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Relativistic theory of tidal Love numbers
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In Newtonian gravitational theory, a tidal Love number relates the mass multipole moment created by
tidal forces on a spherical body to the applied tidal field. The Love number is dimensionless, and it
encodes information about the body’s internal structure. We present a relativistic theory of Love numbers,
which applies to compact bodies with strong internal gravities; the theory extends and completes a recent
work by Flanagan and Hinderer, which revealed that the tidal Love number of a neutron star can be
measured by Earth-based gravitational-wave detectors. We consider a spherical body deformed by an
external tidal field, and provide precise and meaningful definitions for electric-type and magnetic-type
Love numbers; and these are computed for polytropic equations of state. The theory applies to black holes
as well, and we find that the relativistic Love numbers of a nonrotating black hole are all zero.
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I. INTRODUCTION AND SUMMARY
A. Context of this work

The exciting prospect of using gravitational-wave detec-
tors to measure the tidal coupling of two neutron stars
during the inspiral phase of their orbital evolution was
recently articulated by Flanagan and Hinderer [1,2]. The
idea is as follows. The orbital motion of a binary system of
neutron stars produces the emission of gravitational waves,
which remove energy and angular momentum from the
system. This causes the orbits to decrease in radius and
increase in frequency, and leads to the inspiraling motion
of the compact bodies. Late in the inspiral the gravitational
waves enter the frequency band of the detector, and de-
tailed features of the orbital motion are revealed in the
shape and phasing of the wave. At the large orbital sepa-
rations that correspond to the low-frequency threshold of
the instrument, the tidal interaction between the bodies is
negligible, and the bodies behave as point masses. As the
frequency increases, however, the orbital separation de-
creases sufficiently that the influence of the tidal interac-
tion becomes important. The bodies acquire a tidal
deformation, and this affects their gravitational field and
orbital motion; the effect is revealed in the shape and
phasing of the gravitational waves.

Flanagan and Hinderer have provided a quantitative
analysis of this story, and they have shown that the tidal
coupling between neutron stars is accessible to measure-
ment by the current generation of Earth-based
gravitational-wave detectors (such as Enhanced LIGO).
This prospect is exciting, because the details of the tidal
interaction depend on the internal structure of each body,
and the measurement can thus reveal important informa-
tion regarding the compactness of each body, as well as its
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equation of state; and this information is released cleanly,
during the inspiral phase of the orbital evolution, well
before the messy merger of the two companions.

B. Newtonian theory of tidal Love numbers

The effect of the tidal interaction on the orbital motion
and gravitational-wave signal is measured by a quantity
known as the tidal Love number of each companion [3]. In
Newtonian gravity (see, for example, Ref. [4]), the tidal
Love number is a constant of proportionality between the
tidal field applied to the body and the resulting multipole
moment of its mass distribution. In the quadrupolar case,
the tidal field is characterized by the tidal moment
Eup(t) = —09,,Uqy, in which the external Newtonian po-
tential Uy, is sourced by the companion body and eval-
uated (after differentiation with respect to the spatial
coordinates) at the body’s center of mass. Because the
external potential satisfies Laplace’s equation in the body’s
neighborhood, the tidal-moment tensor is not only sym-
metric but also tracefree; it is a symmetric-tracefree (STF)
tensor.

The quadrupole moment is Q% = [p(xx’ —
16 r*)d’x, where p is the mass density inside the body,
x% is a Cartesian coordinate system whose origin is at the
center of mass, and r := (8,,x%x?)'/2 is the distance to the
center of mass; the quadrupole moment is another STF
tensor. In the absence of a tidal field, the body would be
spherical, and its quadrupole moment would vanish. In the
presence of a (weak) tidal field, the quadrupole moment is
proportional to the tidal field, and dimensional analysis
requires an expression of the form Q,, = —%k2R55ah.
(We use relativistic units and set G = ¢ = 1.) Here R is
the body’s radius, and the factor of % 1s conventional; the
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dimensionless constant k, is the tidal Love number for a
quadrupolar deformation. Using these expressions, the
Newtonian potential outside the body can be written as a
sum of body and external potentials, and we have

U= % - %[1 + 2ky(R/ 7)€, (H)x%xP.

(1.1)
The first term is evidently the monopole piece of the
potential, which depends on the body’s mass M. Within
the square brackets, the first term represents the applied
tidal field, and the second term is the body’s response,
measured in terms of the Love number k,.

In Eq. (1.1) the total potential was truncated to the
leading, quadrupole order in a Taylor expansion of the
external potential; additional terms would involve tidal
moments of higher multipole orders, and higher powers
of the coordinates x“. When the tidal field is a pure multi-
pole of order /, Eq. (1.1) generalizes to

v="_ 1o wre (0

ro (=1l

Here k; is the Love number for this multipolar configura-
tion, and L := a,a, - - * a; is a multi-index that contains a
number / of individual indices. The tidal moment is now
defined by £,(¢) := — 0, Ug /(I — 2)!, and it is symmetric
and tracefree in all pairs of indices. We also introduced
xb 1= x%1x% ... x%_1In this generalized case the [-pole
moment of the mass distribution is the STF tensor QF :=
[ pxH'd3x, where the angular brackets indicate that all
traces must be removed from the tensor x%; it is related
to the tidal moment by Q; = —[2(I—2)!/(2l —
DNk RYTIE, .

(1.2)

C. Purpose of this work

Our purpose in this paper is to introduce a precise notion
of tidal Love numbers in general relativity, something that
was not pursued in the original work by Flanagan and
Hinderer [1,2]. In fact, we provide precise definitions for
two types of tidal Love numbers: an electric-type Love
number k, that has a direct analogy with the Newtonian
Love number introduced previously, and a magnetic-type
Love number k,, that has no analogue in Newtonian
gravity. Magnetic-type Love numbers were introduced in
post-Newtonian theory in the works of Damour, Soffel, and
Xu [5] and Favata [6]. Our definitions apply to gravita-
tional fields that are arbitrarily strong, and to (weak) tidal
deformations of any multipolar order.

Our relativistic Love numbers are defined within the
context of linear perturbation theory, in which an initially
spherical body is perturbed slightly by an applied tidal
field. Our definitions are restricted to slowly changing tidal
fields; this means that while a tidal moment such as &, (¢)
does depend on time, to reflect the changes in the external
distribution of matter, the dependence is sufficiently slow
that the body’s response presents only a parametric depen-
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dence upon time. This allows us to ignore time-derivative
terms in the field equations, because they are much smaller
than the spatial-derivative terms. For all practical purposes
the perturbation is stationary, and ¢ appears as an adiabatic
parameter.

Gravitational perturbations of spherically symmetric
bodies are described by a metric perturbation p,g that
can be decomposed into tensorial spherical harmonics;
each multipole can be considered separately. The complete
spacetime metric is g, = g0 + Pap> With g5 denoting
the (spherically symmetric) metric of the unperturbed
body. We work in the body’s immediate neighborhood,
and the external bodies that create the (multipolar) tidal
field are assumed to live outside this neighborhood. To
define the relativistic Love numbers it is sufficient to con-
sider the vacuum region external to the body, and to con-
struct g, in this region only; this metric will be a solution
to the vacuum field equations, and will represent the rela-
tivistic generalization of Eq. (1.2). To compute the Love
numbers it is necessary to construct g,s in the body’s
interior also, and this requires the formulation of a stellar
model. The external problem therefore applies to any type
of body, while the internal problem refers to a specific
choice of equation of state.

D. External problem

We review the external problem first. We erect a coor-
dinate system (v, r, 0, ¢) that is intimately tied to the
behavior of light cones: The advanced-time coordinate v
is constant on past light cones that converge toward the
center at r = 0, r is both an areal radius and an affine-
parameter distance along the null generators of each light
cone, and the angular coordinates 84 = (6, ¢) are constant
on each generator. This choice of coordinates is inherited
from previous work on the tidal deformation of black holes
[7].

In these coordinates the external metric of the unper-
turbed body is given by ds3 = — fdv? + 2dvdr + r*dQ?,
in which f:=1—2M/r and dQ? := d#* + sin*0d ¢*;
this is the Schwarzschild metric presented in Eddington-
Finkelstein coordinates. To construct the perturbation we
impose the light-cone gauge conditions p,, = p, =
Pro = Pr¢ = 0 to ensure that the coordinates keep their
geometrical meaning in the perturbed spacetime [8]. (This
property makes the light-cone gauge superior to the popu-
lar Regge-Wheeler gauge, which does not provide the
coordinates with any geometrical meaning.) A perturbation
of multipole order / can be decomposed into even-parity
and odd-parity sectors, and each sector must be a solution
to the Einstein field equations linearized about the
Schwarzschild metric.

The even-parity sector is generated by the electric-type
tidal moment &, (v), an STF tensor defined in a quasi-
Cartesian system x“ related in the usual way to the spheri-
cal coordinates (r, #4). The (2/ + 1) independent compo-
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nents of this tensor can be encoded in the functions Sff,)(v),
in which the azimuthal index m is an integer within the

interval —/ = m = [; the encoding is described by £, xt' =
rlzmgﬁﬁylm(ef‘), in which Y are the usual spherical-
harmonic functions. We define the tidal potentials

ED(, 0) = Y Q)Y (6%), (1.3a)
1
EV(w, 04) = ] %Siﬁ)(u)ygmwf‘), (1.3b)
2
&N (v, 04) = Ty %5%)(U)YA”§(0A), (1.3¢)

in which Y{" and Y{" are vector and tensor spherical
harmonics of even parity; these are defined in Sec. II.
The odd-parity sector is generated by the magnetic-type
tidal moment B; (v), another STF tensor whose indepen-
dent components can be encoded (as previously) in the

functions B (v). The odd-parity tidal potentials are

BE{)(‘U, HA) ZB(D( )le 0A (148_)
By, 04) = ZB(’)( )XIm(0%),  (1.4b)

l(l

in which X" and X% are vector and tensor spherical
harmonics of odd parity; these also are defined in Sec. II.
There is no scalar potential B in the odd-parity sector.

The metric outside any spherical body deformed by a
tidal environment characterized by the tidal moments &;
and B; is calculated in Sec. III. It is given by

fu = = oy a0 (1.5)
gur = 1, (1.5b)

8vA = _7(1 — 1)2(1 T 1)rl+1€4(")5X)
+ 3(12_ 5 P b, () BY, (1.5¢)
gap = 1" Qup — ﬁr +2e7(r)€% + %r”zbﬂr)fBXL.
(1.5d)

The radial functions are

ey = A, + 2ky(R/r)?*1B,, (1.6a)
ey = A, — ZHlecl(R/r)z”'B4, (1.6b)
e7 = Ay + 2kg(R/r)**'B;, (1.6¢)
by = A, — 21 t D ne(R/PPH1By (160)
by = A7 + 2kmag(R/r)** !By, (1.6e)

with
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Ay = f2F(=1+2, —1;—=21;2M/r), (1.72)
By = f2F(l+ 1,1+ 3;20 + 2;2M /1), (1.7b)
Ay = F(=1+1,—1—2;-21;2M/7r), (1.7¢)
By = F(—1,1+2;21+2;2M/r), (1.7d)
[+1
2
— o L=l =15 =202M ), (1.7¢)
!
Byi=——F(+ 1,1+ 1,21+ 2;2M
1=y FU+ LI ! /1)
2
+——F(, 1+ 1,21 +2;2M/r). 1.
5 P+ 1520+ 2:2M /1) (1.76)

Here R is the body’s radius, and F(a, b; c; z) is the hyper-
geometric function. The functions A, are finite polyno-
mials in 2M /r, while the functions B,, have nonterminating
expansions in powers of 2M /r; for selected values of  they
can be expressed in terms of elementary functions such as
In(1 — 2M/r) and finite polynomials (see Table I in
Sec. III). Each one of these functions goes to 1 as r goes
to infinity. And while A, is finite at r = 2M, we observe
that B, diverges logarithmically when r — 2M.

The metric of Egs. (1.5) is valid in a neighborhood of the
deformed body, and it provides a definition for the electric-
type Love numbers k. and the magnetic-type Love num-
bers kmag; these refer to the multipole order /, but we
suppress the use of this label to keep the notation clean.
While the definitions seem to rely on a specific choice of
gauge for the metric perturbation, we prove in Sec. III that
our Love numbers are gauge invariant.

When the tidal moments are switched off, the metric
reduces to the Schwarzschild metric expressed in the light-
cone coordinates (v, r, 64). When the mass parameter M is
set equal to zero, the metric describes the neighborhood of
a geodesic world line in a Ricci-flat spacetime. In this limit
the tidal moments can be related to the derivatives of the
Weyl tensor evaluated at r = 0. According to Eq. (1.3) of
Ref. [9], we have that £, = [(I = 2)!T (Crararaya)> "
and BL = [% (l + 1)(1 - 2)!]_1(eulbccbcazt;a3~~~u1)STF7
where €,,,. is the permutation symbol and the tensor com-
ponents are listed in the quasi-Lorentzian coordinates (¢ :=
v — r, x%); the STF superscript indicates that the a,, indices
are symmetrized and all traces are removed. In the space-
time of Eq. (1.5) the tidal moments £; and B, retain a
similar relationship with the Weyl tensor, with the under-
standing that the relations are now approximate and refer to
the asymptotic behavior of the Weyl tensor for r > M.

The perturbed metric of Eq. (1.5) can be compared with
the Newtonian potential of Eq. (1.2). We define an effective
Newtonian potential Uy by g, = —(1 — 2U,), and our
expression for g,, implies that, in general relativity,

M 1
Uetp = —— — [A) + 2ky(R/r)* 1B 1€ (v)xt.
(1.8)

ro (I=1)l

084018-3



TAYLOR BINNINGTON AND ERIC POISSON

In the nonrelativistic limit, A; and B, are both approxi-
mately equal to unity, and we recover Eq. (1.2); the
electric-type Love number k. reduces to the Newtonian
number k;. In the strong-field regime we still recognize the
A, term as coming from the applied tidal field, while the B,
term is clearly associated with the body’s response. There
is no confusion between these terms, because the structure
of A, is that of the finite polynomial 1 + - -+ + A(2M/r)’,
which does not contain a term of order (2M/r)?™!; Ais a
numerical factor that can be determined by expanding the
hypergeometric function. Because r is geometrically well
defined, we can always distinguish the tidal terms from the
body terms in the metric.

The light-cone coordinates (v, r, #4) are well behaved
across an eventual event horizon of the perturbed space-
time, and our formalism is capable of handling black holes
as well as material bodies. In general, however, the metric
of Egs. (1.5) is not regular at the event horizon, because of
the presence of the B,, functions, which diverge logarithmi-
cally in the limit r — 2M. To represent a perturbed black
hole the metric must be devoid of these terms, and this can
be accomplished by assigning k¢ = ki, = 0 to a black
hole. This is one of the major conclusions of this work: The
relativistic Love numbers of a nonrotating black hole are
all zero. This result is contained implicitly in Ref. [7], but
the formalism of this paper permits a much clearer articu-
lation of this property.

E. Internal problem

To compute the relativistic Love numbers for a selected
stellar model requires the construction of the internal met-
ric (also expressed as a sum of unperturbed solution and
linear perturbation) and its matching with the external
metric at the perturbed boundary of the matter distribution.
We carry out this exercise in Secs. [V and V, adapting the
formalism of Thorne and Campolattaro [10] to our light-
cone coordinates. We take the body to consist of a perfect
fluid with a polytropic equation of state

p=Kp'ti/n (1.9)

Here p is the fluid’s pressure, p its proper energy density, K
is a constant, and n is the polytropic index (another
constant).

Our results are presented in Figs. 1-8, and tables of
values are provided in the Appendix (Tables ITI-XXX).
In each figure we plot the Love number for a selected
multipole order (from [ =2 to [ =5), and for selected
values of the polytropic index n (from n = 0.5 to n =
2.0), as a function of the stellar compactness parameter
C:=2M/R; this ranges from C = 0—a weak-field,
Newtonian configuration—to C = C,,, With C,,,, repre-
senting the compactness of the maximum-mass configura-
tion for the selected equation of state.

For the electric-type Love numbers we observe the
following features. (i) At C =0 we recover the
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FIG. 1 (color online). Electric-type Love numbers for [ = 2,
plotted as functions of the compactness parameter 2M/R. The
uppermost curve corresponds to n = 0.5 and the stiffest equation
of state. The lowermost curve corresponds to n = 2.0 and the
softest equation of state. The curves in between are ordered by
the value of n. The arrangement is the same in all other figures.

Newtonian values for polytropes, as tabulated by Brooker
and Olle [11]. (ii) For a constant C, k; decreases as the
polytropic index increases; this reflects the fact that as n
increases, the matter distribution becomes increasingly
concentrated near the center, which inhibits the develop-
ment of large multipole moments. (iii) For a constant 7, kg
decreases as the compactness parameter increases; this
reflects the fact that as C increases, the strength of the
internal gravity increases, which produces an increased
resistance to tidal deformations.

For the magnetic-type Love numbers we observe the
following features. (i) At C = 0 the Love numbers are all
zero; this reflects the fact that the magnetic-type tidal
coupling is a purely relativistic effect that has a vanishing
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FIG. 2 (color online). Magnetic-type Love numbers for [ = 2,
plotted as functions of the compactness parameter 2M /R.
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Newtonian limit. (ii) For a constant C, k,, decreases as
the polytropic index increases; this is explained as in the
preceding paragraph. (iii) For a constant n, ky,, first in-
creases as C increases, but then it decreases after reaching
a maximum; this reflects the fact that the magnetic-type
tidal coupling is the result of an internal competition: A
strong field is required to produce an effect in the first
place, but it eventually causes a large resistance to tidal
deformation.

F. Damour and Nagar

After this work was completed we witnessed the appear-
ance of an article by Damour and Nagar [12] in which
almost identical work is presented. Their paper, like ours,
is concerned with the tidal deformation of compact bodies
in full general relativity, and presents precise definitions
for electric-type and magnetic-type Love numbers. And
their paper, like ours, presents computations of Love num-
bers for selected matter models. Their coverage of the
parameter space is wider: Damour and Nagar examine
two types of polytropic equations of state, and two tabu-
lated equations of state for realistic nuclear matter. In
addition, Damour and Nagar define and compute “‘shape
Love numbers,” something that we did not pursue in this
work.

There are superficial differences between our treat-
ments. One concerns the choice of coordinates: Damour
and Nagar work in Schwarzschild coordinates and adopt
the Regge-Wheeler gauge for the metric perturbation; we
work in Eddington-Finkelstein coordinates and the light-
cone gauge. Another concerns notation: We adopt different
normalization conditions for the Love numbers and the
tidal moments. These differences are not important.

A more significant difference concerns the conclusion
that the tidal Love numbers of a black hole must be zero. In
this paper we boldly proclaim this conclusion, which we
firmly believe to be a correct interpretation of our results.
Damour and Nagar, however, shy away from the conclu-
sion, although they agree with us on the basic results. We
do not understand the reasons behind this reluctance.
Damour and Nagar comment on the need to understand
“diverging diagrams that enter the computation of inter-
acting black holes at the five-loop (or 5SPN) level” before
reaching a conclusion. But since the results presented here
do not rely at all on a post-Newtonian expansion of the field
equations, the fate of 5PN terms in a post-Newtonian
representation of interacting black holes seems to us to
be irrelevant. We point out, also, that the Damour-Nagar
work does not provide a very clean foundation for the tidal
deformation of black holes, because their coordinate sys-
tem is ill behaved on the event horizon. Our light-cone
coordinates were selected precisely because they permit a
unified treatment of material bodies and black holes.

Aside from this issue of interpretation, and as far as we
can judge, the results presented here are in complete agree-
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ment with the Damour-Nagar results. The Damour-Nagar
work was carried out in complete independence from us,
and our work was carried out in complete independence
from them. The near-simultaneous completion of our
works provides evidence that the problem is interesting
and timely, and the agreement is a reassuring confirmation
that each team performed their calculations without error.

G. Fang and Lovelace

The deformation of a black hole produced by an applied
tidal field was previously examined by Fang and Lovelace
[13], who concluded that Q,;, = 0 when the perturbation is
expressed in Regge-Wheeler gauge. Fang and Lovelace
therefore anticipated our result that the quadrupole,
electric-type Love number of a black hole is zero. These
authors, however, qualified their conclusion by raising
doubts about the gauge invariance of the result, and claim-
ing that the induced quadrupole moment of a tidally de-
formed black hole is inherently ambiguous. We do not
share these reservations.

We first discuss the issue of gauge invariance. The argu-
ment advanced by Fang and Lovelace in favor of a gauge
dependence of the tidal Love number goes as follows. In
Newtonian theory, the coordinate transformation r =
71 + 2x(R/7)*]"/2, where y is an arbitrary constant, turns
a pure tidal potential £,,xx” into [1 + 2y(R/7)°]E,, % %°,
which appears to describe a sum of tidal and body poten-
tials; the transformation shifts the Love number by y. Fang
and Lovelace correctly dismiss this coordinate dependence
as irrelevant in Newtonian theory, because r has a well-
defined meaning, but they point out that in a relativistic
context, the coordinate transformation could be viewed as a
change of gauge. The implication, then, is that the relativ-
istic Love number can be altered by a gauge transforma-
tion. Notice that the argument applies to all types of
compact bodies: material bodies and black holes.

We do not accept the validity of this argument. The
coordinate transformation considered by Fang and
Lovelace is not of a type that can be associated with a
gauge transformation of the perturbation theory. A gauge
transformation necessarily involves coordinate displace-
ments that are of the same order of magnitude as the
perturbation field. But the transformation from r to 7
does not involve the perturbation at all, and represents a
large change of the background coordinates. The new
coordinate 7 does not share the geometrical properties of
the original r, and one would easily be able to distinguish
the two coordinate systems. The argument, therefore, does
not make a case for the gauge dependence of the Love
numbers. And in fact, the gauge invariance of kg and ki,
for all types of compact bodies (material bodies and black
holes) is established in Sec. III.

We next discuss the issue of ambiguity. Unlike Fang and
Lovelace, we believe that the relativistic Love numbers of
compact bodies, as defined in this paper, are well defined
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and completely devoid of ambiguity. The reason is that the
metric of Egs. (1.5), which is presented in coordinates that
have clear geometrical properties, defines a perfectly well-
defined spacetime geometry. Given this spacetime, one
could, in principle, monitor the motion of test masses
and light rays and thereby measure its detailed features,
including the mass M, the tidal moments £; and B;, and
the Love numbers. These measurements would contain no
ambiguities.

The ambiguity identified by Fang and Lovelace con-
cerns the coupling of Q,,, the induced quadrupole mo-
ment, to £, the octupole moment of the applied tidal
field. According to Newtonian ideas, this coupling should
lead to a force F* = —1&, Q"¢ acting on the compact
body. (Once more, the argument applies to all types of
compact bodies.) Fang and Lovelace associate F* with
P“(r), the rate of change of three-momentum contained
within a world tube of radius r that surrounds the compact
body; this is calculated by integrating the flux of Landau-
Lifshitz energy-momentum pseudotensor across the world
tube. They observe that the result is indeed proportional to
£7,.0%, but that the coefficient in front depends on r.
They interpret this as a statement that the force is ambig-
uous, assign the ambiguity to Q,,, and conclude that the
induced quadrupole moment of a tidally deformed compact
body is inherently ambiguous.

We believe that the ambiguity in P%(r) is genuine—the
result does depend on the world tube’s radius. It is hasty,
however, to conclude from this that F“ itself is ambiguous,
because force calculations that rely on techniques of
matched asymptotic expansions [14,15] must involve a
limiting procedure in which both M and r are taken to
approach zero. Although ambiguities remain in this proce-
dure, they are much smaller than those claimed by Fang
and Lovelace. At the accuracy level of our calculations, the
induced quadrupole moment of a tidally deformed compact
body is not ambiguous.

H. Suen

An earlier determination of the induced quadrupole mo-
ment of a tidally deformed black hole was made by Suen
[16], who examined the specific case of a black hole
perturbed by an axisymmetric ring of matter. Suen found
that the black-hole quadrupole moment is Q,, =
+ 24—1M 3,5 s0 that it gives rise to a negative Love number,
kg = — ﬁ This result contradicts our own results.

Suen’s result is wrong. The starting point of Suen’s
analysis is the perturbed metric presented in Eq. (2.6) of
his paper. It is easy to show that while the metric does
indeed satisfy the Einstein field equations (up to terms that
are quadratic in the small parameter A), it fails to be regular
at the event horizon. The metric does not, therefore, rep-
resent a perturbed black hole, and the nonzero result for k.
is a consequence of this fact. The regularity of the metric
perturbation p,g at r = 2M can be judged by examining
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its components in the light-cone coordinates (v, r, 6, @),
which are regular on the event horizon. A simple calcu-
lation reveals that in Suen’s notation, p,, = —2QU —
V)/f, where f =1 — 2M/r. This is singular at r = 2M
unless 2U — V vanishes there, but Eqs. (2.7) of Suen’s
paper show instead that 2U — V — AM? in the limit. The
perturbation is singular.

I. Organization of the paper

In the remaining sections of this paper we present the
details of our analysis, and describe how the results re-
viewed previously were obtained. We begin in Sec. II with
a discussion of tidal moments and tidal potentials, and
motivate the definitions presented in Egs. (1.3) and (1.4).
In Sec. IIT we solve the external problem, and show that the
metric of Egs. (1.5) is a solution to the vacuum field
equations linearized about the Schwarzschild metric. In
Sec. IV we formulate the internal problem for general
stellar models, and we specialize this to polytropes in
Sec. V. In Sec. VI we review the numerical techniques
that were employed to generate the figures and the tables
displayed in the Appendix.

II. TIDAL MOMENTS AND POTENTIALS

A spherical stellar model is perturbed by an external
tidal field characterized by the electric-type tidal moments
&, (v) and the magnetic-type tidal moments B; (v). These
are STF tensors, and L is a multi-index that contains a
number / of individual indices. The tidal moments depend
on v (and not on the spatial coordinates), but this time
dependence is taken to be so slow that all v derivatives will
be ignored in the Einstein field equations.

We begin our discussion of tidal potentials by adopting
quasi-Cartesian coordinates x“ related in the usual way to
our spherical coordinates (r, #4). We write the transforma-
tion as x? = rQ4(64), with Q¢ = [sinf cos¢, sinf sing,
cosf] denoting the unit radial vector. We introduce

Yab = 6ab - Qqu (21)
as the projector to the transverse space orthogonal to (0,
and we let Q4 := 9Q*/96*. We note the helpful identities

0,04 =0, (2.2a)
Qup = v Q4 Q% = 6,,0503,  (2.2b)
QABQLQL = yab. (2.2¢)

Here Q45 = diag[1, sin’@] is the metric on the unit two-
sphere, and QA2 is its inverse. We introduce D, as the
covariant-derivative operator compatible with (),5, and
€ p as the Levi-Civita tensor on the unit two-sphere
(with nonvanishing components €44 = — €49 = sinf). In
addition to Egs. (2.2) we also have
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€AB = GabCQZQZQC, (238_)
GABQ;} = —Qf;eapbﬂf’, (2.3b)
DADBQa = DBDAQa = _QaQAB. (230)

Here and below, uppercase Latin indices are raised and
lowered with Q48 and Q) 5, respectively. Finally, we note
that D-Q 5 = Dceysp = 0.

For an electric-type tidal moment &£; of degree [ = 2,
the Cartesian versions of the tidal potentials are defined by

el :=¢g.0k (2.42)
EV =y QP (2.4b)
531)7 =29, 7,9 a2 QA2 + YarEP.  (2.4c)

Here £V is a scalar potential, 55,1) is a transverse vector

potential, and Eg,)) is a transverse-tracefree tensor potential.
The angular versions of the tidal potentials are

ED =¢g,08, (2.5a)

V= elae = qeg,, QL (2.5b)

gy = €D 040L = 208058, 02 + Q0.
(2.5¢)

For a magnetic-type tidal moment B, of degree [ = 2,
the Cartesian versions of the tidal potentials are defined by

BY = €,,, Q"B QL (2.62)
35111)7 = (e €apg V' By _ 27 b T €pg Bl _oye DO
(2.6b)

Here Bg) is a transverse vector potential, and foj,), is a
transverse-tracefree tensor potential; there is no scalar
potential in the magnetic case. The angular versions of
the tidal potentials are

BX) = BE{)Q‘Z = QgeaququL—IQLil’ (273)
Bl = B Q505 = (%€, 0B, 04
+ O3y, AP B, Q502 (2.7b)

The tidal potentials can all be expressed in terms of
(scalar, vector, and tensor) spherical harmonics. Let Y/
be the standard (scalar) spherical-harmonic functions.
The vector and tensor harmonics of even parity are Y4" :=
DY'™, QupY"™ and Y}y = [DyDp + JI(1 + 1)Q 45 ]Y"™;
notice that QABY" = 0 by virtue of the eigenvalue equa-
tion satisfied by the spherical harmonics. The vector and
tensor harmonics of odd parity are X" := —¢,8Dgzy"™
and X[} = —1(e,“Dp + €;°Dy)DcY™; X also is
tracefree: QABXIM = (.

We first express the electric-type tidal potentials in terms
of the even-parity spherical harmonics. We begin with £,
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which we decompose as

EW(v, 1) = Zé"”(v)ylm(af‘) (2.8)

in terms of harmonic components Eﬁ,?(v). There are 21 + 1
terms in the sum, and the 2/ + 1 independent components
of £, are in a one-to-one correspondence with the 2/ + 1
coefficients 5,(,?. Returning to the original representation of
Eq. (24), we find after differentiation that DAE(” =
194E,, 1 QF 1, and we conclude that

1 1
0 — ) — Dyl
E4Y 7DA£<> 7§m EnYlm. (2.9)
An additional differentiation using the last of

Eqs. (2.3) reveals that D,DzED = —1Q,,ED + (1 —
)QLOLE,, » QL2 From this we conclude that

o _ 2
AB1(1—1)

2
— 857? Ylm_
I(1-1) % AB

We next express the magnetic-type potentials in terms of
the odd-parity spherical harmonics. We begin with B/ :=
B, QL and its decomposition B =¥, BLym(64).
Differentiating the first expression, multiplying this
by the Levi-Civita tensor, and involving the second

[DADB + %1(1 + 1)Q ]S(”

(2.10)

of Egs. (2.3) returns €,5DyBY =
—10%€,,,Q07B1, QL' From this we conclude that
1 1
BY = (—€,’Dp)BY =S BIxi. (211
I 12
A second differentiation yields —e,“DzD BY =

lEABB(l) + l(l - I)Qﬁ é'upq
symmetrization we obtain

QOrBa,, 050872 and after

BX)B = l(l )(EA DB + EBCDA)DCB(I)

— B%)le .
1(1 - 1) % A

(2.12)

III. EXTERNAL PROBLEM

A. Even-parity sector

In this subsection we determine the tidal deformation of
the metric outside the matter distribution, in the even-
parity sector. The unperturbed external solution is the
Schwarzschild metric

dsi = —fdv? + 2dvdr + r*dQ?, 3.1

with f := 1 — 2M/r and M denoting the body’s mass; the
metric is valid for r > R, where R is the body’s radius. We
employ the perturbation formalism of Martel and Poisson
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TABLE I.
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Functions A, and B, for selected values of /, expressed in terms of z := 2M/r. The numbers u; and A; are given by

A = D21+ D[ = 2)1( — DI+ D+ 2)1] and g, = (1 + 1)A/L

[=2 s =30, A, =20

A =(1-2? 2B; = —paA In(1 — 2) —32(2 — 2)(6 — 6z — %)

Ay=1-2 By = MAIn(1 — 2) +3z(12 — 62 — 222 — 27)

A;=1-37 2By = —prA;In(1 — 2) = 52(6 + 3z — 2%)

=3 w3 = 840, A3 = 630

A =11-222-2 /By = —p3A; In(1 — z) — 72(120 — 240z + 13022 — 10z° — z%)
Ay=11-203-22 Z'By = N3A4In(1 — 2) +22(180 — 210z + 302> + 52° + z*)
Ay=1-z+L7 2By = —p3A;In(1 — z) — 142(60 — 30z — 10z* + 2%)

=4 wy = 17640, A, = 14112

Ay =1 = 2214 — 14z + 322) 2B; = —p4A; In(1 — z) — 21z(2 — 2)(420 — 840z + 44072 — 207> — %)
Ay = 5% (1 —2)(28 — 35z + 10z?) By = MAyIn(1 — z) + 22(1680 — 2940z + 1370z% — 90z — 9z* — 2%)
Ay =1-3z+322 -} 2B = — u4A; In(1 — z) — 14z(1260 — 1470z + 27022 + 652° — 3z%)
1=5 s = 332640, A5 = 277200

A =31 =222 —2)(6 -6z +2%)

2B, = —usA; In(1 — 2) — 662(5040 — 15 120z + 1638022 — 756023

+ 1288z% — 287° — 29)

Ay =51 —2)(30 — 54z + 302> — 52°)

2B, = AsA,In(1 — 2) + 222(12600 — 28980z + 2184022 — 56707

+210z* + 142° + 29)
A =1-32+32 =352 + 152 M B; = —usA;In(1 — z) — 662(5040 — 88207 + 441072 — 4207° — 77z* + 22°)

[17], and implement the light-cone gauge of Preston and
Poisson [8].

In the light-cone gauge the even-parity metric perturba-
tion is given by

Pov = D hIm(r)Y™(64), (3.2a)
Pva = Zjém(r)yém(eA)’
Y K™M(r) QY™ (0%) + 2 G™(r) Y (6).

(3.2¢)

(3.2b)

PAB

We consider each / mode separately, and we henceforth
omit the label /m on the perturbation variables h,,,, j,, K,
and G, which depend on r only. As discussed by Preston
and Poisson, K" can always be set equal to zero when the
perturbation satisfies the vacuum field equations; this rep-
resents a refinement of the light-cone gauge, and we shall
make this choice here.

To simplify the task of solving the field equations, we set

e (Y lrlel(r)eﬁ,?, (3.3a)
— _# I+1 (1)
Ju DI+ D ritle (r)En, (3.3b)
G=— 4 rle7(r)5£,l,), (3.3¢)

(—DEI+1)

where the functions e;(r), e4(r), and e;(r) are to be deter-
mined. Substitution of Egs. (3.3) into Eq. (3.2) produces

2

DPov = R rle (&Y, (3.4a)
2

P = iy eEl G4

2 g (nel, (3.4c)

Pas = =0 1)

where €7, EX), and E% are the tidal potentials introduced
in Eq. (2.5).

The motivation behind the introduction of the functions
ey, ey, and e goes as follows. We first observe that when
we set e; = e4 = e7 = 1, the perturbation defined by
Egs. (3.3) or Egs. (3.4) satisfies the equations of linearized
theory for a perturbation of Minkowski spacetime. This
exercise reveals that &,, must be proportional to 7/, j, to
rI1 and G to r'; the relative numerical coefficients be-
tween these fields are also determined by solving the
perturbation equations in flat spacetime. The remaining
absolute numerical coefficient that relates the perturbation
to the tidal moment &£; is determined by the definition of
the tidal moment in terms of the Weyl tensor of the
perturbed spacetime; this coefficient—the factor —2/[(l —
1)I] in h,,—can be read off Eq. (3.26a) of Ref. [9].

Inserting the functions e, e4, and e; in Egs. (3.3) allows
the perturbation to be a solution to the Einstein field
equations linearized about the Schwarzschild metric in-
stead of the Minkowski metric. We impose the boundary

conditions
ei(r— 00) = e4(r — ) = ez(r — o0) = 1.

(3.5)

The field equations do not determine these functions
uniquely. The light-cone gauge comes with a class of
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residual gauge transformations that preserve the light-cone
nature of the coordinate system (see Preston and Poisson
[8]). In the even-parity sector, and for static perturbations,
the residual gauge freedom that keeps K = 0 is a one-
parameter family described by

ey — ey — lay2M/r)"2, (3.6a)
e, — ey +a[(I— DI +2)+4M/r]2M/r)'t,  (3.6b)
e; — e; + 2la,2M /r)' "1, (3.6¢)

in which a; is the (dimensionless) parameter. The residual
gauge freedom does not interfere with the boundary con-
ditions of Eq. (3.5).

When K is allowed to change, the residual gauge free-
dom becomes a three-parameter family. In this case we
have

ey — e; — la,(2M/r)'? 4+ a;(2M /)2, (3.7a)
es— ey +a[(I— DI +2)+4M/r]2M/r)H!
— (I + Das;2M/r)'*1, (3.7b)
e; — e7 + 2la; M /r)' + 2a,(2M /r), (3.7¢)
and K becomes
I
) [a> + a;2M/r)]EY. (3.8)

IR

Here a, and a5 are two additional gauge parameters.

The differential equations satisfied by e, e4, and e; can
be extracted from the perturbation equations. These equa-
tions are coupled, and some effort must be devoted to their
decoupling before an attempt is made to find solutions. We
shall not describe these routine steps here. We state simply
that the solutions are the ones that were displayed in
Egs. (1.6) and (1.7). These are given in a minimal imple-
mentation of the light-cone gauge, in which all constants of
integration are set equal to zero. The most general form of
the solution is obtained from this by effecting the shifts
described by Egs. (3.7) and (3.8). The functions A,, and B,
are displayed for selected values of / in Table I.

The metric perturbation can be represented in terms of
gauge-invariant variables. We employ the set defined by
Egs. (4.10)—(4.12) of Martel and Poisson [17]. According
to these equations, and as can be directly verified from
Eq. (3.7), the variables

- 2M
hyy = hyy + —j, — MG, (3.9a)
r
h,, == MG — j, (3.9b)
h,, :==2rG' + rG", (3.9¢)
_ 2 1
Ki=——j, +5l+ DG +rfG'  (3.9d)
r

are gauge invariant; a prime indicates differentiation with
respect to r. We express them as

PHYSICAL REVIEW D 80, 084018 (2009)

By, = — 0 _Zl)lrlew(r)sg?, (3.10a)
By, = (l_zl)lrlew(r)sﬁ,?, (3.10b)
A= —ﬁr’e,,(r)gi,?, (3.10¢)

K = -~ 21) rleg(r)EY, (3.10d)

in terms of new radial functions e,,, €,,, €,. and eg.
Calculation reveals that these are given in terms of the
old ones by

1 2M 1 2M 1

o=ty Ty e l(l+1)2Mfe7’

(3.11a)
B 1 2M 1

evr—e4+mre4—m767 l(l+1)2Me7’
(3.11b)

e, = g +?re’7 + l(l—li- 1)1’26/7/, (3.11¢)

2 1

k=T ey + +1(l—i—3—4M/r)e7 l(l+1)rf7

(3.11d)

It is easy to see that these functions, like the old ones, all go
to 1 as r goes to infinity.

Substitution of our expressions for e, ¢4, and e; into
Egs. (3.11) and repeated use of the properties of hyper-
geometric functions reveal that

€y = fevr = fzerr = Al + 2kel(R/r)21+lBl (312)

and

K = A7 + Zkel(R/}’)ZhLlBT (313)

Notice that e,,,, fe,,, and f2e,, are all equal to the minimal
implementation of e;, and ex is equal to the minimal
implementation of e;. All this shows that the relativistic
Love numbers k. possess gauge-invariant significance.

B. Odd-parity sector

In the light-cone gauge the odd-parity metric perturba-
tion is given by

Dva = th;m(”)xfxm(eA), (3.14a)
Pap = D hm ()Xl (64). (3.14b)

m

We consider each / mode separately, and we henceforth
omit the label /m on the perturbation variables &, and #,,
which depend on r only. To simplify the task of solving the
field equations, we set
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2

hv = mrl+lb4(}’)3£y]), (3153.)
4 1+2 )

l’l2 = 3(1_—1)127‘ b7(r)3m, (315b)

where the functions b4(r) and b,(r) are to be determined.
Substitution of Egs. (3.15) into Eq. (3.14) produces

2
Pu =30 r b, (B, (3.16a)
2
Pap = 3372 (1) B, (3.16b)

where BX) and fB% are the tidal potentials first introduced
in Eq. (2.7).

The motivation behind the introduction of the functions
b4 and b is identical to what was done in the even-parity
sector. When we set b, = b; = 1, the perturbation defined
by Egs. (3.15) or Egs. (3.16) satisfies the equations of
linearized theory for a perturbation of Minkowski space-
time. This exercise reveals the relative numerical coeffi-
cients between h, and h,. The remaining absolute
numerical coefficient that relates the perturbation to the
tidal moment B; is determined by the definition of the
tidal moment in terms of the Weyl tensor of the perturbed
spacetime; this coefficient—the factor 2/[3(/ — 1){] in
h,—can be read off Eq. (3.26b) of Ref. [9].

Inserting the functions b4 and b5 in Eqgs. (3.15) allows
the perturbation to be a solution to the Einstein field
equations linearized about the Schwarzschild metric in-
stead of the Minkowski metric. We impose the boundary
conditions

by(r — 00) = by(r — 00) = 1. (3.17)

The field equations do not determine these functions
uniquely. As in the even-parity case, we have a residual
gauge freedom that preserves the nature of the light-cone
coordinates. It is described by

by — by, (3.18a)

by — by + a(zTM)l, (3.18b)
in which « is a (dimensionless) parameter. The residual
gauge freedom does not interfere with the boundary con-
ditions of Eq. (3.17).

The differential equations satisfied by b, and b; can be
extracted from the perturbation equations. The solutions
are displayed in Eqgs. (1.6) and (1.7). They are given in a
minimal implementation of the light-cone gauge, in which
all constants of integrations are set equal to zero. The most
general form of the solution is obtained from this by
effecting the shifts described by Egs. (3.18).

The metric perturbation can be represented in terms of
gauge-invariant variables. We employ the set defined by
Eq. (5.7) of Martel and Poisson [17]. According to this, and
as can be directly verified from Eq. (3.18), the variables
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h, == h,, (3.19a)
-1 L,
h, = ;hz - ihz (3.19b)
are gauge invariant. We express them as
- 2
b= 30T b, (1) B, (3.20a)
= 2
b= =30 P, (nBY,  (3.20b)

in terms of new radial functions b, and b,. Calculation
reveals that these are given in terms of the old ones by

bv=b4,
br:b7 +

(3.21a)
Zbl. (3.21b)

l

It is easy to see that these functions, like the old ones, all go
to 1 as r goes to infinity.

Substitution of our expressions for b, and b; into
Egs. (3.21) and repeated use of the properties of the hyper-
geometric functions reveal that

[+1
b, = fb, = A4 — ZTkmag(R/r)2l+lB4-
Notice that b,, and fb, are both equal to b,, which is gauge
invariant. This shows that the relativistic Love numbers
kmag POSSess gauge-invariant significance.

(3.22)

IV. INTERNAL PROBLEM

A. Background metric for relativistic stellar models
We begin with an examination of the internal gravita-
tional field of a body that is not yet perturbed by an external
tidal field. The body is spherically symmetric, and the
matter consists of a perfect fluid. In light-cone coordinates

(v, r, %), the metric is expressed as
dsi = —e* fdv* + 2e¥dvdr + r?dQ?, 4.1

with f =1 —2m(r)/r and = /(r). The Einstein field
equations are

4
m =amrp, W ="+ p)

4.2)
f
and the equation of hydrostatic equilibrium is
m+ 4mrip
p=——5—(p+p. 4.3)
rf
Here p is the fluid’s proper energy density, and p is the

pressure.

These equations can be integrated once an equation of
state is specified. The boundary conditions are m(r = 0) =
0 and (r = 0) = o, where i, is chosen so that
vanishes at the stellar surface: (r = R) = 0.
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B. Light-cone gauge

The internal light-cone gauge is a modified version of
the external gauge constructed by Preston and Poisson [8].
We define it properly in this section.

The metric of Eq. (4.1) reveals the meaning of the
coordinates (v, r, #4) in the background spacetime. We
note first that /, = —d, v is a null vector, so that the
surfaces v = constant are null hypersurfaces; they de-
scribe light cones that converge toward r = 0. The vector

1*=1(0,—e"%,0,0) 4.4)
is tangent to the null generators of these light cones, and
the expression reveals that 4 is constant along the gen-
erators. In addition, the affine parameter A that runs along
the generators is related to r by dA = —e¥dr. In the
interior portion of the spacetime, r is no longer an affine
parameter on the null generators; but it still possesses the
property of being an areal radius, in the sense that the area
of a surface of constant (v, r) is given by 4772,

In the internal light-cone gauge, the metric of the per-
turbed spacetime is presented in coordinates (v, r, #4) that
possess the same geometrical meaning as in the back-
ground spacetime. In particular, v continues to label null
hypersurfaces, 6 continues to be constant along the null
generators, and r continues to be related to the affine
parameter by dA = —e?dr. It is easy to show that these
statements imply the same conditions,

Pvr = Prr = PrA :0’ (45)
that were employed in the external problem. The nonvan-
ishing components of the metric perturbation are therefore
DPvvs Pua> and pup. The radial coordinate, however, will
lose its meaning as an areal radius in the stellar interior.
In the even-parity sector the perturbation is decomposed
as in Eq. (3.2), and the fields 4/, j K™ G" depend (in
general) on the coordinates (v, r). An even-parity gauge

transformation is generated by the vector field =,, with
components

2, =D &, ny™(6%), (4.62)
Im

B, =Y & nym(eY), (4.6b)
Im

Ea = D &M, Yot (4.6¢)

Im

It can be shown that the condition /,, = 0 determines &,
that &,, = 0 determines &,, and that j, = 0 determines &.
The gauge, however, is not determined uniquely. There
exists a residual gauge freedom that preserves the geomet-
rical meaning of the coordinates. In the case of
v-independent perturbations, the residual gauge freedom
is a three-parameter family described by
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£y =—a1 e f + ay,
‘fr = a1€¢r

(4.72)
(4.7b)

E=—ar’ [r P2V dr + ayr? (4.7¢)

Here we suppressed the /m labels on &,,, &,, and £, as well
as the constants a, a,, and a;.

In the odd-parity sector the perturbation is decomposed
as in Eq. (3.14), and the fields A", hi" depend (in general)
on the coordinates (v, r). An odd-parity gauge transforma-
tion is generated by the vector field =, with components

Ea = D M, nX}r(om).

Im

(4.8)

It can be shown that the condition 4, = 0 determines £. In
this case also there exists a residual gauge freedom that
preserves the geometrical meaning of the coordinates. In
the case of v-independent perturbations, the residual gauge
freedom is a one-parameter family described by

&= ar. 4.9)

Here also we suppressed the /m labels on ¢ and the
constant a.

The decompositions of Egs. (3.2) and (3.14) can be used
to compute 6G g, the perturbation of the Einstein tensor
inside the body. The even-parity sector decouples from the
odd-parity sector, and the perturbation takes the form of

8G,, = Y Almy'm, (4.10a)
Im

8G,, = Y Almy™m, (4.10b)
Im

8G,, = Y Almy™, (4.10c)
Im

8G,4 = D (Almylm + Binxim), (4.10d)
Im

8G, = D (Almyim + BImXim), (4.10e)
Im

8Gag = D (AI"QupY™ + A"V, + B™X0M). (4.10f)

Im

Here the even-parity fields A,,,, A,,, A, A,, A, A, Ay and
the odd-parity fields B,,, B,, B depend on v and r only. In
the case of a stationary perturbation, they depend on r only.

The expressions are too long to be displayed here. In
practice, they are easily generated with GRTENSORII [ 18] by
specializing the perturbation to an axisymmetric mode
m =0 with a specific multipole order /. With Y’ =
Y(6) we have Yy =Y', Yy =0, Yyy = — cosfY'/sinf —
U1+ 1)Y, Ypy =0, and Yy = sinfcosfY’ + (I +
1)sin?fY in the even-parity case, and X, = 0, Xy =
sinfY’, Xgg = 0, Xgy = — cosfY’ — 11(I + 1)sinfY, and
X4 = 0 in the odd-parity case. The definition of the
metric implements the constraint Y = — cosfY’/ sinf —
[(I + 1)Y on the spherical-harmonic functions, and this
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simplifies the final expression for the perturbed Einstein
tensor.

C. Energy-momentum tensor

We consider stationary tides raised by a tidal environ-
ment characterized by an electric-type tidal moment &;
and a magnetic-type tidal moment B ; these are actually
time dependent, but the dependence is sufficiently slow
that it can be neglected in the process of integrating the
Einstein field equations. The perturbed metric will there-
fore carry a parametric dependence upon v.

The fluid’s velocity vector in the background configura-
tion is given by u® = (e~¥ f~1/2,0,0, 0). In the perturbed
configuration it becomes 7% = (4?, 0, 0, 0), reflecting the
fact that the tide is stationary and does not create motion
within the fluid. The time component of the vector changes
by virtue of the fact that the metric changes; we have that
av = e V2 + Suv, with Su¥ =L1e 3V f32p,

After lowering the index on 7 with the perturbed metric
805 + Pag. we find that i, = —eVf'? + du,, i, =
Y2+ 8u,, and i1, = Su,, with

Suy =3¢ V1 py,, (4.11a)
Su, =320 f32p,, (4.11b)
Suy=e v 12p .. (4.11c)

These expressions are valid in the light-cone gauge. The
perturbation du, can be decomposed into even-parity and
odd-parity components; the perturbations du,, and Su, are
necessarily of even parity.

The perturbation in the energy-momentum tensor is
generated by the perturbation in u,, but also by a pertur-
bation in the density p and pressure p created by the tide;
these are related by the equation of state. We have

0T, = (p + p)ugdug + ugdu,) + ppag

+ (6p + dplugug + (8p)gap (4.12)
and in the light-cone gauge this reads
5Tvv = —PPu T ezwfapy (4.13a)
8T, = —e’dp, (4.13b)
6TUA = T~ PPuva (4.13¢c)
8T, = (p + ple >/ f2p,, + [(6p + 6p), (4.13d)
8T,a = e "~ (p + P)Puas (4.13e)
6TAB = PPAB + r25pQAB. (413f)

The perturbations 67,,, 67,4, and 6T,p can be decom-
posed into even-parity and odd-parity components; the
perturbations 67,,, 6T,,, and 6T, are necessarily of
even parity.
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From Egs. (4.13) we find that 67,4 is given by

8T,, = Y Qimy'm, (4.14a)
Im

8T,, = X 05", (4.14b)
Im

8T, = X .Qny™, (4.140)
Im

8T 4 = D (QUmylm + Pimxlm), (4.14d)
Im

8T, = D (QImylm + plmxim), (4.14e)
Im

8Tap = D (O QY™ + Qlryln + Pimxln). (4.14f)
Im

The even-parity fields are

0y = —phy, + 2 fo, (4.15a)

0, =—eo, (4.15b)

0, =(p+plefhy, +fo+q), (4150

Qv = —PJv (4.15d)

0, =e VN p+ v (4.15¢)

0, = r*(pK + q), (4.15%)

0y = r*pG, (4.15g)

and the perturbations in the density and pressure were also
decomposed into spherical harmonics:

sp =Y amym, Sp=Yqmym (4.16)
Im Im
The odd-parity fields are
P, = —ph,, (4.17a)
P,=eVfp+ phy, (4.17b)
P = ph,. (4.17¢)

Information about 6p and &p, or o and ¢, can be
obtained from the equation of hydrostatic equilibrium. In
the perturbed spacetime the equation states that (p +
pla, + d,p =0, where p = p + Sp is the perturbed
density, p = p + dp is the perturbed pressure, and a,, is
the perturbed acceleration of the fluid elements. The equa-
tion becomes

(p + p)da, + (8p + 8play, + 9,8p =0 (4.18)

when expressed in terms of the perturbations dp, o p, and
éa,. The unperturbed acceleration has a, =
1e 2 f~l(e? f)' as its only nonvanishing component,
and the perturbation has components

da, =0, (4.19a)
561, = _%672¢f716rpvv + %674¢f72(62¢f)lpvw (419b)
Say = —5e 2 194D, (4.19¢)

084018-13



TAYLOR BINNINGTON AND ERIC POISSON

Substitution of Egs. (4.16) and (4.19), as well as p,, =
S himyim into Eq. (4.18) reveals that

¢ = Yo+ Py — o + et Yy,
—5e e ) (o + q) (4.20)

and

= §(p + p)e_zdlf_lhvv- (4.21)

If we next differentiate Eq. (4.21) and insert the result
within Eq. (4.20), we discover that

(p+ p)hy, = =" f) (o + q). (4.22)

The last two equations allow us to express o/ and ¢
directly in terms of A ; hydrostatic equilibrium implies
that these are not independent variables.

D. Perturbation equations: Even-parity sector

The useful combinations of Einstein field equations are

E = (Ay, —87Q,,) + e’ f(A,, — 87Q,,) = 0, (4.232)
Ey = (A, — 87Q,,) +2¢"f(A,, — 87Q,,)
+ VA, — 870,,) = 0, (4.23b)
Es = (A, —87Q,,) =0, (4.23¢)
Ey:=e VrE, + 2f(A, — 87Q,) + 2e¥ f2(A, — 87Q,)
=0. (4.23d)

These are a set of coupled differential equations for the
variables h,,,(r), j,(r), K(r), and G(r); the remaining field
equations are redundant by virtue of the Bianchi identities.
The explicit forms reveal that £y = 0 is a first-order dif-
ferential equation for j,, £, = 0 is a first-order differential
equation for h,,, E; =0 is a second-order differential
equation for K, and E, = 0 is a first-order differential
equation for G.

The field equations can be manipulated to yield a de-
coupled equation for the master function

- 1
i = hyy + €N ) ], = 3PPV

eV
= h,, + _e2 (m + 4mr3p)j, — e*’ f(m + 47’ p)G'.
r

(4.24)

This function is gauge invariant, and it joins smoothly with
the external version of Eq. (3.9) at »r = R. The master
equation is

r2hy, + Arhl,, — Bh,, =0, (4.25)

where
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A= ;[1 _dm 27 (p + 3p)], (4.26a)
r
B= %I:l(l + 1) —4dmri(p + p)<3 + Z—Z)] (4.26b)

The master equation is equivalent to Eq. (27) of Ref. [12],
in which H := ¢~ 2% f =1}, is used as an alternative choice
of dependent variable.

The master equation can be derived by the following
procedure. First, integrate the field equation Ey := Ay —
87Qy = 0 and obtain j, = 5 r*fe’G’. This implies that
Iy, = h,,. Second, make the substitution in the other field
equations. The result is that £; now involves h,,,, G’, and
G"; E, involves h,,, hl,, K, K', and G'; E; involves h,,,,,
K', and K"; and E, involves h,,,, K, K', G, and G'. Third,
differentiate £, with respect to r, and use E; to eliminate
the terms in G”, and E; to eliminate the terms in K”. The
result is that E/, now involves h,,,, h,,,, h},, K, K', G, and
G'. Fourth, construct the linear combination rEY, + aE, +
bE, and determine the functions a and b that eliminate all
terms involving K, K’, G, G'. The solution is unique, and
the final result is Eq. (4.25).

For numerical integration it is advantageous to make the
same substitution as in Eq. (3.10),

2
h vv = rleUU(r)g%)’

~ T 4.27)

and to rewrite Eq. (4.25) as a second-order differential
equation for e,,(r). This function joins smoothly with
the external version of Eq. (3.12), and k. is determined
by matching the values of the internal and external func-
tions (along with their first derivatives) at r = R.

E. Perturbation equations: Odd-parity sector
The useful combinations of field equations are
0,:= (B, —8wP,) =0,

0, = (B, — 87P,) + eV f(B, — 8mP,) = 0.

(4.28a)
(4.28b)

The first is a second-order differential equation for #,,
while the second is a first-order differential equation for /.

The equation O; = 0 is fully decoupled, and the pertur-
bation variable #,, is easily shown to be gauge invariant, as
it was in the external problem. The master variable for the
odd-parity sector is therefore i, := h,, and the master
equation is

iy — Frit, = Gh, =0, (4.29)
where
47r?
F=——(p+p) (4.302)
f

1 4
G — ?[z(l T L L Y p>]. (4.30b)

r
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This equation is equivalent to Eq. (31) of Ref. [12], in
which ¢ = rh!, — 2h, is used as an alternative choice of
dependent variable. The function , joins smoothly with
the external version of Eq. (3.19) at » = R.

For numerical integration it is advantageous to make the
same substitution as in Eq. (3.20),

~ 2
A

Fltl ()
voo3(— l)l by(r) B,

4.31)

and to rewrite Eq. (4.29) as a second-order differential
equation for b, (r). This function joins smoothly with the
external version of Eq. (3.22), and kp,,, is determined by
matching the values of the internal and external functions
(along with their first derivatives) at r = R.

V. IMPLEMENTATION FOR POLYTROPES

The relativistic Love numbers k. and kp,, are deter-
mined by the numerical integration of Egs. (4.25) and
(4.29) and matching with the external solutions at r = R.
This defines a simple computational procedure that can be
implemented for any choice of equation of state. In this
section we describe the steps that are involved when the
polytropic form
1+1/n

p=Kp (5.1)
is adopted; here K and the polytropic index n are constants.
We choose, however, to deviate from the procedure just
outlined: Instead of i 1ntegrat1ng the master equations for the
variables /1,, and %,, we integrate the complete set of
independent field equations. This allows us to calculate
all components of the metric perturbation, and matching
them across r = R determines, in addition to the Love
numbers, the gauge parameters a;, a,, as, and « that are
automatically selected by the internal solution.'

A. Unperturbed stellar model
The numerical integration of Egs. (4.2) and (4.3) is
conveniently accomplished by introducing the dimension-
less variables 6, w, and ¢ defined by

9n+l

p=p0", p =D m= mop,

(5.2)

Here p,.:= p(r =0) is the central density, and p,:=

K le/ " is the central pressure. The units of mass and
radius are chosen to be

'There is no strong rationale for proceeding in this way. The
honest truth is that we became aware of Eq. (4.25) only after
completing the numerical work. We derived the master equation
after noticing its appearance in Refs. [2,12] and wondering why
our formulation was more complicated than theirs.

r=ryé.
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. 3 0. (n+1p
mgy ‘= 4mryp,, ry = 7477_’0% <, (5.3)
so as to simplify the form of the field equations.
It is useful to introduce also a “‘relativistic factor”
b:=p./pe (5.4)

which determines the degree with which the stellar model
is relativistic. In terms of this we have p, = 0" /K", p. =
b"*1/K", and b can be used in place of p, to label a stellar
model, given a choice (K, n) of equation of state. We also
note the relation my/ry = (n + 1)b. We find that the units
mg and rq vary with b even when the equation of state is
fixed. To eliminate this dependence it is useful to define the
alternative units

+ 1)32 [ +1
M, = uKn/Z’ Ry = n_Kn/Z’ (5.5)
Naar 4

which do not depend on b. We have that my = M,b3~"/2
and ro = Rob(l n)/2
In terms of the dimensionless variables, the field equa-

tions (4.2) and (4.3) become

d/"L — &2pn

ay £0™(1 + bO)

9 =(n+ l)bf, (5.6b)
40 (u + b6 (1 + bo)

d_f = §2f , (560)

with f = 1 — 2(n + 1)bu/ €. The boundary conditions are
0(E=0)=1, u(é =0)=0,and (& = 0) = (. In the
limit » — 0 the model becomes nonrelativistic, and the
equations for u and € can be combined into the well-
known Lane-Emden equation; in the limit the equation
for iy becomes irrelevant.

The formulation of Eq. (5.6) is not optimal from a
numerical point of view. For accurate integrations it is
better to use the variable v 1= u/&> instead of u, and x :=
Iné instead of ¢. The system of equations becomes

dV n __

Ir = 0" — 3y, (5.7a)
dy _

Iy (n+ DbEF10"(1 + bo), (5.7b)
% = =& v+ bo" (1 + bo), (5.7¢)

with f =1 —2(n + 1)b&?v. The integration begins at a
large and negative value of x, so that £ = e* is small, with
the starting values
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|
Y73 2520

0=1-— %(1 +b)(1 +3b)&* + 31@(1 + b)(1 + 3b)[3n — 2nb + (30 + 15n)b%]E* + O(£°),

U= o + %(n + )b + b)E — %(n )b+ B)n = 3b + (3 + 3n)B2]E* + 0(&5)

The integration stops at £ = £, where 6 goes to zero, and
o is chosen so that (&;) = 0. The stellar mass and
radius are then given by

M = Myb®~"28u(g)),  R=Rebp"""2&, (5.9)

in the units of Eq. (5.5). The compactness of the body is
measured by C := 2M/R = 2(n + 1)b&v(§)); this is di-
mensionless, and therefore independent of the units M, and
Ry.

B. Perturbation: Even-parity sector

The perturbation equations (4.23) are simplified by in-
volving the background field equations (4.2) and (4.3).
They are also simplified by making the substitutions of
Egs. (5.2), (5.3), and (5.4); we therefore write p = p 0",
p=pO"" r=ryé and m = my&E3v, where p, = (n +
Db/(4ard), p.=(n+1)b*>/@nmr]), and my=
(n + 1)bry, with 6 and v (as well as i) depending on &.

J
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—5%1+ma+3w§+—i41+ma+3wmn—5+uw—amb+u5+mmwkk+méx (5.8)

(5.8b)

(5.8¢c)

|
Finally, we use the fact that a term p’ in the perturbation
equations can be related to p’ by the equation p’ =
(dp/dp)p', with dp/dp determined by the equation of
state.

Another useful set of substitutions is the one displayed
in Egs. (3.3), along with

2
(I—=DII+2)(1+3)

3K = r*2e0(HEY,  (5.10)

in which we replace the original variables with the radial
functions e, ey, €7, and e;y. These replacements are mo-
tivated by an analysis of the perturbation equations for
small values of r, which reveals that h,, behaves as r/,
juas 't G as r!, and K as r'*2. The numerical factor in
front of e is inserted to simplify the form of the small-r
expansion of K, as we shall see below.

The final expression of the perturbation equations is

O:El = _§€2+(l+ 1)67‘/’]“161 _filAle4, (5113.)
1 1
0 = E2 = —fe'l + Ef_lAzel + lelﬁf—132€4 - E(l - 1)(l + 2)€2¢€7 + 2([ T 3) €2¢C2§2€10
—_ 1 24 3,
T+ou+3° Béao (5.11b)
0= E3 = _nfzelllo + (l + 2)(l + 3)672"0‘]“7214361 - (l + 2)f7]B3610 - f7]C3§€l10, (5110)
_ ey (1+1) 2y 2 I 2
O—E4— §€7+—2(l_1)(1+2)e f A4€1+7(l_1)(l+2)€ f B4€4
1 B I (I+1) PN
2l[l-i— 3—4(n+ Dbév]f le; + U —DU+2)0+ 3)]‘ Cyé%eyg
_ l(l+ 1) n+1 =151
T=DU+2°0+ 3)[(n + Db(v + 0" H]f1é¢e),, (5.11d)
where a prime indicates differentiation with respect to &, and
Ay =1+1-=2n+ DbEN(+2)v + bo"t], (5.12a)
A, ==+ 1)+2n+ DbE2(1+ v — 6"(1 + b6)], (5.12b)
B,=1—(n+ 1)b&(v — bo"t), (5.12¢)
C,=1-34+2n+ Db&* (v — bo""), (5.12d)
A; = n0" ' + (4n + 3)bO" + 3(n + 1)b?6"!, (5.12¢)
By=1+3—(n+ Db&N2(1+ 3)v + 6"(1 + bH)], (5.12f)
Cy=2(1+3)— (n+ D)b&N4( + 3)v + 6"(1 + bO)], (5.12g)
Ay == DU +2)+2(n+ D)bEN2r — 6"(1 + bO)], (5.12h)
By=(1—1)(1+2)—(n+ DbE(P+1—4)v— 11+ 1)be"" 1], (5.12i)
C,=1—1-2(n+ Db& (v + bo""h). (5.12)
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A small-¢ expansion of these equations, using Egs. (5.8),
reveals that e, = ay + O(&2), e, = age™ %0 + O(€?),e; =
age Y0 + O(£?),and e,y = age ?Yo(1 + b)[3(n + 1)b +
n] + O(€%), where qay is a parameter that must be deter-
mined by matching the internal and external perturbations
at the stellar boundary.

The perturbation equations are easily written as a first-
order dynamical system for the variables u; := ey, u, :=
e4, Uz = eq, uy ‘= ey, and us = £e);. The numerical
integration is carried out with x := In¢ as the independent
variable, and the differential equations are integrated si-
multaneously with Egs. (5.7) to determine the unperturbed
stellar model. The integration proceeds from a large and
negative value of x, for which ¢ = ¢* is small, and it stops
at ¢ = &, where 6 goes to zero.

The term n6”" ! in A originates from a term involving
dp/dp « 6! that multiplies p = 6" in the field equation
for K (or e1y). This term diverges at the stellar boundary
when n < 1. The singularity is integrable, however, and it
can be shown that the solution for K(r) (or e;,) is actually
well behaved at the boundary. The divergence of A; never-
theless causes issues in the numerical integration of the
perturbation equations. For this reason, the accuracy
achieved for n <1 is limited compared with the accuracy
obtained for n > 1.

The internal perturbation must match the external per-
turbation at ¢ = £, or r = R, the position of the stellar
boundary. The five internal functions e, e4, €7, €y, and
e, depend on one free parameter a,. The external func-
tions, on the other hand, depend on three gauge parameters
ay, a,, and as, as well as the electric-type Love number k.
The five matching conditions determine the five parame-
ters uniquely, including the Love number.

We suppose that the internal functions uy, - - -, us are
determined by setting a, = 1 in the numerical integrations.
The desired functions ey, - - -, e} then differ from these by

an overall multiplicative factor that we denote A~!. We
have

et = A"ty (5.13a)
ei{“ = A" luy, (5.13b)
et = A lus, (5.13¢)
e = A" luy, (5.13d)
dein B
f—dg’ = A" lus, (5.13¢)
and the matching conditions are
ein = egu (5.14a)
et = e, (5.14b)
eln = e9ut, (5.14c)
el = efu, (5.14d)
de't, de{)
= , 5.14
& ¢ & ¢ (5.14e)
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where each side of the equation is evaluated at ¢ = &,. The
external expressions for e;, e4, and e; are presented in
Egs. (1.6) and (1.7), and these must be modified by the
gauge adjustments of Egs. (3.7).

The function e is related to K by Eq. (5.10), and the
external expression for K is given by Eq. (3.8). This
equation and its derivative with respect to r imply that at
&= ¢

et =2(1 +2)(1 + 3)C'é [ ay + a;(2M/R)], (5.152)
out
d;—‘; = (1 +2)(1 + 3)ClE?

X [(I + 2)ay + (1 + 3)as(2M/R)], (5.15b)

where C := 2M /R is the compactness factor. These equa-
tions can be solved for a, and a3. Involving also the
matching equations and Eqgs. (5.13), we arrive at

é
20 +2)(I +3)
B &
2(1+2)(1 + 3)C'*!

/\Clz = Cl [(l + 3)1/!4 + MS], (5163)

/\(13 = [(l + 2)144 + M5].

(5.16b)

We see that the gauge parameters a, and a3, rescaled by the
unknown coefficient A, are determined by the numerical
values obtained for u, and us.

To solve the remaining matching equations we transfer
the a, and a5 terms from the right-hand side of Egs. (3.7) to
the left-hand side. Taking Eqs. (5.16) into account, we form
the combinations

._ ce
Wi .= Up + m[(l + 2)1/!4 + l/ls], (5173)
N Gl V5
Wyp - = Uy m[(l + 2)144 + u5], (517b)
2
Wy = Uy ) [(I+3)uy +usl, (5.17¢)

U+ +3)

which can be determined numerically. Involving now
Eqgs. (1.6), the matching conditions take the explicit form

wi =A; - A+ 2B - (Aky) — IC- (AC""ay), (5.18a)
I+ 1
W2:A4‘A_2 B4'(A.ke])
+[(1— 1) +2)+2C]- (AC* ' ay), (5.18b)
w3 = A7 A+ 2B7 . ()‘kel) + 2[- ()\CHlal); (5180)

in these expressions the functions A,, and B,, are evaluated
atr =R, or 2M/r = C.

If we define a vector w = (w;, w,, w3) of numerical
quantities, and another vector p = (A, Ak, AC'"'a;) of
unknown parameters, these equations take the form of the
matrix equation w = Mp, with a matrix M that is known
analytically. Solving for p, the Love number is finally
determined by ky = p,/p;.
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C. Perturbation: Odd-parity sector

To arrive at the final form of the perturbation equations
(4.28), we follow the same steps as in the even-parity
sector. These include making the substitutions of
Egs. (3.15), to replace the original variables &, and h,
with the radial functions b, and b.

The perturbation equations are

0= 01 = _é_‘ZbZ - filFlfba + f71G1b4, (519a)
0= 0,= &b, —1by + eV f by, (5.19b)
with

Fi=2(l+1)—(n+ DbEN4(I+ v + 0"(1 + bB)],
(5.20a)

G, = (n+ 1DbE2(1— DI +2v+ (I+3)6"(1 + bO)].
(5.20b)

A small-¢ expansion of these equations reveals that by =
ag + O(€?) and b; = age” %o + O(£?), where « is a
parameter that must be determined by matching the inter-
nal and external perturbations at the stellar boundary.

The perturbation equations are easily written as a first-
order dynamical system for the variables v := by, v, =
&b, and vy 1= b.

The internal perturbation must match the external per-
turbation at £ = £, or r = R, the position of the stellar
boundary. The three internal functions by, fbg, and by
depend on one free parameter, «. The external functions,
on the other hand, depend on one gauge parameter, «, as
well as the magnetic-type Love number k... The three
matching conditions determine the three parameters
uniquely, including the Love number.

We suppose that the perturbation equations for vy, v,,
and vj are integrated with @y = 1. The desired internal
functions b, and b; are then given by

= "ly, (5.21a)
dbin

gd—g = A"lu,, (5.21b)

in— A" lys, (5.21¢)

where A is an unknown constant. The matching conditions
are

bi{‘ = hJ" (5.22a)
dbin dbout

é d; =¢ dg : (5.22b)

bin = pou, (5.22¢)

where each side of the equation is evaluated at ¢ = £.
The external expressions for b, and b; are presented
in Egs. (1.6), together with the gauge adjustment of
Eq. (3.18). We observe that b, is gauge invariant, and
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that the purpose of the matching equation for b, is to
determine the (uninteresting) gauge parameter «.

We focus on the two equations involving b,. Using
Eqgs. (1.6), we find that the explicit form of the matching
conditions is

[+1

v =A4 A2 / By - (/\kmag)r

[+1

(5.23a)

(5.23b)

In these expressions the functions Ay, A} := dA,/dz, By,
and B, := dB,/dz are evaluated at z := 2M /r = C.

If we define a vector v = (v, v,) of numerical quanti-
ties, and another vector p = (A, Aky,,) of unknown pa-
rameters, these equations take the form of the matrix
equation v = Mp, with a matrix M that is known analyti-
cally. Solving for p, the Love number is finally determined
by kmag = P2/p1~

To evaluate the derivatives of A4 and B, with respect to
z, we use the well-known property of hypergeometric
functions that (d/dz)F(a, b;c;z) = (ab/c)F(a + 1, b +
I;¢c+ 1;2).

VI. NUMERICAL RESULTS

The computations presented in this work were generated
with two independent codes, one written by each author.
Consistency between our results provides evidence that
each set of computations was carried our correctly, and
the comparison allows us to estimate the numerical accu-
racy of our results.

The background spacetime is constructed by solving the
Einstein field equations for a spherical matter configuration
with a polytropic equation of state. The equations were
formulated in Sec. VA, and the system of equations (5.7) is
integrated numerically for selected values of the polytropic
index n. The integration begins at a large and negative
value of the radial variable x = Iné, using the starting
values listed in Egs. (5.8). It proceeds until 6 changes
sign at the stellar boundary, x = x;. In the first code, the
integration is performed using the Bulirsh-Stoer method as
implemented in the Numerical Recipes routine bsstep,
which is embedded within odeint; we use the Second
Edition of Numerical Recipes [19], and the code is written
in C++. In the second code, the integration is performed
using the embedded Runge-Kutta Prince-Dormand method
as implemented in the GNU Scientific Library routine
rk8pd, which is embedded within odeiv; we use version
1.9 of the libraries [20], and the code is written in C. In
each code all floating-point operations are carried out with
double precision. The accuracy of the integration is deter-
mined by the integrator’s tolerance € and the errors of order
£° that are incorporated in the starting values. As Egs. (5.7)
are exceptionally well conditioned toward numerical inte-
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gration, a high degree of accuracy can easily be achieved.
We estimate that our stellar configurations are computed
accurately to at least 12 significant digits.

The stellar boundary is identified with the help of a
bisection search for the solution to #(x) = 0. In the first
code this is carried out with the Numerical Recipe routine
zbrent; the search is loosely bracketed between the
values xy < x; (where 6 is positive) and x, > x; (where
6 is negative). In the second code this is carried out with the
GNU Scientific Library routine brent, using a similar
bracketing method. The search is carried out with high
accuracy, again of the order of 12 significant digits.

The even-parity perturbation equations (5.11) are next
integrated for selected values of n and /, simultaneously
with the background field equations (5.7). Once more, the
integration begins at a large and negative value of x, using
the starting values derived in Sec. V B, and it proceeds up
to x = x;. In the first code we continue to use bsstep and
odeint, and the caption of Table II discusses the accu-
racy of these integrations. In the second code we continue
to use rk8pd and odeiv; the tolerance of the integrator is
set uniformly to € = 1.0e — 12, and all integrations begin
at x = —10.0. Each code returns the values of u;, u,, us,
uy, and us at the stellar boundary.

PHYSICAL REVIEW D 80, 084018 (2009)

The odd-parity equations (5.19) are integrated in exactly
the same way. Here the codes return the values of v, v,,
and v; at the stellar boundary.

The matching problem of Egs. (5.18) requires the nu-
merical solution of the matrix equation w = Mp, where w
is constructed from the perturbations, M is known analyti-
cally, and p is the vector of unknown parameters, which
include the electric-type Love number k. In the first code
the system of equations is solved by performing an LU
decomposition of the matrix M, and this is handled by the
Numerical Recipes routines 1udcmp and 1ubksb. In the
second code the LU decomposition is handled by the GNU
Scientific Library routines gsl,inalg;Ugecomp and
gsl,inalg;Ugolve. In view of the small number of
equations involved (three), this task is essentially carried
out at machine precision. The final output is k.

The matching problem of Eqgs. (5.23) is handled in
exactly the same way. Here the final output is the
magnetic-type Love number Ky,

Our results are presented in the figures displayed in
Sec. I and in the tables provided in the Appendix. The
electric-type and magnetic-type Love numbers are com-
puted for selected values of n and [, as functions of the
relativistic parameter b := p./p. and the compactness

TABLE II. Integration errors for even-parity perturbations. For each selected value of n, the

first row shows the value of €, the integrator’s tolerance. When € = 1.0e — 12 the integrations
are started at x = —7.0, so that the errors in the starting values are of the order of 1.0e — 12.
When € > 1.0e — 12 the integrations are started at x = —6.5, so that the errors in the starting
values are of the order of 1.0e — 11. For the odd-parity equations the tolerance of the integrator
is set uniformly to € = 1.0e — 12, and all integrations begin at x = —7.0. The second column
shows 8, an intrinsic measure of the accuracy of our results. This is defined as & := |Vpoge) —
Vpenl / Vimodel» Where v oq4q is the value of v at the stellar boundary & = &, as determined with
exquisite precision by integrating the stellar-model equations only, while v is the value as
determined by also integrating the perturbation equations. The least accurate determinations are
for small values of b; the accuracy typically improves by 2 orders of magnitude at larger values
of b. For reasons that were explained in Sec. V B, when n <1 the accuracy that can be achieved
for the even-parity perturbations is more limited than what is achieved for v; for these cases o
gives an overestimate of the true accuracy. For n > 1, and for the odd-parity perturbations, §

should be an accurate measure of our accuracy.

[=2 [=3 =4 [=5
n = 0.50 € =1.0e — 10 e=1.0e—10 € =1.0e — 10 €e=1.0e—10
6<12e—10 6<12e—10 6<12e—10 6<12e—-10
n=0.75 € =30e—11 e =230e—11 e =13.0e — 11 e =230e—11
6 <8.6e—11 6 <6.6e — 11 6 <8.6e—11 6 <86e —11
n = 1.00 € =1.0e — 12 e =3.0e—11 € =230e—11 e =3.0e—11
6 < 1.6e — 09 6<1.7e—09 6 <27e—10 6<4.0e—11
n=1.25 €= 1.0e — 12 e =3.0e — 11 e =3.0e — 11 € =3.0e — 11
6 <9.5e—11 6<9.6e —11 6 <95e—11 6 <95 —11
n=1.50 €= 1.0e — 12 e =3.0e — 11 € =3.0e — 11 e =3.0e — 11
6 <72e—11 6 <72 —11 6 <72e—11 6<72—11
n=175 €=10e—12 €e=10e—12 e="7.0e—11 e="70e—11
6<92e—11 6<92e—11 6<92e—11 6<92e—11
n = 2.00 €= 1.0e — 12 €= 1.0e — 12 €= 1.0e — 12 e =3.0e — 11
6 <24e—12 6 <24e —12 6 <24e—12 6 <24e—12
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C:=2M/R. The allowed interval begins at » = 0 and
C = 0, where the equations reduce to their Newtonian
limit, and ends at b = b,,, and C = C,,x, Where the
stellar configuration achieves its maximum mass. Each
table caption discusses the estimated accuracy of our re-
sults. Overall, we claim an approximate accuracy of nine
significant digits for the Love numbers (with some excep-
tions, as detailed in the table captions).
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APPENDIX: TABLES OF RELATIVISTIC LOVE NUMBERS

TABLE III. Love numbers for n = 0.50 and [ = 2. Integration of the Newtonian Clairaut
equation (for b = 0) returns ky = 4.491539995415e — 01. This provides evidence that our
results for the electric-type Love numbers are accurate to five significant digits. We believe that
our results for the magnetic-type Love numbers are accurate to nine significant digits.

kel

kmag

b 2M/R

0.000 000 000 0 0.000 000 0000
0.016296 2963 0.0627859865
0.065 1851852 0.208 5406132
0.146 666 6667 03636165454
0.260 7407407 0.488 341 4066
0.407 407 407 4 0.5772867923
0.586 666 6667 0.6379537736
0.7985185185 0.678953959 1
1.042962 9630 0.706817 126 4
1.320000 0000 07259502382

4.4915295584e — 01
3.6857599573e — 01
2211710364 3e — 01
1.152 849 348 4e — 01
6.019568 639 3e — 02
3.382566057 1e — 02
2.087983094 9¢ — 02
1.4107892752e — 02
1.0311605798e — 02
8.0453742292e — 03

0.000 000000 0e + 00
1.689 683 155 6e — 03
4.1596525372¢ — 03
4.8522931593e — 03
4.258 349339 5e¢ — 03
3.3759103748e — 03
2.6271666539¢ — 03
2.0809271632e — 03
1.700416 1103e — 03
1.4372173622¢ — 03

TABLE IV. Love numbers for n = 0.75 and [/ = 2. Integration of the Newtonian Clairaut
equation (for b = 0) returns k, = 3.434291771770e — 01. This provides evidence that our
results for the electric-type Love numbers are accurate to nine significant digits. We believe that
our results for the magnetic-type Love numbers are also accurate to nine significant digits.

kel

kmag

b 2M/R

0.000 000 000 0 0.000 000 000 0
0.0092592593 0.0363293144
0.0370370370 0.1294393332
0.0833333333 0.245587 8442
0.148 148 148 1 0.356 4603549
0.2314814815 0.448 520088 7
03333333333 0.5194393410
0.4537037037 0.5719839827
0.5925925926 0.6101589410
0.750 000 000 0 0.6376107260

3.434291776 1e — 01
3.052 845667 2e — 01
2.211467798 4e — 01
1.405 570291 8e — 01
8.4890119064e — 02
5.1708383719¢ — 02
3.285745402 5¢ — 02
2.209 137445 5e — 02
1.575596721 5e — 02
1.1882367812e — 02

0.000 000000 0e + 00
8.4958217044e — 04
2.5151747439e — 03
3.645594 442 6e — 03
3.8700558106e — 03
3.5282781348e — 03
3.002696 363 3¢ — 03
2.4979305215e — 03
2.082769608 7e — 03
1.762906 267 7e — 03
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TABLE V. Love numbers for n = 1.00 and / = 2. Integration of the Newtonian Clairaut
equation (for b = 0) returns ky = 2.599 088 771480e — 01. This provides evidence that our
results for the electric-type Love numbers are accurate to nine significant digits. We believe that

our results for the magnetic-type Love numbers are also accurate to nine significant digits.

b 2M/R ke Knag

0.000 000 000 0 0.000 000 000 0 2.599088 773 2¢ — 01 0.000 000 000 Oe + 00
0.005432098 8 0.021 1887760 2419893748 6e — 01 4.183 250050 0c — 04
0.021728395 1 0.078 8326459 1.976 136279 0e — 01 1.387 454444 4¢ — 03
0.048 8388889 0.1586178173 1459460111 7e — 01 2.341856264 3¢ — 03
0.086913 5802 0.244994 0757 1.013 520 147 0e — 01 2.9092025152¢ — 03
0.135802469 1 0.326497763 8 6.865673891 le — 02 3.0470778168e — 03
0.1955555556 0.3971100356 4.667256471 3¢ — 02 2.893214 667 8¢ — 03
0.266 1728395 0.455036 029 6 3.243879869 4e — 02 2.603 059766 le — 03
0.3476543210 0.500890 569 3 2.329306332 le — 02 2.282421004 8¢ — 03
0.440 000 000 0 0.536309247 3 1.736010515 le — 02 1.985444 548 le — 03

TABLE VI. Love numbers for n = 1.25 and [ = 2. Integration of the Newtonian Clairaut
equation (for b = 0) returns kg = 1.943393766752e — 01. This provides evidence that our
results for the electric-type Love numbers are accurate to nine significant digits. We believe that
our results for the magnetic-type Love numbers are also accurate to nine significant digits.

b 2M/R ke Knag

0.000 000 000 0 0.000 000 000 0 1.943 393766 5 — 01 0.000 000 000 Oe + 00
0.0037037037 0.014091 088 1 1.848 704632 3¢ — 01 2.290 853 886 0e — 04
00148148148 0.0535218477 1.600756 489 2¢ — 01 8.022688 031 6¢ — 04
0.0333333333 0.1109782733 1.2818558203¢ — 01 1.464 663439 8¢ — 03
0.0592592593 0.1774670027 9.702996 948 le — 02 1.989 458 244 0e — 03
0.0925925926 0.244978923 6 7.104924782 7e — 02 2.2762232723¢ — 03

0.1333333333
0.1814814815
0.2370370370
0.300 0000000

0.307905 1472
0363176478 1
0.409 6934360
0.447597273 6

5.137 647658 6e — 02
3.728 843 898 0e — 02
2.747749791 5e — 02
2.070876 832 5¢ — 02

2.3393293198e — 03
2.2472291456e — 03
2.0722703848e — 03
1.8682931012e — 03

TABLE VII. Love numbers for n = 1.50 and / = 2. Integration of the Newtonian Clairaut
equation (for b = 0) returns k, = 1.432787706403e — 01. This provides evidence that our
results for the electric-type Love numbers are accurate to nine significant digits. We believe that
our results for the magnetic-type Love numbers are also accurate to nine significant digits.

b 2M/R ke Komag

0.000 000 000 0 0.000 000 000 0 1.432787705 8¢ — 01 0.000 000 000 Oe + 00
0.002 5925926 0.009 506 1309 1.382451 947 2¢ — 01 1.251 687977 8¢ — 04
0.0103703704 0.0366144717 1.2455723004e — 01 4.546 186 196 0e — 04
0.0233333333 0.077 538708 8 1.056 854 102 8¢ — 01 8.766 843 745 2¢ — 04
0.0414814815 0.1272141307 8.549 182672 0e — 02 1.271904 978 7 — 03
0.064 8148148 0.180526269 3 6.6864122654e — 02 1.5603334794e — 03
0.0933333333 0.2332124569 5.126 690679 2¢ — 02 1.715439047 2 — 03
0.1270370370 0.2822627839 3.901 159369 7e — 02 1.751 046 409 4e — 03
0.1659259259 0.325904 247 4 2.9758544257¢ — 02 1.699 807 886 0e — 03
0.210000 000 0 0.3633567807 2292914204 5e — 02 1.596 344970 3¢ — 03
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TABLE VIII. Love numbers for n = 1.75 and / = 2. Integration of the Newtonian Clairaut
equation (for b = 0) returns kg = 1.039 154459 896e — 01. This provides evidence that our
results for the electric-type Love numbers are accurate to nine significant digits. We believe that

our results for the magnetic-type Love numbers are also accurate to nine significant digits.

b 2M/R ke Knag

0.000 000 000 0 0.000 000 000 0 1.039 154459 6e — 01 0.000 000 000 Oe + 00
0.0018518519 0.0064743298 1.012 358250 5 — 01 6.788254 152 8¢ — 05
0.007 407 407 4 0.025178 838 6 9.375592481 6e — 02 2.5279292539¢ — 04
0.016 666 6667 0.054 125998 6 8.292310898 6¢ — 02 5.066719366 le — 04
0.029629 629 6 0.090496 283 8 7.053 127485 7e — 02 7.714759 206 4e — 04
0.046 296 296 3 0.131183213 1 5.817778731 le — 02 9.986275228 2¢ — 04
0.066 666 6667 0.1732771212 4.695224744 e — 02 1.159905733 8¢ — 03
0.0907407407 0.2143825635 3.7393783155¢ — 02 1.248 082 969 4e — 03
0.1185185185 0.252748994 8 2.961 606994 9¢ — 02 1.271009 109 4e — 03
0.150 000 000 0 0.2872548584 2.3478510254e — 02 1.2440214762¢ — 03

TABLE IX. Love numbers for n = 2.00 and [ = 2. Integration of the Newtonian Clairaut
equation (for b = 0) returns k, = 7.393 839 192094e — 02. This provides evidence that our
results for the electric-type Love numbers are accurate to nine significant digits. We believe that

our results for the magnetic-type Love numbers are also accurate to nine significant digits.

b 2M/R ke Komag

0.000 000 000 0 0.000 000 000 0 7.393839 192 5¢ — 02 0.000 000 000 Oe + 00
0.001 3580247 0.004 480612 1 7.250 092 856 0e — 02 3.672250461 6e — 05
0.005 432098 8 0.017 540397 1 6.8415857342¢ — 02 1.390 859297 2¢ — 04
0.0122222222 0.038 1005822 6.229361543 le — 02 2.862898229 5e — 04
0.021728395 1 0.064 567369 3 5.494 870567 9¢ — 02 4.511008 982 7e — 04
0.0339506173 0.0950758472 4719501 8104e — 02 6.073 882584 0e — 04
0.048 888 888 9 0.127734411 1 3.969 206230 6e — 02 7.3574977114e — 04
0.066 5432099 0.160 820 644 0 3287626634 7e — 02 8.258435716 6e — 04
0.086913 5802 0.192904 403 5 2.696 736695 2¢ — 02 8.757 289764 0e — 04

0.110000 0000

0.222898218 1

2.2017664632e — 02

8.894797762 6e — 04

TABLE X. Love numbers for n = 0.50 and [ = 3. Integration of the Newtonian Clairaut
equation (for b = 0) returns k, = 2.033 844 048 605e — 01. This provides evidence that our
results for the electric-type Love numbers are accurate to five significant digits. We believe that

our results for the magnetic-type Love numbers are accurate to nine significant digits.

b 2M/R ke Komag

0.000 000 000 0 0.000 000 0000 2.033839942 0e — 01 0.000 000 000 Oe + 00
0.016 296296 3 0.0627859865 1.561309 576 4e — 01 7.680 669 586 8¢ — 04
0.065 185 1852 0.208 5406132 7.929 849 887 2¢ — 02 1.533480218 0c — 03
0.146 666 666 7 03636165454 3.387663 551 8e — 02 1.405 348 459 5¢ — 03
0.2607407407 0.488 341406 6 1.480314 098 1e — 02 1.004 020 760 6 — 03
0.407 407 407 4 05772867923 7.269 055978 4 — 03 6.862 886728 2¢ — 04
0.586 666 6667 06379537736 4.097 004 365 9¢ — 03 4.849 568 168 5S¢ — 04
0.798 5185185 0.678953959 1 2.618202 843 0e — 03 3.622635482 8¢ — 04
1.042 9629630 0.706 817 126 4 1.8555610194e — 03 2.862330783 le — 04
1.320 0000000 07259502382 1.426 624820 0 — 03 2.375722634 le — 04
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TABLE XI. Love numbers for n = 0.75 and [ = 3. Integration of the Newtonian Clairaut
equation (for b = 0) returns kg = 1.479565910794e — 01, and this value was copied in the
first row of the Table. [We were not able to accurately compute the electric-type Love number for
b = 0 for these specific values of n and /. The reason has to do with the fact that for these values,
£el, = O(£*) instead of being of order £* near £ = 0; the integrator then has difficulty moving
out of the small-¢ region and the number of steps required exceeds the set limit.] We believe that
our results for the electric-type Love numbers are accurate to nine significant digits, and that our

results for the magnetic-type Love numbers are also accurate to nine significant digits.

b 2M/R kel Knag

0.000 000 000 0 0.000 000 000 0 1.4795659108¢ — 01 0.000 000 000 Oe + 00
0.0092592593 0.0363293144 1.265 691247 4e — 01 3.760 600 660 9¢ — 04
0.0370370370 0.1294393332 8.2729118342¢ — 02 9.744265704 9¢ — 04
0.0833333333 0.245 5878442 4.580295 440 7e — 02 1.1847104807¢ — 03
0.148 148148 1 0.356 4603549 2.398066 130 e — 02 1.053 366 537 2¢ — 03
0.2314814815 0.448520 088 7 1.287007 278 2¢ — 02 8.245103 634 5¢ — 04
03333333333 0.5194393410 7.3958196272¢ — 03 6.235520903 4¢ — 04
04537037037 0.5719839827 4.6219154497¢ — 03 4.7654009722¢ — 04
0.5925925926 0.6101589410 3.138800981 3¢ — 03 37510397112 — 04
0.750 000 000 0 0.6376107260 2.297 160362 0c — 03 3.058957387 7e — 04

TABLE XII. Love numbers for n = 1.00 and / = 3. Integration of the Newtonian Clairaut
equation (for b = 0) returns k; = 1.064 540469 774e — 01. This provides evidence that our
results for the electric-type Love numbers are accurate to nine significant digits. We believe that
our results for the magnetic-type Love numbers are also accurate to nine significant digits.

b 2M/R kel Kmag

0.000 000 000 0 0.000 000 000 0 1.064 540470 7¢ — 01 0.000 000 000 Oe + 00
0.005432098 8 0.021 1887760 9.692 031509 0e — 02 1.7712436105e — 04
0.0217283951 0.0788326459 7.435415738 5e — 02 5.404 697 362 Se — 04
0.048 8888889 0.1586178173 5.016462201 6e — 02 8.0927197289e — 04
0.086913 5802 0.244994 0757 3.1412814100e — 02 8.7805794150e — 04
0.135802469 1 0.326497763 8 1.9197799362¢ — 02 8.0536598779¢ — 04
0.1955555556 0.3971100356 1.189429 694 7e — 02 6.796 113267 0e — 04
0.2661728395 0.455036029 6 7.652030873 8e — 03 5.546617288 4e — 04
0.347 6543210 0.500 890569 3 5.174209592 1e — 03 4.5069370183e — 04
0.440 0000000 0.5363092473 3.6915952107e — 03 3.7043176559¢ — 04
TABLE XIII. Love numbers for n = 1.25 and / = 3. Integration of the Newtonian Clairaut

equation (for b = 0) returns k, = 7.558 993 098 406e — 02. This provides evidence that our
results for the electric-type Love numbers are accurate to eight significant digits. We believe that
our results for the magnetic-type Love numbers are accurate to nine significant digits.

b 2M/R ke Komag

0.000 000 000 0 0.000 000 000 0 7.5589930713e — 02 0.000 000 000 Oe + 00
0.003 703703 7 0.014091 088 1 7.084 100030 7e — 02 9.148 443 889 Se — 05
0.0148148148 0.053 5218477 5.878 845653 0e — 02 3.0220575213e — 04
0.0333333333 0.1109782733 4.4167684362¢ — 02 5.055394016 6 — 04
0.0592592593 0.1774670027 3.096510712 8¢ — 02 6.184 860942 9¢ — 04
0.092 5925926 0.244978923 6 2.091033 1154e — 02 6.340227 072 4e — 04
0.1333333333 0.307905 1472 1.398 588 846 6¢ — 02 5.8644352242¢ — 04
0.1814814815 0363176478 1 9.466 065 677 3e — 03 5.126 460042 6e — 04
0.2370370370 0.409 693 436 0 6.578 065 6202¢ — 03 4.364 191 129 8¢ — 04
0.300 000 000 0 0447597273 6 4733176758 1e — 03 3.688 159 898 2¢ — 04
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TABLE XIV. Love numbers for n = 1.50 and / = 3. Integration of the Newtonian Clairaut
equation (for b = 0) returns k, = 5.284 852444 148e — 02. This provides evidence that our
results for the electric-type Love numbers are accurate to eight significant digits. We believe that

our results for the magnetic-type Love numbers are accurate to nine significant digits.

b 2M/R ke Knag

0.000 000 000 0 0.000 000 000 0 5.2848524127¢ — 02 0.000 000 000 Oe + 00
0.0025925926 0.009 506 1309 5.047832843 4e — 02 4.6818602757¢ — 05
0.0103703704 0.0366144717 4.4172676367e — 02 1.631454447 3¢ — 04
0.0233333333 0.077538708 8 3.5833784527¢ — 02 2.951 680648 2e — 04
0.0414814815 0.127214 1307 2740992807 le — 02 3.955317753 6e — 04
0.064814 8148 0.180526269 3 2.0154523547¢ — 02 4.444 848279 0c — 04
0.0933333333 0.2332124569 1.451 641881 4e — 02 4.470235809 6e — 04
0.1270370370 0.2822627839 1.041 115380 1e — 02 4191650813 le — 04
0.1659259259 0.325904 247 4 7.532674992 6e — 03 3.768 044 717 6¢ — 04
0.210 000 000 0 0.3633567807 5.5503018177e — 03 3.310750874 7e — 04

TABLE XV. Love numbers for n = 1.75 and [ = 3. Integration of the Newtonian Clairaut
equation (for b = 0) returns k, = 3.628 620386492e — 02. This provides evidence that our
results for the electric-type Love numbers are accurate to nine significant digits. We believe that

our results for the magnetic-type Love numbers are also accurate to nine significant digits.

b

2M/R

kel

kmag

0.000 0000000
0.001 8518519
0.007407 407 4
0.016 666 6667
0.029 6296296
0.046296296 3
0.066 666 666 7
0.0907407407
0.1185185185
0.150 0000000

0.000 0000000
0.006474329 8
0.0251788386
0.054 125998 6
0.090496283 8
0.1311832131
0.1732771212
02143825635
0.252748994 8
0.287254 8584

3.628 620385 1e — 02
3.5106196263e — 02
3.186306 826 1e — 02
2.7304450667¢ — 02
2.230460678 2e — 02
1.7570120169e — 02
1.350906 398 1e — 02
1.025535745 5e — 02
7.765417591 1e — 03
5.9143273246e — 03

0.000 000000 0e + 00
2.3637643620e — 05
8.544 896729 7e — 05
1.634575774 4e — 04
2.344 383005 4e — 04
2.833 811659 5e — 04
3.060968 476 4¢ — 04
3.0629942762e — 04
2.9105710804e — 04
2.673704758 5e — 04

TABLE XVI. Love numbers for n = 2.00 and [ = 3. Integration of the Newtonian Clairaut
equation (for b = 0) returns k. = 2.439399 851 849¢ — 02. This provides evidence that our
results for the electric-type Love numbers are accurate to nine significant digits. We believe that

our results for the magnetic-type Love numbers are also accurate to nine significant digits.

b 2M/R ke Knag

0.000 000 000 0 0.000 000 000 0 2439399852 le — 02 0.000 000 000 Oe + 00
0.001 3580247 0.004 480612 1 2.380440936 3¢ — 02 1.183417301 3¢ — 05
0.005 432098 8 0.017 540397 1 2214756685 3¢ — 02 4.385841814 1e — 05
0.0122222222 0.038 1005822 1.971794 867 6 — 02 8.720717 087 4e — 05
0.021728395 1 0.064 567369 3 1.689230 143 1e — 02 1.313322271 6e — 04
0.0339506173 0.0950758472 1.402263 041 1e — 02 1.676 766 088 Se — 04
0.048 888 888 9 0.127734411 1 1.136 632462 3¢ — 02 1.916362256 2¢ — 04
0.066 5432099 0.160 820 644 0 9.066 549926 7e — 03 2.025206213 4e — 04
0.086913 5802 0.192904 403 5 7.169706 432 6e — 03 2.022902 204 0e — 04

0.1100000000

0222898218 1

5.6581213050e — 03

1.940548 5402e — 04
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TABLE XVII. Love numbers for n = 0.50 and / = 4. Integration of the Newtonian Clairaut
equation (for b = 0) returns kg = 1.250625809919¢ — 01. This provides evidence that our
results for the electric-type Love numbers are accurate to six significant digits. We believe that

our results for the magnetic-type Love numbers are accurate to nine significant digits.

b 2M/R ke Knag

0.000 000 000 0 0.000 000 0000 1.2506232752¢ — 01 0.000 000 000 Oe + 00
0.016296 2963 0.0627859865 8.988 009903 5¢ — 02 4.1259713417e — 04
0.065 1851852 0.208 5406132 3.867081937 5¢ — 02 6.828 549095 le — 04
0.146 666 666 7 03636165454 1.351 197383 4e — 02 4.994 894209 9e — 04
0.2607407407 0.488 3414066 4.903 879 670 5e — 03 2.904 588 518 5e — 04
0.407 407 407 4 0.5772867923 2.075126315 le — 03 1.687 809 338 6 — 04
0.586 666 6667 0.6379537736 1.047 676252 6 — 03 1.060 079 304 8¢ — 04
0.798 5185185 0.678953959 1 6.194225935 e — 04 7.2980383110e — 05
1.042 9629630 0.706 817 126 4 4.161097 667 0e — 04 5.456 503299 2¢ — 05
1.320000 0000 07259502382 3.085 049 690 3¢ — 04 4.364 309303 2¢ — 05

TABLE XVIIIL.

Love numbers for n = (.75 and [/ = 4. Integration of the Newtonian Clairaut

equation (for b = 0) returns k, = 8.731 859904 775e — 02. This provides evidence that our
results for the electric-type Love numbers are accurate to eight significant digits. We believe that
our results for the magnetic-type Love numbers are accurate to nine significant digits.

b 2M/R ke Komag

0.000 000 000 0 0.000 000 000 0 8.731859914 7e — 02 0.000 000 000 Oe + 00
0.009 2592593 0.0363293144 7.191615 134 0e — 02 1.982 054055 le — 04
0.0370370370 0.1294393332 4.2448736557e — 02 4.5682358629¢ — 04
0.0833333333 0.245 5878442 2.046764 817 4e — 02 47418211732 — 04
0.148 148 148 1 03564603549 9.2636229108e — 03 3.571879844 9¢ — 04
0.2314814815 0.448 520088 7 4.351789099 2¢ — 03 2.404 565342 2¢ — 04
03333333333 0.5194393410 2237488002 3¢ — 03 1.604 667011 0e — 04
04537037037 0.571 9839827 1.2812234382¢ — 03 1.112320 244 6e — 04
0.592 5925926 0.610 1589410 8.146 858 195 5¢ — 04 8.139489461 4e — 05
0.750 000 000 0 0.637610726 0 5.683382483 e — 04 6.295493 247 6e — 05

TABLE XIX. Love numbers for n = 1.00 and [ = 4. Integration of the Newtonian Clairaut
equation (for b = 0) returns k, = 6.024 125532418e — 02. This provides evidence that our
results for the electric-type Love numbers are accurate to nine significant digits. We believe that

our results for the magnetic-type Love numbers are also accurate to nine significant digits.

b 2M/R ke Kinag

0.000 0000000 0.000 0000000 6.024 125539 5e — 02 0.000 000 000 Oe + 00
0.005432098 8 0.021 1887760 5.364691367 1e — 02 9.0169742307e — 05
0.0217283951 0.078 8326459 3.868 687672 1e — 02 2.5599084572e — 04
0.048 888 8889 0.1586178173 2.385064 923 6e — 02 3.4511609518e — 04
0.0869135802 0.244994 0757 1.345637 102 6e — 02 3.317117092 6e — 04
0.135802469 1 0.326497763 8 7.399 494497 6e — 03 2.6913831658e — 04
0.1955555556 03971100356 4156914457 1e — 03 2.0272875503e — 04
0.266 1728395 0.455036 029 6 2.4561332329¢ — 03 1.499 053 528 3¢ — 04
0.347654 3210 0.500 890569 3 1.547888358 1e — 03 1.122476794 8e — 04
0.440 0000000 0.5363092473 1.044 239 881 6e — 03 8.6440104267e — 05
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TABLE XX. Love numbers for n = 1.25 and [ = 4. Integration of the Newtonian Clairaut
equation (for b = 0) returns k, = 4.096 746 123 839e — 02. This provides evidence that our
results for the electric-type Love numbers are accurate to eight significant digits. We believe that

our results for the magnetic-type Love numbers are accurate to nine significant digits.

b 2M/R kel Kimag

0.000 0000000 0.000 0000000 4.096746 112 0e — 02 0.000 000 000 0e + 00
0.0037037037 0.014091088 1 3.783 153265 8e — 02 4.444 860934 5¢ — 05
0.0148148148 0.0535218477 3.010200 852 5e — 02 1.396 932686 8e — 04
0.0333333333 0.1109782733 2.1224824306e — 02 2.167615429 1e — 04
0.0592592593 0.1774670027 1.3778277197e — 02 2420876623 7e — 04
0.0925925926 0.244978923 6 8.568 826 1330e — 03 2.2508402313e — 04
0.1333333333 0.307905 1472 5.2857027758e — 03 1.8910615297e — 04
0.1814814815 03631764781 3.3202258257e — 03 1.512354966 7e — 04
02370370370 0.4096934360 2.1611153793e — 03 1.1903913573e — 04
0.300 0000000 0.447597273 6 1.471 838069 0e — 03 9.414 154774 9¢ — 05
TABLE XXI. Love numbers for n = 1.50 and [ = 4. Integration of the Newtonian Clairaut

equation (for b = 0) returns k. = 2.739306738271e — 02. This provides evidence that our
results for the electric-type Love numbers are accurate to eight significant digits. We believe that
our results for the magnetic-type Love numbers are accurate to nine significant digits.

b 2M/R kel Knag

0.000 000 000 0 0.000 000 000 0 2739306729 4e — 02 0.000 000 000 Oe + 00
0.002 5925926 0.009 506 1309 2.590413 686 4e — 02 2.159090 574 6e — 05
0.0103703704 0.0366144717 2.2022860127¢ — 02 7.266 190073 3e — 05
0.0233333333 0.077 538708 8 1.708 510329 8¢ — 02 1.245 684 841 S5e — 04
0.0414814815 0.1272141307 1.235691723 3¢ — 02 1.560079 641 7e — 04
0.064 8148148 0.180526269 3 8.536069494 7e — 03 1.625552 653 8¢ — 04
0.0933333333 0.2332124569 5.765 665 383 7e — 03 1.512135065 le — 04
0.1270370370 0.2822627839 3.885879 808 6e — 03 1.314252 653 8¢ — 04
0.1659259259 0325904247 4 2.655024 195 4e — 03 1.101 088200 7e — 04
0.210000 000 0 03633567807 1.859857 288 9¢ — 03 9.085 820027 2¢ — 05

TABLE XXII. Love numbers for n = 1.75 and / = 4. Integration of the Newtonian Clairaut
equation (for b = 0) returns k. = 1.795919608 352e — 02. This provides evidence that our
results for the electric-type Love numbers are accurate to eight significant digits. We believe that

our results for the magnetic-type Love numbers are accurate to nine significant digits.

b 2M/R ke Komag

0.000 000 000 0 0.000 000 000 0 1.795919579 8¢ — 02 0.000 000 000 0e + 00
00018518519 0.0064743298 1.725 641 489 le — 02 1.029949 246 2¢ — 05
0.007 407 407 4 0.025 178 838 6 1.5352372303¢ — 02 3.632903 887 le — 05
0.016 666 6667 0.054 1259986 1.274 878 813 4e — 02 6.6858496307¢ — 05
0.029 629 6296 0.090496 283 8 1.000 190 946 8¢ — 02 9.123 268303 Se — 05
0.046 296 296 3 0.131183213 1 7.521289301 5¢ — 03 1.041 245 608 6¢ — 04
0.066 666 6667 0.173277 1212 5.503619345 3¢ — 03 1.057 662957 0 — 04
0.090 7407407 0.214382563 5 3.975 120344 7e — 03 9.945 255506 9¢ — 05
0.1185185185 0.252748994 8 2.869530874 3¢ — 03 8.898 226 899 2¢ — 05
0.150 000 000 0 0.287254 8584 2.091 368507 6e — 03 7.7283983050e — 05
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TABLE XXIII. Love numbers for n = 2.00 and / = 4. Integration of the Newtonian Clairaut
equation (for b = 0) returns kg = 1.150774 963 254e — 02. This provides evidence that our
results for the electric-type Love numbers are accurate to nine significant digits. We believe that

our results for the magnetic-type Love numbers are also accurate to nine significant digits.

b 2M/R ke Knag

0.000 000 000 0 0.000 000 000 0 1.150 774963 4e — 02 0.000 000 000 Oe + 00
0.001 3580247 0.004480612 1 1.117 598 624 2¢ — 02 4.8517346178e — 06
0.005432098 8 0.017540397 1 1.025319916 6 — 02 1.766 687749 2¢ — 05
0.0122222222 0.038 1005822 8.926703 037 4e — 03 3.4155212233e — 05
0.021728395 1 0.064 567369 3 7.427231982 1e — 03 4.957678 143 7e — 05
0.0339506173 0.095075 8472 5.9573506314e — 03 6.060 538419 3¢ — 05
0.048 838 8889 0.127734411 1 4.650843277 7e — 03 6.603 541988 0e — 05
0.066 5432099 0.160 820 644 0 3.568265716 6e — 03 6.639610716 le — 05
0.086913 5802 0.192904 403 5 2715040 067 Oe — 03 6.310084938 4e — 05

0.1100000000

0222898218 1

2.0653404463e — 03

5.769 693 677 6e — 05

TABLE XXIV. Love numbers for n = 0.50 and [ = 5. Integration of the Newtonian Clairaut
equation (for b = 0) returns k. = 8.758 378 097 872e — 02. This provides evidence that our
results for the electric-type Love numbers are accurate to five significant digits. We believe that

our results for the magnetic-type Love numbers are accurate to nine significant digits.

b 2M/R kel Knag

0.000 000 000 0 0.000 000 000 0 8.758 359747 7e — 02 0.000 000 000 Oe + 00
0.016 296296 3 0.062 7859865 5.895372692 3¢ — 02 2.456 662 541 2¢ — 04
0.065 185 1852 0.208 5406132 2.1502135233¢ — 02 3.401 764953 9¢ — 04
0.146 666 666 7 03636165454 6.143863 801 6e — 03 2.004014 503 Se — 04
0.260 7407407 0.488 341406 6 1.848 447 587 8¢ — 03 9.530920570 3¢ — 05
0.407 407 407 4 0.5772867923 6.714 663 382 5 — 04 4705529018 8¢ — 05
0.586 666 6667 0.6379537736 3.020 177090 0e — 04 2.614 355243 6e — 05
0.798 5185185 0.678953959 1 1.641 505397 5¢ — 04 1.647 065 169 3¢ — 05
1.042 9629630 0.706817 1264 1.038 369302 7 — 04 1.1563913004e — 05
1.320 0000000 0.7259502382 7.377700961 8¢ — 05 8.849041 163 Oe — 06

TABLE XXV. Love numbers for n = 0.75 and / = 5. Integration of the Newtonian Clairaut
equation (for b = 0) returns kg = 5.904211079 675e — 02. This provides evidence that our
results for the electric-type Love numbers are accurate to nine significant digits. We believe that

our results for the magnetic-type Love numbers are also accurate to nine significant digits.

b 2M/R ke Kinag

0.000 000000 0 0.000 000000 0 5.904 211083 0e — 02 0.000 000 000 Oe + 00
0.009 259259 3 0.036329314 4 4.683 027075 3e — 02 1.165380927 3¢ — 04
0.0370370370 0.1294393332 2.497 615876 2¢ — 02 2.4051097139¢ — 04
0.0833333333 0.245587 8442 1.049 166 476 8¢ — 02 2.148 876029 2¢ — 04
0.148 148 148 1 0.356 4603549 4.103 059 826 6e — 03 1.3812306450e — 04
02314814815 0.448 520088 7 1.684 538307 3¢ — 03 8.034 031504 7e — 05
0.3333333333 0.5194393410 7.7279612957¢ — 04 4.7382520827¢ — 05
0.4537037037 0.5719839827 4.039434759 le — 04 2.9755158176e — 05
0.5925925926 0.6101589410 2.394 304756 3¢ — 04 2.017943 102 0e — 05
0.750 000 000 0 0.6376107260 1.584 662983 6¢ — 04 1.4743433223¢ — 05
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TABLE XXVI. Love numbers for n = 1.00 and / = 5. Integration of the Newtonian Clairaut
equation (for b = 0) returns kg = 3.929250022713e — 02. This provides evidence that our
results for the electric-type Love numbers are accurate to nine significant digits. We believe that

our results for the magnetic-type Love numbers are also accurate to nine significant digits.

b 2M/R ke Knag

0.000 000 000 0 0.000 000 000 0 3.929250028 3¢ — 02 0.000 000 000 Oe + 00
0.005432098 8 0.021 1887760 3.423218679 8¢ — 02 5.1595279179e — 05
0.021728395 1 0.078 8326459 2321494691 0e — 02 1.369 134786 8¢ — 04
0.048 8388889 0.1586178173 1.308 382 167 7 — 02 1.672578 936 4e — 04
0.086913 5802 0.244994 0757 6.6517658359 — 03 1.433945 121 2¢ — 04
0.135802469 1 0.326497763 8 3.289704 373 4e — 03 1.035579 104 Se — 04
0.1955555556 0.3971100356 1.673 858 664 5 — 03 6.996284 441 e — 05
0.266 1728395 0.455036 029 6 9.066 386282 0e — 04 47012138969 — 05
0.3476543210 0.500890 569 3 5.311874279 7¢ — 04 3.248 140 667 5¢ — 05
0.440 000 000 0 0.536309247 3 3.3782253209e — 04 2.343282134 6e — 05

TABLE XXVII.

Love numbers for n = 1.25 and / = 5. Integration of the Newtonian Clairaut

equation (for b = 0) returns k, = 2.574776 897 544e — 02. This provides evidence that our
results for the electric-type Love numbers are accurate to nine significant digits. We believe that
our results for the magnetic-type Love numbers are also accurate to nine significant digits.

b 2M/R ke Komag

0.000 000 000 0 0.000 000 000 0 2.574776 889 2¢ — 02 0.000 000 000 Oe + 00
0.003 7037037 0.014091 088 1 2343173228 9¢ — 02 2.448 459439 e — 05
0.0148148148 0.0535218477 1.788 234304 5¢ — 02 7.346991 367 le — 05
0.0333333333 0.1109782733 1.183 806 730 0 — 02 1.063 002 581 4e — 04
0.0592592593 01774670027 7.117592985 6 — 03 1.090 395 836 8¢ — 04
0.092 5925926 0.244978923 6 4.076 478 525 6e — 03 9.252083 099 8¢ — 05
0.1333333333 0307905 1472 2318012236 7¢ — 03 7.100 609 930 7e — 05
0.1814814815 0363176478 1 1.350020 554 2¢ — 03 5.219665 186 0e — 05
0.2370370370 0.409 693 436 0 8.218299 2059 — 04 3.812141741 le — 05
0.300 000 000 0 0447597273 6 5.2873946327¢ — 04 2.828014 368 8¢ — 05

TABLE XXVIII.

Love numbers for n = 1.50 and / = 5. Integration of the Newtonian Clairaut

equation (for b = 0) returns k, = 1.656 876 321404e — 02. This provides evidence that our
results for the electric-type Love numbers are accurate to eight significant digits. We believe that
our results for the magnetic-type Love numbers are accurate to nine significant digits.

b 2M/R ke Komag

0.000 000 000 0 0.000 000 000 0 1.656 876313 5¢ — 02 0.000 000 000 Oe + 00
0.002 5925926 0.009 506 1309 1.551374792 3¢ — 02 1.139676932 1e — 05
0.0103703704 0.0366144717 1.2817102827e — 02 3714425213 6e — 05
0.0233333333 0.077 538708 8 9.5123354123e — 03 6.059352981 5e — 05
0.0414814815 0.1272141307 6.507 168725 7¢ — 03 7.129259956 6 — 05
0.064 8148148 0.180526269 3 4.223689023 3¢ — 03 6.9268626197e — 05
0.0933333333 0.2332124569 2.675124564 le — 03 5.993842983 le — 05
0.1270370370 0.2822627839 1.693 534704 8¢ — 03 4.8543637402¢ — 05
0.1659259259 0.325904 247 4 1.091 813480 5¢ — 03 3.808219 174 3¢ — 05
0.210000 000 0 03633567807 7.262529035 3¢ — 04 2.9627611402¢ — 05
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TABLE XXIX. Love numbers for n = 1.75 and [ = 5. Integration of the Newtonian Clairaut
equation (for b = 0) returns kg = 1.043995446 810e — 02. This provides evidence that our
results for the electric-type Love numbers are accurate to nine significant digits. We believe that

our results for the magnetic-type Love numbers are also accurate to nine significant digits.

b 2M/R ke Knag

0.000 000 000 0 0.000 000 000 0 1.043 995 438 7e — 02 0.000 000 000 Oe + 00
0.0018518519 0.0064743298 9.963 588236 4¢ — 03 5.190736449 e — 06
0.007 407 407 4 0.025178 838 6 8.690617 1854e — 03 1.790 364 460 2¢ — 05
0.016 666 6667 0.054 125998 6 6.995 465 8202¢ — 03 3.180 685268 2¢ — 05
0.029629 629 6 0.090496 283 8 5.272 4767209 — 03 4.1473311159% — 05
0.046 296 296 3 0.131183213 1 3785783640 3¢ — 03 4.491454107 0e — 05
0.066 666 6667 0.1732771212 2.636 680028 2¢ — 03 4312938484 le — 05
0.090 7407407 0.2143825635 1.811692 183 6e — 03 3.8310103373e — 05
0.1185185185 0.252748994 8 1.246 318421 9¢ — 03 3.243746 131 le — 05
0.150 000 000 0 0.2872548584 8.686 485307 3¢ — 04 2.676073276 8¢ — 05

TABLE XXX. Love numbers for n = 2.00 and / = 5. Integration of the Newtonian Clairaut
equation (for b = 0) returns k, = 6.419 966 834 096e — 03. This provides evidence that our
results for the electric-type Love numbers are accurate to nine significant digits. We believe that

our results for the magnetic-type Love numbers are also accurate to nine significant digits.

b 2M/R ke Kag

0.000 000 000 0 0.000 000 000 0 6.419 966 835 0e — 03 0.000 000 000 Oe + 00
0.001 3580247 0.004 480612 1 6.205468 381 3¢ — 03 2.3273253180e — 06
0.005 432098 8 0.017 540397 1 5.614 673660 3¢ — 03 8.341058 191 8¢ — 06
0.0122222222 0.038 1005822 4781425083 4e — 03 1.572236249 1e — 05
0.021728395 1 0.064 567369 3 3.864 754655 6e — 03 2207582357 5e — 05
0.0339506173 0.0950758472 2.996 023 856 8¢ — 03 2.5950234182¢ — 05
0.048 888 888 9 0.127734411 1 2.253 155724 0e — 03 2708417921 3¢ — 05
0.066 5432099 0.160 820 644 0 1.662818798 5¢ — 03 2.603 743207 0e — 05
0.086913 5802 0.192904 403 5 1.217237365 le — 03 2.366 085 625 0e — 05
0.110000 000 0 0.222898218 1 8.922 788920 0e — 04 2.072082377 4e — 05

The following tables display our results for the tidal Love numbers of relativistic polytropes. Each table caption contains
a discussion of the estimated numerical accuracy of our results.
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