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Resumo

Teorias de gravitdes massivos sao interessantes como alternativa a Relatividade Geral (RG) devido
as suas solugdes cosmologicas, que prevéem a aceleragao da expansao do universo. Estas teorias séao
ainda conceptualmente interessantes no que diz respeito a outros fendmenos a que da origem. Nesta
tese estudamos um desses fenémenos de gravidade massiva, a emissao de ondas gravitacionais. Anal-
isamos este fendmeno no contexto da perturbagdo de um buraco negro de Schwarzschild por uma
particula pontual para duas trajectérias: uma queda radial ultra-relativista e uma 6rbita circular. Sim-
plificando as equagdes de campo através da sua decomposicdo em harmnonicas esféricas tensoriais,
mostramos que as perturbagcdes monopolar e dipolar levam a emissdo de ondas gravitacionais, ao
contrario do que acontece em RG. Esta emissao deve-se a excitagao de novos modos do gravitao, com
origem na sua massa. Finalmente, calculamos as solu¢gdes para o0 modo monopolar, descobrindo que,
embora as oscilagoes resultantes tenham uma amplitude mensuravel, a sua frequéncia muito baixa
impede a detecgao pelas experiéncias actuais e do futuro proximo. Este e outros resultados, nomeada-

mente relacionados com os modos dipolares, sao tratados na referéncia [1].

Palavras-chave: teoria de Proca, gravidade massiva dRGT, buracos negros, teoria de perturbagdes,

ondas gravitacionais
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Abstract

Massive graviton theories are of interest as an alternative to General Relativity (GR) for their self-
accelerating cosmological solutions. They are also conceptually interesting for several other aspects
and phenomena they provide. In this thesis we study one such aspect of massive gravity, that of the
emission of gravitational waves. We analyse this phenomenon for the case of a Schwarzschild black
hole perturbed by a point particle in one of two geodesic trajectories: highly relativistic radial infall
and circular orbit. Simplifying the field equations of this system through the decomposition in tensor
spherical harmonics, we show that the monopolar and dipolar perturbations both lead to the emission
of gravitational waves, unlike in GR. This emission corresponds to the new excitation modes introduced
by the mass of the graviton. Finally, we explicitly compute the solutions for the monopolar mode, finding
that, although it causes oscillations of a measurable amplitude, their frequency precludes detection by
current and near future experiments. This and results for the dipolar modes are further discussed in

reference [1].

Keywords: Proca theory, dRGT massive gravity, black holes, perturbation theory, gravitational

waves
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Chapter 1

Introduction

The theory of General Relativity has, since its birth in 1915, given us the most accurate description
of gravitation we have ever accomplished. Simply put, it states that the motion of matter is ruled by the
"shape” of spacetime, represented by its metric g,,,,, which, in turn, is determined by the matter content

of the universe. This interplay is given quantitative meaning through the Einstein equations

1
R, — éRgW =811, , (1.1)

where the Ricci tensor R,,, is a function of first and second derivatives of the metric and 7, is the
stress-energy tensor of all matter present.

Besides reducing correctly to Newtonian gravity in the proper limit, this theory has withstood several
experimental tests until now, being able to accurately predict many minute phenomena of astrophysical

scale. For example, it predicts that light passing close to a massive object is deviated by an angle of

4361‘24 (M and R the mass and radius of the object), a value that was first successfully compared with
experiment by Arthur Eddington almost a century ago. Besides, the theory can also be used to model

the universe as a whole and its dynamics. Here, however, things get subtler.

1.1 Motivation

Observationally, it is known that the universe is not only expanding but also that its expansion is
accelerating with time. On the other hand, if we model the universe purely with equations (1.1), we
would conclude that the expansion was not accelerating but rather slowing down, as a consequence
of gravitational attraction. One way to obtain the correct result is to add another term to the equation,
called the cosmological constant, which needs to be A = 1.11 x 107°2m~2 [2] so the predicted rate of
expansion matches the measured one. Still, this should not satisfy us completely, as it suggests no
explanation as to why GR needs this cosmological constant to predict the evolution of the universe.

It would be interesting, then, to find a deeper reason behind all this. One possibility is that the
assumptions we are making are somewhat wrong. If, for instance, there was something else in the

universe besides the matter we know of today, it might explain the present rate of expansion and, through



it, the apparently arbitrary value of A. This would only change the rhs of equation (1.1), assuming GR to

be correct. This is the basis of the idea behind dark energy, and it is not the approach we took.

Another hypothesis is that while the contents of the universe are sufficiently correct, GR itself is not,
failing to describe our universe at certain scales. The path, then, would be to take GR as a starting point
and extend it somehow, modifying it at these scales. However, there is a great variety of extensions one

can make. How, then, to pick one?

To do it, we can take inspiration from another (apparently unrelated) issue with gravity as described
by general relativity, which is its incompatibility with quantum mechanics and, consequently, with the
description of the other three fundamental interactions. While gravity in general relativity is simply an
effect of 4-dimensional geometry, each of these other interactions is associated to a gauge boson, a
particle with integer spin such as the photon and the W and Z bosons. Curiously, however, it was found
that the equations of motion given by GR are replicated if we consider a theory of a massless spin-
2 gauge boson, tentatively called a graviton. So, apparently, there is a possibility that gravitation can
be described like the other forces. However, the chances of finding evidence for isolated gravitons as
was done for the other bosons are slim, as the gravitational interaction is much weaker than any other,

leading to a too small interaction cross-section for it to be measured.

Having this description of gravity through a massless graviton, we can see a natural way to modify
it: give the graviton a mass. And, in fact, there are other compelling reasons to do so. The mass (or
absence thereof) of a gauge boson defines if the effective potential has a limitless range (massless

case) or decays exponentially (massive case):

1 1
Vmg:O ~ - 9 Vmg;ﬁo ~ 76777'7,97" (12)
r r

the latter being what is called a Yukawa-like potential. This means that while the massless case at low
energies does correspond to the Newtonian potential with which we are acquainted, the massive case
does not, decaying more rapidly at distances at which m4r ~ 1, m4 being the mass of the graviton. How-
ever, it is feasible that a sufficiently small graviton mass leads to both a seemingly Newtonian potential
at the scales of our regular measurements and an attenuated potential at very long ranges. These long
ranges are, on the other hand, the ones where we had our original expansion problem. Therefore, a
massive graviton may give a reason for the cosmological constant [3, 4], modifying GR at the correct

scales.

Thus, this theory of massive gravity, as it is called, is of interest both for giving General Relativity a
description closer to that of the other forces and for solving its initial problem of the expansion of the
universe. However, to verify the validity of this theory we would like to measure the mass of this graviton
or, at least, find some evidence of it being non-zero. Since nowadays the detection of gravitational
waves is already a reality, investigating in what manner a graviton mass changes the behaviour of this
phenomenon and compare these predictions with what is obtained experimentally seems a promising

avenue.



1.2 Topic Overview

1.2.1 Massive gravity

The idea of considering a massive graviton, or, in other words, a spin-2 field with mass, started
quite early in 1939, with Markus Fierz and Wolfgang Pauli [5], although not much was done until some
decades later. The approach that was taken was similar to what is usually done for the other interactions.
We consider a linear field, in this case of spin 2, over a background Minkowski metric and add to it a mass
term. This addition causes the loss of some of the gauge freedom the massless graviton had, adding,
in general, four degrees of freedom to the two that already existed. However, picking correctly, as Fierz
and Pauli did, the mass term, one can eliminate one of these new degrees of freedom. Summing this
all up, while the massless graviton has two degrees of freedom, corresponding to its helicity (as for any
massless particle with spin), the massive graviton has now 5 degrees of freedom , which is in agreement

with the formula for the states of a massive particle (2s + 1, with s the spin).

Much later, in 1970, an unexpected feature of the Fierz-Pauli theory was discovered [6, 7]. Consider-
ing the theory in the limit of zero graviton mass (also called the decoupling limit) it gave predictions that
differed significantly from GR. The classic example is that of the deflection of light by the Sun, which the
Fierz-Pauli theory predicts to be 2 of the measured value, this result being called the vDVZ discontinuity.
The reason for it was soon found: out of the five modes the massive graviton has, the ones correspond-
ing to spin 1 decoupled from matter in the limit, as expected, while the scalar, spin-0 mode, did not.
This means that the decoupling limit of the linear theory of a massive spin-2 field is not, as expected,
equivalent to a massless spin-2 field but is equivalent, in fact, to a massless spin-2 plus a scalar field.

Recently, this scalar field, renamed galileon, has been studied as a modification of GR by itself [8, 9].

Soon after, it was found that this discontinuity appeared during the linearisation itself, and that inside
some region of spacetime nonlinear terms on the fields had to be taken into account and would cure the
discontinuity, this effect being called the Vainshtein screening [10]. However, constructing a nonlinear
theory raised yet another issue [11]. The generalization of the Fierz-Pauli choice of mass term was
not trivial, giving rise to the previously avoided sixth degree of freedom. Not only that, this degree of
freedom, called the Boulware-Deser ghost, permitted modes with negative kinetic energy, which is not
physically allowed. At the time, and until recently, this seemed to be the end of the road for the idea of a

massive graviton.

Then, in 2011, de Rham et al. [12, 13] described how to pick a nonlinear mass term without causing
the appearance of the Boulware-Deser ghost, by choosing wisely the coefficients of the nonlinear mass
terms, this being called the dRGT massive gravity theory. Such a development naturally opened the way
for studying other implications of a graviton mass, such as, for instance, its effect on black holes and in

gravitational waves. It is on this type of phenomena that we focus our work.



1.2.2 Gravitational waves and black hole perturbations

One of the most well known solutions to the Einstein equations, and in fact the first non-trivial so-
lution to be found, was the Schwarzschild black hole metric. It corresponds to a static and spherically
symmetric vacuum spacetime, as might occur outside a mass distribution in the same conditions. This
solution is characterised by its event horizon, which is such that if the trajectory of a particle starts in-
side it, it will inevitably stay inside it. While there are more realistic models for black holes, such as the
Kerr (rotating) solution, the Schwarzschild metric is still useful as a simple model, for a perhaps more
qualitative understanding of black hole-related phenomena.

One such phenomena is the emission of gravitational waves in black hole spacetimes. Perturbation
theory is a method of obtaining approximate solutions to the Einstein equations by starting from simpler
ones. Analogously to many other areas of physics, we consider that the metric can, in fact, be separated
into two tensors, a background, fixed metric g and a perturbation h over it, which is the one to be
determined: ¢, = g.. + hu.. From here we can calculate the Ricci tensor to any order we want in
what concerns h,,. One can obtain a particularly interesting solution when considering a Minkowski
background and working to first order. This metric corresponds to gravitational waves. In essence,
it contains oscillating terms which, physically speaking, represent oscillations of spacetime itself (and,
therefore, of the distance at which two objects are) that propagate as time goes by. Although minuscule
at our distance from their source, these oscillations can be measured by extremely large interferometers,
such as the ones in the LIGO and VIRGO experiments, and these measurements, in turn, are yet another
way to test the validity of general relativity. For a brief introduction to the topic of GWs we suggest [14].

However, none of this tells us how gravitational waves are generated, only that they can exist and
propagate. Several generating phenomena have been studied, among them the inspiral orbit of two
massive bodies, whose signal was the one detected in the above mentioned experiments. Another
possibility for this generation is the free fall of a body in a black hole, be it Schwarzschild or Kerr.
This system can also be studied via perturbation theory, as long as the body’s mass is small when
compared to the black hole mass (being, essentially, pointlike). The metric is now divided into a black
hole metric background and a perturbation over it, induced by the particle infall. Also, the final solution
is not in the vacuum, as there is a first order term in the stress-energy tensor, corresponding to the
pointlike particle’s movement. This system has already been studied in the context of GR and solved
through the decomposition of the equations into spherical tensor harmonics (see [15, 16]). These are
a generalisation of the spherical harmonics method used, for example, in the Schrédinger equation for
the hydrogen atom, and help us simplifying the equations to be solved. These works found not only that
this kind of perturbations do generate gravitational waves but also that the original black hole solutions

are stable after imposing such perturbations.

1.2.3 State of the art

Despite the problems raised by the Boulware-Deser ghost, there have been some attempts, pre-

dRGT, to impose bounds on the mass of the graviton. Many of these have been based in alterations



this mass implies in Solar System phenomena, such as the precession of the perihelion of the various
planets in it. Animportant bound related to this approach was obtained by Talmadge et al. in [17], having
recently received a major update by Clifford Will [18]. Other approach that was followed in [19, 20] was
to study the power emitted by binary pulsars in a linearized massive graviton theory with a mass term
different than the one from Fierz and Pauli and compare it with observations of its orbital decay. The
most relevant of these results are presented in section 3.1.

In more recent developments, theories consisting of a massless graviton plus a galileon were studied
in [21], in the context of the emission of gravitational radiation by binary systems. This was done by
considering a Minkowski background along with a spherically symmetric background for the galileon
field and then perturbing the galileon to first order. The results obtained, while representing a small
correction for systems with high mass ratio, diverged when the masses were similar. This led to the
conclusion that the perturbation used was not valid, being necessary to consider higher orders of the
galileon field, to cause a suppression like that of the Vainshtein mechanism in the Fierz-Pauli theory.

As for dRGT massive gravity theory, there have been several works on phenomena such as black
holes, ranging from new solutions besides the ones found in GR to the study of the stability of the well
known solutions, such as the Schwarzschild and the Kerr. From the latter it has also been extracted
a bound on the mass of the graviton, discussed in the above mentioned section 3.1. However, to our
knowledge, there is no previous work attempting to compute the generation and emission of gravitational

waves through the perturbation of black holes in dRGT massive gravity.

1.3 Objectives

Having presented the dRGT massive gravity theory, the first successful nonlinear theory of a massive
graviton, and the phenomena of generation of gravitational waves, the purpose of this work was to join
the two. We studied the perturbation of a Schwarzschild black hole in the bimetric formalism of dRGT
massive gravity, which will be presented further along, by a pointlike particle in free fall, that is, following

some (background) geodesic motion. In particular, we studied the equation:

& whpo + 12 (hyw — G h) = 87T (1.3)

[71728]

where the |hs is the usual linearised Einstein equations plus a term related to the mass of the graviton
and the rhs is the 15! order stress-energy tensor of the pointlike particle.

The solution to these equations was found by applying methods similar to those used by Zerilli in [15]
for the same system in GR, which consists in using tensor spherical harmonics and Fourier transforms
to simplify equations (1.3) into a system of ODEs. This system was then solved numerically and the
solutions transformed back into the time domain.

We obtained the simplified equations of this setup for two different behaviours of the matter pertur-
bation, that of a radial infall and that of a circular orbit. In this thesis we only present the full, numerical

solution for one of these cases, the radial infall, in the lowest multipolar order of I = 0, which is excited in



dRGT massive gravity, unlike in GR. For this case, we obtained not only the perturbation metric elements

but also the spectrum of the energy lost by the system.



Chapter 2

Proca Theory

A Proca field, first conceived by Alexandru Proca [22], is a massive spin-1 (or vector) field, corre-
sponding, for a common analogue, to an electromagnetic field due to a photon with a nonzero mass.
Although the massive photon case has been studied extensively, the Proca field has found several other
applications.

Our interest in this subject, however, is not in these applications but in the case study it provides us.
Perturbing a massive tensor field, as we have proposed to do in this thesis, is not as trivial and direct
as for scalar fields. As such, before delving directly into the spin-2 field we will analyze here the simpler
case of studying a Proca field over a Schwarzschild background. This will make it easier to present the
concepts and mechanisms used throughout this work, having to deal with less technical complexity than

in its main topic.

2.1 Massive spin-1 field

As said, to study a Proca field is equivalent to study a theory of a massive photon. It is described,
therefore, by the lagrangian of the electromagnetic field plus a mass term proportional to m?Y the square
of the putative photon mass in our analogy:

1

L= =5 (Vidy = Vo A) (VHAY = VVA") £ m A A 4 kAT, (2.1)

where J* is the source of the field, « is its coupling constant and V , is the covariant derivative, containing
the information pertaining to the backgorund over which we are studying this field. This leads to the

Proca equations:

04" -V, VY A¥ —m2 A = kJ". (2.2)

Taking the covariant derivative V,, of this equation we obtain the equivalent of the Lorentz gauge condi-

tion



VA = -, (2.3)
my

It is noteworthy that the presence of the mass term leads, in general, to the possible non-conservation of
the source term (or 4-current), unlike what occurs for the massless theory (although conserved currents
will still be useful for our analysis). Another consequence is that there isn’t an extra gauge transformation
that can be made after relation (2.3). In other words, we can only reduce the 4 original degrees of
freedom of the field A* to 3 degrees of freedom, instead of the 2 degrees existent in the massless theory.
This makes sense when thought of in context of the degrees of freedom of the particle represented by
the field A* in each case: a massless particle always has two possible states, corresponding to its

helicity, while a massive particle has 2s + 1 states (3 for s = 1).

We would expect, however, that the third degree of freedom disappeared when considering the limit
where the photon’s mass is zero, which would be equivalent to the usual, zero mass photon theory.
To ascertain this, we follow the approach in [14] and start by considering a free (sourceless) massive

photon over a Minkowski background. The Proca and gauge equations reduce, respectively, to

(@ —-m2)A* =0 , 9,4" =0. (2.4)

The solutions to these equations are of the form A* = ¢*(k)e’**, where k* is the momentum 4-vector,
having norm k,k* = —m2. We pick a frame where k = (w,0,0, k3), such that w® = k3 + m2 and pro-
ceed to write possible orthonormal solutions for ¢*(k), keeping in mind that the Lorentz gauge condition
demands that €, (k)k* = —wJ® 4 k3J® = 0. Two of them correspond to the transverse modes already

known from the massless photon theory (and electromagnetic theory):

M (k) =(0,1,0,0) , €?(k)=(0,0,1,0), (2.5)

while the third possible solution is, unlike the others, a longitudinal mode:

€O (k) = — (—k3,0,0,). (2.6)
My

Having this, we can compute the coupling of each of these solutions to a conserved source (as one
would be required to have in the massless theory). While for i = 1,2 we have eﬁf)(k)J“ = J¢, as for a

massless photon, for the third mode we have:

) 1 k w? m
(3) B~ (ko JO 3= B (g0 g3y = g3 2.7
e (k)J mv( 3J° +wd?) wmv( wd” + k3J ) - J?, (2.7)

which goes to zero with the photon’s mass. This shows that the zero mass limit of a massive photon is

indeed equivalent to a massless photon, as we would have hoped.



2.2 Solution of Proca’s equations

Having (2.2) and (2.3), we now want to specify the covariant derivatives to a Schwarzschild black
hole background and solve the resulting equations. We will start by making a separation of variables

between the angular ones (6 and ¢) and ¢ and r.

Spherical harmonics are commonly used for the separation of variables in equations pertaining to
scalar fields in systems with spherical symmetry (as is our case). These functions, dependent on the
variables that define a sphere, 6 and ¢, form an orthonormal basis of square-integrable functions. This
means that, supposing we have an equation for an unknown scalar function ¥ (¢, r, 6, »), ¥ can be written

as a linear combination of spherical harmonics:

U(t,r,0,¢) = ZZHzmtrzmH ©), (2.8)

=0 m=—1
where [ and m are two parameters that define spherical harmonics. The previously 4-variable PDE on

¥ can then be simplified to merely a 2-variable equation on Hy,,, simplifying the search for a solution.

When dealing with vector instead of scalar fields, the method is similar. As done in [23], we must

now decompose A* in the following fashion:

A= ZZW t,r)Zh . (2.9)

Ilm =0

where 1{”) are four new unknown functions and Z are the vector spherical harmonics, given by:

lm

Yim 0 0 0
Zl(o) _ 0 Zl(l) Yim/f(r) Zl(2) o 0 Zl(s) o 0
m T im UM (141 N |7 (141 Yim ’
0 0 (+1) | 2 C+1) | 1 on
0 0 —agg” —sind 838/19’"

(2.10)
where f(r) = (1 - QJT”) These vectors can be shown to be orthonormal to each other, with respect to

the metric n = diag(1, f~2(r), r2,r%sin’ #) and the inner product:

(T,S) = /dQ TS, (2.11)

In the same way, we can decompose the source term in these spherical harmonics:

3= Z S,z (2.12)

Im =0
where the S(Z functions will be specified in section 2.3.

Restricting ourselves to the simplest case of I = 0, in which A (t,r) = h®)(t,r) = 0, the only



remaining equations are the ¢, » and gauge, respectively:

(1-20)92h,  m2 (1— %My gp, 102k, o
r or? r ho(t, 7) r2(1 — %) ot r otor kS (t,r), (2.13a)
1 ahO 182h0 1 a2h1 m?y )
2ot - - = 2.1
2 ot + rotor  r(1— 20 o . hi(t,r) = kS (t, ), (2.13b)
1 8h0 1 0hy 1 K 85(1) 2 )
T _2MN 9 T p 9 2 =—— — t 2.1
’I“(l — grﬂ) ot " or + Tghl(t,r) m%( or + T‘S ( ,T) , ( 30)

where we are defining h;(t,r) = hl(f,)ll(t,r) from here on, for the sake of simplicity. The next step for
solving our system of differential equations is to take its Fourier transform with respect to the ¢ variable.

This makes it so we now have a system of coupled ODEs with respect to r:

(1— 21y 2py  m2 iw(1 — 4 iw dhy ©)
T drz Tho(wﬂ’) =+ @hl(wﬁ) + o dr = rSV(w,r), (2.14a)
iw 1w dhg w? m2 1
ﬁho(w;r) - 7% + Whl(w,r) - %hl(w,r) = FLS( )(OJ,T) y (214b)
iw 1dhy | 1 ko(dSM 2 0,
_ B = —— - 2.14
T(17¥)h0(wa7ﬂ)+r dr + 2h1(w,r) m?y( dr +’I’S (waT) ) ( C)

where, effectively, we redefined h;(t,r) = h;(w,r)e™ L.

Finally, we can solve the gauge equation for ho(r) in terms of hy(r) and its derivatives (2.15) and,

substituting this new expression in the radial equation, obtain a 2" order ODE for h, (r) (2.16).

i(1—2) gp,  i(1— 2 (1= 2MY) gg() 9i(1— 2M
ho(w7,',,):Z( r ) 1 +Z( r )hl(w,r)—i—/feMtW< : T ) +l<&€lwt Z( : r )S(l)(’f‘),
w dr rw maw dr m2w
(2.15)
2 — 2MY (293 — 6M + 2
d hl + w2 _ ( r ) (m’)’T ’I") hl(w,r*) _
dr,2 r3
k(1 — 2M) ) MY ds™ 2M Y\ d25™) (2.16)
— N\ r J _8SM 2.3 2 1 _9 2 1-— = _ .3 1-— == .
m?YTQ (( 8M +mZir° +2r)S (w,r) r ( . ) = r e

Note that, in equation (2.16) we have changed the variable of the function h; to the tortoise coordinate,
defined by ddL; = j This is done so that our equation can have the format of an inhomogeneous
wave equation (2.17), with some potential V,

657\211 + (WQ = V(r)¥(w,r) =S(w,r), (2.17)

which will be useful when calculating exact or asymptotic solutions.
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2.3 Radial infall source term

Having obtained (2.16), we only have to specify its rhs to be able to solve it. The S functions
we want to find are, as defined in (2.12), the result of the decomposition of the 4-current into vector
spherical harmonics. Therefore, we can obtain them by taking the inner product between J and each of

the spherical harmonics:

SO (t,r) = (2D, J3). (2.18)

The 4-current J, in its turn, is assumed to be that of a particle of charge ¢ following a geodesic of the

background metric, in our case Schwarzschild, that is:

g _ q/dT %5(4)(33 ) = dT dz" §(r — R(t)) 6(0 — G(t))(S(d) —a(1)

et 72 sin 0
—QE dt 2 §H(Q - Q(1)),

(2.19)

where z(7) = (T'(7), R(1), ©(7), ®(7)) is the parametrization of the worldline of the charged particle.

With this, we can compute the source functions:

50(r) = a5 [ 402 (,0,00 (095, (r.0) o =502 — )

dt T
= 280" (r, 000, B(0)"(r, (1), r, 01) - X

(2.20)

An interesting example to consider for the 4-current is that of a highly relativistic particle falling radially
into the black hole. As for this case ‘ﬁl—’f = 0, we can write the Fourier transform of the source functions

as:

S (w,r) :/ dte= S0 (¢ 7)

o0 (2.21)
)% a dzP 1
785,000, 01, 000931, 000) G -

Substituting the following definitions for the radial infall:

ar 1 dR__(l_QM

i A
i

; ) Ot) =0, d(t) =0, (2.22)

we can finally write the explicit expressions for S (r):

q
SO (w,r) = SD(w,r) = m, (2.23a)

S (w,r) =8 (w,r) =0, (2.23b)

11



and the source term in equation (2.16):

(12M2 — 2Mr (m2r% + 4) + m2r?)

ein(r)
2M )
2v2rm2r5(1 — 2M)

S(w,r) = —kq (2.24)

where the expression for 7'(r) is defined via & = — (1 — M)_1.

r
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Chapter 3

dRGT massive gravity

3.1 Massive gravity pre-dRGT

The most generic lagrangian for a massive graviton can be written as follows:

1
S= / A4 2( =0 hy, W 120,11 0" W — 20,1 8,1+ 8, hd Bt m? (B2 — khy W) + 327Gy, TH)
(3.1)

From this we can obtain the equations of motion for £,

Or* — (0¥ 0,hMP + 01 0,h"P) + 0" 0,0,h"7 + 0" 0" h — n*"Oh = mfl(h"” — kn*h) — 167GTH, (3.2)

and the following conditions by taking the gradient 9~ and the trace of (3.2), respectively.

Oy = k0yh, 2(1— K)Oh+ (1 —4k)m>h = 167GT . (3.3)

As h,, is a symmetric, 2-rank tensor, we know from the start that it has 10 degrees of freedom. Going
further, the gradient of (3.2) imposes four conditions on the field, reducing the degrees of freedom to
6. Comparing this to the expected 5 degrees of freedom of the massive graviton (2s + 1, spin s = 2),
we see that we have one too much. To match these two values, we must take x = 1, so that the trace
equation corresponds to a further constraint on the trace of the metric perturbation. This choice of value

for x is exactly the one made by Fierz and Pauli in [5]. This gives us, then, the following equations:

167G ’ 167
h=— 3m§ T ., o h;w = _3m§ ol (34)
1 1
(O —m2)hy = —167G (T,W = 3T+ Waua,,T) . (3.5)
g

Determining h,,, we can now compare it with the massless graviton (i.e. General Relativity) case

in a well-known example. We shall consider a perturbation caused by a static point particle of mass

13



M, that is, with T}, = M§®) ()50, as done in [24]. The classic case would result in the linearised

Schwarzschild solution:

2GM 2GM

hoo((E) = ” 5 hrr(.’E) = 0, hij ((E) = ” (36)
As for the massive case, substituting the previous stress-energy tensor into (3.5) we obtain
2.3) (=
(0 —m; )hoo( )= —167TG§(5 (7), (3.7a)
(@O —m2)hoi(x) =0, (3.7b)
1 . 1 .
(O —m2)hij(x) = 167TG(35(3) (Z) — @aiaﬂs(?ﬂ (x)) . (3.7¢)

To solve these equations we start by applying a Fourier transform in all four variables, defining H,,, =

F(hu) = & [7 dwe=%*"h,,(x), with £ the Fourier conjugate of the spacetime coordinates x:
4167GM 1 0
HOO(f) 3 o é.aga n mg 5(5 ) ) (383.)
Hy;i () =0, (3.8b)
216nGM 1 1
i = = i —=CiCq (S 0 . .
Hi€) = S s (B )€ (3.80)
Using relations (3.9),
PE e 1 Lem
/ 3" @imz dm v (3-92)
/ B¢ ez &i& /
e = = —0,0;
@3¢ @y i mz
—TYLT' 1
= E - {2(1 + mr)d;; T—4(3 + 3mr + m*r?)z;x; | . (3.9b)
we can transform it back, which gives us:
hoo(z) = gQCiM e (3.10a)
hoi(z) =0, (3.10b)
22GM _,, ., 14+ mgr+m2r? 34 3mgr + m2r?
h”(z) = g ; e 9 <6U 73137‘2 g — ’ni??"4 g TiT; |, (3100)
which, transforming into spherical coordinates through
(F(r) + r2G(r)) dr +r?F(r)dQ? = (F'(r)0i; + G(r)xsx;) dzida’ (3.11)

14



corresponds to:

hoo(r) = §2€M e (3.12a)
hyr(r) = —% QGTM e 17:;:?“ , (3.12b)
hoo(r) = r2§ QiMe_W Lt mn:2—:2m2r2 , (3.12¢)
hge(r,0) = sin® Ohgg(r) . (3.12d)

Considering the zero mass limit m;, — 0, we can easily see that the space metric components

diverge, as lim,, o hi; = 2252 e~™s". However, the term in the Fourier transform of the space com-

2,.3
3mgr

ponents that causes this divergence can be shown to not contribute in such limit [24], giving us, instead:

hoo () = gxiM e (3.13a)
(1) = gziM e M (3.13b)
hoo(r) = §2€Me’mgr, (8.13c)
hgo(r,0) = hgo(r)sin® 6. (3.13d)

If we now consider this metric in the Newtonian limit, we get that the corresponding Newtonian potential

now is:
1 4GM _,
ngm(T) = —ihoo = —577‘ e g (314)
Comparing this expression with the regular Newtonian potential, ¢y (r) = —GTM we notice two differ-

ences. First of all, there is now an exponential factor, dependent on the mass of the graviton. This is
expected, being a typical feature of the potential of interactions mediated by massive particles. More-
over, taking the limit of zero graviton mass this factor disappears, and we once again obtain the classical
dependency on r. The second difference is a factor of % which does not disappear in the zero mass
limit. To correct this, we would need to redefine the coupling constant between the field »,, and the
stress-energy tensor, which we took to be 327G in equation (3.1). Choosing it, instead, to be 247G, the
new potential should become exactly the Newtonian one, in the zero mass limit.

However, making such a change affects other results that can be obtained from this theory, namely
the value for the deflection of a light ray by a massive body, a classical test of GR. To compute this value
we must consider the variation of the ¢ and r coordinates with respect to the affine parameter

d¢

S p? = g%%py = ¢*°L, (3.15)

dr\ d
0= B g, (55) + L% o G5 = VB DT (3.16)
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where we assumed a generic diagonal metric dependent only on » and 6, and L and E are, respectively,
the angular momentum and energy at inifinty of the incoming photon. Fixing, further, ¢ = 7, we obtain

an expression for % dependent only on r:

d’l" A/ 7b*2gtt — g¢¢

where b = % is the impact parameter of the photon. Specifying the metric for each case we obtain, using

¢ _ 9% G (3.17)

the approximation % < 1:

d 1 J1HEE g 1

ﬁ :—?ﬁﬁﬁ 2(b_2—u2+2GMu3) 2 ) (318)

drigr b e — 5 dulgp

A4GM
do Ly 1 1 do . 1
— == - = — ~ (1 —2GMu) (b72 —u? + 4GMu3) 2
dripp  r?(14+4GH) 0 1= 2 (L4 4G5H) O dulpp ( ! )
(8.19)

where u = 1. To compute the light deflection we wish to integrate the above expressions from an infinite

radius, whence the photon comes, until the minimum radius rq of the trajectory of the photon, which
corresponds to the midpoint of its trajectory. From this point on, the trajectory is symmetric, as is the

value of the deflection. Therefore, the total light deflection angle is given by:

AQS:Q/O:Udrﬁ:?/Ol/mdufli. (3.20)

The minimum radius is given by the root of the denominator of the above expressions (3.18) and

(3.19). Computing this integral for M = 0, we merely obtain A¢ = «. This corresponds to a photon

passing through empty space, having a change of angle of = with respect to the centre of reference.

With non-zero M the integration is not as direct. Changing the variables of integration, respectively for
equations (3.18) and (3.19), to y = u (1 — GMu) and y = u (1 — 3GMu), we obtain:

Vb 4 2GMy
dlm,cr Slm, Fp A Y N

where we define A¢|, to be the deflection by the massive body itself. This value has, since the exper-

(3.21)

iment of Eddington in 1919, been measured to a great accuracy to be % for a light ray grazing the
surface of the Sun. While the GR value does correspond to it, due to the rescaling of Newton’s constant
G — 2G done previously the value for the Fierz-Pauli theory is now found to be A¢|as,rp = 3%159. This
result, discovered in 1970 ([6, 7]), is not only evidence of a discontinuity (named vDVZ for its original dis-

coverers) between the the linearised massless graviton theory and the zero mass limit of the Fierz-Pauli

theory but also that the latter cannot correspond to reality.

The reason for this discontinuity can be easily understood by studying the several modes of the
massive graviton and their respective couplings to the stress-energy tensor, as we did in section 2.1 for

the Proca field. For a free graviton the field and gauge equations reduce to
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(@O-m)hp =0 , by , h=0. (3.22)

The general solution of the field equations is, then, h,, = €,,(k)e’**, where, again, k = (w,0,0, k3)

e, (k) are symmetric 2-tensors, restricted by the gauge equations in the following manner:

Elew =0 , e=n"€u =0. (3.23)

Two of the solutions we can build are the same as for the massless graviton,

0O 0 0 O 0 0 0 O
01 0 O 0 0 1 0
@) — L , ) — L , (3.24)
V210 0 -1 0 V210 1 0 0
0O 0 0 O 0 0 0 O
while the other three, orthonormal modes are
0 k3 0 O 0 0 k3 0
k- 0o 0 -— 0O 0 O
o1 3 “l @ : (3.25)
V2mg o 0 0 0 V2mg ks 0 0 —w
0 —w 0 0 0 0 —w O
k% 0 0 —wkg
2
0 -2« 0 0
RO : > , (3.26)
vamZ | 0 " 0
—wks 0 0 w?

where we identify €(©) and (9 with the vector and €(°) with the scalar modes. We now calculate, as

before, the coupling with the stress-energy of each mode:

1
)T = %(Tn — Tsa), (3.27a)
T = V2T, (3.27b)

1 2
6/(163,1”“) = — (—2]€3T01 — 2wT13) = (wkng —|— ]€ng3 + m§T13)
2my My
2 2m 2m
= V2 ks(wTor + ksTis) + V2 9Ty = V2 T3, (3.28a)
wmg w w
2
DT = me" Ts, (3.28)
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(e)puv 1 2 2 ngi
EMUT = — kgTOO —+ w T33 —+ 2wk3T03 — T(Tll + T22) =

V2m?
, , (3.29)
—1<1(k‘2—w2)2T —ﬁ(T 4T )) —ﬂT —L(T + Tyo)
_\/§m§ k2 3 00 5 11 22 _\/§k§ 00 o 11 22) -

As it had happened for the Proca case, the coupling of the modes we identified with the massless ones
remains when taking the zero mass limit. Also as before, two of the new modes, the ones corresponding
to s = +1, go to zero with the mass. However, the coupling of the fifth, scalar mode does not fully
disappear with the mass. This means that the zero mass limit of a massive graviton is not, as expected,
a massless graviton but is, in fact, a massless graviton plus a scalar field (usually denominated galileon).
It is this remaining field that causes the previously mentioned discontinuity.

The reason why this field does not disappear in said limit was discovered in 1972 [10] by Vainshtein.
In his work he again studied the deflection of light by a massive body and discovered that inside a given
region, defined by what is called the Vainshtein radius, the linear theory was not valid, as the nonlinear
terms on the fields have values large enough to affect the final results. Moreover, these extra terms
compensate the factors that caused the discontinuity (a process which is usually called the "Vainshtein
screening” of the galileon), giving, in the end, the correct value for the deflection.

Assuming the well functioning of this Vainshtein screening, we can, based on what we have already
seen and on experimental observations, impose bounds on the mass of the graviton, which we present
in table 3.1. One such bound comes from the dispersion relation for gravitational waves, calculated
through the analysis of data of the recent events GW150914, GW151226 and GW170104 [25]. Other
bounds come from precise measurements of the advance of the perihelion not only of Mercury (as in the
classical test of GR) but also of Saturn and Mars [18], which provides the strongest bound on the mass
of the graviton. For historical reasons, we also present the bound obtained by Finn and Sutton through
the analysis of the orbital decay of binary pulsars [20]. This last one was obtained through a theory with
the choice x = 3 in the action (3.1), instead of the FP value of x = 1. This was shown to lead exactly
to the classical linearised Einstein equations, giving, therefore, the correct result for the light deviation.

However, it also causes the appearance of the previously avoided ghost, losing its viability.

Phenomenon Upper bound on m,, (10~23¢V/c?)
Binary pulsars [20] 7600
GWs [25] 7.7
Perihelion of Mercury [18] 5.6
Perihelion of Mars [18] 1.0
Perihelion of Saturn [18] 46.0
Superradiant instabilities [26] 5.0

Table 3.1: Bounds on m,; Some of the presented values will be explained later on.

But this is not the end of the road. To really discover the effects, unrealistic or according to our
observations, of a massive graviton we still need to build a working nonlinear theory. We do this by
combining General Relativity and the idea behind the Fierz-Pauli theory: the new lagrangian should
have a not necessarily linear term dependent on the perturbation metric ,, and its first and second

derivatives, which we assume to be the Ricci scalar R, and a potential dependent only in combinations
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of h,, times a constant, the graviton mass:

7’7712
L= R —LU (s by B ) (3.30)

However, still in the same year this idea arose, it got an apparently fatal blow. When building this
theory we must, as in the Fierz-Pauli theory, be aware of how we pick the now nonlinear mass term, so
as to avoid the 6™ degree of freedom. In 1972, Boulware and Deser showed in [11] that, for a general
potential U, not only the 6" degree of freedom existed but it also allowed the existence of modes with
negative kinetic energy, this mode becoming known as the Boulware-Deser ghost. Faced with this
unphysical feature, the idea of a massive graviton was mostly abandoned, and work on this subject
halted until quite recently.

3.2 dRGT and the disappearance of the ghost

In 2010, de Rham, Gabadadze and Tolley [12, 13] first proposed the dRGT massive gravity theory. In
its original formulation, the theory was built over a Minkowski background and already in the decoupling
(or zero mass) limit, meaning that we are considering a priori separate fields for the massless graviton
(huv) and the galileon (7). The lagrangian of the theory is the same as in (3.30) but now with a potential
given by U = U(nu, Hu), H,, being a combination of the massless graviton and derivatives of the
galileon. The idea is then to, for each order in the considered fields, pick the coefficient of each different
combination of fields in such a way that the Boulware-Deser ghost does not arise. In other words, the
nonlinear mass term is built by taking the process through which the Fierz-Pauli theory itself avoided the

6" mode and generalizing it to all orders.

While they proved that this theory was ghost-free, it was not yet a full generalization of general
relativity, as the theory assumes 1) to be already in the decoupling limit and 2) a flat, Minkowskian
background. These two issues were soon solved by connecting massive gravity with another, apparently
unrelated theory, that of bimetric gravity. In bimetric gravity one considers two (possibly) dynamical

metrics, both with the usual general relativistic lagrangian, the Ricci scalar:

S = /d4x\/jg[Rg + {;:J;Rf} : (3.31)
where Ry refers to the f metric and likewise for R,.

However, dRGT massive gravity assigns different roles to each metric. In our case of interest, f,.
plays the role of the background metric (so far fixed to Minkowski, now completely generic), which, in
this work, is assumed to be non-dynamical for simplicity. As for g,.., it refers to a perturbation over said
background (including, therefore, what so far we have been calling »,,, ), being fully dynamical. Besides

this, there is an extra term, corresponding to the mass term, built from a specific combination of both
metrics, /g1 f, defined by the relation \/g=1f\/g=1f = g"* fr... All this results in the action (3.32):
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4
5= [ atev=g| MR, - 201 Y 5.5 (VGTT) + 50 332)
n=0

where S, is the matter action, Mg2 and M? are coupling constants and:

Vo(II) =1, (3.33)
V(1) =[M], (3.34)
Va(0) =3 (I ~ 7)) (3.35)
V() =2 ([1)° ~ 3[1 1) + 2117, (3.36)
Va(IT) =det(II) , (3.37)

[IT] being the trace of the tensor II.

This formulation of massive gravity was found to be equivalent to the original one and similarly ghost-
free (we recommend [27, 28, 29] for more details). It is now the most commonly used for practical
calculations, being the one we adopted for this work.

3.3 Features of dRGT

With the existence of a working theory of massive gravity confirmed, the next logical step would
be to study its phenomenology, both in terms of the evolution of the universe, and of new features
(when compared with GR) there might appear and with which we can test it. The former were the initial
motivation of massive gravity, work on it producing promising results [3, 4]. Here in this work we will
focus on the latter.

A major point of interest in dRGT massive gravity has been the study of black hole solutions. This
is a much vaster topic than in GR, there being, for instance, non-Schwarzschild spherically symmetric
metrics [30], among other variations. For an extensive review on this matter see [31]. Of greater interest
to us, some of the solutions the dRGT theory has in common with GR, such as the Schwarzschild and
the Kerr metrics, were found to be unstable [26], possibly compromising studies of phenomena related
with such objects, like our own. In the Schwarzschild case, it was also found that these instabilities
occur over very large timescales, larger than what would be worthy of concern. As for the Kerr case,
superradiance was found to also lead to instabilities of the black hole. The experimental observation
of such black holes, however, suggests that these instabilities must be somewhat controlled. This was
found to impose a bound on the mass of the graviton, shown in the previous table 3.1.

Another point of interest to us is perturbation theory applied to dRGT massive gravity. Assuming
a generic background, we can obtain the linearised “Einstein” equations, as done in [32]. We start
by writing the full equations of motion, given by (dropping the , index from the curvature tensors and
scalars):
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1 M2 . 1
R,ul/ - ig;wR + W Z(_l) ﬁngupyp(n)u( gilf) = WT,UJ/ ) (338)
9 n=0 g

where Y(‘;)V(H) = Y (-1)r{m™")r V,.(II). This comes directly from varying the action (3.32) in order
r=0
to the metric g,,, (and remembering that we assume the second metric, f,,,, to be non-dynamical).

To linearise, we pose, as said before, g, = f.. + h, and, therefore, (\/g=1f)? , ~ 6t — %f/’“h,w.

v

From this, simple (although lengthy) substitution gives us:

£ il + P (s — fyh) =
prrep 2 H K 2M3

M4
TG k= 5B+ 282+ Ba), (3.39)
g

where p is what we call the mass of the graviton, Tf”l,) is the first order part of the stress energy tensor

and ?”UW is the linearised Einstein equation differential operator for a generic background:

& oy = _% D + VuFoh — ¥ Fohpr — V Vg — G T+ 5, T hyo| . (3.40)
This corresponds to the equations of motion for a linearised massive graviton theory with k = % instead
of the k = 1 of the FP theory, as in the situation analyzed in [20], leading, as mentioned previously, to the
clasical linearized Einstein equations. As this theory is now assured to be free of ghosts at all orders,
this proves that the vDVZ discontinuity does not occur for dRGT massive gravity, meaning that the light
deflection case will give the correct value.

Taking the covariant derivative V' and the trace of equation (3.39) we obtain, respectively:

VB = aV, T, (3.41a)
h=aTl, (3.41b)
with o = _iffﬁ which reduces the initial 10 degrees of freedom of the metric perturbation %, to the 5

expected degrees of freedom of the massive graviton. It is this system of equations, (3.39) and (3.41),

which will be our focus for the remainder of this work.
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Chapter 4

Perturbation of Schwarzschild black

hole in dRGT massive gravity

This chapter represents the main part of this work, which is the study of general perturbations of
a Schwarzschild black hole in dRGT massive gravity. While the mass of the graviton imposes at least
a slight correction in all multipole orders of the perturbation, here we focus chiefly on the most drastic
alterations to the system in study. These are the excitation of modes that previously did not exist, namely
in the polar monopole and dipole modes. We also present the perturbation equations of the axial sector
for I > 2. In the end we specify the equations for two specific physical cases: those of a point-particle

falling radially into the black hole and orbitting circularly around it.

4.1 Setup

Having proved that dRGT massive gravity is free of ghosts, we can now proceed to study the theory
itself and, in particular, possible deviations from the GR theory. With this in mind, the system we wish
to study is that of a body in free fall in the vicinity of a black hole. We will consider this body to be a
point particle in geodesic motion (which will be specified later) and the black hole to correspond to the
Schwarzschild solution. This system is described by equations (3.39) and (3.41) with the non-dynamical,

background metric f,,,, coresponding to the line element:

dQ? = dh? + sin® 0d¢?
ds? = —F(r)dt2 + F(r)_ler + r2d0? , ) (4.1)

F(r)=(1-%)
where r, = 2M is the Schwarzschild radius and M is the mass of the black hole.
Solving this system is not, however, a trivial matter. To do it, we will follow the formalism used origi-
nally by Regge and Wheeler [16] and, later, by Zerilli [15], and decompose the perturbation metric h,,,
in spherical harmonics. This is also similar to what we did in section 2.2, except now the spherical har-

monic functions are of a tensorial nature instead of vectorial, and there being 10 orthonormal spherical
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harmonics' instead of 4. The perturbation metric is then given by:

=
I
I

. 1
[F(T)Hmm(t,r)aggg — iV2H (8, 7)a't) + mHglm(t, r)aym

m

1
2l(l + 1)770lm(t7 T)bl(gl) + ; 2l(l + 1)771[77L(t7 r)blm

S s o

Z(I\EI) Giml(t, 7’)) gim
N V2UI+ 1)1+ 1) —2)

r

+ \/;l(l + D)1+ 1) = 2)Gim(t, )i + (ﬁmm(tm) -

i/20(1+ 1)

CIESY

hoim (t, T)Cl(gl) + hopm (t, 7)dim |

hllm(t7 T)Clm

(4.2)

where the tensor spherical harmonics form an orthonormal basis with respect to te Minkowski metric.

Their expressions, taken from [33], are:

Y, 0 0 0
0 00 0
35(22: ’ (4.3a)
0 000
0 00 0
0 0 00
0 Y,, 0 0
ay = , (4.3b)
0 0 00
0 0 00
0 Yy, 00
al) = Y 0000 (4.3¢)
" V210 0 o0 o0
0 0 00
0 0 a@mm adnyvlm
j 0 0 0 0
SO : (4.3d)
V2L+1) [ 9V, 0 0 0
Yim 0 0 0
0 0 0 0
bl = —— Prim Tettm (4.3€)
200+1) [0 89V, O 0
0 8qSY'lm 0 0

Tinstead of 16, as the perturbation metric is symmetric
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00 O 0
r2 10 0 O 0 (4.3f)
8im = —= ) .
TOV2 000 Vi 0
0 0 0 sin?6Y,,
0 0 0 0
r2 0 0 0 0
fim = ) (4.39)
V2UT+D(I0+1)-2) o o Wim Xim
0 0 Xl'm - Sin2 QVVIm
0 0 =506Yim —sin0dpYin,
0 0 0 0
ch) = , (4.3h)
A0+1) | 1504V 0 0 0
—sinf0yYy,, 0 0 0
0 0 0 0
; 0 0 o 0,Ym  —sinf0yYim
Cim = —— AngOptim T ERYOOSm | (4.3i)
V2I+1) 1o 250,Yim 0 0
0 —sinfyYyn, 0 0
0 0 0 0
ir2 0 0 0 0 ,
V2AC+HDAI+1) =2 [0 0~ Xy sinWi,
0 0 sindW;,, sinfX;,
with
82}/}?’” a)/lm
Xim =2 — cot 6 , 4.4
: ( 9000 " 09 ) (44)
0*Yim, Yim 1 0*Yim
Wim = —5— — cot 0 — 4.
= ez T Y0 T sin2g 962 (4.5)
and the orthonormalisation being with respect to the inner product
(A,B) = / dQ As, 01"’ Bag , (4.6)

n being the Minkowski metric and A and B being any two 2™ order tensors. The orthonormalisation is

such that

h h
(22", a) = G (4.7)

With this decomposition the angular part of the equations is automatically solved and we need only
solve our original equations for the 10 functions Hopun, Hiim, Hoim, Motms Tims Kims Gims hotms Piim,

haim, dependent on the time and radial coordinates only. When doing it, we can also take into account
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the parity of the spherical harmonics. The first seven harmonics that were presented form what is called
the polar sector, having parity (—1)!** under the the transformation (6, ) — (7 — 6, ¢ + =), while the
other three form the axial sector, with parity (—1)!.These two sectors of harmonics (and corresponding
perturbation functions) can be proved to be independent from each other, reason for which we will treat

them separately a priori.

We also decompose the perturbation stress-energy tensor T,Sll,) into spherical harmonics:

T= Z A(O) t,r) a(o) + A(l)(t T)alnz + A (t,r)ag, + B(O)(t r)b(o) + Bim (t,7)bim + Glm(t,r)gzm + Fim (t, ) fim

l m im ilm im ilm

+ Ql(?rz( )Cl(?rz + le (tv 7')Clm + Dlm (ta r)dlm]
(4.8)

where the functions of ¢ and r, obtained from T,Ell,), will be specified later, in section 4.6.

We can compare all this with the GR case, where the equations under study are merely the Einstein

equations:

& yhpe = 87T . (4.9)

In this case there is a further simplification we can make: we have gauge freedom, as equations (4.9)
are invariant under the transformation h,,, — h., — (V.& + V.,&,.), which we can use to reduce the
number of unknown functions to solve for. For [ > 2 the usual gauge to pick is the Regge-Wheeler
gauge, introduced in [16], which eliminates the functions 7o, 711m, Gim and hoy,,. However, in dRGT
massive gravity there is no such gauge freedom, reason for which we will have to work, at first, with all

unknown functions.

4.2 Polar perturbations, [ =0

The simplest case for which we studied equations (3.39) and (3.41) was that of [ = 0 (and, conse-

quently, m = 0). In this case, we have that Wy, = Xoo = 0 and Yy = hence, its derivatives are

7= (
also zero). For these reasons the axial sector does not give any contribution (as ¢, cl(f’n) and d;,,, are
all undefined) and from the polar sector we only have four defined spherical harmonics: al(f;), agfn), am
and g;,,,. This also means that there are four unknown functions?® we wish to calculate, Hy, H;, H, and
K. The full I = 0 perturbation tensor is shown in equation (4.10), where we can see that the resulting

metric is already spherically symmetric, as expected from the monopolar perturbation.
The calculations that ensue (as all further ones in this section) have been made through the software
Mathematica and the package xAct [34]. The corresponding notebooks are available in [35]. Nonethe-

less, a sketch of such calculations is presented.

2from hereon, we only use the Im indices in the perturbation functions when not doing so might raise some confusion
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WHQ(LT) \/%Hl(t,r) 0 0
Lt LGy N 0 0
hl:O,m.:O = Vi 1( 7T.) Vi 2( r) (410)
0 0 =riK(t,r) 0
0 0 0 =r?sin® 0K (t,r)

For the 4 unknown functions there are 6 independent equations: the trace, the ¢t and » components
of the Lorentz gauge equations and the t¢, tr and rr components of the field equations, of which the 66
and ¢¢ components, while non-zero, can be obtained through combinations of some of the others. We
then took their Fourier transforms, obtaining, like in the Proca case, coupled ODEs on the r coordinates.
This set of equations is still not trivial to solve numerically. Therefore, it would be easier to manipulate
these ODEs in order to obtain a single equation, for a single unknown function, from which all others
would be defined3.

It is, in fact, possible to do so for the [ = 0 case. We can write, through the ¢ gauge equation, Hy in
terms of H; and H; (and source functions, whose presence, being irrelevant to this current discussion,
we will leave as implicit) and, with this and the trace equation, H- in terms of Hy, H; and K. This gives
us now 4 coupled ODEs for H; and K, of which the r gauge equation and the ¢t and ¢r field equations
can be solved for H; and its derivatives in terms of K. Substituting all this in our last available equation,
the rr component, we finally obtain a 2" order ODE for K, with the three other functions written in terms
of it and its derivatives. Both for a more compact presentation and to aid its eventual solving method, we

transform K into another function ¢, through

—4pPM + ptr3 4+ 202 + drw?
K(T) = \/ T5/2 900(70)? (411)

in such a way that we end up with a wavelike equation

d? %0
dr?

+ (@ = Voo ' (w, 7)o (r) = g’ (r) (4.12)

where r, is the tortoise coordinate, defined by

dry 1
= Fo) (4.13)

The potential of equation (4.12) is of the form
(2M —r)

r (=4p2 M + ptr3 + 2p%r 4 drw?)

— 4pPruw? (28M2 — 2212 M3 — 32Mr + 3utrS + TpPrt 4 87‘2) +6u575(3M — 1)

VplOTO(w, r)) = S(Ap*(2M — 1) (5M? — 6Mr + 2r®) — 2480 (6M* — 10Mr + 3r?)

— 327204 (—3M + p2rs 4+ r) — p1r9)
(4.14)

which behaves like V5 — u? at very large distances and vanishes at the horizon » = 2M. As for

Sif possible, that is
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Sé;"(r), it consists in a combination of source functions (the ones coming from the decomposition of
the stress-energy tensor). The specific combination comes from the previous manipulations and is
presented in the already mentioned notebook, along with the respective equation. In subsection 4.6 we
write its expression (as the ones for the other source terms in this section) after substituting the explicit
formulae of the source functions.

The fact that this equation even exists is already noteworthy, being in stark contrast with the same
case in GR, which we will present here as well. Starting from the perturbation (4.10), we can define
&= (M %) which leads to the redefinition of the perturbation functions under the previously

Nz
mentioned gauge transformation:

Hég) (t,r) = Ho(t,7) + 2F(T)d2;[O + F'(r)My(t,r), (4.15a)
(9) - _ 1 dM; dMy

Hl (ta T’) - Hl (ta T) F(T) dt F(T) dr ) (415b)
(9) _ F’(T) 1 dM;

H2 (t,’f’) = Hg(t,'l’) + F(T)QMl + 27F(’I“) ar (4150)

K9t r) = K(t,r) — 2My(t, 7). (4.15d)

These expressions allow us to impose K(9) = Hfg) = 0, as long as we choose M; and M, (up to a
function of time) appropriately. The other two functions are defined by the components ¢t and rr of the

Einstein equations:

2

d r (0)
Ly Ha(n) ), (4.16D)

r dr r(r—2M)
These equations lead, as we confirm in section 5.1, to a non-oscillatory and still spherically symmetric
perturbation metric, very much unlike what is obtained in the dRGT theory. The reason for this can be
easily seen from a particle point of view. For the massless graviton, the helicity states cannot be excited
by this spherically symmetric perturbation. Contrarily, it was to be expected that the scalar mode of the
massive graviton would be excited by such a perturbation, this being the reason for such a difference

between theories for I = 0.

4.3 Polar perturbations, [ =1

Keeping ourselves to the polar sector and moving on to | = 1, there are now two more defined
harmonics, b{") and by,,,, corresponding to two more functions 7, and 7, for which we need to solve our
system.

For this case the maximum simplification possible is to define all functions in terms not of just one but
of two unknown functions, defined by two coupled 2" order ODEs. The process is similar to what we

did before: from the trace equation and » and # components of the gauge equation we can define Hy,
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H; and 7y in terms of the other three functions. Afterwards, the ¢ and 8 equations give a definition of
H, and H} in terms of ; and K. Substituting all this into the ¢t and rr equations we obtain two coupled

ODEs for these functions,

d2n1 d’l]l dK _
7 TP gy, PR g G+ @ien = Syl (4.17)
and
d?’K d dK _

where we transformed the radial derivatives into tortoise derivatives and the p;; and ¢;; are functions
of w and r, which can be found in the above mentioned Mathematica notebook. Note that the source
functions now can, for the same value of I = 1, be different according to m € {—1,0, 1}, as we will see,
again, in subsection 4.6.

Once again, the mere fact that the polar I = 1 perturbation equations are such as these is a variation
with respect to GR, where this perturbation is completely removed by the existing gauge freedom. As
before, the explanation for this fact comes from the existence of extra modes in the massive graviton that

can be excited.

4.4 Axial perturbations, /=1

The first multipolar order at which the axial sector is defined is I = 1, for which we have two unknown
functions, hg and hq, the harmonic d;,,, not being defined unless for [ > 2. To define these functions
we use two equations, the 6 component of the gauge equations and the (r8) component of the field
equations.

To simplify them, we define hy through the 6 gauge gauge equation in terms of h; and its first
derivative. Plugging this new expression into the (rf) equation we obtain a single 2" order ODE for h;.

To obtain a wavelike equation we perform a transformation over the function A1,

_ Ia(r)
Q) = Fiy (4.19)
and change the equation variable to the tortoise coordinate, obtaining:
P9 | (W~ V1) Q) = S5 wnr) (4.20)
d?"z wo = Vax T ) =wPax \W,T), .
where the potential is:
_ 6 16M
l= 2
Vax ' (r) = F(r) (u t s > : (4.21)
Solving this equation also gives us the solution to hg, given by:
_ -(1 — %) d o
ho("') = 17% (7’ Q(T)) . (422)

29



4.5 Axial perturbations, [ > 2

For I > 2 we have all three axial tensor spherical harmonics defined, with the three corresponding
unknown functions to determine, hg, hy and ho. The independent equations defining these functions are
the § component of the gauge equations and the t6, r6 and 09 field equations.

The simplification of this system of equations is still quite straightforward. We define hq from the
gauge equation in terms of hy, A} and hs and, substituting this into the 76 and 66 equations obtain two
coupled equations. Performing a transformation over the function h; (4.24), we can write them in the
following simple notation:

Lr
dr? +

- Vaz(r)]‘:[’ = Saz 5 (423)

T
where ¥ = (Q Z) and, bearing in mind that A = [(1 + 1):

h
Q) =" 26y = o). (4.24)
F(r)
2+2)\74;3_L£W 2~)\3M'7T
Ve =F) " 77 T ! (4.25)
f—; wr+ 2)‘ + QrJ\{[ .

Solving these ODEs is enough to find all three functions, considering the above mentioned definition of
ho:

ho(r)=F(r)<2iQ()+ Q)+ A‘2Z(r>). (4.26)

wr 2wr

4.6 Source terms

Having the equations necessary to define our system, the only things missing are their source terms.
These, as said before, are combinations of the functions resulting of the decomposition of the stress-
energy tensor, so we need first to specify what this tensor is.

The black hole perturbation we considered was that of a point-particle, that is, a body of some mass
mg and no internal structure, free falling in the black hole metric, that is, following some geodesic motion.

This leads to the expression for the stress-energy tensor:

"0 dz* dzv dT dz" dz¥ 6(r — R(t
TH = myg / dré™ (z — A =Moo %5@)(9 —Q(t), (4.27)

— 00

where 5 (Q—Q(t)) is short for 20D 56 (1)), z(r) = (T(7), R(r), O(r), ®(7)) is the parametrization
of the geodesic motion of the particle in terms of the affine parameter + and %.
The next step is to decompose this tensor into spherical harmonics. The orthonormality of the basis

(4.3a)-(4.3j) makes it so we can write each source function of (4.8) as the inner product between the
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stress-energy tensor and its respective spherical harmonic, for instance, Al(frz (t,r) = (aESj,T), where

the inner product between two tensors has been previously defined in (4.6)

With this method, it is straightforward to calculate the general expression of each source function.

We refer to [33] for a complete (and correct) list of them.

For this work we considered two types of motion, radial infall and circular motion. These are defined

by the quantities % and dd—f, which are, for the radial case:

dd
= —o. 4.2
o =0 (4.28)

aT_ R _ ([ 2\ do _
dr ~ (1-2Ly 0 dr ’

— =0
r dt ’

Furthermore, besides being constant, the angles at which the particle is infalling are © = & = 0. We
also assume that the motion is highly relativistic, as it has been seen that this still resembles closely the
non-relativistic cases. With these definitions, we computed the source functions through a Mathematica

notebook we developed [35], obtaining:

At ) = TEEF(r)3(r — R(1)Y5,(0,0), (4.29)
ARt 7) = =iv275L6(r — R(D)Y;,(0,0), (4.30)
moy 1

A = — =o(r— Y, 4.31

lm(t,T) 72 F(T) (T R(t)) lm(oa 0) ) ( 3 )
where T'(r) is defined from 4L = —ﬁ. The corresponding Fourier transforms are:
(0) _ MO iwT(r)y
A (w,r) = o2 e Y;.(0,0), (4.32)
(1) — Moy 1 wT'(r *
Alm (w, T) - lﬁr2 @6 T( )Ylm(O, 0) 5 (433)
1 .

Apm(w,7) = ——=21 =Ty (0,0), (4.34)

Ve (127

where the integral over time was done in the following fashion (we explicitly write the Agfjj case as an

example):

A (w,r) = / dte ™t A0 (¢, r) = / dte=t (4.35)

Using these functions, we first calculated the source term for the Zerilli equation not in dRGT massive
gravity but in GR, comparing it with [36] for a verification of our methods. Having obtained it successfully,

we calculated the source terms for each of the previously derived equations on the polar sector:

8vV2ymg(r — 2M) (p?r + 2iw) ewT(r)

Slzo(w,r) _ , (4.36)
pol VT (=402 M + pdr3 + 202 + drw?)/?
§i=Lm( ) = mSi\/é’ymo(l — 2M) (—ip®r? 4 2rw — 2i) T (4.372)
poln 07/ T r(4p2Mr2 — 8M — pirdS — 6u2r3 — 4r3w?) '
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Spattsc(,7) = 7537 S

p (1 QM) pol no (4.37b)

while the source terms in the axial sector are zero, due to the angle we chose for the infalling particle.

As for the circular orbit geodesics, these are defined by:

dT 1 dR do do M
at haiah = _0 — == =w,, 4.38
dr 1_sm dt LT Todt rs (4.38)

s

where we also assume that © = 7 and R = R.. This leads to the following non-zero source functions:

A9t ) = 1 mzﬂr F(r)% Ylm( pt) : (4.39)

BO(t,r) \/W\/i r)o Ylm ct) : (4.40)

Gim(t,r) f\/i LU Ylm( Ct) , (4.41)

Fin(t, ) = — oM MA=2 5 v ( wct) , (4.42)
A \/@ﬁ X\ 2’

Di(t,r) = V2 \/1’”0]3‘1 . W(; - dgm (Zot) (4.43)

) = 205 B (7 ) (4.44)

[ s A5 dO

and subsequent Fourier transforms:

m 2M 2
A (w,r) = foiga Y (2) , (4.45)
2rey\ /1 — ==
M 2M
B (w,r) = - moﬂz v <1 )5 5 Nsz( ) , (4.46)
1

5 5 NlPl( ) : (4.47)

Fim(w,7) moM \/ 2.5, NlPl , (4.48)
3]\4

T ()

5T5WN—
\/1_Mr3 \//\ — ld@

(0) d.Pl ™ 4
\/ﬁ‘/wé BN ) , (4.50)

Dy (w,r) =

(4.49)

where §,. and ¢,, stand, respectively, for §(r — R.) and é(w — mw,), and N; = /(2] + 1)%
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In the [ = 0 case, we also have m = 0, so that §,, becomes simply §(w). This means that this mode
is not excited by the perturbation that is a particle orbiting it, the only effect being a constant correction.
Therefore, the polar sector for [ = 1 is the only case for which we obtain a contribution that is not merely

a small correction to GR. The corresponding source terms are:

Szl,jl%n(w, r) = Ay (w,r)6(r—R.)+B,(w, )8 (r—R.), ,Szl;ll’K(w, r) = Ak (w,r)0(r—Re)+Bk (w, )8 (r—R.),
(4.51)
with

Aylw,r) = — Av2rmoP (5) 0w — muse) (24M3 (6 — 7p2r) + M2 (78u4r°

3ulrd /1 — % (M (8 — 4p®r2) + 13 (6u2 + pir? + 4w?))

+ 21677 (24 + w?) — 56r) — Mr* (238u% + 57u'r? + 148w?) + 2r° (184 + 5p*r? + 12w?) )

i

(4.52)

4v/2mmo P, (3) (1 — 2)5(w — mw.)

3p2r6y /1 — 3M (M (8 — 4p2r2) + 13 (6p2 + pr? + 4w?))

+4r? (40p® 4 21w?) — 12) — Mr* (3pbr® + 79p%r? + 6% (2r°w? + 33) + 132w?) ’

Ag(w,r) =—

(24M3 (2 = 5u*r?) + 2M°r (39 r*

+ 270 (4w2 (u2r2 + 3) + 2 (uzrz + 2) (,u27“2 + 9)) )

(4.53)

8tmoP; (Z) /2 — M (r — 2M)?
By o) = D) ST U ), (4.54)
Bk (w,r) = —=By(w,r). (4.55)

These source terms cause excitations of some of the modes of the graviton only for m = +1,the m =0

being, again, leading to a constant correction.
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Chapter 5

Monopolar gravitational radiation

emission

With the equations fully specified, we can finally attempt to solve them. We will do so only for the
polar I = 0 mode, solving first for the GR case and then for the dRGT theory, explaining the method

employed, showing the resulting waveform and extracting what information we can from it.

5.1 Monopolar perturbation in GR
Having the source terms for the radial infall, we can now write explicitly equation (4.16a):

dif" ((r —2M)H3) = 4y/mmoyd(r — R(t)) . (5.1)

If we integrate this equation until some r < R(t), that is, until some radius closer to the black hole than

the infalling particle, we obtain no perturbation at all. Otherwise, we obtain that

1 1

Hg(t, 7") = QVmO;lw , T > R(t) . (52)
Similarly, from (4.16b) we obtain
dHO _ HQ(ta T)
i 4\/%777107'72]\[6(7" R(t)). (5.3)

Again, for r < R(t) the function H, is null. For » > R(t) the first term gives exactly Hx(t,r), while the
second gives us a function of the time coordinate only. Reabsorbing this function into the gauge function

My, we finally end up with

0 , T < R(t)
Ho(t,r) = Ha(t,r) = . (5.4)
27m0%1_%7M , > R(t)

Adding this to the background metric we obtain:
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—(1-2M , 7 < R(t
900:_<1_2M> (1+ Ho(t,7)Yoo) = ( - rer , (5:5)
r —(1—M) 7> R(t)
1
1 (1-2) T < R() (5.6)

Grr = @ (1+ Ha(t,7)Yoo) =

T

:(1+M) 7> R(t)

We see that, as expected, for radii closer to the black hole than the infalling particle the solution
is still a Schwarzschild black hole, while for larger radii the black hole seems to have a mass of M +
~vmyg, receiving a contribution from the perturbation. This result was inevitable in GR, as the spherical
symmetry of both the background solutions and the monopolar perturbation implied that the perturbed
metric would also be spherical symmetric, under which conditions, following Birkhoff’s theorem, the only
possible solution is Schwarzschild-like. This theorem does not apply in dRGT massive gravity, reason

for which the solution to the monopolar perturbation is radically different.

5.2 Numerical integration

As derived in 4.2, the polar I = 0 master equation is an inhomogeneous wave equation, that is, of

the form:

d? ©0
dr?

+ (W =V)po=S5. (5.7)

We solved this equation through variation of constants, whose setup is presented in [37]. This method
consists on solving first the corresponding homogeneous equation (i.e. without source term) and then
obtaining the general solution to the inhomogeneous one through them.

To obtain the two! homogeneous solutions we need first to understand how they behave at the
boundaries r., — —oo and r, — +oo. Knowing that lim, _, o,V = lim,,,, V = 0 and lim, _,V =

lim, ., V = p2, we see that equation (5.7) becomes

Y,

d?:%} +wipy =0, (5.8)
d2¢h, 2 2
dr2 + (OJ — M )wh = 07 (59)

which shows us that in these asymptotic limits the homogeneous solutions must, in general, behave like
Ae™" + Be~™r- and Aefem 4 Be~kem K, = \/u? — w?. This is the same as saying that they are a sum
of ingoing and outgoing waves. It is here that we impose our boundary conditions. We say that one of
the solutions, v, must be composed only by ingoing waves at the horizon radius r; and the other, 9.,

must be composed only by outgoing waves at infinity. Then, to sum up, we have that:

'due to the equation being a 2" order ODE
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lim o =e ™™ | lm 1 = Ane F" + Aguebem (5.10)

T —>—00 T —>00
lim o = Bowe™"™ + Bine ™", lim thye = €7 (5.11)
Tx—>—00 T —>00

Imposing the previous boundary conditions, we solved numerically the homogeneous solutions of the
equation under study through the default methods of the NDSolve function of the software Mathematica.

Knowing the homogeneous solutions, we can now pose the following ansatz to the general solution:

990(7') = Ch(r)wh(r) + Coo(r)lpoo (T) ) (512)

where C}, and C,, must be such that

Ch(r)ihn(r) + CL(r) oo (r) = 0. (5.13)

From plugging (5.12) into equation (5.7) and (5.13) we obtain a system for C’_(r) and Cj (r):

v i) \Ch S

which we can solve, giving us expressions for the derivatives of the coefficients C"

s
) = —%, (5.15)

VS

! = —
HOEE =3
where W = ¢l — Yo}, is the Wronskian of the two homogeneous solutions. With this, we can finally
write the expression for the Fourier transform of the gravitational waves emitted by our system (now

writing explicitly the radius and frequency dependencies):

Uout(w, r4) = ono(ww*)/“ i Yy (w, )5S (w,r})

—oo W(w,7%) (5.16)
_ €k“’r* /OO d?"/ wh(war;)S(W7T;) ’ '
oo W(w,r.)

where in the last equality we have assumed to be in the limit . — +o0, and that of the gravitational

waveform, in the time domain:

1 o )
Wout(t, ry) = E/ dw Wout(w, 7y )e ™", (5.17)

To numerically evaluate this quantity we must, however, tread carefully. First of all, unlike GR, the
outgoing frequencies are not merely w but \/w? — 2. This means that for frequencies lower than p? the
metric will not oscillate but have an exponential decay. For this reason, when perfoming the integral in
(5.17) we make an approximation and assume the integrand to be zero in the interval [—p, p]. Also, we
want to evaluate ¥, far from the source, at a radius r,, defined through the so called extraction radius

R = ur,. This radius is picked so that it is big enough that we reach a region where the coefficient C,
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becomes constant with respect to r. In practical terms, this means that the upper limit of (5.16) r,, is
irrelevant as long as the integral becomes constant before it.

Another feature important to have under consideration is that (5.16) is even with respect to w, as
in GR. Therefore, we need only to compute the integral (5.17) on the interval (i, +oc0) and double this
quantity to obtain the waveform in the time domain.

This was the method we used to compute the spectra and waveforms presented in the next sub-
sections. A simple yet not straightforward generalisation of these methods could also be used to solve
systems of coupled equations such as the one for the [ = 1 polar mode. For this result we point the
reader to [1]. We note as well that this same method can also be applied to GR, with the sole modification

of setting i to zero.

5.3 Energy spectrum

After calculating the metric components in the frequency domain (defined the master function )
using the above method we can extract some information about the gravitational waves that are being
emitted, namely the energy content of the gravitational waves emitted. To do so, we need to reverse to
the lagrangian description of the dRGT theory.

It is easy to see that the linearized lagrangian of dRGT massive gravity present in (3.32) reduces to

(3.30) with = = 1. Noether's theorem states that the stress-energy tensor of the field? is given by:

5L
T = <5(ha6,u)h Py - 77;w£> ; (5.18)

which, for the mentioned lagrangian, is equal to:

T = % (hap h® 0 =iy = (hag 170 ) | (5.19)

where the last equality comes from the fact that, at large distances, the trace of the metric goes to zero
(along with its derivative) due to the previous consideration we made about the stress-energy tensor.

From the stress-energy tensor we can write the energy Ioss of the radiating source, given by:
%f = / ds' g = / dQ T n'r? = / aQ T r? (5.20)

where n’ is the normal of the surface element dS?. Combining this with the expression for the gravita-

tional stress-energy tensor, we get:

dt 3%22/039 aﬁohﬂ > (5.21)

To evaluate this, we recall the expression for the perturbation metric (4.2) and that the tensorial
spherical harmonics with which we define it are orthonormalized according to (4.7). All this implies the

following general formula for the lost energy (that is, after integrating over all time):

2ignoring the matter term, as we are analysing the field far enough that the matter distribution has direct influence
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We can simplify this further by analysing the behaviour of the perturbation functions. We can write any

of them (we will represent them by a generic function A;,,) in terms of their Fourier transforms:

A (E,7) \/7/ dw e_mAlm(oJ r) = \/12?7‘10[ / dw e_i”teiv‘“2_”2TAlm(w), (5.23)

oo

where the last equality is an approximation valid at long distances from the source, where the Fourier
transform of each perturbation function both decays with some power of the radius and is oscillatory,

with frequency \/w? — p2. Armed with this expression, we take the above derivatives of such functions:

dAlm _ it z /w27p . .
dt - 27‘[‘ T‘a / dwe Alm( )( ’LCU), (524)
d Ay, ~ 1 i —iwt yin/w2—p2r 7
o Ta/ dwe A (@ >(m) (5.25)

Using these results in equation (5.22) we obtain

/ dt ( Pim A\ 1 L dt/ dw/ du et =t (VR VTE)  (0) Ay (w) —
o dt  dr Cor 7“20‘
= —ﬁ/ dw | A (W) Pwy/w? — pi2
r — 00
(5.26)

where we used the definition of the Dirac delta:

! dt e = = 5w — w). (5.27)

o

The decay with the radius can be shown to correspond, at the lowest order, to « = 0 for g, 11, ho,
hi and hy and to « = 1 for Hy, Hy, Ho, K and G. Therefore, defining the energy spectrum E through

E = [%_dw2E we obtain its general expression:
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Figure 5.1: GW energy spectra for the [ = 0 polar mode for a radially infalling particle and Mu =
{0.01,0.05,0.1}
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We specified this quantity for the two cases of most interest, those of [ = 0 and [ = 1 in the polar
sector. In both cases we can write all the perturbation functions in terms of some key function(s) through
the relations derived in sections 4.2 and 4.3. Keeping, as done throughout this calculation, only the terms

of lowest order in the radius in each relation, we obtain the energy spectrum for both polar [ = 0 and

[ = 1 modes:
2

@ — —3Mw< /w2 — M2/~L4» (5.29)

dw polar,i=0 8
dE wy/w? — p?
- = 2VE 8 <2K(W)I2+4u2/w2771(W)|2+9|17((w)+771(w)2+(2u2/w2—1)IK(W)Jr?ﬂh(W)|2 :
dw polar,l=1 16m

(5.30)

In the I = 0 mode, for which we solved the equations numerically, we obtained the corresponding energy

spectra, which we show in figure 5.1.

The peak of these distributions is found close to the point where w = p and after it the spectra
rapidly fall off, indicating that the frequencies that contribute the most to the dissipation of energy by the
perturbed black hole are the ones slightly above ;.. On the other hand, the distribution is null for w < p.
As explained before, this is due to the fact that such modes correspond to exponentially decreasing

solutions, not contributing to what can be observed at infinity coming from the system in study. However,
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Figure 5.2: Total energy of the polar I = 0 mode. The presented curve is an interpolation of the calculated
points, represented by the squares.

these modes may affect the black hole itself and change its evolution in time, meritting some further

study.

What is also noteworthy is that the value of the peak of the spectrum for each value of 1 seems to
increase towards a constant value as the graviton mass decreases. As the area of the spectra decreases
with p, this seems to indicate that the total energy of the polar [ = 0 gravitational waves decreases as
well, something that is confirmed by figure 5.2. This means that the emission of energy through the
excitation of this mode, created by the addition of mass to the graviton, goes to zero with this same

mass, which is exactly what one would expect from a working theory of a massive graviton.

5.4 Waveforms

Going now to the solutions in the time domain, we can study them by varying two different parame-
ters: the quantity M p and the extraction radius R = r, u. All these solutions were calculated for the same
boost factor v = 1, perturbation mass my = 1 and BH mass M = 1 and were plotted as function of the
retarded time ¢ — r. We chose to present here (5.3-5.6) the waveforms corresponding to . = {0.1,0.01}
and R = {10, 100}.

Through these waveforms we analysed the variation of their maximum amplitude <pBGak and the re-

tarded time (¢ — r)P®3 at which such peak occurs. We did this with respect to both of the dimensionless
quantities, Mu and R, which we varied, respectively, in the ranges {0.01,0.025,0.05,0.075,0.1} and
{10, 25, 50, 75, 100, 150, 200, 250}. Fitting this data to powers of My and R through the software gnuplot,
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(5.32)

where the M dependency was adjusted with dimensional analysis considerations and the distance of

8kpc was picked to correspond to Saggitarius A’, thought to be a supermassive black hole at the centre

The first expression indicates that the amplitude of the perturbation to be detected on Earth is on
a range that is feasible to measure, be it by LIGO or by the future detector LISA. As for the second

expression, it tells us that the delay between the beginning of the signal and its peak is not too long,



even decreasing with the mass of the graviton. Both these features give us hope that such signals (or
similar ones, corresponding to the same mode excitation but in different systems) might be detected in
association with the classical gravitational wave polarizations. Unlike these, the [ = 0 mode would corre-
spond to identical oscillations of spacetime at each radius, the signal between the two LIGO detectors,
for instance, differing only in its amplitude due to the possibly different distances to the source.
However, another characteristic of the signal extinguishes our hope of detection. As we have seen,

the frequencies w for which the polar I = 0 gravitational wave carries most energy are the ones such that
W< 1.0x 107%%eV/c? =242 x 1077Hz. (5.33)

This frequency lies well below the ranges of both the LIGO and LISA detectors[25, 38], meaning that this

signal, if it exists, cannot be detected by us with the experiments currently (or even in the near future).
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Chapter 6

Conclusions

In this thesis, we studied a phenomenon of emission of gravitational waves in a theory of a nonlinear
massive graviton, namely the dRGT massive gravity theory. We did so through the perturbation of a
Schwarzschild black hole by a point particle following its geodesics. Although extensively analysed in
GR[16, 15], this topic had, to our knowledge, never before been broached in this particular theory.

The interest in dRGT massive gravity lies in its potential as an extension of GR. Theories of a massive
graviton with a small mass lead, in general, to a long-range behaviour of the gravitational potential in
the classical limit, which is desirable to explain the accelerated expansion of the universe. In these
theories, the fact that the field is propagated by a massive particle leads to a Yukawa-like potential
instead of a Newtonian one. This dramatically decreases the value of the potential at far enough regions,
how far depending on how small the mass of the graviton is. This would reduce the total gravitational
attraction, possibly justifying the expansion as we see it today and providing an alternative to the current
explanation, that of the cosmological constant.

However, the theory has to be valid not only cosmologically but also in its other predictions. For this
reason, the study of black holes and associated phenomena, of which there has been plenty in GR, is
essential, for comparison with the theory we know to be correct to a great extent. To add to this, the fact
that gravitational wave experiments are now, for the first time, producing results is a motivation to study
such phenomena in these alternative theories, as to ascertain their validity in what concerns them, fully
motivating our work.

We started by analysing the formalism to be used in the main problem in a simpler one, that of a
Proca field, i.e. a massive spin-1 particle, on a Schwarzschild background. We obtained the equations
ruling this system by decomposing the solution in vector spherical harmonics, making use of the existent
spherical symmetry. We also showed what are the source terms of such equations, specifying them to
a particle following a radial infall geodesic, the case we most studied in the massive spin-2 case. In
the end, we obtained a single inhomogeneous wavelike equation, called a master equation, from which
all perturbation functions were defined, resembling, minus some technical complexity, the process used

later on.

We then proceeded to presenting the linear theory of a massive graviton that was proposed by
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Fierz and Pauli[5] and the path until the nonlinear theory of dRGT massive gravity. In particular, we
explicitly showed how the FP theory keeps its scalar mode in the decoupling limit, leading to the vDVZ
discontinuity, whose wrong result for the light deflection by the Sun we also calculated. We eventually
showed, as in [32], the linearised equations of motion for JRGT massive gravity, which lead to the correct

value of the deflection of light and were the central equations of all this work.

In section 4 we finally studied the perturbation of a static black hole by a point particle. To do so we
decomposed both the perturbation and the stress-energy tensors in tensor spherical harmonics, sub-
stantially simplifying the equations to solve. With this decomposition we managed to not only separate
the equations for each multipolar order but also in two sectors dependent on the parity of the spheri-
cal harmonics, the axial and polar. From this setup we obtained master equations for several different
cases. While the axial [ > 2 (and, although not presented here, the polar as well) correspond to mere
corrections to the GR analogue and the axial I = 0 was not excited by any studied perturbations, the

other lower multipoles proved to be much more interesting.

In GR, the polar I = 0 and [ = 1 modes correspond, respectively, to an increase on the mass of
the black hole and a Lorentz transformation in the center of mass of the whole system, while the axial
[ = 1 is an increase of angular momentum. In dRGT massive gravity, on the other hand, the master
equations ruling all these modes are wavelike, meaning that they all correspond to excitations of some
mode of the massive graviton. These correspond exactly to the vector and scalar modes absent in the
massless graviton, which possesses only its helicity states, of a 2-rank tensorial nature. This is a main
result of our work, showing that a perturbed black hole in this nonlinear massive graviton theory can emit

gravitational radiation in more varied ways than its GR counterpart.

Having the equations, we showed what their corresponding source terms were for two types of
geodesic motion: highly relativistic radial infall and circular orbit. From this point on, we would need
only to solve the fully specified master equations. We did so for the polar | = 0 equations in the radial
infall case, obtaining, for a range of values of graviton mass p, the energy spectrum, the total emitted
energy and the waveforms of the master function at different radii of distance from the black hole itself.
These fully characterised this mode. Starting by the energy, the values we obtained denote that less
of it is emitted in this mode as the graviton mass decreases, which would make sense, as in such limit
we would gradually recover the GR results, in which theory this mode does not exist. As for the rest,
we found the peak amplitude of the signal and the delay between it and the beginning of the signal to
be such that, based solely on this, one would expect our detectors (or at least future ones) to be able
to measure these signals. However, according to the obtained spectra, the frequencies of oscillation
that carry the most energy are the ones close to 1 ~ 10~%Hz. Neither LIGO nor LISA are or will be
able to detect signals of such frequency, meaning that the direct measurement of the polar [ = 0 mode
oscillations is, for now and the foreseeable future, unrealizable.

Future work in this topic would, of course, pass by solving the dipolar perturbations both in the axial
and polar sectors, which we did not treat numerically. These still correspond to previously unexistent
excitation modes and could still hold precious information about the emission of gravitational waves in

dRGT massive gravity. Further analysis of this topic could still lead either to the discovery of gravitational
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waves liable of being detected by our current experiments or to phenomena that could rule out the theory
entirely. A full treatment of the polar I = 1 mode for the two types of motion presented here can be found
in [1].

Another related topic that might be of interest would be the fate of the black hole after the perturba-
tion. As was seen in this work, gravitational waves of frequency lower than the mass . are not emitted,
decaying exponentially near to the horizon. While these can be ignored for our purposes of finding
the radiation that arrives far away from the black hole, these very low-frequency modes will undoubt-
edly affect in some way the black hole probably causing its evolution into a solution different than the
Schwarzschild one.

Finally, one can also consider our work as a launching pad for the more complex case of the per-
turbation of a Kerr black hole. The study of this system would certainly lead to new phenomena when
compared to the GR case, as happened when considering a Schwarzschild background. Taking rotation
into consideration, it would also correspond more closely to realistic black holes, leading to a better hope
of a comparison with experimental data from gravitational wave detectors. This would be a major step
in the process of settling whether dRGT massive gravity could correspond to reality and, if not, where
does it fail.
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