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Resumo

O efeito de Magnus em dindmica de fluidos descreve a for¢a que um corpo em rotacao sofre ao mover-
se num fluido, sendo esta uma for¢a perpendicular a velocidade e ao eixo de rotagao - a forca de Magnus.
Em relatividade geral, resultados numéricos e previsoes tedricas recentes apontavam para a existéncia de
um efeito andlogo a este, no sentido da rota¢do num corpo em movimento criar uma for¢a perpendicular
tanto ao eixo de rotagdo como a velocidade, o que motivou a investigacao desta possibilidade.

Nesta tese partimos das equacgbes de um corpo rotativo a mover-se num campo gravitacional e de-
duzimos o que chamdmos de efeito “Magnus” gravitacional. Também deduzimos um efeito “Magnus”
electromagnético. O gravitoelectromagnetismo serve como ligagdo entre as duas areas.

Consideremos um corpo em rotacdo movendo-se num meio. A forca de Magnus gravitacional surge
quando a velocidade relativa entre o corpo e o meio ndo é paralela ao spin do objecto. De forma anéloga
ao efeito de Magnus classico, esta forca é ortogonal a densidade de corrente espacial e ao eixo de rotagao
do corpo. Para o caso gravitacional, a for¢a aponta no mesmo sentido da forga de Magnus classica; no caso
electromagnético depende da carga do objecto, apontando no sentido oposto para uma carga positiva.

Este fenémeno é estudado em diferentes sistemas astrofisicos de interesse, nomeadamente um corpo
em rotagdo: no espago-tempo descrito pela métrica FLWR e numa “nuvem” de matéria escura.

Alguns resultados desta Dissertagdo, entre outros, podem ser encontrados na Ref. [1].

Palavras-chave: efeito de Magnus, forca de spin-curvatura, tensores de maré, relatividade

geral, gravitoelectromagnetismo.
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Abstract

The fluid dynamics Magnus effect is a well studied phenomenon, describing the change in the expected
trajectory of a body due to its rotation. A spinning body moving in a fluid suffers a force orthogonal to
both the body’s velocity and axis of rotation - the Magnus force. In General Relativity, numerical results
and theoretical predictions hinted at the existence of an analogous effect, in the sense that a moving
rotating body will suffer a force orthogonal to both its velocity and axis of rotation, and motivated us to
investigate this possibility.

In this thesis we start from the equations for a spinning body moving in a gravitational field and deduce
what we dubbed the gravitational “Magnus” effect. We also show the existence of electromagnetic Magnus
effect. Gravitoelectromagnetism is used to establish a comparison between the two areas.

Take a spinning body moving in a medium. The gravitational Magnus force arises whenever the
relative velocity between the body and the medium is non-parallel to the body’s spin. In an analogous
way to the classical effect, this force is orthogonal to the spatial mass-energy current density and to
the body’s axis of rotation. In gravitation, it points in the same direction of the classical effect; while
in electromagnetism it depends on the object’s charge, pointing in the opposite direction for a positive
charge.

This phenomenon is studied in different astrophysical systems, namely a spinning body in the FLWR
spacetime, and a dark matter halo.

Some of the results of this thesis, among others, can be found in Ref. [1].

Keywords: Magnus effect, spin-curvature force, tidal tensors, general relativity, gravitoelectro-

magnetism.
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Chapter 1

Introduction

1.1 Overview and Motivation

1.1.1 Gravitational background

A gravitational problem is usually simpler in Newtonian physics than in General Relativity (GR). Take
for example a system of two point masses whose only interaction is due to the gravitational potential. In
classical mechanics, this exercise can always be reduced to a two one-body equivalent problem. However,
in a relativistic description of gravity, this is not possible anymore since matter, curvature of the space-
time, and its manifestation - gravity - can no longer be dissociated. Spacetime tells matter how to move
and mass tells spacetime how to curve and gravity “is not a foreign and physical force transmitted through
space and time. It is a manifestation of the curvature of spacetime” [2]. This is in agreement with Mach’s
statements: MI. The matter distribution determines the geometry [3]. The field equations for gravity,
also called the Einstein Field Equations (EFE), have this characteristic imprinted on them, by relating
the geometric Einstein tensor Gog = Rap — 1/2Rgap (itself related to the spacetime through the metric)

and the energy-momentum tensor 7,4 that encodes the description of matter [4]:
Gag = I{Tag, (1.1)

where k = 87 is called the coupling constant. These equations are rather difficult to solve, and usually
do not have an exact solution.

The N-body problem originated the post-Newtonian (PN) approximation theory, a useful method to
study the Einstein field equations, assuming a slow motion condition v < ¢ and weak field approximation.
It amounts to obtain the equations of motion of a system up to a power of small parameters (v?/c?,
GM /r or other combinations) [4-6]. It measures the order of deviation from the Newtonian theory [2].
Throughout this thesis, we shall use the parametrization of Ref. [7], expanding in terms of a dimensionless
parameter €, such that U ~ €2 and v < ¢, U being the Newtonian potential. Keeping terms up to 1 PN
order means keeping terms up to the order of €, i.e., O(e*) = O(4).

This approximation can be used when studying motion of bodies where the gravitational interaction



between them is weak. It is still a good approximation even if the bodies are compact, and so strongly
self gravitating, as long as the condition of weak gravitation interaction holds.

The 1PN approximation is useful when studying the comparison between electromagnetism and gravi-
tation, particularly in the slow motion approximation and for weak fields. This formalism is called Gravi-
toelectromagnetism (GEM). Several works on this topic have been developed throughout the years [6-17].
In 1961, the linearized equations of GR were used to pose a comparison between GR and EM without
using tensor formalism, except to deduce the linearized equations [9]. The 1PN approximation was used
in a Maxwell-like form as a tool to study particular celestial systems [7, 10]. In 1972, it was studied the
analogy between the force applied on a magnetic dipole in an electromagnetic field and the force applied
on a gyroscope in a gravitational field [11]. An analogy using the exact GEM fields defined in the 1+3
formalism [12] was made in 2007 [14]. Another approach was later cast in 2008 [15], by expressing the
forces not in terms of the GEM fields directly, but in terms of tidal tensors; this approach was proven
to be exact and covariant [15, 16]. It was also shown that for the motion of spinning test particles in a
gravitational field (whose equations of motion are the Mathisson-Papapetrou equations [18, 19] under the
Mathisson Pirani spin condition) exact GEM analogies emerge [16]. The analogy between the precession
of magnetic dipole in an electromagnetic field and of the gyroscope in a gravitational field had already
been studied by many authors [2, 20] in a linear approximation to GR. Some analogies have been cast in
Refs. [12, 14, 17], without the need of using approximations.

In the GEM formalism, we can write the Einstein field equations in an analogous form to the Maxwell’s

equations, by introducing the 1PN gravitoelectric and gravitomagnetic fields [7, 10]
G=Vw—-A+0(6), H=[VxA+0(5), (1.2)

denoting the scalar w = U + O(U?) = U + O(4) and the 3-vector A; as the “gravitomagnetic vector
potential”, that is O(3) [7].

In gravity, a spinning body produces a gravitomagnetic field that deflects flow particles (like its
magnetic analogue), thus suggesting a Magnus-like force. This field is not physical like the magnetic
field, depending on the chosen reference frame [17]. The gravitomagnetic field is in fact the relativistic

Coriolis field [21].

1.1.2 Applications

As previously stated, a lot of analogies and comparisons can be made between GR and EM. A
particular interesting similarity is that both Maxwell’s equations from electromagnetism and Einstein
field equation from gravitation have radiative solutions. In fact, in a weak field approximation, one
can check that in GR perturbation waves are produced (analogue to the electromagnetic waves for the
Maxwell’s equations). These Gravitational Waves (GW) are perturbations of the curvature that propagate
in spacetime [2, 3, 5]. Einstein was the first to find this solution for the linearized field equations. He
also pointed that the amplitude of these waves would be incredibly small [22, 23]. The physical existence

of GW was disputed for decades, with Einstein himself changing his position several times.



In 1975 the first binary pulsar system, PSR B1913416, was discovered, which allowed a continuous
study of a binary neutron star system [24]. Years of data acquisition revealed that the rate of decay of
the orbital period was consistent with the energy loss through GW emission [25]. A Nobel prize was
awarded to Hulse and Taylor in 1993 for this discovery and analysis, as it not only provided a new test
and confirmation of the GR theory but also opened a new field of study of gravitation [26]. Gravitational
waves emission provides important information of the astrophysical system that emitted them, and so we

could use them to test different theories.

The search for the gravitational wave signals would continue for quite a few years. They were first
detected in 2015 by the LIGO Scientific Collaboration and Virgo Collaboration [27], produced by the
merger of a binary BH system. With the detection of more GW signals [28, 29], it was possible to detect
one from a binary neutron star merger [29]. A second Nobel Prize in Physics in 2017 was awarded to the

field of gravitational waves, this time for its detection, to Rainer Weiss, Kip Thorne and Barry Barish [30].

Although gravitational waves are becoming one of the most attractive methods to detect new gravita-
tional effects, there are also different contexts which may prove useful to signal possible new phenomena.
In this case, one such scenario to study different effects is the exact solution of the Einstein field equations
assuming a perfectly homogeneous isotropic spacetime. This is described by the Friedmann-Lemaitre-

Robertson-Walker (FLRW) metric:

d 2
ds? = —dt? + (%) ﬁ + 12 (d6? + sin2 0de?) | | (1.3)
—kr
here written in terms of spherical coordinates [3, 4, 31-34]. In this formula, k£ € {—1,0, 1} is a constant
related with the curvature of space, and a(t) is the scale function. The values kK = —1 and k = 0 represent

negative or zero spatial curvature and translate into an infinite (open) Universe, while & = +1 represents

positive spatial curvature, hence a finite (closed) Universe [2, 3, 5, 35].
In standard cosmology, the FLRW metric, derived in 1922, is used as a background model [5, 36].

Metrics that obey the Friedmann equations, given by

i 4, (1.4)
—Z(g=4;(p+3p)—3» (1.5)

define the FLRW universes [35]. The study of this metric is motivated by the cosmological principle which
states that the Universe is homogeneous and isotropic with the exception of local deviations [3]. This
means that it has no privileged points or directions and is seen as the same everywhere and from every
direction. This is remarkably close to what we observe. On a very large scale of 108 — 10° light-years,
the Universe is observed to be homogeneous [2, 5]. We also verify isotropy in the distribution of galaxies
on a large scale, in the value of the Hubble constant on a very large scale, and at a smaller scales in the

cosmic X-ray background and the cosmic microwave background (up to a few parts in 107°) [2].

So far, the Universe seems remarkably flat (i.e. k = 0), as several experiments show. However, the

amount of mass in the Universe is not compatible with a flat spacetime. To satisfy the flat geometry, mass
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Figure 1.1: Rotating body moving in a fluid. On the top part of the body, its velocity will slow down the
fluid, while in the bottom it will speed up the fluid. This causes a pressure difference, that leads to the
Magnus force, pointing downwards (orthogonal both to the body’s rotation axis and velocity).

density must be ~ 100 bigger than that currently observed [5]. This missing density was attributed to
Dark Matter (DM) and Dark Energy, that are theorized forms of matter and energy that do not interact
with electromagnetic radiation the way ordinary matter does and we only know of its existence through
its gravitational effects. The first hint of the existence of such a form of matter was the observed velocity
dispersion curve of stars around the galaxy [37]. The curve suggested that the mass of the galaxies had
to be much larger than the estimated mass from stellar observations. Other observational evidences were
given throughout the years, namely the velocity dispersion of galaxies in a cluster around its center,
gravitational lensing and the anisotropies of the cosmic microwave background, among others [38-42].

Dark energy was mainly proposed to justify the accelaration of the expansion of the Universe. This
form of energy seemed to interact with the Universe as a whole, without local effects (like DM for exam-
ple) [43]. Dark energy is usually modeled through the cosmological constant (as it was also introduced
to justify for the expansion of the Universe). The nature of DM and dark energy is still a mistery.

To account for the observed expansion, DM should make up to about 27% of the Universe, as opposed
to the 5% of ordinary matter. The majority of the mass-energy density content, the other 68%, is dark
energy [44].

1.1.3 Classical Magnus effect

The classical Magnus effect is a well-known phenomenon in our everyday life, describing the change
in the expected trajectory of an object due to its rotation, in the presence of a fluid [45]. It was described

as it is for the first time in 1852 by Heinrich Magnus [46].



To understand the physics behind the classical phenomenon, consider a rotating body in a homoge-
neous non-compressible fluid that has a constant flow, much like a football moving through the air, see
Fig. 1.1. The body’s rotation slows down the fluid on one side and increases its velocity on the other

side, and as we can see by the Bernoulli equation (neglecting gravity) [45],
L o
p+ SV = const, (1.6)

this leads to a pressure difference between the two sides of the body that causes a force, sometimes
called the lift force, normal to the stream. This force depends on the medium’s density, the body’s
spin, the relative velocity between the medium and the body, and the dimensions/geometry of the body:
F x pw X v.

The Magnus effect is noticeable in several sports, take the example of a curved ball in football,
baseball, but also cricket or golf [47]. In the realm of ballistic, the effect was also widely investigated,
to better predict the trajectory of shells mortars of different sizes and shapes. This effect has some
engineering applications in the design of motors for very specific types of ships and airplanes. These
motors, invented in the 1920s, are typically consisted of cylinders powered by a motor. In particular, the
rotor/Flettner ships have a large (~ 19m of height and 3m of diameter) vertical cylinders that create a
pressure difference in the air around and hence a Magnus force capable of moving the ship [48].

The contact surface between the body and the fluid is essential to the Magnus effect. This casts
doubts on the possibility of such an effect in gravitational problems, since BH do not have a surface.

The suggestion of a Magnus-like force in GR was suggested by numerical results published in 1999 [49].
In 2014, theoretical arguments were given for the existence of a similar force, based on the fact that a
spinning black hole accretes more matter in one side than on the other [50]. This force, however, had an
opposite direction than the classical one. In 2016, there was also an attempt to demonstrate the existence

of an effect, and the force suggested also pointed in the direction opposite to the Magnus effect [51].

1.2 Thesis Outline

This thesis is mainly divided into three parts. The first one (Chapter 2) is dedicated to electro-
magnetism, namely providing an example of an ”electromagnetic Magnus force”, and gravitoelectromag-
netism, by deriving the 1PN GEM equations. It also shows the similarities and differences between EM
and GR and elucidates how one could make analogous arguments to the electromagnetic case even in a
gravitational problem. The second part is the most important, as it lays the foundation of this work. In
this part, Chapter 3, we start from the Mathisson-Papapetrou equations of motion for a spinning body
in General Relativity. We show, without approximations that the spin-curvature force naturally splits
into two components, one of them being the gravitational Magnus force. The 1PN approximation is also
addressed, allowing us to study an example similar to the one discussed in Chapter 2. Finally, in Chapter
4, we develop some applications of the Magnus force on two astrophysical systems: a spinning particle in

a FLWR background, and a spinning particle in a DM Halo.






Chapter 2

Electromagnetic Magnus Effect

In this chapter we start by considering what we call an electromagnetic analogue (in terms of behavior,
not in terms of its origin, or essence) of the classical Magnus effect. It will give some intuition when we
later study the gravitational analogue of this effect. We also deduce the 1PN Gravitoelectromagnetic

equations.

2.1 Electromagnetic example

Consider a magnetic dipole (of magnetic moment 4-vector u®, 4-velocity U® and 4-momentum P<)
inside a current slab, as depicted in Fig. 2.1. The force exerted on the dipole placed in an EM field

described by a Faraday tensor F*# can be covariantly written as [16]

DP~ o o
1
Bab’ = *Fau;gUV = iéaV“pFle;ﬂUu, (22)

where B,z is the magnetic tidal tensor and x denotes the Hodge dual. The magnetic tidal tensor encodes
magnetic tidal effects measured by an observer comoving with the magnetic dipole. This tensor equals
the covariant derivative of the magnetic field B = xF*#Ujs as measured in the inertial frame comoving
with the particle. In the inertial frame comoving with the particle, the spatial components of Fg); of
(2.1) yield the textbook expression:

Feya =V(B - p). (2.3)

It is useful to decompose B,g into its symmetric and antisymmentric parts:
Bap = B(ap) + Blag) -
If we take the projection orthogonal to U® of the Maxwell field equations,

FoP 5 = 4mj® (2.4)



Figure 2.1: A magnetic dipole g = pe, inside a current slab (a semi-infinite cloud of charged particles
flowing in one direction). The slab is finite in the y direction, and infinite in the x and z directions. The
dipole suffers a force Fryv = 4mjpe,. In this case Faag = Fgym, and so the force is twice the Magnus
force (Fem = Fsym + Fag = 2F Mag). If we consider instead a slab finite in the z direction and infinite
in the z and y directions, keeping the magnetic dipole u = pe., the Magnus force remains the same
Frag = 2mjpe,, but the Fgy, now points in the opposite direction: Fpy = —27jpe, = —Fzag. This
leads to a total EM force: F'gy = 0.

(where j¢ is the current density 4-vector), we find [16]
1 X Y
B[ag] = 5 * Fag;.yU — QWEQQUW‘} . (2.5)

The first term of Eq.(2.5) is related to the laws of EM induction, while the second is a current term.
This decomposition of the magnetic tidal tensor allows us to write the total EM force as the sum of three

different contributions: the symmetric force, the current force and the induction force, i.e.,

Fen = Fym + Flag + Fina s (2.6)
Fom =B g, (2.7)

ind = _% * F0 U g (2:8)

Ffag = 2m€3,, U771 . (2.9)

Let us analyze the force FYe Ttisa force orthogonal to the magnetic moment p® and to the charge
current relative to the dipole hf 7#. In the particle’s rest frame, u® = (0, p) and the Magnus force reduces

to its spatial components as the time component vanishes:
Firag =2mp X 3. (2.10)

Here it is obvious that the force is orthogonal both to g and j. For a magnetic dipole consisting of a
spinning charged body, the direction of the magnetic moment will depend on the charge: for a positive
charge, p || S and Fag has the opposite direction of the classical Magnus force (so it is actually “anti-
Magnus”); for a negative charge, p || —S and F'yae has the same direction of the classical Magnus force.
The induction component of the force exerted on a magnetic dipole placed in a EM field does not have

a gravitational analogue and so it is not of particular relevance to us.

Considering the setup of a current slab, infinite in the & and z direction and of finite thickness h



along y (a slab delimited by the planes y = —h/2 and y = h/2), with j on the positive z direction. This
exercise is similar to Exercise 5.14 of Ref. [52]. By the right-hand rule, we know the magnetic field will
point to the e, direction for y > 0 and to e, for y < 0. For the plane y = 0, B = 0. The magnetic field
can be found by applying the Ampere’s law

V x B =4rj, (2.11)

to the amperian loop A depicted Fig. 2.1: a rectangle perpendicular to the x direction, of boundary 0 A

and normal unit vector n, that we take to be n || j. By the Stokes theorem, we have that
B-dl:fVxB-ndA:47T]{j~ndA:47rAsz, (2.12)
A A A

and on the other hand, faA B - dl = B(y)Az. This means that B* = 47rAyj, and so the magnetic field
inside the slab (y < h/2) is
B* =4nyj, (2.13)

and outside the slab (y > h/2) is
B = 9nhj . (2.14)

Hence the only non-vanishing component of the magnetic tidal tensor defined in (2.2) is B*¥ = 47j. This

means that F}g, in (2.1) will be
Fgyv = B¥u,ey = 4njusey = Fraag + Fogm. (2.15)
This configuration is stationary so Finq = 0. Explicitly, Fnae and Fiyp are given by

Frag = 2mp X § =21 (pzey — piyez) (2.16)

Foym = B pje; = 2mj(pi.e, — pye.). (2.17)

Now fix the direction of the dipole pp = pe, and analyze the forces (2.16) and (2.17) for different slab

orientations. Considering a
1. Slab finite along y and infinite in the x and z direction, as the one in Fig. 2.1, the magnetic field
is along the z direction and we have
FMag:FSymZQ’]Tj,Ll,ey = FEMZQFMag:Zle/«Ley'
2. Slab finite along z and infinite in the z and y direction, the magnetic field is now along y (B =

—4rjzey), and so the only non-vanishing component of B8 is BY* = —4rj. This causes the

symmetric part of the magnetic tidal tensor, i.e., B4 to change its sign when compared to the



previous example; hence

FMag = *Fsym = 727Tj/ul,ez = Fgy = 0.

Notice how the Magnus force Fyng remains the same in both cases, being the symmetric force that
changes to the exact opposite. This leads to two very different total forces in both examples. Notice also
that for other orientations of the slab and dipole the Magnus and Weyl forces are not collinear. They
usually have some component in the same direction, except when p coincides with an eigenvector of
BU3) where the forces are orthogonal. For the orientation of the slab depicted in Fig. 2.1, this happens
when p = %(ey +e.)orp= %(ez —ey); B = pe, also coincides with an eigenvector but it has zero

eigenvalues and so Fyag = Fsym = 0.

Another important remark is that the forces do not depend on the width & of the cloud/slab; in fact,
the only purpose of considering a finite dimension to the cloud is to provide boundary conditions for the
computation of the direction of the magnetic field. A cloud infinite in all directions would lead to an

undetermined problem.

2.2 Derivation of GEM equations in 1PN approximation

Post-Newtonian theory can be formulated in various different forms [4, 7, 10, 53]. Here we will use
the dimensionless parameter € such that U ~ €? and v < € where U is minus the Newtonian potential and

v the bodies’ velocity. The first post-Newtonian order (1IPN) amounts to keep terms up to O(e*) = O(4).

We are using the same parametrization of Ref. [7], denoting the scalar w = U + O(U?) = U + O(4)
and the 3-vector A; that is O(3). Our metric is:

goo = —exp (—2w) = —1 + 2w — 2w? + O(6); (2.18)
goi = A; + O(5); (2.19)
Gij = (Sij exp (+2U}) = (51‘]'(1 + QU) + 0(4) (2.20)

The Christoffel symbols up to O(4) are:

Gy = —U + O(5); (2.21)
o = U, + O(4); (2.22)
Tl =A; —w,; +4UU,; + O(6); (2.23)
To; = 8;;U + %(Am' = 4j) +00); (2.24)
Iy = *%(Am +Aji) + Gy + O(5); (2.25)

e = (1=20)(6iU; + 05U 1 — 6;1U.:) + O(6). (2.26)
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The Riemann tensor is then defined using these connection coefficients [54]
Ry5 = 0,155 — 0515, + szFgé - Fgérgw' (2.27)

The Ricci tensor is the contraction of the Riemann tensor, Rgs = Rj,5 [54].

We now introduce the 1PN gravitoelectric field G and gravitomagnetic field H, defined like [7, 10]
G =Vuw—A+0(6); H =V x A] + O(5). (2.28)

From this definitions alone, we get two Maxwell-like equations:

VxG=—H+0(6), (2.29)
V-H=0(®4). (2.30)

The Einstein field equations are [3]
Gag S I{Tag 5 (2.31)

where Gopg = Rap — 1/2Rgap is the Einstein tensor, £ = 8 is called the coupling constant and T,z is
the energy-momentum tensor. The Einstein equations may also be written in a different way, using the

trace of the energy-momentum tensor, ' = T:

1
R*P = 81 (Taﬁ - 2Tgaﬁ) . (2.32)

Let p=T O‘Buafuﬁ and J* = fTO‘Buﬁ be, respectively, the mass-energy density and current density
as measured by the observers u®. Here T? is the stress energy tensor. For dust, this tensor is given
by T%? = pou®u?, in non-relativistic units, with pg = po(x) being the proper density. From the relation
V2U =~ —4mp (Gauss’ law) we infer that p is of order O(2). We then have T = p + O(4), TV =
JP+ O(5) ~ O(3), where we noted that J' ~ pvmatter ~ O(3), and T¥ ~ O(4). Noting also that
17, = TG + T =T%ggo + T + O(6), we obtain the Ricci tensor components

Roo = —4n (T + T) + O(6); (2.33)
ROZ’ = —87TJi + 0(5), (234)
Rij = 47Tp(51'j + 0(4) (235)

On the other hand, computing explicitly the components of the Ricci tensor using the Christoffel symbols
in Egs. (2.21) to (2.26), yields

0*U
1 oG
R = -6,V -G+0(4). (2.38)
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Equating Eqgs. (2.33)-(2.35) to (2.36)-(2.38) we obtain (cf. Eqgs. (3.22) of [10], or Egs. (2.6) of [7])

00 1z 82U
VxH = —16rJ+ 4% +0(5), (2.40)

with the third equation, coming from R;;, being redundant as it is already contained in the first. These
equations are analogous to two of the Maxwell equations of electromagnetism: the Gauss law V-E = 47p,,
and the Maxwell-Ampere law V x B = 475 + O, E.

The similarity between the gravitomagnetic equation and the Maxwell’s equations provides an efficient
way to predict and investigate new gravitational effects, by making a direct bridge with an extensively

studied area of Electromagnetism. This idea will be explored further in the next chapter.
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Chapter 3

Gravitational Magnus effect

In this chapter we investigate the motion of a spinning body in a gravitational field, and determine
the forces that this body is subjected to, due to its spin. Finally, we compute the forces that the body
will be subjected to up to 1 PN order. We then compute the specific example of a spinning body placed

in a (moving) cloud of particles.

3.1 Gravitational Magnus effect

A classical non-spinning test particle, if only subjected to gravitational forces, will follow a geodesic.
A spinning particle, however, when placed in a gravitational field, will suffer the spin-curvature force that
deviates the particle from its geodesic motion. This spinning particle will be described by the 4-velocity
U<, 4-momentum P and the spin-tensor S#”. These last two are related to the energy-momentum tensor
T<; for the precise definitions we refer to [16, 55, 56]. From the conservation equations VgT"‘ﬁ =0, we

get the equations of motion [16, 18, 19]:

DpPe 1
_ e vitB — po.
7 —_— 7§R[3’U’DSH U = F 3 (3.1)
DSB8
— = 2pPleyhl, (3.2)

These are called the Mathisson-Papapetrou equations, describing the motion of a spinning body in a
gravitational field. We can close the system (3.1)-(3.2) (note that it has 10 independent equations and
13 unkown variables) by introducing a spin condition Saﬁuﬂ = 0, for some timelike unit vector u®. The
physical meaning for this extra equation is to specify the frame where the center of mass (CM) of the
body is to be evaluated, since for a spinning body the later depends on the observer [16]. Here, we will
use the Mathisson-Pirani spin condition:

S*PU5 =0, (3.3)
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corresponding to taking u® = UP (U® = dz®/dr), meaning that the CM is being measured in its own

rest frame [16]. With this spin condition, we may write
SV = mTAS Ty, (3.4)

where S, is the spin 1-form, which in the body’s CM rest frame has components (0, S) [16]. Substituting

on Eq. (3.1), we obtain an expression for the spin-curvature force

DP~

= —HP*S 3.5

dr B ( )
1

Hap = *Raus UPUY = ieWMR,\TﬂVU“U”, (3.6)

in terms of the gravitomagnetic tidal tensor H,g, the so called magnetic part of the Riemann tensor,

measured by an observer comoving with the particle.

Comparing Eq. (2.1) with Eq. (3.5), we see the physical analogy between force exerted on a magnetic
dipole in a current slab and the gravitational spin-curvature force. Also, H,p is the gravitational analogue

of Bag.

In similarity with the method used for the magnetic tidal tensor B,g, Eq. (2.2), we now decompose
H,p into its symmetric and antisymmetric parts. We use the definition of the Weyl tensor in four
dimensions [3]:

1 1
Ca,B’yS - Ra,@'yé + §(ga6R'yB + gﬁ’yR&x - goc'yRéﬁ - gﬁER'ya) + 6(904'795,8 - gaég'yﬁ)Rv (37)

or, written compactly,
o 1,
R.5 = 005 + 261 RV 5 gRéhag : (3.8)

We can then write the gravitomagnetic tidal tensor as

Hap = *CouprU'UH — AT€aoy JUT = Hap — 4me€apay J7 U7, (3.9)

where we defined Haop = Hap) = *Capp, UYU* (magnetic part of the Weyl tensor) [57], and J* =
—T*PUg is the mass/energy current 4-vector as measured by an observer of 4-velocity U® [16]. Thus, we

divide the spin-curvature force into two parts:

F* = —H*P Sy + 4me® oy JPSTUY = Fegn + Fifag » (3.10)
Fjeg1 = —H*? S5, (3.11)
Fiiag = —Hiap)Sp = 4me® g, JP S7UT . (3.12)

Note that [y, is somewhat analogous to £, of EM, defined in Eq. (2.7), and that there is no induction
term. The term Fy,, is the one with most physical relevance to us. Fyp,. arises whenever there is a

spatial mass current h®5J? relative to the body not parallel to spin 4-vector S¢. Here h®s = 6%5+UUp
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is the space projector orthogonal to U%. In the particle’s rest frame,
Fpag = 4nd x S. (3.13)

We call this force the gravitational analogue to the Magnus effect in fluid dynamics due to its similarities,

since:

e it arises whenever the body is rotating and moving in a medium with a relative velocity not parallel

to the spin axis (J } S);

e it is orthogonal both to the spin and the current density, and it has the same direction of the

classical Magnus force.

Fyl,g solely depends on U, h*gJ # and S°; while Fey 18 strongly dependent on details of the system,
and may have any direction. This can be traced back to the fact that Fy,, comes from the Ricci part
of the curvature, totally fixed by the energy momentum-tensor T%? of the local sources via the Einstein
equations (2.32), whereas the Weyl tensor does not couple to the sources via algebraic equations , only
through differential ones (differential Bianchi identities), being thus determined not by 77 at a point,

but by conditions elsewhere.

3.1.1 Post-Newtonian approximation

Using the 1PN metric (2.19) previously introduced, the relevant components of the gravitomagnetic

tidal tensor can be determined up to 1PN:

Hoo = O(5) (3.14)
Hy; = §6jlkAk7liv] + GilelUJ + 0(5), (315)
1 .
Hij = —ieilk.Ak,lj — eiij,k + 26ikm’l}kU)jm + 0(5) . (3.16)
We only need the spatial components, since F/ = —HS, = —HYS;, — HYS, = —HYS; + O(e°).

Rewriting Eq. (3.16) in terms of the gravitomagnetic and gravitoelectric fields:

1 .
Hij = *§Hi,j — eijka =+ ZEikm’Uij’m — Eijmva]‘mL + 0(5) , (317)
(3.18)
Finally we can write the 1PN spin-curvature force and its Weyl and Magnus components as:
. | .17 . . -
FI = SHYS; - [s x G} — 26 U GIMS; — RG0S (3.19)
. 1 .. . ,
Fivep = 3 HED S, — 260, GD kS + O(5), (3.20)
Fpag = 4me' 1,85 (T% — p07) + O(5) . (3.21)

A spinning body in a gravitational field will not only suffer the spin-curvature force, but also the
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inertial “force” already present in the geodesic motion. This may be derived from the usual geodesic
equation for a point-like non-spinning particle in a gravitational field [3]:
bu~ d?x®

T =0& 5 +T3UU" =0. (3.22)

Using d/dr = (dt/d7)d/dt in order to express the previous equation in terms of ¢, we obtain

d2t dz® dt\? [ d2z~ dxP dz?
- re 2 27 ) =90. 3.23
dr? dt +<d7’> <dt2 M7 dt) (3:23)

. 2 2,0 .
Since 2% =t = L = T2 we can use Eq. (3.22) to write:

d?z° o dzf dxv o [ dt ? da? da?
-y g () 2 (3.24)
dr? Ydr dr T\ dr dt dt
and substitute it in (3.23) to obtain finally
d%z® o 1o dafdax7\ daP da?
= —opg ) ), 3.25
dt2+(57 ¢ Prdt dt>dt dt (3:25)

The time component vanishes trivially, and for the spatial components are responsible for the inertial

force, giving

2t FIi . 1 o dzt\ dx® da”
1 (pi _ Lypo 4T ) 4r dar. 3.26
a2 my (57 cﬁWdt) dt dt’ (3:26)
or, up to 1PN,
Fi=(1+v*-2U)G+vx H— (3U +4G -v)v. (3.27)

3.1.2 GEM analogue of EM case

We will now investigate the gravitational analogue of the electromagnetic example of Section 2.1: a
spinning body inside a medium flowing in the x direction. This medium is assumed to be infinite in the z
and z directions and of finite thickness h in the y direction (contained within the planes —h/2 < y < h/2)
as shown in Fig. 3.1.

Since this setup is stationary we have V x H = —16nJ, where J¢ = —To‘ﬂu/g is the mass-energy
current as measured by the reference observers u® = u%§g. To obtain the gravitomagnetic field in this
example, we can use an analogous reasoning to the one leading to the magnetic field of Eq. (2.13),
resulting in

H = H?*(y)e, = —167yJe. . (3.28)

Notice how similar it is to the magnetic field of Eq. (2.13), apart from the different factor and opposite
sign. The gravitomagnetic tidal tensor has only 1 non-zero component: H?*Y = 87J. The 1PN spin-

curvature force ( 3.19) for a spinning body at rest in a stationary gravitational field is
1 . 1
Fasc = iHJ’ Sj & Fgsc = §V(H -S), (3.29)
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Figure 3.1: A spinning particle (that could be a BH, for example) inside a massive cloud flowing in one
direction. The cloud is finite in the y direction, and infinite in the x and z directions. The particle
suffers a force ' = —8wJSe,. In this case Fyrag = Fweyl, and so the force is twice the Magnus force
(F = Fweyl + Frag = 2FMag). If we consider instead a cloud finite in the z direction and infinite in
the = and y directions, keeping the spin of the particle S = Se,, the Magnus force remains the same
Fyr.g = —4nJSey, but the Fyey now points in the opposite direction: Fyey = 4nJSe, = —F\Mag.
This leads to a total force: F' = 0.

that is, once again, similar to the force in Eq. ( 2.1). Explicitly, the force exerted on the spinning body
is:

F =-8nJS.e,. (3.30)

This force is along the y direction, pointing in the same direction of the classical Magnus effect. The

symmetric part of the HY is HY = 4rJ. The Magnus and Weyl forces are, respectively:

FMag =4rJ x S = 47TJ(Syez - Szey) 5 (331)

Fyey1 = —Hijujei —4nJ(S.ey + Sye.). (3.32)

This is for a fixed orientation of the slab and arbitrary S; but this is physically equivalent to considering

a fixed S and varying the orientation of the slab. Two notable cases arise, choosing S = Se,:

1. Cloud finite along y (like the one displayed in Fig. 3.1): As seen, H = —167Jye, and so the only
non-vannishing component of the gravitomagnetic tidal tensor is H*Y = 87j, leading to HY* = 4xj.

In this case:

FMag = FWeyl = —47TJ56y = F = 2FMag = —87TJSey . (333)
2. Cloud finite along z: The gravitomagnetic field is now H = 16mJze,, hence HY* = —8nJ and

HY = —47J. In this example, the Magnus force remains the same as in case 3.1.2; however the

Weyl force changes sign:

FWeyl = _FMag = 47TJS€y = F = FMag + FWeyl =0. (334)

As in the electromagnetic example, we see that Fy,e remains the same in both configurations, while

Fyey1 depends on the details of the system (in this case the boundary conditions of the slab).
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Chapter 4

Applications

In this chapter, we study the Magnus force in different situations. Firstly, we present an exact example,
with cosmological applications, secondly we compute, for two astrophysical examples, the approximated

forces derived in the previous chapter.

4.1 FLRW

As stated in Eq. (1.3), the FLRW metric is given by:

dr?

1— kr2

ds® = —dt* + a*(t) < +72d6? + r* sin® 9d¢2> . (4.1)
This metric is conformally flat, i.e. there is a non-zero differentiable function Q(x) such that g.p =
Q?(x)nap where 1,5 is the Minkowsky metric. Consequently, its Weyl tensor vanishes: Cup,6 = 0 [3],
which means the Weyl force is zero in this context. It is a particularly interesting case, since the total

spin-curvature force exerted on a spinning body in the FLWR spacetime is reduced to the Magnus force:
F® = Fy, - (4.2)

For an arbitrary observer with U® = Uy(1,v) = 9 (1,v"), the only non-vanishing components of the

gravitomagnetic tensor are

Hij = H[ij] = CijkOUkA(t7 r, 9) 5 (43)
where we define
_(w? 2 i
At,r,0) = 200) [k + a(t)® —a(t)a(t)] . (4.4)

The gravitomagnetic tidal tensor reduces to its anti-symmetric part: the current term that originates the
Magnus force.

If the observer is at rest (v = 0) with the coordinate system of (1.3), its gravitomagnetic tidal
tensor vanishes H,g = 0. Therefore the the spin curvature force on the spinning body also vanishes:

Foud body = —H'Ba5’5 = 0. This was expected from Eq.(3.13), since the spinning body is comoving
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with the backgroung fluid, so the spatial mass/current J relative to the background is zero, leading to a
vanishing Magnus force.

For an observer with peculiar velocity, v # 0, i.e. an observer moving with respect to the coordinate
system of (1.3), the gravitomagnetic tidal tensor (4.3) is not zero. Hence a spinning body moving with

velocity v suffers a spin-curvature force given by:

FY = —H*S, =0, (4.5)
i e ia i(UO)2 A(1)? i

F'= -H"“S, = -H &za{vxS]&u)%+a@ — a(t)a(t)], (4.6)
F = A(t,r,0)[S x v], (4.7)

written in terms of the metric parameters.

The stress-energy tensor that corresponds to the metric (1.3) is that of a perfect fluid:
7% = (p+ p)uu’ + pg*”.

Hence the mass energy tensor is:

J* = =T*Us = y(p+ pju® —pU*, (4.8)
with v = —u,U®. Substituting Eq. (4.8) in the expression for the spin-curvature force 4.2, we write
Fo = 40P, (19)
= 47e® 3, Uy (p + p)u”. (4.10)
Since the fluid is at rest in the coordinate system of (1.3), we have u® = §§ and v = —(=862)U* = U°.

This leads to:

Fcoléoud,body = 47T’)/(p + p)eaﬁa’Y(;gSUU’y

=4my(p + p)e®540S°U7
from which we can see that the time component of the force is zero and the spatial components read:
F =—4x(U%*(p+p)v x S]. (4.11)

One can check that Eq. (4.7) leads in fact to Eq. (4.11) using the Friedmann equations[3],

e 5 (4.12)
—Z(gzlt):r(p—i-?)p)—[;. (4.13)

Let us analize the expression 4.11. For the general case that p 4+ p # 0, a spinning body arbitrarily
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Figure 4.1: Spinning particles moving in a pseudo-isothermal DM halo. For a spinning body in a quasi-
circular orbit, with spin lying in the orbital plane, the Magnus and Weyl forces are parallel (Fwey ||
F\agnus)- The total force is of the form F' = A(r)S x v. The orbital plane will precess with angular
velocity €2, since the total force F' points outwards the orbital plane in half the orbit and inwards the
other half. For a simplified scheme of this secular orbital precession, see Fig. 4.3. For a body moving
radially towards the center of the halo, the Weyl force is null (Fwey1 = 0) and the total force is reduced
to the Magnus force (F = Fzagnus = 4mpS X v1).

moving in the FLWR metric will always suffer the gravitational Magnus force. Moreover, it is the only
force acting on the body, since F'wey is zero everywhere. In the particular case of ordinary matter and
DM, p and p are positive and we have F' parallel to [S x v], pointing in the same direction than the fluid
dynamics Magnus effect. For dark energy as modeled by the cosmological constant, p = —p and the force

vanishes, F' = 0.

The different character of the gravitational Magnus force for different models suggests that this force

can be used as a probe for the relation p/p, and for the energetic content of the Universe.

4.2 Dark Matter halos

4.2.1 Uniform density Dark Matter halo

We start with a simple example, a sperical DM halo of constant density p = pg. The gravitoelectric

field, to lowest order, equals the Newtonian field:

M(r) —_ 4mpo
¢=20 -, (4.14)
where
N 4mpor®
M(r) = p(rd>r" = 3 (4.15)
0

is the mass enclosed inside a sphere of radius r. The gravitomagnetic tidal tensor as measured by an
observer of velocity v is reduced to its antisymmetric part H;; = 4mpoe;; RIS Hj;j1- Therefore we know
that the Weyl force vanishes for all v, Fwey1 = 0. The total spin-curvature force felt by a spinning body
in this system is:

F = FMag = 47‘1’[)03 Xv. (416)
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This means that any spinning body moving inside this DM halo will suffer a Magnus force, and it is the

only physical force acting on it.

4.2.2 Pseudo isothermal Dark Matter halo

A more realistic model of the density profile of a DM halo is the “pseudo-isothermal” profile given

by (58]

Po
r) = _ 4.17
o) = % (4.17)

2
where 7. is the halo core radius and pg the central halo density. The mass enclosed in a sphere of radius

r is then

M(r) = /0 " ()P = Ampor? {r — rearctan (rﬂ . (4.18)

Tc

The gravitoelectric field is given by

-M
G = 3(T)r = 4mpor? [r — rearctan <T>] g, (4.19)
r Te
where G = —r/r3 is the Newtonian field per unit mass. The differentiation of G' with respect to 27 reads

’I"Z'Tj

Gij = 4mpor; {7“ — rcarctan (Tﬂ Gij — dmp—L,
Te r

5”'
r3

TiTj
ro

+3

with gm- = —

The gravitomagnetic tidal tensor is given by

r €iki €T € TET
H,;; = — [127”307’2 (r — rearctan 7“0)] L (;3] -2 7"5] ULRNT p~; m> - (4.20)
— 2¢;, ™0k (47rpL7;n> + €, 0" (47Tprk2m> (4.21)
r r
S Y T (e N T LA NP VR (4mp™m ) + e (4mp™= )
r r3 r3 r2 r2

(4.22)
A(r) =127 ﬁ 1-— Te arctan r (4.23)

o o2 r re )| )

For this DM density profile, H;; is not generically antisymmetric. We decompose it into its symmetric

and antisymmetric parts, respectively:

A(r) —4mp
Hij = H(ij) = ZUT(U X ’l")(i’l“j) N (424)

1 m
H5) = §€ijlelk Hym = 47peijiv’. (4.25)
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Therefore the spin-curvature force that acts on a spinning body moving in this DM halo is

F = Fchl + FMaga (426)
F\’L;Veyl = 77-[”-5]' s (427)
Forag = 41pS x v (4.28)

As we can see, the Magnus force is given by the same expression in the previous uniform DM halo example
(4.16), taking into account the changes in the density function. On the other hand, the Weyl force in
this density profile DM is usually non-zero, contrasting with the previous uniform density profile, where
it vanished for all bodies. Once again the Weyl force demonstrates its heavy dependence on the details
of the system.

If the body’s velocity is parallel to the body’s position (v || ), the Weyl force vanishes. Therefore, for
a body moving radially, only the Magnus force will act upon it, F' = Fy.,. However, this only happens
initially, as the Magnus force will accelerate the body in a perpendicular direction, and its velocity will

no longer be radial.

Objects on quasi-circular orbits

We are interested in the effects of the spin-curvature force on test bodies on circular (or quasi-
circular) orbits within the DM halo. This allows the study of interesting phenomena while adopting
useful approximations.

The spin evolution equation for a body with orbital angular velocity w and spin S is [4, 21]

s

9 Q. xS, 4.29

o x (4.29)
1 3

Qs:—ivxa+§va, (4.30)

where €2 is the spin’s precession frequency. The first term of €2 is the so-called Thomas precession and
the second the geodetic precession. For this setup, the only force acting on the body is the spin-curvature

force: @ = F/m. Hence the Thomas precession is fﬁv x F ~ O(5), negligible to first PN order.

Therefore, we can make the approximation

Q. ~ 20 . G (4.31)

Due to the spherical symmetry of the setup, we can choose the orbit to lie in the x — y plane, without

loss of generality. The body’s velocity will be in the same plane, and is approximately given by

v ~ v(—sin e, + cos pe,) , (4.32)

with ¢ = wt. According to Eq. (4.19), G takes the same direction as the position vector, also along = —y
plane and orthogonal to the velocity v since we are considering quasi-circular orbits. Consequently, €24

points in the z direction.
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We continue our investigation with extreme cases of the particle’s spin orientation: spin in the z

direction, and spin with a zero z component, lying in the orbital plane.

1) Spin orthogonal to the orbital plane

We first take the spin to be orthogonal to the orbital plane, i.e. S = S%e,. The precession frequency
is also in the z direction and so we have Qg || S. Therefore, through Eq. (4.29), we know that

ds
— =0 4.33
P o, (133)
consequently the spin remains constant along e, .
The Magnus and Weyl forces read
S-L
Firiog = —47r,0uer , (4.34)
mr
S-L
FVVeyl = FMag + A(T) ( )er s (435)

mr

where L is the orbital angular momentum, given by L = mr X v to lowest order. A simple analysis of

the force’s expressions leads to the conclusion that

FMag || FWeyl A(T) < 47Tp

FMag || _FWeyl A(T) > 47Tp

Since the forces are radial, they will only change the effective gravitational attraction, having no other

effect on the body’s orbit.

2) Spin parallel to the orbital plane

A more intriguing example is to consider the spin to be parallel to the orbital plane in the (z — y)
plane. Eq. (4.29) and Eq. (4.30) tell us that S precesses but remains always in (x — y) plane. For an

initial S = Se, and taking into account that €25 is constant, one can write
S = S (cos(Qst)e, + sin(st)ey) . (4.36)
Note that Qg [ S, in fact here €5 1 S, and so % is not zero. We will have

S x v = vS [cos(€2st) cos ¢ + sin(st) sin ] e, (4.37)

= vS cos(¢p — Qst)e, = vS cos[(w — Qs)tle, . (4.38)
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The Magnus, Weyl and spin-curvature forces that act on the body are given by

Friag = 4mpSv cos[(w — Qs)tle, (4.39)
Fyey1 = (A(r) — 4mp) Sv cos[(w — Qs)tle, , (4.40)
F = A(r)S x v = A(r)Sv cos|[(w — Qs)t]e, . (4.41)

All these forces are in the z direction, causing the spinning body to oscillate in this direction along its

orbit.

The spin-curvature force (4.41) also gives rise to a precession, although in this case a precession of
the orbital plane. The angular momentum, perpendicular to the orbital plane, is given by L = mr x v,

to lowest order. Differentiating with respect to time, we obtain

aL _ mr X dv
dt dt’
and, considering once more that the only force acting on the body is the spin-curvature force, ‘(%’ = % =
F/m. We have then
dL
— =rxF=—-A(r)r x[vxS].
dt
We now make use of the vector identity A x [B x C] =[A x B] x C + [C x A]B, so that
dL 1
e A(r) [mS x L— (S xr)x v} . (4.42)
To extract the contribution of the second term, we average dL/dt along one period:
1
([S x r] x v) = A(r) {m (S x LYy —((8S xr)x v)} (4.43)
1
= A(r) [mS x L —{(Sxr)x v)] . (4.44)

Using Eq. (4.30), one sees that Qg ~ we?. Typically we have w > € so the spin S (4.30) is nearly
constant during one period. Thus, we can assume it constant in a given direction: S = Se,. The first

term of Eq. (4.42) is constant along one orbit, and averaging the second term gives

. Srv 1 1
([S x 7] x v) = —Srv (sin® ¢) e, = ey = —|—m[5 X [rxv]] = m[s x L]. (4.45)
Therefore, the orbital precession can be written as
dL

—)=Qx1L 4.4

(%) =axL (4.46)
_ Alr)

Q= Wi S, (4.47)

where €2 is the angular velocity of rotation of the orbit’s plane. Therefore, we encounter here two different

precessions. The object’s spin will precess about the z direction, as depicted in Fig. 4.2. The orbit’s plane
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Figure 4.2: Simplified scheme of the precession of the spin S of the particle in a quasi-circular orbit in
Fig. 4.1, around €4, both in the x — y plane.

Figure 4.3: Simplified scheme of the precession of the plane of the quasi-circular orbit of the particle in
Fig. 4.1. The plane is characterized by L and will precess around €2, that is parallel to the particle’s spin
S.

will precess about the direction of the spin, since © || S, see Fig. 4.3. This means the orbit will “tilt”.
Note, however, that after t = /€ the spin’s direction will be reversed (due to its own precession), and
the orbit will “tilt” to the opposite side.

The evolution equation for the coordinate z is

. FZ .
=1 o, (4.48)

with G* being the z component of the gravitational field, acquired by the body when it oscillates out of

the plane. We make a first order Taylor expansion about z = 0, obtaining

G~ G, =02 =G, 02, (4.49)
with
9 r 22
G, . =4npor; |r —rcarctan | — | | G, . — drp—
Te r
_ _M(T) _ 2
73 '

The general solution for the differential equation Eq. (4.49) is

2(t) = c1 cos(y/—G; »t) + casin(\/—G, .t) + Z cos(Awt) , (4.50)
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where
_ S Al S A(r)
2= G..+Aw? MQ.,(2w—Q)’ (4.51)

and ¢; and cy are arbitrary integration constants. Note that G, ., <0 and G, , # Aw =w — Q.

The first two terms of Eq. (4.50) are the solution for Z = G#, thus describing the z oscillations of the
circular orbit lying off the x — y plane, meaning ¢; and co essentially set up the initial inclination of the

orbit. Let us find interesting solutions looking at particular choices of these integration constants.

2a) Constant amplitude regime:

Taking null integration constants (¢; = c2 = 0) the solution simplifies to
2(t) = Z cos(Awt) , (4.52)

yielding a “bobbing” motion of frequency Aw = w — s and constant amplitude Z. The particle’s

trajectory is plotted in Figures 4.4 and 4.5.

We chose pg = 5 x 10" Mg, pc3, a core radius r. = 0.02kpc, and r = 8, for which v = 0.13, that can
happen for a satellite galaxy. For the test body, we chose an object with the m = Mg, with initial spin
vector Si, = Se, with S = 0.5m?2. Fig. 4.4 shows the results obtained by approximating z(t) and y(t)

coordinates to those of a circular motion of constant radius R, since z(t) << R. Therefore plotting:

x(t) = Rcos(wt)
y(t) = Rsin(wt) . (4.53)

z(t) = Z cos(Awt)

For the results plotted in Fig. 4.5, we solved the equations of motion numerically, i.e., solved the

system
ds
— =0, xS, 4.54
p x (4.54)
d’x F
=1 G 4.
7z m+ , (4.55)

with Qg = —%v x G.

The test body oscillates between —Z and +Z in each lap, however the plane of the orbit changes in
time, meaning that the maximum is reached for different (x(¢),y(t)) in each lap. The motion can be seen

as an orbit with an initial inclination, whose plane precesses with frequency ().

The orbits presented in Figures 4.4 and 4.5 show a remarkable agreement, indicating that the system

of equations (4.53) describe well the motion of the particle, despite the approximations used to derive it.
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Figure 4.4: Approximated results for a spinning body in a quasi-circular orbits in a pseudo-isothermal
dark matter halo, in what we called the constant amplitude regime. The DM halo has py = 5x 107 Mg, /pc?
and r. = 0.02kpc. The test body is located at r = 8r, (for which v = 0.13) and has m = Mg and an
initial spin vector with magnitude S = 0.5m? pointing in the e, direction. From left to right, up down:
Plots of {x(t),y(t), z(t)} of the orbit, after 10,25, 40 laps.
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Figure 4.5: Numerical 1PN results for a spinning body in a quasi-circular orbit in a pseudo-isothermal
dark matter halo, in what we called the constant amplitude regime. The DM halo has py = 5x 107 Mg, /pc?
and r. = 0.02kpc. The test body is located at r = 8r, (for which v = 0.13) and has m = Mg and an
initial spin vector with magnitude S = 0.5m? pointing in the e, direction. From left to right, up down:
Plots of {x(t),y(t),z(t)} of the orbit, after 10,25, 40 laps; plot of z(t), for ¢ € [0, 27 /€].
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2b) “Beating” regime:

Taking z(0) = 2(0) = 0 represents taking a circular orbit, with no initial inclinations. The constants

of integration for this choice are ¢; = —Z and ¢ = 0. Therefore,
2(t) = Z(cos(Awt) — cos(y/—G »t)) = Z(cos(Awt) — cos(wt)) ,

which we can rewrite, using the trigonometric identity cos(b) — cos(a) = 2sin [‘IT“’] sin [“T_b], as

2(t) = 2Zsin [%;Qt} sin [%t] . (4.56)

The coordinate z(t) will oscillate rapidly with frequency (2w — €)/2, and its amplitude will be
modulated by a wave of frequency /2 and peak amplitude 2Z. Since we are considering w > Q, the

z frequency of oscillation (2w — §2s)/2 is close to the frequency w.

The 1PN numerical simulations (in which we used the same physical variables as the previous case)

are presented in Fig. 4.7. The motion described by equation (4.56) is in accordance with the simulations.

Fig. 4.6 shows the approximated results. Once again, the numerical and the approximated results are

in agreement.

Eq. (4.30) tells us that the orbit will precess about the direction of S: since the spin vector S is
nearly constant in one orbit, i.e. one period, the spin-curvature force (4.41) points in the z direction but
changes sign, as the cross product between S and v also changes sign, as seen in Fig. 4.1. Hence, the
force 4.41 points in the positive e, direction for nearly half the orbit, and in the negative for the other

half. This will “torque” the orbit, causing it to precess.

For such a system, the maximum amplitude of the z motion is 27 ~ 1.5 x 10°m, that is about
3 x 10~™ times the motion in the other spatial directions. The orbit inclines about 7 x 10*m per
lap, which means it takes about 21 laps to reach the maximum inclination. The frequency of the spin
precession is Qg ~ 8.9 x 10714571 this means that after 7/Qs ~ 3.5 x 10*s = 1.1 x 105 yr, the spin

direction will be reversed.

Finally, note that the amplitude Z of the z coordinate, given by Eq. 4.51, is proportional to S/m.
This quantity is called the Moller radius.

A larger Magnus effect would happen for a system with a higher density, and for a spinning body

with a large Moller radius.
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Figure 4.6: Approximated results for a spinning body in a quasi-circular orbit in a pseudo-isothermal
dark matter halo, in what we called the “beating” regime. The DM halo has py = 5 x 10" My /pc? and
re = 0.02kpc. The test body is located at r = 8r. (for which v = 0.13) and has m = Mg and an initial
spin vector with magnitude S = 0.5m? pointing in the e, direction. From left to right, up down: Plots
of {x(t),y(t), z(t)} of the orbit, after 10,25,40 laps.
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Figure 4.7: Numerical 1PN results for a spinning body in a quasi-circular orbit in a pseudo-isothermal
dark matter halo, in what we called the “beating” regime. The DM halo has py = 5 x 10" M, /pc® and
r. = 0.02kpc. The test body is located at r = 8r. (for which v = 0.13) and has m = My and an initial

spin vector with magnitude S = 0.5m? pointing in the e, direction. From left to right, up down: Plots
of {x(t),y(t), z(t)} of the orbit, after 10,25,40 laps; plot of z(¢), for ¢t € [0, 2m/Qy].

32



Chapter 5

Conclusions

In this thesis, we studied the possibility of the existence of an analogous effect to the fluid dynamics
Magnus effect in gravitation. Analogous in the sense that a force arises whenever a spinning body has
a non-zero velocity relative to the medium, with this force being orthogonal to the body’s spin and on
the spatial mass current. A gravitational Magnus-like effect had already been foreshadowed in some
literature [49, 50]. Here, we show that indeed a gravitational Magnus force exists, and we studied it for

some simple examples.

After briefly discussing the classical fluid dynamics effect, we started the work with an electromagnetic
example. We took the force exerted on a dipole placed in an electromagnetic field in terms of the magnetic
tidal tensor. Decomposing into its symmetric and antisymmetric parts, we could separate the force into
different components. We showed that one of them was an electromagnetic Magnus force, orthogonal to
both the particle’s magnetic moment and the current density vector. For a positively charged particle,
the force pointed in the opposite direction of the classical one; while for a negatively charged particle, the
electromagnetic and classical Magnus force pointed in the same direction. In order to correctly establish
the comparison between electromagnetism and general relativity and to give more physical intuition to

the gravitational case, we introduced the gravitoelectromagnetism formalism.

Afterwards, we studied the spin-curvature force from the equations of motion of a spinning body in a
gravitational field. This covariant physical force deviates a spinning body from its geodesic motion. By
writing the spin-curvature force in terms of the so called gravitomagnetic tidal tensor and using a similar
treatment to the one used in electromagnetism, we recognize two very different components in the spin-
curvature force. This approach allowed us to unmask a force that we dubbed gravitational Magnus force
FY.g- This force points in the same direction of the classical one and depends on the same (analogous)
quantities and no further detail of the systemand points in the same direction of the classical one. For a
spinning particle in a massive medium, this force arises whenever the relative velocity between the body
and the medium is not parallel to the body’s spin. The other force was dubbed Weyl force since it was
due to the magnetic part of the Weyl tensor. We showed that this force has a high dependence on the

details of the system such as the boundary conditions.

Without using approximations, the Magnus effect was shown to exist in a FLWR metric - which de-
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scribes the large scale matter distribution of an homogeneous isotropic Universe. The case is particularly
curious since for a particule moving with respect to the background, the only non-vanishing part of the
spin-curvature force is the Magnus one. It is the only covariant force that deviates the particle from its
geodesic motion. Another particularity is that the force occurs for all forms of energy and mass except
for dark energy (when modeled by the cosmological constant). Hence the effects by such a force can also
be used as a probe to determine the matter-energy content of the Universe.

Finally, we analized the example of a DM halo, computing the Magnus force on a spinning body
moving through the halo. By comparing different density profiles, we confirmed that the Weyl force is
highly dependent on the system’s details, varying greatly for the different profiles. On the other hand,
the Magnus force depends solely on the body’s spin, the body’s velocity and the local density (given
by each profile). The Magnus force led to an interesting secular precession of the orbital plane. These
effects could prove to be an independent test of the existence and profile density of DM. The effects were
typically small. This is due to the low density of the DM halos, and the effect was more noticeable for
test particles with a higher Moller radius S/m.

Another interesting case of the Magnus effect in a more dense astrophysical system is presented in [1],
a BH accretion disk. For this example, the effect is more noticeable since the density is also higher. For
future work, the Magnus effect could be studied for even more realistic density profiles for both DM and
accretion disks. The effects of the Magnus force can also be used as a probe for these profiles, when the

detecting technology improves.
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