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Preface

These lecture notes were prepared originally for a six-hour course for the Ph.D School “Advanced Topics
in Theoretical Physics 2025”7 held in April 2025 at the University of Perugia, Italy. The course is intended
to give a concise yet self-contained introduction to the spinor description of general relativity, oriented
towards applications to black hole and gravitational wave physics. The first and second two-hour sessions
were dedicated to Sections 2 and 3 of the notes, while the last two-hour session discussed Section 4 together

with a demonstration using the appended mathematica notebook.

Conventions. We use geometric units where ¢ = G = 1. The spacetime signature is (+,—, —, —), as is
customary in the spinor literature, to ensure that the rising and lowering operations with the spinor and
spacetime metrics are consistent with one another. Following likewise standard conventions, normal-font
upper (lower) case latin characters are abstract spinor (tensor) indices, while their boldface counterparts
label components relative to a dyad (vector basis). The sign of the Riemann tensor is chosen to match the

convention in the original paper by Newman and Penrose [1],
VaVpXe = ViV X, = Rabchd ) (0'1)

which is unfortunately the opposite one chosen in the original work by Penrose [2] as well as the main
reference on the topic, the monograph by Penrose and Rindler [3]. The convention taken here follows
that of many established references in spinor applications to gravitational physics (besides [1] see also
Chandrasekar’s monograph [4] and Valiente Kroon’s one [5]), but has the undesirable issue of endowing de

Sitter space with negative curvature. It is what it is.
References. For Section 2 I found Chapter 3 of Valiente Kroon’s book [5] particularly useful, as well as

Chapter 13 of Wald’s book [6]. Section 3 follows closest the discussions in Penrose and Rindler’s book [3].

Stewart’s book [7] was also helpful. More specific references are indicated throughout the text.
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1 Introduction

1 Introduction

The spinor approach to general relativity started being developed around the 1960s, with an influential
work by Penrose [2]. One of its most important advantages, noticed slightly earlier [8], is that spacetime
curvature is described in remarkably simple terms. This point of view has lead to groundbreaking
advancements in the description of gravity, that go from exploring the space of solutions of Einstein’s
theory to understanding aspects of gravitational radiation that are crucial for gravitational wave science.
Furthermore, besides providing a deep and useful formulation of general relativity, spinor techniques have
also been instrumental in establishing other important results in gravity, such as the positivity of energy [9],

and continue to be used actively in today’s research.

An outstanding application of spinors concerns some problems in gravitational radiation, especially
about gravitational waves in Kerr’s spacetime. The latter turns out to be relatively simple when written
in terms of its spinor variables, and this has made it possible to study in a very precise manner what are
the characteristics of gravitational fluctuations that generate and propagate in the vicinity of black holes.
In order to write spinor equations in a way that is suitable for some computations (e.g., solving them
numerically), one translates them into scalar ones via the so-called Newman—Penrose (NP) formalism [1]
or its “refined” version, the Geroch-Held—Penrose (GHP) formalism [10]. These scalar equations are often
taken as the starting point in both research applications and textbooks (Chandrasekar’s monograph [4]
is one example, although Chapter 10 contains a brief introduction to spinors). The advantage of this
approach is that only prior knowledge of tensor calculus is required, but it has some drawbacks, in our view.
First, the NP and GHP variables are only natural from a spinor perspective. When these are introduced
instead as contractions of tensors and null frames, they seem rather arbitrary, and it is far from clear why
such an approach should be useful. This is arguably undesirable from an educational perspective. A second
disadvantage is that some times dealing with NP or GHP equations directly requires more guesswork than
if working with spinors first, benefiting form their higher simplicity, and translating the equations to NP
or GHP variables at the end of the day. We will exemplify this by providing an alternative derivation
of Teukolsky’s equations [11]. Although it might be counter-argued (and justifiably so) that translating
spinor equations into NP or GHP ones is a computationally demanding task, currently available software

for efficient symbolic manipulation allows one to perform those operations automatically.

These lecture notes are intended to provide a concise yet self-contained introduction to the spinor
description of general relativity, oriented towards applications to black hole and gravitational wave physics.
They come with a mathematica notebook based on SpinFrames (one of the xAct packages) where some
examples are given on how to manipulate spinor equations and their NP and GHP projections efficiently.

The notes are organised as follows. In Section 2 we introduce spinors as elements of a complex vector
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2 Spinors at a Point

space, we review their most important properties and show how Lorentzian spaces emerge naturally from
spinor space. In Section 3 we extend those notions to the entire spacetime manifold, and introduce the
spinor covariant derivative. The main result is the decomposition of the Riemann curvature tensor in its
irreducible spinor components. This allows us to derive Petrov’s classification in a natural way, and obtain
the wave equation satisfied by Weyl’s spinor in vacuum. The section is concluded by introducing the
GHP formalism, and discussing some theorems rephrased in terms of GHP variables (the NP formalism is
introduced as a restriction of the GHP one). In Section 4 we apply the previous notions to black holes
and gravitational waves. First, we characterise the class of vacuum type D spacetimes in terms of their
GHP variables, with an emphasis on Kerr’s solution. Next, starting from the wave equation satisfied by
Weyl’s spinor in vacuum, we derive non-perturbative wave equations describing the propagation of GHP
curvature scalars in empty space (these were first obtained by Stewart and Walker [12], although we correct
a typo that has propagated to some works in the literature). The notes only report the results, while the
derivation is given in detail in the example notebook. Finally, we obtain Teukolsky’s equations on any
vacuum type D space as an immediate linearisation of the curvature wave equations derived previously,

and conclude by discussing their implications for gravitational waves in Kerr’s spacetime.

2 Spinors at a Point

Spinors provide a decomposition of the gravitational field into “irreducible pieces”. Working in terms of
these smaller elements, some apparently complicated properties of spacetime can be described in strikingly
simple terms. However, before applying these ideas to describe the spacetime geometry it is necessary
to establish a link between spinors and Lorentzian metric spaces. Spinors are elements in the vector
representation of SL(2,C), the group of unimodular 2x2 complex matrices, and this is related to the

proper Lorentz group A(1,3) by a two-to-one map

where I is the identity in SL(2,C). Mathematically, we say SL(2,C) is the universal covering of A(1,3),
and this is the main reason underlying the spinor description of Lorentzian spaces. Reviewing these facts

in some detail is the goal of the present section.

2.1 Spinors and Index Notation

A spinor £ is an element of a 2-dimensional vector space W over the complex numbers C. Besides the

dual space W* of linear maps from W to C, W also has associated a complex conjugate dual space W*.
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2 Spinors at a Point

This is the set of maps ¢ from W to C which are antilinear, that is, satisfying

W (ag +bn) = ay (€) + b (n) , (2.2)

for all £,n € W, and a,b € C. The complex conjugate space of W, denoted W, is simply the dual of W*.
Every element ¢ in W has associated a complex conjugate, the element & in W given by £ (1) = 1(€)
for all ©» € W*. Similarly, the complex conjugate of a € W* is the element & € W* acting on £ € W as
a(f) = @ These maps are natural bijections that we call (as well as their inverses) complex conjugation.
We notice that these notions apply to any vector space over C, so in particular they extend to the tensor

product space W™ @ W2 @ W*" @ W*™ (with n; natural numbers).

In order to make things more explicit, it is convenient to use abstract index notation, where a spinor &
is represented by €4, the index refering to the vector space it belongs to (W in this case). It is customary
to use primed indices to refer to elements in the complex conjugate space, qu/ € W, and denote the

complex conjugate of a spinor 4 by EA/, that is,

¢V =¢A, (2.3)

A

A basis of spinors is called a dyad, and consists of a pair of spinors ¢ ,61A that generate W. We will use

boldface upper-case latin characters to label the basis elements as € AA, and also to label spinor components.

A:(sBA

For example, the dual basis of € AA, denoted € AA, satisfies eBAe A and the components of SAB,C

AB' __ A B, CgAB' 1
S C —€A EB/ EC S C-

are
Remark 2.1. Primed and unprimed indices refer to different vector spaces. Therefore, their ordering is
irrelevant and their contraction is ill-defined. Taking a spinor SAB/C eW ®W ® W* as example, one has
that SAB/C = §B'A . and §AF 4 € W, but a contraction between its W-upper index and W*-lower index
is not defined. We may often write SAA/C to save index characters, since the presence of the prime avoids
any confusion. Likewise, sometimes we may ommit the bar to denote complex conjugation, since the index
structure again avoids any confusion, e.g. both S'A/AC, and SA/AC, denote the conjugate of SAA/C. An

exception are the spinors with the same number of primed and unprimed indices, in that case the bar is

necessary to avoid confusion.

Exercise 2.1. Let eAA be a dyad in W, eAA its dual, together with their conjugates EA,A/ = eAA and
€42 = e,A. (i) Show that €, is a basis in W and €, its dual. (ii) Show that if £ and aa are the
components of &4 and a4, then the components of éAl and a4 are EA/ = &"T" and apr = @A (that is, the

components of the complex conjugate of a spinor are simply the complex conjugate of its components).

LOur convention in the position of indices in a dyad is that of Penrose and Rindler [3], since in that case one has the

convenient property explained below in part (i¢) of Exercise 2.3.
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2 Spinors at a Point

2.2 Spinor Space

The fact that W has a low dimension will be crucial. In particular, the space of skew-symmetric, valence-2

spinors is 1-dimensional, and the choice of a representative gives raise to the notion of spinor space.

Definition 2.1. A spinor space is a pair (W, e4p) where W is a 2-dimensional complex vector space and

€Ap a non-vanishing, skew-symmetric valence-2 spinor (esp = —€p4).

Given that the e-spinor e4p is non-degenerate, we can use it to correspond W with W* uniquely by
lowering and raising spinor indices, just as we do in (pseudo-)Riemannian metric spaces. However, since
€Ap is skew-symmetric it is necessary to establish a convention in the index positionings. We choose to

correspond a spinor €4 € W to one €4 € W* by the relation
€4 =epal®. (2.4)

We will write the inverse of this map in terms of ¢4Z, defined as (minus) the inverse of €4p in the sense
that it satisfies

epce’ =554, (2.5)
where 0 BA is the identity in W. Thus, we can correspond a spinor £4 € W* to one ¢4 € W via
A = eABep. (2.6)
It is customary to introduce the following notation for the complex conjugate of the e-spinors,

_ 13> AR
EA'B! = €EA'B!, EAB = GAB , (27)

where the bars are omitted for convenience. Using e4p, €45 and their inverses the operations of raising
and lowering indices can be extended to spinors of arbitrary structure. It should be stressed that the index
positions in the relations above are crucial in order to make the operations well-defined, as shown in the

following exercise.

Exercise 2.2. (i) Show that given a spinor €4 € W, then ¢4 = eAB¢p where €p is as in (2.4). This shows
that the operations of raising and lowering indices (equations (2.4) and (2.6)) are the inverse of each other.
(i3) Show that for all ¢4 € W one has €464 = 0. (74i) Show that €, = eBesp =2, ¢4 = -, = 5,4
and 054 = —645. (iv) Show that for any spinor S45 € W ® W*, one has S4, = —5,4. This is known

as the see-saw rule.

Finally, a spinor space has a family of distinguished basis, the orthonormal ones with respect to €4p.

A orthonormal spinor dyad is a spinor basis {04, 14} satisfying
oat =1. (2.8)
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2 Spinors at a Point

Exercise 2.3. (i) Denoting an orthonormal dyad as e,4 = {0, 14}, and its dual by € ,*, show that the
components of e4p and eAB are

0 1
€EAB = AB — , (2.9)
-1 0

where we are assuming that the first index labels rows and the second columns. (i) Show that the basis

A

and its dual are related by €, = —eABepeg?, so one can write €4, = —€4 4. (iii) Show that

5AB =oat® — 1408, esp=oatp— 1408, AB = oA B — A8 (2.10)

2.3 Irreducible Decomposition of Spinors

The decomposition of spinors into its “irreducible pieces” plays a central role in most of the things that

will be discussed later. It can be formulated in the following way.

Proposition 2.1. Any spinor {4..p can be decomposed as the sum of the spinor §4..py and products of

e-spinors with symmetrised contractions of 4. .-

Proof. That this is true for a skew-symmetric valence-2 spinor {45 = {[4p) is clear: the space of skew-
symmetric 2-spinors is one dimensional, so {45 = feap for some scalar f, and contracting both sides

with €48 gives f = (1/2)eB&ap. To extend the proof to a spinor of valence n, £4..p, we first note that

nl€ap..cpy = (n—1)! (§A(B...CD) +&pa..cp) + -+ ‘SD(AB...C)) : (2.11)

and apply the result of skew-symmetric valence-2 spinors to write the second term in the brackets as

Ep(a..cp) = £aB..oD) — 2§A(B]..cD) = Ea(B..cp) — € Ep(F. CD)EAB = 5A(B...(JD)+5E(E_,,CD)6AB- (2.12)

Applying this to all terms in the brackets of (2.11) but the first gives

1
§aB...cp) = §A(B...cD) T - (gE(E,,,CD)EAB + .+ £E(BMCE)€AD) . (2.13)

This formula can now be applied on {4(p..cp), to write it as {4p(..cp) plus e-spinors and symmetrised
contractions of 4. p. Doing this recursively one obtains an expression for £4. g only in terms of products
of its symmetrised contractions and e-spinors. The proof extends in the exact same way to spinors carrying

primed indices. ]

The irreducible components of a spinor are the symmetrised contractions that appear in the irreducible
decomposition, and they are independent in the sense that the spinor vanishes if and only if all of its
irreducible components vanish. In addition, the number of independent components of each irreducible

piece is obtained immediately after noticing the following.
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2 Spinors at a Point

Proposition 2.2. The number of independent components of a valence-n, fully symmetric spinor & 4... )

isn+1.
Proof. Taking a dyad {o4,t4}, a basis of the space of fully-symmetric spinors of valence n is
{0(40B---0¢), L(AOB -0, L(ALB-0C), -+ L(ALB-+-LC) } » (2.14)
which contains n + 1 elements. O
Exercise 2.4. Show that the irreducible decomposition of a valence-4 spinor £4pcp is
1 P L. p L. Paq
€apop =Eapep) T 5€app €op + 58p (cpy€an + 1€p g caBecD

1

: ! (2.15)
+ QGA(ch)B + QEB(CfD)A - gEA(C’ED)Bgv

where 45 = £Q(AB)Q, and £ = §PQPQ.

2.4 Relation to Lorentzian Spaces

We are now in conditions to establish the relation between spinor spaces and Lorentzian ones (in our context,
these are 4-dimensional real vector spaces with a non-degenerate metric with signature (4, —, —, —)). For

that, the notion of real spinor is crucial and we introduce it next.

2.4.1 Real Spinors and Lorentizan Spaces

A spinor §AA/ e W @ W is real if it is equal to its complex conjugate,
gAA = AN (2.16)

We shall denote by V€ W @ W the subset of all real spinors. Since complex conjugation is a linear
opeartion, it follows that V has the structure of vector space over the field of real numbers. This notion
extends naturally to spinors of higher valences, as long as these have the same number of primed and
unprimed indices, but is ill-defined otherwise. In other words, real spinors are labelled by pairs of indices
of the form AA’, and may be thought of as a single index labeling a real vector space. The following
proposition shows that Lorentzian spaces emerge naturally from the notions of spinor space and real

spinors.

Proposition 2.3. The vector space V' of real spinors satisfying (2.16), together with the metric spinor

JAA'BB' = €ABEA'B! (2.17)

form a real four-dimensional Lorentzian space with signature (+,—, —, —).

-7 David Pereniguez



2 Spinors at a Point

Proof. We will prove this using the following basis of W ® W, constructed out of an orthonormal dyad
{o4,t4} of (W,eap):

TAY = \2 (OAOA/ + LALA) ,
XA = \}i (OALA/ + LAOA,) ,
. (2.18)
yAA _ Y (OALA’ B LAOA’)
\/i )
ZAA _ 1 ( A A LALA’)
\/i ?

That this is a basis of W @ W is manifest by its relation to the natural basis {OAOAI, oA Ao, LAOA/}.
However, observe that all elements in (2.18) are real, that is, TAA — TAA/, xXAN — x AA/..., so they also
form a basis of V. In particular, any fAA/ € V is expressed as £AA/ = (T4 4 o X AN 4 yYAA' + 274N
with t,z,y, 2 € R. Next, we first notice that the metric (2.17) is manifestly real and symmetric in the
pairs AA" and BB’. A direct computation (recalling that 04:4 = 1) then shows that its components on

the basis (2.18) are diag[+1, —1, —1, —1]. O

As we will see in the following sections, the description of Lorentzian spaces in terms of spinors is very
powerful. The reason is that it allows one to trade tensors by their constituent spinors, which are simpler
objects that often make certain proofs and computations more manageable. As illustrative examples we
can take the cases of symmetric and skew-symmetric tensors, such as the energy-momentum tensor 7y
and the Maxwell field strength F,, respectively. Their spinor counterparts are T4 a'gpr and Faargp with

the properties

Taaep =TBpaa, Faapp =—Fppaa . (2.19)

To obtain their irreducible decomposition, we first notice that (2.19) imply

Taparpy =Tapyas =Tapyap), Tapas)=Tapaps =TapjaB, (2.20)

and
Fapwpy = Flapap = Flapjapy, Fapap) = Fupyap = Fup)ap- (2.21)

Then, recalling that the ordering between primed and unprimed indices is irrelevant, we can write

Tapap =Taparpy + Tapap

=T apyap) + TiaB)aB (22
ECDGC/DITCDC’D’) €EABEA' B!

1
=T(ayas) + 7 (
=SABA'B + T€ABEA B
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2 Spinors at a Point

where in the third equality we applied the irreducible decomposition of a skew-symmetric 2-spinor (recall
the proof in Proposition 2.1) relative to both AB and A’B’ indices, and in the last equality we introduced
the fully symmetric spinor Saparp = T(ap)(ap) and 7 = (1/4)T CC, ¢". These are the spinor irreducible

components of a symmetric tensor. For a skew-symmetric tensor, we have
Fapap =Fapapy + Faplap
:F[AB](A’B’) +F(AB)[A’B’} (223)
=YA'B€AB T+ QaBEA B ,

where we used again the irreducible decomposition of a skew-symmetric 2-spinor and introduced the

symmetric spinors
1 / 1
$AB =3 upcr s Yam = §FA’B’CC7 (2.24)

whose symmetry follows by virtue of (2.19) and the see-saw rule (see Exercise 2.2). It will also prove

useful to have an expression for the volume form of V' in terms of e-spinors.
Exercise 2.5. Show that the metric volume form in V' is

€AA'BB'CC'DD' = 1 (EABECDEAIC'€B' D! — €ACEBDEABIEC'D!) - (2.25)
Hint: use the identity €4 gecp) = 0, which follows immediately from the fact that W is two-dimensional.

We will employ all of these results later on for the more complicated task of decomposing the curvature
tensor. Before moving on, we notice another important example, that of null vector fields, which turn out

to be describable in terms of a single spinor.

Exercise 2.6. Let k44 be a null vector in (V,gaa'p’). Show that it can be expressed as
kA = AR (2.26)

Remark 2.2. Notice that, although a single spinor defines two null vectors through (2.26), a null vector

has associated a 1-parameter family of spinors, x4, with 6 real. A pictorial interpretation of this can be

given in terms of Penrose’s flags and poles, that we will not discuss here. We refer the reader to [3].

2.4.2 The Infeld-van der Waerden Symbols

Above we have seen that out of an orthonormal dyad in spinor space € AA it is possible to construct an
orthonormal basis in the Lorentzian space (V,gaa pp/). We did so identifying the basis (2.18). This

construction can be generalisation in terms of the so-called Infeld-van der Waerden symbols (IvW). These

-9 . David Pereniguez



2 Spinors at a Point

A

are a collection of complex numbers, denoted o, * ', which relate a spinor basis ¢ AA in (W, eqp) to an

orthonormal basis in (V, gaapp’), via

/ / !
o, M =0, AN e e (2.27)

Here, the index a takes values from 0 to 3, and labels the orthonormal basis aaAA/. Since (2.27) is a basis

of V' by assumption, it must be real, and from 50‘4’4/ = O'GAAI it follows that IvW symbols can be seen as

a collection of Hermitian matrices,
o AN =g AN (2.28)
The basis (2.18) corresponds to a particular choice of IvW symbols, as stated in the following exercise.

Exercise 2.7. Given an orthonormal dyad e,* = {0, 14}, show that the basis (2.18) emerges from (2.27)

with the following choice of IvW symbols:

o = — , O = — ,
0 V2 \o 1 ! V2 \1 o

aa 1[0 a1 (10
o = — , o = — :
2 V2 \ i o 3 V2 \o -1

Notice these are, up to global factors, the Pauli matrices. Recall, though, that this is a particular choice of

(2.29)

IvW symbols, and that other possibilities exist.

From the assumption that (2.27) is orthonormal with respect to gaa pp, it follows immediately that

AA’ BB’
Nab = 0p 0 O~ EABEAB’ (2.30)

where eaB, earp’ are given by (2.9). The following exercise introduces the dual of basis of aaAA,, and the

inverse IvW symbols.

Exercise 2.8. Show that 02, , = n?Pegaep 40, 5P is the dual of (2.27), that is,

O'bAA/O'aAA/ = (Sba . (231)

. / .
Show that one can write 02, 5, = 025 pr€4™2€4,*, where the inverse IvW symbols 02, ,, are

/

O'aAA/ = T]abEBAeB/A/UbBB . (2.32)

Given that aaAA/ and 0?4 4, are the dual of each other, they realise the identity operator in V' as

/ ’

(SBB/AA :O'aBB/O'aAA y (233)

and from this one obtains an analogue of the completeness relation (2.30), satisfied by the inverse IvW

symbols,

b
EABEA'B’ — O'aAA/O' BB’ ab - (234)
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2 Spinors at a Point

Exercise 2.9. Obtain the inverse of the [IvW symbols given in (2.29), and show they satisfy the completeness
relations (2.30) and (2.34).

2.4.3 Lorentz Transformations From Spinor Transformations

At the beginning of this section we advanced that the proper Lorentz and spinor groups are intimately
related. We are now in conditions of making that relation more precise. Our starting point is the notion

of spinor transformation.

Definition 2.2. A spinor transformation is a map relating two orthonormal dyads.

Spinor transformations can be written explicitly as

eat = LaPep?, &% = L6, (2.35)

where L AB and L_lAB denote a complex invertible 2 x 2 matrix and its inverse, respectively. The condition
that both basis € AA and e AA are orthonormal implies that spinor transformations preserve the canonical

form (2.9) of the e-spinor,

eaB = LoCLgPecp . (2.36)

Proposition 2.4. The group of spinor transformations is SL(2,C), that is, the group of complex 2 x 2

matrices with unit determinant.

Proof. By definition,
1
det (L) = §6ABﬁcDLCALDB : (2.37)

It follows that if det (L) = 1, then (eaB L™ LpB) €“P = 2, where the term in brackets is skew-symmetric
in CD so one has eap Lo Lp® = ecp, that is, L, B satisfies (2.36). Conversely, from (2.36) it follows
that (det (L))? = 1, so either det (L) = +1. However, —1 is excluded because from (2.37) we would be

lead to conclude eag = —L ACLBDeCD, contradicting our initial assumption (2.36). O

Consider now two orthonormal spin dyads related by a spinor transformation (2.35). Through the IvW

symbols they define two orthonormal basis of V, &aAA/ = aaAA/ EpE A,A/ and O'aAA/ = aaAA/ epe A,A/,
related by
&aAA/ = O_aAAlgAAgA/A/ = O'aAA/LAB_EA/B/GBAEB/A/ = AabO'bAA/ s (238)
where in the last equality we employed the completeness relation (2.34) and introduced
Aab = O'aAA/LABI/A/BIO'bBB/ . (239)
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/ !
AN and o, AA

Since 7, are both orthonormal with respect to g44/gp, it follows that

~ AA'~ BB’ d AA’ BB’ d
Nab = gAA' BB s " 0p 0 = MM gaapp o 047" = ANy ned - (2.40)

That is, we have shown that a spinor transformation in W induces a Lorentz transformation in V' through
(2.39). This makes explicit the relation between spinor and Lorentz transformations. However, this is
not a one-to-one correspondance, since the two elements +L,8 € SL(2,C) induce the same Lorentz
transformation. More precisely, it can be shown that L,B, M, B € SL(2,C) induce the same Lorentz
transformation if and only if LB = £M, B, s0 (2.39) is exactly a two-to-one map from SL(2,C) into the

proper Lorentz group.

2.4.4 The Soldering Form

So far we have restricted our discussion to spinor space (W, e4p), and the relation to Lorentzian spaces
has been established in terms of (V, g4app/), with V. C W @ W the vector subspace of real spinors and
JAA'BB = €AB€ap. 1t is also convenient to establish a formal connection between (V, ga4/pp/) and any
Lorentzian space (V, gqp) (where lower-case latin indices denote abstract indices in V).

Let e,* be an orthonormal basis of V and ¢ AA an orthonormal dyad in W, and denote their duals by

AA

e, and € ,A. The dyad defines an orthonormal basis of V through oM =0, AN e Ale A,A/. We introduce

. !’ . . . . .
the soldering form o,44" and its inverse 0%, 4 relative to e,* and eAA as the following tensors in V* ®@ V
and V@ V*,
!/ ! / / !
o, M = e 20, M =0, A e Bepteat 0% = e 00 0 = 02 a ettt (2.41)

From its definition, it is clear that the soldering form satisfies the completeness relations

AA

/ ! !
(51)&:0'[) 0'0;41417 6BB/AA :O'aBB/O'aAA s (242)

so it can be used to correspond tensors between V and V. For example, a real spinor TAA/B g inV and
its tensorial counterpart 7% in V are related via

!/ / !/

BB ' mAA AA AA” b
Tab :O'(ZAA/O'b T BB’ » T BB — 04 O'BB/Tab. (243)
The relation between metrics, given in the following exercise, is particularly important.

Exercise 2.10. Show that the metrics in V' and V correspond through the soldering form, that is,

b AA' _ BB
GANBB = 0 400 BR/Gabs  Yab =0,"" 04" GAABB!- (2.44)

From that, show that the soldering form and its inverse are related through the usual notion of raising

and lowering indices with respect to g, and gaa/gp/, that is,

p AA AA'BB’ b (245)

a =g 9ab0 BB -
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There is certain arbitrariness in the relation between tensors in V' and V. This is due to the fact that
there is no natural way to make a unique choice of orthonormal frame and dyad with which one constructs
the soldering form. However, some choices yield equivalent answers, and some relations are universal, in
the sense that they do not depend on the choice of basis. This stated in the following exercise.
Exercise 2.11. Let (£,%,€,4) and (e, €,4) be two pairs of orthonormal basis and dyads. Assume they
are related by a spinor transformation Lg® and the corresponding Lorentz transformation A2 (see (2.39)).
Show that they define the same soldering form. Show that the relations (2.44) do not depend on the choice

of basis employed to construct the solder form.

Remark 2.3. It is customary that, once a solder form is constructed, the tensors in ¥V and corresponding
spinors in V are identified, and regarded as one and the same. From that perspective, one can fearlessly

write equations of the form
9ab = gawpp s Ta=Tawpp, kK =k, . (2.46)

Both conventions will be employed extensively throughout the rest of the notes.

2.4.5 Null Frames

In the previous sections we have related orthonormal dyads in spinor space to orthonormal frames in
Lorentz space. Another notion that will be very useful is that of a null frame relative to an orthonormal
dyad {o4,:4}. Tt is defined as the following set of vectors constructed out of {0, 14},

’ /

— _A’ _ _ _A!
la = O'aAA/OAOA s na = O'aAA/LALA y ma = O'aAA/OALA y ma = O'aAA/l,AOA . (247)

These constitute an orthonormal null basis, in the sense that the only non-vanishing metric products
among them are

I“ng = —mmg =1, (2.48)
as can be verified explicitly, so one has
Jab = 2l(anb) - 2m(amb) y gab = 2l(anb) — 2m(“mb) . (2.49)

In particular, [* and n® are real null vectors, while m® and its conjugate m® are also null, but complex-
valued. Strictly, (2.47) forms a basis of the complexification of Lorentzian space V, which contains the real

space as a subspace.

Exercise 2.12. Choosing the Pauli matrices (2.29) as IvW symbols to construct the soldering form, show
that the null tetrad is related to the orthonormal basis through
1 1

a

a 1 a a a a a a . a
l :ﬁ(eo +€3), n :ﬁ(eo —63), m :ﬁ(el —1,62). (250)
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3 Spinors in Spacetime

3 Spinors in Spacetime

So far we have considered spinors as elements in an abstract vector space. Now we wish to associate a
spinor space to each point of the spacetime manifold M, in a similar way to how we define tangent space
(abstractly just a four-dimensional vector space) as the vector space of derivations at each point. This
is done most naturally in the language of principal bundles, which is not assumed as a pre-requisite in
these lecture notes. However, introducing such notions would yield a long digression that departs from our
main objectives. Thus, here we will simply assume that such construction can be made consistently, so
that each point in spacetime x has associated a spinor space, &(M)|,. The collection of all such spinor
spaces accross spacetime forms the spinor bundle, denoted G (M), similarly to how the collection of all
tangent spaces T'(M )|, accross spacetime forms the tangent bundle T'(M). Then, a spinor in spacetime is

a smooth map

¢ M — S(M)

) (3.1)
v (,6%)

where ¢4, € &(M)|,. Notice that this is in complete analogy to how we define vector fields in spacetime.

In addition, the construction of &(M) is such that the action of a Lorentz transformation of frames in

tangent space at each point is accompanied by the action of a spinor transformation of dyads in spinor

space,

ea’le = A (ep2) , ea’le = La® (e8”]2) (3:2)

where A P and L,B correspond according to (2.39). However, it should be stressed that there are some
global (topological) obstructions in associating tensors to spinors consistently everywhere in spacetime.
Roughly, one must require spacetime to be suitably orientable in order to admit a spinor structure. Here
we will simply note that every globally hyperbolic spacetime has a spinor structure [13] and that this is
unique if, in addition, M is simply connected [14]. We will not elaborate more on this here, but we refer
the reader to Chapter 13 of Wald’s book [6] for a detailed introduction to the spinor bundle, and [3] for a

more complete discussion.

Under these assumptions, all the concepts introduced above have a smooth extension to the entire
manifold M and apply at each point. However, there is still no natural way of relating spinors at different
spacetime points. Just as in the case of ordinary tensors, such relation can be defined in terms of a spin

connection, or spinor covariant derivative, that we introduce next.
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3.1 Spinor Covariant Derivative

Similarly to the case of ordinary tensor fields, the spinor covariant derivative of a spinor EA"'B/CW p along
a vector field X is another spinor field with the same structure, denoted V x&4--B ,C... pr» Which provides
a well defined notion of propagation of §A"'B/Cm p along X. Furthermore, by using either the tensor or

spinor representation of X, this can be written as

’

Vxt P o= XV P o= XPEVppeB . o, (3.3)

/ . . . . ! . . .
where VEA-B c..p is the covariant derivative of gA-B c.. p- 1t is customary to formalise the previous

concepts axiomatically as follows.

Definition 3.1. A spinor covariant derivative V 44/ is a map

/ / /

!
Vaa: &8 =&Y, o

(3.4)
By o Vane® Yy
that for any spinors £B"'C,D_”E,,XB"'C/D”_E, € GB/"'C/D”_E, satisfies:
(i) Linearity:
Vaa (53"'C/D...E' + XB"'C/D...E') =Vaw® 'y o+ Vaax®p p (3.5)

(ii) Leibniz rule:

E..F’ E..F

Vaar <§B”'C D..E'X G...H’) =X G...H'VAA’fB'"C D..E T fE“'F G.A.H’VAA’XB.“C p.g (3.6)

(iii) Hermiticity:

; —B.C
Vaw&B-C, o =Vaak D'..E (3.7)

(iv) Action on scalars: V 44/¢ is the spinor counterpart of V,¢ for any function ¢ in M.

(v) Representation of derivations: the action of any derivation D on spinors can be written as D&B/"'CD,._E =

’ ’ . ’ ’
AN g p 6B "'CD,__.E for some spinor (44" € &44°,

This definition does not single out a unique derivative operator. However, in a way analogous to
the covariant derivative of tensors, if one further requires that V has vanishing torsion and that e4p is
covariantly constant,

Vaaepeo =0, (3.8)

then V is uniquely determined and, when acting on tensor fields, reduces to the Levi-Civita connection

associated to gup. This is the connection that will be used in the remainder of the text.
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Remark 3.1. Relating the tensorial Levi-Civita connection to the torsion-free spinor connection satisfying
(3.8) is not entirely trivial, and can be approached from either an abstract perspective or via component
analysis. We will not elaborate further on this here, but we refer the reader to [3] for an extensive discussion

(Section 4.4 for the abstract approach, and Section 4.5 for the component derivation).

Let € AA be a spinor dyad, and consider the associated basis on 44", denoted e A A,AA' =€ AAe A,A,. It
is possible to specify V 44/ in terms of its components relative to the dyad, also called the spin connection
coefficients, given by

CanBc = eBBeAA/AA,VAA/ECB. (3.9)
For instance, the components of V 44:(P are
Vaa® =egPepn M Vanc?
_ eAA/AAIVAA’ (gB 6BB) . eAA/AA’ éBVAA/ ( 6BB)
—ean™Van (68) = ean€Cec?Van (e5°) (3.10)
:CAA/AA/VAA’ (£B> + GAA/AAlf(:EBBVAA' <€CB)
—epaa Vau (§B> +TpactC,

where in the fourth equality we used that V 44/(6c®) = 0. Another important example is that of a spinor

with structure £44’, which includes the case of real vectors. A computation similar to (3.10) yields
VAAlﬁBB = eAA/AA VA <§BB ) + FAA/BB CC/§CC , (3.11)
where we introduced
BB’ B B , 1 B B
FAA’ cc’ = FAA’ C(SC/ +FAA’ c/éc . (312)

The last expression can be seen as the spinor counterpart of the connection components of V when

restricted to tensor fields.

Exercise 3.1. Obtain the components of V 44/{p. Use this and (3.10) to obtain the components of the

covariant derivative of a general spinor field.

Exercise 3.2. Let € AA be a rigid dyad, meaning that the associated components of € 45 are constants.

Show that its spin coefficients satisfy
Paarse) =laase- (3.13)
3.2 Irreducible Decomposition of the Riemann Tensor

The spinor version of the Riemann tensor is R, ppccpp- It satisfies the spinor equivalent of all
algebraic and differential identities of the Riemann. One of the most powerful results of the spinor

formalism is the irreducible decomposition of the curvature tensor, given in the following proposition.
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Proposition 3.1. Let Rpagprcc'ppr be the spinor counterpart of the Riemann tensor. Its irreducible
decomposition is
Raappccpr =—VYapepeanecp — Y apcip€ABECD
—®aporpearpecp — Popapeasecp (3.14)
+ 2A (eaceBpearcrep D — €ADEBCEA DIERICY)
where Vapcop s a fully symmetric spinor, ®apcrpr is a real and fully symmetric spinor, and A is a real

function the are given in terms of the Riemann tensor by

1 XI Y/
‘I]ABC’D = _ZR(ABCD)X/ v
1 /
Papcp = _ZRABXXC’D’Y’Y ) (3.15)
1 A X' v
A - ﬂRAB X/ Y’ .

Proof. This can be shown by implementing on R4 4'Br'cc'pp’ the algebraic symmetries of the Riemann,
namely (1) Raped = —Rpacd = — Rabdes (ii) Raped = Redap and (iii) Ra[bcd} =0. To implement (1) we will use
the decomposition of a skew-symmetric tensor deduced previously in (2.23). Applying it first on the pair

of indices AA" and BB’ and subsequently on CC" and DD’ gives

1 /
X X
Raasp oo pp :iRX CDA'B'C'D'€AB + §RABCDX’ C'D'€A'B’

1 1
XY X
:ZRX Y A’B’C’D’EABECDJVZRX CDA'B'X'X'€ABEC'D’

1 / 1 Iy
+ ZRABX X crprearsecn + ZRABCDX’X yr' eaecin (3.16)
= — Xapcpeapecp — Papopeapecn
— Xapopeapecp — Papepeaecn
where we introduced the so called curvature spinors,
1 ! / ]_ /
Xapcp = _ZRABCDX’X v . ®aperp = _ZRABXXX/X o'’ - (3.17)
The Riemann symmetries (i) imply
X __1g x v _lp oy¥ = 1R XY =x 3.18
ABCD = = ftapcepx’ vy = yiBacD x'yr = T fBACDX y' T ABACD, (3.18)
and, similarly, X apcp = Xappc. An analogous argument applies to ® 4gcrps so, in sum, we have
Xapcep = XBycp)s Pascp = PuB)ycp- (3.19)
On the other hand, from the symmetries (ii) one finds
1 ! ! 1 / /
XaBcp = _ZRABC'DX’X v = _ZRC’DABY’Y x* = Xcpag,
(3.20)
1 X Xl ]_ X X/ =
q)ABC/D/ :_ZRABX X/ C' D! :_ZRX ABC'D' X’ :(I)ABC’D"
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In words, we have found that ® 4pcrp is a real, symmetric (and therefore trace-free) spinor. By the
symmetries of (3.19), it also follows that the only trace of X 4pcop 18 X4pc”. Moreover, this must be

skew-symmetric in BC, since
A A A A A
2X yBoy” = Xapc” + Xacp” = Xpa'c + XpTac =0, (3.21)
where we used (3.19) and (3.20) in the second equality, and the see-saw rule in the third. Thus, one has
X g = —3Mepc, A= —(1/6)X 57 (3.22)

In order to implement the last algebraic symmetry, (iii), it is convenient to rewrite it in terms of its dual,
which reads R*%®, = 0, where R*,, , = (1/ 2!)Rabef €cdef is the right dual of the Riemann tensor (remind
yourself why R*abbC = 0 is equivalent to the cyclic identity (iii)!). The spinor version of R*“bbC = 0 is, using
the spinor analogue of the volume form (2.25),

! !
0= R*AA BB BECC

_ }RAA’BB'DD'EE'
2

1 1! A nl A nl 'R/
(_XABDEGA B' D'E' | §ABD'E' A'B EDE)

€BB'CC'DD'EE'

2
. / . /
= Z@ACA c’ -+ ZéC/A XADDC + c.c.

€BB'CC'DD'EE' + C.C. (323)
== ’L.(;C/A/XADDC - iéCAXA/D/D/C/
- 32'(50‘4(50/‘4/ (A - ]\)
where in the third equality we used (3.16), in the fourth (2.25), in the fifth the reality condition for ®
coming from (3.20), and in the last (3.22). We thus conclude that A is real. Using the decomposition of a

valence-4 spinor, given in (2.15), taking into account the symmetries of X 4pcp from (3.19) and (3.20),

we arrive at
Xapep = Yapep + 20Meqcep)B (3.24)
where we introduced
Vapep = X(aBcD) - (3.25)
Plugging (3.24) into (3.16) we arrive at

RAA’BB’CC’DD’ = - \IIABCDGA’B’EC’D’ - @A’B’C’D’EABECD
- q)ABC’D’eA’B’ECD - (I)A’B’CDeABGC’D’ (326)
—2A <€A(C€D)BEA’B/€C’D’ + €a(cr€pn B EABECD)
Finally, the last term above can be imrpoved to make the symmetries (i) and (ii) of the Riemann manifest.
Using that e pecp) = 0 (from the 2-dimensionality of W) or, equivalently,

€EABECD — €ACEBD T €Apepc =0 (3.27)
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and the complex conjugate version of this equation, the bracket in the last term of (3.26) can be recast in
the form

(EA(CGD)BGA'Bfﬁc/D' + 6A/(C/6DI)B/6ABGCD) =

1 1
=5 (eacepB + €apecB) (earcrep Dy — €arprepicr) + 3 (earcrep'p + €apecrp) (EACEBD — €ADEBRC)

= — €ACEBDEA/C'€B'D’ + €EADEBCEA'D'EB/C 5
(3.28)
and this completes the proof. O

Remark 3.2. The artificial minus signs in the definitions of VY apcp, ®apcrpr are there to match their
definitions in [3], who use the opposite sign for the Riemann. Thus, the spacetime spinors ¥ 4pcp, ®apcrpr
constructed from either convention are guaranteed to coincide. The sign of A has been chosen so that it is

related to the trace of the Ricci tensor as in [1].

Exercise 3.3. The left and right duals of the Riemann tensors are defined respectively as *R ., =
(1/2)eabefRefcd and R* ., = (1/2)ecdefRabef. Show that, in terms of the curvature spinors (3.17), their

spinorial versions are

* . .
RAA/BB’CC/DD/ :ZXABCDGA/BIGC/D/ +Z®ABC/D/6A/B/GCD
— iXA’B’C’D’ €EABECD — iq)A’B’CDEABEC’D/ y

(3.29)
* . .
R yaBprccrpp =X apopeaBec'p — 1P apcrpr€aB€cD

— 'iXA/B/C/D/ €EABECD + iq)A/B/CDGABGClD/ .

From Proposition 3.1, it is straightforward to obtain the irreducible decomposition of the Ricci tensor,

Raagp = RCC AA'CC'BB’ = 20 sparp + 6Aeapearp (330)
from which we conclude that ® 4p4/p and A are its irreducible components (® g4p4/p/ is the traceless part
and A gives its trace by R = RCC/CC/ = 24A). It follows that the spinorial version of Einstein’s equations
in vacuum is

Papap =0, A=0, (vacuum Einstein’s equations). (3.31)

The spinor ¥ 2o p is the Weyl spinor, since it turns out to be the only irreducible component of the Weyl

tensor, as you are encouraged to verify next.

Exercise 3.4. Recall that the Weyl tensor is defined as the traceless part of the Riemann tensor via

1

C
3

a

ca . c c d
bd.:Rabd—2R [g]]+

o 9 Rd[acab}d . (3.32)
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Show that its spinorial counterpart is

Canppcopp = —Vapepearpecp — VY ap oD €ABECD - (3.33)
From this, and Exercise 3.3, conclude that the left and right duals of the Weyl tensor coincide.

Exercise 3.5. Show that the Weyl and Riemann tensors have ten and twenty real independent components,

respectively. (Hint: recall Proposition 2.2).

The irreducible decomposition of the curvature (Propostion 3.1) together with the vacuum Einstein’s
equations yield the most important lesson of this section: according to general relativity, the curvature
of spacetime in the absence of matter is described by a single, fully symmetric spinor ¥ apop. In other
words, we have learned that the curvature of spacetime in vacuum is unexpectedly simple (that ¥ 4pcp is,
in many respects, a simple object will be even more clear in the next sections). The spinorial description
of gravity is a natural one precisely because it makes this simplicity manifest. Note that deriving, or even
writing, this result by tensorial methods would be extremely involved and not natural. Next, in Sections
3.3 and 3.4, we will derive two relatively immediate consequences of this fact that had groundbreaking

implications in gravitational physics.

3.3 Petrov’s Classification of the Weyl Tensor

We start by stating the following property of fully symmetric spinors, such as ¥ 4pcop.

Proposition 3.2. Let ap.c = §ap..c) be a non-vanishing, fully symmetric spinor of valence n. Then

§aB..c = aaBB--c) (3.34)

where the n spinors ag, Ba, ... Y4 are unique up to proportionality.

Proof. This follows as a simple consequence of the fundamental theorem of algebra, see Proposition 3.5.18

of [3]. O

In the case of the Weyl spinor, we shall write this as

W aBcD = ﬁgil)ng)ﬁg’)ﬁ(g; ) (3.35)

This is sometimes called the canonical decomposition of the Weyl spinor, and RS) are the associated
principal spinors. Recall from Exercise 2.6 that any valence-1 spinor £4 yields a real null vector through

+¢4€4. Thus, the principal spinors of the Weyl tensor define four null directions, consisting on the

proportionality classes of

KD, = kWE0 0 (i=1,..,4) (3.36)
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These are called the principal null directions of the Weyl tensor (or PNDs for short). If two PNDs coincide,
we say that is a repeated PND. Therefore, the Weyl tensor at each point (if nonvanishing) belongs to one

of the following five types, depending on the degeneracy structure of its PNDs:
2 4

) ,{53 ) Hg ) (D
3

1
(A
1

E )"353)’{(0)
Type D or II-1I: WV pop = /-{E )K,(B})I{(C)

(1

(A

(1

(A

D
(2
D
), 1), (1) (2
D
e
D

Type I : Vapecp =k

Type II : Vapop =K

Type Il : Wapcp =K kg Ko K

), (1) (1)

)
)
)
g (3.37)
)
)
)
ARB Fo Fp)

Type N or IV : Uapcp =k

(4)

where £’ and k}

) are assumed not to be aligned if 7 # j. A spacetime is algebraically general if its

Weyl tensor is everywhere type I, algebraically special of type II if its Weyl tensor is everywhere type
11, etc. This classification of spacetimes based on the algebraic structure of the Weyl tensor is known
as Petrov’s Classification, and types I to N defined above are called the Petrov types. The latter are

sometimes represented with arrow diagrams as shown in Figure 1.

Type 1 Type 11 Type D or II—-1I Type III Type N or IV

v

Figure 1: Represeantion of Petrov types, where each PND is associated to the direction of an arrow.

While Petrov’s classification emerges naturally in the language of spinors, establishing it from a tensor
perspective (the way it was originally found) is drastically more complicated. This entails that, when an
algebraically special spacetime is expressed in terms of its spinorial quantities (in the way we will explain
in Section 3.5) it has a simple form. This simplicity is otherwise blurred from the tensor perspective. It
turns out that some of the most important vacuum solutions of general relativity are algebraically special
of some type. A remarkable example is Kerr’s black hole, as we will see later, which is of type D. Thus,

the spinorial description is very useful in studying solutions of general relativity.

Exercise 3.6. Show that in a type D spacetime, choosing {OA A} aligned with the repeated principal

spinors, the Weyl spinor is
Uapep = 6Va0(408t0tpy, Vo= WapcpotoP il (3.38)
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Use this to show that if the spacetime is, in addition, vacuum (Ricci-flat), then the Kretschmann scalar is
RIR g = 24 (03 + c.c.) . (3.39)

Conclude that ¥4 is a well-defined physical invariant. In particular, its divergences indicate the existence
of true curvature singularities. Below we will see that W4 is one of the so-called GHP quantities, which

give the description of a spacetime in terms of its spinorial components relative to a dyad.

3.4 The Vacuum Wave Equation for the Weyl Spinor

The physical degrees of freedom of gravity are encoded in the spacetime curvature. Given that, in vacuum,
curvature is described by Weyl’s spinor, it is natural to wonder what equation describes its propagation.
Our starting point is translating the Bianchi identity of the Riemann tensor V|, R4 = 0 into its spinorial

counterpart. Such identity can be written equivalently as (again, remind yourselves why!)
VRpea = 0. (3.40)
Using (3.29), its spinorial version gives
0=V*""*R,vppocpp =iccr Vi Xapop + iccpVAp®apcip + c.c., (3.41)
and anti-symmetrising in C'D’; one arrives at
VA Xapcp = VA 5®cpap (3.42)

while symmetrising in C’D’ one simply gets the conjugate of this equation. Finally, trading X by ¥ and A

according to (3.24), we arrive to the spinorial form of the Bianchi identity,
VA5 Wagep = VA g®cpap + 2epcVpypA. (3.43)
Exercise 3.7. Contract (3.43) with ¢“” and obtain
VYD opag —3VpeA=0. (3.44)

Show that this is the spinorial version of the contracted Bianchi identity, that is, the conservation of

Einstein’s tensor VG, = 0.

Restricting the identity (3.43) to a spacetime where the vacuum Einstein equations (3.31) hold, one

obtains the propagation equation of ¥ 4pcp in empty space,
VAYY s pep = 0. (3.45)
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This equation can be regarded as a higher-spin generalisation of the usual Dirac equation for a massless
spinor. However, it is written in covariant terms and holds in a fully general (yet vacuum) spacetime.
Thus, unlike in flat space, covariant derivatives do not commute so the formal analogy with a Dirac spinor
in flat space is lost in the second or higher derivative equations that W ,pcop satisfies. In general, (3.45)
does not lead to the wave equation for a free field (JW 45op = 0, but to one that includes a self-interacting
term. To derive it, we need a spinorial version of Ricci’s identity. We start by writing the commutator of

two covariant derivatives in irreducible pieces using (2.23),

(Vaa,Vep] =earpOap +eap0ap, (3.46)

where

DAB = VX’(AVB)X/ 5 (347)

and g g = Uxp is simply its complex conjugate. Then, the action of (45 on a general spinor can be

written purely in terms of the curvature spinors, as stated in the following proposition.
Proposition 3.3. The action of Oap on a spinor XCDE/F, is
C _FE C 04 Cc FE E'.C Q ' C_E
DABX D F = XABQ XQD o XABDQX Q I + (I)ABQ/ X DQ o (I)ABF’Q X D Q> (348)

and it extends in the natural way to spinors of general valence.
Proof. This is left as an exercise (you can follow Section 4.9 of [3]). O

It is now straightforward to obtain the wave equation satisfied by the Weyl spinor in vacuum. From

(3.45) we have
0=VarVg ' Wpop = VaaVe WWeep + VaaVe ¥Weep = Dap¥pep - %D‘I’ABCD (3.49)
where 0 := V 44 VA4, Now using Proposition 3.3 and the vacuum Einstein equations (3.31) one has
Oap¥Ppep = ‘I’EQCD‘I’ABEQ + ‘I’EQBD‘I’ACEQ + ‘I’EQBC‘I’ADEQ = 3‘I’EQ(AB‘I’CD)EQ ; (3.50)
where we used the basic symmetries of ¥ 4gcop. Thus, one arrives at
OWapep = 697,y Wep)pg - (3.51)

As advanced earlier, we have found that the Weyl spinor in any vacuum spacetime satisfies a sourced wave
equation, where the source term arises as a quadratic self-interaction. The existence of such an equation

in terms of a single spinor is, again, very remarkable.
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Equation (3.51) is instrumental in studying the propagation of gravitational waves. For small fluc-
tuations about flat spacetime, where W 2pcp is a small perturbation about zero of the form ¥ pcp =
eV 4 pop +O(€%) (with € a small parameter and W 4 g a fully symmetric spinor), equation (3.51) at order
€ gives

OWapcp =0. (3.52)

That is, the gravitational degrees of freedom satisfy a massless wave equation, as is well known.

If instead one considers gravitational fluctuations about a spacetime with a nontrivial Weyl spinor
‘EIABCD, as is the case of black holes, then (3.52) is no more true, since now ¥ pcp = &/ABCD + E‘i/ABCD +
O(€?) and (3.51) at first order contains terms ~ i (among other additional terms). Such an equation is,
in general, rather complicated and difficult to solve. However, above we have seen that algebraically special
spacetimes possess simple Weyl spinors. It turns out that if the background spacetime is algebraically
special the linear equations obtained from (3.51) undergo drastic simplifications. An important example

of this are vacuum type D backgrounds (which include Kerr’s solution) where, as we will see later on, one

is lead to only one equation for a single scalar variable.

3.5 From Spinors to Scalars: the Geroch—Held—Penrose Formalism

The Geroch-Held-Penrose (GHP) formalism [10] consists in using an orthonormal dyad to translate
spinorial equations into scalar ones in terms of a number of functions called GHP scalars. This has the
advantage of making equations more explicit and easier to manipulate in some computations, but the
price to pay is that the spinorial structure becomes less manifest. However, the connection to spinors is
maintained in a clear way, since GHP scalars are simply the components of the spinors introduced above.

The starting point is an orthonormal dyad {0, 4}, its associated basis in conjugate space {67, 74},

and the corresponding null frame (see Section 2.4.5),

A A A _ A’
19 =0, no=A, me =0, mt =41 (3.53)

To such orthonormal dyad we associate two other ones, their primed and starred counterparts, defined as

(you can check that they are indeed orthonormal)

’ X ’ . 1A! A 1A! LA
=i, M=ot oV =i, Y =gt

*A A «A A wA A w A/ A (3.54)
ot =0", =1, o =0, Y = =07

The operations of priming and starring consist in the following formal replacements of orthonormal dyads,
Priming: {0, = {4, 04, {6V, 7YY s {0 0N

o L (3.55)
Starring:  {o?, 14} — {o*4, 04, {6, Y} = {0, ).
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Thus, the primed and starred null frames are related to the original one by

A A A A A A — — A A
I*=0"d" =n*, n*=/""" =1, m*=dJ""" =m*, m*=./"0" =m" (3.56)

I

/ / _ / _ /
O*AO*A — @ *a L*AL*A — 50 *a O*AL*A — _la’ e = L*AO*A = nd. (357)

The reason for introducing the primed and starred versions of a dyad is that, as we will see next, some
GHP scalars and equations correspond under the priming and starring operations. This allows one to
work with a smaller number of equations, and give the remaining ones simply as their complex conjugate,

primed and starred versions.

To introduce the GHP quantities, we start by associating Greek characters to the spin coefficients

defined previously in (3.9),

AA/\BC 00 ({10o0or 01| 11
00’ K € -7
FaaBc = 01’ o B - | (3.58)
10’ p -5 —o’
11/ T —€ —K

where, since we work with an orthonomral dyad, we have the symmetry I'x a/c) = ['aa’Bc (see Exercise
3.2). We observe that, thanks to the notion of primed dyad, half of the spin coefficients can be written as

primed versions of other ones. Focusing on k as an example, we have
k = Loo00 = _Foo'lo = —00Y 0V 4u0” . (3.59)
Then, we can check that ' indeed follows by priming x,
K = T = —T% = 1815 Vaadl? = (—OAOAIOBVAA’OB)/ =(r), (3.60)

and similarly for the other spin coefficients. Next, we introduce the GHP scalars that encode the
independent components of the curvature spinors. The Weyl spinor ¥ 4pcp is described by five complex

scalars,

Uy = W pcpooPoCol | Wy = UspcpotoPoil | Wy = W,pcpotolfi (3.61)
3.61

Uy = \I/ABCDOALBLCLD, Uy, = \I’ABCDLALBLCLD,
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while the spinor ® 4pcvpr is encoded in the following nine real scalars,?

’ / ! / ! /

Dy = —DapcrpotoPo” o, Bo = —@apcipooPo” Y, By = —Bapcrpotol L
! ! ! / ! !

D1g = —DypcrpotiPo” o, By = —DupoipotiPo” Y By = —Duporpot B, (3.62)
! / ! ! ’ /

Bog = —Pupcipt B0 0P, By = —D gt B P, By = —Dupciptt B

which together with A give the ten (real) independent components of the Ricci tensor. The spin coefficients
(3.58), Weyl scalars (3.61) and Ricci scalars (3.62) are very natural quantities from the spinor perspective.
From the tensor approach they instead appear as rather arbitrary combinations, as you are encouraged to

check in the following exercise.

Exercise 3.8. Use the spinorial versions of the null frame, Weyl and Ricci tensors to show that the spin

coeflicients can be written as

k=mVly, p=mm"Vla, o=mm"Vil,, 7=m*n"Vl,,

1 1 (3.63)
B=3 (nambvbza + mambvbma) L e=g (n“lbvbla - mazbvbma) ,
the Weyl scalars as
Vg = —Capealm®1'm?, Uy = —Cpeal*m®In? ;W = —Clapeal “m"m*n? (3.64)
3.64
U3 = — abcdlanbmcnda vy = _Cabcdmanbmcnda
and the Ricci scalars as
1 ajb 1 a, b 1 a, b
oo = _iRabl , @0 = _§Rabl m’, P2 = —§Rabm m’,
1 1 1
‘I’lo = —§Rabl“mb, (I’H = — (2Rablanb — 3/\) y ‘1)12 = —§Rabm“nb, (3.65)

1 1 1
Doy = —§Rabm(l’rﬁb, Py = —§Rabﬁlanb, Doy = _§Rabnanb :

3.5.1 GHP Weights and Derivatives

A very useful organising principle in managing GHP quantities is to classify them based on how they

transform under a dyad scaling,

{02, 14} = (Mot A7 1AY, (3.66)

2There seems to be a very unfortunate chain of typos in the literature at this point, involving (and implying inconsistencies
among) [1,3,5]. It involves a sign when writing ®oo, Po1, ... in terms of dyad contractions with ® 4pc/pr. Here we chose that
sign in such a way that when ®go, ®o1, ... are written in terms of contractions of the Ricci tensor and the null frame, they
coincide with the corresponding expressions in the original paper by Newman and Penrose [1] (who use our sign conventions

for the Riemann). We recall that the sign in the definition of A has also been chosen according to that criterion.
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which preserves the orthonormal condition 04t = 1 as long as the complex function X is non-vanishing.

We say that a quantity 7 has GHP weight (p, q), and write n = (p, q), if under (3.66) it transforms as
) AP, (3.67)
For example, under (3.66) the null frame is mapped into
{1%,n% m®, m®} — NG In® A Im® A m?) (3.68)
so their GHP weights are
1= (1,1), n*=(-1,-1), m*=(1,-1), m*=(-1,1). (3.69)

It can also be verified that
k= (3,1), o=(3,-1), p=(1,1), 7=(1,-1),
U; = (4—2i,0) (i=0,..,4), (3.70)
By, = (2—25,2-2r) (5,7=0,1,2).
The GHP weights of the complex conjugate, primed and starred versions of the quantities above follow by
noticing that such operations change the weights as

*

n=paq) = 0=(p), n=(=p—-qa), 1= —q. (3.71)

The spin coefficients € and 5 do not have definite GHP weights, since they do not transform as (3.67)
under (3.66), and similarly for ¢ and 3’. We say they are not propertly weighted. However, they can

be used to introduce derivative operators that act within properly weighted quantities (again assuming

n=(p,q)),
bn = (Vo —pe—qe)n, b'n:=(n"V,+pe+q)n,

oy = (m*Vo —pB+aB)n, In:=(m"Ve+ps —af)n.

The operators p and d are called thorn and eth, and are well defined derivatives as shown in the next

(3.72)

exercise.

Exercise 3.9. Obtain the transformation laws of € and 3 under (3.66) and show that if 7 = (p, q) is a
properly weighted quantity, then their thorn and eth derivatives are also properly weighted quantities

with weights

bn=(p+1,q+1), Pn=@p-1g-1), I=p+lg-1), n=(p-1,q+1). (3.73)

Furthermore, show that
(bn)' =D, (O'n)'=by, @n) =07, (@ =0oy, (3.74)
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and
bn=>bn, bPn=>b7n, =07, 9n=207. (3.75)
sothat p=p,p/ =P and d = &,0 = d.

Remark 3.3. There is a more systematic way of introducing the GHP derivatives in the language of
principal line bundles. Although this approach will not be taken here, it clarifies the geometric origin of p

and 0, so we review briefly this idea in Appendix A.

3.5.2 GHP Structure Equations

The GHP quantities introduced above are not independent, since they are subject to the usual geometric
structure equations: the commutation relations associated to the null frame, the relation between the
curvature and (derivatives of) the spin coefficients, and the Bianchi identities. Equipped with the operators
defined above, it is possible to write the geometric structure equations in terms of properly weighted

quantities. Applying the definitions, one finds that the GHP frame derivatives are

bla = —KMg — KMy, bma = _%,la — KNg,
bl = —Tmg — Mg, b'me = —K'ly — Tng,
(3.76)
6la - _pma — Uma, 5ma = _5-/la — O0MNg,
6,la = —a'ma — pma’ 8/ma = —ﬁ/la — PNg.

together with their primed and conjugate versions. The structure equations involving the curvature scalars
will be given in vacuum, for simplicity. In the rest of this section it will be assumed that ® 4gcrp = 0 and
A =0, and the equations we write are specific to that case. First, from a suitable use of Proposition 3.3

applied to the spinor dyad, and after projecting on the dyad itself, one finds

dp—0a=(p—p)7+(p —p)r— W,
bp — 0k = p? + 06 — kT — KT,
(3.77)
bo — 0k = (p+p)o — (7 + 7' )k + Py,
bp =07 =p'p+ o0’ — 77 — k' — Uy,
which, together with their primed and starred versions, are equivalent to the vacuum Einstein equations

(®,s = A =0). Next, projecting on the dyad the spinor version of the Bianchi identity (3.43), one finds

b —4p)U; — (& — 7') Ty = —3kUs,
(b= =3 =% ’ (3.78)
(b — 3[))‘112 - (6, — 27”)‘1’1 = 0'/\1’0 — 2/6\1/3,
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together with their primed and starred versions. Finally, one can also verify that the commutator between
GHP derivatives acting on a scalar with weights n = (p, ¢) is given by

[b,bIn = [(f — Yo+ (1 = 7)0 — p(kk — 77" + Ws) — q(RE — 77 + @2)} n
(3.79)

[b,8)n = [~7'b — kD" + p0 + 00 — p(p's — 7’0 + V1) — q(6'K — p7')] n.
Although obtaining the equations above by projecting the spinor equations on the dyad is unproblematic,
the computations are rather long and tedious. Fortunately, this can be done automatically with the help
of software for symbolic tensor manipulation, as explained in the mathematica notebook that comes with
these lecture notes. This makes use of a number of xAct packages, specially SpinFrames, designed to

manipulate spinor and GHP equations.

Remark 3.4. Before the GHP formalism was conceived in [10], Newman and Penrose [1] had put forward
another approach to transforming spinor equations into scalar ones, the so-called Newman—Penrose (NP)
formalism. However, this follows immediately from the GHP formalism, simply by disregarding the weight
structure of the various quantities, as well as the priming and starring operations. Thus, primed scalars are

given their own name, e.g. € = —v, and instead of b and @ one uses the directional derivative operators

D=1°V,, A=n%,, 06=mV,, 06=mV,. (3.80)

The complete relation between the original NP and the subsequent GHP formalisms is spelled out in [10].
In these notes we will always employ the GHP approach, since that allows one to reduce the form and

number of equations significantly by benefiting from the weight structure of GHP scalars.

To conclude this section we will revisit three well-known results, Petrov’s classification (discussed in
Section 3.3), the Golberg—Sachs and peeling theorems, and show that they are expressed in a very natural

(i.e. simple) form when formulated in terms of GHP quantities.

3.5.3 Petrov’s Classification in GHP Language

Choose an orthonormal dyad in such a way that o is aligned with a principal spinor, 0 ~ kWA or
equivalently that oAo? is aligned with the corresponding PND, 0404" ~ k(MA4"  Then using the canonical

decomposition of ¥ spcp (see (3.35)) one has

Uy = UapcpooPoCol = EQK(B)I{(C)I{(D))OAOBOCOD ~ /{E )K‘,(BQ)IQ( )Kg)gli(l) kDB (MC (D 0, (3.81)
since ﬁ(l)AmS) = 0. This is true for any spacetime which, in general, will be of Petrov type I. Now assume

the spacetime has a repeated PND (type II), with principal spinor k(DA Choosing 04 ~ k(WA besides

finding ¥y = 0 as shown above, one also has

U, = Uupcpo?oPo’P ~ KZEA)KJ(;)H(C)KZ(?KJ( )ARMB(MC D _ (3.82)
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By a similar computation, in the case of a type D spacetime choosing o” and ¢4 along each PND entails
Uy = ¥, = U3 = ¥y = 0. Finally, in spacetimes of types ITT and N, picking o along the repeated PND
implies that all Weyl scalars vanish except for W3 in the type I11 case, and W4 in the type IV one.

In sum, we have found that if the spinor dyads are properly aligned with the repeated PNDs (if

existent), then the Weyl scalars of the various Petrov types satisfy

Type I : Yg=0
Type IT : Vo=V, =0
Type D or II-1I: Vo=V, =V3=Uy=0 (3.83)
Type III : Vog=U; =TVy=Uy =0
Type N or IV : Vo=V =Uy=U3=0

The take home message is that, as anticipated in Section 3.3, algebraically special spacetimes have simple
forms in terms of their GHP quantities. As an example of this, later on we will discuss the GHP description

the Kerr black hole, an instance of type D spacetime.

3.5.4 The Peeling Theorem

The peeling theorem establishes that, under certain general assumptions that are expected to hold for
asymptotically flat solutions, the behaviour of the Weyl scalars in a suitable choice of frame and coordinates
is

U, =0 (r*f’”) . i=0,...4, (3.84)

where it is assumed that infinity lies at 7 — oo (the proof will not be discussed here, but can be found
in [1]). This result can be interpreted as follows. Far away from sources and strong gravitational fields,
the dominant Weyl scalar is ¥4 and the spacetime is approximately type N. As one moves backwards
from the asymptotic region, ¥3 becomes important, making the spacetime effectively type I11. It occurs
similarly for the remaining Weyl scalars, in such a way that the PNDs “peel off” one by one from the type

N bundle (where all PNDs point in the same direction, see Figure 1) as one falls backwards from infinity.

3.5.5 The Goldberg—Sachs Theorem

The Goldberg—Sachs theorem [15] establishes that in a vacuum spacetime (potentially with a cosmological
constant) that is not conformally flat, a null vector field is a repeated PND if and only if it is geodesic and
shearfree. In terms of GHP quantities, we notice that (from the first of (3.76)) I is geodesic only if k = 0.

It can also be shown that o measures the failure of {* to be shearfree (see [4] and [1]). Then, in terms of
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GHP quantities the Goldberg—Sachs theorem is simply expressed as
IfRy =0, then: k=0=0&T¥yg="; =0. (3.85)

The conciseness thus achieved in the GHP language will be crucial in the applications to gravitational

radiation discussed below .

4 Application to Black Holes and Gravitational Waves

In this section we use the spinorial tools developed above to approach some problems in black hole and
gravitational wave physics. For simplicity, we will focus on vacuum spacetimes. We start in Section 4.1 by
characterising vacuum type D solutions in terms of their GHP quantities, and discuss Kerr’s spacetime as
an important example. Next, in Section 4.2 we derive non-perturbative wave equations describing the
propagation of curvature in vacuum, and in Section 4.3 we use the results in Sections 4.1 and 4.2 to study
gravitational radiation. In particular, we provide a simple derivation of Teukolsky’s equations, by starting
from the curvature wave equations in Section 4.2 and linearising them on a vacuum type D space. We

conclude by discussing their implications to gravitational radiation in Kerr’s spacetime.

4.1 An Important Class: Vacuum Type D Solutions

The class of type D solutions plays a very important role in gravitational physics. It contains some of
the most important solutions, such as the Kerr-Newman family describing charged and rotating black
holes in the Einstein—-Maxwell theory. Although these are very nontrivial solutions given by seemingly
complicated spacetime geometries, the fact that they possess two distinct repeated PNDs allows one
to describe them in relatively simple terms, using GHP variables. In particular, restricting to vacuum
solutions and choosing {* and n® along the repeated PNDs (a choice sometimes referred to as a principal

frame), the Golberg—Sachs theorem (3.85) applied to both geodesic families implies
k=0c=Kk=0"=0, Yg=U;=U3=U,=0, (4.1)

where we have used that ¥, = U, and ¥} = ¥3. The Kerr family is an example of spacetime satisfying

these conditions, as we discuss next.

4.1.1 An important example: the Kerr Black Hole

The Kerr spacetime was found by specifically looking after vacuum type D solutions (as can be noticed

from the paper’s title [16]). Its metric in Boyer—Lindquist coordinates looks rather complicated (we use
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x = cosf),
A —a?(1—2?
%2:aé]‘”hﬂ+QMM dm¢——d2 —da?
—x
(4.2)
B <(T2 +a?)? - Aa®(1 - a:2)> (1- xz)d¢2 7
by
where M and J = aM are the ADM mass and angular momentum, and
A=r?—2Mr+ad® X=r’>+d%2%. (4.3)

However, we know it must have a simple description in terms of GHP quantities. Using the mathematica

notebook that comes with these notes, you are encouraged to check that the following frame

a2+r2

- )
"= A at+ar+ 8¢>
a® +r? A
a _ 4.4
1—22)/2 1
ma:z'(f”)/<a+ 8¢+18>
r+ax 1-—

is a null frame where [ and n® are geodesic (with {* affinely-parametrised). The non-vanishing, properly-

weighted spin coefficients are

P S A U TR (0 P 0 (4.5)
r —1iax by 23 r —1iax

while the non-properly weighted ones are

5= r/2v/2 g 2A(r) — (r - iax)A'(r) = x(r + iax) — 2ia

(r 4 iaz)V1 — 22 4(r —iaz)X 2v/2V1 — 22(r — iax)?

In particular, we notice that kK = 0 = k' = ¢/ = 0 so, by the Golberg—Sachs theorem, the only non-trivial

(4.6)

Weyl scalar must be ¥y. We get

M
Uy = —m ) (4.7)

while the rest indeed vanish. Later on we will use the structure of vacuum type D solutions to describe
the propagation of gravitational fluctuations about such spacetimes, with an emphasis on Kerr’s space.
However, we will first derive general, nonperturbative wave equations describing curvature propagation in
any vacuum spacetime.

4.2 Curvature Wave Equations in Vacuum

Above we have shown that the Weyl spinor in vacuum satisfies the wave equation

B
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This provides a very natural way of deriving wave equations for the Weyl scalars. Since this is a fully
symmetric spinorial equation, it has five complex independent components (see Proposition 2.2), which
can be obtained by simply computing its five independent full projections with the dyad. This gives an
equation for each of the five Weyl scalars. Although conceptually this is very simple, translating the dyad
projections into GHP quantities is computationally expensive if attempted by hand. In the mathematica
notebook that comes with this notes, we use the SpinFrames subpackage of xAct to do this operations
efficiently. Here we simply report the resulting equations for ¥y and ¥, with a brief description of the
steps followed, while a detailed explanation can be found in the associated notebook (en passant, we

correct some typos in the literature):

o Equation for Vy: Project (4.8) with 0408 00", commute GHP operators so that non-primed ones
act first, eliminate first derivatives of ¥; by using Bianchi identities, and finally eliminate first

derivatives of p and 7 by using Ricci-rotation equations (3.77). The resulting equation is

[b'p — 0’0 — p'b — 5pp’ + 70 + 570" + 400’ — 4kr' — 10¥5] Ty
+ [4b'k — 400 — 4(p' — 29" )k + 4(T — 27")0 + 1004 ] ¥y (4.9)

+ [—4ob + 4k0 — 12k7 + 12p0]| Uy = 0.

o FEquation for W4: From the knowledge of (4.9), an equation for ¥4 can be obtained just by priming
equation (4.9) and commuting GHP operators so that non-primed ones act first. Alternatively, one
can emulate the steps that lead to (4.9): project (4.8) with :4.5:“.P commute GHP operators so
that non-primed ones act first, eliminate first derivatives of W3 by using Bianchi identities, and

finally eliminate first derivatives of p’ and 7’ by using Ricci-rotation equations (3.77). From either

approach, one gets to the same equation for ¥y,>

[b'b — 00 — (40" + )b — pb' + (47" + 7)0 + 70’ + 4pp’ — 477" — 2W,] Uy
+ [4bk' — 400" — 4(p — 2p)K' + 4(7' — 27)0’ + 10W3] Uy (4.10)

+ [—4o'D + 4Kk'0 — 12k'7" +12p'0"]¥5 = 0.

Proceeding this way it is also possible to obtain equations for Wy 5 3, but we shall not discuss this here
since we will not need those equations later on (a discussion of those equations can be found in [17]). To
the best of our knowledge, the equations for ¥y and W, as presented here were first obtained by Stewart
and Walker [12], by a judicious manipulation of GHP equations. Here instead we proceeded in an arguably

more natural way, based on a single projection of (4.8) and subsequent elimination of some variables.

3In Stewart and Walker’s paper [12], instead of 7' there is a 7, missing a prime. This typo propagated also to [17].
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We stress that these equations hold exactly on any vacuum spacetime. In addition, as we shall see
next, they are written in such a way that their linearisation on certain algebraically special backgrounds is

immediate, a fact that will prove very useful when considering gravitational waves.

4.3 Gravitational Radiation and Teukolsky’s Equations

Understanding gravitational radiation is one of the main challenges in theoretical physics. From the
perspective of astrophysics, this allows us to interpret the signals registered in gravitational wave detectors
and, to date, this is one of the most promising windows into the strong-field structure of gravity. However,
this is a very hard problem and approaching it requires some simplifying assumptions. Assuming
gravitational wave sources of comparable masses and small separation distances requires employing
numerical methods in constructing solutions. That would be the case of a comparable-mass binary black
hole merger. However, numerical methods are limited by computational power and often fail in resolving
large separation of scales, e.g. if one of the black holes of a binary is much smaller than the other, or
capturing the features of gravitational waves at very late times after a black hole merger. In those cases,

one models gravitational radiation as small fluctuations off a stationary background.

A paradigmatic example is the relaxation of a black hole towards equilibrium in the last stages after
a black hole merger. The remnant black hole converges towards a final, quiescent state by emitting
gravitational waves that oscillate at the hole’s characteristic frequencies, the so-called quasinormal modes
(QNMs). Observing this relaxation process, known as the black hole’s “ringdown”, can yield unprecedented
tests about the nature of gravity if theoretical predictions for the QNMs are available. These include tests
about black hole uniqueness and the high-energy completion of general relativity (you can consult [18]
for a review on QNMs). Another important case is that of extreme-mass-ratio inspirals (EMRIs), which
are black hole binaries where one of the holes is much smaller than the other. The smaller hole spends
thousands of orbits in the deep, strong-field region of the larger hole before plunging and disappearing
past its event horizon. The gravitational waves emitted during those orbits encode invaluable information
about the structure of extreme gravitational fields, a fact that makes EMRIs one of the most important

science cases of the future space-based detector LISA [19].

The theory developed in the previous sections is crucial in solving problems such as black hole relaxation
or EMRIs described above. An instrumental result for that are the so-called Teukolsky equations [11],
which describe the generation and propagation of linear gravitational fluctuations on vacuum type D
spacetimes (in fact, the equations also exist in the presence of a cosmological constant, so they have found

applications in the contexts of cosmology and holography, too).

The original derivation by Teukolsky is based on a judicious combination of some linearised NP
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equations. Here we follow an alternative approach, where most of the work has been done already by
obtaining the nonperturbative curvature wave equations in Section 4.2 above.* Consider a linear, but
otherwise fully general gravitational fluctuation of a type D background. We will use dots to denote linear
fluctuations of GHP quantities and, in a slight abuse of notation, if no dot is written it will be assumed
that the variable takes its background value (e.g. ¥y and U, denote the backgorund value of ¥ and its
linear fluctuation, respectively). From the Goldberg—Sachs theorem we know that the background null

frame can be chosen so that
k=0c=K =0 =0, and VYyg=0; =U3=U,=0. (4.11)
Taking into account the vanishing of these background quantities, the linearisation of (4.9) yields simply

[b'p — '3 — p'b — 5pb’ + 70 + 579 — 10¥,3] ¥y (41
4.12
+ [—46b + 4RO — 12RT 4 12p5] Uy = 0.
However, from the Bianchi identities in GHP form (3.78) the thorn and eth derivatives of ¥5 on a vacuum

type-D space read
b\IIQ = 3p\I/2 s 8\1’2 = 37'1112 s (4.13)

so the last line in (4.12) vanishes, and one is left with a decoupled equation for ¥y,
[b'b — 88— g'b — 5pb’ + 70 + 570" — 10U Wg =0, (Teukolsky equation for V). (4.14)
Applying a similar argument to (4.10) one also obtains a decoupled equation for \114,5

[b'b—0'd— (4p' +p)b—pb + (47 +7)0+ 70" +4pp’ — 417’ —2Uy| W, =0, (Teukolsky equation for ).

(4.15)
Although we have derived these equations in vacuum for (fluctuations of) the gravitational Weyl spinor,
in a very similar way it is possible to obtain analogous equations for lower-spin fields, such as the
electromagnetic field or neutrinos. It is also possible to account for linear sources, where instead of setting
the fluctuations of the Ricci scalars to zero one trades them by the components of the energy-momentum
tensor of the linear source (e.g. the energy-momentum tensor of a point particle). If these equations are,
furthermore, specialised to the Kerr background with the null frame (4.4), they admit separable solutions

P = R(r)S (x)e*i(w’e*md’), where 1) denotes generically the variable describing the field’s fluctuation (e.g.

4To the best of our knowledge, an alternative derivation along these lines was first considered by Ryan [20] and shortly
after by Stewart and Walker [12], that we follow here. We also note that an approach to perturbations from curvature wave

equations is likewise efficient and clarifying in other contexts too [21].
®Since our assumptions (4.11) are left invariant under priming, one can also obtain the equation for U4 just by priming

(4.14).
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‘ifo), w is its frequency and m its angular momentum along the hole’s rotational axis. This yields two
decoupled ODEs, one for R(r) and one for S(x).6 The equation for S(z) is a smooth deformation of the

harmonic equation of spin-weighted spherical harmonics [22], while the equation for R(r) is

2 _ os _
A <As+1dR> N (K 2is(r — M)K

I o A + diswr — )\> R=0, (4.16)

where s is the spin of the fluctuation (for gravity s = 4-2), \ a separation constant and K? = (r2+a?)w—am.
This equation can be generalised to account for a linear source, which amounts to including a term on the

right-hand-side that is homogeneous in the linear energy-momentum tensor.

Besides having a very clear geometric origin (the wave equation of the Weyl spinor), these equations
describe the behaviour of physically meaningful quantities. In particular, it can be shown that \110,4 are
fully gauge-invariant and control the fluxes of incoming and outgoing radiation at infinity. Restricting to

monochromatic waves, one has

2 Elout) r2 . d2E(in) 2 .
—aq by |2 = lim ———[Wo[? 4.1
drd A g I g T e Pl (4.17)

where df is the solid angle element [11]. In addition, some work that followed that of Teukolsky [23—-27]
established that solutions to (4.14) and (4.15) contain the information of the entire metric fluctuation, and

are enough to reconstruct it in a particular gauge (the spinor description of this is explicitly given in [27]).

The fact that an equation as simple as (4.16) governs the fluctuations of rotating black holes has been
instrumental in obtaining many of the predictions known to date about the behaviour of gravitational waves
in the strong field regime. This includes (but is certainly not restricted to) high-precision computations of
black hole QNMs in general relativity, and also accurate analysis of the gravitational radiation emitted by
several astrophysically promising systems, such as EMRIs. This is, however, only an example of the use of

spinor techniques in gravitational physics, and they are crucial in many other open challenges.

SHowever, we notice they share a common separation constant. In some cases, such as computing QNMs, this effectively

couples both equations, that need to be solved simultaneously.
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A Line Bundle Approach to the GHP Formalism

Here we follow the introduction of [28], although we also recommend the original discussions in [10,29].
Assume two null directions [* and n® satisfying [*n, = 1 have been chosen globally across spacetime.
The set of null frames aligned with [* and n?, together with the (right) action of the group Cx (complex

numbers without the origin)
(ba,nasma; N) = MM, A\ IA g, A7 tmg,) YA € Cy (A.1)

form a principal line bundle, consisting in a reduction of the null frame bundle. The associated connection
1-form is

1
We = —€ly + eng + B'mg — Py = 3 (nbvaéb + mbvamb) ) (A.2)
which transforms correctly under the action of Cy,
Wa — Wa + ATV . (A.3)

The quantities 7 = (p, q) live in the vector bundle E, , associated to the representation of Cy with weights

D, q. The covariant derivative on E, , is
Oy = V4 — pwq — qia, (A4)

where we write V, instead of 9, to include also sections of E}, , that take values on tensors (e.g. Rabcdfcmd).
We notice that, by construction, ©, preserves GHP weights so in that sense O, = (0,0). Then, b and 0

are introduced in a natural way simply as the directional derivatives associated to O,

b=0"0,, P =n"0,, 3=m0,, & =m"0,, (A.5)

o

and it becomes manifest that they are well defined derivatives and that b = (1,1),p’ = (-=1,—1),
(1,—1),d" = (—1,1). Finally, the properties (3.74) follow directly from (©,n)" = .1
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