﬁre% C 1+ e (708 1) = o (4.1.11)

Eliminating 978 by combining these two equations we find

_ kr?

e 25:1—?, (4.1.12)
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which is seen to satisfy both equations (4.1.11)). With this, we get the line-element

dr?

do* = 5z +7(df" + sin® 0dg”) . (4.1.13)

a2

Introducing the dimensionless radial coordinate

7”:
= - 4.1.14
=T, (1119
we can write the line-element (4.1.13)) as
d0® — a2 |~ 4 2(a6% + sin? 9de?) (4.1.15)
1 — kr? ‘ o

This metric can describe any three-dimensional maximally symmetric space. The space
is characterized by the length @ > 0 and k € {—1,0,1}. With this, we have shown that
the metric g;;|t—¢, can be put in the form . Since k cannot be time-dependent this
means that any time dependence should be put in the length a = a(t) in . Thus,

we have derived:

4 3

Friedmann-Lemaitre-Robertson-Walker (FLRW) metric: The space-time
geometry at the largest scales is described by the Friedmann-Lemaitre-Robertson-
Walker (FLRW) metric

dr?
1 — kr2

ds® = —dt® + a(t)? + 7r2(d6* + sin” d¢?) | . (4.1.16)

This metric is determined by k£ € {—1,0,1} and the function a(¢) known as the

scale factor. Since averaged matter at the largest scales are at rest in the metric

(4.1.16) one says that the coordinates of (4.1.16|) are co-moving, i.e. moving along

with the matter.

4.1.3 Geometric interpretation

Consider the three-dimensional maximally symmetric space corresponding to the
geometry of the FLRW metric for fixed time ¢. From we see that it k=0
the Riemann curvature tensor is zero. Instead for k£ # 0 we see from that £ = —1
corresponds to negative curvature and k£ = 1 to positive curvature.

Introduce the new radial coordinate x by demanding

dv — dr
ARV
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and that r = 0 corresponds to x = 0. We have

siny fork=1,
r(x) =9 x fork=0, (4.1.18)
sinh y for k = —1.

Using this one finds that the three possible values of k corresponds to the following

geometries
e For k =1 the metric (4.1.15)) is
do? = a? [dx2 + sin® x(df? + sin® 9d¢2)} : (4.1.19)

This is the metric of a three-sphere S® with radius aﬁ Thus, this is a periodic space

with finite extension and volume. A universe with k& = 1 is called a closed universe.

e For k& = 0 the metric (4.1.15)) is
do? = a? [d;f + 2 (d6? + sin? 0d¢2)} . (4.1.20)

This is the metric for three-dimensional Euclidean space in spherical coordinates.
Depending on the choice of topology this can be of finite or infinite extension. A

universe with k£ = 0 is called a flat universe.

e For k = —1 the metric (4.1.15) is
do* = a* [dx2 + sinh? y(d6? 4 sin? 9d¢2)] . (4.1.21)

This is the metric of a three-dimensional hyperboloid (also known as a hypersphere)
which is a maximally symmetric space with negative curvature. Depending on the
global topology the space can either be of finite or infinite extension. A universe

with & = —1 is called an open universe.

4.2 Hubble’s Law

Depending on whether the time-derivative of the scale factor

alt) = - (4.2.1)

34 A three-sphere is a three-dimensional sphere. The three-sphere of radius a is the three-dimensional
surface in four-dimensional Euclidean space R* that solves the equation a® = Zizl(y"f where R* is
parametrized by the Cartesian coordinates (y!, 4%, y3,y*). The embedding of the three-sphere that gives
the metric (4.1.19)) is y! = acos x, y? = asin x cos 0, y> = asin y sinf cos ¢ and y* = asin x sin O sin ¢.
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is positive, negative or zero at a given time ¢, the FLRW metric (4.1.16]) describes an
expanding universe, a contracting universe, or a universe at rest. Before Hubble made his

observations in 1929 the consensus was that the universe is static, i.e. always at rest.

4.2.1 Derivation of Hubble’s law

Consider the situation where a lightray is sent from a galaxy different from ours and
received by us (in our galaxy). We consider this in terms of the FLRW metric (4.1.16]
using the radius x defined by (4.1.17)-(4.1.18]). We choose the coordinates so that our

galaxy is at y = 0 and the galaxy from which the light is emitted is at radius y = xo.
Since averaged matter is at rest in the metric the position of our galaxy y = 0
and the other galaxy x = xo do not change with timeﬁ We consider a lightray with
period 7; sent out from x = xo at time ¢ = ¢; and received at x = 0 at time ¢ = ¢y now
with period T%. See Figure [31] for an illustration.

X=X, AL=0

Light Lighe
T ¥
t=t; tT=t¢

Figure 31: Ilustration of a lightray sent from another galaxy to our galaxy.
Since the lightray is travelling along a radial null curve we have
0 =ds® = —dt* + a(t)*dx*. (4.2.2)

Hence

— = —dy. (4.2.3)

ty dt /0
— = dx = Xo - 4.2.4
AR KRt 424

From time ¢; to t; + 7T} the wave of the lightray at the source has gone through one period.

Integrating, we get

Correspondingly, this is received at t; and t5 + Ty. Hence, since xq is time-independent

35We assume here that the two galaxies are both approximately at rest relative to the averaged matter

of the universe. To leading order, this is a good approximation.
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we get

ty dt tp+Ty dt
/ RUAN— / A (4.2.5)
i, a(t) tr,  a(t)
tf tf tf+Tf ti+T;
[ e 429
t; a(t) t; CL(t) tf @(t) t; a“(t>

tf+Tf ti+T;
/ A / - (4.2.7)
” a(t) ¢, a(t)

Since a typical lightray has a period of order 107! seconds and the scale factor a(t)

This gives

Hence,

concerns the largest scales in the universe we have that a(t) is constant over the time
scale of one period. Hence,
Ly L (4.2.8)
alty)  a(t)
A lightray with period T has frequency f = 1/T and wavelength A = 1/f = T. Let

Ai be the emitted wavelength (at x = xo) and Ay be the received wavelength (at x = 0).

Then we define the redshift parameter z by

Ar— N\
= —. 4.2.9
2= 2 (429
We see that if z > 0 then Ay > \;, corresponding to a redshift. Instead if z < 0 then
Af < A, correponding to a blueshift of the light. From (4.2.8) we get
te) — alt,
,_ alty) —alty) (4.2.10)
Thus, if the universe expands (a(ty) > a(t;)) the light is redshifted, while if it contracts
(a(ty) < a(t;)) it is blueshifted. All this is in accordance with the intuition that in an
expanding (contracting) universe the wavelength of a lightray will expand (contract).

Consider now a lightray sent out from a nearby galaxy. Then we can approximate
a(t;) ~ alty) + alte)(t; —ty), (4.2.11)

where a = da/dt. Inserting this in (4.2.10]) we get

(tr —t;). (4.2.12)
The distance to the galaxy where the lightray is emitted is approximately

L~ty—t;, (4.2.13)
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since it is nearby. Using this with (4.2.12)) we have derived:

( R

Hubble’s law: For nearby galaxies the redshift parameter z is proportional to the

distance L to the galaxy to a good approximation

z~ HyL, (4.2.14)
where
1(t
H, = Ul) (4.2.15)
a(ty)

is called the Hubble constant. This linear relation between z and L is known
as Hubble’s law. The difference in arrival time ¢; for the measurements taken is
many orders of magnitude smaller than the cosmological time-scales over which a(t)
varies (e.g. hundred years as compared to a billion years). Thus, in this sense one

can regard Hy as a constant, i.e. as measuring the current value of a(t)/a(t).

4.2.2 Measurement of the Hubble constant

In 1929 Hubble measured that light from nearby galaxies are redshifted and he found
that the redshift was proportional to the distance. From this he conjectured Hubble’s law
(4.2.14). This was the first experimental evidence of the expansion of the universe. It is
only in the last 20 years that a precise measurement of the Hubble constant Hy has been

possible. Current measurements give (Planck 2015) [¥]
Hy = 67.7kms ' Mpc™*, (4.2.16)
where Mpc stands for mega parsec which is equal to
1 Mpc = 3.262 million light years = 3.09 - 10*m . (4.2.17)
This gives the current rate of expansion of the universe. One can also express it as a time

1
— = 14.4 billion years, (4.2.18)
Hy
and as a length

Hi = 14.4 billion light years = 4420 Mpc = 1.36 - 10* m . (4.2.19)
0

36Here and below when writing Planck 2015 we are referring to the measurements of cosmic microwave
background by the Planck satellite from 2009 to 2013 that after an extensive data analysis was released

by the Planck collaboration in 2015. An updated analysis was released in 2018 with minor modifications.
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These are the cosmological length and time scales. They provide an order-of-magnitude
estimate of how big and old the universe can be, and what we mean when we talk about
large scales in cosmology.

However, recent measurement from supernovae observations gives instead a quite dif-

ferent value of the Hubble constant
Hy = (74.0 £ 1.4)kms ' Mpc ™", (4.2.20)

in contrast with the Planck 2015 measurement which is (67.74 4 0.46) kms~" Mpc™*. The
difference between these two measurements of the Hubble constant is quite a big puzzle
in modern cosmology and is known as the Hubble tension. For completeness we note that
the Planck 2018 result is (67.4 + 0.5) kms™! Mpc™' which is even further away from the

supernovae data.

4.3 The Friedmann Equations

Up to now we established two things:

e We found the FLRW metric (4.1.16)) that provides a general description of the

space-time geometry at the largest scales.
e We found using Hubble’s law that the universe at this moment in time is expanding.

To understand the past and future of the universe we need to use Einstein’s equations
(1.6.37)). In order to do this, we first need to understand the energy-momentum tensor of

the universe at the largest scales.

4.3.1 Energy-momentum tensor

We model the energy-momentum tensor of the universe at the largest scales as that of
a perfect fluid (|1.6.21)). Homogeneity and isotropy gives that p and p only depends on
the cosmic standard time ¢. In the co-moving coordinates used in the FLRW metric

(4.1.16]) we have that averaged matter is at rest u* = (1,0,0,0). Thus, in the co-moving

coordinates ([1.6.21]) gives
Too=p, Toi=0, T = pgij. (4.3.1)

The different types of cosmological perfect fluids are characterized by their equation of

state
p=p(p)- (4.3.2)



As we shall see, we can restrict ourselves to fluids with the equation of state being of the

form
p=wp, (4.3.3)

where w is a constant. The three types of fluids we consider are:

e Matter: The equation of state is
p=20. (4.3.4)

This includes all matter for which the pressure is neglible compared to the energy
density p, as for instance stars, planets, dark matter, water, etc. See also discussion

of why p < p for Newtonian matter in Section [1.6.1

¢ Radiation: The equation of state is

= Zop. 4.3.5
p=3p (4.3.5)

This is the equation of state for a gas of photons. One can derive this from demand-

ing T#, = 0, which is true for the energy-momentum tensor of an electromagnetic
field.

e Dark energy: The equation of state is

p=—p. (4.3.6)

In our derivation of Einsteins equations (1.6.37)) we could have added a term Ag,,
to the LHS
1
R, — ég,WR + Ag = 87GT,, . (4.3.7)

Provided A is constant this obeys D*(R,, — 39, R + Agu,) = 0 thus generalizing
the Bianchi identity . A is known as the cosmological constant. However,
one can equivalently regard the term Ag,, as belonging to the RHS of Einsteins
equations . This corresponds to an cosmological perfect fluid with

A

= _—p=— 4.3.8

since we see from ((1.6.21)) that this gives an energy momentum tensor 7,, =
—ﬁgwj. In 1998 it was measured that A > 0 and hence it gives a positive en-

ergy density p > 0. For this reason we call it dark energy.
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4.3.2 Deriving the Friedmann equations

We consider now Einsteins equations ((1.6.37) for the FLRW metric (4.1.16|) with the
energy-momentum tensor of the form (4.3.1). The components of the Christoffel symbol

are
' a i a . kr . 9
Lj=-95, Tiy=0—, Th=7—"15, Top=—r(l—kr),
a a 1—kr
h , (439
T (1 —kr?)sin20 . T =T% — = TY — _ginfcosh  T¢ — 57
» r( r¥)sin“ 6, I, =" Lo sinflcosd , Iy, g

with 7,7 = r, 6, ¢. Using this we compute the non-zero components of the Ricci tensor

2 a?
where G = d?a/dt?. This gives the Ricci scalar
a a® k
R=6|-+—=+—=|. 4.3.11
(a * a? * a2) ( )
Thus the components of the LHS of Einsteins equations ((1.6.37)) are

1 a® k 1 26 a® k
Rtt - §gttR - 3 (? -+ E) ; Rij - —gin - — (; + E + ) gij . (4312)

2 a?

Using this with (4.3.1]) we can write Einsteins equations as:

4 3

The Friedmann equations: The scalar factor a(t) obeys

a®  8nG k
— = —0p— — 4.3.13
=3 P ( )

called the Friedmann equation. This is obtained from the tt-component of Einsteins
equations ([1.6.37)). If one knows the energy-density as a function of time Eq. (4.3.13))

determines the evolution of the scale factor a(t). In addition the scalar factor obeys

i 1
S =4 - 4.3.14
- WG(p+3p>, (4.3.14)

obtained from the remaining non-zero components of Einsteins equations. This is

known as the second Friedmann equation.

\ 7

It is also interesting to consider the conservation of energy and momentum (|1.6.22)).
We have

0= D,T" = 8,T" +TH TP, ~ 2TV, = —p — 3%,) - 3%}9, (4.3.15)
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where p = dp/dt. This gives:

( R

Energy-momentum conservation: The conservation of energy and momentum

is equivalent to the equation

p=—"p+p). (4.3.16)

It is important to note that this equation holds for each type of cosmological fluid
separately, with p being the energy density and p the pressure of the cosmological
fluid, so not just for the total density and pressure. This is due to the fact that in
our approximation the different fluid components do not interact with each other,

and hence they separately have to satisfy the conservation of energy and momentum

(1.6.22).

\ J

One can check that (4.3.16) is consistent with (4.3.13)-(4.3.14) when p and p are the
total energy density and pressure, respectively. Indeed, if one differentiates (4.3.13)) with

respect to t one finds

aa a®  ka AnG
—_ =4+ — 4+ —0. 4.3.17
a?  ad + a’d + 3 p ( )

Substituting (4.3.14) on the LHS and (4.3.13) on the RHS one finds indeed (4.3.16]).
4.4 Evolution of the Scale Factor
We have now all the necessary ingredients to find the time-dependence of the scale factor
a(t).
4.4.1 Friedmann equations revisited
We introduce the Hubble parameter

Ht) =2, (4.4.1)

a

This is equal to the Hubble constant Hy when ¢ is our present time. This is given in
Eqgs. (4.2.16)), (4.2.18) and (4.2.19)). We introduce also the so-called critical density

3H?
pcrit(t) = %, (442)
as well as the density parameter
p(t) 8rG
Qt) = PRND) = 3H2p. (4.4.3)
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With this the Friedmann equation (4.3.13]) can be written as

k
We see that the sign of £ is correlated with the sign of {2 — 1, hence
Q<1< k=-1 (open universe),
Q=1«< k=0 (flat universe), (4.4.5)
Q>1«< k=1 (closed universe).
Current measurements (Planck 2015) gives
Q = 1.00, (4.4.6)

for the value of 2 today. Hence it seems the universe is either flat or very close to be
ﬂatﬂ For this reason we shall set & = 0 in the following. Assuming a flat universe the

Friedmann equation (4.4.4) is simply

0O=1. (4.4.7)

4.4.2 Composite model

We consider now a flat universe composed of four different species of cosmological fluids{*¥]
e Radiation with energy-density pgr. (w = 1/3). This is electromagnetic radiation.

e Baryonic matter with energy-density pg (w = 0). This consist of all the matter
made out of baryons in the universe. All matter that we can describe using the

standard-model of particle physics is made out of baryons.

e Dark matter with energy-density ppy (w = 0). This is matter that we can only
infer through its gravitational interaction with the baryonic matter and radiation.

It is not known what dark matter is made of.

e Dark energy with energy-density py (w = —1). One can describe this macroscop-

ically using General Relativity. However, the microscopic origin of dark energy -

37As discussed in Exercise 2 tends to get closer to 1 as one goes back in time. Hence since €2 is

close to 1 now, it must have been much closer to 1 in the past.
38Here we do not include gravitational radiation.
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also known as the cosmological constant - is an unsolved problem in theoretical
physics.ﬂ

Thus, the total energy-density is
p = pr + pB + pom + pa - (4.4.8)
Correspondingly, we have
1=Q=0r + Qs+ Qpm + Q0. (4.4.9)

At present time t = ty, i.e. in the universe right now, the density parameters have been
measured to be (Planck 2015)

Q0 <0001, Q¥ =005, Q9 =02, QY =069, (4.4.10)
which indeed gives (4.4.9)). The total density is measured to be
PV =8.6-10""kg/m?. (4.4.11)

Thus, in our current state the universe is dominated by dark energy.

Writing the equation of states for each species as (4.3.3) we can employ (4.3.16)) to get
P a
- =-=3(1 —. 4.4.12
L= 51+ u)S (1412)

Therefore, employing the ansatz

plt) _ (a(t) )n | (4.4.13)

p(to) a(to)
we find
n=31+w). (4.4.14)
We record
TLR:4, TLB:TLDMZS, nA:O, (4415)
which means that
prxat, ppoxca®, ppmoxa?, pyocal. (4.4.16)

39 A natural microscopic origin of a cosmological constant is the vacuum energy in Quantum Field
Theory. However, using the vacuum energy of the standard-model of particle physics seems to give a
prediction of the cosmological constant which is 10'2° times as big as the one we measure in cosmology.
This is fortunate, because if it was as predicted from the standard-model of particle physics, the universe

would be too hot for the creation of life.
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With all the species included the Friedmann equation is

87G
H? = WT pi (4.4.17)

()

where ¢ = R, B, DM, A. Since p; > 0 for each species we get
H>0, (4.4.18)

suggesting that the universe is always expanding, never contracting. From the second

Friedmann equation (4.3.14)) we get

& ATCNN L s (4.4.19)

Combining H = & — & with [#4.17) and ([{#4.19) we get

H=—47G Y (1 +w;)p;. (4.4.20)

Since w; > —1 we see that
H<O0. (4.4.21)

This means that the Hubble parameter is never increasing with time.

4.4.3 Future of the universe

From (4.4.18) we conclude that the universe will keep expanding. Considering (4.4.16))
we see that the fraction of dark energy will keep growing. Hence the dark energy will

dominate more and more in the future.

A universe dominated completely by dark energy has

H=0, (4.4.22)

as seen from (4.4.20)). Hence it has a constant Hubble parameter H = H,. We see from

(4.4.20) and (4.4.21)) that
Hy < Hy. (4.4.23)

From (4.4.22)) we get
a(t) = ap exp(Hpt), (4.4.24)

where a, is a constant. Thus, the universe will expand exponentially.
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4.4.4 Past of the universe

From (4.4.18) we get that the universe is contracting when going back in time. Using
(4.4.16]) we see that since the matter currently comprise about 31% of the universe and
the radiation less than 0.1%, then we enter a matter-dominated phase when we go back

in time. A convenient way to parametrize this is in terms of the redshift parameter z. We

can write (4.2.10]) as
a(to)
a(t)

where t = ¢ is the current value of the cosmic standard time. From (4.4.10)), (4.4.11)) and
(A.1.16)

=1+2z, (4.4.25)

pr =001+ 2)" pa = Q0 pO (1 +2)°, pa =000, (4.4.26)

where py; is the density of matter, including both the baryonic and the dark matter. In

the above we have defined 91(\91) as the current value of the density parameter of matter
00 =0+ 0l —0.31 (4.4.27)
which is the sum of the baryonic matter and dark matter today. The ratio of matter is
PM
y=—. 4.4.28
M oA+ ouFor ( )
When 2z = 3 we find Q) > 0.95. Thus, z = 3 clearly corresponds to a matter dominated

phase.

For a universe dominated by an energy density
pxa ™, n>0, (4.4.29)
we see from that this gives H? o< a~™ and hence
aoxa? (4.4.30)

The most general solution to this is

B3N]

at) = C(t —t,)7 | (4.4.31)

where C and t, are constants. Hence for a matter-dominated universe we have

wIn

a(t) =C(t —t,)3, (4.4.32)
using (4.4.15)). We see that such a universe has

a(t,) =0, (4.4.33)



which means that the universe had a beginning!

One puts the matter-dominated phase of the universe to be for redshift parameter
0.4 < z < 3600, (4.4.34)
and the dark energy dominated phase as
2 <04, (4.4.35)

What happens for z > 36007 In this case the redshift is so large that we enter a radiation
dominated phase where the majority of the energy is from radiation. The ratio of radiation
is

PR
Qg = —+——— . 4.4.36
t pa + pm + pr ( )

Setting Q(P?) = 0.001 gives Qg > 0.9 for z = 3600. In the radiation dominated phase we

see from (4.4.15) and (4.4.31]) that
a(t) = C\Vi—1, (4.4.37)

which again points to a beginning of our universe.

According to current measurements our universe is 13.8 billion years old (Planck 2015).
The beginning is known as Big Bang. Shortly after it began it entered an inflationary
epoch where it grew exponentially. This ended around 10732 seconds after Big Bang.
After that the universe entered a radiation-dominated era lasting until 47000 years after
Big Bang (corresponding to z = 3600). Then the universe entered the matter dominated
era lasting until about 10 billion years after Big Bang (z = 0.4). Now we have entered

the dark energy dominated era that could last forever, for all we know.

4.4.5 Temperature of the universe

The cosmic microwave background (CMB) is electromagnetic black body radiation with
a current temperature of T(g) = 2.725 K. One can think of it as a gas of photons. Going
back in time, the universe is contracting. This makes wavelengths proportionally shorter,
as shown by and . Since the temperature grows proportionally with the
average energy of a photon in the gas, which is inversely proportional to the average
wavelength, this means

T =To(l+2), (4.4.38)

using (4.2.9). Thus, as we rewind the universe the CMB gets hotter. The origin of CMB
is at z = 1100 (380000 years after Big Bang). For z < 1100 the temperature become
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low enough for photons to decouple from matter, thus giving rise to the CMB. Before
this point (z > 1100) the universe was more than 4000 K and it was a hot dense plasma
of photons, electrons and protons. Recombination happened slightly prior to the photon

decoupling. This is the temperature below which neutral atoms can form.

4.5 Exercises for Chapter

Exercise 4.1. Age of the universe.

According to the 2015 data from the Planck satellite the Hubble constant is measured to

be (4.2.16|) corresponding to the time (4.2.18). Moreover, the ratios of matter (including
dark matter) and dark energy in the universe today are

00 =031, o =0.69. (4.5.1)

e Assuming we live in a flat universe and that the universe only consists of matter
and dark energy, i.e. that we can neglect the contribution from the radiation, write
down the Friedmann equation (4.3.13)) in terms of a(t), a(t) and constants.

o Let ag be the current value of the scale factor. Define the function
y(t) = —=. (4.5.2)

Show that one can write the Friedmann equation (4.3.13)) as

L oM o (4.5.3)
Ye— = — Y. .0.
HE oy "

e Show that the age of the universe (with above assumptions) is given by the integral

1
T = Hio . T dy - (4.5.4)
y T Qxy?
e Using the definite integral
_ 2log(14++v/1—1b) —logb | (455)

1 dy
/0 wg—i—(l—b)gﬂ 3V1—b

find the age of the universe 7T'.
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Exercise 4.2. The flatness problem.
The Planck satellite has measured the ratios (4.5.1]) for the energy densities of matter and

(0)
R

dark energy. The radiation Q2" < 0.001. This gives a total density parameter

0O =09 100 1 09 = 1.00. (4.5.6)
Including uncertainties the Planck measurement gives
Q© =1.002 +0.005, (4.5.7)

for the current value of the density parameter. In the following we consider what happens
if € is not necessarily exactly equal to one. In accordance with the Planck measurements

we assume
Q® — 1] <0.01, (4.5.8)

for the current value of the density parameter.

e Let py be the current value of the total energy density. Show that
8tG

e Let ag be the current value of the scale factor. Show that one can write the Fried-

mann equation (4.3.13)) as

Z_; =)=+ QX”Z—; + QES)Z—‘E - ag];{g , (4.5.10)
where @ is the value of a(t) today.
o Use to argue that provided we have then
lk’ 5 < 0.01. (4.5.11)
agHg

e The beginning of the matter-dominated era occured when the redshift factor z was
around 3600. This is the point in which the energy from radiation was about half
of all the energy in the universe (and after this point in time it became less than

half). Use this information to compute an approximate value for Qgg).

e Given (4.5.8), how close should 2 be to 1 when z = 36007 [Hint: First show using
the Friedmann equation Eq. (4.4.4) that Q — 1 = Z—é(Q(O) — 1) for k # 0. Then

find the ratio a3/a* using (4.5.10) and (4.5.11]) and insert the result together with
(4.5.8)).]
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e The inflationary epoch ended around 10732 seconds after Big Bang with a redshift
factor of the order z ~ 10%!. How close should € be to 1 at this point?

e Comment: There are no mechanisms in General Relativity that can explain why
Q) should be exactly one. On the other hand, it seems that {2 would have had
to be extremely close to one right after the inflationary epoch. This is known as
the flatness problem: Why should the early universe be so close to flat? Logically,
there are only two possibilities: 1) Either there is some argument for why Q is
exactly equal to one, perhaps in a quantum theory of gravity, or 2) There exists a
mechanism that can make 2 — 1 very small just after the universe started. This
is one of the reasons the theory of inflation was introduced, since inflation actually
gives a mechanism of the second type that can make €2 — 1 very small during the

inflationary epoch.

Exercise 4.3. Einsteins static universe.

Before Hubble released his measurements in 1929 showing the universe is expanding,
Einstein considered a cosmological solution to Einsteins equations in which the universe
is static. We take this to mean that the FLRW metric has a constant scale factor,

i.e. that a(t) does not depend on the time ¢. In the following we use the two Friedmann

equations (4.3.13]) and (4.3.14)).

e Assume the static universe has matter with energy density p,; and that the energy
density of radiation is so small that we can neglect it. Find the necessary dark

energy density pa to sustain a static universe.
e Should a static universe be flat, open or closed?

e What is the relation between the (constant) scale factor and the matter energy

density p,s for a static universe?

e Comment: FEinstein proposed his static universe in [I1]. As part of this, he in-
troduced the possibility of a cosmological constant, in order to explain the negative
pressure needed for a static solution. However, Einsteins static universe is inherently
unstable, as shown by Eddington in [I2]. If one adds a little matter to the static
universe, this will cause a contraction of the universe, that will not stop. Similarly,

if one subtract some matter, it will cause the universe to expand without end.
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5 Linearized Gravity and Gravitational Waves

5.1 Linearized Gravity

One of the distinguishing features of General Relativity compared to Newtonian gravity
is that the gravitational field can interact with itself due to the non-linearity of Einsteins
equations . However, even in the weak field limit where Einsteins equations become
approximately linear, General Relativity has new features compared to Newtonian gravity.

This is what we shall explore in the following.

5.1.1 Weak field limit of gravity

The metric g, (z) is the gravitational field. When there is no gravity, g,,(z) is the metric
for Minkowski space that in an Inertial System is g,,(x) = 7,,. When the gravitational
field is weak the metric g, (z) is approximately that of Minkowski space. We can write

this as
guu(x> = Nuw + h;w(x) ) (511)
where all the components of h,, (x) are small
|hyuw ()| < 1. (5.1.2)

This is the weak field limit of gravity["] The weak field limit should not be confused with
the Newton limit of Section [L3.4l In that case we assume in addition small velocities
(1.3.51)) and no time-dependence (1.3.50). We are not making these assumptions above.

We now expand General Relativity to first order in Ay, (x). This will give us what we

call linearized gravity. To first order in h,, (z) the inverse metric is

g =" — ", (5.1.3)
where we raised the indices of h,, with the inverse Minkowski metric,

R = 0P P hag . (5.1.4)

In the following we will raise and lower indices using 7" and 7),,. One can easily check
that (5.1.3) is the correct inverse metric to first order in hy,,

(n#l’ B huyanﬂ + hl/p) = U“Vﬁup + U”"hup - huynz/p - hm’hup
_ 2
=0, + O(h%),

4OFor use below, one should strictly speaking also assume that |0ph,u| is either of the same order as

|| or smaller.
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where O(h?) denotes any term of second or higher order in h,,,. From (5.1.1]) we see that
the partial derivative of g, is
apg,uu = 8ph,uu . (516)

Hence to first order in h,, the Christoffel symbol is

1 1
Iy, = 5"7[’0(3“’11/0 + 0yhye — Ophyy) = 5(8Hh,,p + 0,h,” — 0°hy) , (5.1.7)

14

where we raised the indices with n*”, i.e. h,” =7
field limit of the geodesic equation (|1.3.45))

Ph,,. Using this we can find the weak

AP dxt dx¥

1
- pP__HP - 1.
dr? (@Lh,, 28 hW) dr dr’ (5.18)

known as the linearized geodesic equation.

We now consider the weak field limit of the Ricci tensor. From the general formula
(2.1.25) we see that the terms with the products of two Christoffel symbols can be ne-
glected since they are of order O(h?). Thus, we get

1
R =5 <8M8phl/’ +8,0,h," — Oy — aua,,hpﬂ) , (5.1.9)
to first order in h,, where we introduced the notation
0 =n"0,0, = 0,0", (5.1.10)

called the d’Alembert operator, or the box operator. Note also that h,” = n**h,,. Using
Eq. one can find the Ricci scalar R and hence the left-hand side R, — 39, R
of Einsteins equations to first order in h,,. Doing this, one gets the equations
for linearized gravity. However, as we shall see below one can simplify these equations

considerably by using coordinate transformations.

5.1.2 Gauge transformations

Consider a coordinate transformation z# — #*(z)

it (x) = ot — ' (z), (5.1.11)
where we require
|0, < 1. (5.1.12)
To first order in d,€¢” we have
oz o — 0, € (5.1.13)
= —_ VE s I N
oxv v
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and hence
oz

oY
We assume in the following that all the components of |0,€”| are of the same order or less
than the largest component of |h,,|. Using the transformation of the metric (1.3.23)) we
find to first order in Ay,

=01+ D€t (5.1.14)

Guv(T) = (65 + 0u€”) (67 + 0u€”) (Mpo + hpo) = Myw + My () + O (x) + Op€u(x) , (5.1.15)

where €,(z) = 1,,€’(z). Since the components of |0,€”| is of same order (or less) as h,,

and since 7, does not depend on x* we find to first order in h,,
G () = N + hyw(2) + 0pen(x) + Ope, (). (5.1.16)

Thus, the transformed metric is also in the weak field limit (5.1.1)-(5.1.2]). For this reason
we define Ay, (z) by
G (1) = Ny + Py (), (5.1.17)

with

by (2) = hyw(x) + 0p€n(x) + Ope, () - (5.1.18)

In this sense one can view the coordinate transformation (5.1.11)) as a transformation of
hyw(x). This class of coordinate transformation for linearized gravity are known as gauge
transformations for h,,. The reason for this name is that such a transformation does not

change the weak field limit of the Ricci tensor,
. 1 - - - -
R, = 2 (8“apth + 0y0phy” — Uhy — 8“a”hpp>
1
=R, + 3 <8Map(ayep + 0%€,) + 0,0,(0,€” + 0%¢,,) (5.1.19)
~ DOues + Duy) — 20,0,0,")
=R, .

This in turns means that the weak field limit of the LHS of Einsteins equations
is invariant under gauge transformations of hy,. This is analogous to the gauge
transformation A, — A, + d,x of the potential A, in Electromagnetism under which the
field strength F),, = 0,A, — 0,A, remains the same.
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Lorenz gauge

The gauge transformation (5.1.18]) of h,, can be used to simplify Einsteins equations
(1.6.37)). A particularly nice gauge choice is the Lorenz gauge in which h,, obeyﬂ

1
o" <hw - 5Wh,f> ~0. (5.1.20)

Given hy,, in Lorenz gauge, one can make a gauge transformation ([5.1.18)) with
et =0, (5.1.21)

and still be in the Lorenz gauge. We check this explicitly:
" (BW - %WVBPP> =o" (h;w + Ou€y + Oy€ — %W#V(hpp + 2ap5p))

= e, + 00,6, — 0" (N 0,e”) = 0.

(5.1.22)

This shows that ile is in Lorenz gauge. Thus, even if one is in Lorenz gauge
there is still a remnant gauge symmetry left, given by the gauge transformations
obeying . This will be useful when considering gravitational waves.

Consider now h,, in Lorenz gauge . One has 9,0,h,” = 0,0,h,” = %(%(%hpp.
Inserting this in we see that the weak field limit of the Ricci tensor in Lorenz gauge
is

1

Ry = =50 (5.1.23)

This gives the weak field limit of the LHS of Einsteins equations in the form (|1.6.38]).
To get the RHS one should use that g,,9”°T,, to leading order in the weak field limit is

NN’ Tye. Thus, we have derived:

4 h

Linearized Einstein equations: In the weak field limit of gravity (5.1.1)-(5.1.2))

Einsteins equations can be written in the form
1
th/ = —167G (TMV = §nMV?7pGTPU) , (5124)

where we impose the Lorenz gauge ([5.1.20) on h,,(z). These equations are known

as the linearized Finstein equations.

\ J

“10ne can show that it is always possible to go to Lorenz gauge. Consider a given h,, which is not
in Lorenz gauge. The gauge transformations has four arbitrary functions €, (z). Thus, one can
impose the four equations Oe, = —9"(h,, — 21,,h,”) and find solutions for the four functions €, (x).
Using these four functions in the gauge transformations one finds (“)“(leW — %nwﬁpp) = 0 which

means that ilw, is in Lorenz gauge.
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5.2 Gravitational Waves

5.2.1 Gravitational wave solution

Consider the linearized Einstein equations (5.1.24)) in Lorenz gauge (5.1.20]). In vacuum
T,

w = 0 they become

Ok, = 0. (5.2.1)

We recognize this as the relativistic wave equation for each component of h,,. Consider
the following ansatz
hy (z) = A, exp (ik,x’) | (5.2.2)
where A, and k, are constants. Since h,, = h,, we should require A,, = A,,. For
convenience this ansatz is for now allowed to be complex valued. Later we shall restrict
to the real part of the expression. The ansatz satisfies the Lorenz gauge condition
(5.1.20) provided
EtA,, = %krl,np"Apa. (5.2.3)

Inserting (5.2.2)) in (5.2.1)) we get that it is a solution provided

k' = 0. (5.2.4)

With these conditions on k* and A,, imposed, (5.2.2)) is a solution of the linearized
vacuum Einstein equations (5.2.1)).

Monochromatic plane wave at speed of light

The solution (5.2.2)-(5.2.4) of (5.2.1]) corrresponds to a monochromatic plane wave prop-

agating at the speed of light. Write
k= (w, k' K% ) (5.2.5)

Then from standard theory of waves we know that w is the angular frequency, related to

the frequency f as

w=27f. (5.2.6)
Writing k& = v k;k* we have that k is the wave number related to the wavelength \ as
27
k: = -— . '2'
- (527)

Note that our interpreation of w and k is for an observer at rest in the coordinate system

. From ([5.2.4) we get the condition

w=k. (5.2.8)



Using this we find that the speed of the wave is
v=Af=——=1, (5.2.9)

which indeed means that it is propagating at the speed of light. The wave is propagating

in the direction of the unit vector A
k’l
? .

The wave is monochromatic since it only has one frequency. However, since Eq. ((1.6.39)

(5.2.10)

is linear one can superpose waves of different frequencies.

Polarizations

We count now the number of physically distinct solutions that the wave solution ([5.2.2))-
(5.2.4) corresponds to. This is what is known as the possible polarizations of the wave.

Consider A,,,. This has 16 components since it has two indices. Since we should impose
A, = Ay, this brings the number of independent components of A, from sixteen to ten.
Imposing the Lorenz gauge condition puts four conditions on A,, thus bringing
the number of independent components to six.

However, there is still the remnant gauge symmetry in the Lorenz gauge. This
remnant gauge symmetry means that the 6 remaining linearly independent components
are not all physically distinct. Consider the gauge transformation with

e'(x) = —ib" exp (ik,z”) | (5.2.11)

with b* constant. Clearly, this obeys ([5.1.21)). Under this transformation we get

B () = A, exp (ik,a?) (5.2.12)

with

Ay = A + kb, + kD, (5.2.13)

Since b has four components we can use this to eliminate four of the six remaining linearly

independent components of flm,. In particular, one can choose b* such that

N A =0, An=0. (5.2.14)

One can argue that this amounts to four conditions as follows. Since we impose 77’”’[1”” =0

then the Lorenz gauge condition for AW is

kA, =0. (5.2.15)



Thus, in particular k“fluo = 0 which means that /Nluo = 0 only corresponds to three new
independent conditions on fl,“,. Including 17“”121“,, = 0 we count a total of four conditions
on A,

We have now used all the gauge freedom. What remains are only two physically distinct
components of /Nlu,,. Thus, we can conclude that the wave has two polarizations.

Gravitational wave solution

We have found the wave solution ([5.2.2)) with the conditions (5.2.3)) and (5.2.4). In addi-
tion to this we can impose ((5.2.14]). Thus, in summary, we have the following requirements

on k* and A,,

kuku =0 5 A;ux = Ayp, 5 k“AuV =0 ) AMO =0 ) nMVAMV =0. (5216)

From (5.1.1)-(5.1.2) we see that this corresponds to a small perturbation h,, of the
Minkowski metric with
hu, = Re [AW exp (ikpxp)} , (5.2.17)

where we take the real value of the solution (5.2.2). Being in the weak field limit requires
|A,| < 1. Since this is a wave solution for the metric in the weak field limit we call this
a gravitational wave.

Consider a gravitational wave propagating along the x? axis. Then
k' = (w,0,0,w). (5.2.18)

Imposing the conditions (5.2.16) on A,, we find

00 0 0
0A; Ap 0

A, = o , (5.2.19)
00 0 0

which makes it explicit that there are only two linearly independent components of A, .
Write now A, = Bie™t and Ay = Bye™? where By, Bs, 1 and v, are real. Then

hi1 = —hga = By cos (W(xg — 1)+ ¢1> ; hig = hgy = By cos (W(373 —t)+ ¢2> , (5.2.20)

with all other components of h,, being zero and ¢ = z°. With this we can write the

gravitational wave metric in terms of the line-element
ds® = —dt* + (1 + hyy)(dz')? + 2hppdztda® + (1 — hyp)(do?)? + (dz?)?, (5.2.21)
where hi; and hiy are given by ((5.2.20)).
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5.2.2 Relative motion of test particles

Consider the gravitational wave solution ((5.2.20))-(5.2.21)). In these coordinates one finds

that the curve
2" =71, 2'= constant, (5.2.22)

is a solution to the linearized geodesic equation ({5.1.8]). This is easily seen using % =1,

”fj—f =0, d;f; = 0 and hg; = hgg = 0. Thus, any test particle lying still in the coordinate

system of ((5.2.20))-(5.2.21]) is on a time-like geodesic. This shows that we cannot measure

a gravitational wave by looking at the motion of a single test particle. Instead, as we now
shall see, two or more test particles that are put in different locations will move relative
to each other. This effect is what one uses to detect gravitational waves.

Consider two test particles A and B at fixed positions

Particle A: 74 = (z!,2%,1%), (5.2.23)
Particle B: Tp = (2} + Locosf, 2% + Losin,z3) .

See Figure |32| for an illustration. For simplicity we assume that the two test particles are

in the same plane with 2® = 23, thus a plane which is perpendicular to the direction of

the propagation of the gravitational wave (see Exercise for the general case). Without

the gravitational wave, the distance between the two particles is L.
AN ><Z
[,snE T B

e

+ )(l
L cosB

Figure 32: Tllustration of the positions of the two test particles A and B in (5.2.23). For

simplicity we put particle A in the origin of the (z!, 22)-plane.

We consider now the proper distance between the two test particles in the presence of

the gravitational wave (5.2.20))-(5.2.21]). Since 2? is fixed h;; only depends on the time ¢.

We will measure this proper distance for a fixed time t. Note that, as we discuss below,
in practise one does not measure a length instantenously. One can now parametrize the

path between the two test particles as

(z}y +rcosf,z% +rsinb, z?), (5.2.24)
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where 7 goes from 0 to Ly. Note that this path is a line since h;; for the purpose of this
computation can be regarded as constant. Using dz! = cos 8 dr and da? = sin 0 dr we see
using ([5.2.21]) that the line-element along this line is

ds* = (14 hyy) cos* @ dr® + 2hys cos O sin 0 dr? + (1 — hyy) sin® 6 dr?
= [1 + hyy cos(20) + higsin(20) |dr? . (5.2.25)

Since h;; is small, we have that the infinitesimal proper distance is
1 1
ds = [1 + Ehn cos(26) + éhlg sin(20)] dr. (5.2.26)

Integrating r from 0 to Lo gives the proper distance L(t) between the two test particles.
We have thus derived:

4 3

Relative motion of test particles: Consider the gravitational wave (|5.2.20])-
(5.2.21)). For two test particles that both lie in a plane perpendicular to the prop-
agation of the gravitational wave, as parametrized in (5.2.23|), the proper distance

between them is
L(t) = [1 + %hn(t) cos(26) + %hm(t) sin(ZG)} Lo, (5.2.27)
to first order in h,, with
hy1(t) = By cos (wt + Xl) , hya(t) = B cos (wt + X2> , (5.2.28)

and where L is the distance in the absence of the gravitational wave.

\ 7

Note that in ((5.2.28)) we have redefined the phases, which we can do since we hold 23
fixed for the two particles.
The proper distance L(t) in ([5.2.27)) is time-dependent due to the time-dependence

of the gravitational wave solution ([5.2.20))-(5.2.21]). Thus, even if the two test particles

are not moving individually in the coordinate system of (5.2.20)-(5.2.21)), the distance

between them varies with time. Hence they are moving relative to each other. It is this
relative motion of test particles that one measures in a gravitational wave detector. This
is in accordance with the geodesic deviation equation (1.5.11)). While both particles are

following geodesics, they move relative to each other, since the gravitational wave solution

(5.2.20)-(5.2.21)) has a non-zero Riemann curvature tensor.

Note that a detector cannot measure a distance instantaneously. One uses light to

measure the distances, which means that the changes in length should happen sufficiently
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slowly in order for light to be able to move back and forth. Or, equivalently, the size of
the detector should be much smaller than the wavelength of the gravitational wave that

we want it to detect. Hence, we require
27
Loy< A= —. (5.2.29)
w

We see also from that there are two contributions to L(t¢): one from each
polarization of the gravitational wave hq1(t) and hia(t). These two polarization affect the
relative motion of the two test particles differently due to the fact that sin(2(6 + 7/4)) =
cos(260). This means that the effect of hyy is rotated 45 degrees compared to the effect of
h11. Thus, they are two linear independent effects.

We now consider this in more detail. We consider a ring of test particles in the (2!, 2?)-
plane. Consider first the case with By = 0 and for simplicity x; = 0 (for By = 0 one can
redefine ¢ to get this). Then we have

1
L(t)= Lo |1+ 531 cos(wt) cos(26)] . (5.2.30)

Thus, for two test particles that lie along the !

axis with § = 0 we get cos(20) =

Instead two test particles that line along the z? axis with 6 = 7/2 has cos(20) = —1. This
means that when the particles along the x! axis move towards each other, the particles
along the 22 move away from each other, and vice versa. We have illustrated this in

Figure

wt=% ’(:=é§:r wt=2r

§ &

Figure 33: Tllustration of how a ring of test particles is affected by a gravitational wave polarized
such that his = 0.

Consider instead the other possible polarization with B; = 0 and for simplicity x2 = 0.
Then we have
1
L(t) = Lo |1+ 532 cos(wt) sin(26) | . (5.2.31)
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- t-or wt=2r

SECNONG

Figure 34: Tllustration of how a ring of test particles is affected by a gravitational wave polarized

such that hq; = 0.

The motion is now rotated with 45 degrees, and we have illustrated this in Figure [34]
The general solution L(t) in ([5.2.27)) is thus a linear combination of the two above

polarizations.

5.2.3 Detection of gravitational waves

The first ever observation of gravitational waves was done by Advanced LIGO on Septem-
ber 14, 2015 [6]. The name for this event is GW150914. The two detectors of Advanced
LIGO are placed in Livingston, State of Louisiana and in Hanford, Washington State,
USA. See Figure 35| for a picture. They both have two perpendicular 4 km long arms, see
illustration in Figure [36] The detectors can then use interferometry to measure whether
the two arms have equal length or not.

When a gravitational wave passes one of the detectors, one arm will be slightly shorter
than the other, as one can see from the relative motion of test particles as explained in
Section [5.2.2 Advanced LIGO can measure changes in distances of order 107'® meter
(about 1/1000 the size of a proton).

The LIGO detectors are illustrated in Figure [36] What happens is that the laser sends
out a light signal. Half of it is reflected in the beamsplitter and goes to the 4 km long
arm in the perpendicular direction. The other half is not reflected and goes in the 4 km
long parallel arm. In both arms the light is reflected multiple times between the mirrors
until they both go towards the detector. The detector can then check possible interference
between the lightsignals from the two arms. If they are perfectly in phase, the arms have
the same length. But if they are not in phase, the arms have different lengths.

The GW150914 event detected a gravitational wave with a wavelength A and a fre-
quency f of order

A~ 2000 km , f ~ 150 Hz. (5.2.32)
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Figure 35: Picture of the LIGO detector in Livingston, State of Louisiana, USA.

— Miror
Hkm
——— yuirror
Loser I I

Detector

Figure 36: Illustration of how the LIGO detector works.

The wave took 0.1 seconds to pass. The origin of this gravitational wave is a collision and

merger of two black holes that happened 1.3 billion years ago.
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Masses in the Stellar Graveyard

in Solar Masses

EM Neutron Stars

.
LIGO-Virgo Neutron Stars

GWTC-2 plot v1.0
LIGO-Virgo | Frank Elavsky, Aaron Geller | Northwestern

Figure 37: An illustration of all the observations of LIGO and VIRGO, as known public on
June 29, 2021. The two new observations of neutron-star-black-hole mergers are highlighted.

Credits: LIGO-Virgo / Frank Elavsky, Aaron Geller / Northwestern University.

Up to August 2021 there have been three observational runs at LIGO and VIRGO.
See Figure |37] for an illustration of all the detections of binary mergers in the first three
runs.

The first observing run O1 were from September 12, 2015 to January 19, 2016. In O1
gravitational waves from three binary black hole mergers were detected.

The second observing run O2 were from November 30, 2015 to August 25, 2017. In this
run several new binary black hole mergers were detected. Of these the event GW170814 is
interesting since it was the first time that Advanced VIRGO, a gravitational wave detector
with 3 km long arms placed near Pisa in Italy, has participated in the detection of a
gravitational wave. This is important since having three detectors in different locations
on Earth means that one can pinpoint a direction from which the signal is coming.

The event GW170817 in O2 was the first detection of a collision of two neutron stars.

This gave a further important breakthrough in the observation of gravitational waves,
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as it was the first time that one observed gravitational waves and electromagnetic waves
from the same event. In addition to LIGO and VIRGO, the event was detected by 70
observatories on seven continents, and in space, observing various frequency ranges in the
electromagnetic spectrum, including short gamma-ray bursts.

Since then a third observing run O3 has given new detections. O3 was from April 1,
2019 and lasted about a year. Included among the discoveries were two events GW200105
and GW200115 that for the first time correspond to mergers of binary systems with one
black hole and one neutron star. In addition 48 binary black hole mergers and two binary

neutron star mergers have been detected.

5.3 Stationary Matter

In this section we solve perturbatively at large distances the linearized Einstein equations
(5.1.24]) for the case of stationary matter. This section is not part of the pensum of the

course.

We begin by rewriting the linearized Einstein equations (5.1.24]). Define the new field
Q,,(x) by ,
D, = hy — 577Whpp. (5.3.1)

In terms of ®,,(z) we see that the Lorenz gauge ((5.1.20]) on A, is equivalent to imposing
0"®,, =0. (5.3.2)

Using ((5.3.1)) one can get ®,, from h,,. Similarly, one can get h,, from @, using

1
hyw = @ — 57)/“,(1)/). (5.3.3)

That this is equivalent to is easily seen by noticing that it follows from that
®,f = —h,". It is straightforward to show that the linearized Einstein equations
takes the form

Od,, = —-167GT,

e (5.3.4)
for ®,, in the Lorenz gauge (5.3.2).

General solution

A case for which one can readily solve the linearized Einstein equations (5.3.4]) is that of

a stationary matter distribution. In this case we have
80TW = O y @OCIDW = 0, (535)
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where 2° = t. Then the linearized Einstein equations (5.3.4)) become
V20, = —167GT,, (5.3.6)

where V? is the Laplacian
V2=0,0' =02+ 02+ 92, (5.3.7)

where we have introduced the coordinates ! = z, 22 = y and 2® = 2. Write now

r=(x,y,z). (5.3.8)
One can show that
- 1
v? o7 = —An& (7 — 7)) = —4nd(z — 2V (y — i )0 (2 — &), (5.3.9)

with 7 = (2, %/, 2’). Using this, one can solve (5.3.6) as

o T ()

=R

(5.3.10)

where V' is a volume that includes all the matter (we assume V is finite, i.e. that the
matter distribution is localized). See Figure 38| for an illustration. Thus, (5.3.10]) gives
the first-order correction to the Minkowski metric for any matter distribution that has

sufficiently low density of energy and momentum such that it only gives rise to a weak

gravitational field (5.1.1)-(5.1.2)).

Figure 38: Illustration of the setup for the general solution ([5.3.10)) for ®,,,(7) in terms of an

integral of T}, over the volume V.

Multipole expansion

We are considering a localized matter distribution. When r = |7] is sufficiently large we

are far away from the matter at V' we can use the expansion

11 7
— -+t op, (5.3.11)

7= r r3
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in powers of 1/r. Inserting this in (5.3.10]) we find

4 4G7
B, () = 1€ /V BT, () + 267 /V 0 T ()7 + O(r ). (5.3.12)

r 73

This is called a multipole expansion. The first and second term of the expansion in
Eq. (5.3.12)) are called the monopole term and dipole term, respectively. One can readily

continue this expansion to higher order.

Newton limit

For small velocities v* < 1 we have that T% is of order one in an expansion in v?, T
goes like v* and T goes like viv/. Hence the Newton limit corresponds to keeping only
T, This is what we shall consider in the following.

Assume we are in the rest frame for the center of mass. Then

/d?’F’TOO(F)F =0, /d?’F'TOi(F') =0. (5.3.13)
|4 |4

For the y = v = 0 component this means

Doy = ZLGTM +0O(r?), (5.3.14)

where M is the total mass
M = / d* 7 Too(7) (5.3.15)
1%

from the monopole term in (5.3.12)). The other components of the monopole term are
zero to this order in the Newton limit. This is in precise correspondence with what we
found previously in the Newton limit. Indeed using (/5.3.3]) we get

1 1

ho[) = CI)OO — 57700(—@00) = 5@00 . (5316)
Thus, -
hoo = T + O(’f’_3) . (5317)

This is the formula that we use in Section B.4.1] to measure the mass of the Kerr black
hole, as one can see by comparing to Eq. (3.4.2)).

First post-Newtonian correction

The first post-Newtonian correction term is sourced by T% since that goes like v* in the

Newton limit. From (5.3.12)) we see that 7% indeed sources the dipole term. This term
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picks up the angular momentum of the mass distribution. In general one defines the

angular momentum in the ij-plane as
I, = / d3f(xiT°j —xﬂ‘TOi) . (5.3.18)
1%

In particular, the angular momentum in the 12-plane (the xy-plane) is Jio, corresponding
to rotation around the 2 axis (z axis).

Energy-momentum conservation (|1.6.17]) gives
T =0. (5.3.19)

Using this and partial integration we find

1 1 1
/ dir 2T = / d3f(8x(—x2T0z)——x28$TO$) = / d3f—x2(8yT0y—l—8zToz>
v v 2 2 v 2

- /V & <8y<%x2T0y> + 82(%x2T03)) —0.

Here the total derivative terms are zero since 7, = 0 is zero outside V. Moreover,

(5.3.20)

/ dr eT% = / d?’F(ay(xyTOy)—:cyayTOy) = / dBny(axTouazTOZ)
14 \%4 \%4

(5.3.21)
= / d3F<8$(xyT0f”) — T + 8Z(myToz)> = —/ diryT" .
v v
From (5.3.20) and ([5.3.21)) we infer
/ dir 2’ T = — / dr ! T . (5.3.22)
1% 1%
Hence from ([5.3.18)) we get
S 1
dr' ' T = 5Jij. (5.3.23)
1%
Thus, the dipole term in ([5.3.12]) gives
2G ,
From (5.3.3) we find
2G ,
With a rotation one can make Jj3 = —Js; the only non-zero components of .J;;. Changing
to spherical coordinates
(x,y,z) = (rsinf cos ¢, rsinfsin ¢, r cos ), (5.3.26)
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ox 0 0z 2G

hog = ——hoz + _yhOy + ——ho. = —yho, + Thoy = —3(—yJ12y + xJo1 )
0 0 ¢ " (5.3.27)
2G sin® 6

= —Jlg(—l’z - y2) = —2GJ12 .
r r

Thus, the dipole term corresponds to the first post-Newtonian correction and it is non-
zero if the matter distribution has an angular momentum. We see that (5.3.27)) is the

formula we use in Section to measure the angular momentum of the Kerr black hole,

as one can see by comparing to Eq. (3.4.2)).

5.4 Exercises for Chapter

Exercise 5.1. General formula for relative motion of test particles.

Consider a gravitational wave ((5.2.20))-(5.2.21)) propagating along the z* direction. Con-

sider two test particles A and B at the positions

Particle A: 74 = (2, 2%, 2%),

5.4.1
Particle B: #p = (2 + Ljcos0,2% + Ljsin6,z% + L). ( )

e Derive that the proper distance L(t) between the test particles is

L(t) = /I3 + L2 + 4 (% c0s(20) s (t) + %sin(%)hm(t)> . (5.4.2)

2 2

to first order in hy,,.

e For the gravitational wave event GW170817 (the first measurement of two colliding
neutron stars) the two LIGO detectors in Hanford and Livingston, USA, measured a
signal, but the VIRGO detector in Pisa, Italy, did not, even if the signal was strong
enough for the VIRGO detector to be able to measure it. Explain using Eq.

how this fact can be interpreted?

206



References

[1] A. Einstein, “Die Grundlage der allgemeinen Relativitatstheorie,” Annalen der
Physik 49 (1916) 769-822.

[2] R. V. Pound and G. A. Rebka, Jr., “Apparent Weight of Photons,” |Phys. Rev. Lett.
4 (1960) 337-341.

[3] R. M. Wald, General Relativity. Chicago Univ. Pr., Chicago, USA, 1984.

[4] F. W. Dyson, A. S. Eddington, and C. Davidson, “A Determination of the
Deflection of Light by the Sun’s Gravitational Field, from Observations Made at the
Total Eclipse of May 29, 1919,” Phil. Trans. Roy. Soc. Lond. A 220 (1920) 291-333.

[5] J. E. McClintock, R. Narayan, and J. F. Steiner, “Black Hole Spin via Continuum
Fitting and the Role of Spin in Powering Transient Jets,” Space Sci. Rev. 183
(2014) 295-322, larXiv:1303.1583 [astro-ph.HE].

(6] LIGO Scientific, Virgo Collaboration, B. P. Abbott et al., “Observation of
Gravitational Waves from a Binary Black Hole Merger,” Phys. Rev. Lett. 116
(2016) no. 6, 061102, [arXiv:1602.03837 [gr-qcl.

[7] Event Horizon Telescope Collaboration, K. Akiyama et al., “First M87 Event
Horizon Telescope Results. I. The Shadow of the Supermassive Black Hole,”
Astrophys. J. Lett. 875 (2019) L1, arXiv:1906.11238 [astro-ph.GA].

[8] Event Horizon Telescope Collaboration, K. Akiyama et al., “First Sagittarius
A* Event Horizon Telescope Results. I. The Shadow of the Supermassive Black
Hole in the Center of the Milky Way,” Astrophys. J. Lett. 930 (2022) no. 2, L12.

[9] J. P. Lasota, E. Gourgoulhon, M. Abramowicz, A. Tchekhovskoy, and R. Narayan,
“Extracting black-hole rotational energy: The generalized Penrose process,” |Phys.
Rev. D89 (2014) no. 2, 024041, arXiv:1310.7499 [gr-qc].

[10] R. Narayan, J. E. McClintock, and A. Tchekhovskoy, “Energy Extraction from
Spinning Black Holes via Relativistic Jets,” |Fundam. Theor. Phys. 177 (2014)
023-535, larXiv:1303.3004 [astro-ph.HE].

[11] A. Einstein, “Kosmologische Betrachtungen zur allgemeinen Relativitétstheorie,”
Sitzungsber. Preuss. Akad. Wiss. Berlin 1917 (1917) 142-152.

207


http://dx.doi.org/10.1103/PhysRevLett.4.337
http://dx.doi.org/10.1103/PhysRevLett.4.337
http://dx.doi.org/10.7208/chicago/9780226870373.001.0001
http://dx.doi.org/10.1098/rsta.1920.0009
http://dx.doi.org/10.1007/s11214-013-0003-9
http://dx.doi.org/10.1007/s11214-013-0003-9
http://arxiv.org/abs/1303.1583
http://dx.doi.org/10.1103/PhysRevLett.116.061102
http://dx.doi.org/10.1103/PhysRevLett.116.061102
http://arxiv.org/abs/1602.03837
http://dx.doi.org/10.3847/2041-8213/ab0ec7
http://arxiv.org/abs/1906.11238
http://dx.doi.org/10.3847/2041-8213/ac6674
http://dx.doi.org/10.1103/PhysRevD.89.024041
http://dx.doi.org/10.1103/PhysRevD.89.024041
http://arxiv.org/abs/1310.7499
http://dx.doi.org/10.1007/978-3-319-06349-2_25
http://dx.doi.org/10.1007/978-3-319-06349-2_25
http://arxiv.org/abs/1303.3004

[12] A.S. Eddington, “On the Instability of Einstein’s Spherical World,” Mon. Not.
Roy. Astron. Soc. 90 (1930) 668-678.

208



	Introduction to General Relativity
	Special Relativity
	Inertial Systems
	Minkowski space
	Unaccelerated motion and proper time
	Motion at speed of light
	Dynamics of particles
	Maxwells equations

	Equivalence Principle
	Equivalence Principle in Newtonian mechanics
	Einsteins Equivalence Principle
	Gravitational redshift and blueshift
	Gravitational time dilation

	General Space-Times
	A lightning introduction to geometry
	Metric of a space-time
	Geodesics
	Newton limit of geodesic equation
	Local Inertial System

	Tensors and the Principle of General Covariance
	Principle of general covariance
	Tensors
	Covariant derivative
	Acceleration in General Relativity
	Maxwells equations in a general space-time
	Null geodesics

	Riemann Curvature Tensor
	Curvature of space-time
	Properties of the Riemann curvature tensor

	Einsteins Equations
	Energy-momentum tensor
	Derivation of Einsteins equations

	Parallel Transport and Curvature
	Parallel transport
	Curvature from path-dependence of parallel transport

	Exercises for Chapter 1

	Schwarzschild Metric: Derivation and Geodesics
	Derivation
	Spherically symmetric line-elements
	Derivation of the Schwarzschild metric
	Metric outside planets and stars

	Geodesics
	Time-like geodesics
	Precession of elliptic orbits
	Deflection of light

	Exercises for Chapter 2

	Black Holes
	Schwarzschild Black Hole
	Event horizon
	Eddington-Finkelstein coordinates
	Inside the black hole
	Global time coordinate
	Redshift for infalling observer
	Maximal extension

	Observations of Black Holes
	Kerr Black Hole
	Astrophysical motivation
	Kerr metric
	Ergoregion and frame dragging

	Asymptotics and uniqueness of black holes
	Asymptotic region
	Black hole uniqueness
	Cosmic censorship hypothesis

	Black Hole Mechanics
	First law of black hole mechanics
	Second law of black hole mechanics and the Penrose process
	Black hole thermodynamics

	Exercises for Chapter 3

	Cosmology
	Friedmann-Lemaître-Robertson-Walker Metric
	The Cosmological Principle
	Derivation of the Friedmann-Lemaître-Robertson-Walker metric
	Geometric interpretation

	Hubble's Law
	Derivation of Hubble's law
	Measurement of the Hubble constant

	The Friedmann Equations
	Energy-momentum tensor
	Deriving the Friedmann equations

	Evolution of the Scale Factor
	Friedmann equations revisited
	Composite model
	Future of the universe
	Past of the universe
	Temperature of the universe

	Exercises for Chapter 4

	Linearized Gravity and Gravitational Waves
	Linearized Gravity
	Weak field limit of gravity
	Gauge transformations

	Gravitational Waves
	Gravitational wave solution
	Relative motion of test particles
	Detection of gravitational waves

	Stationary Matter
	Exercises for Chapter 5

	References

