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Resumo

A superradiancia é um fenémeno de amplificagao de radiacao que surge em muitos contextos em fisica. Um
dos contextos em que este fendmeno se manifesta é na chamada difusao superradiante. Em geral, acredita-
se que campos fermiénicos nao podem ser superradiantemente amplificados, enquanto campos bosénicos
podem. No entanto, existem véarios casos de sistemas de fermides com comportamento bosénico, sendo
os pares de Cooper da teoria de Bardeen-Cooper-Schrieffer (BCS) da superconductividade e os mesoes de
fisica de particulas exemplos disso mesmo. Isto leva-nos a perguntar: Serd possivel ter um condensado
de fermioes capaz de exibir amplificacao superradiante? Ou, existird alguma interacgao nao-linear entre
fermiGes que os torne capazes de exibir amplificacdo superradiante? A resposta a estas questoes é de
grande importancia para testar a ideia de que o processo de Penrose é o andlogo corpuscular do fenémeno
de difusao superradiante.

Nesta tese, revemos os casos da difusdo de um campo escalar carregado numa barreira de potencial
electrostatico forte (paradoxo de Klein) e num espago-tempo de Reissner-Nordstrém, obtendo modos
superradiantes em ambos os casos. Para além disso, provamos o facto bem conhecido de que campos de
Dirac nao exibem superradiancia, tanto no paradoxo de Klein como na geometria de Reissner-Nordstrom.
Contudo, o facto dos campos de Dirac nao exibirem superradiancia em Reissner-Nordstrom era sabido
como um caso particular da geometria de Kerr-Newman. Mas, como Kerr-Newman nao é esfericamente
simétrico, a prova mais geral precisa do pesado formalismo de Newman-Penrose. Neste trabalho, provamos
directamente que campos de Dirac nao exibem superradidncia em Reissner-Nordstrom, usando apenas a
simetria esférica do problema e uma mudanca de varidvel apropriada.

Por fim, damos um exemplo de uma teoria nao-linear para campos de Dirac que admite solugoes

superradiantes, tanto no paradoxo de Klein como no espago-tempo de Reissner-Nordstrom.

Palavras-chave: superradiancia, paradoxo de Klein, Reissner-Nordstrom, condensado bosénico,

fermiGes, buracos negros.
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Abstract

Superradiance is a radiation enhancement process that happens in many contexts in physics. One of
its manifestations is what we call superradiant scattering. It is, generally, believed that fermionic fields
cannot be superradiantly amplified, whereas bosonic fields can. Nevertheless, there are several examples
in nature of fermion systems with bosonic behaviour, for instance, Cooper pairs in Bardeen-Cooper-
Schrieffer (BCS) theory of superconductivity and mesons in particle physics. This raises the questions:
Is it possible to have a fermion condensate which can exhibit superradiant amplification? Or, is there a
non-linear interaction between fermions which enables them to exhibit superradiant amplification? The
answer to these questions is of great importance to test the idea that the Penrose process is the particle
analogous of superradiant scattering phenomenon.

In this thesis, we review the cases of a charged scalar field scattering in a strong electrostatic potential
barrier (Klein paradox) and in a Reissner-Nordstrém background, obtaining superradiant modes in both
cases. Moreover, we prove the well known fact that Dirac fields cannot exhibit superradiant amplification
both in the case of Klein paradox as well as in Reissner-Nordstrom black holes. However, the fact that
Dirac fields do not exhibit superradiance in Reissner-Nordstrom geometry was known as a particular case
of the more general Kerr-Newman geometry. But, since Kerr-Newman is not spherically symmetric, the
proof need the complicated Newman-Penrose formalism. Here, we give a direct proof of the absence of
superradiance for Dirac fields in Reissner-Nordstrém geometry, using only the spherically symmetry of
the problem and an appropriate change of variables.

Finally, we give an example of a non-linear Dirac theory that admits superradiant solutions both in

the Klein paradox and in the Reissner-Nordstrom background.

Keywords: superradiance, Klein paradox, Reissner-Nordstrém, bosonic condensate, fermions,

black holes.
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Notation and Conventions

In this thesis, we use the metric signature (+ — — —) . Moreover, we use units withc=h=G=k. =1
where ¢ is the speed of light in vacuum, % is the normalized Planck constant, G is the gravitational

constant and k. is the Coulomb constant.

e 1 denotes the unit matrix/operator.

® ¢,y is the so-called Levi-Civita symbol.

e A* denotes the complex conjugate of A.

e At denotes the hermitian conjugate of A.

e g denotes the electric charge of a scalar field.

e ¢ denotes the electric charge of a Dirac (spin-1/2) field.
e V, is the covariant derivative.

e Y™ is the spherical harmonic of degree I and order m; where [ and m; are integers satisfying

I > |my|. These functions satisfy the orthonormality relations:
/dﬂ (V™) Y™ = 00 Oy m

e o' are the Pauli matrices:

These matrices are hermitian and unitary and satisfy the relation

0%0? = ieape 0 + Oap 1o

e * are the Dirac 4 x 4 matrices:

1 0 . 0 o
V= = | i=1,2,3.
0 —]lg —o' 0
The Dirac matrices satisfy the anticommutation relations {y*,7"} = 29", where 7, is the

Minkowski metric. They also satisfy the relation (y*)f = 494440,
e ¥ = Uf40 is the Dirac conjugate of the spinor .

e We use the abbreviations RN for Reisner-Nordstrom and BH for black hole.
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Introduction

1.1 Motivation and Overview

Superradiance is a phenomenon where radiation is enhanced by some system with the capability to
dissipate energy. This phenomenon occurs in several contexts in physics, for instance, it can happen in
quantum optics [1, 2], in quantum mechanics [3, 4] and in relativity [5]. An interesting manifestation of
this phenomenon occurs in the scattering of fields by certain systems, where the scattered field obtains
a larger energy than the one the incident field had. So, the diffuser system must have some dissipative
mechanism that allows the transference of energy to the field. In this work we are always interested in
this kind of superradiance.

It is a fact of nature that all the known particles fall into one of two big families: fermions (particles
with half-integer spin) and bosons (particles with integer spin). Quarks and leptons are fermions, while
the force carrier particles are bosons. The main difference between these two families is that fermions
obey the Pauli exclusion principle which states that two identical fermions cannot be in the same state
at the same point of spacetime.

It happens that the phenomenon of superradiance in the scattering of fields depends on which family
the field belongs to [6, 7]. In fact, it is generally believed that the scattering of fermionic fields cannot
be superradiant. However, since each specific field has its own field equations and can be scattered by
different diffuser systems, one cannot give a mathematical general proof of this idea. But one can prove
it for some particular cases. For instance, it is known that the scattering of Dirac spin-1/2 fields on a
electrostatic potential barrier and on a Kerr-Newman (charged, rotating) black hole (BH) cannot exhibit
superradiance [3, 4, 8]. Here we refer to BHs as diffuser systems, but it only makes sense to study
superradiance in this context if BHs have some dissipative mechanism which allows energy transfer to
the surrounding fields. It turns out that this mechanism exists.

The study of the scattering of charged fields on strong electromagnetic backgrounds is generally called
Klein paradox. In 1929, using the Dirac equation, Klein showed that an electron beam propagating in
a region with a sufficiently large potential barrier can be transmitted without the exponential damping
expected from non-relativistic quantum mechanics [9]. This phenomenon was dubbed Klein paradox by

Sauter [10] and it can be explained by the pair production at the potential barrier using quantum field



theory [3, 11]. Moreover, as we show in this thesis the Klein paradox is a simple example where a field can
be superradiantly amplified. In fact, using quantum field theory it is possible to understand completely
the phenomenon of superradiant scattering and its connection with pair creation. It is possible to show
that for sufficiently large potential barriers there is a production of scalar and Dirac pairs, explaining
the existence of transmitted modes instead of the exponential damping [3, 12]. Also, it is known that
superradiance occurs due to pair production and the fact that Dirac fields do not exhibit superradiant
amplification relies on the Pauli exclusion principle [6, 3, 12]. The behaviour is fundamentally the same

when the fields are scattering on a (possibly charged) Kerr background [13, 14].

The idea of BHs as massive objects with such a large mass that even light could not escape them was
first proposed by John Michell, in 1783, and, after, by Pierre-Simon Laplace, in 1796 [15, 16]. However,
only in 1915, with the theory of general relativity of Albert Einstein, it was possible to understand how
(massless) light interacts with gravity. In fact, it turns out that BHs arise in a very natural way in
general relativity. There are solutions of the Einstein equations that contain closed regions with their
interior causally disconnected from their exterior, in the sense that what happens in their interior cannot
influence their exterior and, so, everything that enters these regions cannot escape them (even light)
[17]. One hundred years ago, in 1916, Karl Schwarzschild discovered the first solution of the Einstein
field equations with a region of this kind, this is called the Schwarzschild solution [18]. By definition,
these regions are BHs and their boundary is the so-called event horizon. Furthermore, it is exactly the
event horizon which provides a dissipative mechanism to the BH [6, 19]. This is something very peculiar,
because the necessary dissipation for the existence of superradiant amplification is often provided by some
kind of friction or viscosity, which always involve some matter or radiation fields. Since BHs appear in
several vacuum solutions of the Einstein field equations, the event horizon provides the vacuum with a
dissipative mechanism. This is very interesting, because the fields are allowed to extract energy from the
vacuum itself by superradiant scattering. Moreover, in principle, this is a real phenomenon since we have
strong observational indications that BHs exist. In fact, the first direct confirmation of their existence
was the last year’s detection, by LIGO, of the gravitational wave signal GW150914, originated by the

collision and merger of a pair of BHs [20].

The study of BH superradiance started in 1971 with the independent predictions of Zel’dovich and
Misner that some waves could be amplified by rotating (Kerr) BHs [5, 21]. Moreover, the work done
by Teukolsky was crucial to the study of scattering of fields on Kerr background. Teukolsky showed
that linearised perturbations of the Kerr geometry can be compactified in one single separable master
equation, which contain the cases of scalar, electromagnetic and gravitational perturbations [22]. Using
this master equation, Teukolsky and Press proved that scalar, electromagnetic and gravitational waves
scattering on a Kerr BH have superradiant modes [23]. In 1973, Unruh separated the massless Dirac
equation on Kerr background and showed that these spin-1/2 (neutrino) fields do not have superradiant
modes [24]. This result was extended for massive spin-1/2 (Dirac) fields by Chandrasekhar [25]. In 1976,
Page separated the Dirac equation on the more general Kerr-Newman background and, one year later,
Lee used his result to show that Dirac fields have no superradiant modes on this background [8, 26].

Another interesting approach to the study of BH superradiance was that of Bekenstein, who saw the



connection between this phenomenon and Hawking’s area theorem [27]. This argument is so simple and
beautiful that we shall outline it here. If the energy-momentum tensor of a (possibly charged) test field
propagating on a Kerr-Newman background satisfies the null energy condition [28] at the event horizon,

then the energy AM, angular momentum AJ and electric charge AQ absorbed by the BH satisfy [29]:

AM > QAT +VAQ (1.1)

where () is the angular velocity of the BH horizon and V is the electric potential at the horizon. It is
easy to see that the ratios of the angular momentum over the energy and of the electric charge over the
energy of a wave with frequency w, azimuthal number m and electric charge e are, respectively, m/w and

e/w [27]. Then, the inequality (1.1) reads

ATM(w—mQ—eV)zO . (1.2)

Superradiant modes must extract energy from the BH and, so, AM < 0, which implies that w must
satisfy
O<w<mQ+eV . (1.3)

These are, precisely, the modes which extract energy from the BH. Since the energy-momentum tensor
of the Dirac field does not satisfy the null energy condition at the event horizon [30], we see that these
fields are not contemplated by this proof and, in fact, as we said above, they do not exhibit superradiant

amplification when scattering on this background.

In 1971, Roger Penrose theorized a phenomenon called the Penrose process [31]. This is a phenomenon
where rotational energy can be extracted from Kerr (rotating) BHs and it is generally believed to be the
particle analogue of superradiant scattering. The Penrose process makes use of the fact that Kerr BHs
have a region called ergoregion, where a particle can have negative energy with respect to an observer
at infinity [6, 17]. The idea of Penrose consists in considering a particle falling into the ergoregion and
decaying there in two another particles. Obeying the energy-momentum conservation law, it is possible
that one of the particles falls into the BH with negative energy (with respect to an observer at infinity)
and the other escapes to infinity with a larger energy than that of the original particle. In fact, it can
be shown that, for Reissner-Nordstrom (charged static) BHs, there exists a generalized ergoregion and a

similar energy extraction process is possible [32, 33].

As we said, the Penrose process is generally believed to be the particle analogue of superradiant
scattering phenomenon. However, while the two processes are classical, superradiant amplification seems
to carry some quantum features of the field being scattered. In particular, even though the fields are not
quantised, superradiant scattering already seems to predict pair production. Now, if we believe that the
Penrose process is a real phenomenon, which happens for ordinary matter in nature and, at the same
time, we believe it to be the particle analogue of superradiance, we have something to explain. Because
we know that all the ordinary (baryonic) matter is made of fermions at the very fundamental level and

it is believed that fermions do not exhibit superradiant amplification. This raises the expectation that



it may exist some non-linear interaction between the fermions, which restores their capability to exhibit
superradiance. In other words, we expect the existence of bosonic fermion condensates with the capability
to exhibit superradiant amplification. In fact, the existence of fermion systems with a bosonic behaviour
is not very strange and happens in nature. For instance, Cooper pairs in BCS theory of superconductivity

and mesons in particle physics are examples of these bosonic fermion condensates.

The existence of these kind of condensates can have interesting applications in astrophysics. In fact,
it is known that we can confine superradiantly amplified fields through various mechanisms, like massive
fields and anti-de Sitter boundaries [6, 34, 35]. This confinement can originate strong instabilities called
BH bombs [36], which have applications in searches for dark matter and physics beyond the Standard
Model [6, 37, 38].

In this thesis, we review the scattering of scalar and Dirac fields on an electrostatic potential barrier
(Klein paradox) and on a Reissner-Nordstrom (charged static) BH. The results obtained for these cases
are well known [4, 3, 6, 8]. Nevertheless, as far as we know, the only proof of the absence of superradiance
for Dirac fields on RN background is obtained as a limit of the more general Kerr-Newman background
[8], which uses the formalism of Newman-Penrose [39] to separate the Dirac equation. Here, we use the
spherical symmetry of RN geometry to separate the Dirac equation in an easier way and we proceed to
prove the absence of superradiance for Dirac fields on a RN background in a new way. Finally, we provide
a non-linear Dirac field theory, which is inspired by the Nambu-Jona-Lasinio model [40] and can exhibit
superradiant amplification both on the Klein paradox and RN background. Here, we are not concerned
about the generality or validity of this theory. Instead, we want to provide a simple theory, which we
believe to describe a fermion condensate and, at the same time, allows superradiant scattering solutions.
So, we give a proof of concept that it is possible to construct this kind of condensates. In principle, there

are other theories more realistic than this one, which allow solutions with the same kind of behaviour.

In this work, we always consider charged test fields, neglecting the electromagnetic field produced
by them and their back-reaction on the spacetime geometry. So, we consider that these fields always
propagate in a fixed background geometry. This test field approximation is correct at first order in the
fields, because their effect on the geometry and on the electromagnetic field is only of second order [6].
Also, we do not expect any qualitative change of our conclusions from using this approximation. In fact,

in any viable astrophysical scenario, the first order on the amplitude of the fields is enough.

The field theories that we use throughout this work are always described by an action of the form:
S=8¢+Sgm+Su (1.4)
with

R
SG = /d4$\/ —g ﬁ 5 (15)

1
Senm = —/d‘*x,/—g ZFWF’“’ , (1.6)

where ¢ is the determinant of the metric g,, of spacetime, R is its scalar curvature and F),, is the



electromagnetic field tensor

F = 0,A, — 0,4, . (1.7)

The action Sy;:

SM :/d4$\/jg£]\/[ s (18)

where L)/ is the lagrangian density of some matter field. This action describes the matter field under
analysis. In this work, we will consider three kind of matter fields: scalar fields, Dirac fields and non-linear
Dirac fields.

In this thesis, we always use theories Sj; which are U(1) invariant. A theory of this kind is such that

if it describes the field £, then its equations are invariant under the transformation
E— e, (1.9)

with « a real constant. So, by Noether’s theorem, there is a conserved current associated with this sym-
metry [41]. We call this current the particle-number current and we use its flux to study the phenomenon
of superradiant scattering [7]. We say that there is superradiant amplification if the absolute value of the

flux of the reflected particle-number current is larger than that of the incident one.






Klein paradox

In this chapter, we study the phenomenon of superradiance when scattering scalar or Dirac charged fields
in an electrostatic potential barrier. In particular, we show the well known fact that Dirac fields cannot
exhibit superradiance. On the other hand, we prove that charged scalar fields can exhibit superradiance
for modes with frequency w obeying the relation m < w < ¢V — m with V the electric potential, ¢
the charge and m the mass of the field. We also analyse the case of non-linear Dirac fields and prove
that there is a superradiant regime. Thus, although linear Dirac fields cannot exhibit superradiance,
non-linear Dirac fields can. We interpret these non-linear Dirac fields as describing roughly condensates
of interacting Dirac particles. As a motivation for this interpretation, we have the Nambu-Jona-Lasinio
model [40], which is based on an action quite similar to ours. This model is used as an effective theory
to describe mesons, which are composed by pairs of interacting quarks and anti-quarks, both spin-1/2
fermionic particles, and have a bosonic behaviour as a whole. Moreover, this model is motivated by
BCS theory of superconductivity and, in particular, by the concept of Cooper pairs, which are pairs of
interacting electrons that have also a bosonic behaviour as a whole.

We consider a two dimensional problem on a four dimensional flat spacetime. So, we have the fields

propagating along ¢ and z, with the metric of the Minkowski background [42]
ds* = dt* — da? — dy® — d2* (2.1)

and the arbitrary electromagnetic potential

with the asymptotic behaviour

0, for z —» —o0
V(z)=1 _ . (2.3)
V >0, forz— 400

Then, we are interested in what happens to incident quasi-monochromatic charged waves (of a specific

field) coming from z = —oo and scattering in this potential barrier. To interpret the waves as incident,



reflected and transmitted, we use their group velocity. As is known in wave theory, a wave-packet

o(t,z) = / dwA(w)e iwt=k(@z] (2.4)

e () )

with the frequency w real, A(w) a complex-valued function and k(w) the dispersion relation of the specific

field.

has group velocity

Let us define here what we mean by quasi-monochromatic waves of frequency w. These are wave-
packets with frequencies in an infinitesimal interval around some frequency w. These waves are approxi-
mately monochromatic

o(t,z) = Ae~iBt=k@3z] (2.6)

e (B )

w

and they have group velocity

This is, of course, an approximation, because we cannot define the concept of group velocity for monochro-
matic waves. But we can make the approximation as good as we want by considering the frequency interval

around w as small as needed.

2.1 Scattering of scalar fields

Let us start by considering the scalar theory

Sacatar = / da* [D,¢(DFe)* — m2|ef?] (2.8)

with m the mass of the scalar field and D, = 9, +igA,, where ¢ > 0 is the electric charge of the field.
In this theory, we are imposing the minimal coupling between the charged field and the electromagnetic
field.

This theory is sometimes called Klein-Gordon theory. It was proposed, in 1926, by Oskar Klein and
Walter Gordon to describe relativistic electrons. In fact, now, we know that this theory describes scalar
(spin-0) fields, which, in the framework of quantum field theory, are associated with the Higgs boson
particle. Furthermore, this theory describes also spinless relativistic composite particles, as the pion.

From the action (2.8), we can obtain the field equations
(D*D, + m2)¢’ =0, (2.9)

and

[(D")*(Dp)* +m?é" =0 . (2.10)

Since the second field equation is just the complex conjugate of the first equation, we focus only on



Equation (2.9).

In the present problem, this field equation can be written as
[(0?) +2iqV O, — ¢*VZE - 9>+ m?lp =0 (2.11)
or, in the time-independent form,
02+ (w—qV) =m?lp=0 |, (2.12)

which is obtained by separation of variables with ¢(t, z) = e~ “!yp(z).

Let us, now, solve the time-independent field equation in the asymptotic regions z — —oo and

2z — +00.

Region I: z —» —o0

In this region, Equation (2.12) reads

(02 +w? —mP)pr =0 (2.13)
which has the general solution
or(z) = Ae** 4+ Be ** (2.14)
with
2 =w?—m? . (2.15)

Notice that, in the problem we are considering, we must have waves in this region and, so, w € X with
X ={w|w? —m? >0}

Now, we want to write explicitly the solution corresponding to the incident wave and the one cor-
responding to the reflected wave. It is possible to write the total solution as a sum of incident and
reflected waves because Equation (2.11) is linear. Then, remembering that we are considering quasi-
monochromatic waves, we use the group velocity to interpret the general solution of Equation (2.11). By
the definition of group velocity, we see that, in this region, the general solution is the sum of two waves
with symmetric group velocities. The group velocity of the wave associated with the term proportional
to e** in (2.14) is

k
vy =— (2.16)

where we used Equation (2.15) and the definition of group velocity (2.7).

So, we can write the incident wave solution as

§i = [emilot—k@):] (2.17)



and the reflected one as

¢ = Re ilWtth@:a] (2.18)

where

Elw) =eVw?2 —m?2 | (2.19)

with € = sign(w + m). We choose the sign of k in a way that makes the incident and the reflected waves
have positive and negative group velocities, respectively, along z. We are allowed to do this, because
the dispersion relation (2.15) does not impose a sign for k. This imposition comes from our physical

boundary conditions.

Region II: z — +o0

In this other region, Equation (2.12) reads

02+ (w—qV)? —mpr =0 | (2.20)
which has the general solution
e11(2) = Ae™* + Be™* | (2.21)
with
S =(w—qV)2—m? . (2.22)

While in the region I only wave solutions are allowed by our boundary conditions, here it is not necessary to
have a travelling transmitted wave. In fact, it is possible, with w € X, to have stationary waves attenuated
or amplified along z. But we exclude the solutions corresponding to these amplified stationary waves,
because they give rise to instabilities (the amplitude goes to infinity when z — +o00) and are, therefore,

out of the domain of validity of the test field approximation.

Now, we see that, in this region, the general solution of Equation (2.11) corresponds either to the sum
of two waves travelling with symmetric group velocities or to the sum of an attenuated and an amplified
stationary waves. In the case of travelling waves (w such that w € X and (w — q‘N/)2 > m?), the group

velocity of the wave associated with the term proportional to €?** in (2.21) is

S
vy = _ 2.23
"= o (2:23)

where we used Equation (2.22) and the definition of group velocity (2.7).

Then, the transmitted wave can be written as
Pt = T e ilwt=s@szl (2.24)

with w € X and
s(w)=e\/(w—qV)2—m? | (2.25)

10



with € = sign(w — qf/ + m). Again, as in region I, we choose the sign of s to be consistent with our
physical boundary conditions. In fact, it is very easy to verify that if this solution is a travelling wave (w
such that w € X and (w — q‘7)2 > m?), it has positive group velocity and if it is a stationary wave (w

such that w € X and (w — ¢V)2 < m2), it is an attenuated one.

Conserved z-current

Let us introduce the particle-number z-current of the scalar field ¢:

J = (600 - 60.6) (226)

This current is the z-component of the Noether’s conserved current associated with the U(1) symmetry
of the scalar field ¢.
It is easy to see that this current is conserved along z:
i

0.5% = —5 (9020 — 6 026") = 0, (2:27)

where in the last equality we used Equation (2.12) and its complex conjugate.

To analyse the existence of superradiant modes, we can calculate the z-current of the incident, reflected
and transmitted waves and, using its conservation along z, search for modes with the absolute value of
the reflected current larger than that of the incident one.

The incident z-current is

(G = =561 0.07 — ¢} (2:01)7) = |1k (2.28)
the reflected one is .
(G°)" = =51(67)0:0F — 67 (0:07)"] = ~|RPk . (2.29)
and the transmitted is
(7" = =5 [(8h1)"0:05; — 0y (9:057)"] = [T*Re(s) . (2:30)

In the asymptotic regions I and II, the scalar field ¢ is given by ¢; = ¢% + ¢} and ¢ = ¢f,,

respectively. Thus, from the fact that the z-current is conserved along z, we have that

G )r =G, (2.31)

where (j*); and (j*%);; denote the z-current j* in the asymptotic regions I and II, respectively. Moreover,

it is very easy to show that

(G*)r =)+ @), (2.32)

and that
(G =G - (2.33)



Then, from Equation (2.31):
G+ G =00, (2.34)

and substituting Equations (2.28), (2.29) and (2.30), it follows that

Re(s
i~ ap = 2 e (2.35)
Let us compare the reflected z-current with the incident one and analyse in what conditions we can

have superradiance. Consider the quantity

; (2.36)

where we used Equation (2.35) in the last equality. By definition, superradiance is present when |(5%)"] >
|(7%)"| or, equivalently,
R —gV)2 — m2
Re(s) e( (w—4qV) m)

0> L e - . (2.37)

Thus, we see that the superradiant regime is such that the transmitted wave is a travelling wave (s € R)

and €€ < 0. This is possible only if qV > 2m and for frequencies w satisfying
m<w<qV-—m . (2.38)

So, modes of the scalar field satisfying the above condition will exhibit superradiant amplification, pro-
vided that qff > 2m. Notice that the superradiant regime coincides with the regime of negative trans-
mitted z-current ((5%)" < 0). The superradiant modes (2.38) we obtained are in agreement with the ones
obtained in Ref. [3].

From (2.36), we see that for transmitted stationary waves (s purely imaginary) there is total reflection
((5#)" = (47)%). This is something that we will find again, in the next section, when scattering Dirac

fields in a similar potential.

2.2 Scattering of Dirac fields

In this case, we are interested in the theory
Spiras = / dr* (104" D, U — mTV) (2.39)

with m the mass of the Dirac field and, as in the scalar field case, D, = 0, + ieA,, where e > 0 is the
electric charge of the field.

This theory was proposed, in 1928, by Paul Dirac. It describes spin-1/2 particles, like electrons and
quarks. In fact, this theory was a great success, since it predicted the value of the gyromagnetic ratio of
the electron in a completely rigorous way and also the existence of a new kind of matter, the so-called

antimatter. This antimatter turned out to be observed experimentally, in 1932, by Carl Anderson.
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From the action (2.39), we can derive the field equations
WD, —m¥ =0 |, (2.40)

and

iDL +mU =0 . (2.41)

It is easy to see that the second field equation is obtained from the first by taking its hermitian conjugate

and right multiply it by 7°. So, we focus on the first field equation (2.40).

In our particular problem, this equation can be written as
[(V°(0; + ieV) +iv*0, —m1]¥ =0 . (2.42)

We can separate this equation with W(¢, z) = e~y (2), obtaining the time-independent field equation

[i7V20, + (w —eV)y’ —ml]x =0 (2.43)
where x(z) is a 4-spinor.
Using the ansatz
u .
x(z2) = e (2.44)
v

where u and v are 2-spinors, we obtain the matrix equation

w—¢eV —m —rg3 u
=0 . (2.45)

ro’ —w+eV —m v

Since we want a solution other than the trivial one, the matrix determinant must vanish. So, we obtain

r?=(w—eV)?—m? | (2.46)

where we used 0303 = 1. Moreover, we have the indeterminate solution

r 3
=— . 24
Y w—eV—i—mau (247)

Let us now use these results to find the asymptotic solutions of the time-independent field equation
in the regions z - —o0 and z — +00.
Region I: z - —o©
In this region, Equation (2.43) reads
[(v?0, +wy’ —ml]x; =0 , (2.48)
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whose general solution can be written as

U+ U— ikz
xi(z)= A +B e 4
kg, kL,
w+m w+m (249)
u u— .
+ |C k+ +D ) e~ tkz ,
_w+mu+ ermu*
with
k? =w?—m? | (2.50)
and
O Uy = Uy,
(2.51)
0'3’&, = —U_—

Above we used the fact that every 2-spinor u can be written as a linear combination of the 2-spinors u
and u_. This is because these are two eigenvectors of 0 associated with different eigenvalues and o is
a 2 x 2 hermitian matrix.

As in the scalar field case, our physical boundary conditions imply that we must have waves in this

region and so w € X with

X ={w|w?-m?*>0} . (2.52)

Now, since the field equation (2.42) is linear, we want to write its solution in this region as a sum of
incident and reflected waves. It is easy to see that the general solution of Equation (2.42) is a sum of two
waves travelling with symmetric group velocities. Furthermore, the group velocity of the wave associated

with the term proportional to e?** in (2.49) is
Vg =~ (2.53)

where we used the definition of group velocity (2.7) and Equation (2.50).

So, the incident wave solution is

U4 u_—

U= |1, . +1_ . eilwt—k(@)z] (2.54)
w+m U _w+mu_
and the reflected one is
U U_ .
\IIT — R + + R_ e—i[wt—&-k(w)z] ) (255)
I + A X
- w+m u+ w+m T

where

klw) =eVw?2 —m?2 (2.56)

with € = sign(w +m). We choose the sign of k in a way that makes the incident and reflected waves have
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positive and negative group velocities, respectively.

Region II: z —» +o0

In this region, Equation (2.43) reads

[i(720, + (w—eV)° —ml]x;; =0 (2.57)
which has the general solution
Uy u_— .
X][(Z) = |A +B 67’52—"-
—L—uy -5
w—eV+m w—eV+m (258)
U4 u— .
Jr C Jr D e 182z ,
_w—e\7+m ’LL+ w—e‘7+m
with
P =(w-eV)2-—m? . (2.59)

Now, the discussion proceeds exactly in the same way as that of the scalar field case. The general solution
of Equation (2.42) corresponds either to the sum of two waves travelling with symmetric group velocities
or to the sum of an attenuated and an amplified stationary waves. Again, in the case of travelling waves
(we X and (w— 6‘7)2 > m?), the group velocity of the wave associated with the term proportional to
€* in Equation (2.58) is

S

Vg = = 2.60
T (2.60)

where we used the group velocity definition (2.7) and Equation (2.59).

Then, the transmitted wave is

u u_ .
o, = |1, * +T emilwtts(@)] (2.61)
w—eV4m U+ _w76\7+m -
with
s(w)=e\/(w—eV)2—m2 | (2.62)

where € = sign(w — eV 4+ m). It is easy to see that, with the sign chosen for s, the transmitted wave is
either a travelling wave (when w € X and (w — 6‘7)2 > m?) with positive group velocity or an attenuated

stationary wave (when w € X and (w — eV)2 < m2).

Conserved z-current

Now, we introduce the particle-number z-current of the Dirac field W:

1. .
j* = 5\1}7‘*\1} : (2.63)
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This current is the z-component of the Noether’s conserved current associated with the U(1) symmetry

of the Dirac field V.

We see that this current is conserved along z, because

0.5% = = [(0:0)¥*T + U~*(0, V)]

(2.64)

[N RCN ORI

{ (<w V)00 m\I/\I/> + <(w V)i - mwﬂ —0

where we used Equation (2.43) and its hermitian conjugate right multiplied by ~°.

As we have done in the case of the scalar field, to check if there exists a superradiant regime, we need
to calculate the z-current of the incident, reflected and transmitted waves. Then, we make use of the

conservation of this current along z to compare the magnitudes of the incident and reflected z-currents.

The incident z-current is

, 1_. , k
) = S = LiP+ 1) 2.65
() = ¥ = (L P 1) (265)
the reflected one is
1 k
"V = Z\p" 3\1/7":_ 2 _2 2.
(G = VP = —— (R +|R-P) (2.66)
and the transmitted is
1- Re(s
G = s@tet, = — ) e (2.67)
2 w—eV+m
where we used the properties
T T
uyu_ =uluy =0 |
N (2.68)

uiqu =ulu_ =1

)

which follow from the definitions of u; and u_ in Equation (2.51) and the fact that 030% = 1 and o3 is

hermitian.

In the asymptotic regions I and II, the Dirac field ¥ is given by ¥; = W% + W7 and W%, respectively.

From the conservation of the z-current, we have that

() =G, (2.69)

where (j%); and (j%)r; denote the z-current j* in the asymptotic regions I and II, respectively. Further-

more, it is straightforward to show that

=GV +3G")7 (2.70)

and that
(%) =" (2.71)



From Equation (2.69):
G+ G =0" (2.72)

and substituting Equations (2.65), (2.66) and (2.67), we obtain

wtm Reﬁs) (T + T_]7) . (2.73)

TP+ |I_]?—|Ry|?—|R_]?> =
[ |* + 1|7 = [Ry|” — [R-| F ot +m

Finally, we compare the magnitudes of the incident and reflected z-currents:

IR PHIRP
TAERaTAE F ow—cV+m

‘(jr)z (2.74)

(47°)

~w+m_ Re(s) <|T+|2—|—|T|2>
LP+f)
where in the last equality we used Equation (2.73).

As we said in the scalar field section, for modes associated with transmitted stationary waves (w € X
and (w — V)2 < m?2), there is, again, total reflection |(j7)?| = |(j")?|, because s is purely imaginary.
Furthermore, since sign(k) = (w + m) and sign(s) = (w — eV +m) for s € R, then |(j")?| < |(5%)7]. So,
we conclude that for the scattering of Dirac fields there are no superradiant modes. This is in agreement

with the results of Refs. [3, 4].

2.3 Scattering of non-linear Dirac fields

In this section, we want to consider the scattering of a fermion condensate. We use the usual Dirac
free field action with an additional interaction term proportional to (UW)2. This term is such that the
U(1) symmetry of U is preserved. Then, we have a Noether’s conserved current associated with this
symmetry. The z-component of this current can be shown to be equal to the one of the last section. So,

let us consider the non-linear Dirac field theory
a1 3, A G2
S= [ de*[i Uy*D, ¥ — 5(\11\11) ], (2.75)
with all the quantities defined as in section (2.2) and with the coupling

- 0, for z —» —o0
Az) = XA A =S : (2.76)
Ae?V?2 >0, for z— oo

where A > 0 is a real constant. The reason to consider this kind of coupling is that we want the field
equation to be linear at z — —oo, in a way that makes it possible to write the solution as the sum of
incident and reflected waves.

From this action, we obtain the field equation
iV D, ¥ = ANTU)U =0 (2.77)
and its hermitian conjugate right multiplied by ~°.
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In this case, the above equation reads

[iV°(0) + ieV) +iv?0, — A(TUV)L]W =0 . (2.78)

Using ¥(t,2) = Ne~“!y(z), we obtain the time-independent field equation

[(7°0: + (w = V)7 = A(x0)Lx =0 (2.79)
where x(z) is a 4-spinor.
Using the ansatz
u .
x(z) = et (2.80)
v

where u and v are 2-spinors, we have

xx =ulu—vlv=|u®—u?* (2.81)
and we obtain the matrix equation
w—eV = AN?(Ju? = [v|?) —ro? u
=0 . (2.82)
ro3 —w+ eV = AIN2(Ju|? — |[v]?) v

Since we want a solution other than the trivial one, the matrix determinant must vanish. So, we obtain
MNP (Ju)? = o2 = (w—eV)2+r2=0 . (2.83)
Furthermore, using u = u4 and assuming v = nu4, with n € R, this expression reads
NINF1-9?)? = (w—eV)?+r2=0 (2.84)
and the solution of the matrix equation is the n which satisfies
w—eV = ANP1—-n*)—nr=0 , (2.85)

with u; as defined in section (2.2). Now, we focus on the asymptotic regions I and II.

Region I: z —» —o0
In this region, we proceed in exactly the same way as in section (2.2). Then, the incident solution is

. u u— .
\II"I = ]+ + 4+ ] efz[wtfk(w)z]

k
Uy —=U_

, (2.86)
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and the reflected one is
\II}“ — R+ +R_ e—i[wt+k(w)z]

where

Region II: z — +oc0

In this region, we consider the particular transmitted solution

u .
\IthI -7 + efz[wtfs(w)z} ,
nu+

with Equations (2.84) and (2.85) reading, respectively,
NITHA =) —(w—eV)2+52=0

and

w—eV = ATP1—-1*)-ns=0

Using these two equations we can show that

(? +1)s® — 2ns(w—eV) =0

It is very easy to see that Equations (2.91) and (2.92) admit the particular solution:

s=0 ,
/ w—eV
=—¢/l—-—— <0
with w satisfying
w< eV +\T?

Conserved z-current

In this section, we use the same particle-number z-current of the last section.

(2.87)

(2.88)

(2.89)

(2.90)

(2.91)

(2.92)

(2.93)

(2.94)

(2.95)

Again, in this non-

linear case, this current is the z-component of the Noether’s conserved current associated with the U(1)

symmetry of W. The current is conserved along z, because

9.5% = = [(0:0)y* U + U~ (9. 7)]

N = DN —
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where we used Equation (2.79) and its hermitian conjugate right multiplied by ~°.
Finally, we want to calculate the z-current of the incident, reflected and transmitted solutions and
analyse if they admit a superradiant regime.

The incident z-current is

() = Ui = (LR 1P (297)
the reflected one is
(G) = W = IR P - R P (295)
and the transmitted is
(G = WP = TP (299)
where we used the properties
whu-=uluy =0, (2.100)
T T 1

uluy =ulu_ =

In exactly the same way as in the last section, one can show that the conservation of the z-current
along z implies

G+ G =0 (2.101)

Then, substituting Equations (2.97), (2.98) and (2.99), we obtain
L+ [ = |Ry = |R_* = T . (2.102)

Now, we have all we need to compare the magnitudes of the incident and reflected z-currents:

’UT)Z (2.103)

(4597

R HIRPE il
(L + |1 [P+

where we used Equation (2.102) in the last equality. But, since < 0, we have [(57)?| > [(j%)?|. Then,
for modes

w<eV+NT)? (2.104)

we have solutions that exhibit superradiant amplification.

At this moment, we accomplished the main objective of this thesis. We gave an example of a fermionic
condensate that exhibits superradiance. In principle, there are many other theories (maybe, more realistic
than this one) that admit a similar behaviour. For example, the same theory that we used but with a
negative coupling constant X < 0 also has a superradiant regime.

In the following chapter, we generalize what we have done in this chapter for a charged BH background.
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Superradiance on black hole
backgrounds

In this chapter, we show that all the qualitative conclusions about the existence of superradiance that we
obtained in the last chapter are preserved to the case of a charged BH. In fact, it is known that, in the
more general case of rotating charged BHs, scalar fields do exhibit superradiance and Dirac fields do not
[27, 8]. Moreover, we believe that the non-linear Dirac theory which we introduced in the last chapter
also has a superradiant regime in that more general background.

It is well known that static, charged BHs are described by the so-called Reissner-Nordstrom (RN)

geometry. In spherical coordinates, for » > r;, the RN geometry is represented by the squared line

element
ds* = fdt* — f~1dr® — r2(df? +sin® 0 dp?) . (3.1)
Here,
2M Q2
f)=1-"=+5 (3-2)

where M and @ are the mass and electric charge of the BH, respectively. In these coordinates, there is

an event horizon radius at

rer = M /IP QP . (3.3)

Furthermore, the charge ) sources a spherically symmetric electromagnetic field
A,=(V(r),0) with V(r)==< . (3.4)

As in the last chapter, we use the test field approximation. Then, we ignore the back-reaction
of the fields on the geometry of the space-time. Although we use charged fields, we also ignore the
electromagnetic field produced by them. These approximations are justified by the fact that these effects
are of second order on the charged fields and, so, for sufficiently weak (small amplitude) fields, these

effects can be neglected. Moreover, in astrophysical relevant setups, the electromagnetic field produced
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by this kind of charged fields have negligible effect on the geometry [43].

3.1 Scattering of scalar fields

Let us start with the scalar field theory

Sscalar = /dx4\/jg [guuDygb(Duqs)* - m2|¢|2} ) (35)

with D, = V,, +1igA,, and all the other quantities defined as in section (2.1). From this action, we obtain
the field equation
D,D"¢ +mPp=0 | (3.6)

and its complex conjugate.

With a little algebra, it is straightforward to show that Equation (3.6) reads

2
02+ Ziqgat(b —2°—9,¢ — cot eizam — ff' 09—
r r r
242 I (a2 I 2 Q° 2 3.7
= [70;¢ — o} (39¢+ Sin208gp ) —q TTQH'W fo=0
Let us define the operator
1

L? = —Ag2 = —83 —cot 60y — .y 82 , (3.8)

where Ag2 is the laplacian in spherical coordinates.

Now, we consider the ansatz
—iw w r

ot 0,.9) = S ey (0,0 " (3.9)

lmy

where the quasi-monochromatic approximation introduced in the beginning of the previous chapter is
being used. Although v is a function of [ and m;, we omit this dependence in our notation for the sake
of simplicity.

Using the property of spherical harmonics:
L2Ylml =1+ 1)Yy"™ (3.10)

we substitute the ansatz (3.9) in Equation (3.7) to give

d2
ar?

f? @/J-i—ff/%t/i— fo/—i—TiQl(l—l—l)—&—me—(o.)—qV)2 P=0 . (3.11)

Introducing the so-called tortoise coordinate 7, defined by

dr _
dr.

o (3.12)
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Equation (3.11) transforms into

d f fr
— Y= SI+1)+ = +m?f—(w—qV)? ) yp=0 . 3.13

dr? <r2 ( ) , f—(w—=qV)" )9 (3.13)
One can ask why we need this tortoise coordinate. In fact, the main reason to use this coordinate is to
obtain a second order differential field equation without the first order derivative of . In this way, as
we will show later, there is a simple conserved current along r,, which allows us to relate the asymptotic
solutions of Equation (3.7) at 7. — —o0 and r, — +o00.

We remark that we can write f as

f=lr—r)r-r) (3.14)

with

ro=M-—\M?>—-Q><ry . (3.15)

Then, we can integrate the inverse of Equation (3.12) to obtain

2 2

r« =C+r— r;log(r—r,)—&—r;log(r—rﬁ ) (3.16)
T+—T_ T+—T_

where C is a real constant. So, we see that the region ry < r < 400 under analysis is mapped to
—00 < 1y < 400 in the new coordinate.
Now, we want to study the asymptotic behaviour of ¢ in the region I (r, — 400 & r — +00) and

region II (r, — —co & r —r4).

Region I: r, - 400 & r — 400
In this region, Equation (3.13) reads

2

Sl (W =m) =0, (3.17)

where we made use of the fact that the limits of f and f’ when r — +oo are finite. This differential

equation has the general solution
Yr(r) = Ae'*™  Be e = AT BTt (3.18)

with
k= w? —m? . (3.19)

The analysis of this region is analogue to the one of the region I of section (2.1), with the substitution
z — —74. The reason for the minus sign is that while in the Klein paradox we considered incident waves
coming from z = —oo to z = 400, here, the incident waves are coming from 7, = 400 to r, = —oo. With
this sign we transform waves with positive (negative) group velocities along z to waves with negative

(positive) group velocities along 7.
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Since we must have waves coming from r = +00, the condition w € X must hold with
X ={w|w? —m?>0} . (3.20)

Then, following the procedure that we have done in the region I of section (2.1), we obtain the incident

wave solution of Equation (3.7):
i I my —ifwt+k(w)r] I my —ilwt+k(w)r]
¢I:Z;}/} e :Z;}/l e s (321)
l,my lymy
and the reflected wave solution
R ) R )
(b}" — Z ? Y'lmz e—z[wt—k(w)r*] _ Z ? Y'lmz e—z[wt—k(w)r] , (3.22)
l,my lymy
where

k(w) =eVw? —m? | (3.23)

with € = sign(w + m). The I and R appearing in the above solutions are complex functions of I and m;,
but, for the sake of simplicity, we do not represent this, explicitly, in our notation.
With the sign chosen for &, the incident and reflected waves have negative and positive group velocities,

respectively, satisfying the boundary conditions of the problem.

Region II: r, - —co & r — 1y

In this another region, Equation (3.13) reads

2

W%I +(w—qV )Y =0 (3.24)
where
V, = Q . (3.25)
T+

and we used that f(ry) =0 and f/'(r;) is finite. This differential equation has the general solution

1/JII(T) — Aeisr* + Be—isr*

r? r? (3.26)
—A s— T log(r — B —is—F log(r —
exp (z ST+ — og(r r+)> + exp( zshr - og(r r+)> ,
with
s =(w—qVy)? (3.27)
where we used that
2
y
= og(r — , 3.28
e gl ) (3.28)

Since s is real, we see that we only have wave solutions (with the radial coordinate ) for the above

differential equation. Then, in this region, the general solution of Equation (3.13) is the sum of two
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travelling waves with symmetric group velocities. The group velocity of the wave associated with the

term proportional to e**™ in (3.26) is

s
= 3.29
Vg W — qV+ ( )
where we used Equation (3.27) and the definition of group velocity (2.7).
Then, the transmitted wave can be written as
=Y T ymi gmilwts@r] _ ¥ T ymiexp (=i |wt+ S(W)ir3 log(r — 1) (3.30)
11 2y 1 ) I 1 + ) .
where
sw)=¢€lw—gVi[=w—-qV} (3.31)

with € = sign(w — ¢V, ). The T in the above solution is a complex function of [ and m;, but, for the sake
of simplicity, we do not represent this explicitly in our notation.
It is easy to see that, with this sign for s, the transmitted waves have negative group velocity along

r. and, then, are entering the event horizon. So, our physical boundary conditions are satisfied.

Conserved currents

As we said previously, we introduced the tortoise coordinate in such a way that a simple conserved current

exists. This current is given by

. i, d d .,
je=—3 (w drﬂ‘%rﬂ) : (3.32)

for each [ and m;.

It is easily seen that this current is conserved along r,:

d . if & 2N i) If
dT*J*2<1/) clrfwd)clrfz/})2[(ﬂl(l+1)+r+m2f(qu>2) .

—(il(l+1)+ff’—|—m2f—(w—qV)2>} Y2 =0

o
where we used Equation (3.13) and its complex conjugate.

With 1y = 9} +F where ¢} = I e~ HwtHR@r] and o = ReHwt=F@r] it is very easy to show that
(o)1 = ()7 + (Go7 - (3.34)
Moreover, using 1y = 1%, with %, = T e~ !wi+s(@)r] it is obvious that
(Ge)rr = (G)ir - (3.35)
Since the current is conserved along r,, the relation

()7 + ()t = G (3.36)
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holds.

So, using the incident current
i 0 ive 4 i (4 i\ 2
Gt = -5 | gt v (g0t) | = (3.37)

the reflected current
s \T i 7\ * d r r d r : o 2
G5 =5 [ g —vi (gmvr) | = 0P (3.38)
and the transmitted current

. i ! d -
()11 = 9 {(@/131) de*ZZJ}I — Y17 (dr*wh> } =-[TPs (3.39)
from Equation (3.36), we obtain
s
12— R = Sp (3.40)

We remark that this current that we introduced above is not a physical current and should, instead,
be interpreted as a mathematical conserved quantity that allows us to relate the asymptotic solutions of

Equation (3.7) in regions I and II.

To analyse the phenomenon of superradiance we need a physical current. Here, we use the particle-
number current which is given by

7

S [6°D"9 — 9 (D)) (341)

3~
This current is the Noether’s conserved current associated with the U(1) symmetry of the scalar field ¢.

It is easily seen that this current is covariantly conserved:

o i * 4 L) * 1 4 * g™ A*
Vi = S[6"VuD"6 = 6 Vu(D'6)" +iqp AV 4" +iqd" A"V, (3.42)

1

= 116" DD 6 — 6 (DD 0)") = Zl-mlof> + oY =0

where we used Equation (3.6) and its complex conjugate.

The flux F of the particle-number current flowing out of a spherical surface of radius r (denoted by
Sy) with r — 400 is given by
F = lim Qr?j" (3.43)

r——4o00 S,

because the RN metric is asymptotically flat.

Moreover, the incident particle-number current is given by

(717 = 5 ()" D"¢; — 67 (D"¢})*] = *% [(69)*0r b7 — &7 0 (¢7)"]

—- L Y ey

Lmg UV my

N | =

(3.44)
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and the reflected current is

(")

5 (@1 D767 — 67 (D767)"] = 5 [(67)°0r; — 67 0,(67)"] =
k myr
— 2 X BRI

Lmy UV my

(3.45)

where we used again that the RN metric is asymptotically flat.

Now, by the orthonormality relations of the spherical harmonics, the flux of the incident current (F?)

is given by

Fr=—ky |17, (3.46)

l,my

and the flux of the reflected current (F") reads

Fr=k) |R” (3.47)
l,ml
We consider the quantity
z _ Zl,ml |R‘2 —1_ EZl,ml |T‘|2 (3 48)
Fr Xim 11? kY, 1P

where we used Equation (3.40) in the last equality.

By definition, superradiance is present when the absolute value of the flux of the reflected current at

r = +oo is larger than the incident one or, equivalently, |F"| > |F¢|. Then, the superradiant regime is

such that
s |w—qVyl
This implies that superradiance is present when €€ < 0 and, so, for w such that:
m<w<gVy . (3.50)

These superradiant modes are equal to the ones obtained in Refs. [6, 27].

3.2 Scattering of Dirac fields

We start this section by giving a very brief introduction to the Dirac equation in curved spacetime
following Ref. [44]. Along this section, we use Latin indexes for locally inertial coordinates and Greek
indexes for general coordinate systems. Furthermore, we use a tilde when we want to reinforce that some

object is being taken relatively to the locally inertial coordinates.
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Dirac equation in curved spacetime

We begin by choosing a set of locally inertial coordinates {7% } at every spacetime point X. Then, the

metric in any general coordinate system is

a

Guv = ¢€ u(a:)ebl,(x) Nab (3'51)

where

e’ (X) = (W)H{ , (3.52)

oxH
is the so-called tetrad at the point X.

Moreover, if we change the general coordinate system from z# to x’#, then e, changes to

o = 97 (3.53)

LA TR

meaning that the tetrad e, forms four covariant vector fields.

Given any contravariant vector field B*(x), it is easily seen that we can use the tetrad to express the

components of B*(z) relatively to the local inertial coordinates at x as
BY=¢"B" . (3.54)

In fact, it is straightforward to generalize this way of using tetrads to express the components of an
arbitrary tensor field relatively to locally inertial coordinates (see Ref. [44] for details). These components
behave like scalars under general coordinate transformations, since the set of locally inertial coordinates

remains fixed under this transformation.

Now, the Principle of Equivalence requires special relativity to hold locally on locally inertial frames.

Then, B® behaves like a contravariant vector under local Lorentz transformations A% (x) at a:
B =A% B" | (3.55)

with the obvious generalisation for the locally inertial components of a general tensor field. Moreover, it

is easy to show that

e =A% et | (3.56)

under the local Lorentz transformation A(x).

Inspired by the Principle of Equivalence, one would try to generalize the Dirac equation from flat
spacetime to curved spacetime by imposing the equation in local inertial coordinates to be locally equal

to the one in flat spacetime:

(i'yaea"aiu - m) =0 , (3.57)

where 7 are the usual Dirac matrices.

Nevertheless, it happens that this generalisation is wrong. The reason is that the Dirac equation must
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satisfy the Principle of Lorentz Covariance in the sense that this equation must have the same form in
all local inertial coordinates. As we show now, this generalization of the Dirac equation does not satisfy

the Principle of Lorentz Covariance.
The spinor ¥ transforms as

U= S(A ()T (3.58)

under the local Lorentz transformation A(z), where S(A) is a matrix satisfying
STH(A)yS(A) = A% . (3.59)

Then, under the Lorentz transformation A(x), Equation (3.57) transforms to

(maea“ai - m) U+ iyte  STHA(z)) <8S(A(a:))> =0 |, (3.60)

OoxH

where we used Equation (3.59). We see that, because of the last term, this Dirac equation depends on
the local inertial coordinates which we are using. But, now, we know what to do to generalize the Dirac

equation in the right way.

Instead of the derivative

0
w_ <
€ 5 (3.61)
we can use a generalised derivative
0
e D, =et (W — FH> v (3.62)

where I', is a matrix called spin connection which, under the Lorentz transformation A(z), transforms to

I = S(A(#)T,S ™ (A(x) + S~ (A(x)) (aS(A(I))) ) (3.63)

oxH

With this modification it is very easy to see that the Dirac equation is Lorentz covariant.

Thus, the Dirac equation that is believed to describe spin-1/2 fields in curved spacetime is
(iG'Dy,—m)¥ =0 , (3.64)

where we defined the curved spacetime Dirac matrices G* = e *. Notice that these matrices satisfy

the anti commutation relations

[G",G"} = (19,1} etey” = 2ue ey =29 (3.65)
It is possible to show (see Ref. [44] for details) that, for a spinor ¥, the spin connection is given by

1
Fa = 7§[7a7 ’Yb] Guv eaﬂvaebl’ + acx]l4 ) (366)
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where a, is an arbitrary constant covariant vector and 14 is the identity matrix.

Dirac equation in RN spacetime

Let us define here the locally orthogonal vector fields:

—

X, =sinfcosp +sinfsinpy + cosh 2

Xg:cochoscpi—i—cosHsingog}—singé , (3.67)
X'ip = —sinpZ +cospy ,
where &, § and Z are the unit vectors in Cartesian coordinates.
We use the following tetrad of RN:
el = (1 0,0 0)
a \/?7 s Yy 9
e, = (O, \/}sinecoscp, \/fsinﬂsincp, ﬁcos&) ,
1 1 o (3.68)
ea‘g = (0, —cosfcosp, —cosfsinp, o ) ,
r r r
ea(p: Oa _ESi-nSOvlC(-)S(paO ’
rsinf’ r sinf
and we choose the constant covariant vector:
3 6 9
ae = | 0, —ﬁ, —Zcoth, 0 (3.69)
2r/f 4

Then, one can show that, in this case, the Dirac equation (3.64) reads

of it O e e 0 i i, g0 . 0
g __° g, ! el < e _olw=
['y <S(r)8t S(T)V(r))nby (zS(r)aTer(S(r) )+25(r)>+2’y 50 T Pr m 0,
(3.70)
where S(r) = \/f(r) and S’(r) is the radial derivative of S. The 7", 4% and 7% appearing in the above
equation are defined by

VT:?.XT: Lsin@ cos 4+ ~2sinf sinp +v3cosh
L1
A =7 Xg== ('yl cos B cos ¢ + 2 cos @ sin p — 3 sin&) , (3.71)
T
. 1
=7 X, = —~1si 2
17 =9-Xp = = (=7 sinp+ 7 cosp)
with
Y=+ 9+72 . (3.72)

Moreover, we used Dirac fields minimally coupled with the electromagnetic field A, of (3.4). So, we made

the substitution

d, — 0, +ieA, 3.73
i 1 1

in the original equation.
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We point out that in Ref. [45] they obtain the same Dirac equation (3.70) by starting from a similar
tetrad of RN.

Now we use a procedure that explores the spherically symmetry of the problem to separate Equation

(3.70). This procedure is the same that is used in Ref. [45].

Separation of the Dirac equation in RN spacetime

To separate the equation we start by defining the angular momentum operator L and some other related

operators:

L=—i(FfxV) ,
L:I: =L, *+ Ly 5 (374)

I*= -Ag2=L,L +L*~L,=L L, +L*>+1L,

)

with Ag2 the laplacian in spherical coordinates. These operators act on the spherical harmonics Y}*(6, ¢)

as

vF =10+ )Y

LZYZ’“ — kyl’f (3.75)

)

Li=I(l+1)—k(k£1)Y}* |

so, the Ylk are simultaneous eigenfunctions of L, and L?. Furthermore, the spherical harmonics form a
basis for square integrable functions over S2, in the sense that every square integrable function over 52
can be written as a linear combination of spherical harmonics. Here, S? denotes a 2-dimensional spherical

surface of unit radius.

Let us introduce the matrices

JT:5.)?7,:0181110cosgp+02sinﬁsing0+03c080 ,
= 1
0’ =5.Xg=~ (0" cosf cosp + 0% cos sinp — 0®sind) (3.76)
T
= 1
v=d X, = —o'si 2
o 0. Xy rsinﬂ( o sinp+o cosgo) ,

where the o', 02 and o are the Pauli matrices. With a little algebra, it is easy to show the properties

o"o? =isinfo¥

. i, (3.77)
77T Tsng?
and
(")?=1 ,
o ) (3.78)
c'V'=0



It is also useful to notice that

FX@-r(iXo ifsinHX: 3) . (3.79)

Then, using properties (3.77) and (3.79), we obtain the relation

- o’ 0 0
e o o9 0 0
o"d. (Fx V) ro <sin93<p sinf o 5‘9)

(3.80)
=—ir aeg + U“’i
00 Oy ’
and, finally,
09 L0 0 _ T (510)
00 Op T (3.81)
T
=2 (k-1 ,
with the operator K defined by
K=(G.L)+1 . (3.82)
Let us now define the so-called spinor spherical harmonics [46]:
k itk ke 1 J—k k+1/2 0
Xj71/2((97()0) - TjY;_l/Q (9,(,0) 0 + Tij_l/g ( a@) 1 ) (383)
k . j—l—l—k‘ k—1/2 1 ]+1+k‘ k+1/2 0
Xj+1/2(9790) = W}/j+1/2 (0,¢) 0 - Wyj+1/2 (0,¢) 1 ) (3.84)

j=1/2,3/2,5/2, (...).

k:_ja _j+17 ()a]_lvj

From the fact that the spherical harmonics form a basis for squared integrable functions over S2, it is
easily seen that these spinors form a basis for squared integrable functions over S? for each of the two

components of the spinor. Furthermore, these spinors are orthonormal in the sense that

/52 (X?:F1/2)TX§/:F1/2 dQ} = 5jj'5kk )

(3.85)
/52 (X?;l/Q)TX?ﬂ/Q df1 =0
With a little algebra we can show that
2k r 1 - ? k L. k
I Xjz12 =L+ 59 ) XjF12 =17 G+1) XjF1/2 o (3.86)
1.
T X172 = <LZ + 203) Xj12 =k Xjz1/0 (3.87)
L7 o1

KX?:F1/2 = ((O'.L) + 1) X?:Fl/2 =+ <j + 2) Xé?;l/? , (3.88)
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1 X
Ko" X§71/2 =— (] + 2) o" X§71/2 , (3.89)

so, the X?:Fl /2 are eigenspinors of the square of the total angular momentum, J2, and of the projection
of the total angular momentum along the z-axis, J,. Furthermore, by Equations (3.88) and (3.89), the
o" X§_1/2 must be proportional to X§+1/2' But, by the properties (3.78) and (3.85), the o” X§—1/2 has

norm equal to one. This implies

o X§71/2 = X§+1/2 ) (3.90)

O'T X?—Q—I/Q = X?—l/Q 5 (391)

where the second equality follows immediately by applying ¢” to the first equality and using the second

property of (3.78).

Now we return to the Dirac equation. Let us consider the two ansatzes for the Dirac spinors:

) —1/2 k 0, ot r
(t,r,@,gp):e‘“"tL Xj-1/2(0:0) i (7) : (3.92)

" iX?JA/Q(e’(P) ¢jkw2(r)

+
\Ijjkw

gz [ (0.0) B (r
Wt 0,0) = et 5 [ X9 L) (3.93)

r iX;?fl/z(ea(p) q);ka(T)
with the two-spinors fIDjk . and <I>j_k o

Using the definition of the Dirac matrices and the relation (3.81), Equation (3.70) reads

1 0 10 e 0 o" 0 1 )
—— — =V iS— +—-(S—-1 -S| -
0 -1 (S@t S )+ o 0 (l 8T+7’( )+2 )

) 0 "(K -1 1 0
_E ’ ( ) —-m ‘l/jzkw
r\ —on(K —1) 0 0 1

(3.94)
=0

Now, using the explicit formulas for the two ansatzes (3.92) and (3.93), with the relations (3.90) and
(3.91), after a little algebra we obtain the matrix equations
d 4 w—eV [ 0 -1 2j+1 (1 0

S0 = |—a— + | 0 S
dr S 1 0 2r 0 -1 10

(3.95)

These equations are in accordance with those obtained in Ref. [47]. Furthermore, we can compactify

these two equations in one master equation by defining

(I):jkw J= 71/27 73/2a 75/2a ()

b= , (3.96)
7, j=1/2,3/2,5/2, (...)
i) =sienti) (2154 ) ez ) (3.97)
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obtaining

d w—eV [ 0 -1
S B =
dr gk S 1 0

S IS
—
()
—

0
—m Dipn - (3.98)
0

This is a coupled system of two first order linear ODEs in the components of

Pjpwi(r) Fy(r)
Dir,(r)= = , .
U S G;(r) 229

where in the last step we relaxed the notation. Explicitly, the coupled system reads

d 5 w—eV
S%Fj - ;Fj =— ( 5 + m) G; , (3.100)
d } (w—eV

By changing the variable to wu.(r), with

du, 1-— % + ":)S
o (3.102)

after some algebra, we obtain

~ ~, 2
@, | d (i s (oo B s
At P <m_ G M)‘“ magms ) T\t ) |70 G109

Similarly, changing the variable to v, (r), with

dv, 1-<V_mS
*

e (3.104)
we obtain
~ ~ 2
d2 d ] S 9 1— % + mTS j2 S
dingj—i_ d’U* (rl_ev_,ms>+w 71_&_"”75 _7“72 71_&_"7«75 G]:O . (3105)

With the relation (3.102), it is straightforward to show that

d (7 s j 53 j 52 S-1 Q?
d - eV mS | 2 3+ 2| (M- ) -
Us \T1—-4 72 T(lf%+m75) r(1,¢+m75) r T

w w

s eV mS! Q2
_1—€V+m5(w+ wr? (M_r»]

w w
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In the same way, with the relation (3.104), we can show that

d (j S J S3 j 52 S-1 2
RN S — 4 i w9

dv, \r1— - —m2 r2(1_ﬂ_@) r(1— ¥ _ mS) 72 T

S eV mST! Q?
I R (A M=
1——6‘/——”;5 (wr wr? ( r ))]

w

(3.107)

It is important to point out that when we decouple Equations (3.100) and (3.101) we lose some
information. So, in addition to Equations (3.103) and (3.105), the F}’s and G;’s must also satisfy
Equations (3.100) and (3.101).

Now, we turn our attention to the asymptotic behaviour of F; and G; at region I (r = 4+00) and their

behaviour near the event horizon at region II (r = 7).

Region I: » = 400

By the fact that

lim S=1 |,
e (3.108)
lim V=0 |,
r——4o0
one can show that the asymptotic limit of Equation (3.103) is
d—Q(F.) +w? (2 (F) =0 (3.109)
du2 I w+m = ’ '
and that wu.(r) is given by
uy(r) = wim, (3.110)
w
The general solution of Equation (3.109) is of the form of
(Fj)r = g eV L feiiw wFm g exp [z sign(w + m)vVw? — mQT} +
] (3.111)
+ f exp [—i sign(w + m)Vw? — WQT}
Similarly, we get for the limit of Equation (3.105):
d? w+m
d—vf(cj)ﬁﬁ (wm> (Gj)r=0 , (3.112)
and for v, (r):
ve(r) = 2= (3.113)
w



The general solution of Equation (3.112) is

; wtm ,, ~ w+m - L.
(Gj)l _ gezw\/ w—m Ux + he WA a=m VU J exp [lSlgn(w _ m), /w2 _ m27’:| +
+ h exp [—i sign(w — m)vw? — mzr}

(3.114)

The e, f , 3, h appearing in the above solutions are complex-valued constants. In fact, these four constants
are not all independent. Since, as we’ve remarked in the end of the previous section, Equations (3.100)
and (3.101) must be satisfied by the solutions (3.111) and (3.114), we can express § and h as functions

of € and f. So, substituting (Fj)r and (G;)r in these equations, we obtain

€ exp {z sign(w + m)vw? — mQT} — f exp [—i sign(w + m)vw? — m%‘}

(3.115)
= @\/m (?] exp {Z sign(w — m)vw? — m2r] + h exp [—i sign(w — m) \/mrb ,
w—m
and
€ exp [Z sig(w +m)Vw? — mQT} + f exp [_isign(w +m)Vw? — m27“}
wihm - (3.116)
- Z\/i (9 exp {z sign(w — m)\/mr} — h exp {—i sign(w — m)\/mrb
w—m
Then, we have that
w—m
9=~ 3.117
g 7 o m , ( )
= w—m =
h= : 3.118
Vo +m f ( )

Since we must have waves coming from r = 400, the solutions of Equation (3.95) satisfy the condition
w € X with
X ={w|w?-m?>0} . (3.119)

Now, as we have done in the other cases, we use the group velocity to obtain the incident and reflected

solutions of Equation (3.95). The incident wave solution is given by

(0 =Y |1 () + 1 ()] (3.120)
gk

with

k
1 ‘-
(\Ifjk)l = ~exp [—i (wt +evVw? — m?2 r)} Xj-1/2 , (3.121)
r w—

m .k
wtm Xj+1/2

(W5,)f = %exp [fi (wt +ev/o? —m? r)} X2 , (3.122)

w—

m .k
wtm Xj—1/2
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where € = sign(w + m). In the same way, the reflected wave solution is given by

with

() =" [RE () + B (957 (3.123)

Ji k

(\I/jk)r = %exp {—i (wt —eVw? —m? r)} X§71/2 ) (3.124)

w—m .k
wtm Xj+1/2

(V)" = 1exp {—i (wt —evVw? —m? r)} X§+1/2 . (3.125)

r w—m .k
wotm Xj—1/2

The I, I=, R and R~ in the above solutions are complex-valued function of j and k, but to simplify

the notation we do not represent this dependence explicitly.

It is very easy to see that, with the sign function €, the incident and reflected waves have negative

and positive group velocities along r, respectively, satisfying the boundary conditions of the problem.

Region II: r = r

Let us now turn to the behaviour of the Dirac fields near the event horizon r = r.

Using that
lim S=0 ,
=Ty
0 (3.126)
lim V=V, =—
T—T4 7"+
we obtain the limit of Equation (3.103):
d? 5
dTLE(Fj)” +w (Fj)ir=0 (3.127)
and if we integrate relation (3.102) we easily see that
o
Uy (1) = ol =) (w—eVy)log(r—ry) . (3.128)
The general solution of Equation (3.127) is
; T i ir? woeVy T —ir? woeVy
)i =ae“" +be M =a(r—ry) H(=) +b(r—ry) HE=N (3.129)
In the same way, the limit of Equation (3.105) is
d2
203 (G + @ (G =0, (3.130)

*
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and, integrating relation (3.104), we obtain
2
ve(r) = o =1 (w—eVi)log(r —ry) . (3.131)

Again, the general solution of (3.130) are of the form

w—eVy

. ~ . ’iT2 ~ 72,7’2 w—eVy
(Gj)rr =ce™™ +de ™" =¢(r —ry) =) +d(r—ry) HE= SN (3.132)

Now, we can use Equations (3.100) and (3.101) to write ¢ and d as functions of @ and b. So, substituting

the solutions in Equations (3.100) and (3.101), in the limit of  — r, we obtain the system of equations:

- ir? (“%V* = —ir? (L”f‘iv*) - ir? (‘”*V*)
—1 [a(r—r+) =) —bh(r—ry) AT } =c¢(r—ry) T\t 4
(3.133)
- 71_7“2 (w—eV+
+d(r—ry) AT
iT‘Z w—eVy - —iT’z w—eVy iT2 w—eVy
—1i [& (r—ry) +(T+‘”) +b(r—ryg) +(T+‘T)} =c(r—ry) *<T+‘“)—
(3.134)
k1 —ir? (7u—ev+
_d(r_r_"_) +\rp—r_
This system implies that
é=—ia |, (3.135)
d=ib (3.136)
Let us define the coordinate r,(r) as
&
g =——I1 — . 1
r E— og(r —ry) (3.137)

Using this radial coordinate 7., we see that the general solution of Equation (3.95), in this region, is
the sum of two travelling waves with symmetric group velocities. Since the transmitted wave must be
entering the event horizon, they must have negative group velocity along r.. Then, the transmitted wave

solution is

(0l =Y [T ) + T (w7, (3.138)
gk
with
k

(‘I’jk)t = ! T T exp {—i (wt + (w— eV+)r*>} Xj—1/2 : (3.139)

VI (ry —ro)5 (r—ry)s —X§+1/2

- 1 . Xk+1/2
(U)t exp {—z (wt + (w— eV+)r*>} J . (3.140)

T VT+ (ry —r)i(r—ry)s _X§71/2
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Again, the TT and T~ are complex-valued functions of j and &, but to simplify the notation we do not
represent this dependence explicitly. It is easy to see that, with the chosen sign for the wave number, the

transmitted wave has negative group velocity along r, as we wanted.

Conserved currents

Let us introduce the currents

i L d d .
Jr, =35 ((Fj) dT*Fj - Fjdfm(Fj) ) : (3.141)
and
i . d d .
Jo, =—3 ((Gj) dT)*GJ - G]dT*<GJ) ) ; (3.142)

for each j and k.

It is very easy to show that these currents are conserved along u, and v,, respectively. So:

d i i 2o
dTL*']Ff =73 ((Fj) dTL?ij _FdeLZ(Fj) )
~ ~ 2
D B D R R NS Sttt ROl (R N N
2 |du, \r1— <Y oS 1— €L | mS r2 \1- ¢/ 4 mS (3.143)
~ ~, 2
ev msS ev msS 2 ev msS Jb )
du, 7'1*74’7 1*74’7 r 1*74’7

i & d
dv*ch——z((G»dQG Gdf(G)>
~ ~ 2
i d j — ey mSy 2 S
T2 | \r v ms | T\ —ms || (3.144)

= ~. 2
d ] S mTS j2 S )
dv, \r1— < _mS 7@ i e Gl =0,

where we used Equations (3.103) and (3.105) and their complex conjugates.

We shall point out that these currents are not physical currents. They are mathematical conserved
quantities which allow us to relate the asymptotic solutions of Equations (3.103) and (3.105) in regions

I and IT.

With (Fj); = F} + FJ, where

Fi=I"exp [—m Z - Z u] : (3.145)
- ) w—m
F = R"exp [zw o m u*] , (3.146)



and 7 = sign(j), it is easy to show that
(Jry)1 = J;’_f + Jf’j

Moreover, using (Fj);r = F}, with
t _ m,—iewls
F; =T"e ,
it is obvious that

(JFj)t = Jlt;vj

By the fact that this current is conserved along u,, the relation
) r __ 7t
']Fj + JFj - JFj ’

is satisfied.
Then, using that the incident current is

q 3\ * d i zd A
JFj__§ <(FJ) du*Fj Fjdu*(Fj)>_ Y

from Equation (3.150), we obtain

|2 — |R"? = wt+m bads
w—m

In exactly the same way, with (G;)r = G; + G, where

, w—m
Gl = —i I"exp [—iw
w+m w —
w—m w+m
Gi= R”exp[iw +
w+m w—m

it is easily shown that

(Jo,)r = Jéj +Ja,
Furthermore, using (G)rr = G%, with
Gl =iTme ™ |
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(3.148)

(3.149)

(3.150)

(3.151)

(3.152)

(3.153)

(3.154)

(3.155)

(3.156)

(3.157)

(3.158)



it is very easy to see that

(Je)ir=J&, - (3.159)

Since this current is conserved along v,, the relation

Jo, +J6, =JG, (3.160)
holds.
The incident current is
I (G d G -G (GZ) = w2 (3.161)
Gi T 2 dv, I do, w+m ’ '

the reflected current is

Jgj:—% ((G;) I GT Gr ) ,/ |R’7|2 , (3.162)

and the transmitted one is
t _z t\* d t t t — _ n|2
JGj =3 ((Gj) —dU*G G (G ) ) wl|T"® . (3.163)

So, by Equation (3.160):

w—i—m

|72 — |R"|? = \T"|2 : (3.164)

Since we obtained the same relation as in (3.154), we see that our result is consistent.

Now, as in the scalar field case, to analyse the existence of superradiance we need a physical current.

We use the particle-number current which, in this case, is given by

1-
Jh= UG (3.165)

This current is the Noether’s conserved current associated with the U(1) symmetry of the scalar field U.

One can show that this current is covariantly conserved:

V" = % [(D.T) G*¥ + T G* (D, ¥)] = ; [(ﬁf‘@) et (5#\1,)} (3.166)
— %(m—m)\I’\P:O ;

where we used the generalization of Equation (3.64) to the case where an electromagnetic field is present
and the hermitian conjugate of that equation right multiplied by +°. The derivative operator 25# includes

the electromagnetic minimal coupling term. We used also that
V.Gt =~"Dy et =0 (3.167)

because it can be shown (see Ref. [44] for details) that the compatibility of the affine connection with
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the metric implies that

Dye =0 . (3.168)

Now, we proceed in exactly the same way as we did in the scalar field case. So, again, the flux F of

the particle-number current flowing out of a spherical surface of radius r with r — oo is

F = lim aQr?Jr . (3.169)

r—4o0 S
The incident particle-number current is

T\% 1_1' r [ 1 i T
(J7)' = 5‘111 (V)7 = 5(‘1’1)T70’Y \%

j k: j/7k./
w—m .k’
—y )R (3.170)
—\* w—m 1+ wtm A’ —1/2
+(I ) ( _]+1/2 w+m ] 1/2 )‘| I B! +
Xjr+1/2
[w—m K
—|—I/7 w+m X] +1/2
—1/2
and the reflected current is given by
r\T 1’7" r r 1 NTA 07\
(J)" = E\IJIG (V)f = 5(‘1’1) Yy T
1
_ —+) * w—m
=73 [E) ()t EE )+
Jik gk
w—m k'
wom ko (3.171)
N\ % / + w+m Aj'—1/2
+(R ) ( j+1/2 ] 1/2 ) R/ X +
Xj'+1/2
w—m .k
+R/- w+m Xj’+1/2
Xjr—1/2

where we used that G"™ = +" in region I, because the RN metric is asymptotically flat.

By the orthonormality relation of the spinor spherical harmonics, the flux of the incident current (F¢)

w—m —
o PR (3.172)
J, k

and the flux of the reflected current (F7) reads

w—m _
= ,/w+m2(\R+|2’+|R %) . (3.173)
7, k

Let us consider the quantity

ﬂ
Fi

_|RTP+|RTI? 1 wH+m |TH? 4+ |T~|?

' 7' 1= 3.174
e TP o—m P (8.174)
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where we used the relation (3.150) in the last equality.

Superradiant amplification exists when the absolute value of the flux of the reflected current at r = +oo
is larger than the incident one, or, in mathematical terms, |F"| > |F¢|. But, as we see from the above
quantity that we evaluated, we always have | F"| < |F*|. Then, we showed that Dirac fields do not exhibit
superradiance in a RN background. This result was know as a limit of the more general Kerr-Newman
background [8]. Nevertheless, here we show it in a simpler way, making use of the spherically symmetry
of RN to separate the Dirac equation and decoupling the field equations with an appropriate change of

variables.

3.3 Scattering of non-linear Dirac fields

In this section we want to consider the scattering of a fermion condensate in RN and show that there are
solutions which exhibit superradiance. But, first, we shall point out that the Dirac equation in curved

spacetime can be obtained from the action
SDirac = / da*/=g[i OG"'D,¥ —mIT] (3.175)

with m the mass of the Dirac field and ﬁ# = 0y +ieA, —I'y, where e > 0 is the electric charge of the
field and T',, is the spin connection introduced in the last section. So, Equation (3.64) and its hermitian
conjugate right multiplied by 4° can be obtained by varying the action in ¥ and ¥, respectively.

Now, we want to consider a non-linear Dirac theory of the same kind of the one we considered in
the Klein paradox chapter. But, now since we are in curved spacetime, we need to use our generalised

derivative operator. Then, we want to study the theory described by the action
. _ A o
S = /dm‘*\/—g [iUGHD, ¥ — mP¥ — 5(xInIJ)?] , (3.176)

with the coupling
2 @

A(r) = XeQAMA” = \e >0, (3.177)
T

where X > 0 is a real constant.
With this action and using the same tetrad of RN and constant covariant vector a,, of the last section,

we obtain the Dirac equation:

{70 (S(ZT); - S(er)v(r)> by (iS(T)aaT + ;(S(r) -1)+ ;S'(T)> + (3.178)

b o _
+i7? = 4+ iy — —m — AV | U =

Since, here, we are more concerned about existence rather than generality, let us consider the ansatz

512 (x5, (0.9) F(r)

U(t,r,0,p0) = Ne ™t 7
r ZXj+1/2(97§0) G(T)

(3.179)
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with j =k = +%. Substituting this ansatz in the Dirac equation (3.178), we obtain

d 1, (w—eV A 9 2 2

SdrF TFf < 5 m + 47rr25"N \(|F| |G| )) G (3.180)
d 1., [(w—eV A 9 9 9

Ser+ rG_ ( 5 —m—74ﬂT2S|N |(|F| |G| )>F , (3.181)

where we used exactly the same procedure of the last section with the substitution m — m + AUW¥ and

the fact that, for j =k = —|—%:

1
(X§71/2)TX?71/2 P (3.182)
1
OGa1/2) X = - (3.183)
and, so,
_ 1
U = 4WZS|N2| (IF>=1G)*) (3.184)

for the ansatz (3.179).

By changing the variable to wu.(r), with

3.185
dr 52 ’ ( )
where
~ A 2 2 2
m=m+ 47TT2S|N [(|1F)? = |G)?) . (3.186)
we obtain
02 i (1 s v _ms\ S ’
—F — —— | W | ——= F=0 . (3187
du? du*<7‘1—i‘)/+”zjs> @ <1—e:)/+”f>+7“2<1—i/+”f> ( )
In the same way, if we change the variable to v.(r), with
dv, 11—V _mS
e e 3.188
dr 52 ( )
we obtain
_ 2
d? d (1 S ,(1— X 4 oS 1 S
w2 | a. (rl_ev_ﬁs)ﬂu (_ev_m sl ) [ G20 - B189)

As in the last section, we point out that we loose information when decoupling Equations (3.180)
and (3.181). Then, F' and G satisfy Equations (3.187) and (3.189), but they must also satisfy Equations
(3.180) and (3.181).

Now, we need to study the behaviour of F' and G at regions I and II.
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Region I: » = +o00

Since in this region the coupling A vanishes, the treatment of this region follows exactly the same way as

the linear Dirac theory case of section (3.70). Then, we have the incident wave solution

U= %exp [fz‘ (wt +evVw? —m? 7’)} Xéﬂl/?}g , (3.190)

w—m
TV wrm Xjt1/2

and the reflected solution given by

U= R exp [fi (wt —eVw? —m? ?")] ] 1/2 , (3.191)

r w—m
w+m X]+1/2

with € = sign(w +m) and j = k = +1. The I and R are complex constants.

Region II: » = r
In this region, we want to search for solutions of the form

S—1/2 X§,1/2<‘97¥7) F
r

Ut = Te it (3.192)

iX_];J,_l/Q (Ga QO) G*
with j = k = +3 and T a complex constant. Furthermore, let us assume that our solution have |F*| = 1
and Gt = inF*, with n a real constant. At the end we can check if these assumptions hold. Using that
\/7
7‘1*1}114,577“141)1}:14, T.7T+7O ’
Q

m V=V, =-=< |

T—T4 T+

(3.193)

we obtain that Equation (3.187), in this region, reads

2 _ - 2(1 _ 2
d Fkuﬁ(“ e Vi — AT ”))Fﬂzo, (3.194)

du? w—eVy +MNT]2(1 —n?)
with
A= A (3.195)
B 47TT3_ ’ '
and if we integrate relation (3.185) we have
i SNUaE 2
uy(r) = Wy —1) [w—eVi + AT —n%)] log(r —r4) (3.196)
If we change the coordinate to 7. (r) given by
2
T (7“) . - log(T - ’I“+) 5 (3197)
ry —Tr—
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we see that Equation (3.194) reads

d2
dr?

Fl+ [(w—eVi)? = NTI*"1=n*)?] F'=0 . (3.198)
The general solution of the above equation is
F'=Ge™™ 4 be ™™ (3.199)

with s satisfying
2= (w—eVy)2=NT|* 1 —n?)? . (3.200)

In the same way, in this region, Equation (3.189) reads

d? w—eVy +AT]2(1—n?)
Gt 2 + T A Gt=0 , 3.201
@z (w—eV+ “NTP(T=n?) (3.200)

and integrating the relation (3.188) we obtain

2
"+

ol ) Ve TP =) log(r —ry) (3.202)

ve(r) =

Using the coordinate r,(r), Equation (3.201) reads

d2
dr?

G+ [(w—eVy)? = NT*1-n*)?]G' =0 . (3.203)
The general solution of this equation is
Gt =Ce™ fde ™ . (3.204)

Now, we must use Equations (3.180) and (3.181) to write ¢ and d as functions of @ and b. So,

substituting the solutions in Equations (3.180) and (3.181), we obtain the system of equations:

R @O mhe) = e (3.205)

L w—eVi = NTP( - ) (

aer —geﬂ's”> — e fde (3.206)
s

Let us assume that s is real. Then, it is easy to see that the two above equations are equivalent and

they both say that

_ _7T2 1— 2
fo e Ve AT =), (3.207)
S
~ — —MTI2(1 = n?)~
q=iv=Vs 2' Fa=n)g (3.208)
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So, the transmitted solution is

k
P = Teilwttsrs) S A : (3.209)
VT+ (r—ryg)i(ry —r_)s - X?H/g(e, ©)
with j = k = +5. Where 7 and s satisfy Equation (3.200) and
(w—eVy) = MNTPPA—n*)—ns=0 . (3.210)

Notice that the equations satisfied by n and s are the same as the ones of section (2.3), with the

substitutions

A=A,
- (3.211)
V — V+
As in that section, it is easy to show that Equations (3.200) and (3.210) imply that
(> +1)s®> —2s(w—eVy) =0 . (3.212)
One can show that Equations (3.210) and (3.212) admit the particular solution:
s=0 , (3.213)
w—eVy
N 3.214
with w satisfying
w<eVi+ANTP? . (3.215)

Conserved currents

Here, we use an alternative method similar to the one of Ref. [7], which makes use of Gauss’s theorem
to check for the existence of superradiant amplification. It is possible to show that with this method we
can obtain exactly the same results that we obtained using the mathematical conserved currents. So, in
some sense, it serves as a consistency check to our results.

To analyse suparradiant amplification, we use the same particle-number current of the last section.
Again, in this non-linear case, this current is the Noether’s conserved current associated with the U(1)
symmetry of .

It is easy to show that this current is covariantly conserved:

VIt = 2 (D) GRu + 0 G (D] = L [(Byb) 6rw 4 w6 (D)
2 : (3.216)
(m+ A0V —m = ADV) PP =0

N | =

DO | =

where we used that D,,G* = 0 (for the same reasons that we said in the last section) and that A\ and ¥
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are real. We can see that WV is real from the relation (3.184).

Consider now the closed region of spacetime U, delimited by the two constant time slices x; at ¢ and
X2 at t + 6t, with x2 obtained by a time translation of xi, and by the two timelike hypersurfaces Sy,
(sphere of radius r ~ r1) and S (sphere with radius r — +00). The unit normal n, to the boundary
OU points inwards to the BH on Sy~r, and outward to infinity on Se. On )1 the normal n, points to

the future and on x5 to the past. So, we use the Gauss theorem to show

0:/d4x\/§VHJ“:/ d*xvh J'n,
u ou

(3.217)
= / dPav'h J'n, + / dPxvVh T, + / dBav'h J'n, + / PavVh I,
S Soo X1 X2
with A, the induced metric on the boundary dif. Since the only dependence of ¥ on ¢ is et it is

easy to see that the last two terms of the above expression are symmetric and their sum vanishes. So,

the above equation implies that

/ eriJT:/ dQriJgr (3.218)
S. S

Ty oo

where we took the derivative in ¢ of Equation (3.217) and we used that, on Sy, :

\FZ\/T—T+\/T+—T, rosinf (3.219)

"+
= 5, 3.220
RV W s (3.220)
and, on S, we have
Vh=12sing (3.221)
n, =9, . (3.222)
By the orthonormality conditions of the spinor harmonics, it is very easy to show that
Foo = /S aQri J” :/S aQri[(J) + ()] =F +F (3.223)

where (J7)" and (J")" are the radial currents associated with W% and W", respectively. We define also the

transmitted flux:

Froors :/ dQriJ :/ aQri(JN) =F" (3.224)
S. S.

Ty Ty

where (J")* is the radial current associated with .

Then, by the relation (3.218), we have that

The incident and reflected particle-number currents are equal to the ones of the last section, because
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the non-linear coupling vanishes in that region. So, these currents are given by

2
_ 4\ * w—m
9,2 (") ( ()(;?_1/2)]L “\ wFm (X;‘C-}-l/Q)T ) +
—m
x* (3.226)
% + w+m j—1/2
+ (I ) ( ]+1/2 \/ g 1/2 )] I +
Xj+1/2
e oFm X;+1/2
J 1/2
and
(Jr)r — *\PTGT(\I/)T
— 1 R+ * k T w—m k T
- W ( ) (Xj_l/g) \/ w+m (Xj+1/2) +
w—m .k
e il (3.227)
% wo—_m + wt+m Aj—1/2
R ()t SR ) | (R " +
Xj+1/2
w=—m . k
LR wtm Xj+1/2
X?—l/Q
where we are using j = k = +%. The transmitted particle-number radial current is given by
\1 1 \TiT Al t
(1) = SO (W)
3.228
- ( X )t =0 )T ) Al i o
- 2 j—1/2 - j+1/2 - 2 ’
27y Jj—1/ Jj+1/ X§+1/2 dmry
where we used G = S4" and the relations (3.182) and (3.183).
So, the fluxes of the particle-number currents are given by
; w—m
=y —— (TP T 3.229
Fle\[Sm (irP 1) (3:229)
w—m
Fr= RT?+|R? 3.230
SRR IRP) (3.230)
and
—|T>n (3.231)
where we used the orthonormality relations of the spinor harmonics.
We obtain that
Fr Ft w+m |T|?
—|=1-=|=1- >1 3.232
F ‘ F —m |[IT]2 4+ |2 ( )

where we used the relation (3.225) and that 7 < 0 in the regime under consideration.
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Thus, we see that, in this non-linear case, there exists a solution with |F"| > |F¢| for
w<eVy +AT]? . (3.233)

We showed, now on a RN background, that there exist fermion condensates which can exhibit superradiant
amplification. Here, we point out again that, in principle, there are many other theories that also admit
superradiant solutions. One example is the same theory that we used but, this time, with a negative

coupling constant X <0.
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Conclusions

4.1 Achievements

In this thesis, we showed that a charged scalar field has superradiant modes both when scattering on
a strong electrostatic potential barrier (Klein paradox) and on a RN background. This conclusion was
already known and the superradiant modes that we obtained are in agreement with the ones of Refs.
[3, 6]. Furthermore, we also proved that Dirac fields do not exhibit superradiant amplification both in
the case of Klein paradox as well as in RN background. This fact is well known, but, from what we
know, there was no direct proof of the absence of superradiant amplification for Dirac fields scattering
on RN geometry [3, 4]. In fact, Lee proved the absence of superradiance for Dirac fields scattering on
the more general Kerr-Newman BH [8]. However, since RN is spherically symmetric, we can prove this
absence directly in a easier way. In particular, we do not need to use the Newman-Penrose formalism to
separate the Dirac equation. Instead, we follow a procedure that explores the spherically symmetry of

the problem as in Ref. [45].

We accomplished the main objective of this work, which was to answer the questions: Is it possible
to have a fermion condensate which can exhibit superradiant amplification? Or, is there a non-linear
interaction between fermions which enables them to exhibit superradiant amplification? It turns out that
the answer to these two questions is yes. In fact, in this thesis, we provided a non-linear Dirac field theory
which we believe to describe a fermion condensate and has solutions with superradiant amplification both
in the Klein paradox and in the RN background. This serves only as a proof of concept that such a fermion
condensate can exist, but this conclusion is very important. Because it gives consistency to the usual
interpretation of the Penrose process as the particle analogue of superradiant amplification phenomenon.
In fact, since the Penrose process is a classical phenomenon, we expect it to happens with ordinary
(classical) matter. But, if the Penrose process is the particle analogous of superradiant amplification,
this ordinary matter must exhibit also superradiance. Now, since ordinary (baryonic) matter is made of
fermions at the fundamental level, we expect superradiance to be restored by some kind of non-linear

interaction between the fermions. In this work, we saw that, in fact, this can happen.
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4.2 Future Work

The most important thing that remains to be done is the numerical analysis of the non-linear Dirac
field theory that we introduced in this work. In particular, it should be confirmed numerically that
superradiant solutions are allowed in this theory. Moreover, it is important to do numerical studies of
this kind of solutions to get a better understanding of their behaviour.

In the case of RN background, we do not need to use the non-linear Dirac theory with the coupling
A proportional to A,A*. In fact, we introduced a coupling of this kind to assure that we have a linear
Dirac equation at infinity. We want to have this asymptotic linearity, because we need to identify the
incident and the reflected waves. However, in RN geometry the Dirac fields fall with 1/r near infinity. So,
even with a constant coupling A, which is exactly the Nambu-Jona-Lasinio model [40], the Dirac equation
is asymptotically linear. In principle, this model admit superradiant solutions of the same kind, but it
would be interesting to confirm it and to do a numerical analysis of these solutions. It would also be
interesting to analyse if these non-linear Dirac theories admit superradiant solutions on Kerr background.

From what we know, the analysis of superradiant scattering for Rarita-Schwinger (spin-3/2) fields
has not been done. This study is very important to test the idea that fermionic fields do not exhibit
superradiance. Furthermore, if this Rarita-Schwinger fields are prevented from being superradiantly
amplified, it would be interesting to analyse if, again, there is some non-linear interaction that restores
them this capability.

Finally, since Dirac fields manifest themselves quantumly in nature, it would be of interest to use

quantum field theory to analyse the physical significance of our superradiant solutions.
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