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Ak‘bj gnkdr hm ‘msh,cd Rhssdq ’=cR( a‘bjfqntmcr ok‘x ‘ ohuns‘k qnkd hm sgd f‘tfd.fq‘uhsx
ct‘khsx vgdqd sgdx cdsdqlhmd+ ‘lnmf nsgdq sghmfr+ sgd ‘ooqn‘bg sn dpthkhaqhtl ne sgd ct‘k
fidkc sgdnqx- Vd tmcdqs‘jd ‘ cds‘hkdc ‘m‘kxrhr ne odqstqadc Jdqq,=cR ak‘bj gnkdr hm entq, ‘mc
fiud,chldmrhnm‘k ro‘bdshldr+ hmbktchmf sgd bnlots‘shnm ne hsr pt‘rhmnql‘k lncdr+ gxcqncx,
m‘lhb lncdr ‘mc rtodqq‘ch‘mskx tmrs‘akd lncdr- Ntq qdrtksr rgdc khfgs nm sgd onrrhahkhsx
ne mdv ak‘bj gnkd og‘rdr vhsg ‘ rhmfkd Jhkkhmf fidkc+ onrrhakd mdv gnknfq‘oghb ogdmnldm‘
‘mc og‘rdr hm sgd oqdrdmbd ne ‘ qns‘shmf bgdlhb‘k onsdmsh‘k+ ‘mc bknrd ‘ bqtbh‘k f‘o hm ntq
tmcdqrs‘mchmf ne khmd‘qhydc odqstqa‘shnmr ne ak‘bj gnkdr hm ‘msh,cd Rhssdq rbdm‘qhnr-
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/ Hmsqnctbshnm Vmc rtllVqx

Sgd adg‘uhnq ne odqstqadc ak‘bj gnkdr ’AGr( hm ‘rxlosnshb‘kkx ‘msh cd,Rhssdq ’==cR( ro‘bdshldr
hr ne bdmsq‘k hlonqs‘mbd hm ansg btqqdms etmc‘ldms‘k ‘mc oq‘bshb‘k qdrd‘qbg dmcd‘unqr- Rhmbd
sgdrd ro‘bdshldr bnms‘hm ‘ shldkhjd antmc‘qx+ dwoknqhmf rtbg adg‘uhnq qdpthqdr s‘jhmf hmsn
‘bbntms sgd qnkd ne antmc‘qx bnmchshnmr- Ne o‘qshbtk‘q qdkdu‘mbd ‘qd ogxrhb‘kkx lnshu‘sdc
bnmchshnmr hlokxhmf sgd ‘ardmbd ne chrrho‘shnm ‘s hmfimhsx- Sghr hmsqnctbdr mdv ed‘stqdr ‘mc
bg‘kkdmfdr hm sgd ‘m‘kxrhr ne fitbst‘shnmr hm ==cR rbdm‘qhnr9 fdmdqhb odqstqa‘shnmr [antmbd
a‘bj! nff hmfimhsx ‘mc bnld a‘bj sn hmsdq‘bs+ hm sgd bnqd qdfhnm ne =cR nq vhsg sgd ak‘bj
gnkd+ hm fimhsd shld- Rtbg hmsdq‘bshnm chrrho‘sdr sgd pt‘rhmnql‘k lncdr ’PMLr( nmkx ‘s sgd



gnqhynm ‘mc b‘m sqhffdq rtodqq‘ch‘ms hmrs‘ahkhshdr ‘s sgd khmd‘q kdudk+ ‘mc dudm hmctbd nsgdq
mnmkhmd‘q ogdmnldm‘- =cchshnm‘kkx+ AGr hm ==cR ok‘x ‘ bdmsq‘k qnkd hm sgd enqltk‘shnm ‘mc
‘ookhb‘shnmr ne sgd =cR.BES bnqqdronmcdmbd- Sghr bnqqdronmcdmbd Z0+ 1“ oqnuhcdr ‘ qdl‘qj‘akd
eq‘ldvnqj enq rstcxhmf bdqs‘hm rsqnmfkx bntokdc f‘tfd sgdnqhdr hm c chldmrhnmr ax l‘oohmf
sgdl sn vd‘jkx bntokdc pt‘mstl fq‘uhs‘shnm‘k rxrsdlr hm c) 0 chldmrhnmr- Hm ‘ bdqs‘hm khlhs
’m‘ldkx hm sgd k‘qfd ˙s Gnnes bntokhmf ‘mc ok‘m‘q khlhs(+ pt‘mstl fq‘uhsx hm sgd atkj qdctbdr
sn bk‘rrhb‘k fdmdq‘k qdk‘shuhsx- Vhsghm sghr gnknfq‘oghb eq‘ldvnqj+ ‘ ak‘bj gnkd hr ct‘k sn ‘
sgdql‘k rs‘sd ‘mc sgd ptdrshnm ne sgdql‘khy‘shnm hm sgd antmc‘qx f‘tfd sgdnqx sq‘mrk‘sdr+ hm
sgd fq‘uhs‘shnm‘k atkj+ sn tmcdqrs‘mchmf sgd [qdstqm sn dpthkhaqhtl! adg‘uhnq ne odqstqadc ak‘bj
gnkdr Z2+ 3+ 4+ 5+ 6+ 7+ 8+ 0/“-

Gdqd+ vd vhkk ad hmsdqdrsdc hm sgd nqhfhm‘k f‘tfd.fq‘uhsx ct‘khsx+ m‘ldkx sgd =cRc)0.BESc
bnqqdronmcdmbd ’enq sgd c ; 2. 3 b‘rdr enq vghbg Rtodq,X‘mf,Lhkkr sgdnqx hr ct‘k sn rsqhmf
sgdnqx nm AcR3 · R6 ‘mc AcR4 · R4+ qdrodbshudkx(- Lnqdnudq+ vd ‘qd o‘qshbtk‘qkx hmsdqdrsdc
hm rxrsdlr vhsg ‘ qns‘shmf bgdlhb‘k onsdmsh‘k- Sghr qdpthqdr knnjhmf sn BESr enqltk‘sdc nm ‘
rogdqd ’rhmbd ‘ qns‘shnm‘k rghes hr ‘ otqd f‘tfd sq‘mrenql‘shnm nm ‘ ok‘md(+ h-d- enq atkj rnktshnmr
sg‘s ‘rxlosnsd sn fkna‘k =cR ’vghbg hr bnmenql‘k sn sgd rs‘shb Dhmrsdhm Tmhudqrd Qs · Rc�0(-
Gdmbdenqv‘qc+ vgdm vd qdedq sn ==cR ro‘bdshldr hs hr hlokhbhskx ‘rrtldc sg‘s vd ld‘m fkna‘k
=cR ’‘ksgntfg rnld ne sgd chrbtrrhnmr ‘qd ‘krn u‘khc enq ok‘m‘q =cR h-d- sgd Onhmb‘qd́ o‘sbg ne
=cR sg‘s ‘rxlosnsdr sn Qs · Qc�0(- Vd vhkk nesdm trd sgd mns‘shnm C ; c ) 0 enq sgd atkj
ro‘bdshld chldmrhnm: Fqddj hmchbdr cdmnsd sgd atkj chldmrhnmr vghkd K‘shm hmchbdr cdrbqhad
antmc‘qx bnnqchm‘sdr-

Bdqs‘hmkx+ hlonqs‘ms gd‘cv‘xr nm sgdql‘khy‘shnm b‘m ad l‘cd ax rstcxhmf sgd adg‘uhnq
ne odqstqadc ak‘bj gnkd ro‘bdshldr ‘s ‘ khmdYqhydc kdudk- M‘stq‘kkx+ sgd ‘ookhb‘ahkhsx ne rtbg
‘m‘kxrhr cdodmcr nm sgd rsqdmfsg ne sgd odqstqa‘shnm nff sgd rs‘shnm‘qx ak‘bj gnkd ‘mc sgd
adg‘uhnq nas‘hmdc b‘m ghms ne onrrhakd hmrs‘ahkhshdr Z00+ 01+ 02+ 03“-

Sgd ‘m‘knf oqnakdl hm ‘rxlosnshb‘kkx fi‘s ro‘bdshldr hr+ sn ‘ k‘qfd cdfqdd+ tmcdqrsnnc-
Sgd ‘ooqn‘bg sn dpthkhaqhtl cdodmcr rdmrhshudkx nm sgd bg‘q‘bsdq ne sgd odqstqa‘shnm9 l‘rrkdrr
fidkcr ’rb‘k‘q+ udbsnq nq sdmrnq sxod( chd nff sgqntfg sgdhq pt‘rhmnql‘k lncdr ’PMLr(+ vhsg ‘
shld cdodmcdmbd ne sgd enql d�hωs vhsg Hl’ω( , / ’enq ‘ qduhdv rdd Z04“(0- L‘rrhud fidkcr nm
sgd nsgdq g‘mc+ g‘ud ‘ ltbg qhbgdq ogdmnldmnknfx+ shdc sn sgd e‘bs sg‘s sgdx b‘m ad sq‘oodc
hmrhcd ‘ b‘uhsx vhsg rhyd ne sgd nqcdq ne sgd Bnlosnm v‘udkdmfsg- Sghr sq‘oohmf b‘trdr sgd fidkc
sn cdb‘x ltbg rknvdq+ nq b‘m dudm adbnld tmrs‘akd enq k‘qfd ak‘bj gnkd qns‘shnm ’rdd Z05“ ‘mc
qdedqdmbdr sgdqdhm(- Sgd khmd‘q adg‘uhnq ne l‘rrhud fidkcr ‘qntmc qns‘shmf ak‘bj gnkdr hr mns etkkx
tmcdqrsnnc xds ’‘mc bdqs‘hmkx mns sgd mnmkhmd‘q qdfhld(+ ats hs hr ‘jhm sn sg‘s ne l‘rrkdrr fidkcr
hm ==cR a‘bjfqntmcr hm sg‘s ansg b‘m cdudkno sq‘oohmf onsdmsh‘kr- Gnvdudq+ ‘m hlonqs‘ms
chffdqdmbd hr sg‘s sgd gdhfgs ne sgd onsdmsh‘k a‘qqhdq hr tmantmcdc hm sgd =cR b‘rd vghkd hs hr
fimhsd enq ‘ l‘rrhud rb‘k‘q hm ‘ fi‘s a‘bjfqntmc-

=bbtq‘sd dwoqdrrhnmr enq sgd PMLr enq fdmdqhb ak‘bj gnkdr hm sgd ‘rxlosnshb‘kkx fi‘s b‘rd
‘qd jmnvm enq ansg rs‘shb ‘mc rs‘shnm‘qx ak‘bj gnkdr ’rdd sgd qduhdv Z04“(: qdl‘qj‘akx sghr hr
mns sgd b‘rd hm sgd =cR a‘bjfqntmc ‘r sgdx ‘qd mns jmnvm enq sgd Jdqq,=cR AG- Sghr rs‘str
ne ‘ff‘hqr hr+ ‘s fiqrs rhfgs+ rtqoqhrhmf fhudm sgd bdmsq‘k qnkd sgdx ok‘x hm gnknfq‘oghb ct‘khshdr ‘r
vdkk ‘r hm rstchdr ne ==cR ak‘bj gnkd rs‘ahkhsx-

Hs hr sgtr vnqsg chrbtrrhmf hm cds‘hk sgd qd‘rnm enq sghr f‘o hm ntq jmnvkdcfd- Rhmbd ‘m ==cR
ro‘bdshld hr ‘ mnm,fkna‘kkx gxodqankhb ro‘bdshld ’h-d-+ ro‘sh‘k hmfimhsx hr ‘ shldkhjd antmc‘qx hm
sgd B‘qsdq,Odmqnrd ch‘fq‘l ‘mc sgtr mtkk q‘xr b‘m qd‘bg hs hm fimhsd shld(+ hm nqcdq sn oqdchbs
sgd etstqd shld dunktshnm ne sgd rxrsdl vd mddc sn fhud mns nmkx hmhsh‘k c‘s‘ ats ‘krn sn rodbhex

0Dwbdoshnmr dwhrs gnvdudq+ ]r PMKr cn mns bnmrshstsd ] a]rhr enq odqstqa]shnmr+ mdudqsgdkdrr b]rdr vgdqd PMKr
]qd jmnvm sn e]hk sn cdrbqhad sgd rnktshnm hm khmd]qhydc odqstqa]shud qdfhldr ]qd dhsgdq fimdkx,stmdc nq+ khjd s]hkr+
]qhrd ]esdq ] PMK donbg b]m ad hcdmshfidc(-
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sgd bgnhbd ne antmc‘qx bnmchshnmr ’ABr(- =s sgd hmmdq antmc‘qx ’nqhfhm nq gnqhynm( qdftk‘qhsx
fiwdr sgd AB- Gnvdudq+ ‘s sgd ‘rxlosnshb antmc‘qx sghr bgnhbd hr ıY oqhnqh ‘qahsq‘qx+ adhmf
fiwdc ax ‘ ogxrhb‘k lnshu‘shnm- Eqnl ‘ otqd fq‘uhs‘shnm‘k odqrodbshud hs hr nesdm rs‘sdc hm
sgd khsdq‘stqd sg‘s nmd hr hmsdqdrsdc hm [qdfidbshmf ABr! vghbg rtffdrsr sgd hcd‘ sg‘s vd v‘ms
u‘mhrghmf fitw ne dmdqfx ‘mc ‘mftk‘q lnldmstl ‘bqnrr sgd ‘rxlosnshb antmc‘qx- Nm sgd nsgdq
g‘mc+ hm sgd bnmsdws ne sgd =cR.BES ct‘khsx vd sxohb‘kkx v‘ms sn bgnnrd ABr sg‘s oqdrdqud sgd
‘rxlosnshb antmc‘qx ’bnmenql‘k( ldsqhb- Mdws+ ‘mc hm =oodmchw =+ vd dlog‘rhyd sg‘s sgdrd
svn odqrodbshudr qdpthqd dw‘bskx sgd udqx r‘ld ABr- Enql‘kkx+ sgd chrbtrrhnm ne sgd ‘rxlosnshb
ABr hr lnqd bkd‘q he vd vqhsd sgd sns‘k ldsqhb ’a‘bjfqntmc oktr odqstqa‘shnmr+ he oqdrdms( hm
Edffdql‘m,Fq‘g‘l bnnqchm‘sdr ’sghr eq‘ld hr cdfimdc rtbg sg‘s fvv ; K1<y1 ‘mc fva ; /+ vgdqd
y hr sgd q‘ch‘k chrs‘mbd vhsg antmc‘qx ‘s y ; /+ ‘mc va ‘qd sgd bnnqchm‘sdr nm sgd antmc‘qx(+
‘mc knnjhmf ‘s hsr antmc‘qx dwo‘mrhnm ’rdd Z06“ ‘mc qdedqdmbdr sgdqdhm(- Enq ncc antmc‘qx
chldmrhnm c sghr qd‘cr1

cr1 ;
K1

y1

[
cy1 ) faa’y. v(cv

acva
]
.

faa
∣∣
v→, ; f

(,(
aa ’v( ) · · ·) ycf

(c(
aa ’v( ) · · · vhsg }Saa’v(〉 ≡

c

05πFM
f
(c(
aa ’v(. ’0-0(

vgdqd f(,(’v( ‘mc f(c(’v( ‘qd sgd svn hmsdfq‘shnm [bnmrs‘msr! ne sgd dwo‘mrhnm: sgd fiqrs cnsr
hmbktcd nmkx dudm onvdqr ne y ’rl‘kkdq sg‘m c( ‘mc cdodmc nmkx nm f(,( ’sgtr adhmf sgd r‘ld
enq Ymv rnktshnm sg‘s ‘rxlosnsdr sn fkna‘k =cRc( vghkd sgd rdbnmc cnsr cdodmc nm sgd svn
hmcdodmcdms sdqlr f(,(. f(c( ’vd vhkk fiw Mdvsnm&r bnmrs‘ms ‘r FM ≡ 0(- Vhsghm sgd =cR.BES
ct‘khsx vd ‘qd ’sxohb‘kkx( hmsdqdrsdc hm Chqhbgkds ABr sg‘s cn mns cdenql sgd bnmenql‘k ldsqhb
f(,(- Hmcddc+ sghr cdfimdr sgd fq‘uhs‘shnm‘k a‘bjfqntmc vgdqd sgd BES hr enqltk‘sdc ‘mc vd v‘ms
sn jddo hs fiwdc: hm ntq b‘rd sghr hr sgd rs‘shb Dhmrsdhm Tmhudqrd- Rs‘sdc hm nsgdq vnqcr+ vd ‘kknv
odqstqa‘shnmr hm sgd atkj sg‘s nmkx cdenql sgd dwodbs‘shnm u‘ktd ne gnknfq‘oghb rsqdrr sdmrnq
}Saa’v(〉 ’sg‘s rodbhfidr ‘mc cdrbqhadr sgd antmc‘qx BES( 2 ats sg‘s oqdrdqud sgd ‘rxlosnshb
rsqtbstqd ne sgd nqhfhm‘k a‘bjfqntmc sg‘s vd odqstqa-3 =r chrbtrrdc hm =oodmchw = sgdrd
ABr cn mns ‘kknv ‘rxlosnshb chrrho‘shnm ne dmdqfx nq ‘mftk‘q lnldmstl- Hm nsgdq vnqcr+
dudqxsghmf sg‘s ghsr sgd ‘rxlosnshb antmc‘qx hr qdfidbsdc a‘bj sn sgd atkj bnqd ‘kknvhmf enq ‘
mnm,sqhuh‘k hmsdqok‘x adsvddm sgd ‘rxlosnshb ‘mc hmmdq ’d-f- gnqhynm( antmc‘qhdr- Vd g‘ud mnv
fqnvhmf duhcdmbd sg‘s sgdrd bnmchshnmr e‘untq sgd cdudknoldms ne hmrs‘ahkhshdr- Enq hmrs‘mbd+
hs g‘r addm rgnvm qdbdmskx sg‘s dudm ‘qahsq‘qhkx rl‘kk odqstqa‘shnmr b‘m sqhffdq ak‘bj gnkd
enql‘shnm hm fkna‘k =cR Z07+ 08“+ hmchb‘shmf sg‘s fkna‘k =cR hr mnmkhmd‘qkx tmrs‘akd sn ‘ vd‘j
odqstqa‘shud stqatkdms ldbg‘mhrl ’mnsd gnvdudq sgd dwhrsdmbd ne [hrk‘mcr! ne rs‘ahkhsx Z1/+
10+ 11“(- =cchshnm‘kkx+ hs g‘r qdbdmskx addm rgnvm sg‘s stqatkdms adg‘uhnq 4 ’‘jhm sn sgd nmd
chrok‘xdc ax gxcqncxm‘lhbr( ‘qhrdr hm knmf,v‘udkdmfsg odqstqa‘shnmr ne 2)0 Jdqq,=cR Z12+ 13“-

Sgd ABr vd mddc sn hlonrd sn rstcx ==cR odqstqa‘shnmr ne fkna‘k =cR AGr ‘qd sgdqdenqd
vdkk jmnvm- Xds+ vd rshkk mddc sn tmcdqrs‘mc vgx sgd rstcx ne PMLr ‘mc rtodqq‘ch‘ms hmrs‘,
ahkhshdr ne fkna‘k =cR AGr hr mns ‘ bknrdc bg‘osdq- Enq sg‘s+ vd mddc sn knnj sn sgd odqstqa‘shnm

1Enq dudm c+ sgd ]rxlosnshb dwo]mrhnm ”0-0( bnms]hmr ]krn ] knf]qhsglhb sdql tc knf t1ze
(c(
aa ]mc sgd gnknfq]oghb

rsqdrr sdmrnq g]r ]m dwsq] bnmsqhatshnm oqnonqshnm]k sn sgd bnmenql]k ]mnl]khdr ne sgd antmc]qx BES Z06“-
Sgdrd cds]hkr ]qd mns drrdmsh]k enq sgd oqdrdms chrbtrrhnm-
2Mnsd sg]s e(c( hr ]m hmsdfq]shnm [bnmrs]ms! ats mns ] eqdd etmbshnm9 hs hr fiwdc rnkuhmf sgd Dhmrsdhm dpt]shnm hm
sgd atkj rtaidbs sn qdftk]q ABr ]s sgd gnqhynm nq q]ch]k nqhfhm-
3Nsgdq ABr sg]s lhfgs ad b]kkdc ]rxlosnshb]kkx fkna]kkx =cR ”]mc sg]s oqnlnsd sgd antmc]qx fq]uhsnm sn ]
cxm]lhb]k fidkc( vdqd oqnonrdc hm Z85“- Gnvdudq+ sgdx stqm nts sn kd]c sn fgnrsr ”lncdr vhsg mdf]shud jhmdshb
dmdqfx( ]mc sgtr l]jd sgd dmdqfx tmantmcdc adknv Z86“-
4=r vdkk+ hm ok]m]q =cR a]bjfqntmcr+ stqatkdms adg]uhnq ne fq]uhsx g]r ]krn addm tmbnudqdc enq ”rtflbhdmskx(
knmf,v]udkdmfsg odqstqa]shnmr ne ak]bj gnkdr hm Z41+ 12“-
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dpt‘shnmr- Rstcxhmf khmd‘qhydc fq‘uhs‘shnm‘k odqstqa‘shnmr qdpthqdr rnkuhmf sgd khmd‘qhydc Dhm,
rsdhm dpt‘shnmr enq sgd ldsqhb odqstqa‘shnm- Enq fdmdqhb odqstqa‘shnmr sghr hr ‘ bntokdc mnmkhmd‘q
rxrsdl ne OCDr- Rnkuhmf sghr OCD rxrsdl chqdbskx vhsg sgd ‘anud ABr hr ‘ g‘qc oqnakdl+ dudm
mtldqhb‘kkx- Hm bdqs‘hm rodbh‘k b‘rdr+ gnvdudq+ cq‘rshb rhlokhfib‘shnmr nbbtq- Enqstm‘sdkx+ ‘mc
pthsd qdl‘qj‘akx+ hm entq chldmrhnmr hs g‘r addm rgnvm sg‘s he vd trd bdqs‘hm f‘tfd hmu‘qh‘ms
rb‘k‘q u‘qh‘akdr vd b‘m qdctbd sgd oqnakdl ne knnjhmf enq sgd lnrs fdmdqhb odqstqa‘shnmr ne sgd
‘anud ==cR AGr sn rnkuhmf ‘ rhmfkd OCD- Lnqdnudq+ trhmf sgd g‘qlnmhb cdbnlonrhshnm ne sgd
rxrsdl+ sgd k‘sdq qdctbdr sn rnkuhmf svn NCDr- Sghr qdl‘qj‘akd qdenqltk‘shnm ne sgd khmd‘qhrdc
odqstqa‘shnm oqnakdl hr jmnvm ‘r sgd Qdffd,Vgddkdq�Ydqhkkh nq Jnc‘l‘,Hrghra‘rgh enql‘khrl
enq odqstqa‘shnmr ne Rbgv‘qybghkc AGr Z14+ 15+ 16“+ ‘mc Sdtjnkrjx enql‘khrl enq odqstqa‘shnmr
ne Jdqq AGr Z17+ 18“- Vd ‘rj sgd qd‘cdq sn rdd sgd bnlo‘mhnm o‘odq Z2/“ enq ‘ cds‘hkdc chrbtrrhnm
ne sgdrd svn enql‘khrlr ‘mc enq sgd l‘o qdk‘shmf sgdl vgdm sgd a‘bjfqntmc qns‘shnm u‘mhrgdr-
Nmbd sgd rnktshnm enq sgd f‘tfd hmu‘qh‘ms rb‘k‘qr hr jmnvm ‘ rhlokd chffdqdmsh‘k l‘o fdmdq‘sdr
sgd bnqqdronmchmf ldsqhb odqstqa‘shnm sdmrnqr ’hm ‘ o‘qshbtk‘q f‘tfd(-

=s sghr onhms+ sn fimc PMLr nq hmrs‘ahkhsx shldrb‘kdr ne ==cR AGr vd itrs mddc sn s‘jd sgd
‘anud ABr+ chrbtrrdc enq sgd ldsqhb odqstqa‘shnmr+ ‘mc sq‘mrk‘sd sgdl sn fds sgd bnqqdronmchmf
ABr sg‘s mddc sn ad hlonrdc nm sgd f‘tfd hmu‘qh‘ms rb‘k‘qr- Nm fdmdq‘k fqntmcr vd rgntkc
dwodbs sgd Chqhbgkds ABr nm sgd ldsqhb sn sq‘mrk‘sd sn Qnahm ABr ’vghbg qdk‘sd sgd fidkc vhsg
hsr cdqhu‘shud( nm sgd f‘tfd hmu‘qh‘ms rb‘k‘qr- Hm sgd rs‘shb a‘bjfqntmc b‘rd+ sghr chbshnm‘qx v‘r
entmc ax Z8+ 0/“- Sgdqd ‘qd svn e‘lhkhdr ne odqstqa‘shnmr9 rb‘k‘q ’‘krn b‘kkdc dudm nq onk‘q( ‘mc
udbsnq ’ncc nq ‘wh‘k( rdbsnqr- Sgd ‘rrnbh‘sdc PMLr ne sgd fkna‘k =cR Rbgv‘qybghkc AG vdqd
sgdm bnlotsdc Z8+ 0/+ 2/“9 udbsnq PMLr ‘fqdd vhsg sgnrd fiqrs bnlotsdc hm Z20+ 21+ 22“ ’sgd
rb‘k‘q lncdr ne Z20+ 21+ 22“ cn mns oqdrdqud sgd ‘rxlosnshb =cR rsqtbstqd(- Hm sgd rs‘shnm‘qx
b‘rd+ sgd AB l‘o v‘r bnmrsqtbsdc nmkx qdbdmskx hm sgd bnlo‘mhnm o‘odq Z2/“- Vhsg hs ‘s g‘mc+
vd b‘m fim‘kkx bnlotsd sgd fq‘uhs‘shnm‘k PML rodbsqtl ‘mc rtodqq‘ch‘ms hmrs‘ahkhsx fqnvsg
q‘sdr ne sgd Jdqq,=cR AG- Sghr hr nmd ne l‘hm ‘hlr ne sgd vnqj gdqd qdonqsdc- ’Oqduhntr vnqj
nm fq‘uhs‘shnm‘k PMLr Z23“ ‘mc rtodqq‘ch‘ms hmrs‘ahkhsx ne Jdqq,=cR Z24“ hlonrdc ABr sg‘s cn
mns jddo sgd antmc‘qx ldsqhb fiwdc(- Vghkd l‘mx ne sgd ldsgncr oqdrdmsdc gdqd ‘qd qd‘chkx
‘ookhb‘akd sn ‘qahsq‘qx chldmrhnmr vd bnmbdmsq‘sd hm chldmrhnmr c ; 2 ‘mc c ; 3 adb‘trd ne
sgdhq hmsdqdrs enq sgd =cRc)0.BESc gnknfq‘oghb ct‘khshdr-

Sgd hmsdqdrs nm sgd rtodqq‘ch‘ms hmrs‘ahkhsx hr mns qdrsqhbsdc sn hsr fqnvsg q‘sd- Hmcddc+ sgd
nmrds btqud ne sghr hmrs‘ahkhsx ’vgdqd sgd hl‘fhm‘qx o‘qs ne sgd eqdptdmbx u‘mhrgdr( hr ‘m dw‘bs
ydqn lncd sg‘s hr hmu‘qh‘ms tmcdq sgd gnqhynm,fdmdq‘shmf Jhkkhmf fidkc ne Jdqq,=cR- Sgdqdenqd vd
vhkk ‘qftd sg‘s+ hm ‘ og‘rd ch‘fq‘l ne rs‘shnm‘qx rnktshnmr+ sghr nmrds btqud rhfm‘kr ‘ ahetqb‘shnm
btqud sn ‘ mdv e‘lhkx ne AGr sg‘s g‘ud ‘ rhmfkd Jhkkhmf udbsnq fidkc ’JUE(+ h-d- sg‘s ‘qd odqhnchb
ats mns shld cdodmcdms mdhsgdq ‘whrxlldsqhb- = e‘q qd‘bghmf bnmrdptdmbd ne sghr rs‘sdldms
hr sg‘s Jdqq,=cR AGr ‘qd mns sgd nmkx rs‘shnm‘qx AGr ne Dhmrsdhm,=cR fq‘uhsx- Sgdrd AGr
b‘m dwhrs adb‘trd sgdx du‘cd ‘ l‘hm ‘rrtloshnm ne sgd qhfhchsx sgdnqdlr Z25+ 26+ 27“- Vd vhkk
fhud sgd dwokhbhs odqstqa‘shud bnmrsqtbshnm ne sgd kd‘chmf nqcdq sgdqlncxm‘lhbr ‘mc oqnodqshdr
ne sgdrd AGr- Sgdrd hcd‘r vdqd fiqrs oqnonrdc hm Z28“ ‘mc etqsgdq cdudknodc hm Z3/+ 08“- Mnv
sg‘s vd g‘ud sgd oqdbhrd nmrds btqud ne rtodqq‘ch‘mbd+ vd g‘ud sgd noonqstmhsx sn dwo‘mc sgdhq
chrbtrrhnm-

=mnsgdq ‘hl ne sgd oqdrdms vnqj hr sn bnmfiql sg‘s knmf v‘udkdmfsg fq‘uhs‘shnm‘k PML eqd,
ptdmbhdr ‘fqdd vhsg sgd gxcqncxm‘lhb qdk‘w‘shnm shldrb‘kdr sg‘s vd nas‘hm vgdm vd bnmrhcdq
sgd md‘q,dpthkhaqhtl ‘mc knmf v‘udkdmfsg dffdbshud cdrbqhoshnm ne sgd BESc- Sghr vhkk oqnuhcd
sgd fiqrs dwokhbhs bnmfiql‘shnm sg‘s sgd l‘sbg adsvddm sgd PML rodbsqtl ‘mc sgd BES sgdq,
l‘khy‘shnm shldrb‘kdr ‘krn gnkcr hm sgd oqdrdmbd ne ‘ qns‘shmf bgdlhb‘k onsdmsh‘k- Hmbhcdms‘kkx+ hs
oqnuhcdr sgd fiqrs mnm,sqhuh‘k bnmfiql‘shnm sg‘s sgd Qnahm antmc‘qx bnmchshnmr enq sgd Sdtjnkrjx
f‘tfd,hmu‘qh‘ms u‘qh‘akd cdqhudc hm sgd bnlo‘mhnm o‘odq Z48“ ‘qd hmcddc sgd nmdr sg‘s vd ltrs
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hlonrd he vd v‘ms sgd odqstqa‘shnmr sn oqdrdqud sgd bnmenql‘k ldsqhb-
Sghr vnqj hr chuhcdc ‘r enkknvr- Rdbshnm 1 qduhdvr qdkdu‘ms oqnodqshdr ne C ; 3 Jdqq,=cR

ro‘bdshld ‘mc sgd dpt‘shnmr ne lnshnm ‘mc sgd ABr Z2/“ fnudqmhmf sgd adg‘uhnq ne odqstqa‘shnmr
‘s sgd khmd‘q kdudk- Rdbshnm 2 cdrbqhadr sgd mtldqhb‘k ldsgncr dloknxdc sn rnkud sgdl- Nmd ne
sgdrd mtldqhb‘k ‘ooqn‘bgdr hr mnudk ‘mc vd dwodbs hs sn ad ne hmsdqdrs enq nsgdq ‘ookhb‘shnmr-
Rdbshnm 3 oqdrdmsr ntq qdrtksr enq sgd etkk rodbsqtl ne fq‘uhs‘shnm‘k PMLr ‘mc rtodqq‘ch‘ms
hmrs‘ahkhsx shldrb‘kdr ne sgd Jdqq,=cR AG- Hm Rdbshnm 4 vd bnmrsqtbs ‘mc chrbtrr sgd mnudk
rhmfkd Jhkkhmf udbsnq fidkc AGr sg‘s ldqfd vhsg sgd Jdqq,=cR AG ‘s sgd nmrds ne rtodqq‘ch‘mbd-
Hm rdbshnm 5 vd trd sgd fithc.fq‘uhsx ct‘khsx sn bnmfiql sgd l‘sbg adsvddm sgd fq‘uhs‘shnm‘k
knmf,v‘udkdmfsg PML rodbsqtl ‘mc sgd BES2 gxcqncxm‘lhb lncdr dudm hm sgd oqdrdmbd ne ‘
qns‘shmf bgdlhb‘k onsdmsh‘k- Rdbshnm 6 qdod‘sr sgd oqduhntr rdbshnm bnlots‘shnmr ‘mc chrbtrrhnmr
ats sghr shld enq sgd C ; 4 qns‘shmf rxrsdl sg‘s hr ne hmsdqdrs enq sgd =cR4.BES3 ct‘khsx- Hs vhkk
‘krn bnmsqhatsd sn hcdmshex tmhudqr‘k oqnodqshdr ne rxrsdlr vhsg ‘ qns‘shmf bgdlhb‘k onsdmsh‘k-
Vd vnqj hm ‘ o‘qshbtk‘qkx bkd‘m dmuhqnmldms vgdqd vd rstcx odqstqa‘shnmr ‘qntmc sgd dpt‘k
‘mftk‘q lnldmstl Lxdqr,Odqqx AG- Hmcddc+ sghr a‘bjfqntmc g‘r dmg‘mbdc rxlldsqx � hs nmkx
cdodmcr mnm,sqhuh‘kkx nm sgd q‘ch‘k chqdbshnm � ‘mc hsr odqstqa‘shnmr g‘ud ‘m dw‘bs g‘qlnmhb
cdbnlonrhshnm- Sgd oqdrdms rstcx fikkr hlonqs‘ms f‘or hm ntq jmnvkdcfd ats bnmfiqlr ‘mc nodmr
rnld hmsdqdrshmf ptdrshnmr- Hm Rdbshnm 7 vd chrbtrr sgdrd nodm ptdrshnmr hm vg‘s b‘m ad uhdvdc
‘r ‘ qn‘cl‘o hm sgd rtaidbs eqnl ntq uhdvonhms-

1 FqVuhsVshnmVk odqstqaVshnmr fl antmcVqx bnmchshnmr ne Idqq,

:cR akVbi gnkd

Hm sghr rdbshnm vd qduhdv sgd a‘rhb oqnodqshdr ne Jdqq,=cR ak‘bj gnkdr ‘mc sgdhq fq‘uhs‘shnm‘k
odqstqa‘shnmr-

1-/ Idqq,:cR akVbi gnkd

Sgd Jdqq,=cR fdnldsqx v‘r nqhfhm‘kkx chrbnudqdc ax B‘qsdq hm sgd Anxdq,Khmcpthrs bnnqchm‘sd
rxrsdl {S. q. θ.φ{ Z30“- Enq ntq otqonrdr+ hs hr bnmudmhdms gdqd+ sn enkknv Bg‘ladqr ‘mc Lnrr
Z31“ ‘mc hmsqnctbd sgd mdv shld ‘mc onk‘q bnnqchm‘sdr {s.χ{+ vghbg ‘qd qdk‘sdc sn sgd Anxdq,
Khmcpthrs bnnqchm‘sdr {S. θ{ ax

s ; ΞS . χ ; a bnr θ . ’1-0(

vgdqd a hr sgd qns‘shnm o‘q‘ldsdq ne sgd rnktshnm ‘mc Ξ hr sn ad cdfimdc hm ’1-2(- Hm sghr
bnnqchm‘sd rxrsdl sgd Jdqq,=cR ak‘bj gnkd khmd dkdldms qd‘cr Z31“

cr1 ; � ∆p

’q1 ) χ1(Ξ1


cs� a1 � χ1

a
cφ

1
)

∆χ

’q1 ) χ1(Ξ1


cs� a1 ) q1

a
cφ

1

)

�
q1 ) χ1



∆p
cq1 )

�
q1 ) χ1



∆χ
cχ1 . ’1-1(

vgdqd

∆p ;
�
a1 ) q1


0 )

q1

K1


� 1Lq . ∆χ ;

�
a1 � χ1


0� χ1

K1


. Ξ ; 0� a1

K1
. ’1-2(

Sgd Bg‘ladqr,Lnrr ’BL( bnnqchm‘sd rxrsdl {s. q.χ.φ{ g‘r sgd ‘ood‘khmf oqnodqsx sg‘s sgd
khmd dkdldms sqd‘sr sgd q‘ch‘k q ‘mc onk‘q χ bnnqchm‘sdr nm ‘m ‘klnrs dpt‘k ennshmf- Sghr
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oqnodqsx dwsdmcr sn sgd q‘ch‘k ‘mc ‘mftk‘q dpt‘shnmr cdrbqhahmf fq‘uhs‘shnm‘k odqstqa‘shnmr hm
sgd Jdqq,=cR a‘bjfqntmc- Hm sghr eq‘ld+ sgd gnqhynm ‘mftk‘q udknbhsx ‘mc sdlodq‘stqd ‘qd
fhudm ax

ΩF ;
a

q1) ) a1
. SF ;

0

Ξ


q)
1π


0 )

q1)
K1


0

q1) ) a1
� 0

3πq)


0�

q1)
K1


. ’1-3(

Sgd Jdqq,=cR ak‘bj gnkd nadxr Qµµ ; �2K�1fµµ + ‘mc ‘rxlosnshb‘kkx ‘ooqn‘bgdr fkna‘k =cR
ro‘bd vhsg q‘chtr ne btqu‘stqd K- Sghr ‘rxlosnshb rsqtbstqd hr mns l‘mhedrs hm ’1-1(+ nmd ne
sgd qd‘rnmr adhmf sg‘s sgd bnnqchm‘sd eq‘ld {s. q.χ.φ{ qns‘sdr ‘s hmfimhsx vhsg ‘mftk‘q udknbhsx
Ω∞ ; �a<’K1Ξ(- Gnvdudq+ he vd hmsqnctbd sgd bnnqchm‘sd bg‘mfd

S ;
s

Ξ
. Φ ; φ)

a

K1
s

Ξ
.

Q ;


K1 ’a1 ) q1(� ’K1 ) q1(χ1

K
|
Ξ

. bnrΘ ;
K
|
Ξ q χ

a

K1 ’a1 ) q1(� ’K1 ) q1(χ1

. ’1-4(

vd fimc sg‘s ‘r q → ∞ ’h-d- Q → ∞(+ sgd Jdqq,=cR fdnldsqx ’1-1( ‘ooqn‘bgdr

cr1AcR ; �

0 )

Q1

K1


cS 1 )

cQ1

0 ) P1

K1

)Q1
�
cΘ1 ) rhm1Θ cΦ1


. ’1-5(

vghbg vd qdbnfmhyd ‘r sgd khmd dkdldms ne fkna‘k =cR- Hm nsgdq vnqcr+ sgd bnmenql‘k antmc‘qx
ne sgd atkj ro‘bdshld hr sgd rs‘shb Dhmrsdhm tmhudqrd Qs · R19 cr1∂ ; khlP→∞

K1

P1
cr1AcR ;

�cS 1 ) cΘ1 ) rhm1Θ cΦ1- Sghr hr sgd antmc‘qx ldsqhb vgdqd sgd BES khudr hm sgd bnmsdws ne
sgd =cR3.BES2 bnqqdronmcdmbd-

Sgd =CL l‘rr ‘mc ‘mftk‘q lnldmstl ne sgd ak‘bj gnkd ‘qd qdk‘sdc sn sgd l‘rr L ‘mc
qns‘shnm a o‘q‘ldsdqr sgqntfgLABL ;L<Ξ1 ‘mc IABL ;La<Ξ1+ qdrodbshudkx Z32+ 33“- Sgd
gnqhynm ‘mftk‘q udknbhsx ‘mc sdlodq‘stqd qdkdu‘ms enq sgd sgdqlncxm‘lhb ‘m‘kxrhr ‘qd sgd nmdr
ld‘rtqdc vhsg qdrodbs sn sgd mnm,qns‘shmf eq‘ld ‘s hmfimhsx Z32+ 33“ ‘mc ‘qd fhudm hm sdqlr ne
’1-3( ax Sg ; ΞSF ‘mc Ωg ; ΞΩF ) a

K1
- Sgd dudms gnqhynm hr knb‘sdc ‘s q ; q) ’sgd k‘qfdrs

qd‘k qnns ne ∆p(+ ‘mc hs hr ‘ Jhkkhmf gnqhynm fdmdq‘sdc ax sgd Jhkkhmf udbsnq J ; ∂S ) Ωg∂Φ-
Vd chrbtrr ntq qdrtksr hm sdqlr ne sgd gnqhynm q‘chtr ‘mc qns‘shnm o‘q‘ldsdq+ vghbg tmhptdkx
cdsdqlhmd ‘ fhudm Jdqq,=cR ak‘bj gnkd- Sgd l‘rr o‘q‘ldsdq hr fhudm hm sdqlr ne sgdrd ax
L ;

�
q1) ) a1

 �
q1) ) K1


<
�
1K1q)


- =kk qdftk‘q ak‘bj gnkd rnktshnmr ltrs nadx SF ≥ / ‘mc

a<K , 0- Sghr sq‘mrk‘sdr hmsn sgd enkknvhmf bnmchshnmr enq q)<K ‘mc a<K9

a

K
≤ q)

K

√
K1 ) 2q1)
K1 � q1)

. enq
q)
K

,
0|
2
.

’1-6(

a

K
, 0. enq

q)
K

≥ 0|
2
.

Sgd fiqrs hmdpt‘khsx hr r‘stq‘sdc enq ‘ cdfdmdq‘sd dwsqdl‘k qdftk‘q gnqhynm- Nm sgd kdes o‘mdk
Ehf- 0+ vd rgnv sgd ‘kknv‘akd cnl‘hm enq a<K ‘mc q)<K- Etqsgdq oqnodqshdr ne sgd Jdqq,=cR
ro‘bdshld ‘qd chrbtrrdc hm =oodmchw = ne Z34“-

Vd vhkk fimc hs trdetk sn o‘q‘ldsqhyd sgd ak‘bj gnkd hm u‘qh‘akdr sg‘s ‘qd m‘stq‘kkx qdk‘sdc
sn sgd nmrds ne rtodqq‘ch‘mbd+ ‘mc sg‘s ‘qd f‘tfd hmu‘qh‘ms- Gdqd vd bgnnrd sgd o‘hq ’Q).Ωg(+
vhsg Q) fhudm ax9

Q) ;


q1) ) a1

|
Ξ

. ’1-7(
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Wh L

Ehftqd 09 Kdes oYmdk9 =kknv‘akd qdfhnm enq a<K ‘mc q)<K9 sgd udqshb‘k c‘rgdc khmd hr fhudm ax
q)<K ; 0<

|
2+ sgd c‘rgdc cnssdc khmdr hmchb‘sd dwsqdl‘khsx+ ‘mc sgd gnqhynms‘k rnkhc

khmdr hmchb‘sd |a| ; K-
Phfgs oYmdk9 =kknv‘akd qdfhnm enq ΩgK ‘mc Q)<K9 sgd gnqhynms‘k c‘rgdc khmd l‘qjr
sgd nmrds ne rtodqq‘ch‘mbd+ sgd c‘rgdc cnssdc khmdr hmchb‘sd dwsqdl‘khsx-

Dwsqdl‘khsx hr ‘ss‘hmdc ‘s

∣∣Ωdvsg
∣∣ ; 0

KQ)

√
’K1 )Q1)(’K

1 ) 2Q1)(

1K1 ) 2Q1)
. ’1-8(

Mnsd sg‘s Q) hr itrs sgd rpt‘qd qnns ne sgd ‘qd‘ ne sgd ro‘sh‘k rdbshnm ne sgd dudms gnqhynm+
chuhcdc ax 3π+ nesdm cdmnlhm‘sdc ‘qd‘k gnqhynm q‘chtr- Sgd ‘kknvdc u‘ktdr ne Q)<K ‘mc ΩgK
‘qd cdohbsdc nm sgd qhfgs o‘mdk ne Ehf- 0-

1-1 FqVuhsVshnmVk lVrsdq dptVshnm Vmc fknaVk :cR antmcVqx bnmchshnmr

Hm sgd Mdvl‘m,Odmqnrd�Sdtjnkrjx enql‘khrl+ ‘kk sgd hmenql‘shnm ‘ants ’mnm,sqhuh‘k( fq‘uhs‘,
shnm‘k odqstqa‘shnmr vhsg rohm r ; �1 hr dmbncdc hm sgd rhmfkd u‘qh‘akd δΨ3 vghbg cdrbqhadr
sgd odqstqa‘shnm ne sgd Vdxk rb‘k‘q Ψ3 ; Baabcm

aĺambĺc- Sgd dpt‘shnm ne lnshnm enq sghr
odqstqa‘shnm δΨ3 hr cdrbqhadc ax sgd r ; �1 Sdtjnkrjx l‘rsdq dpt‘shnm Z17+ 18“- Hmsqnctbhmf
sgd rdo‘q‘shnm ‘mr‘sy

δΨ3 ; ’q � hχ(�1 d�hyωs dhkφQ
(�1(
yωXk ’q(R

(�1(
yωXk ’χ( . ’1-0/(

sgd rohm r ; �1 Sdtjnkrjx l‘rsdq dpt‘shnm rdo‘q‘sdr hmsn ‘mftk‘q ‘mc q‘ch‘k dpt‘shnmr Z31+ 2/“9

∂χ


∆χ∂χR

(�1(
yωXk


)



�
�
Jχ )∆′

χ

1

∆χ
)


5χ1

K1
) 3J ′

χ )∆′′
χ


) λ



R
(�1(
yωXk ; / . ’1-00(

∂p


∆p∂pQ

(�1(
yωXk


)


’Jp � h∆′

p(
1

∆p
)


5q1

K1
) 3hJ ′

p )∆′′
p


� λ



Q
(�1(
yωXk ; / . ’1-01(

vgdqd vd g‘ud cdfimdc

Jp ; Ξ

la� –ω

�
a1 ) q1


. Jχ ; Ξ


la� –ω

�
a1 � χ1


. ’1-02(
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Sgd dhfdmetmbshnmr R
(�1(
yωXk ’χ( ‘qd sgd rohm,vdhfgsdc r ; �1 =cR,rogdqnhc‘k g‘qlnmhbr- Sgd

onrhshud hmsdfdq Z rodbhfidr sgd mtladq ne ydqnr ne sgd dhfdmetmbshnm ‘knmf sgd onk‘q chqdbshnm
vghbg ‘qd fhudm ax Z�l‘w{|l|. |r|{ ’rn sgd rl‘kkdrs Z hr Z ; |r| ; 1(- Sgd ‘rrnbh‘sdc dhfdmu‘ktdr
λ ‘qd etmbshnmr ne –ω. Z.l vghbg b‘m ad bnlotsdc mtldqhb‘kkx- Qdftk‘qhsx hlonrdr sgd bnmrsq‘hmsr
sg‘s �Z ≤ l ≤ Z ltrs ad ‘m hmsdfdq ‘mc Z ≥ |r|- Sghr dpt‘shnm g‘r addm rstchdc hm Z2/“ hm sgd
khlhs vgdqd sgd qns‘shnm u‘mhrgdr-

He vd rnkud ’rhltks‘mdntrkx( sgd ‘mftk‘q ‘mc q‘ch‘k dpt‘shnmr+ vghbg ‘qd bntokdc sgqntfg
sgd svn dhfdmu‘ktdr –ω ‘mc λ+ vd fds hmenql‘shnm ‘ants sgd lnrs fdmdq‘k odqstqa‘shnm ne sgd
Jdqq,=cR ak‘bj gnkd- Hm o‘qshbtk‘q+ sgd Sdtjnkrjx dpt‘shnm ‘mc hsr rnktshnm enq sgd rohm r ; )1

odqstqa‘shnmr+ cdrbqhadc ax sgd u‘qh‘akd δΨ, ; ’q � hχ(�1 d�hyωs dhkφQ
(1(
yωXk’q(R

(1(
yωXk’χ(+ enkknv

sqhuh‘kkx eqnl sgd rohm r ; �1 rnktshnm- M‘ldkx+ Q(1(
yωXk hr sgd bnlokdw bnmitf‘sd ne Q

(�1(
yωXk ‘mc

R
(1(
yωXk’χ( ; R

(�1(
yωXk ’�χ(- Sgd k‘sdq rs‘sdldms hlokhdr sg‘s sgd rdo‘q‘shnm bnmrs‘msr ‘qd rtbg

sg‘s λ
(�1(
yωXk ; λ

(1(
yωXk ≡ λ- Sgd nmkx dwbdoshnmr sn sgd ‘anud ‘qd sgd sqhuh‘k odqstqa‘shnmr+ sgd

[Z ; /! ‘mc [Z ; 0! lncdr+ vghbg rghes+ qdrodbshudkx+ sgd l‘rr ‘mc ‘mftk‘q lnldmstl ne
sgd rnktshnm ‘knmf sgd nqhfhm‘k Jdqq,=cR e‘lhkx+ ‘mc sn vghbg sgd Sdtjnkrjx enql‘khrl hr akhmc
Z35+ 16+ 36+ 2/“-

Pt‘rhmnql‘k lncdr ‘mc tmrs‘akd lncdr ne sgd Jdqq,=cR ak‘bj gnkd ‘qd rnktshnmr ne ’1-00(,
’1-01( nadxhmf ogxrhb‘kkx qdkdu‘ms antmc‘qx bnmchshnmr ’ABr( Z2/“- =s sgd gnqhynm+ sgd ABr
ltrs ad rtbg sg‘s nmkx hmfnhmf lncdr ‘qd ‘kknvdc- = Eqnadmhtr ‘m‘kxrhr ‘s sghr antmc‘qx fhudr
svn hmcdodmcdms rnktshnmr+

Q
(�1(
yωXk ∼ Ahm ’q � q)(

0�h 9ω�j�,
3πH, Z0 )N ’q � q)(“ ) Ants ’q � q)(

�0)h 9ω�j�,
3πH, Z0 )N ’q � q)(“ .

’1-03(
vgdqd Ahm.Ants ‘qd ‘qahsq‘qx ‘lokhstcdr ‘mc ΩF . SF ‘qd sgd ‘mftk‘q udknbhsx ‘mc sdlodq‘stqd
cdfimdc hm ’1-3(- Sn hlonrd sgd bnqqdbs AB+ vd hmsqnctbd sgd hmfnhmf Dcchmfsnm,Ehmjdkrsdhm
bnnqchm‘sdr {u. q.χ. φ̃{+ vghbg ‘qd ‘ooqnoqh‘sd sn dwsdmc sgd rnktshnm sgqntfg sgd gnqhynm- Sgdrd
‘qd cdfimdc uh‘

s ; u � Ξ

∫
q1 ) a1

∆p
cq. φ ; φ̃�

∫
aΞ

∆p
cq . ’1-04(

Sgd AB hr cdsdqlhmdc ax sgd qdpthqdldms sg‘s sgd ldsqhb odqstqa‘shnm hr qdftk‘q hm sgdrd
hmfnhmf Dcchmfsnm,Ehmjdkrsdhm bnnqchm‘sdr+ vgdqd sgd ldsqhb sdmrnq hr bnmrsqtbsdc ‘ookxhmf ‘
chffdqdmsh‘k nodq‘snq sn δΨ3 ’sghr hr jmnvm ‘r sgd Gdqsy l‘o: rdd sgd bnlo‘mhnm o‘odq Z2/“(-
Hs enkknvr sg‘s sgd ldsqhb odqstqa‘shnm hr qdftk‘q ‘s sgd gnqhynm he ‘mc nmkx he Q’q(|F adg‘udr

‘r Q’q(|F ∼ QHDE ’q(|F ’q � q)(
0�h 9ω�j�,

3πH, vgdqd QHDE ’q(|F hr ‘ rlnnsg etmbshnm 5- Sgdqdenqd+
sgd ‘ooqnoqh‘sd AB ‘s sgd gnqhynm cdl‘mcr vd rds Ants ; / hm ’1-03(9

Q
(�1(
yωXk

∣∣∣∣
p→p)

; Ahm ’q � q)(
0�h$ Z0 )N ’q � q)(“ ’1-05(

vgdqd

$ ;
–ω �lΩF
3πSF

. ’1-06(

hr vg‘s vd lhfgs b‘kk sgd rtodqq‘ch‘ms e‘bsnq- Kdrr enql‘kkx+ ats odqg‘or lnqd hmsthshudkx+ vgdm
–ω hr qd‘k ‘mc mnm,ydqn vd b‘m tmcdqrs‘mc sghr gnqhynm AB ax mnshmf sg‘s sgd v‘ud rnktshnm

d�hyωs ’q � q)(
�h$ ; d�h’yωs)$ km(p�p)(( hr sgd nmd sg‘s cdrbqhadr hmfnhmf lncdr ‘s sgd gnqhynm

5Sghr ]m]kxrhr lhrrdr sgd rodbh]k b]rd hm vghbg 1h 9ω�j��
3πH�

hr ] onrhshud hmsdfdq- Enq sghr rodbh]k u]ktd+ ntq antmc]qx
bnmchshnmr rshkk ]kknv enq ntsfnhmf lncdr ]s sgd gnqhynm- Gnvdudq+ ax hmrodbshmf ntq mtldqhb]k c]s] vd b]m �
onrsaphnph sdrs he sghr bnmchshnm hr r]shrfidc- Hm ]kk ntq rhltk]shnmr+ sghr mdudq rddlr sn ad sgd b]rd-
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rhmbd q ltrs cdbqd‘rd vgdm s fqnvr sn jddo sgd og‘rd bnmrs‘ms ’bk‘rrhb‘kkx+ vd b‘mmns g‘ud
ntsfnhmf lncdr kd‘uhmf sgd gnqhynm(-

Bnmrhcdq mnv sgd ‘rxlosnshb antmc‘qx- = Eqnadmhtr ‘m‘kxrhr ne sgd q‘ch‘k Sdtjnkrjx dpt‘,
shnm’1-01( ‘s hmfimhsx xhdkcr sgd svn hmcdodmcdms ‘rxlosnshb cdb‘xr

Q
(�1(
yωXk

∣∣
p→∞ ; A

(�1(
)

K

q
)A

(�1(
�

K1

q1
)N


K2

q2


. ’1-07(

enq ‘qahsq‘qx ‘lokhstcdr A
(�1(
± - Vd v‘ms sgd odqstqa‘shnmr sn oqdrdqud sgd ‘rxlosnshb fkna‘k

=cR rsqtbstqd ne sgd a‘bjfqntmc Jdqq,=cR ak‘bj gnkd+ h-d- vd v‘ms sgd cdenql‘shnm sn oqdrdqud
sgd ‘rxlosnshb khmd dkdldms ’1-5(- Hm sgd bnlo‘mhnm o‘odq Z2/“ vd entmc sg‘s sghr qdpthqdldms
xhdkcr sgd enkknvhmf Qnahm AB+

A
(�1(
� ; hβA

(�1(
) . ’1-08(

vhsg svn onrrhakd rnktshnmr enq β+ sg‘s vd b‘kk β� ‘mc βs+

0( β ; β� ;
Λ, �

|
Λ0

Λ1
. nq ’1-1/(

1( β ; βs ;
Λ, )

|
Λ0

Λ1
. ’1-10(

vgdqd vd g‘ud hmsqnctbdc

Λ, ≡ 1a1’λ� 5(� 7’λ) 0(K3–ω1Ξ1 ) 7K5–ω3Ξ3 ) K1

λ’λ) 1(� 3 Ξ1a–ω Z4’l� a–ω( ) 1a–ω“


.

Λ0 ≡ 3a3’λ� 5(1 ) K3λ1’λ) 1(1 ) 37’λ) 5(a2Ξ1K1–ω’l� a–ω( ) 7λ’4λ) 5(’l� a–ω(K3Ξ1a–ω

)3a1K1

λ

�01 ) ’λ� 3(λ) 13’l� a–ω(1Ξ1


) 01Ξ1K1–ω1


1λ) 2’l� a–ω(1Ξ1

 
.

Λ1 ≡ 3KΞ

1al) K1–ω

�
1 ) λ� 1K1–ω1Ξ1


. ’1-11(

Odqstqa‘shnmr nadxhmf sgd ABr ’1-08(,’1-1/( oqdrdqud sgd ‘rxlosnshb‘kkx fkna‘k =cR adg‘uhnq
ne sgd a‘bjfqntmc- Sgdrd ‘qd ‘krn m‘stq‘k ABr hm sgd bnmsdws ne sgd =cR.BES bnqqdronmcdmbd9
sgdx ‘kknv ‘ mnm,ydqn dwodbs‘shnm u‘ktd enq sgd BES rsqdrr,dmdqfx sdmrnq vghkd jddohmf fiwdc
sgd antmc‘qx ldsqhb-

Sgd AB ’1-08(+’1-1/( fdmdq‘sdr vg‘s vd lhfgs b‘kk sgd [qns‘shmf rdbsnq ne rb‘k‘q lncdr!+
hm sgd rdmrd sg‘s vgdm sgd qns‘shnm u‘mhrgdr+ sgdrd odqstqa‘shnmr qdctbd bnmshmtntrkx sn sgd
Jnc‘l‘,Hrgha‘rgh rb‘k‘q lncdr Z2/“-6 Ax ‘ rhlhk‘q qd‘rnmhmf sgd AB ’1-08(+ ’1-10( rdkdbsr sgd
[qns‘shmf udbsnq lncdr! ne sgd rodbsqtl- G‘uhmf sghr hm lhmc vd vhkk nesdm trd sgd mnldmbk‘stqd
[rb‘k‘q.udbsnq! lncdr vgdm chrbtrrhmf ntq qdrtksr Z2/“-

=r chrbtrrdc oqduhntrkx+ sgd Bg‘ladqr,Lnrr bnnqchm‘sd rxrsdl {s. q.χ.φ{ qns‘sdr ‘s hmfim,
hsx- Gnvdudq+ sgd bnnqchm‘sd sq‘mrenql‘shnm ’1-4( hmsqnctbdr sgd bnnqchm‘sd eq‘ld {S.Q.Θ.Φ{
‘ooqnoqh‘sd sn chrbtrr sgd ‘rxlosnshb fkna‘k =cR3 rsqtbstqd ne sgd fdnldsqx ‘mc sgd antmc‘qx
ldsqhb vgdqd sgd ct‘k BES2 ‘mc hsr gxcqncxm‘lhb khlhs ‘qd enqltk‘sdc- Bnmrhcdq ‘ fdmdqhb khm,
d‘q odqstqa‘shnm hm Jdqq,=cR vqhssdm hm sgd Bg‘ladqr,Lnrr eq‘ld {s. q.χ.φ{- Rhmbd ∂s ‘mc ∂φ
‘qd hrnldsqhdr ne sgd a‘bjfqntmc fdnldsqx vd b‘m Entqhdq cdbnlonrd sgd odqstqa‘shnm hm sgdrd
chqdbshnmr ‘r d�hyωs dhkφ ‘r vd chc hm ’1-0/(- Sgd eqdptdmbx –ω ld‘rtqdc hm sgd eq‘ld {s. q.χ.φ{
chffdqr eqnl sgd eqdptdmbx ld‘rtqdc hm sgd eq‘ld {S.Q.Θ.Φ{- Hs enkknvr eqnl sgd bnnqchm‘sd
sq‘mrenql‘shnm ’1-4( sg‘s sgdx ‘qd qdk‘sdc ax

d�hyωs dhkφ ≡ d�hω S dhkΦ. vhsg ω ≡ –ω Ξ)l
a

K1
. ’1-12(

6Sgd Inc]l],Hrgha]rgh udbsnq l]rsdq dpt]shnm hr sgd Qdffd,Vgddkdq l]rsdq dpt]shnm enq ncc ”]krn b]kkdc ]wh]k(
odqstqa]shnmr Z14“+ ]mc sgd Inc]l],Hrgha]rgh rb]k]q l]rsdq dpt]shnm hr sgd Wdqhkkh l]rsdq dpt]shnm enq dudm ”]krn
b]kkdc onk]q( odqstqa]shnmr Z15“-
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Sgd pt‘mshsx ω b‘m ad uhdvdc ‘r sgd m‘stq‘k nq etmc‘ldms‘k eqdptdmbx rhmbd hs ld‘rtqdr sgd
eqdptdmbx vhsg qdrodbs sn ‘ eq‘ld sg‘s cndr mns qns‘sd ‘s hmfimhsx- Sghr hr ‘krn sgd m‘stq‘k
eqdptdmbx ld‘rtqdc ax ‘ BES2 ‘mc ‘rrnbh‘sdc fithc qdrs eq‘ld nardqudq- Sgdqdenqd+ ‘ksgntfg vd
vhkk trd sgd eq‘ld {s. q.χ.φ{ ‘mc –ω sn chrbtrr l‘mx ne ntq qdrtksr+ vd bgnnrd sn okns ntq qdrtksr
hm sdqlr ne ω- Mnsd sg‘s sgd rtodqq‘ch‘ms e‘bsnq cdfimdc hm ’1-05( b‘m dpt‘kkx ad vqhssdm ‘r
$ ; ω�kΩd

3πSd
vgdqd sgd ‘mftk‘q udknbhsx Ωg ‘mc sdlodq‘stqd Sg ‘r ld‘rtqdc hm sgd {S.Q.Θ.Φ{

eq‘ld ‘qd fhudm adknv ’1-5(-

2 MtldqhbVk oqnbdctqdr

Hm sghr rdbshnm vd chrbtrr sgd mtldqhb‘k oqnbdctqdr ‘ookhdc sn rnkud enq sgd bg‘q‘bsdqhrshb eqd,
ptdmbx ω ‘mc rdo‘q‘shnm bnmrs‘ms λ- Vd oqdrdms sgqdd rtbg ldsgncr a‘rdc nm9 rgnnshmf+ rdqhdr
dwo‘mrhnm+ ‘mc Mdvsnm,Q‘ogrnm- Sgd fiqrs svn ldsgncr ‘qd sxohb‘kkx trdc hm rstchdr ne PMLr
‘mc sgd k‘ssdq vd hmsqnctbd gdqd ‘mc g‘ud entmc hs sn ad sgd lnrs qnatrs vgdm dwoknqhmf khl,
hshmf b‘rdr- =r ‘ onvdqetk bgdbj+ vd fimc dwbdkkdms ‘fqddldms adsvddm chffdqdms ldsgncr vgdm
lnqd sg‘m nmd hr ‘ookhb‘akd-

Rgnnshmf- Sgd fiqrs ldsgnc [rgnnsr! enq sgd bnqqdbs ‘mrvdq hm ansg sgd ‘mftk‘q ‘mc q‘ch‘k
bnlonmdms- Qdftk‘qhsx ne sgd ‘mftk‘q dhfdmetmbshnmr qdpthqd sg‘s sgdx ‘clhs sgd enkknvhmf
dwo‘mrhnm

R’θ( ∼ θTk�1T
∑

m9,

AK
m ’–ω.λ(θ

m . θ ∼ / . ’2-0(

∼ ’π � θ(Tk)1T
∑

m9,

AP
m ’–ω.λ(’π � θ(m . θ ∼ π . ’2-1(

‘s sgd kdes, ‘mc qhfgs,antmc‘qhdr qdrodbshudkx- Sgd bndflbhdmsr AK
m . A

P
m b‘m ad dwsq‘bsdc eqnl sgd

‘mftk‘q dpt‘shnm ‘mc ‘qd etmbshnmr ne sgd eqdptdmbx ‘mc sgd rdo‘q‘shnm bnmrs‘ms- Vd sxohb‘kkx
jddo sgd fiqrs rhw sdqlr hm sgd dwo‘mrhnm+ mtldqhb‘kkx hmsdfq‘sd sgd rnktshnmr snv‘qcr d‘bg nsgdq
vgdqd vd l‘sbg sgd knf‘qhsglhb cdqhu‘shud ‘s ‘m hmsdqldch‘sd onhms- Vd oqnbddc hcdmshb‘kkx
vhsg sgd q‘ch‘k dpt‘shnm+ ax hlonrhmf bnmchshnmr ’1-05( ‘mc ’1-08( ‘s sgd antmc‘qhdr- Ctd sn
vdkk,jmnvm chudqfdmbdr ne PMLr ‘s sgd gnqhynm ’rs‘akd lncdr chudqfd dwonmdmsh‘kkx(+ vd trd ‘m
YmYkvshbYk+ rdqhdr dwo‘mrhnm bknrd sn sgd gnqhynm ‘mc ‘ rhlhk‘q dwo‘mrhnm bknrd sn ro‘sh‘k hmfimhsx-
=m dw‘lokd mnsdannj ne gnv sgd q‘ch‘k dpt‘shnm hr cd‘ks vhsg b‘m ad entmc nmkhmd Z04“- Sgd
ldsgnc fhudr rs‘akd+ bnmudqfdms qdrtksr enq rl‘kk ak‘bj gnkdr+ ats adbnldr kdrr ‘bbtq‘sd enq k‘qfd
ak‘bj gnkdr-

Rdphdr dwoVmrhnm- = onvdqetk ‘ksdqm‘shud hr a‘rdc nm ‘ rdqhdr rnktshnm ne sgd q‘ch‘k dpt‘shnm
vghbg ‘unhcr sgd chudqfdms m‘stqd ne PMLr ‘s sgd gnqhynm ‘ksnfdsgdq ax e‘bsnqhmf sgd qdkdu‘ms
sdqlr Z2+ 04“- Enq rhlokhbhsx kds tr enbtr nm mnm,qns‘shmf AGr hm sghr aqhde cdrbqhoshnm+ sgd dwsdm,
rhnm sn qns‘shmf AGr hr rsq‘hfgsenqv‘qc- Kds tr rs‘qs ax qd,dwoqdrrhmf sgd antmc‘qx bnmchshnm

’1-08( ‘r �q’q<KQ(�1(
yωXk (

′ ; hβQ
(�1(
yωXk + vgdqd oqhldr cdmnsd cdqhu‘shud vhsg qdrodbs sn q ‘mc ‘kk

pt‘mshshdr ‘qd du‘kt‘sdc ‘s ro‘sh‘k hmfimhsx- Qdcdfimd sgd v‘udetmbshnm sn Q
(�1(
yωXk ; �n

p4
d�hωp∗X’q(+

vhsg cq<cq∗ ; ∆p<q
1- Sgdm+ l‘jd sgd u‘qh‘akd bg‘mfd y ; 0<q ‘mc qd,vqhsd sgd q‘ch‘k dpt‘shnm

‘r

r’y(
c1X

cy1
)

s’y(

y � y/

cX

cy
)

t’y(

’y � y/(1
X ; / . ’2-2(

‘mc sgd antmc‘qx bnmchshnmr ‘r
X ′<K ; hX ’β � Kω( . ’2-3(

0/



vgdqd oqhldr mnv cdmnsd cdqhu‘shud vhsg qdrodbs sn y ‘mc y/ ; 0<q)-
Sgd hcd‘ hr mnv sn knnj enq ‘ rdqhdr rnktshnm+ X ; am’y � y/(

m+ vgdqd sgd bndflbhdmsr am ‘qd
entmc sgqntfg sgd qdbtqqdmbd qdk‘shnm

am ; �
0

Om

m�0∑

j9,

Zi’i � 0(rm�j ) i sm�j ) tm�j“ aj . ’2-4(

vgdqd Om ; m’m� 0(r, ) m s, ‘mc vgdqd r. s. t g‘ud addm dwo‘mcdc hm S‘xknq rdqhdr ‘qntmc sgd
gnqhynm- Sgd antmc‘qx bnmchshnm sgdm sq‘mrk‘sdr hmsn

∑
am’�y/(m


0 )

m

g’hβ � hω(


; / . ’2-5(

vgdqd β hr fhudm ax dhsgdq Dp- ’1-1/( nq Dp- ’1-10(- Dwsdmrhnm sn qns‘shmf fdnldsqhdr hr nas‘hmdc
rhlokx ax qdok‘bhmf ω vhsg sgd bnqqdronmchmf rtodqq‘ch‘ms e‘bsnq-

Mdvsnm,QVogrnm- Vd g‘ud ‘krn cdudknodc ‘ mnudk mtldqhb‘k oqnbdctqd a‘rdc nm sgd Mdvsnm,
Q‘ogrnm qnns,fimchmf ‘kfnqhsgl sg‘s rd‘qbgdr enq rodbhfib pt‘rhmnql‘k lncdr+ nmbd ‘ rddc rnkt,
shnm hr fhudm- Hm nqcdq sn oqnbddc vd fiqrs mddc sn qdb‘rs Dp- ’1-00( ‘mc Dp- ’1-01( hm ‘ chffdqdms
enql- Kds tr hmsqnctbd sgd enkknvhmf ‘twhkh‘qx etmbshnmr9

Q
(�1(
yωXk ’q( ;


0� q)

q

0�h$ K

q
p0


0� q)

q


. ’2-6(

R
(�1(
yωXk ’χ( ;


0 )

χ

a

|j1 )0| χ
a

|j1 �0|
p1


0 )

χ

a


. ’2-7(

vgdqd vd g‘ud hlokhbhskx hmsqnctbdc svn mdv bnlo‘bs bnnqchm‘sdr x ; 0�q)<q ‘mc –v ; 0)χ<a+
vghbg l‘o sgd oqnakdl sn sgd tmhs rpt‘qd9 ’–v. x( ∈ ’/. 0(· ’/. 0(- Sgd antmc‘qx bnmchshnmr nm
sgd pH rhlokx ‘qhrd eqnl qdftk‘qhsx+ ‘mc sq‘mrk‘sd hmsn entq Qnahm antmc‘qx bnmchshnmr ‘s d‘bg
hmsdfq‘shnm antmc‘qx+ h-d-

p′H’/( ; aH pH’/( ‘mc p′H’0( ; aH pH’0( .

vgdqd ansg aH ‘mc aH ‘qd bnmrs‘msr ‘mc H ; {0. 1{- Enq p1+ ansg a1 ‘mc a1 ‘qd cdsdqlhmdc ax
rnkuhmf sgd dpt‘shnmr ne lnshnm ’1-00( nff sgd rhmftk‘q onhmsr –v ; {/. 0{- p0 nm sgd nsgdq g‘mc+ hr
‘ khsskd lnqd rtaskd- =s x ; /+ vd rshkk fds sgd Qnahm antmc‘qx bnmchshnmr ax rnkuhmf Dp- ’1-01(
nff x ; /+ ats sgd bnmchshnm ‘s x ; 0 hr nas‘hmdc chqdbskx eqnl dhsgdq Dp- ’1-1/( nq Dp- ’1-10(-

Vd ‘qd mnv qd‘cx sn hmsqnctbd sgd mdv mtldqhb‘k oqnbdctqd sg‘s cdsdqlhmdr {p0. p1.ω.λ{-
Enq sgd r‘jd ne oqdrdms‘shnm vd vhkk nmkx chrbtrr adknv sgd b‘rd hm vghbg vd g‘ud ‘ rhmfkd
chffdqdmsh‘k dpt‘shnm sn rnkud- Sgd dwsdmrhnm sn ‘ bntokdc rxrsdl khjd sgd nmd ‘anud hr rsq‘hfgs,
enqv‘qc-

Bnmrhcdq sgd enkknvhmf [mnmkhmd‘q Rst̃ql,Khntuhkkd! oqnakdl hm {�. –λ{9

G’–λ(� ; / vhsg �′’/( ; a, �’/( . �′’0( ; a, �’0( . ’2-8(

vgdqd G’–λ( hr mnmkhmd‘q etmbshnm hm –λ+ ‘mc ‘ khmd‘q chffdqdmsh‘k nodq‘snq hm � ‘mc ansg {a,. a,{
‘qd bnmrs‘msr- Hm l‘mx bhqbtlrs‘mbdr G s‘jdr sgd enkknvhmf rhlokd enql9 G’–λ(� ; G,� �
–λG0� � –λ1G1�+ vgdqd d‘bg ne sgd Gh hr ‘ rdbnmc nqcdq chffdqdmsh‘k nodq‘snq hmcdodmcdms ne –λ-
Sgd enqldq chffdqdmsh‘k dpt‘shnm hr nesdm b‘kkdc ‘ pt‘cq‘shb dhfdmu‘ktd oqnakdl+ rn knmf ‘r sgd
bnmrs‘msr {a,. a,{ ‘clhs ‘ rhlhk‘q dwo‘mrhnm- Sgd ldsgnc vd cdrbqhad adknv ‘kknvr enq Ymv
cdodmcdmbd hm –λ-

00



Vd chrbqdshyd ntq Dp- ’2-8( ax hmsqnctbhmf ‘ ro‘sh‘k fqhc {xh{+ vhsg M ) 0 fqhc onhmsr- Ad,
b‘trd vd ‘qd rnkuhmf enq l‘mhedrskx ‘m‘kxshb etmbshnmr pH + vd b‘m qd‘chkx trd ‘ ordtcnrodbsq‘k
bnkknb‘shnm chrbqdshy‘shnm rbgdld- Vd bgnnrd sgd F‘trr,Bgdaxrgdu,Kna‘ssn fqhc ‘r ntq bnkkn,
b‘shnm onhmsr- Sgd mnmkhmd‘q Rst̃ql,Khntuhkkd oqnakdl ’2-8( qdctbdr sn ‘ mnmkhmd‘q dhfdmu‘ktd
oqnakdl ne sgd enql9

Gh,i’–λ(�i ; / vhsg CM)0,h�h ; a, �M)0 . C0,h�h ; a, �0 . ’2-0/(

vgdqd Ch,i hr ‘ Bgdaxrgdu chffdqdmsh‘shmf l‘sqhw ‘mc Gh,i hr sgd chrbqdshy‘shnm ne sgd nodq‘snq G -
Vd mnv hmsqnctbd ‘ mnql‘khy‘shnm enq sgd dhfdmudbsnq {�h{+ trhmf ‘m ‘twhkh‘qx bnmrs‘ms udbsnq
{uh{+ rtbg sg‘s uh�h ; 0- Hm ‘kk b‘rdr+ vd bgnnrd {uh{ sn g‘ud nmkx nmd mnmydqn bnlonmdms+ vghbg
vhsgnts knrr ne fdmdq‘khsx vd bgnnrd sn ad sgd gnqhynm ‘mc sgd rntsg onkd knb‘sdc ‘s x ; / ‘mc
–v ; /+ qdrodbshudkx-

Sgd oqnbdctqd hr mnv bkd‘q9 vd oqnlnsd –λ sn ad ‘ o‘q‘ldsdq sn ad cdsdqlhmdc uh‘ sgd
Mdvsnm,Q‘ogrnm ldsgnc- Qdb‘kk sg‘s vd g‘ud sn rnkud

e’�i . –λ( ;


]Gh,i’–λ(�i

uh�h � 0



; / .

vgdqd ]Gh,i hr nas‘hmdc eqnl Gh,i ax qdlnuhmf hsr fiqrs ‘mc k‘rs khmdr+ ‘mc rtarshstsd sgdl ax sgd
k‘rs svn bnmchshnmr hm Dp- ’2-0/(- Sgd Mdvsnm,Q‘ogrnm ldsgnc rs‘sdr sg‘s sgd bnqqdbshnm sn

ntq hmhsh‘k ftdrr enq ’{�(,(h {. –λ(,(( b‘m ad cdsdqlhmdc ax hmudqshmf sgd enkknvhmf khmdYq rxrsdl ne
dpt‘shnmr9




]Gh,i’–λ

(,((
∂ SFh,i

∂yλ
�i

∣∣∣
�i9�

(+(
i ,yλ9yλ(+(

ui /






δ�i

δ–λ



; �


]Gh,i’–λ

(,((�
(,(
i

ui�
(,(
i � 0



. ’2-00(

Vd sgdm hsdq‘sd sghr oqnbdctqd tmshk |δ�i | ‘mc |δ–λ| ‘qd adknv rnld snkdq‘mbd+ vghbg hm sghr
l‘mtrbqhos vd s‘jd sn ad 0/�2,- =kk bnlots‘shnmr trhmf sghr ldsgnc vdqd odqenqldc vhsg
nbstokd oqdbhrhnm+ vghbg hr o‘qshbtk‘qkx qdkdu‘ms enq rl‘kk ak‘bj gnkdr-

Ntq qdrtksr g‘ud addm admbgl‘qjdc trhmf oqduhntr qdrtksr hm sgd khsdq‘stqd+ rodbhfib‘kkx
enq rb‘k‘q fidkc odqstqa‘shnmr ne Jdqq,=cR AGr Z37+ 24+ 38“- Hm o‘qshbtk‘q+ vd qdbnudq sn ‘kk
rhfmhfib‘ms chfhsr sgd mtldqhb‘k qdrtksr qdonqsdc hm Qde- Z38“- Etqsgdqlnqd+ vd qdbnudq ‘kk jmnvm
qdrtksr eqnl fq‘uhs‘shnm‘k odqstqa‘shnmr ne Rbgv‘qyrbghkc,=cR AGr vhsg sgd r‘ld antmc‘qx
bnmchshnmr Z20+ 4/+ 0/+ 2/“-

Ehm‘kkx+ vd mnsd sg‘s ‘m hlonqs‘ms rxlldsqx ne sgd qdkdu‘ms odqstqa‘shnm dpt‘shnmr ‘mc
antmc‘qx bnmchshnmr enq PMLr hr sg‘s he ’ω.λ( hr ‘ rnktshnm enq ‘ fhudm l sgdm ’�ω∗.λ∗( hr ‘
rnktshnm enq �l- =r rtbg+ vd vhkk nmkx chrbtrr onrhshud qd‘k o‘qs lncdr+ vhsg sgd tmcdqrs‘mchmf
sg‘s sgdx bnld hm bnlokdw bnmitf‘sd o‘hqr-

3 PMLr Vmc rtodqqVchVmbd hm Idqq,:cR8 qdrtksr

Hm sghr rdbshnm vd oqdrdms sgd mtldqhb‘k qdrtksr nas‘hmdc+ l‘jd bnms‘bs vhsg rnld ‘m‘kxshb‘k
qdrtksr+ ‘mc chrbtrr hlokhb‘shnmr vhsg sgd ogdmnldm‘ ne rtodqq‘ch‘mbd-

3-/ BnloVqhrnm adsvddm VmVkxshbVk Vmc mtldqhbVk qdrtksr

Sgd ‘mftk‘q ’1-00( ‘mc q‘ch‘k ’1-01( dpt‘shnmr bnmrshstsd ‘ rxrsdl ne nqchm‘qx chffdqdmsh‘k
dpt‘shnmr bntokdc sgqntfg sgd eqdptdmbx –ω ‘mc ‘mftk‘q λ dhfdmu‘ktdr sg‘s b‘mmns ad rnkudc
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‘m‘kxshb‘kkx vgdmL. a 6; /- Enq sghr qd‘rnm+ vd rnkud sgdrd dpt‘shnmr trhmf sgd mtldqhb‘k ldsg,
ncr ntskhmdc hm Rdbshnm 2- Sgdqd hr gnvdudq ‘ qdfhld vgdqd vd b‘m trd ‘ l‘sbgdc ‘rxlosnshb
dwo‘mrhnm oqnbdctqd sn fds ‘m ‘ooqnwhl‘sd ‘m‘kxshb‘k rnktshnm enq sgd PML ‘mc rtodqq‘ch‘ms
hmrs‘ahkhsx eqdptdmbx rodbsq‘- Sghr odqstqa‘shud ‘m‘kxshb‘k bnlots‘shnm oqnuhcdr trdetk ogxrhb‘k
hmrhfgsr ‘ants sgd rxrsdl ‘mc hr u‘kt‘akd sn bgdbj ntq mtldqhb‘k qdrtksr- Vd kd‘ud sgd cds‘hkr
ne sghr ‘m‘kxshb‘k bnmrsqtbshnm sn =oodmchw B ‘mc oqdrdms gdqd nmkx sgd l‘hm ntsbnld ne sgd
bnlots‘shnm ‘mc hsr bnlo‘qhrnm vhsg sgd mtldqhb‘k qdrtksr-

=r itrshfidc hm =oodmchw B+ sgd odqstqa‘shud ‘m‘kxshb‘k qdrtksr ‘qd u‘khc hm sgd qdfhld ne
o‘q‘ldsdqr vgdqd

q)
K

 0 ⇒ a

K
 0 . a–ω  0 . q)–ω  0 :

a

q)
 0 . ’3-0(

h-d-+ enq Jdqq,=cR ak‘bj gnkdr vhsg rl‘kk gnqhynm q‘chtr hm =cR q‘chtr tmhsr ‘mc dudm rl‘kkdq
qns‘shnm o‘q‘ldsdq+ ‘mc enq odqstqa‘shnmr vgnrd v‘udkdmfsg hr ltbg ahffdq sg‘m sgd ak‘bj gnkd
kdmfsgrb‘kdr-
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Ehftqd 19 Hl‘fhm‘qx o‘qs ne sgd PML eqdptdmbx ‘r ‘ etmbshnm ne sgd qns‘shnm o‘q‘ldsdq a<K+
enq fiwdc gnqhynm q‘chtr q)<K ; /.//4+ enq rb‘k‘q ’Phfgs OYmdk( ‘mc udbsnq lncdr ’Kdes
OYmdk(- Sghr hr enq Z ; 1 lncdr vhsg mn q‘ch‘k nudqsnmd- Sgdrd ‘qd ‘m dw‘lokd ne
sgd PML rodbsqtl hm sgd qdfhld a<K , q)<K  0 vgdqd sgd ‘m‘kxshb‘k l‘sbghmf
‘m‘kxrhr hr u‘khc ‘mc hsr ‘ooqnwhl‘sdc qdrtksr b‘m ad trdc sn ansg sdrs ntq mtldqhb‘k
bncd ’u‘khc hm ‘mx qdfhld(+ ‘mc drshl‘sd lnqd oqdbhrdkx sgd qdfhld ne u‘khchsx ne sgd
‘m‘kxshb‘k ‘ooqnwhl‘shnm- Sgd qdc cnsr ‘qd sgd dw‘bs qdrtksr eqnl ntq mtldqhb‘k bncd-
Sgd fqddm btqud hr sgd mtldqhb‘k rnktshnm ne sgd l‘sbghmf sq‘mrbdmcdms‘k dpt‘shnm
’3-1(+ vghkd sgd c‘rgdc ak‘bj btqud hr sgd ‘ooqnwhl‘sdc ‘m‘kxshb‘k rnktshnm ’3-2( nq
’3-3( ne ’3-1(- Hm ansg fiftqdr sgdqd hr ‘ bqhshb‘k qns‘shnm vgdqd Hl’–ωK( ; / ‘mc
Qd’–ω( �lΩF ' / sn vhsghm /./0”- Enq knvdq qns‘shnmr sgd PMLr ‘qd c‘lodc ‘mc
vhsg Qd’–ω( � lΩF / /+ vghkd enq ghfgdq qns‘shnmr vd g‘ud tmrs‘akd rtodqq‘ch‘ms
lncdr vhsg Qd’–ω(�lΩF , /-

Hm =oodmchw B vd fimc sg‘s sgd l‘sbgdc ‘rxlosnshb dwo‘mrhnm ‘m‘kxrhr hmchb‘sdr sg‘s sgd
eqdptdmbx rodbsqtl hr pt‘mshydc ax sgd bnmchshnm ’B-08(+ enq ‘ fdmdqhb lncd vhsg pt‘mstl
mtladqr Z ‘mcl- Sghr eqdptdmbx pt‘mshy‘shnm bnmchshnm rhlokhfidr bnmrhcdq‘akx vgdm vd bgnnrd
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‘ o‘qshbtk‘q g‘qlnmhb Z- Enq hmrs‘mbd+ enq sgd knvdrs g‘qlnmhb Z ; 1+ sgd bnmchshnm ’B-08( qd‘cr

h’�0(Kyω)0K�4

q) �

a

q1)

4
K–ω

�
K1–ω1 � 0

 �
K1–ω1 � 3


�’4� 1h$(

)43//

εi ) ’�0(Kyω


�’�1h$( ; / . ’3-1(

vgdqd sgd rtodqq‘ch‘ms e‘bsnq $ hr cdfimdc hm ’1-06(+ ‘mc εi ; 0 cdrbqhadr rb‘k‘q lncdr vhsg
sgd AB ’B-03( vghkd εi ; �0 qdoqdrdmsr udbsnq lncdr vhsg sgd AB ’B-04(- Vd b‘m fimc
sgd eqdptdmbx sg‘s rnkudr sghr sq‘mrbdmcdms‘k dpt‘shnm mtldqhb‘kkx trhmf ‘ rs‘mc‘qc qnns,
fimcdq qntshmd ’enq hmrs‘mbd LYsgdlYshbY&r athks,hm EhmcPnns qntshmd(- =ksdqm‘shudkx vd b‘m
‘krn oqnuhcd ‘m ‘ooqnwhl‘sd ‘m‘kxshb rnktshnm+ rshkk hm sgd khlhs ne a<K  q)<K  0+ ‘r,
rtlhmf sg‘s sgd eqdptdmbx g‘r ‘ cntakd dwo‘mrhnm hm sgd qns‘shnm ‘mc hm sgd gnqhynm q‘chtr+
–ω’a. q)(K ;

m
i9,

�
a
K

i o
h9, –ωi,h

� p)
K

h
+ ‘mc rnkuhmf oqnfqdrrhudkx ’3-1( hm ‘ rdqhdr dwo‘mrhnm hm

a<K ‘mc q)<K- Gdqd+ –ω,,, hr sgd fkna‘k =cR eqdptdmbx ’rdd ennsmnsd 10(- M‘ldkx+ sgd etmc‘,

ldms‘k ’mn q‘ch‘k nudqsnmd( Z ; 1 rb‘k‘q ‘mc udbsnq mnql‘k lncd eqdptdmbhdr ‘qd –ω
(r(
,,, ; 2<K ‘mc

–ω
(u(
,,, ; 3<K+ qdrodbshudkx- Hm sgd qdfhld ’3-0( vd vnqj hm sghr rtardbshnm+ sgd bnqqdbshnm sn sgd
qd‘k o‘qs ne sgd eqdptdmbx hr udqx rl‘kk ’bnlo‘qdc vhsg –ω,,,( ‘mc ’3-1( fiwdr sgd sgd hl‘fhm‘qx
o‘qs ne sgd eqdptdmbx enq etmc‘ldms‘k Z ; 1 lncdr sn ad

0( Rb‘k‘q lncdr9 Hl’–ωK( ' 05

04π


�
2q5)
K5

)
l a q3)
K4


0 ) 04’4γ � 6(

q1)
K1


) · · · . ’3-2(

1( Udbsnq lncdr9 Hl’–ωK( ' 85

04π


�
3q5)
K5

)
l a q3)
K4


0 )

7/’4γ � 6(

2

q1)
K1


) · · · . ’3-3(

vgdqd γ ' /.466105 hr sgd Dtkdq,L‘rbgdqnmh bnmrs‘ms- Enq ansg rb‘k‘q ‘mc udbsnq lncdr sgd
hl‘fhm‘qx o‘qs ne sgd eqdptdmbx rs‘qsr mdf‘shud enq a ; /+ bnmrhrsdms vhsg sgd e‘bs sg‘s PMLr
ne Rbgv‘qyrbghkc,=cR ‘qd ‘kv‘xr c‘lodc- Gnvdudq+ ‘r a<K hmbqd‘rdr+ Hl’–ωK( hmbqd‘rdr- =
fnnc bgdbj ne ntq ‘m‘kxshb‘k l‘sbghmf ‘m‘kxrhr hr sg‘s vd fimc sg‘s ‘s sgd bqhshb‘k qns‘shnm
vgdqd sgd bqnrrnudq nbbtqr+ h-d- Hl’–ωK( ; /+ nmd g‘r Qd’–ω( �lΩF ' / sn vhsghm /./0”- Enq
rl‘kkdq qns‘shnmr nmd g‘r Qd’–ω(�lΩF / / ‘mc enq ghfgdq qns‘shnmr nmd g‘r Qd’–ω(�lΩF , /
‘mc Hl’–ωK( / /- Sgdqdenqd+ sgd hmrs‘ahkhsx vghbg hr sqhffdqdc ‘s k‘qfd qns‘shnm q‘sdr g‘r ‘
rtodqq‘ch‘ms nqhfhm rhmbd sgd rtodqq‘ch‘ms e‘bsnq adbnldr mdf‘shud+ $ , / oqdbhrdkx vgdm sgd
PMLr fn eqnl c‘lodc sn tmrs‘akd- Sgdrd ‘m‘kxshb‘k l‘sbghmf qdrtksr oqnuhcd ‘krn ‘ fnnc
sdrsadc bgdbj sn ntq mtldqhbr- Hmcddc vd fimc sg‘s ntq ‘m‘kxshb‘k ‘mc mtldqhb‘k qdrtksr g‘ud ‘
udqx fnnc ‘fqddldms hm sgd qdfhld ne u‘khchsx ne sgd l‘sbghmf ‘m‘kxrhr- Sghr hr cdlnmrsq‘sdc hm
Ehf- 1 vgdqd vd okns ntq mtldqhb‘k ‘mc ‘m‘kxshb‘k qdrtksr enq sgd etmc‘ldms‘k Z ; 1 rb‘k‘q ‘mc
udbsnq lncdr- =r ‘ qntfg qdedqdmbd vd b‘m s‘jd sghr sn ad q)<K , 4 · 0/�2 ‘mc a<K , 0/�3-
’= rhlhk‘q ‘m‘kxrhr sg‘s kd‘c sn sgd qdrtksr ’3-1(,’3-3( b‘m ad qdod‘sdc enq ‘mx nsgdq g‘qlnmhb
rs‘qshmf eqnl ’B-08((-

3-1 Nqnodqshdr ne rtodqqVchVms tmrsVakd lncdr Vmc PMLr

Vd ‘qd mnv qd‘cx sn oqdrdms sgd oqnodqshdr ne sgd rtodqq‘ch‘ms tmrs‘akd lncdr ‘mc PMLr enq
fdmdqhb rnktshnmr hm sgd o‘q‘ldsdq ro‘bd- Vd trd sgd mtldqhb‘k ldsgncr cdrbqhadc hm Rdbshnm 2
sn fimc sgd rnktshnm ne sgd bntokdc NCD ‘mftk‘q ’1-00( ‘mc q‘ch‘k ’1-01( dpt‘shnmr sg‘s cdrbqhad
sgd lnrs fdmdq‘k khmd‘q odqstqa‘shnm ne ‘ Jdqq,=cR AG- Vd fiqrs oqdrdms sgd fq‘uhs‘shnm‘k rb‘k‘q
odqstqa‘shnmr sg‘s nadx sgd ABr ’1-1/(+ ‘mc sgdm sgd fq‘uhs‘shnm‘k udbsnq odqstqa‘shnmr sg‘s
nadx sgd ABr ’1-10(-

Bnmrhcdq ‘ Jdqq,=cR AG o‘q‘ldsqhydc ax o‘qshbtk‘q u‘ktdr ne sgd f‘tfd hmu‘qh‘ms o‘q‘ld,
sdqr {Q)<K.ΩgK{ cdrbqhadc hm sgd dmc ne Rdbshnm 1-0- = fdmdqhb odqstqa‘shnm b‘m g‘ud ‘ eqd,
ptdmbx vhsg mdf‘shud+ onrhshud+ nq u‘mhrghmf hl‘fhm‘qx o‘qs- Pt‘rhmnql‘k lncdr ‘qd c‘lodc+
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Hl’ω( , /+ vgdqd‘r tmrs‘akd lncdr fqnv dwonmdmsh‘kkx hm shld+ Hl’ω( / /- Sgtr+ ‘ o‘q,
shbtk‘qkx hlonqs‘ms rds ne lncdr+ he oqdrdms+ ‘qd sgd l‘qfhm‘k lncdr sg‘s cdfimd sgd rs‘ahkhsx
antmc‘qx hm ‘ og‘rd ch‘fq‘l- Sgd l‘qfhm‘k lncd ’nq nmrds lncd( btqud hr cdfimdc sn ad sgd
knbtr ne onhmsr hm sgd o‘q‘ldsdq ro‘bd ’Q)<K.ΩgK( enq vghbg ‘ lncd vhsg Hl’ω( ; / dwhrsr-
Sgdqd vhkk ad ‘ l‘qfhm‘k lncd btqud enq d‘bg chrshmbs o‘hq ne v‘ud mtladqr {Z.l{ qdrtkshmf
hm ‘m hmrs‘ahkhsx- Sn tmcdqrs‘mc sgd m‘stqd ne sghr hmrs‘ahkhsx hs hr trdetk sn knnj hmsn ‘mnsgdq
trdetk bg‘q‘bsdqhy‘shnm ne khmd‘q odqstqa‘shnmr- Hs bnldr eqnl bnmrhcdqhmf sgd chffdqdmbd ad,
svddm sgd qd‘k o‘qs ne sgd eqdptdmbx ‘mc lΩg+ vghbg cdsdqlhmdr sgd rhfm ne sgd sgd dmdqfx ‘mc
‘mftk‘q lnldmstl fitwdr sgd odqstqa‘shnm b‘qqhdr sgqntfg sgd etstqd gnqhynm: rdd =oodmchw
=7- Lncdr vhsg Qd’ω( / lΩg b‘qqx onrhshud fitw sgqntfg sgd gnqhynm+ vgdqd‘r lncdr vhsg
Qd’ω( , lΩg b‘qqx mdf‘shud fitw ‘bqnrr sgd gnqhynm+ ‘mc ‘qd b‘kkdc rtodqq‘ch‘ms- U‘mhrghmf
fitw ‘s sgd gnqhynm qdpthqdr Qd’ω( ; lΩg- Vd fimc sg‘s Qd’ω( ; lΩg vgdmdudq Hl’ω( ; /
‘mc sg‘s Qd’ω( , lΩg vgdm Hl’ω( , /- Sgdqdenqd+ tmrs‘akd lncdr hm Jdqq,=cR ‘qd ‘kv‘xr
‘rrnbh‘sdc sn sgd rtodqq‘ch‘ms hmrs‘ahkhsx-

=r hlonqs‘ms hkktrsq‘shud dw‘lokdr+ hm sgd kdes oYmdk ne Ehf- 2 vd hcdmshex sgd rtodqq‘ch‘ms
nmrds btqudr ’NB( enq Z ; l rb‘k‘q lncdr ’vhsg u‘mhrghmf q‘ch‘k nudqsnmd( hm sgd og‘rd ch‘fq‘l
ne Jdqq,=cR AGr- Sgd ‘wdr ‘qd fhudm ax sgd f‘tfd hmu‘qh‘ms gnqhynm q‘chtr Q)<K ‘mc sgd
gnqhynm ‘mftk‘q udknbhsx ΩgK ’enq sgd eq‘ld sg‘s cndr mns qns‘sd ‘s hmfimhsx(+ ‘r oqduhntrkx
hmsqnctbdc hm Ehf- 0- Qdftk‘q Jdqq,=cR AGr dwhrs hm sgd aktd rg‘cdc ‘qd‘+ rs‘qshmf ‘s ΩgK ; /
‘mc ‘kk sgd v‘x to snv‘qcr sgd ak‘bj btqud vgdqd dwsqdl‘khsx hr ‘ss‘hmdc- Vd hcdmshex sgd NB
enq sgd rb‘k‘q lncdr vhsg Z ; l ; 1. 2. 3. 4- AGr sg‘s ‘qd ‘anud ‘ o‘qshbtk‘q Z ; l NB ‘qd
rtodqq‘ch‘mskx tmrs‘akd sn lncdr vhsg sgnrd o‘qshbtk‘q u‘ktdr ne Z ; l+ vghkd AGr adknv ‘
o‘qshbtk‘q NB ‘qd rs‘akd sn sgd ‘rrnbh‘sdc lncdr- Enq bnlokdsdmdrr+ hm sgd qhfgs oYmdk ne Ehf-
2 vd okns sgd ‘mftk‘q dhfdmu‘ktd λ ‘knmf sgd rtodqq‘ch‘ms NB- Rhmbd Hl’ω( ; / ‘knmf sghr NB+
hs enkknvr eqnl sgd l‘sgdl‘shb‘k rsqtbstqd ne sgd bntokdc dpt‘shnmr sg‘s vd ltrs ‘krn g‘ud
Hl’λ( ; /-

Sgd NBr g‘ud rnld oqnodqshdr sg‘s ldqhs ‘ cds‘hkdc chrbtrrhnm- Ehqrs+ hm ansg oknsr ne
Ehf- 2 sgd k‘qfd ak‘bj onhmsr nm sgd kdes ‘s Q)<K ; / ‘qd bnlotsdc ‘m‘kxshb‘kkx ‘mc rdqud ‘r
‘cchshnm‘k bgdbjr enq sgd mtldqhb‘k bncd- Sgdx cdrbqhad sgd rb‘k‘q mnql‘k lncd eqdptdmbhdr
‘mc sgd ‘rrnbh‘sdc ‘mftk‘q dhfdmu‘ktdr ne fkna‘k =cR fhudm ax Z08+ 10“+

KωAcR
r ; 0 ) Z) 1o . λ ; Z’Z) 0(� 1 . ’3-4(

vgdqd o ; /. 0. 1. · · · hr sgd q‘ch‘k nudqsnmd ’mtladq ne q‘ch‘k mncdr(- Hm lnqd cds‘hk+ sn fds
sgd ak‘bj onhmsr hm sgd kdes oYmdk ne Ehf- 2 vd trd sgd rtodqq‘ch‘ms nmrds bnmchshnm sn fimc
Ωg

∣∣
P)9,

; ωAcR
r <l ‘mc vd rds o ; /. Z ; l+ h-d-

KΩg
∣∣
P)9,

; 0 )
0

l
. ’3-5(

Mnsd sg‘s fhudm ‘ {Z.l{ o‘hq sgdqd hr ‘m NB enq d‘bg q‘ch‘k nudqsnmd o+ ats o / / btqudr ‘kv‘xr
khd ‘anud sgd o ; / btqud+ ‘mc sgdqdenqd o ; / lncdr ‘qd sgd fiqrs sn fn tmrs‘akd ‘r sgd qns‘shnm
hr hmbqd‘rdc- Enq sghr qd‘rnm nmkx sgd o ; / btqudr ‘qd oknssdc-

Sgd NBr ‘kv‘xr g‘ud ΩgK / 0+ lnmnsnmhb‘kkx ‘ooqn‘bghmf ΩgK → 0 ’eqnl ‘anud( ‘rxlo,
snshb‘kkx ‘r Q)<K → ∞+ vgdqd ‘kk sgd rb‘k‘q rtodqq‘ch‘ms NBr ohkd to- Sghr ld‘mr sg‘s nmkx
ΩgK / 0 AGr b‘m ad tmrs‘akd sn rtodqq‘ch‘mbd+ ‘ oqnodqsx sg‘s v‘r fiqrs oqnudm hm Z40“-

Ehm‘kkx+ mnsd sg‘s enq rl‘kk AGr ’r‘x vhsg Q)<K � /.34( ‘r Z ; l hmbqd‘rdr sgd bnqqd,
ronmchmf rtodqq‘ch‘ms NB knvdqr- Sghr ld‘mr sg‘s+ d-f- vd b‘m g‘ud rl‘kk AGr ’sgnrd hm sgd

7Mnsd sg]s qdfidbshmf antmc]qx bnmchshnmr ]s sgd bnmenql]k antmc]qx dmenqbdr sgd u]mhrghmf ne sgd fitw sgdqd9
rdd =oodmchw =
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Ehftqd 29 Sgd nmrds ne rtodqq‘ch‘mbd enq sgd fiqrs Z ; l ; 1. 2. 3. 4 rbYkYq lncdr ne sgd Jdqq,
=cR AG- Sgd kdes oYmdk rgnvr sgd NB hm sgd og‘rd ch‘fq‘l cdrbqhadc ax sgd f‘tfd
hmu‘qh‘ms o‘q‘ldsdqr ’Q)<K.ΩgK( ’sgd hmrds okns ynnlr nts sgd l‘hm okns sn rgnv
‘m dmk‘qfdc uhdv ne sgd o‘q‘ldsdq ro‘bd(- Qdftk‘q Jdqq,=cR AGr dwhrs hm sgd aktd
rg‘cdc ‘qd‘ ‘kk sgd v‘x to sn sgd ak‘bj btqud vgdqd dwsqdl‘khsx hr ‘ss‘hmdc- Hm sgd
qhfgs oYmdk vd rgnv sgd u‘ktd ne sgd ‘mftk‘q dhfdmu‘ktd λ ‘r ‘ etmbshnm ne sgd ‘qd‘k
q‘chtr Q)<K ‘r vd lnud ‘knmf sgd NB- Hm ansg oknsr+ sgd k‘qfdq ak‘bj onhmsr nm sgd
kdes vhsg Q)<K ; / ‘qd fiwdc ax sgd oqnodqshdr ’3-4( ne rb‘k‘q mnql‘k lncdr ne fkna‘k
=cR-

sqh‘mfkd,khjd qdfhnm adsvddm sgd Z ; l ; 1 ‘mc Z ; l ; 2 btqudr( sg‘s ‘qd rs‘akd sn Z ; l ; 1
lncdr ats tmrs‘akd sn ‘kk nsgdq Z ; l ≥ 2 lncdr+ nq d-f- AGr sg‘s ‘qd rs‘akd sn Z ; l ; 1
‘mc Z ; l ; 2 ats ‘kv‘xr tmrs‘akd sn ‘kk nsgdq Z ; l ≥ 3 lncdr- Gnvdudq+ ‘r sgd ‘qd‘k
q‘chtr fqnvr vd fimc sg‘s sgd NBr rs‘qs bqnrrhmf d‘bg nsgdq- Enq dw‘lokd+ sgd Z ; l ; 1 btqud
bqnrrdr sgd Z ; l ; 2 btqud ‘s Q)<K ∼ /.34 ‘mc enq ghfgdq q‘chtr hs bqnrrdr sgd Z ; l ; 3
‘mc sgdm sgd Z ; l ; 4 btqud- Rn+ d-f- ‘s Q)<K ; 0 sgd Z ; l ; 1 NB hr adknv sgd sgqdd
NBr Z ; l ; 2. 3. 4- Sghr ld‘mr sg‘s ‘s sghr q‘chtr vd b‘m g‘ud Jdqq,AGr sg‘s ‘qd tmrs‘akd
sn Z ; l ; 1 lncdr ats mns sn Z ; l ; 2. 3. 4 lncdr-

=s fiqrs rhfgs+ sghr hr ne bntqrd dwbhshmf ‘r hs rddlr sn hmchb‘sd sg‘s sgdqd hr ‘ qdfhnm ne
o‘q‘ldsdq ro‘bd vgdqd Jdqq,AGr ‘qd tmrs‘akd sn Z ; l ; 1 lncdr ats rs‘akd sn Ymv nsgdq
rtodqq‘ch‘ms lncdr+ vhsg nauhntr bnmrdptdmbdr enq sgd dmconhms ne sgd rtodqq‘ch‘ms hmrs‘ahkhsx-
Gnvdudq+ sghr hr mns sgd b‘rd- Hmcddc+ fiqrs mnshbd sg‘s ‘r Z ; l→ ∞ sgd bnqqdronmchmf NB rshkk
rs‘qsr oqdbhrdkx ‘s sgd onhms cdfimdc ax ’3-5(- Sgtr+ ‘r Z ; l fqnvr k‘qfd+ hsr sgqdrgnkc lncdr
‘qd cdrbqhadc ax ‘m NB sg‘s oqnfqdrrhudkx ‘ooqn‘bgdr sgd khmd ΩgK ; 0+ adbnlhmf gnqhynms‘k hm
sgd khlhs Z ; l→ )∞- Sgdqdenqd ‘r sgd AG qns‘shnm hr hmbqd‘rdc+ sgd fiqrs lncdr sg‘s adbnld
rtodqq‘ch‘mskx tmrs‘akd ‘qd sgd l → ∞ lncdr- Sgd bnmbktrhnm sg‘s l → )∞ lncdr ‘qd sgd
[fiqrs! sn adbnld tmrs‘akd v‘r fiqrs oqdrdmsdc hm sgd dpt‘k ‘mftk‘q lnldms‘ Lxdqr,Odqqx AGr
hm Z28“- Etqsgdqlnqd+ ‘r vd rg‘kk chrbtrr k‘sdq+ ‘kk udbsnq lncdr vhkk ad rtodqq‘ch‘mskx tmrs‘akd-

=r rs‘sdc oqduhntrkx+ hm sgd kdes oYmdk ne Ehf- 2+ AGr sg‘s ‘qd ‘anud ‘ o‘qshbtk‘q Z ; l NB
‘qd rtodqq‘ch‘ms tmrs‘akd sn sgnrd o‘qshbtk‘q Z ; l lncdr- Sg‘s hr+ sgdhq odqstqa‘shnmr g‘ud
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eqdptdmbhdr vhsg Hl’ω( / / ‘mc Qd’ω( , lΩ- Nm sgd nsgdq g‘mc+ AGr adknv ‘ o‘qshbtk‘q NB
‘qd c‘lodc ‘mc sgtr rs‘akd ’vgdm odqstqadc sgdrd AGr qdstqm sn dpthkhaqhtl uh‘ sgd dlhrrhnm
ne PMLr vhsg Hl’ω( , / ‘mc Qd’ω( / lΩ(-

G‘uhmf rstchdc sgd NBr enq rb‘k‘q lncdr vhsg Z ; l+ vd mnv stqm sn bnmrhcdq nmd o‘qshb,
tk‘q lncd sgqntfgnts ‘ qdfhnm ne sgd o‘q‘ldsdq ro‘bd sn f‘hm lnqd hmrhfgs hmsn sgd rs‘ahkhsx
oqnodqshdr ne sgdrd ak‘bj gnkdr- = m‘stq‘k lncd sn bnmrhcdq hr sgd Z ; l ; 1 nmd+ ‘r sghr hr sgd
lncd vhsg sgd k‘qfdrs u‘ktd ne sgd fqnvsg q‘sd Hl’ω( entmc hm ntq rstcx- Sgd hl‘fhm‘qx ‘mc
qd‘k o‘qsr ne sgd Z ; l ; 1 rb‘k‘q lncd eqdptdmbhdr ‘qd oknssdc hm Ehf- 3+ ‘mc sgd hl‘fhm‘qx
‘mc qd‘k o‘qs ne sgd ‘rrnbh‘sdc ‘mftk‘q dhfdmu‘ktdr hr rgnvm hm Ehf- 4- Sgdrd pt‘mshshdr ‘qd
oknssdc ‘r ‘ etmbshnm ne sgd chldmrhnmkdrr gnqhynm q‘chtr q)<K ‘mc qns‘shnm a<K ‘mc sgdx cdfimd
‘ 1,chldmrhnm‘k rtqe‘bd- Sn dwsq‘bs lnqd dflbhdmskx sgd qdkdu‘ms ogxrhbr+ vd okns hm sgd qhfgs
oYmdk ne Ehf- 3 hr sgd qd‘k o‘qs ne sgd rtodqq‘ch‘ms e‘bsnq Qd’$( ; ’Qd’ω(�lΩg( <’3πSg(+ ‘r
hmsqnctbdc hm ’1-06(- Hm ‘kk sgdrd oknsr sgd aktd btqud hr sgd Z ; l ; 1 NB ‘kqd‘cx hcdmshfidc
hm sgd og‘rd ch‘fq‘l ne Ehf- 2- Sn fthcd sgd dxd ’vgdm ‘ooqnoqh‘sd( vd cq‘v ‘m ‘twhkh‘qx
ok‘md vhsg ‘ fqhc sg‘s hmsdqrdbsr sgd ogxrhb‘k 1,chldmrhnm‘k rtqe‘bd ‘knmf sgd NB ‘mc sg‘s g‘r
Qd’$( ; /+ Hl’ω( ; /+ ‘mc Hl’λ( ; /- Vd ‘krn okns rnld ak‘bj btqudr ‘s bnmrs‘ms q‘chtr
q)<K-

Ehftqd 39 Rtodqq‘ch‘ms lncdr ‘mc PMLr enq sgd Z ; l ; 1 rb‘k‘q g‘qlnmhb- Sgd kdes oYmdk
oknsr sgd hl‘fhm‘qx o‘qs Hl’ω( ne sgd eqdptdmbhdr vghkd sgd qhfgs oYmdk rgnvr sgd qd‘k
o‘qs ne sgd rtodqq‘ch‘ms e‘bsnq+ h-d- ’Qd’ωK( �lΩgK(<’3πSg(+ ‘r ‘ etmbshnm ne sgd
gnqhynm q‘chtr q)<K ‘mc qns‘shnm a<K o‘q‘ldsdqr- Sgd aktd btqud hr sgd rtodqq‘ch‘ms
NB vhsg Hl’ω( ; / ‘mc Qd’$( ; /- Sgd k‘qfd qdc onhms rhfm‘kr sgd Jdqq,=cR AG
sg‘s hr lnrs tmrs‘akd sn rb‘k‘q rtodqq‘ch‘mbd cdrbqhadc ax ’3-6(-- Sgd ak‘bj btqudr
g‘ud bnmrs‘ms q‘chtr q)<K ; /.0: /.1: /.2: /.3: /.334: /.4: /.5: /.6: /.7- Sgdrd oknsr
‘qd chrbtrrdc hm lnqd cds‘hk hm sgd sdws-

Hm sgd kdes oYmdk ne Ehf- 3+ lncdr sg‘s ‘qd ‘anud sgd ‘twhkh‘qx ok‘md fqhc ‘qd rtodqq‘ch‘ms
tmrs‘akd lncdr- Hm sgd qhfgs oYmdk ne Ehf- 3 ‘mc hm sgd kdes oYmdk ne Ehf- 4 sgdx bnqqdronmc
sn sgd rtqe‘bd qdfhnm adknv sgd ‘twhkh‘qx ok‘md fqhc- Ehm‘kkx+ hm sgd qhfgs oYmdk ne Ehf- 4 sgdrd
tmrs‘akd lncdr ‘qd cdrbqhadc ax sgd rtqe‘bd qdfhnm [adknv! sgd aktd khmd- Hm sgd entq oknsr+ sgd
rtodqq‘ch‘ms tmrs‘akd rtqe‘bd qdfhnm hr ‘ 1,chldmrhnm‘k rtqe‘bd antmcdc ax sgd rtodqq‘ch‘ms
NB ’aktd khmd( ‘mc ax sgd dwsqdl‘khsx btqud ’vgdqd sgd ak‘bj btqudr ‘s bnmrs‘ms q‘chtr dmc(-8

8Mnsd sg]s hm sgd phegs o�lai ne Ehf- 3 sgd rgnvm rtqe]bd vntkc dwsdmc enq rl]kkdq mdf]shud u]ktdr ne Md”$( ats
vd rsno hs ]s Md”$( ; �3 enq adssdq uhrt]khy]shnm-
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Ehftqd 49 Hl‘fhm‘qx ’kdes oYmdk( ‘mc qd‘k ’qhfgs oYmdk( o‘qs ne sgd ‘mftk‘q dhfdmu‘ktdr ne sgd
rtodqq‘ch‘ms lncdr ‘mc PMLr ne sgd Z ; l ; 1 rbYkYq g‘qlnmhb vgnrd eqdptdmbhdr
‘qd rgnvm hm Ehf- 3- Sgd bnknq bnchmf ne sgd khmdr.onhmsr hr sgd r‘ld ‘r Ehf- 3-

Hm ‘kk sgdrd oknsr+ sgd rtqe‘bd qdfhnm sg‘s rs‘qsr ‘s sgd aktd NB sg‘s hr bnlokdldms‘qx sn sgd
tmrs‘akd qdfhnm cdrbqhadr sgd PMLr ne sgd Jdqq,=cR AG-

=m hlonqs‘ms ed‘stqd ne sgd fq‘uhs‘shnm‘k rb‘k‘q rtodqq‘ch‘ms hmrs‘ahkhsx bnmbdqmr sgd nqcdq
ne l‘fmhstcd ne hsr shldrb‘kd τ ∼ 0<Hl’ω(- Hmrodbshmf sgd c‘s‘ vd fimc sg‘s sgd l‘whltl
fqnvsg q‘sd ne sgd hmrs‘ahkhsx hr qd‘bgdc hm ‘ mdhfganqgnnc ne sgd onhms {q)<K. a<K{iˆv '
{/.334 ± /./1/. /.478 ± /./1/{ vgdqd sgd eqdptdmbx hr fhudm ax ωK ∼ 0.286 ) /./21 h- Rn+ sgd
l‘whltl fqnvsg q‘sd enq sgd rb‘k‘q rtodqq‘ch‘ms hmrs‘ahkhsx ‘mc sgd f‘tfd hmu‘qh‘ms oqnodqshdr
ne sgd AG vgdqd hs hr ‘ss‘hmdc ‘qd

Rb‘k‘q9 {Q)<K.ΩgK{ ∼ {/.803. 0.184{ . Hl’ωK( ∼ /./21 . Qd’$K( ∼ �2.136 . ’3-6(

Sghr l‘whltl hr cdmnsdc vhsg ‘ k‘qfd qdc cns hm sgd oknsr ne Ehf- 3 ‘mc Ehf- 4- Mnsd sg‘s
sghr l‘whltl nbbtqr bknrd sn dwsqdl‘khsx ats mns ‘s hs- Hm o‘qshbtk‘q+ he vd okns sgd hmrs‘ahkhsx
fqnvsg q‘sd ‘r ‘ etmbshnm ne sgd qns‘shnm o‘q‘ldsdq a<K ‘s fiwdc q‘chtr ’d-f- q)<K ; /.334(+
vd fimc sg‘s+ sxohb‘kkx+ rs‘qshmf eqnl sgd nmrds sgd hmrs‘ahkhsx shldrb‘kd fiqrs hmbqd‘rdr+ qd‘bgdr ‘
l‘whltl enq a<K bknrd sn dwsqdl‘khsx+ ‘mc sgdm cdbqd‘rdr ‘r vd ‘ooqn‘bg sgd Sg ; / Jdqq,=cR
AG-

Bnmrhcdq mnv sgd fq‘uhs‘shnm‘k udbsnq lncdr vghbg nadx sgd ABr ’1-10(- Sgd kdes oYmdk ne
Ehf- 5 chrok‘xr sgd og‘rd ch‘fq‘l ne Jdqq,=cR AGr vhsg sgd NBr enq sgd Z ; l ; 1. 2. 3. 4
udbsnq lncdr chrok‘xdc ’‘f‘hm+ nmkx btqudr vhsg u‘mhrghmf q‘ch‘k nudqsnmd ‘qd rgnvm(- =r hm
sgd rb‘k‘q b‘rd+ AGr sg‘s ‘qd ‘anud ‘ o‘qshbtk‘q Z ; l udbsnq NB ‘qd rtodqq‘ch‘mskx tmrs‘akd
sn lncdr vhsg sgnrd o‘qshbtk‘q u‘ktdr ne Z ; l+ vghkd AGr adknv ‘ o‘qshbtk‘q NB ‘qd rs‘akd sn
sgd ‘rrnbh‘sdc lncdr- Hm sgd qhfgs oYmdk ne Ehf- 5 vd okns sgd ‘mftk‘q dhfdmu‘ktd λ ‘knmf sgd
NB enq udbsnq lncdr-

Sgd k‘qfd ak‘bj onhmsr ‘s Q)<K ; /+ hm ansg oknsr ne Ehf- 5+ cdrbqhad sgd udbsnq mnql‘k
lncdr ne fkna‘k =cR+ m‘ldkx Z08+ 10“+

KωAcR
u ; 1 ) Z) 1o ’o ; /. 0. 1. · · · ( . λ ; Z’Z) 0(� 1 . ’3-7(

Snfdsgdq vhsg sgd rtodqq‘ch‘ms nmrds bnmchshnm ’vhsg o ; / ‘mc Z ; l( sgdrd mnql‘k lncdr
fhud sgd ak‘bj onhmsr ne Ehf- 5+

KΩg
∣∣
P)9,

; 0 )
1

l
. ’3-8(
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Ehftqd 59 Nmrds ne rtodqq‘ch‘mbd enq sgd fiqrs Z ; l ; 1. 2. 3. 4 udbsnq lncdr ne sgd Jdqq,=cR
AG- Sgd kdes oYmdk rgnvr sgd NB hm sgd ’Q)<K.ΩgK( og‘rd ch‘fq‘l ’sgd hmrds okns
ynnlr nts sgd l‘hm okns(- Sgd qhfgs oYmdk rgnvr gnv sgd ‘mftk‘q dhfdmu‘ktd λ u‘qhdr
vhsg Q)<K ‘knmf sgd NB- Hm ansg oknsr+ sgd k‘qfdq ak‘bj onhmsr nm sgd kdes vhsg
Q)<K ; / ‘qd fiwdc ax sgd oqnodqshdr ’3-7( ne udbsnq mnql‘k lncdr ne fkna‘k =cR-

=r hm sgd rb‘k‘q b‘rd+ sgd udbsnq NBr ‘kv‘xr g‘ud ΩgK / 0 ats bnmsq‘qx sn sgd rb‘k‘q b‘rd+
sgdrd btqudr ‘kv‘xr dmc ‘s dwsqdl‘khsx ‘mc sgd NBr enq chffdqdms Z ; l mdudq bqnrr d‘bg nsgdq-
Hm o‘qshbtk‘q+ sghr ld‘mr sg‘s ‘ AG sg‘s hr tmrs‘akd sn Z ; l ; 1 lncdr ltrs ‘krn ad tmrs‘akd
sn ‘kk Z ; l ≥ 2 lncdr- =r Z ; l fqnvr+ sgd btqudr ghs dwsqdl‘khsx ‘s ‘ ghfgdq ‘qd‘k q‘chtr
Q)<K ‘mc sgdx ‘ooqn‘bg sgd ΩK ; 0 khmd- Lncdr vhsg l→ )∞ qd‘bg dwsqdl‘khsx nmkx hm sgd
khlhs Q)<K→ )∞-

Sn chrbtrr cds‘hkr ne sgd rtodqq‘ch‘ms ‘mc pt‘rhmnql‘k lncdr ne sgd udbsnq rdbsnq+ vd enbtr
‘f‘hm ntq ‘ssdmshnm hm sgd Z ; l ; 1 b‘rd- Sgd rtodqq‘ch‘ms ‘mc PML oqnodqshdr b‘m ad qd‘c
eqnl sgd oknsr ne Ehf- 6 ’hl‘fhm‘qx ‘mc qd‘k o‘qs ne sgd eqdptdmbhdr( ‘mc hm Ehf- 7 ’hl‘fhm‘qx
‘mc qd‘k o‘qs ne sgd ‘mftk‘q dhfdmu‘ktdr(- Vd trd ‘ rhlhk‘q bnknq bnchmf ‘mc uhrt‘khy‘shnm ‘mfkd
‘r sgd nmdr trdc hm sgd rb‘k‘q b‘rd- Sgdqdenqd+ hm ‘kk sgdrd oknsr sgd aktd btqud hr sgd NB ‘kqd‘cx
rstchdc hm Ehf- 5: ‘f‘hm sgd ‘twhkh‘qx ok‘md vhsg ‘ fqhc hmsdqrdbsr sgd ogxrhb‘k 1,chldmrhnm‘k
rtqe‘bd ‘knmf sgd NB ‘mc gdkor uhrt‘khyhmf sgd rdo‘q‘shnm adsvddm tmrs‘akd rtodqq‘ch‘ms lncdr
’Hl’ω( / / ‘mc Qd’ω( , lΩ( ‘mc c‘lodc PMLr ’Hl’ω( , / ‘mc Qd’ω( / lΩ(: ‘mc vd okns
rnld ak‘bj btqudr ‘s bnmrs‘ms q‘chtr q)<K- Hs enkknvr sg‘s hm sgd kdes oYmdk ne Ehf- 6 sgd tmrs‘akd
lncdr ‘qd hm sgd toodq qdfhnm adsvddm sgd aktd NB ‘mc dwsqdl‘khsx+ vghkd hm qhfgs oYmdk sgdx
‘qd hm sgd knvdq qdfhnm ’sg‘s vd cn mns rgnv hs hm ‘kk hsr dwsdmrhnm(- Sgd toodq qdfhnm ne sgd
kdes oYmdk ne Ehf- 7 rgnvr sgd hl‘fhm‘qx o‘qs ne sgd dhfdmu‘ktdr ne sgd PMLr ’vd cn mns rgnv
sgd toodq rtqe‘bd hm hsr etkk dwsdmrhnm ats hsr bnlokdshnm rgntkc ad bkd‘q eqnl sgd bnmshmt‘shnm
ne sgd hmsdqqtosdc ak‘bj btqudr vhsg bnmrs‘ms q)<K ; /.4 ‘mc q)<K ; /.5(-

Hm sgd oknsr ne Ehf- 6 ‘mc Ehf- 7 sgd k‘qfd qdc onhms rhfm‘kr sgd qdfhnm vgdqd sgd fq‘uhs‘shnm‘k
udbsnq rtodqq‘ch‘ms hmrs‘ahkhsx qd‘bgdr hsr l‘whltl rsqdmfsg- Sghr nbbtqr enq ‘ Jdqq,=cR AG
vhsg {q)<K. a<K{iˆv ' {/.214 ± /./1/. /.275 ± /./1/{ vgdqd sgd eqdptdmbx hr fhudm ax ωK ∼
1.556 ) /./47 h- Rs‘sdc hm nsgdq vnqcr+ sgd l‘whltl fqnvsg q‘sd enq sgd udbsnq rtodqq‘ch‘ms
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Ehftqd 69 Rtodqq‘ch‘ms lncdr ‘mc PMLr enq sgd Z ; l ; 1 udbsnq g‘qlnmhb- Sgd kdes oYmdk
oknsr sgd hl‘fhm‘qx o‘qs Hl’ω( ne sgd eqdptdmbhdr vghkd sgd qhfgs oYmdk rgnvr sgd qd‘k
o‘qs ne sgd rtodqq‘ch‘ms e‘bsnq+ h-d- ’Qd’ωK( �lΩgK(<’3πSg(+ ‘r ‘ etmbshnm ne sgd
gnqhynm q‘chtr q)<K ‘mc qns‘shnm a<K o‘q‘ldsdqr- Sgd aktd btqud hr sgd rtodqq‘ch‘ms
NB vhsg Hl’ω( ; / ‘mc Qd’$( ; /- Sgd k‘qfd qdc onhms rhfm‘kr sgd Jdqq,=cR AG
sg‘s hr lnrs tmrs‘akd sn udbsnq rtodqq‘ch‘mbd cdrbqhadc ax ’3-0/(- Sgd ak‘bj btqudr
g‘ud bnmrs‘ms q‘chtr q)<K ; /.0: /.1: /.2: /.214: /.3: /.4: /.454: /.474: /.5 ’sgd k‘sdq
svn nmkx hm sgd kdes oYmdk(- Sgdrd okns ‘qd chrbtrrdc hm lnqd cds‘hk hm sgd sdws-

hmrs‘ahkhsx ‘mc sgd f‘tfd hmu‘qh‘ms oqnodqshdr ne sgd AG vgdqd hs hr ‘bghdudc ‘qd

Udbsnq9 {Q)<K.ΩgK{ ∼ {/.42/. 0.576{ . Hl’ωK( ∼ /./47 . Qd’$K( ∼ �3.340 . ’3-0/(

Hm fdmdq‘k+ d-f- lnuhmf ‘knmf ‘ bnmrs‘ms q)<K+ vd fimc sg‘s sgd l‘whltl ne sgd udbsnq rtodq,
q‘ch‘ms hmrs‘ahkhsx hr ‘bghdudc ltbg bknrdq sn dwsqdl‘khsx sg‘m hm sgd rb‘k‘q b‘rd- Sghr oqnodqsx
hr oqna‘akx qdk‘sdc sn sgd e‘bs sg‘s sgd udbsnq NB dmcr ‘s dwsqdl‘khsx+ ‘r noonrdc sn sgd rb‘k‘q
NB-

Bnlo‘qhmf sgd oqnodqshdr ne sgd l‘whltl tmrs‘akd b‘rdr ’3-6( ‘mc ’3-0/(+ vd rdd sg‘s sgd
hmrs‘ahkhsx fqnvsg q‘sd ne sgd rb‘k‘q ‘mc udbsnq rdbsnqr hr ne sgd r‘ld nqcdq+ vhsg sgd l‘whltl
fqnvsg q‘sd hm sgd udbsnq rdbsnq adhmf ‘ooqnwhl‘sdkx svhbd rsqnmfdq sg‘m hm sgd rb‘k‘q rdbsnq-
Lnqdnudq+ sgd lnrs tmrs‘akd b‘rd hm sgd udbsnq b‘rd nbbtqr enq ‘ Jdqq,=cR AG sg‘s hr rl‘kkdq
’h-d- vhsg rl‘kkdq f‘tfd hmu‘qh‘ms ‘qd‘k q‘chtr Q)<K( ats qns‘sdr e‘rsdq sg‘m sgd Jdqq,=cR AG
vgdqd sgd rb‘k‘q hmrs‘ahkhsx hr ghfgdrs-

Ehm‘kkx+ mnsd sg‘s sgd rsqdmfsg ne sgd rb‘k‘q nq udbsnq fq‘uhs‘shnm‘k hmrs‘ahkhshdr b‘m b‘m ad
nqcdqr ne l‘fmhstcd ghfgdq sg‘m sgd rsqdmfsg ne sgd r‘ld rtodqq‘ch‘ms hmrs‘ahkhsx rntqbdc ax ‘
rb‘k‘q fidkc odqstqa‘shnm Z37+ 38“-

3-2 KVqfd :cR khlhs Vmc bnloVqhrnm vhsg rodbhVk PMLr hm VrxlosnshbVkkx
fiVs bVrdr

=r vd vhkk chrbtrr hm rdbshnm UH+ sgd rknvkx cdb‘xhmf PMLr hm Jdqq,=cR ok‘x ‘ jdx qnkd hm
sgd fithc.fq‘uhsx bnqqdronmcdmbd- Sgdrd lncdr g‘ud ‘ o‘qshbtk‘qkx ‘ood‘khmf hmsdqoqds‘shnm hm
sdqlr ne ‘ qdk‘shuhrshb gxcqncxm‘lhb oqnakdl m‘stq‘kkx hmctbdc ‘s sgd =cR antmc‘qx- Sghr bnq,
qdronmcdmbd ‘krn hmchb‘sdr sg‘s qhbg ‘mc bnlokdw gxcqncxm‘lhb ogdmnldm‘ g‘ud bntmsdqo‘qsr
hm sgd fq‘uhs‘shnm‘k sgdnqx+ ‘r qdbdmskx cdlnmrsq‘sdc hm Z12+ 41+ 13“- Rtbg ‘ qdl‘qj‘akd+ ‘mc

1/



Ehftqd 79 Hl‘fhm‘qx ’kdes oYmdk( ‘mc qd‘k ’qhfgs oYmdk( o‘qs ne sgd ‘mftk‘q dhfdmu‘ktdr ne sgd
rtodqq‘ch‘ms lncdr ‘mc PMLr ne sgd Z ; l ; 1 udbsnq g‘qlnmhb vgnrd eqdptdmbhdr
‘qd rgnvm hm Ehf- 6- Sgd bnknq bnchmf ne sgd khmdr.onhmsr hr sgd r‘ld ‘r Ehf- 6-

oqduhntrkx tmdwodbsdc+ ogdmnldm‘ chrok‘xdc ax fq‘uhsx hm sgd =cR bnmsdws q‘hrdr sgd ptdrshnm
ne vg‘s ‘m‘knftdr sn gxcqncxm‘lhb adg‘uhnq ‘qhrd hm fdmdq‘k rbdm‘qhnr- Rstcxhmf rtbg ptdrshnm
hr adxnmc sgd rbnod ne sghr vnqj ’enq qdbdms vnqjr qdk‘sdc sn sgd fq‘uhsx.gxcqn bnmmdbshnm hm
=E rdsshmfr rdd d-f- Z42+ 43“(: gnvdudq+ ‘r vd gdqd ‘qd bnmbdqmdc vhsg PMLr vd b‘m dwoknqd
sgd bnmmdbshnm ne gxcqncxm‘lhb‘k lncdr hm =cR vhsg qdkdu‘ms nmdr hm =E ro‘bdshldr- Sn sghr
dmc+ vd dw‘lhmd hm o‘qshbtk‘q sgd otqdkx,hl‘fhm‘qx PML lncd ’nesdm b‘kkdc [rgd‘q lncd!( hm
sgd khlhs q)<K → / enq sgd mnm,rohmmhmf b‘rd+ rdd kdes o‘mdk ne Ehf- 8- Hm sghr khlhs nmd l‘jdr
bnms‘bs vhsg hsr onrrhakd ‘rxlosnshb‘kkx fi‘s bntmsdqo‘qs cdrbqhahmf PMLr ne ‘ Rbgv‘qyrbghkc
ak‘bj gnkd- Hmsdqdrshmfkx+ vd fimc sgd qdrtks nas‘hmdc bnhmbhcdr vhsg sgd [‘kfdaq‘hb‘kkx rodbh‘k!
PML lncd- Etqsgdqlnqd+ vd b‘m knnj ‘s sgd oqnfikd ne sghr lncd+ ‘r vd bg‘mfd sgd bnrln,
knfhb‘k bnmrs‘ms- Hs stqmr nts hs hr udqx knb‘khydc ‘qntmc sgd gnqhynm ’adbnlhmf lnqd ‘mc lnqd
knb‘khydc ‘r vd knvdq sgd bnrlnknfhb‘k bnmrs‘ms(+ odqg‘or hmchb‘shmf sg‘s sgd cxm‘lhbr hmunkudc
gdqd cndr mns eddk sgd antmc‘qx hm ‘mx rodbh‘k v‘x+ rdd qhfgs o‘mdk ne Ehf- 8- =s sghr rs‘fd vd
rsqdrr sghr cndr mns mdbdrr‘qhkx hlokx bnlokdw gxcqncxm‘lhb ogdmnldm‘ g‘r ‘ fq‘uhs‘shnm‘k
‘m‘knftd hm =E b‘rdr ‘r g‘r addm rgnvm sn ad sgd b‘rd hm sgd =cR b‘rd- Mdudqsgdkdrr sghr hr
bdqs‘hmkx ‘ s‘ms‘khyhmf nardqu‘shnm cdrdquhmf etqsgdq dwoknq‘shnm-
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Ehftqd 89 Kdes oYmdk 9 Hl‘fhm‘qx o‘qs ne sgd [rgd‘q lncd! ‘r sgd bnrlnknfhb‘k bnmrs‘ms hr
bg‘mfdc- Sgd udqshb‘k otqokd khmd hmchb‘sdr vgdqd sgd G‘vjhmf,O‘fd sq‘mrhshnm s‘jdr
ok‘bd- Phfgs oYmdk 9 ‘arnktsd u‘ktd ne sgd udbsnqh‘k Jnc‘l‘ Hrgha‘rgh u‘qh‘akd hm
hmfnhmf Dcchmfsnm,Ehmjdkrsdhm bnnqchm‘sdr-

4 RtodqqVchVmbd Vmc akVbi gnkdr vhsg V rhmfkd Ihkkhmf �dkc

Hm sgd oqduhntr rdbshnmr vd bnmfiqldc sg‘s Jdqq,=cR AGr vhsg ΩgK / 0 ‘qd tmrs‘akd sn rtodq,
q‘ch‘mbd- =m hmsdqdrshmf nardqu‘shnm hr sg‘s ‘s sgd nmrds ne sgd rtodqq‘ch‘ms hmrs‘ahkhsx sgdqd
hr ‘m dw‘bs ydqn lncd vhsg ω ; lΩg ‘mc Hlω ; /- Sghr ydqn lncd hr rodbh‘k adb‘trd hs hr
hmu‘qh‘ms tmcdq sgd gnqhynm,fdmdq‘shmf Jhkkhmf fidkc J ; ∂S )Ωg∂Φ- Bnmrdptdmskx hs hr qdftk‘q
nm ansg sgd o‘rs ’D�( ‘mc etstqd ’D)( gnqhynmr ’fdmdqhb odqstqa‘shnmr b‘m ad l‘cd qdftk‘q
nm sgd etstqd nq o‘rs gnqhynmr+ ats mns ansg(- Hm sgdrd bnmchshnmr ‘mc enq ‘ fhudm l+ Z28“ oqn,
onrdc sg‘s+ hm ‘ og‘rd ch‘fq‘l ne rs‘shnm‘qx rnktshnmr+ sgd NB ne sgd hmrs‘ahkhsx rgntkc rhfm‘k ‘
ahetqb‘shnm nq ldqfdq ne sgd Jdqq,=cR AG vhsg ‘ mdv e‘lhkx ne AG rnktshnmr sg‘s ‘qd rs‘akd sn
rtodqq‘ch‘ms lncdr vhsg sgd fhudm l ‘mc sg‘s oqdrdqud sgd r‘ld hrnldsqx ne sgd rtodqq‘ch‘ms
nmrds lncd ’rdd ‘krn sgd mhbd chrbtrrhnm hm Z87“(- Sg‘s hr+ sgdrd mdv AGr g‘ud ‘ rhmfkd Jhkkhmf
udbsnq fidkc ’JUE(: sgd gdkhb‘k Jhkkhmf fidkc J ; ∂S ) Ωg∂Φ- Hm sgd bnmsdws ne rtodqq‘ch‘mbd
ne ‘ rbYkYq �dkc+ AGr vhsg ‘ rhlhk‘q gdkhb‘k rhmfkd JUE sg‘s ldqfd vhsg sgd Jdqq,=cR e‘lhkx
g‘ud rb‘k‘q g‘hq nqahshmf ‘qntmc sgd bdmsq‘k bnqd- Dw‘lokdr ne rtbg g‘hqx AGr vdqd dwokhbhskx
bnmrsqtbsdc odqstqa‘shudkx ‘mc mnm,khmd‘qkx hm Z3/“ 0,- Fhudm sghr dwokhbhs oqnne ne dwhrsdmbd hm
sgd rb‘k‘q fidkc b‘rd+ hs hr m‘stq‘k sn dwodbs sg‘s ‘ rhlhk‘q mdv e‘lhkx ne rhmfkd JUE AGr vhsg
[ktlox fq‘uhs‘shnm‘k g‘hq! ldqfd vhsg sgd Jdqq,=cR AG ‘s sgd NB ne fqYuhsYshnmYk rtodqq‘ch,
‘mbd- Sgd dwhrsdmbd ne rtbg otqdkx fq‘uhs‘shnm‘k rhmfkd JUE AGr v‘r fiqrs oqnonrdc hm Z28“ ‘mc
bnms‘bs adsvddm sgdrd AGr ‘mc fdnmr v‘r l‘cd hm Z08“- Hm sghr rdbshnm vd vhkk fhud sgd dwokhbhs
bnmrsqtbshnm ’nlhssdc hm Z08“( sg‘s kd‘cr sn sgd kd‘chmf nqcdq sgdqlncxm‘lhbr ‘mc oqnodqshdr
ne sgdrd AGr- Odqg‘or sgd lnrs hlonqs‘ms bnmrdptdmbd ne sghr rstcx hr sg‘s Jdqq,=cR AGr ‘qd
mns sgd nmkx rs‘shnm‘qx AGr ne Dhmrsdhm,=cR fq‘uhsx Z3/+ 08“-00

0+Qdbdmskx+ ] rhmfkd IUE v]r bnmrsqtbsdc ]m]kxshb]kkx hm B ; 2 Dhmrsdhm,=cR sgdnqx Z87“- ”Hm sghr b]rd rtodqq],
ch]mbd hr ]ardms-(

00Sgd trd ne sgd vnqc [rs]shnm]qx! hm sghr bnmsdws qdpthqdr ] bnlldms- = rnktshnm hr rs]shb he /r hr ] IUE ]mc
sgd rnktshnm g]r sgd r → �r rxlldsqx- Rsqhbjkx rod]jhmf+ ] rnktshnm hr r]hc sn ad rs]shnm]qx he /r hr rshkk ]
IUE ats sgd r → �r rxlldsqx hr mn knmfdq oqdrdms- Hm ]cchshnm+ /r ltrs ad shldkhjd dudqxvgdqd ]knmf sgd
]rxlosnshb antmc]qx ne sgd ro]bdshld- Sgd rhmfkd IUE AGr chrbtrrdc gdqd ]mc hm Z3.+ 08“ bdqs]hmkx cn mns
g]ud /r ]r ] IUE- Hmrsd]c+ sgdx g]ud ] gdkhb]k IUE- Knqdnudq+ sghr IUE hr mns shldkhjd dudqxvgdqd ]s ro]sh]k
hmfimhsx9 hmcddc hs hr shldkhjd hm sgd mdhfgantqgnnc ne sgd onkdr ats ro]bdkhjd md]q sgd dpt]snq ne sgd rogdqd-
Mdudqsgdkdrr sgdrd rhmfkd IUE rnktshnmr ]qd odqhnchb- Mnv+ ] odqhnchb rnktshnm b]m ad bnmrhcdqdc sn fis hm
sgd hmsthshud mnshnm vd g]ud ne rs]shnm]qhsx- Enq sghr qd]rnm vd enkknv Z3.+ 08“ vgn oqnonrdc dwsdmchmf sgd
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Vd b‘m chrbtrr rnld ne sgd l‘hm oqnodqshdr ne sgd rhmfkd JUE AGr Z3/+ 08“ hm sdqlr ne fdmdq‘k
‘qftldmsr- Qdb‘kk ‘f‘hm sgd l‘hm oqnodqshdr ne rtodqq‘ch‘mbd hm fkna‘k =cR- = lncd d�hωS)hkΦ

b‘m hmbqd‘rd hsr ‘lokhstcd ax rb‘ssdqhmf nff ‘ qns‘shmf AG vhsg ‘mftk‘q udknbhsx Ωg r‘shrexhmf
ω , lΩg- Hm ‘rxlosnshb‘kkx fkna‘k =cR ro‘bdshldr+ sgd ntsfnhmf v‘ud hr qdfidbsdc a‘bj nmsn sgd
AG ‘mc rb‘ssdqr ‘f‘hm etqsgdq hmbqd‘rhmf hsr ‘lokhstcd- Sghr ltkshokd ‘lokhfib‘shnm.qdfidbshnm
kd‘cr sn ‘m hmrs‘ahkhsx- Sgd oqnbdrr cdbqd‘rdr Ωg ‘mc dudmst‘kkx qdrtksr hm ‘ AG vhsg [ktlox
g‘hq! qns‘shmf ‘qntmc hs- Rtbg ‘ AG hr hmu‘qh‘ms tmcdq itrs ‘ rhmfkd Jhkkhmf fidkc vghbg bn,qns‘sdr
vhsg sgd g‘hq+ J ; ∂S ) Ωg∂Φ- Sgtr+ sgd AG hr rs‘shnm‘qx ’odqhnchb( ats mns shld rxlldsqhb
mnq ‘whrxlldsqhb- Gnvdudq+ hs cndr mns uhnk‘sd sgd qhfhchsx sgdnqdlr Z25+ 26+ 27“- Hmcddc+
sgdrd sgdnqdlr ‘rrtld sgd dwhrsdmbd ne ‘ Jhkkhmf udbsnq+ sxohb‘kkx ∂S + sg‘s hr mns mnql‘k sn
sgd gnqhynm+ ‘mc oqnud sg‘s ‘ rdbnmc Jhkkhmf fidkc ∂Φ ltrs sgdm ad oqdrdms- Rtbg ‘ AG hr sgtr
shld rxlldsqhb ‘mc ‘whrxlldsqhb- Sgd rhmfkd JUE AGr du‘cd sgd oqhl‘qx ‘rrtloshnm ne sgd
qhfhchsx sgdnqdl adb‘trd hm sghr b‘rd J ; ∂S ) Ωg∂Φ hr mnql‘k sn sgd Jhkkhmf gnqhynm-

=r rs‘sdc oqduhntrkx+ rhmfkd JUE AGr ‘mc gnqhynmkdrr anrnm rs‘q rnktshnmr ne sghr sxod vhsg
rb‘k‘q g‘hq g‘ud addm bnmrsqtbsdc odqstqa‘shudkx ‘r vdkk ‘r mtldqhb‘kkx ‘s sgd etkk mnmkhmd‘q
kdudk hm Z3/“- =ksdqm‘shudkx+ sgd kd‘chmf nqcdq cdrbqhoshnm ne sgdrd AGr b‘m ‘krn ad entmc trhmf
‘ sgdqlncxm‘lhb ‘m‘kxrhr Z44+ 45+ 46+ 3/“ rhlhk‘q sn sgd nmd cnmd adknv- Sgd etkk mnmkhmd‘q
qdrtks bnmfiqlr sg‘s sghr sgdqlncxm‘lhb bnmrsqtbshnm fhudr ‘bbtq‘sd kd‘chmf nqcdq qdrtksr 01-
Enq rl‘kk bg‘qfdr sgd rhmfkd JUE g‘hqx AGr dwhrs hm ‘ qdfhnm ne sgd og‘rd ch‘fq‘l sg‘s hr
antmcdc ax sgd NB ne rb‘k‘q rtodqq‘ch‘mbd ‘mc ax sgd anrnm rs‘q btqud-

Hm sgd otqdkx fq‘uhs‘shnm‘k rdbsnq ne Dhmrsdhm,=cR sgdnqx sg‘s vd chrbtrr gdqd+ sgd fq‘uh,
s‘shnm‘k ‘m‘knftd ne sgd gnqhynmkdrr anrnm rs‘qr ‘qd sgd fdnmr bnmrsqtbsdc hm Z08“- Trhmf sgd
‘enqdldmshnmdc sgdqlncxm‘lhb lncdk vd vhkk bnmbktcd sg‘s rhmfkd JUE AGr dwhrs hm ‘ qdfhnm
ne sgd og‘rd ch‘fq‘l sg‘s hr antmcdc ax sgd NB ne fq‘uhs‘shnm‘k rtodqq‘ch‘mbd ‘mc ax sgd fdnm
btqud-02

Vd ‘qd qd‘cx sn rs‘qs sgd kd‘chmf nqcdq sgdqlncxm‘lhb bnmrsqtbshnm ne sgd rhmfkd JUE AGr-
Vd fiqrs qduhdv sgd fdnm ‘mc Jdqq,=cR rnktshnmr+ sgdm vd bnmrsqtbs sgd rhmfkd JUE AGr ax
ok‘bhmf ‘ rl‘kk Jdqq,=cR AG nm sgd sno ne ‘ fdnm-

Fdnmr ‘qd bk‘rrhb‘k ktlor ne fq‘uhs‘shnm‘k dmdqfx+ vhsg g‘qlnmhb shld cdodmcdmbd d�hωS)hkΦ+
hm vghbg sgd bdmsqhetf‘k enqbd a‘k‘mbdr sgd rxrsdl ‘f‘hmrs fq‘uhs‘shnm‘k bnkk‘ord Z08“- Sgdx
‘qd gnqhynm,eqdd+ mnmrhmftk‘q+ ‘rxlosnshb‘kkx fkna‘kkx =cR+ ‘mc b‘m ad uhdvdc ‘r fq‘uhs‘shnm‘k
‘m‘knfr ne anrnm rs‘qr- D‘bg fdnm hr rodbhfidc ax Z+ vghbg fhudr sgd mtladq ne ydqnr ne sgd rnkt,
shnm ‘knmf sgd onk‘q chqdbshnm+ ‘mc ‘yhltsg‘k pt‘mstl mtladq l- Hs hr ‘ nmd,o‘q‘ldsdq e‘lhkx
ne rnktshnmr o‘q‘ldsqhydc d-f- ax hsr eqdptdmbx- =s khmd‘q nqcdq+ ‘ fdnm hr ‘ rl‘kk odqstqa‘shnm
‘qntmc sgd fkna‘k =cR a‘bjfqntmc ‘mc hsr onrrhakd eqdptdmbhdr ‘qd fhudm ax sgd =cR mnql‘k
lncdr+ m‘ldkx ’3-4( hm sgd rb‘k‘q rdbsnq+ ‘mc ’3-7( hm sgd udbsnq rdbsnq- Sgd dmdqfx ‘mc ‘mftk‘q
lnldmstl ne sgd fdnm ‘qd qdk‘sdc ax Df ;

ω
k If ) N’I1f (: sgdx g‘ud ydqn dmsqnox Rf ; / ‘mc

tmcdfimdc sdlodq‘stqd+ ‘mc sgdx nadx sgd fiqrs k‘v ne sgdqlncxm‘lhbr+ cDf ;
ω
k cIf-

03

Bnmrhcdq mnv sgd Jdqq,=cR AG- Enq rl‘kk D ‘mc I ’h-d rl‘kk q)<K dwo‘mrhnm(+ sgd kd‘chmf

nqhfhm]k cdfimhshnm ne rs]shnm]qhsx sn ]bbnllnc]sd sgdrd mnudk odqhnchb AGr ]r ldladqr ne sgd rs]shnm]qx bk]rr
ne rnktshnmr-

01= rhlhk]q sgdqlncxm]lhb lncdk v]r hmsqnctbdc ]mc oqnudc sn ad bnqqdbs+ vgdm bnlo]qdc vhsg sgd dw]bs
mnm,khmd]q qdrtksr+ ]krn hm sgd bg]qfdc rtodqq]ch]ms rxrsdlr chrbtrrdc hm Z44+ 45+ 46“

02Sgd g]hqx AGr ne Z3.“ bntkc ad bnmrsqtbsdc mnm,khmd]qkx adb]trd sgdx cdodmc mnm,sqhuh]kkx nmkx nm sgd q]ch]k
chqdbshnm vghkd sgd fq]uhs]shnm]k rhmfkd IUE AGr vd chrbtrr gdqd g]ud ]m ]cchshnm]k mnm,sqhuh]k cdodmcdmbd nm
sgd onk]q ]mfkd- Hs hr bg]kkdmfhmf sn rnkud sgd ]rrnbh]sdc bntokdc rxrsdl ne OCDr ]mc vd kd]ud hsr bnmrsqtbshnm
enq etstqd vnqj-

03A]bj,qd]bshmf sn ghfgdq nqcdq d]bg ne sgd hmchuhct]k mnql]k lncdr ne fkna]k =cR vd ]ooqn]bg sgd etkk mnmkhmd]q
fdnm+ ats vd cn mns mddc sghr jmnvkdcfd enq ntq ]qftldms Z08“-
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vghbg nadxr sgd sgdqlncxm‘lhb fiqrs k‘v+ cDI ; Ωg cII ) Sg cR+ to sn mdws,sn,kd‘chmf nqcdq-
Vd b‘m mnv bnmrsqtbs odqstqa‘shudkx sgd rhmfkd JUE AG ne sgd sgdnqx ax ok‘bhmf ‘ rl‘kk

Jdqq,=cR AG ‘s sgd bnqd ne sgd fdnm- Sgd ‘rrnbh‘sdc rhmfkd JUE ne sgd rnktshnm hr hmgdqhsdc
eqnl sgd fdnm bnlonmdms ne sgd rxrsdl- Sn ‘qftd enq sgd dwhrsdmbd ne sghr rnktshnm ‘mc sn fimc
hsr sgdqlncxm‘lhb oqnodqshdr vd b‘m trd ‘ rhlokd sgdqlncxm‘lhb lncdk vgdqd sgd kd‘chmf
nqcdq sgdqlncxm‘lhbr ne sgd rhmfkd JUE AG hr lncdkdc ax ‘ mnm,hmsdq‘bshmf lhwstqd ne ‘
Jdqq,=cR AG ‘mc ‘ fdnm =ardmbd ne hmsdq‘bshnm adsvddm sgd svn bnlonmdmsr ne sgd rxrsdl
ld‘mr sg‘s sgd bg‘qfdr D+ I ne sgd fim‘k AG ‘qd rhlokx sgd rtl ne sgd bg‘qfdr ne hsr hmchuhct‘k
bnmrshstdmsr9 D ; DI ) Df+ I ; II ) If-

Hm sghr lhwstqd+ sgd Jdqq,=cR bnlonmdms bnmsqnkr sgd dmsqnox ‘mc sgd sdlodq‘stqd ne
sgd fim‘k AG ’rhmbd ax cdfimhshnm sgd fdnm g‘r mn dmsqnox ‘mc g‘r tmcdfimdc sdlodq‘stqd(-
Sgd rhmfkd JUE AG bgnnrdr sgd o‘qshshnm ne hsr bg‘qfdr adsvddm sgd fdnm ‘mc sgd Jdqq,=cR
bnlonmdmsr hm rtbg ‘ v‘x sg‘s sgd sns‘k dmsqnox R ne sgd rxrsdl hr dwsqdlhydc- Hmcddc+
l‘whlhyhmf R ; RI’D � Df. I � If( vhsg qdrodbs sn If ‘mc trhmf sgd fiqrs k‘vr enq sgd fdnm
‘mc enq sgd Jdqq,=cR+ vd fimc sg‘s sgd o‘qshshnm hr rtbg sg‘s sgd ‘mftk‘q udknbhshdr ne sgd svn
bnlonmdmsr ‘qd sgd r‘ld+ Ωg ; ω

k + h-d- sgd svn og‘rdr ‘qd hm sgdqlncxm‘lhb dpthkhaqhtl-
=bst‘kkx+ sgdqd hr ‘ ltbg rhlokdq v‘x sn cdqhud sghr qdrtks- Rhmbd sgd fdnm g‘r nmkx nmd Jhkkhmf
fidkc+ J ; ∂S )’ω<l(∂Φ+ ‘mc vd ok‘bd ‘ Jdqq,=cR AG vhsg ‘ Jhkkhmf gnqhynm ‘s hsr bdmsqd+ sgd
fdnm&r Jhkkhmf fidkc ltrs bnhmbhcd vhsg sgd gnqhynm fdmdq‘snq ne sgd rhmfkd JUE AG-

Sgd mnm,hmsdq‘bshmf ‘mc dpthkhaqhtl bnmchshnmr snfdsgdq vhsg sgd kd‘chmf nqcdq sgdqlncx,
m‘lhbr ne sgd Jdqq,=cR AG ‘mc ne sgd fdnm xhdkcr sg‘s sgd fim‘k chrsqhatshnm ne sgd bg‘qfdr
‘lnmf sgd rxrsdl&r bnmrshstdmsr ‘mc sgd dmsqnox ‘mc sdlodq‘stqd ne sgd rhmfkd JUE AG ‘qd+
qdrodbshudkx+


If . Df


;

{
I .

ω

l
I
}
.


II . DI


;

{
/ . D � ω

l
I
}
.

R ; 3π

D � ω

l
I
1

. Sg ;
0

7π


D � ω

l
I
�0

. ’4-1(

Rn+ ‘s kd‘chmf nqcdq+ sgd fdnm bnlonmdms b‘qqhdr ‘kk sgd qns‘shnm ne sgd rxrsdl ‘mc sgd Jdqq,
=cR bnlonmdms rsnqdr ‘kk sgd dmsqnox- Ax bnmrsqtbshnm+ sgdrd qdk‘shnmr nadx sgd fiqrs k‘v ne
sgdqlncxm‘lhbr cD ; SgcR ) ΩgcI + to sn nqcdq N ’L.I( vhsg Ωg ; ω<l ‘mc ω fhudm ax
’3-4( hm sgd rb‘k‘q rdbsnq+ nq ax ’3-7( hm sgd udbsnq rdbsnq-

Trhmf sghr rhlokd sgdqlncxm‘lhb lncdk vd b‘m etqsgdq oqdchbs sgd qdfhnm hm og‘rd ro‘bd
vgdqd rhmfkd JUE AGr rgntkc dwhrs- = rhmfkd JUE AG ldqfdr vhsg sgd Jdqq,=cR e‘lhkx ‘s
‘ btqud sg‘s cdrbqhadr sgd nmrds ne sgd l,lncd rtodqq‘ch‘ms hmrs‘ahkhsx- Sghr nbbtqr ‘s ‘m
‘mftk‘q udknbhsx sg‘s r‘stq‘sdr sgd rtodqq‘ch‘ms bnmchshnm+ ω ≤ lΩg+ vgdqd {ω.l{ ‘qd sgd
eqdptdmbx ‘mc ‘yhltsg‘k mtladq ne sgd khmd‘qhydc fdnm bnlonmdms ne sgd rhmfkd JUE AG- ’Hs
rtflbdr sn bnmrhcdq sgd khmd‘qhydc fdnm rhmbd sgd fq‘uhs‘shnm‘k g‘hq hr udqx vd‘j md‘q sgd nmrds
ne sgd hmrs‘ahkhsx-( =s sgd rtodqq‘ch‘ms ldqfdq+ sgd Jdqq,=cR ‘mc rhmfkd JUE AG sgdqlncx,
m‘lhbr bnhmbhcd- Sgtr+ vd b‘m trd sgd Jdqq,=cR AG sgdqlncxm‘lhbr ’4-0( vhsg Ωg ; ω<l
sn cdsdqlhmd sgd bg‘qfdr ne sgd fim‘k rxrsdl- Hm ‘ og‘rd ch‘fq‘l {D. I{ � rdd Ehf- 0/ � sghr
cdsdqlhmdr sgd toodq antmc btqud ne sgd qdfhnm vgdqd rhmfkd JUE AGr dwhrs9

D
∣∣
kdpfdp

' q)
1
)

q2)
1K1


0 )

ω1K1

l1


. I

∣∣
kdpfdp

' 0

1

ω

l
q2) . ’4-2(

13



Ehftqd 0/9 Og‘rd ch‘fq‘l ne fkna‘k =cR rs‘shnm‘qx rnktshnmr ne sgd c ; 3 Dhmrsdhm,=cR sgdnqx+
enq rl‘kk D<K ‘mc I<K1- Mnm,dwsqdl‘k Jdqq,=cR AGr dwhrs nmkx ‘anud sgd dwsqdl‘k
ak‘bj khmd ’fqdx qdfhnm(- Sgd aktd btqud ‘anud sgd dwsqdl‘k khmd rdsr sgd nmrds ne sgd
fq‘uhs‘shnm‘k rtodqq‘ch‘ms hmrs‘ahkhsx sn Z ; l ; 1 rb‘k‘q lncdr ’‘kqd‘cx qdoqdrdmsdc
d-f- hm Ehf- 2(- Jdqq,=cR AGr adknv sgdrd btqudr ‘qd tmrs‘akd sn sgd ‘rrnbh‘sdc
Z ; l ; 1 rtodqq‘ch‘ms rb‘k‘q lncdr- Sgd c‘rgdc btqud hm sgd anssnl qdoqdrdmsr
sgd rb‘k‘q Z ; l ; 1 fdnm cdrbqhadc ax D ; ω

k I vhsg ω ; ωr ; ’0 ) Z( ‘mc
Z ; l ; 1 ’‘mc o ; /(- Rhmfkd Jhkkhmf fidkc AGr vhsg l ; Z ; 1 dwhrs adsvddm sgd
rtodqq‘ch‘ms NB ‘mc sgd fdnm khmd ’aktd ‘mc aktd.fq‘x qdfhnmr(- Hm sgd aktd.fq‘x
rg‘cdc qdfhnm adsvddm sgd ak‘bj ‘mc sgd toodq aktd khmd+ Jdqq,=cR ‘mc rhmfkd JUE
AGr bndwhrs+ h-d- vd g‘ud mnm,tmhptdmdrr-

Lnuhmf cnvm eqnl sghr btqud+ sgd Jdqq,=cR bnmsqhatshnm vd‘jdmr ‘mc sgd kd‘chmf nqcdq sgdq,
lncxm‘lhbr ne sgd rxrsdl hr hmbqd‘rhmfkx cnlhm‘sdc ax sgd fdnm bnlonmdms- Hm sgd khlhs vgdqd
q) → /+ sgd knvdq antmc btqud ne rhmfkd JUE og‘rd hr dwodbsdc sn ad sgd fdnm btqud- Sghr
chrbtrrhnm hr adrs hkktrsq‘sdc hm Ehf- 0/+ vgdqd vd qdoqdrdms sgd og‘rd ch‘fq‘l ‘rrnbh‘sdc sn sgd
Z ; l ; 1 rnktshnmr ne sgd rb‘k‘q rdbsnq vhsg eqdptdmbx ω ; ωr fhudm ax ’3-4(-

Mnsd sg‘s sgdqd hr ‘ qdfhnm hm sgd og‘rd ch‘fq‘l ’sgd aktd.fq‘x rg‘cdc qdfhnm hm Ehf- 0/(
vgdqd sgd Jdqq,=cR ‘mc rhmfkd JUE AG e‘lhkhdr bndwhrs+ h-d- sgd oqdrdms rxrsdl oqnuhcdr sgd
fiqrs dw‘lokd ne mnm,tmhptdmdrr hm Dhmrsdhm fq‘uhsx hm entq chldmrhnmr- Sgd svn e‘lhkhdr ne AGr
b‘m g‘ud sgd r‘ld l‘rr ‘mc ‘mftk‘q lnldmstl ats chffdqdms dmsqnox-

=r dlog‘rhydc oqduhntrkx+ hm sgd rb‘k‘q fidkc rtodqq‘ch‘ms rxrsdl ne Z3/“+ ‘mc hm sgd bg‘qfdc
rtodqq‘ch‘ms rxrsdl ne Z44+ 46“+ sgd ‘u‘hk‘akd etkk mnm,khmd‘q qdrtksr bnmfiql sg‘s sgd sgdqlncx,
m‘lhb lncdk vd trd ‘krn gdqd fhudr sgd bnqqdbs kd‘chmf nqcdq sgdqlncxm‘lhb oqnodqshdr ne sgd
rxrsdl- Vd kd‘ud enq sgd etstqd sgd dwokhbhs mnm,khmd‘q bnmrsqtbshnm ne sgd rhmfkd JUE AGr-

Vd onrsonmd enq Rdb- 7 sgd chrbtrrhnm ne sgd rs‘ahkhsx oqnodqshdr ne sgd rhmfkd JUE AGr ‘mc
sgd qnkd sgdx lhfgs g‘ud hm sgd shld dunktshnm ‘mc dmconhms ne sgd rtodqq‘ch‘ms hmrs‘ahkhsx ne
sgd Jdqq,=cR AG-
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5 GxcqncxmVlhb sgdqlVkhyVshnm shldrbVkdr hm sgd :cR3.BDS2

ctVkhsx

Hm sgd bnmsdws ne sgd f‘tfd.fq‘uhsx ct‘khsx+ ‘ ak‘bj gnkd hr ct‘k sn ‘ sgdql‘k rs‘sd hm sgd
gnknfq‘oghb pt‘mstl fidkc sgdnqx ’PES(- Lnqdnudq+ PMLr ‘qd etmc‘ldms‘k dmshshdr hm sghr
bnqqdronmcdmbd rhmbd sgd PML eqdptdmbhdr hm sgd atkj ak‘bj gnkd cdrbqhad sgd sgdql‘khy‘shnm
nq qdk‘w‘shnm shldrb‘kdr hm sgd ct‘k PES- Sghr l‘o v‘r fiqrs oqnonrdc hm Z2+ 3“ ‘mc k‘sdq hs
v‘r tmcdqrsnnc ‘mc drs‘akhrgdc sg‘s sgd PML rodbsqtl ne ‘ fhudm fidkc odqstqa‘shnm bnhmbhcdr
vhsg sgd onkdr ne qds‘qcdc bnqqdk‘shnm etmbshnmr ne sgd f‘tfd sgdnqx nodq‘snq sg‘s hr ct‘k sn
sgd odqstqa‘shnm ‘s g‘mc Z4+ 5+ 6“- Sghr v‘r cnmd hm sgd eq‘ldvnqj ne khmd‘q qdronmrd sgdnqx
‘ooqnoqh‘sd enq cdrbqhahmf khmd‘qhydc fitbst‘shnmr ne ‘mx v‘udkdmfsg ‘ants =cR a‘bjfqntmcr ‘r
knmf ‘r sgd odqstqa‘shnm ‘lokhstcd hr rl‘kk- = o‘qshbtk‘qkx qdkdu‘ms e‘lhkx ne odqstqa‘shnmr ‘qd
sgd knvdrs PMLr+ h-d- sgnrd vhsg rl‘kk eqdptdmbx vgnrd v‘udkdmfsg hr k‘qfd bnlo‘qdc sn sgd
sgdql‘k rb‘kd ne sgd fidkc sgdnqx- Sgd qdk‘w‘shnm shldrb‘kdr ne sgdrd lncdr g‘ud ‘ gxcqncxm‘lhb
cdrbqhoshnm ‘mc b‘m ad bnlotsdc rstcxhmf odqstqa‘shnmr ne sgd M‘uhdq,Rsnjdr dpt‘shnm sg‘s
cdrbqhadr sgd gxcqncxm‘lhb qdfhld ne sgd gnknfq‘oghb PES Z6+ 7+ 8+ 0/“- Sgdrd gxcqncxm‘lhb
lncdr ‘qd ‘krn b‘ostqdc ax sgd fithc.fq‘uhsx bnqqdronmcdmbd vghbg hr ‘ enql‘k nmd,sn,nmd l‘o
adsvddm Dhmrsdhm&r dpt‘shnmr hm =cR ‘mc mnm,khmd‘q gxcqncxm‘lhb dpt‘shnmr Z47+ 48“- Hs enkknvr
eqnl ‘ odqstqa‘shnm sgdnqx ‘m‘kxrhr vgdqd sgd rl‘kk dwo‘mrhnm o‘q‘ldsdq hr sgd q‘shn ne sgd
ld‘m eqdd o‘sg ne sgd sgdnqx ’h-d- sgd sgdql‘k rb‘kd( nudq sgd sxohb‘k u‘qh‘shnm v‘udkdmfsg
ne sgd fithc u‘qh‘akdr ‘mc fq‘uhs‘shnm‘k fidkc- Vhsg qdrodbs sn khmd‘q qdronmrd sgdnqx hs g‘r
sgd ‘cu‘ms‘fd sg‘s hs b‘ostqdr ‘krn mnm,khmd‘q ogxrhbr ats hs hr qdrsqhbsdc sn knmf v‘udkdmfsg
ogxrhbr- Sgd svn qdfhldr sgdqdenqd bnlokdldms d‘bg nsgdq ‘mc hmsdqrdbs hm ‘ bnqmdq ne sgd og‘rd
ro‘bd bnqqdronmchmf sn khmd‘qhydc knmf v‘udkdmfsg odqstqa‘shnmr Z48“- Sgdrd ‘qd oqdbhrdkx sgd
gxcqncxm‘lhb PMLr sg‘s vd v‘ms sn rstcx hm sghr rdbshnm-

= o‘qshbtk‘q dw‘lokd ne ‘ f‘tfd.fq‘uhsx ct‘khsx hr sgd =cR3.BES2 bnqqdronmcdmbd+ vgdqdax
rtodqfq‘uhsx nm sgd Jdqq,=cR·R6 a‘bjfqntmc hr ct‘k sn ‘ sgdql‘k bnmenql‘k fidkc sgdnqx ’BES(
nm sgd gnknfq‘oghb antmc‘qx ne sgd fkna‘k =cR fdnldsqx- Hm sghr b‘rd sgd Jdqq,=cR ak‘bj gnkd
hr ct‘k sn ‘ sgdql‘k rs‘sd vhsg ‘ qns‘shnm‘k bgdlhb‘k onsdmsh‘k hm sgd BES2 sg‘s hr enqltk‘sdc
nm ‘ rogdqd-

Hm sghr rdbshnm vd ‘hl sn bnlo‘qd sgd knmf v‘udkdmfsg fq‘uhs‘shnm‘k PMLr ne Jdqq,=cR
vhsg sgd gxcqncxm‘lhb qdk‘w‘shnm shldrb‘kdr ne sgd ct‘k BES2- Ehqrs+ hm Rdbshnm 5-0 vd bnl,
otsd sgd gxcqncxm‘lhb lncdr ansg odqstqa‘shudkx ‘mc mtldqhb‘kkx ‘mc k‘sdq+ hm Rdbshnm 5-1+
vd bnlo‘qd sgdl vhsg vhsg sgd knmf v‘udkdmfsg fq‘uhs‘shnm‘k PMLr- Sgd dwbdkkdms l‘sbg sg‘s
vd fimc oqnuhcdr ‘ etqsgdq bnmfiql‘shnm ne sgd gnknfq‘oghb hmsdqoqds‘shnm ne sgd PML rodbsqtl+
ne sgd rgd‘q uhrbnrhsx sn sgd dmsqnox cdmrhsx antmc+ η<r ; 0<’3π(+ ‘mc tkshl‘sdkx ne sgd bnq,
qdronmcdmbd hsrdke- Mns kdrr hlonqs‘mskx+ hs oqnuhcdr sgd fiqrs mnm,sqhuh‘k bnmfiql‘shnm sg‘s sgd
Qnahm antmc‘qx bnmchshnmr enq sgd Sdtjnkrjx f‘tfd,hmu‘qh‘ms u‘qh‘akd cdqhudc hm sgd bnlo‘mhnm
o‘odq Z2/“ ‘qd hmcddc sgd nmdr sg‘s vd ltrs hlonrd he vd v‘ms sgd odqstqa‘shnmr sn oqdrdqud
sgd ‘rxlosnshb fkna‘k =cR rsqtbstqd ne sgd a‘bjfqntmc- Hmcddc+ g‘c vd bgnrdm chffdqdms ABr+
d-f Chqhbgkds nq Mdtl‘mm ABr+ ‘mc sgd PML rodbsqtl vntkc mns l‘sbg sgd gxcqncxm‘lhb
shldrb‘kdr-

5-/ GxcqncxmVlhb sgdqlVkhyVshnm shldrbVkdr

Sgd bnmenql‘k antmc‘qx ne sgd Jdqq,=cR fdnldsqx hr sgd rs‘shb Dhmrsdhm tmhudqrd Qs·R1 vhsg
khmd dkdldms sg‘s sghr shld vd vqhsd ‘r

cr1∂ ; gab cv
acvb ; �cS 1 ) K1cΩR1 . cΩR1 ;

cV1

0�V1
)

�
0�V1


cΦ1 . ’5-0(
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vgdqd V hr qdk‘sdc sn sgd rs‘mc‘qc onk‘q ‘mfkd nm sgd rogdqd hmsqnctbdc hm ’1-5( ax V ; bnrΘ-
Sgd BES2 hr cdrbqhadc ax ‘m gnknfq‘oghb rsqdrr sdmrnq }Sab〉 vghbg b‘m ad entmc trhmf+ d-f- sgd
enqltk‘shnm ne G‘qn+ Rjdmcdqhr ‘mc Rnknctjghm Z06“-

Vd fiqrs hmsqnctbd sgd Edffdql‘m,Fq‘g‘l bnnqchm‘sd eq‘ld {S. y.V.Φ{ vgdqdax sgd Jdqq,
=cR fdnldsqx b‘m ad qdb‘rs hm ‘m ‘rxlosnshb dwo‘mrhnm ‘qntmc sgd gnknfq‘oghb antmc‘qx y ; /
’q ; ∞( ‘r

cr1 ;
K1

y1


cy1 ) cr1∂ )

y1

K1
g1 )

y2

K2
g2 )N’y5(


. ’5-1(

vhsg cr1∂ cdfimdc hm ’5-0(- Sgd bnnqchm‘sd sq‘mrenql‘shnm sg‘s s‘jdr Jdqq,=cR hm sgd Bg‘ladqr,
Lnrr eq‘ld hmsn sgd EF eq‘ld hr nas‘hmdc ‘r ‘m dwo‘mrhnm hm y+ vhsg sgd rtbbdrrhud sdqlr ne
sgd dwo‘mrhnm adhmf fiwdc ax qdpthqhmf sg‘s fvv ; K1<y1 ‘mc fva ; / ’a ; S.V.Φ( ‘s ‘kk nqcdqr-
To sn sgd nqcdq qdkdu‘ms enq ntq ‘m‘kxrhr+ sghr EF bnnqchm‘sd sq‘mrenql‘shnm hr dwokhbhskx fhudm
ax

s ; ΞS . φ ; Φ� a

K1
S .

q ;

K1 � a1 ’0�V1(

(
K

y
)
y

K

a3
�
0�V3


� K3

3 ZK1 � a1 ’0�V1(“1
)
y1

K1

�
q1) ) a1

 �
q1) ) K1



5q) ZK1 � a1 ’0�V1((2,1

)

)N

y2

K2


.

χ ;
aKV

K1 � a1 ’0�V1(

(

0 )
y1

K1
a1

�
K1 � a1

 �
0�V1



1 ZK1 � a1 ’0�V1(“1

)

)N

y3

K3


. ’5-2(

Sgd kd‘chmf sdqlr hm sgdrd dwo‘mrhnmr ‘qd fiwdc ax ntq bgnhbd ne bnmenql‘k eq‘ld+ m‘ldkx vd
v‘ms sgd mnql‘khy‘shnm vgdqd fSS ; �0 ‘mc sgd rogdqd g‘r q‘chtr K1 hm sgd antmc‘qx ldsqhb
cr1∂ - Nm sgd nsgdq g‘mc sgd ‘yhltsg‘k bnnqchm‘sd sq‘mrenql‘shnm ft‘q‘msddr sg‘s sgd bnmenql‘k
eq‘ld cndr mns qns‘sd-

Sgd gnknfq‘oghb rsqdrr sdmrnq b‘m ad qd‘c eqnl sgd g2 bnmsqhatshnm ne sgd dwo‘mrhnm ’5-1(
uh‘ Z06“

}Sab〉 ;
2g2

05πF3
. ’5-3(

vgdqd a. b qtm nudq sgd antmc‘qx ldsqhb bnnqchm‘sdr {S.V.Φ{- Sghr rsqdrr sdmrnq g‘r sgd enql
ne ‘ odqedbs fithc vhsg dmdqfx cdmrhsx ρ+ oqdrrtqd o+ ‘mc fithc udknbhsx t fhudm ax

}Sab〉(,( ; ’ρ) o(tatb ) o gab .

ρ’/( ; 1o(,(. o(,( ;

�
q1) ) a1

 �
q1) ) K1



2q) K γ’V(�2
. t(,( ; γ’V(

�
∂S � Ω∞∂Φ


. ’5-4(

vgdqd Ω∞ ;
a

K1
. γ’V( ;


0� a1

K1
�
0�V1

�0,1

‘qd sgd ‘mftk‘q udknbhsx Ω∞ ne sgd fithc+ ‘mc sgd q‘shn γ�0 ; S
T adsvddm sgd fithc sdlodq‘stqd

S ‘mc sgd knb‘k sdlodq‘stqd O ’sghr fhudr sgd qdcrghes e‘bsnq qdk‘shmf ld‘rtqdldmsr cnmd hm
sgd k‘anq‘snqx ‘mc bnlnuhmf eq‘ldr(+ ‘mc ∂S . ∂Φ ‘qd sgd Jhkkhmf udbsnqr bnqqdronmchmf sn sgd
hrnldsqhdr ne sgd antmc‘qx a‘bjfqntmc ’5-0(+- Etqsgdq+ t1 ; �0 ‘mc sgd dpt‘shnm ne rs‘sd ρ ; 1o
enkknvr eqnl sgd e‘bs sg‘s sgd gnknfq‘oghb PES ‘mc hsr fithc ‘qd bnmenql‘k vghbg hlokhdr sg‘s
sgd rsqdrr sdmrnq hr sq‘bdkdrr- Sgd rsqdrr sdmrnq hr bnmrdqudc vhsg qdrodbs sn ’5-0(+ ∇a}S ab〉 ; /+
rhmbd sgdqd ‘qd mn rntqbdr ’d-f-+ rb‘k‘q nq L‘wvdkk( hm ntq rxrsdl- Ntq atkj a‘bjfqntmc hr
rs‘shnm‘qx ‘mc sgdqdenqd sgd antmc‘qx fithc hr ‘krn hm rs‘shnm‘qx dpthkhaqhtl fithc bnmfiftq‘shnm
vhsg qhfhc qnsn,sq‘mrk‘shnm‘k lnshnm- Ntq bgnhbd enq sgd fithc udknbhsx cdfimhshnm hr rtbg sg‘s hs
nadxr sgd K‘mc‘t f‘tfd bnmchshnm

ta}S ab〉 ; ρtb . ’5-5(
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Sghr bnmchshnm ft‘q‘msddr sg‘s sgd rsqdrr sdmrnq bnlonmdmsr knmfhstchm‘k sn sgd udknbhsx fhud
sgd knb‘k dmdqfx cdmrhsx+ hm sgd knb‘k qdrs eq‘ld ne ‘ fithc dkdldms Z5/“-

= fdmdqhb odqstqa‘shnm ne sgd rs‘shnm‘qx fithc bnmfiftq‘shnm vhkk cqhud sgd rxrsdl ‘v‘x
eqnl dpthkhaqhtl ‘mc chrrho‘shnm ltrs ad hmbktcdc sn rstcx sgd dunktshnm ne sgd rxrsdl- Sghr
chrrho‘shud bnmsqhatshnm sn sgd sns‘k gnknfq‘oghb rsqdrr sdmrnq hr dmbncdc hm sgd sdql }Πab〉 ’sghr
enkknvr eqnl ‘ fq‘chdms dwo‘mrhnm ne Dhmrsdhm dpt‘shnmr ‘qntmc =cR hm sgd qdfhld vgdqd sgd
sgdqlncxm‘lhb u‘qh‘shnm kdmfsgrb‘kdr ‘qd ltbg k‘qfdq sg‘m sgd sgdql‘k rb‘kd ne sgd rs‘shnm‘qx
a‘bjfqntmc Z47+ 48“(+

}Sab〉 ; }Sab〉(,( ) }Πab〉 }Πab〉 ; �1ησab ’5-6(

vgdqd σab ;
0

1


O ac∇ct

b ) O bc∇ct
a

� 0

1
ϑO ab . ϑ ; ∇bt

b . O ab ≡ gab ) tatb .

‘qd sgd rgd‘q uhrbnrhsx sdmrnq σab+ sgd fithc dwo‘mrhnm ϑ+ ‘mc sgd hr sgd oqnidbsnq O ab nmsn sgd
gxodqrtqe‘bd nqsgnfnm‘k sn t- Sgd pt‘mshsx η hr sgd rgd‘q uhrbnrhsx- Rhmbd sgd fithc hr bnmenql‘k+
hsr rsqdrr dmdqfx sdmrnq ltrs ad sq‘bdkdrr ’h-d- sgd bnmenql‘k ‘mnl‘kx hr oqnonqshnm‘k sn S b

b

‘mc u‘mhrgdr04(- Bnmrdptdmskx sgd fithc ltrs g‘ud u‘mhrghmf atkj uhrbnrhsx- =krn+ sgd K‘mc‘t

eq‘ld bnmchshnm ’5-5( hlokhdr t
(,(
a Πab ; / vghbg chrb‘qcr ‘ onrrhakd gd‘s chfftrhnm bnmsqhatshnm

sn sgd fiqrs nqcdq chrrho‘shud rsqdrr sdmrnq ’h-d- hm sghr eq‘ld ‘kk sgd chrrho‘shud bnmsqhatshnmr ‘qd
nqsgnfnm‘k sn sgd udknbhsx fidkc( Z5/“-

Vd qdb‘kk sg‘s ‘ oqdbhrd rs‘sdldms enq sgd u‘khchsx ne sgd gxcqncxm‘lhb qdfhld ne ct‘k rxrsdl
b‘m ad l‘cd ‘r enkknvr- Sgd ld‘m eqdd o‘sg ne ‘ sgdnqx hr sxohb‘kkx fhudm ax sgd q‘shn ne sgd
rgd‘q uhrbnrhsx sn sgd dmdqfx cdmrhsx+ Zieo ∼ η

ρ - Vd ‘qd vnqjhmf vhsg ‘ bnmenql‘k sgdnqx rn
sgd ‘rrnbh‘sdc fithc dpt‘shnm ne rs‘sd hr ρ ; 1o ‘mc sgd uhrbnrhsx sn dmsqnox antmc hr r‘stq‘sdc+
η ; r<’3π( Z50“- Enq ‘mx fithc vd ‘krn g‘ud sgd Dtkdq,Fhaar qdk‘shnm ρ)o ; O r+ vgdqd sgd knb‘k
sdlodq‘stqd hr qdk‘sdc sn sgd fithc sdlodq‘stqd ’ct‘k sn sgd ak‘bj gnkd sdlodq‘stqd S ; Sg(

ax sgd Knqdmsy e‘bsnq- Sgdqdenqd vd b‘m vqhsd Zieo ∼ η
ρ ∼ 2

1
η

ρ)N ∼ 2
1

η
T r ∼ 2

7π
0
T ∼ 2

7π
γ�0

Sd
- Sgd

gxcqncxm‘lhb ‘ooqnwhl‘shnm hr u‘khc enq vgdm sgd sgdqlncxm‘lhb pt‘mshshdr ne sgd fithc ‘mc
ne hsr odqstqa‘shnmr u‘qx nm kdmfsgrb‘kdr sg‘s ‘qd ltbg k‘qfdq sg‘m Zieo+ m‘ldkx

q)
K

 0 . ‘mc
a

K
 0 . ’5-7(

vgdqd sn fds sgd fiqrs qdk‘shnm vd trdc sgd e‘bs sg‘s / , γ�0 ≤ 0 ‘mc sg‘s sgd sdlodq‘stqd
rb‘kdr ‘r Sg ∼ q) enq k‘qfd q‘chtr ak‘bj gnkdr � rdd ’1-3( � vghkd sgd rdbnmc qdk‘shnm enkknvr
eqnl sgd e‘bs sg‘s sgd a‘bjfqntmc oqdrrtqd o(,( hr mns ‘ bnmrs‘ms ‘mc hsr fq‘chdms rb‘kdr vhsg
sgd qns‘shnm o‘q‘ldsdq hm =cR tmhsr-

=bbnqchmf sn sgd gnknfq‘oghb chbshnm‘qx+ sgd fithc sdlodq‘stqd hr hcdmshfidc vhsg sgd G‘vjhmf
sdlodq‘stqd Sg ne sgd ak‘bj gnkd ‘mc hs enkknvr eqnl sgd oqduhntr chrbtrrhnm sg‘s sgd ‘mftk‘q
udknbhsx ne fithc Ω∞ ; a<K1 hr oqdbhrdkx sgd rghes hm sgd ‘yhltsg‘k bnnqchm‘sd rtbg sg‘s sgd
’mnm,cxm‘lhb‘k( a‘bjfqntmc nm vghbg sgd fithc finvr hr rs‘shb- Nm sgd nsgdq g‘mc+ sgd uhrbnrhsx
hr fhudm hm sdqlr ne sgd gnqhynm q‘chtr ne sgd atkj ak‘bj gnkd ‘r

η ;
0

2
Kq1) . ’5-8(

Sghr hr ‘ tmhudqr‘k qdk‘shnm enq ‘mx fithc sg‘s hr gnknfq‘oghb‘kkx ct‘k sn ‘ ak‘bj gnkd ne Dhmrsdhm,
=cR3 sgdnqx- Hs enkknvr eqnl sgd bdkdaq‘sdc uhrbnrhsx sn dmsqnox cdmrhsx q‘shn ne sgd sgdnqx

04= BES hr hmu]qh]ms tmcdq Vdxk sq]mrenql]shnmr gab → gabd
�1λ(v( vghbg qdpthqdr sg]s hsr rsqdrr sdmrnq hr

sq]bdkdrr- Hm ] btqudc a]bjfqntmc sgd Vdxk ]mnl]kx aqd]jr hm fdmdq]k sgd bnmenql]k rxlldsqx ]mc xhdkcr
R ∝ M1+ ats sghr aqd]jhmf nbbtqr nmkx ]s entqsg nqcdq hm ] fq]chdms dwo]mrhnm ]mc sgd atkj uhrbnrhsx ]ood]qr
]s fiqrs nqcdq Z5.“-
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m‘ldkx η ; r<’3π( Z50“- Sghr hr ‘ bnmrshstshud qdk‘shnm sg‘s hr hmcdodmcdms ne sgd qns‘shnm ne
sgd fithc rhmbd hs enkknvr eqnl ld‘rtqhmf pt‘mshshdr hm sgd qdrs eq‘ld ne sgd fithc- M‘ldkx vd
b‘m vqhsd sgd dmsqnox cdmrhsx ‘r r ; R<U ; Rρ(,(<D ; 1o(,(R<D vghbg xhdkcr ’5-8( ‘esdq trhmf
sgd qdk‘shnmr enq sgd rs‘shb ak‘bj gnkd dmsqnox ‘mc dmdqfx+ R ; πq1) ‘mc D ; q)

�
0 ) q1)<K

1

<1+

‘mc s‘jhmf sgd gxcqncxm‘lhb khlhs q)<K→ ∞-
Sgd gxcqncxm‘lhb dpt‘shnmr ne lnshnm enq sgd odqstqadc fithc+ sg‘s vhkk tkshl‘sdkx pt‘mshyd

sgd qdk‘w‘shnm shldrb‘kdr ne sgd rxrsdl+ enkknv eqnl sgd bnmrdqu‘shnm ne sgd sns‘k rsqdrr sdmrnq+

∇a


}S ab〉(,( ) }Πab〉


; / . ’5-0/(

Sgdrd dpt‘shnmr b‘m ad vqhssdm ‘r ‘ rds ne svn e‘lhkx ne dpt‘shnmr+ m‘ldkx sgd qdk‘shuhrshb
bnmshmthsx ‘mc M‘uhdq,Rsnjdr dpt‘shnmr+ 05

tb∇bρ) ’ρ) o(ϑ ; 1ησab∇atb .

’ρ) o(ta∇at
b ; �O ab∇ao) 1η


∇aσ

ab � tbσac∇atc


. ’5-00(

Sn rstcx sgd odqstqa‘shnmr ne sgdrd fithc dpt‘shnmr+ vd trd sgd e‘bs sg‘s ∂S ‘mc ∂Φ ‘qd
hrnldsqhdr ne sgd a‘bjfqntmc sn vqhsd sgd lnrs fdmdq‘k odqstqa‘shnmr enq ‘ bnmenql‘k fithc ‘r ‘
rtl ne sgd enkknvhmf Entqhdq lncdr

ρ ; 1o. o ; o(,( ) d�hωS dhkΦδo’V( .

t ; t(,( ) d�hωS dhkΦδtb’V( cv
b. ’5-01(

Sgd udknbhsx mnql‘khy‘shnm t1 ; �0 qdpthqdr t(,( · δt ; / h-d

δtS ; �
a

K1
δtΦ ’5-02(

Oktffhmf sgdrd fitbst‘shnmr hm sgd khmd‘qhydc udqrhnm ne sgd gxcqncxm‘lhb dpt‘shnmr ’5-00( vd
fds sgd dpt‘shnmr ne lnshnm ’DnL( sg‘s sgd fithc odqstqa‘shnmr {δO. δtT . δtΦ{ g‘ud sn nadx- Vd
rnkud sgdrd dpt‘shnmr dw‘bskx trhmf mtldqhb‘k ldsgncr khjd sgnrd vd trd sn rnkud sgd fq‘uhs‘shnm‘k
dpt‘shnmr- Hm ‘cchshnm+ sn fds dwsq‘ ogxrhb‘k hmrhfgs ‘mc bgdbj sgd mtldqhbr+ vd ‘krn fimc ‘
odqstqa‘shud dwokhbhs ‘m‘kxshb‘k dwoqdrrhnm enq sgd fithc pt‘mshshdr ne hmsdqdrs-

Sn rnkud sgd khmd‘qhydc gxcqncxm‘lhb dpt‘shnmr trhmf ‘ odqstqa‘shud ldsgnc Z44+ 45+ 3/+ 46“+
vd ‘rrtld ‘ cntakd dwo‘mrhnm hm sgd rgd‘q uhrbnrhsx ‘mc hm sgd qns‘shnm+ ansg enq sgd fithc
odqstqa‘shnmr hmsqnctbdc hm ’5-01(+ {P(e(’V({ ; {P(0(. P(1(. P(2({ ≡ {δO<K. δtT . δtΦ{+ ‘mc
enq sgd odqstqa‘shnm eqdptdmbx ω9

P(e(’η. a:V( ;

0∑

i9,

P
(e(
i ’a:V(

 η

K2

i
‘mc P

(e(
i ’a:V( ;

o∑

h9,

P
(e(
i,h ’V(

 a

K

h
.

ω’η. a( ;

0∑

i9,

ωi’a(
 η

K2

i
. ‘mc ωi’a( ;

o∑

h9,

ωi,h

 a

K

h
. ’5-03(

‘mc rnkud oqnfqdrrhudkx ’5-0/( nq ’5-00( hm ‘ rdqhdr dwo‘mrhnm hm η<K2 ‘mc a<K- Enq ntq otqonrd
hs vhkk ad dmntfg sn fn to sn sghqc nqcdq ’o ; 2( hm sgd qns‘shnm dwo‘mrhnm-

Hmrodbshmf sgd DnL ‘s kd‘chmf nqcdq N
�
η,. a,


+ vd hlldch‘sdkx bnmbktcd sg‘s vd g‘ud sn

rokhs ntq ‘m‘kxrhr hmsn svn e‘lhkx ne lncdr+ m‘ldkx sgd rb‘k‘q ‘mc udbsnq lncdr- Sgd k‘ssdq

05Sgd bnmshmthsx dpt]shnm enkknvr eqnl oqnidbshmf ”5-6( ]knmf sgd fithc udknbhsx- Oktffhmf hs hmsn ”5-6( sgdm xhdkcr
sgd M]uhdq,Rsnjdr dpt]shnm+ vghbg hr sgd oqnidbshnm ne ”5-6( hm sgd gxodqrtqe]bd nqsgnfnm]k sn sgd udknbhsx-
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g‘ud ω,,, ; / ‘mc odqstqa sgd fithc udknbhsx ats mns sgd oqdrrtqd+ vghkd sgd enqldq g‘ud ω,,, 6; /
‘mc odqstqa ‘kk fithc u‘qh‘akdr- =s sghr nqcdq qns‘shnm hr ‘ardms ‘mc sgd gxcqncxm‘lhb lncdr
g‘ud ‘m dwo‘mrhnm hm sdqlr ne sgd rb‘k‘q Rh ‘mc udbsnq Th Jnc‘l‘,Hrgha‘rgh g‘qlnmhbr ’vghbg
‘qd ansg qdk‘sdc sn sgd ‘rrnbh‘sdc Kdfdmcqd onkxmnlh‘kr Z16+ 0/+ 2/“(- Sghr hr hm ‘fqddldms vhsg
sgd e‘bs sg‘s sgd fq‘uhs‘shnm‘k PMLr rokhs ‘krn hmsn svn e‘lhkhdr ‘r chbs‘sdc ax sgd svn onrrhakd
fkna‘k =cR antmc‘qx bnmchshnmr ’1-08(,’1-10(- =r qns‘shnm ‘mc.nq uhrbnrhsx ‘qd stqmdc nm sgdrd
svn e‘lhkhdr m‘stq‘kkx bnmshmtd sn enkknv chffdqdms o‘sgr-

Ntq l‘hm fn‘k hr sn fimc sgd bg‘q‘bsdqhrshb c‘lodc nrbhkk‘shnm eqdptdmbhdr ne sgd fithc- Vd
kd‘ud sgd cds‘hkr ne ntq bnlots‘shnm sn =oodmchw A ‘mc fhud gdqd nmkx hsr qdkdu‘ms ntsbnld+
m‘ldkx sgd gxcqncxm‘lhb BES sgdql‘khy‘shnm eqdptdmbhdr sg‘s b‘m oqno‘f‘sd hm sgd BES2-
Sgd eqdptdmbhdr ne sgd gxcqncxm‘lhb rb‘k‘q lncdr ‘qd906
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vghkd sgd eqdptdmbhdr ne sgd gxcqncxm‘lhb udbsnq lncdr ‘qd9
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’5-05(

Hm sgdrd dwo‘mrhnmr ’‘mc ‘rrnbh‘sdc Ehfr- 00+ 01 adknv( vd ‘rrtld sgd qdk‘shnm ’5-8( enq sgd
uhrbnrhsx- Vgdm sgd qns‘shnm u‘mhrgdr+ ’5-04( ‘mc ’5-05( qdctbd sn sgd gxcqncxm‘lhb eqdptdmbhdr
fiqrs bnlotsdc hm Z0/“-
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Ehftqd 009 Qd‘k ‘mc Hl‘fhm‘qx o‘qs ne sgd eqdptdmbx enq sgd rb‘k‘q gxcqncxm‘lhb lncdr ‘r ‘
etmbshnm ne sgd ‘chldmrhnm‘k qns‘shnm o‘q‘ldsdq- Sgd chrjr ’rpt‘qdr( ‘qd sgd dw‘bs
mtldqhb‘k rnktshnmr ne sgd gxcqncxm‘lhb dpt‘shnmr enq sgd Z ; l ; 1 ’Z ; l ; 2(
g‘qlnmhbr- Nm sgd nsgdq g‘mc sgd c‘rgdc khmd ’Z ; 1 ( ‘mc sgd c‘rgdc,cnssdc khmd
’Z ; 2( ‘qd sgd btqudr chbs‘sdc ax sgd odqstqa‘shud ‘m‘kxshb‘k dwoqdrrhnm ’5-04(-
Hm sgd qhfgs o‘mdk sgd toodq ’knvdq( aq‘mbgdr ne d‘bg g‘qlnmhb o‘hq cdrbqhad sgd
hl‘fhm‘qx o‘qs ne sgd lncdr vhsg onrhshud ’mdf‘shud( qd‘k o‘qs-

=r hkktrsq‘shud dw‘lokdr+ Ehfr- 00 ‘mc 01 rgnv sgd qdfhld ne u‘khchsx ne sgd odqstqa‘shud
dwoqdrrhnmr ’5-04( ‘mc ’5-05( ax bnlo‘qhmf sgdl ‘f‘hmrs sgd dw‘bs mtldqhb‘k rnktshnmr ne sgd
khmd‘qhydc gxcqncxm‘lhb dpt‘shnmr ’5-00( enq sgd Z ; l ; 1 ‘mc Z ; l ; 2 g‘qlnmhbr hm ansg
sgd rb‘k‘q ‘mc udbsnq rdbsnqr- =r hr duhcdms eqnl sgd fiftqdr+ sgd l‘sbg hr dwbdkkdms hm sgd rl‘kk
qns‘shnm qdfhld ‘r dwodbsdc-

Ehf- 00 cdrbqhadr sgd gxcqncxm‘lhb rb‘k‘q lncdr- Enq d‘bg g‘qlnmhb Z sgdqd hr ‘ o‘hq
ne rnktshnmr+ nmd vhsg onrhshud ‘mc sgd nsgdq vhsg mdf‘shud qd‘k o‘qs ne sgd eqdptdmbx- =s
ydqn qns‘shnm ‘mc nmkx hm sghr b‘rd+ sgd a‘bjfqntmc g‘r sgd s � φ rxlldsqx ‘mc sgtr sgd svn
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Ehftqd 019 Qd‘k ‘mc Hl‘fhm‘qx o‘qs ne sgd eqdptdmbx enq sgd udbsnq gxcqncxm‘lhb lncdr ‘r

‘ etmbshnm ne sgd ‘chldmrhnm‘k qns‘shnm o‘q‘ldsdq- Sgd chrjr ’rpt‘qdr( cdrbqhad
sgd dw‘bs mtldqhb‘k rnktshnm ne sgd gxcqncxm‘lhb dpt‘shnmr enq sgd Z ; l ; 1
’Z ; l ; 2( g‘qlnmhbr- Nm sgd nsgdq g‘mc sgd c‘rgdc khmd ’Z ; 1 ( ‘mc sgd c‘rgdc,
cnssdc khmd ’Z ; 2( ‘qd sgd btqudr oqdchbsdc ax sgd odqstqa‘shud ‘m‘kxshb‘k dwoqdrrhnm
’5-05(-

rnktshnmr ‘qd ogxrhb‘kkx sgd r‘ld9 sgdx enql ‘ o‘hq {ω.�ω∗{ qdk‘sdc ax bnlokdw bnmitf‘shnm-
Qns‘shnm aqd‘jr sghr cdfdmdq‘bx- Ehf- 01 cdrbqhadr sgd gxcqncxm‘lhb udbsnq lncdr- Sgdrd ‘qd
bg‘q‘bsdqhydc ax g‘uhmf u‘mhrghmf eqdptdmbx qd‘k o‘qs vgdm sgd qns‘shnm u‘mhrgdr+ rn sgdqd hr
nmkx nmd e‘lhkx ne rnktshnmr enq d‘bg g‘qlnmhb-

5-1 Knmf vVudkdmfsg PMLr Vmc gxcqncxmVlhb lncdr

Hm sgd k‘rs rtardbshnm vd bnlotsdc ‘m‘kxshb‘kkx ‘mc mtldqhb‘kkx sgd gxcqncxm‘lhb qdk‘w‘shnm
shldrb‘kdr- Hm sghr rdbshnm vd bnlo‘qd sgdrd shldrb‘kdr vhsg sgd knmf v‘udkdmfsg fq‘uhs‘shnm‘k
PMLr-

Sn odqenql sgd bnlo‘qhrnm vd qdb‘kk sg‘s sgd gxcqncxm‘lhb ‘mc fq‘uhs‘shnm‘k lncdr ‘qd
dwodbsdc sn l‘sbg hm sgd qdfhld ne o‘q‘ldsdqr ’5-7(+ m‘ldkx q)<K 0 ‘mc a<K 0- Vd sgtr
bnmrhcdq ‘ Jdqq,=cR ak‘bj gnkd vhsg q‘chtr o‘q‘ldsdq q)<K ; 0// sn cn sgd bnlo‘qhrnm- =
ld‘rtqd ne sgd cduh‘shnm adsvddm sgd mtldqhb‘k gxcqncxm‘lhb eqdptdmbhdr ’b‘kk sgdl ωfxapn(
‘mc sgd mtldqhb‘k fq‘uhs‘shnm‘k PML eqdptdmbhdr ’b‘kk sgdl ω( hr fhudm ax |0� ωfxapn<ω|- Hm
Ehf- 02 vd okns sghr cduh‘shnm ld‘rtqd ‘r ‘ etmbshnm ne sgd qns‘shnm o‘q‘ldsdq a<K ’a<K , 0
enq qdftk‘q ak‘bj gnkdr( enq ‘ Jdqq,=cR AG vhsg q)<K ; 0//  0- Sgd aqnvm btqud ’chrjr( hr
enq rb‘k‘q lncdr+ vghkd sgd fqddm btqud ’rpt‘qdr( hr enq udbsnq lncdr- Vd rdd sg‘s sgd l‘sbg
adsvddm sgd gxcqncxm‘lhb ‘mc knmf v‘udkdmfsg PML eqdptdmbhdr hr udqx fnnc dudm vgdm sgd
qns‘shnm fqnvr k‘qfd ‘mc sgtr lnudr ‘v‘x eqnl sgd gxcqncxm‘lhb u‘khchsx qdfhld a<K 09 enq
rb‘k‘q ’udbsnq( lncdr sgd l‘whltl cduh‘shnm hr adknv 0/�3 ’1· 0/�2(-

Sghr odqedbs l‘sbg vgdm sgd qns‘shmf bgdlhb‘k onsdmsh‘k hr oqdrdms hr ‘ etqsgdq bnmfiql‘shnm
ne sgd gnknfq‘oghb hmsdqoqds‘shnm ne sgd PML rodbsqtl+ ne sgd rgd‘q uhrbnrhsx sn sgd dmsqnox
cdmrhsx antmc+ η<r ; 0<’3π(+ ‘mc tkshl‘sdkx ne sgd =cR.BES bnqqdronmcdmbd hsrdke-
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Ehftqd 029 Bnlo‘qhrnm adsvddm sgd knmf v‘udkdmfsg fq‘uhs‘shnm‘k PMLr ‘mc sgd gxcqncxm‘lhb
lncdr ’enq sgd k‘sdq vd trd sgd dw‘bs mtldqhb‘k qdrtksr( enq q)<K ; 0//- Sgd aqnvm
’chrjr( btqud cdrbqhadr sgd rb‘k‘q lncdr vghkd sgd fqddm ’rpt‘qdr( btqud hr enq sgd
udbsnq lncdr-

6 PMLr Vmc rtodqqVchVmbd hm 4 chldmrhnmr

Hm sghr rdbshnm vd dwsdmc sgd rstcx ne sgdql‘khy‘shnm+ pt‘rhmnql‘k lncdr+ ‘mc rtodqq‘ch‘mbd sn
fiud chldmrhnmr- Sgdqd ‘qd l‘mx lnshu‘shnmr enq cnhmf rn- Ehqrskx+ sgdqd hr btqqdmskx ‘ fdmdq‘k
hmsdqdrs hm rstcxhmf fq‘uhsx hm ghfgdq chldmrhnmr+ enq ‘ lncdqm qduhdv rdd Z51“- Hs hr hmsdqdrshmf
sn ‘rj gnv sgd rnktshnmr sn sgd Dhmrsdhm dpt‘shnmr ‘mc sgdhq oqnodqshdr u‘qx vhsg C- =r sgd
chldmrhnm hmbqd‘rdr+ sgd sxodr ne ak‘bj gnkd rnktshnmr hmbqd‘rd cq‘l‘shb‘kkx- Rnld dw‘lokdr
ne sgd mnm,rs‘mc‘qc ak‘bj gnkdr onrrhakd hm ghfgdq chldmrhnmr ‘qd ak‘bj qhmfr+ ak‘bj R‘stqmr+
‘mc ak‘bj aq‘mdr- L‘mx ne sgdrd rnktshnmr bg‘kkdmfd sgd hmsthshnm f‘hmdc eqnl rstcxhmf entq
chldmrhnmr ax dwghahshmf mnm,tmhptdmdrr ‘mc ‘ u‘qhdsx ne hmsdqdrshmf hmrs‘ahkhshdr+ rnld ne vghbg
khjdkx kd‘c sn snonknfx,bg‘mfhmf sq‘mrhshnmr nmbd pt‘mstl dffdbsr ‘qd hmbktcdc- Hm ‘cchshnm sn
sghr udqx fdmdq‘k lnshu‘shnm+ vd rg‘kk rdd sg‘s rtodqq‘ch‘mbd hm fiud chldmrhnmr hr pt‘khs‘shudkx
udqx rhlhk‘q sn entq chldmrhnm‘k Jdqq,=cR b‘rd- Sgtr vd dwodbs sg‘s sgd hmsthshnm vd f‘hm
eqnl rstcxhmf rtodqq‘ch‘mbd hm entq ‘mc fiud chldmrhnmr vhkk ad trdetk enq sghmjhmf ‘ants nsgdq
chldmrhnmr- =cchshnm‘kkx+ adb‘trd ne sgd oqnodqshdr ne sgd o‘qshbtk‘q bk‘rr ne ak‘bj gnkdr vd
bgnrd sn rstcx+ bdqs‘hm ‘rodbsr ne sgd oqnakdl vhkk stqm nts sn ad lnqd sq‘bs‘akd sg‘m sgd
Jdqq,=cR b‘rd-

= rdbnmc lnshu‘shnm enq rstcxhmf fiud chldmrhnm‘k ‘rxlosnshb‘kkx =cR ak‘bj gnkdr hr sg‘s
sgdx ok‘x ‘m hlonqs‘ms qnkd hm tmcdqrs‘mchmf rsqnmfkx bntokdc fidkc sgdnqhdr hm entq chldmrhnmr
uh‘ f‘tfd.fq‘uhsx ct‘khsx- Hm o‘qshbtk‘q+ sgd lnrs vdkk,cdudknodc dw‘lokd ne sghr ct‘khsx hr Sxod
HHA rsqhmf sgdnqx nm =cR4·R4 ro‘bdshldr+ vghbg hr ct‘k sn J ; 3 Rtodqrxlldsqhb X‘mf,Lhkkr-
Sgd ogxrhbr ne fiud chldmrhnm‘k =cR ak‘bj gnkdr b‘m sgtr kd‘c sn ‘m hloqnudc tmcdqrs‘mchmf ne
sghr rodbhfib ct‘khsx+ ‘mc lnqd fdmdq‘kkx ‘ants sgd ogxrhbr ne entq chldmrhnm‘k fidkc sgdnqhdr ‘s
fimhsd sdlodq‘stqd- =r hm sgd Jdqq,=cR b‘rd+ k‘qfd ak‘bj gnkdr vhkk ad o‘qshbtk‘qkx hmsdqdrshmf
hm sghr qdf‘qc ‘r sgdx vhkk ad ct‘k sn fidkc sgdnqhdr ‘clhsshmf ‘ gxcqncxm‘lhb cdrbqhoshnm-
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6-/ Lxdqr,Ndqqx�:cR akVbi gnkdr vhsg dptVk VmftkVq lnldmsV

Sgd fdmdq‘khy‘shnm ne sgd Jdqq ldsqhb sn ghfgdq chldmrhnmr v‘r entmc ax Lxdqr ‘mc Odqqx Z52“-
Hs v‘r sgdm etqsgdq fdmdq‘khydc sn hmbktcd mdf‘shud bnrlnknfhb‘k bnmrs‘ms enq sgd b‘rd ne fiud
chldmrhnmr hm Z53“+ ‘mc sgdm sn ‘qahsq‘qx chldmrhnmr ax Z54+ 55“- =ksgntfg ntq mtldqhb‘k qdrtksr
‘qd enq fiud chldmrhnmr nmkx+ hm sgd oqdrdms‘shnm sg‘s enkknvr vd vhkk jddo sgd chldmrhnm fdmdq‘k
vgdmdudq onrrhakd- Vd sgdqdenqd qdedq sn sgdrd ak‘bj gnkdr ‘r Lxdqr,Odqqx�=cR ’LO,=cR(
ak‘bj gnkdr-

Hm ghfgdq chldmrhnmr sgdqd ‘qd lnqd ok‘mdr enq ‘m naidbs sn qns‘sd hm sg‘m hm entq chldmrhnmr+
‘mc sgdqdenqd sgdrd ak‘bj gnkdr ‘qd cdrbqhadc ax m ; T’C� 0(<1c ‘mftk‘q lnldms‘ o‘q‘ldsdqr-
Enq fdmdqhb bgnhbdr ne sgd ‘mftk‘q lnldms‘+ sgd rxlldsqx ne sgd LO,=cR ak‘bj gnkd hr P ·
T’0(m- Sgd fiqrs e‘bsnq hr ctd sn shld sq‘mrk‘shnmr+ ‘mc sgd m T’0(&r ‘qd ctd sn sgd m hmcdodmcdms
ok‘mdr ne qns‘shnm- Enq bdqs‘hm bgnhbdr ne sgd ‘mftk‘q lnldms‘+ sghr rxlldsqx b‘m ad hmbqd‘rdc-
Enq ncc chldmrhnmr+ ‘ o‘qshbtk‘qkx cq‘l‘shb dmg‘mbdldms nbbtqr vgdm ‘kk ‘mftk‘q lnldms‘ ‘qd
dpt‘k- Hm sghr b‘rd+ sgd hrnldsqx adbnldr P· T’0(· RT’M ) 0(+ vgdqd C ; 1M ) 2- Enq sghr
b‘rd+ sgd khmd dkdldms adbnldr bngnlnfdmdhsx,0+ vghbg hr sn r‘x sg‘s hs cdodmcr mnm,sqhuh‘kkx
nmkx nm sgd q‘ch‘k bnnqchm‘sd- Sghr ed‘stqd l‘jdr sgd rstcx ne khmd‘q rs‘ahkhsx o‘qshbtk‘qkx
sq‘bs‘akd enq sgdrd ak‘bj gnkdr+ ‘r sgd khmd‘qhydc odqstqa‘shnm dpt‘shnmr b‘m ad d‘rhkx rdo‘q‘sdc
‘mc qdctbdc sn NCD&r- Sgdqdenqd+ hm vg‘s enkknvr+ vd rg‘kk qdrsqhbs ntqrdkudr sn ncc chldmrhnmr
‘mc sgd dpt‘k ‘mftk‘q lnldms‘ rdbsnq ne sgd etkk o‘q‘ldsdq ro‘bd-

Gdqd vd hmsqnctbd sgd LO,=cR ak‘bj gnkdr enq ncc chldmrhnm C ; 1M ) 2 ‘mc vhsg ‘kk
‘mftk‘q lnldms‘ dpt‘k- Sgd khmd dkdldms hr

cr1 ; �e’q(1cs1 ) f’q(1cq1 ) g’q(1’cψ ) Aacv
a � Ω’q(cs(1 ) q1]faacv

acva. ’6-0(

vhsg sgd ldsqhb etmbshnmr cdfimdc ‘r enkknvr9

f’q(1 ;

0 )

q1

K1
�
q1ML
q1M

)
q1ML
q1M

a1

K1
)
q1ML a1

q1M)1

�0
. g’q(1 ; q1


0 )

q1ML a1

q1M)1


. ’6-1(

Ω’q( ;
q1ML a

q1Mg’q(1
. e’q( ;

q

f’q(g’q(
. ’6-2(

Gdqd ]faa hr sgd Etahmh,Rstcx ldsqhb nm �IM - Vd vhkk ‘cnos sgd bnmudmshnm sg‘s knvdqb‘rd k‘shm
hmchbdr qtm nudq �IM bnnqchm‘sdr+ ‘mc sg‘s g‘ssdc sdmrnqr ‘qd ‘rrnbh‘sdc vhsg sghr ro‘bd- Sgd
Etahmh,Rstcx ldsqhb hr Dhmrsdhm+ vhsg sgd enkknvhmf oqnonqshnm‘khsx bnmrs‘ms

]Qaa ; 1’M ) 0(]faa. ’6-3(

Vgdm sgd ‘mftk‘q lnldms‘ ‘qd rds sn ydqn+ sghr ldsqhb qdctbdr sn sgd trt‘k Rbgv‘qyrbghkc,=cR
ldsqhb vhsg sgd tmhs rogdqd vqhssdm hm sdqlr ne sgd Gnoe fiaq‘shnm9

cΩ11M)0 ; ’cψ ) Aacv
a(1 ) ]faacv

acva. ’6-4(

vgdqd gdqd A hr qdk‘sdc sn sgd J‘̃gkdq enql ax 1I ; cA- Bnmrs‘ms s. q rkhbdr g‘ud sgd fdnldsqx
ne gnlnfdmdntrkx rpt‘rgdc rogdqdr+ vhsg sgd ‘lntms ne rpt‘rghmf cdsdqlhmdc ax g’q(-

Sgd dmdqfx+ ‘mftk‘q lnldms‘+ ‘mc ‘mftk‘q udknbhsx ne sgd gnqhynm ‘qd Z33“9

D ;
A1M)0
7πF

q1ML


M )

0

1
)

a1

1K1


. I ;

A1M)0
7πF

’M ) 0(q1ML a ’6-5(

ΩF ;
q1ML a

q1M)1) ) q1ML a1
. ’6-6(
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Sgd gnqhynm,fdmdq‘shmf Jhkkhmf fidkc hr J ; ∂s ) ΩF∂ψ- Sgd ogxrhbr ne odqstqa‘shnmr ne sghr
ak‘bj gnkd vhkk cdodmc bqtbh‘kkx nm ΩF - Enq ΩFK , 0+ J hr shldkhjd dudqxvgdqd ntsrhcd sgd
gnqhynm- He ΩFK / 0+ sgdm hs adbnldr ro‘bdkhjd rtflbhdmskx e‘q ‘v‘x eqnl sgd gnqhynm+ ‘mc
hm o‘qshbtk‘q hr ro‘bdkhjd ‘s sgd bnmenql‘k antmc‘qx- Enq ΩFK ; 0. J hr dw‘bskx mtkk ‘s sgd
bnmenql‘k antmc‘qx-

Sgd ldsqhb hr cdrbqhadc ax sgqdd chldmrhnm‘k o‘q‘ldsdqr+ ’K. qL . a(- Vd vhkk fimc hs trdetk sn
trd hmrsd‘c sgd o‘q‘ldsdqr ’K. q).ΩF(+ vgdqd q) hr sgd gnqhynm q‘chtr+ sn cdrbqhad sgd rnktshnm-
Mnsd sg‘s sgdrd o‘q‘ldsdqr ‘qd cdfimdc hmcdodmcdmskx ne sgd o‘q‘ldsdqr sg‘s ‘ood‘q hm sgd
Jdqq,=cR b‘rd+ ‘mc ‘krn mnsd sg‘s sgd antmc‘qx ldsqhb hr mns qns‘shmf hm sgdrd bnnqchm‘sdr-

Enq sgdrd dpt‘k ‘mftk‘q lnldms‘ ak‘bj gnkdr sgd ‘mftk‘q udknbhsx b‘mmns ad ‘qahsq‘qhkx k‘qfd
‘mc ltrs nadx sgd dwsqdl‘k antmc

ΩFK ≤

√

0 )
M

M ) 0

K1

q1)
. ’6-7(

Hm Ehf- 03 vd okns sgd cnl‘hm ne sgd o‘q‘ldsdq ro‘bd enq sgd b‘rd C ; 4- Vd ‘krn okns sgd
khmdr ΩFK ; 0 ‘mc q)<K ; 0- Sgdrd chuhcd sgd rta,dwsqdl‘k o‘q‘ldsdq ro‘bd hmsn entq chrshmbs
qdfhnmr- Sghr chuhrhnm bnldr eqnl sgd ‘m‘kxrhr ne G‘vjhmf ‘mc Qd‘kk Z40“- Sgd hlonqs‘mbd ne sgd
khmd ΩFK ; 0 hr sg‘s ak‘bj gnkdr vhsg ΩFK , 0 ‘qd dwodbsdc sn ad rs‘akd+ vgdqd‘r sgnrd vhsg
ΩFK / 0 ‘qd dwodbsdc sn ad rtrbdoshakd sn hmrs‘ahkhshdr- =cchshnm‘kkx+ sgd o‘qshshnm etmbshnm ne
sgdrd ak‘bj gnkdr hm ‘ fq‘mc b‘mnmhb‘k dmrdlakd adbnldr hkk,cdfimdc enq ΩFK ≥ 0+ ‘r sgd ct‘k
BES vhkk ad qns‘shmf e‘rsdq sg‘m sgd roddc ne khfgs- Sgd hlonqs‘mbd ne q)<K ; 0 hr sg‘s ak‘bj
gnkdr k‘qfdq sg‘m sghr ‘qd sgdqlncxm‘lhb‘kkx oqdedqqdc nudq sgdql‘k+ qns‘shmf =cR hm sgd fq‘mc
b‘mnmhb‘k dmrdlakd+ vgdqd‘r rl‘kkdq ak‘bj gnkdr ‘qd mns-

/-/ /-4 0-/ 0-4 1-/
/-/

/-4

0-/

0-4

1-/
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m‘jdckx rhmftk‘q

Ehftqd 039 Sgd o‘q‘ldsdq ro‘bd enq 4C dpt‘k ‘mftk‘q lnldms‘ ak‘bj gnkdr- Adknv sgd khmd
ΩFK ; 0 sgd ak‘bj gnkdr ‘qd dwodbsdc sn ad rs‘akd+ ‘mc ‘anud sgdx b‘m onsdmsh‘kkx
ad tmrs‘akd- Ak‘bj gnkdr sn sgd qhfgs ne sgd khmd q)<K ; 0 ‘qd sgdqlncxm‘lhb‘kkx
oqdedqqdc hm sgd fq‘mc b‘mnmhb‘k dmrdlakd+ vgdqd‘r ak‘bj gnkdr sn sgd kdes ‘qd mns-
Mnsd sg‘s sgd cnl‘hm dwsdmcr hmfimhsdkx hm ansg chqdbshnmr-

6-1 RbVkVq,fqVuhsVshnmVk odqstqaVshnmr

Vd mnv qduhdv sgd oqnakdl ne khmd‘q odqstqa‘shnmr ne sgd ‘anud ldsqhb- Sgd cdbnlonrhshnm
vd dloknx v‘r fiqrs tshkhydc hm Z56“+ vgdqd rb‘k‘q,fq‘uhs‘shnm‘k odqstqa‘shnmr ne ‘rxlosnshb‘kkx
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fi‘s LO ak‘bj gnkdr vhsg dpt‘k ‘mftk‘q lnldms‘ vdqd rstchdc- Ldsqhb odqstqa‘shnmr l‘x ad
cdbnlonrdc ‘bbnqchmf sn gnv sgdx sq‘mrenql tmcdq sgd hrnldsqhdr ne sgd �IM a‘rd ro‘bd- Sgdqd
‘qd sgqdd rdbsnqr ne odqstqa‘shnmr sn bnmrhcdq9 rb‘k‘q+ udbsnq+ ‘mc sdmrnq- Sdmrnq ‘mc rb‘k‘q fidkc
odqstqa‘shnmr ne sgd LO,=cR ak‘bj gnkdr vdqd rstchdc hm Z28“- = l‘inq rhlokhexhmf ed‘stqd
ne fiud chldmrhnmr hr sg‘s udbsnq ‘mc sdmrnq odqstqa‘shnmr cn mns dwhrs+ adb‘trd sgd ‘rrnbh‘sdc
udbsnq ‘mc sdmrnq g‘qlnmhbr cn mns dwhrs nm �I0 Z28+ 57“- Sgtr+ vd mddc nmkx bnmrhcdq sgd rb‘k‘q
rdbsnq ne odqstqa‘shnmr hm fiud chldmrhnmr- Vd mnv aqhdfix qduhdv bg‘qfdc rb‘k‘q g‘qlnmhbr nm
�IM enkknvhmf Z58+ 56“- Ehqrs+ hmsqnctbd ‘ bg‘qfdc bnu‘qh‘ms cdqhu‘shud9

Da ≡ ]∇a � hlAa. ’6-8(

Sg‘s sghr hr sgd m‘stq‘k cdqhu‘shud nodq‘snq sn bnmrhcdq b‘m ad rddm eqnl sgd chldmrhnm‘k
qdctbshnm ne sgd fiaqd bnnqchm‘sd hm sgd Gnoe fiaq‘shnm- Bg‘qfdc rb‘k‘q g‘qlnmhbr ’vhsg bg‘qfd
l( ‘qd sgdm sgnrd etmbshnmr ne sgd �IM bnnqchm‘sdr sg‘s r‘shrex

’D1 ) λ(R ; /. ’6-0/(

Gdqd sgd dhfdmu‘ktd hr ‘ etmbshnm ne svn pt‘mshydc o‘q‘ldsdqr+ ’κ.l(9

λ ; k’k ) 1M(�l1. k ; 1κ) |l|. ’6-00(

vgdqd κ ; /. 0. 1...+ ‘mc l ∈ Y- Bg‘qfdc rb‘k‘q,cdqhudc udbsnqr b‘m ad nas‘hmdc ax chffdqdmsh‘s,
hmf+

Ra ; �
0|
λ
DaR. ’6-01(

Sgdrd b‘m ad etqsgdq cdbnlonrdc hmsn Gdqlhsh‘m ‘mc ‘msh,Gdqlhsh‘m o‘qsr

IaaR±
a ; ±hR±

a . ’6-02(

K‘rskx+ sgd rb‘k‘q,cdqhudc sdmrnqr ‘qd fhudm ax

R))aa ; D)(aR
)
a(. R��aa ; D�(aR

�
a(. R)�aa ; D)(aR

�
a( )D�(aR

)
a( �

0

1M
]faaD · R. ’6-03(

Hm nqcdq sn hlokdldms sgd g‘qlnmhb cdbnlonrhshnm ne sgd odqstqa‘shnm+ hs vhkk ad trdetk sn
hmsqnctbd sgd 0,enqlr+

d, ; e’q(cs. d0 ; f’q(cq. d1 ; g’q(’cψ ) Aacv
a � Ω’q(cs(. ’6-04(

Sgd �IM rb‘k‘q rdbsnq ne ldsqhb odqstqa‘shnmr b‘m sgdm ad vqhssdm ‘r

gAA ; eAAR. ’6-05(

gAa ; q’e)AR
)
a ) e�AR

�
a (. ’6-06(

gaa ; �
q1

λ0,1
’G))R))aa )G��R��aa )G)�R)�aa ( ) q1GK]faaR. ’6-07(

vgdqd toodq b‘rd k‘shm hmchbdr qtm nudq /+0+1+ ‘mc knvdq b‘rd k‘shm kdssdqr qtm nudq sgd �IM
bnnqchm‘sdr- =cnoshmf sgd sq‘bdkdrr sq‘mrudqrd f‘tfd+

g ; fµµgµµ ; /. ∇µgµµ ; /. ’6-08(

sgd khmd‘qhydc Dhmrsdhm dpt‘shnmr ‘qd sgdm

∇1gµµ ) 1Qµρµσg
ρσ ; /. ’6-1/(
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Vhsg sgd ‘anud o‘q‘ldsqhy‘shnm+ sgd �IM cdodmcdmbd hm sgd Dhmrsdhm dpt‘shnmr vhkk rdo‘q‘sd+
qdrtkshmf hm ‘ rxrsdl ne bntokdc NCD&r- Sgdrd dpt‘shnmr ‘qd q‘sgdq kdmfsgx+ ‘mc cdodmc mnm,
sqhuh‘kkx nm sgd o‘qshbtk‘q g‘qlnmhb ’κ.l( tmcdq bnmrhcdq‘shnm+ ‘mc vd sgdqdenqd nlhs sgdhq
oqdrdms‘shnm gdqd- Sgd mnm,sqhuh‘k v‘x hm vghbg sgd dpt‘shnmr cdodmc nm sgd �IM g‘qlnmhb
hm ptdrshnm hr ‘r enkknvr9 Enq bdqs‘hm u‘ktdr ne ’κ.l(+ rnld ne sgd g‘qlnmhb sdmrnqr cn mns
dwhrs ‘mc sgdqdenqd sgdhq bndflbhdms etmbshnmr ‘qd ydqn- =r ‘m dw‘lokd+ enq M ; 0 ’C ; 4(+ ‘mc
l / /+ R)a ; R))aa ; R)�aa ; /+ ‘mc rn sgdqdenqd sgd etmbshnmr e)A . G

)). G)� cn mns dmsdq hmsn
sgd odqstqa‘shnm-

6-2 AntmcVqx bnmchshnmr

Vd mnv stqm sn ‘ chrbtrrhnm ne sgd antmc‘qx bnmchshnmr- Antmc‘qx bnmchshnmr ltrs ad rto,
okhdc ‘s sgd gnqhynm ‘mc ‘s sgd bnmenql‘k antmc‘qx- Sgd ‘ooqnoqh‘sd antmc‘qx bnmchshnmr enq
pt‘rhmnql‘k lncdr ‘qd sgnrd sg‘s bnqqdronmc sn ‘m hmfnhmf odqstqa‘shnm nm sgd etstqd gnqhynm
D)+ ‘mc ‘ mnql‘khy‘akd odqstqa‘shnm ‘s sgd antmc‘qx- Enq sgd b‘rd ne ‘rxlosnshb‘kkx fi‘s dpt‘k
‘mftk‘q lnldms‘ LO ak‘bj gnkdr+ sgd qdpthqdldms ne adhmf hmfnhmf ‘s sgd gnqhynm v‘r sq‘mr,
k‘sdc hmsn antmc‘qx bnmchshnmr hm Qde- Z56“- Sgd r‘ld ldsgnc ‘ookhdr gdqd+ ‘mc rn vd nlhs ‘
cds‘hkdc chrbtrrhnm ne sgd gnqhynm antmc‘qx bnmchshnmr-

Sgd antmc‘qx bnmchshnmr ‘s hmfimhsx ‘qd kdrr rsq‘hfgsenqv‘qc- Gdqd vd cdrbqhad ‘ fdmdq‘k
ldsgnc enq fimchmf sgd antmc‘qx bnmchshnmr ne ‘ mnql‘khy‘akd fq‘uhs‘shnm‘k odqstqa‘shnm ne
‘rxlosnshb‘kkx knb‘kkx =cR ro‘bdshldr- Qdb‘kk sg‘s hm sgd Jdqq,=cR b‘rd sgd odqstqa‘shnm
dpt‘shnmr vdqd qdctbdc sn ‘ rhmfkd f‘tfd hmu‘qh‘ms dpt‘shnm+ sgd Sdtjnkrjx dpt‘shnm- Sgdqd
vdqd svn rsdor hm sgd oqnbdrr ne fimchmf sgd antmc‘qx bnmchshnmr ‘s hmfimhsx- Ehqrs+ ‘ Eqnadmhtr
dwo‘mrhnm ‘m‘kxrhr xhdkcdc sgd ‘kknvdc e‘kk,nff&r+ ‘mc sgdm sgd qdpthqhmf sg‘s sgd odqstqa‘shnm
ad mnql‘khy‘akd fiwdc ‘ bdqs‘hm khmd‘q bnlahm‘shnm ne sgd svn rnktshnm aq‘mbgdr-

Vd vhrg sn fdmdq‘khyd sghr ldsgnc sn ‘ rxrsdl ne m 1mc nqcdq NCD&r enq m etmbshnmr eh- Hm
vhkk ad bnmudmhdms sn bnmudqs sn ‘ mdv q‘ch‘k bnnqchm‘sd+ y ; 0<q- Ehqrs vd cdlnmrsq‘sd sg‘s
y ; / hr ‘ qdftk‘q rhmftk‘q onhms ne sgd dpt‘shnmr- Sn cn rn+ bg‘mfd sn ‘ mdv a‘rhr ne etmbshnmr
ph ; y�heh+ ‘mc vqhsd sgd dpt‘shnmr ‘r

Ahi’y(y
1∂1vpi )Ahi’y(y∂vpi ) Bhi’y(pi ; /. ’6-10(

He rnld bgnhbd ne sgd �h ‘mc nudq‘kk ltkshokhb‘shud e‘bsnqr b‘m ad l‘cd rtbg sg‘s sgd bndflbhdms
l‘sqhbdr ‘ooqn‘bg fimhsd ‘mc mnm,ydqn bnmrs‘ms l‘sqhbdr hm sgd khlhs y → /+ sgdm vd vhkk g‘ud
cdlnmrsq‘sdc sg‘s y ; / hr ‘ qdftk‘q rhmftk‘q onhms ne sghr rxrsdl ne dpt‘shnmr- Vd cn mns jmnv
ne ‘m ‘kfnqhsglhb v‘x sn cdsdqlhmd sgd �&r+ ats enq sgd oqnakdl ‘s g‘mc vd g‘ud cdlnmrsq‘sdc
sg‘s sgd dpt‘shnmr b‘m ad ots hmsn sghr enql- Sgdm+ ‘esdq bg‘mfhmf bnnqchm‘sdr sn ∂s ; y∂v+ sgd
dpt‘shnmr adbnld9

Ahi’/(∂
1
s pi ) ’Ahi’/(� Ahi’/((∂spi ) Bhi’/(pi ; /.

Sghr hr ‘ 1mc nqcdq rxrsdl ne NCD&r vhsg bnmrs‘ms bndflbhdmsr+ vghbg b‘m ad rnkudc uh‘ sgd
rs‘mc‘qc ldsgnc ne vqhshmf hs ‘r ‘ rxrsdl ne bntokdc 0rs nqcdq NCD&r9

Ûa ;LaaUa ’6-11(

Vgdqd

Ua ;


ph

∂sph



. Laa ;


/ C

�A’/(�0.B’/( ’C� A’/(�0.A’/((



. ’6-12(
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‘mc a ; 0. .... 1m- Sgd fdmdqhb rnktshnm ’dwbktchmf onrrhakd knf‘qhsglhb sdqlr hm y( hr sgdm

Ua ;


ph

∂sph



;

1m∑

a90

ba dwo

sλa


u(a(a .

vgdqd sgd λa. u
(a(
a ‘qd sgd dhfdmu‘ktdr ‘mc udbsnqr ne L - Sgdqd ‘qd 1m bndflbhdmsr ba+ vghbg

hr dwodbsdc9 enq m 1mc nqcdq NCD&r sgdqd rgntkc ad 1m bnmrs‘msr ne hmsdfq‘shnm- Sghr hr sgd
fdmdq‘khy‘shnm ne sgd fiqrs rsdo hm sgd Eqnadmhtr ldsgnc+ hm vghbg sgd svn hmcdodmcdms aq‘mbgdr
ne ‘ rnktshnm sn ‘m NCD ‘qntmc ‘ qdftk‘q rhmftk‘q onhms ‘qd cdsdqlhmdc- Sgd mdws ‘mc k‘rs rsdo
hr sn trd ogxrhb‘k bnmrhcdq‘shnmr sn cdsdqlhmd sgd ba sg‘s bnqqdronmc sn sgd sxod ne odqstqa‘shnm
adhmf rstchdc- Enq mnql‘khy‘akd ldsqhb odqstqa‘shnmr+ sgd antmc‘qx ldsqhb hr gdkc fiwdc ‘mc sgd
antmc‘qx rsqdrr sdmrnq hr u‘qhdc- Enq sgd otqonrd ne sq‘mrk‘shmf sghr bnmchshnm hmsn bgnhbdr ne
sgd bnmrs‘msr ne hmsdfq‘shnm ba+ hs hr trdetk sn ots sgd etkk ldsqhb ’a‘bjfqntmc oktr odqstqa‘shnm(
hmsn Edffdql‘m,Fq‘g‘l f‘tfd- Hm sghr f‘tfd sgd ldsqhb s‘jdr sgd enql

cr1 ;
K1

y1
’cy1 ) faa’y. v(cv

acva(. ’6-13(

faa’y. v( ; f,’v( ) ...) ycfc’v( ) yc knf’y1(gc’v( ) ... ’6-14(

Gdqd C ; c ) 0 ‘mc sgd knvdq b‘rd K‘shm hmchbdr qtm nudq ‘kk ats sgd q‘ch‘k bnnqchm‘sd- Hm
nqcdq sn l‘jd sgd odqstqa‘shnm mnql‘khy‘akd vd qdpthqd sg‘s hs nmkx ‘ffdbsr sgd sdqlr fc ‘mc
ghfgdq hm sgd ‘anud dwo‘mrhnm- Sghr bnqqdronmcr sn gnkchmf fiwdc sgd antmc‘qx ldsqhb ‘mc nmkx
‘kknvhmf sgd ldsqhb odqstqa‘shnm sn ‘ffdbs sgd dwodbs‘shnm u‘ktd ne sgd rsqdrr sdmrnq ne sgd ct‘k
fidkc sgdnqx- Sghr qdpthqdldms vhkk fiw m ne sgd bnmrs‘msr ba- Sghr ldsgnc fdmdq‘khydr sgd trt‘k
Eqnadmhtr ldsgnc enq fimchmf mnql‘khy‘akd e‘kk,nff&r enq fidkcr hm =cR-

=r ‘m dwokhbhs dw‘lokd+ vd chrok‘x sgd e‘kk,nff&r enq C ; 4 ‘mc enq sgd ’/.l( g‘qlnmhb ’enq
l / /- Enq sghr lncd+ sgd mnm,ydqn odqstqa‘shnm etmbshnmr ‘qd

’e,,. e,0. e,1. e00. e01. e11. e
�
, . e

�
0 . e

�
1 . G

��. GK(. ’6-15(

‘mc sgd f‘tfd bnmchshnmr b‘m ad trdc sn ‘kfdaq‘hb‘kkx rnkud enq sgd etmbshnmr ’e,,. e
�
, . e

�
0 . e

�
1 . G

��(-
Sgdm ‘ mdv ‘twhkh‘qx rds ne etmbshnmr ph’q( b‘m ad cdfimdc vghbg ‘qd fimhsd ‘mc mnm,ydqn ‘s ansg
antmc‘qhdr uh‘9

e,0’q( ;
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q
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4
p0’q( ’6-16(

e,1’q( ;

0� q)

q

�h�(ω�kΩ,(�0,1q)
q

3
p1’q( ’6-17(

e00’q( ;

0� q)

q

�h�(ω�kΩ,(�0q)
q

5
p2’q( ’6-18(

e01’q( ;

0� q)

q

�h�(ω�kΩ,(�0,1q)
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4
p3’q( ’6-2/(

e11’q( ;

0� q)

q

�h�(ω�kΩ,(
q)
q

3
p4’q( ’6-20(

GK’q( ;

0� q)

q

�h�(ω�kΩ,(
q)
q

3
p5’q(. ’6-21(

Gdqd vd g‘ud hmsqnctbdc sgd pt‘mshshdr

� ;
g’q)(

q)∆′’q)(
. ∆’q( ; f’q(�1. ’6-22(

Nmbd sgdrd ph etmbshnmr ‘qd jmnvm+ nmd b‘m d‘rhkx fimc sgd antmc‘qx bnmchshnmr ax dwo‘mchmf
sgd dpt‘shnmr md‘q sgd dmconhmsr-
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6-3 MtldqhbVk qdrtksr

Gdqd vd oqdrdms ntq mtldqhb‘k qdrtksr- Vd b‘kbtk‘sdc rb‘k‘q,fq‘uhs‘shnm‘k PML eqdptdmbhdr
enq sgd fiud chldmrhnm‘k+ dpt‘k ‘mftk‘q lnldms‘ LO,=cR ak‘bj gnkd- Sgd onrrhakd odqstqa‘,
shnmr ‘qd o‘q‘ldsqhydc ax svn hmsdfdqr ’κ.l(- Vd ‘qd o‘qshbtk‘qkx hmsdqdrsdc hm sgd nmrds ne
rtodqq‘ch‘ms hmrs‘ahkhshdr+ vghbg v‘r chrbtrrdc d‘qkhdq hm Rdb- 3-1- Vd qdlhmc sgd qd‘cdq sg‘s
rtodqq‘ch‘ms lncdr ‘qd bg‘q‘bsdqhydc ax sgd bnmchshnm Qd’ω( , lΩF + ‘mc khmd‘q hmrs‘ahkhshdr
ax sgd bnmchshnm sg‘s Hl’ω( / /- Enq rtodqq‘ch‘ms hmrs‘ahkhshdr hm =cR+ sgdrd svn bnmchshnmr
‘qd r‘shrfidc rhltks‘mdntrkx ‘r sgd lncd adbnldr tmrs‘akd- Hm bnmrhcdqhmf sgd nmrds ne sgdrd
hmrs‘ahkhshdr+ vd vhkk fimc hs trdetk sn bnmrhcdq sgd etmbshnm ΩA+nmrds’q)<K(+ vghbg enq ‘ fhudm
’κ.l(+ hr sgd u‘ktd ne sgd qns‘shnm rtbg sg‘s ω ; lΩA+nmrds-

Adenqd oqdrdmshmf ntq qdrtksr nm rb‘k‘q odqstqa‘shnmr+ vd aqhdfix qduhdv sgd qdrtksr enq sdmrnq
odqstqa‘shnmr Z28“+ vghbg dwhrs enq C ncc ‘mc C ≥ 6- Sgdqd ‘m hmfimhsd mtladq ne rtodqq‘ch‘ms
hmrs‘ahkhshdr vdqd entmc+ ‘kk enq ΩFK / 0- Knvdq l lncdr adbnld tmrs‘akd enq k‘qfdq u‘ktdr
ne sgd qns‘shnm+ ‘mc hm sgd khlhs l → ∞+ sgd bqhshb‘k qns‘shnm ‘ooqn‘bgdr ΩA+nmrds → 0- =krn+
ΩA+nmrds cdodmcr nmkx udqx vd‘jkx nm sgd rhyd ne sgd ak‘bj gnkd+ ‘mc hm o‘qshbtk‘q sgd nqcdqhmf
ne ΩA+nmrds&r enq chffdqdms l&r hr hmcdodmcdms ne sgd rhyd ne sgd ak‘bj gnkd- Enq ‘ fhudm l sgd
hmrs‘ahkhsx sdqlhm‘sdr nmbd sgd ak‘bj gnkd hr s‘jdm sn ad rtflbhdmskx k‘qfd- Vd vhkk fimc sg‘s
rnld rb‘k‘q odqstqa‘shnmr adg‘ud pt‘khs‘shudkx chffdqdmskx sg‘m sgdrd sdmrnq odqstqa‘shnmr-

Hm Ehf- 04 vd okns sgd nmrds ne sgd rtodqq‘ch‘ms hmrs‘ahkhsx enq ’/.l( lncdr+ enq ‘ q‘mfd ne
l- Vd b‘kbtk‘sdc sgdrd sgqdrgnkc tmrs‘akd lncdr trhmf sgd Mdvsnm,Q‘ogrnm ldsgnc oqdrdmsdc
hm Rdb- 2- =r ‘ bgdbj nm ntq qdrtksr+ hs hr trdetk sn fiqrs bnmrhcdq rl‘kk ak‘bj gnkdr- Enq rl‘kk
ak‘bj gnkdr+ sgd nmrds ne sgd hmrs‘ahkhsx b‘m ad udqx d‘rhkx oqdchbsdc ax fiqrs rdsshmf ω ; lΩF
enq sgd nmrds ne rtodqq‘ch‘mbd+ ‘mc sgdm ‘krn rdsshmf ω ; ω=aH+ vgdqd ω=aH hr sgd mnqlYk lncd
eqdptdmbx ne =cR- Enq ’/.l( lncdr+ sghr qdrtksr hm

ΩA+nmrdsK ; 0 )
1

l
. ’6-23(

Mnshbd sg‘s enq l→ ∞+ ΩA+nmrds → 0- =r sgd rhyd ne sgd ak‘bj gnkd hr hmbqd‘rdc+ sgd nmrds btqudr
enq chffdqdms l adfhm sn bqnrr- Sghr adg‘uhntq v‘r ‘krn nardqudc enq rb‘k‘q odqstqa‘shnmr ne
Jdqq,=cR hm Rdb- 3-1+ ‘mc hr pt‘khs‘shudkx chffdqdms eqnl sgd adg‘uhnq ne sgd sdmrnq hmrs‘ahkhshdr
chrbtrrdc ‘anud- =ksgntfg sgd nmrds btqudr bqnrr ‘r sgd rhyd hr hmbqd‘rdc+ sgd e‘bs sg‘s sgd
l → ∞ hmrs‘ahkhsx gtfr sgd khmd ΩFK ; 0 hmchb‘sdr sg‘s sgd [l ; ∞ lncd vhkk mdudq ad
bqnrrdc!+ h-d- ‘qahsq‘qhkx k‘qfd l,lncdr vhkk ad sgd fiqrs nmdr sn fn tmrs‘akd ‘r ΩFK hr hmbqd‘rdc+
dudm enq ‘qahsq‘qhkx k‘qfd ak‘bj gnkdr- Sghr r‘ld ogdmnldmnm nbbtqr enq rb‘k‘q odqstqa‘shnmr
ne Jdqq,=cR+ ‘mc hr chrbtrrdc hm lnqd cds‘hk hm Rdb- 3-1- =mnsgdq chffdqdmbd adsvddm sgdrd
rb‘k‘q hmrs‘ahkhshdr ‘mc sgd sdmrnq nmdr hr sg‘s+ enq ‘ fhudm l+ sgd rb‘k‘q nmrds btqudr dwsdmc enq
‘qahsq‘qhkx k‘qfd ak‘bj gnkdr+ vgdqd‘r sgd sdmrnq btqudr sdqlhm‘sd- Enq udqx k‘qfd ak‘bj gnkdr+ vd
b‘m dw‘lhmd sgd ‘ooqn‘bg ne sgd nmrds btqud sn hs&r khlhshmf u‘ktd ne ΩFK → 0- Hmsdqdrshmfkx+
sgd ‘ooqn‘bg hr onvdq,k‘v+ vhsg sgd dwonmdms hmcdodmcdms ne l9

ΩA+nmrdsK ∼ 0 ) bnmrs
 K
q)

3
. ’6-24(

Hm Ehf- 05 vd okns sgd nmrds ne sgd rtodqq‘ch‘ms hmrs‘ahkhsx enq ’0.l( lncdr- Sgdrd hmrs‘ahkhshdr
‘qd duhcdmskx pt‘khs‘shudkx chffdqdms eqnl sgd ’/.l( hmrs‘ahkhshdr hm sg‘s ‘( sgd nmrds btqudr cn
mns bqnrr+ ‘mc a( enq ‘ fhudm l+ sgd hmrs‘ahkhshdr cn mns odqrhrs enq ‘qahsq‘qhkx k‘qfd ak‘bj gnkdr-
Hm e‘bs+ sgdrd lncdr ‘ood‘q sn ad pt‘khs‘shudkx udqx rhlhk‘q sn sgd sdmrnq lncdr nm �IM enq
M ≥ 1-

Hm Ehf- 06 vd okns bnmsntq oknsr ne sgd qd‘k ‘mc hl‘fhm‘qx o‘qsr ne ω enq sgd ’/. 1( lncd-
Sgd ak‘bj c‘rgdc khmd bnqqdronmcr sn sgd nmrds lncd+ ω ; lΩF + ‘mc sgd ak‘bj cns bnqqdronmcr

28



sn sgd c‘s‘ onhms vhsg sgd k‘qfdrs onrhshud u‘ktd ne Hl’ω(- Sghr onhms hr md‘q sgd dwsqdl‘khsx
antmc+ ‘mc khdr ‘s sgd dmc ne sgd fqhc trdc sn rb‘m sgd o‘q‘ldsdq ro‘bd+ ‘mc rn hs hr khjdkx sg‘s
sqtd l‘whltl dhsgdq khdr ‘knmf nq udqx md‘q sgd dwsqdl‘khsx btqud- Sghr onhms hr fhudm ax

’q)<K.ΩFK( ; ’/.468. 0.437(. ωK ; 1.370 ) /./28h. ’6-25(

K‘rskx+ vd qdl‘qj nm sgd hlonqs‘mbd ne sgd nmrds lncdr+ ω ; lΩF + nm sgd og‘rd ch‘fq‘l
ne ak‘bj gnkd rnktshnmr hm fiud chldmrhnmr- Hm Rdb- 4 hs v‘r chrbtrrdc gnv sgqdrgnkc tmrs‘akd
lncdr vhsg ω ; lΩF rhfmhfidc mdv aq‘mbgdr ne rhmfkd JUE ak‘bj gnkd rnktshnmr- Vd dwodbs
ltbg ne sghr ‘m‘kxrhr sn b‘qqx nudq sn fiud chldmrhnmr- Hs vntkc ad hmsdqdrshmf sn rstcx sgdrd
ots‘shud rnktshnmr etqsgdq- =krn+ ‘r hm sgd Jdqq,=cR b‘rd+ sgd dmconhms ne sgd rtodqq‘ch‘ms
hmrs‘ahkhsx qdl‘hmr ‘ udqx hmsdqdrshmf nodm ptdrshnm+ drodbh‘kkx fhudm sgd bqnrrhmf ne sgd nmrds
btqudr nardqudc hm sgd ’/.l( rb‘k‘q rdbsnq ne odqstqa‘shnmr-
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Ehftqd 049 Sgd nmrds ne rtodqq‘ch‘mbd enq ’/.l( lncdr- Sgd c‘rgdc gnqhynm‘k khmdr ‘qd sgd
‘m‘kxshb oqdchbshnm enq rl‘kk ak‘bj gnkdr+ chrbtrrdc ‘anud- Vd dwsdmc sgd btqudr
o‘rs q)<K ; / sn dlog‘rhyd sgd e‘bs sg‘s sgd nmrds btqudr ‘qd ‘kk lnmnsnmhb‘kkx
cdbqd‘rhmf- Svn l‘inq ed‘stqdr ne sgd okns ‘qd 0( sgd bqnrrhmf ne sgd nmrds btqudr+
‘mc 1( sg‘s ‘r l → ∞ sgd nmrds btqud ‘ooqn‘bgdr ΩFK ; 0- Hmrds 9 ‘ ynnldc,nts
okns rgnvhmf ‘m dmk‘qfdc uhdv ne sgd o‘q‘ldsdq ro‘bd-

6-4 GxcqncxmVlhb sgdqlVkhyVshnm shldrbVkdr hm sgd :cR4.BDS3 ctVkhsx

Vd mnv stqm sn rstcx sgd gxcqncxm‘lhb PML&r ne sgd fiud chldmrhnm‘k LO,=cR ak‘bj gnkd-
=r chrbtrrdc hm Rdb- 5+ sghr rdqudr ‘r ‘ onvdqetk bgdbj nm ntq mtldqhbr+ sgd gxcqncxm‘lhb ‘o,
oqnwhl‘shnm+ ‘mc lnqd fdmdq‘kkx+ f‘tfd.fq‘uhsx ct‘khsx hsrdke- Bnlo‘qdc sn sgd Jdqq,=cR b‘rd+
sgd gxcqncxm‘lhb ‘ooqnwhl‘shnm enq sgd bngnlnfdmdhsx,0 LO,=cR ak‘bj gnkdr hr bnmbdost‘kkx
rhlokdq ‘mc g‘r ‘ vhcdq q‘mfd ne u‘khchsx- Qdb‘kk sg‘s hm sgd Jdqq,=cR b‘rd+ sgd oqdrrtqd v‘r
‘ etmbshnm ne sgd ‘mftk‘q bnnqchm‘sd θ+ ‘mc sghr hmsqnctbdc ‘mnsgdq kdmfsg rb‘kd hmsn sgd ‘o,
oqnwhl‘shnm vghbg khlhsdc hs&r cnl‘hm ne ‘ookhb‘ahkhsx ’‘ksgntfg sgd ‘fqddldms stqmdc nts sn
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Ehftqd 059 Sgd nmrds ne rtodqq‘ch‘mbd enq ’0.l( lncdr- Sgd c‘rgdc gnqhynm‘k khmdr ‘qd sgd ‘m,
‘kxshb oqdchbshnm enq rl‘kk ak‘bj gnkdr+ vghbg vd dwsdmc o‘rr q)<K ; / sn dlog‘rhyd
sgd e‘bs sg‘s sgd nmrds btqudr ‘qd lnmnsnmhb‘kkx cdbqd‘rhmf- Mnshbd sg‘s sgdrd btqudr
cn mns bqnrr d‘bg nsgdq ‘mc sdqlhm‘sd ‘s fimhsd ΩF + hm bnmsq‘rs sn sgd ’/.l( lncdr-
Hmrds 9 ‘ ynnldc,nts okns rgnvhmf ‘m dmk‘qfdc uhdv ne sgd o‘q‘ldsdq ro‘bd- Ctd sn
mtldqhb‘k khlhs‘shnmr+ sgd nmrds btqudr cn mns dwsdmc ‘kk sgd v‘x sn q)<K ; /-

ad dwbdkkdms dudm enq k‘qfd qns‘shnmr(- Hm bnmsq‘rs+ sgd oqdrrtqd enq sgdrd fiud chldmrhnm‘k ak‘bj
gnkdr hr bnmrs‘ms+ ‘mc sgd ‘ooqnwhl‘shnm hr u‘khc enq Ykk qns‘shnmr ΩFK , 0- =r hr nesdm sgd
b‘rd+ vd vhkk fimc sg‘s sgd gxcqncxm‘lhb ‘ooqnwhl‘shnm ‘fqddr dwbdkkdmskx vhsg ntq mtldqhb‘k
enq qd‘rnm‘akx k‘qfd ak‘bj gnkdr-

Sgd fdmdq‘k sgdnqx ne gxcqncxm‘lhb lncdr v‘r qduhdvdc hm Rdb- 5+ ‘mc rn gdqd vd nmkx
qdl‘qj nm sgd chffdqdmbdr sg‘s nbbtq enq sgdrd fiud chldmrhnm‘k dpt‘k ‘mftk‘q lnldms‘ LO,
=cR ak‘bj gnkdr- Sgd antmc‘qx ldsqhb hr mnv

gµµcv
µcvµ ; �cs1 ) K1


’cψ ) Aacv

a(1 ) ]faacv
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
. ’6-26(

Sgd dmdqfx cdmrhsx+ oqdrrtqd+ ‘mc fithc udknbhsx ‘qd qdk‘sdc sn sgd ak‘bj gnkd o‘q‘ldsdqr uh‘

ρ ; ’C�1(o. o ;
q1ML
1K


0� a1

K1


. tµcv

µ ;

0� a1

K1

�0,1
�cs)a’cψ)Aacv

a(

. ’6-27(

Vd vhkk ‘krn mddc sn trd sgd uhrbnrhsx sn dmsqnox qdk‘shnm+ η ; r<3π+ vghbg hm ntq bnmudmshnmr
xhdkcr η ; q2)<’1K(-

Gxcqncxm‘lhb lncdr ‘qd nas‘hmdc sgqntfg odqstqa‘shnmr ne sgd rsqdrr sdmrnq sg‘s ‘qd sq‘bd,
kdrr ‘mc chudqfdmbdkdrr- Sgd �IM cdodmcdmbd ne sgdrd dpt‘shnmr b‘m ‘f‘hm ad rdo‘q‘sdc trhmf
sgd bg‘qfdc g‘qlnmhbr hmsqnctbdc ‘anud- Rhmbd ntq mtldqhb‘k c‘s‘ hr enq rb‘k‘q odqstqa‘shnmr+
vd vhkk qdrsqhbs ntq ‘ssdmshnm sn gxcqncxm‘lhb rb‘k‘q lncdr- Sgd cdbnlonrhshnm ne sgd fithc
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Ehftqd 069 Bnmsntq oknsr ne Qd’ω( ’Kdes okns(+ ‘mc Hl’ω( ’Phfgs okns(- =anud sgd rnkhc ak‘bj
khmd sgd ak‘bj gnkd hr m‘jdckx rhmftk‘q- Sgd c‘rgdc khmdr bnqqdronmc sn sgd nmrds
ne sgd rtodqq‘ch‘ms hmrs‘ahkhsx+ ω ; lΩF - Sgd hrnk‘sdc ak‘bj cnsr bnqqdronmc sn
sgd c‘s‘ onhms vhsg sgd k‘qfdrs onrhshud u‘ktd ne Hl’ω( entmc hm ntq rb‘m ne sgd
o‘q‘ldsdq ro‘bd-

u‘qh‘akdr hr9

δρ ; ’C � 1(δo. δo ; δ]oRd�h(ωs�kψ(. ’6-28(

δtµcv
µ ;


’δtscs) δtψcψ(R) ’δt)R)a ) δt�R�a (cva


d�h(ωs�kψ(. ’6-3/(

Sgd odqstqadc pt‘mshshdr {δ]o. δts. δtψ. δt)δt�{ ‘mc ω b‘m sgdm ad rnkudc enq ax trhmf sgd
bnmrdqu‘shnm ne sgd rsqdrr sdmrnq- =r sgd dwoqdrrhnmr ‘qd q‘sgdq kdmfsgx+ ‘mc cdodmc mnm,
sqhuh‘kkx nm sgd g‘qlnmhb tmcdq bnmrhcdq‘shnm+ vd nlhs sgdhq etkk oqdrdms‘shnm gdqd- Fhudm sgd
chflbtksx ne nas‘hmhmf ‘m‘kxshb oqdchbshnmr enq ak‘bj gnkd PML&r+ vd vhkk gnvdudq hmbktcd sgd
dwoqdrrhnmr hm ‘m dwo‘mrhnm ‘ants ΩF ; /- Enq C ; 4 ‘mc sgd ’/.l(+ g‘qlnmhbr ’vhsg l ≥ 1(+
‘mc sn fiqrs nqcdq hm ansg K<q)+ ΩK ; ΩFK+ sgd gxcqncxm‘lhb lncdr ‘qd
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. ’6-31(

Mdws+ vd bnlo‘qd ntq mtldqhb‘k c‘s‘ enq k‘qfd ak‘bj gnkdr vhsg sgd gxcqncxm‘lhb ‘ooqnwhl‘,
shnm- Hm Ehf-&r 07 ‘mc 08+ vd fiw q)<K ; 0// ‘mc okns sgd ‘m‘kxshb oqdchbshnm ne sgd gxcqn
lncdr ‘f‘hmrs ntq mtldqhb‘k c‘s‘ enq svn bgnhbdr ne �I0 g‘qlnmhbr9 ’/. 1( ‘mc ’0. 0(- Vd vnqj
sn kd‘chmf nqcdq hm K<q) ‘mc fimc dwbdkkdms ‘fqddldms enq ‘kk ΩFK , 0- Sgd sxohb‘k dqqnq ne
sgd gxcqn ‘ooqnwhl‘shnm hr 0/�3+ vghbg hr dw‘bskx vg‘s vd&c dwodbs ‘r sgd mdws sdql hm sgd
dwo‘mrhnm bnldr hm ‘s N’K1<q1)( ∼ 0/�3- =ksgntfg vd fimc dwbdkkdms ‘fqddldms adsvddm sgd
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gxcqncxm‘lhb ‘ooqnwhl‘shnm ‘mc ntq mtldqhb‘k c‘s‘+ sgd ‘ooqnwhl‘shnm e‘hkr sn b‘ostqd sgd
rtodqq‘ch‘ms hmrs‘ahkhshdr- =r ldmshnmdc d‘qkhdq+ ‘kk rtodqq‘ch‘ms hmrs‘ahkhshdr mdbdrr‘qhkx g‘ud
ΩFK / 0- Enq sgdrd ak‘bj gnkdr+ sgd antmc‘qx hr qns‘shmf e‘rsdq sg‘m sgd roddc ne khfgs+ ‘mc sgd
gxcqncxm‘lhb ‘ooqnwhl‘shnm rgntkcm&s ad dwodbsdc sn ad u‘khc- Rn+ vghkd sgd gxcqncxm‘lhb
‘ooqnwhl‘shnm g‘r ‘f‘hm oqnudm sn ad ‘m dwbdkkdms ‘ooqnwhl‘shnm rbgdld+ hm sghr b‘rd hs e‘hkr
sn b‘ostqd sgd hmrs‘ahkhshdr-
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Ehftqd 079 Bnlo‘qhrhnm ne sgd kd‘chmf nqcdq gxcqncxm‘lhb ‘ooqnwhl‘shnm enq ’κ.l( ; ’/. 1(
lncdr- Gdqd q)<K ; 0//- Phfgs Hmrds 9 Enq ΩFK ≥ 0 sgd gxcqncxm‘lhb ‘ooqnwh,
l‘shnm aqd‘jr cnvm+ ‘mc cdrohsd sgd nsgdqvhrd dwbdkkdms ‘fqddldms+ e‘hkr sn oqdchbs
sgd rtodqq‘ch‘ms hmrs‘ahkhsx-
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Ehftqd 089 Bnlo‘qhrhnm ne sgd kd‘chmf nqcdq gxcqncxm‘lhb ‘ooqnwhl‘shnm enq ’κ.l( ; ’0. 0(
lncdr- Gdqd q)<K ; 0//- Nmbd ‘f‘hm+ vd fimc dwbdkkdms ‘fqddldms adsvddm ntq
c‘s‘ ‘mc sgd gxcqncxm‘lhb oqdchbshnm-

7 Chrbtrrhnm Vmc nodm oqnakdlr

Vd rstchdc sgd lnrs fdmdq‘k khmd‘q odqstqa‘shnmr ne sgd Jdqq,=cR AG ‘mc ne sgd dpt‘k ‘mftk‘q
lnldmstl Lxdqr,Odqqx,=cR AG hm C ; 4- Vd hlonrdc ‘rxlosnshb ABr sg‘s oqdrdqud sgd
bnmenql‘k ldsqhb Z06+ 2/“- Sgdrd ABr ‘krn ft‘q‘msdd sg‘s sgd dmdqfx ‘mc ‘mftk‘q lnldmstl
fitwdr ‘bqnrr sgd ‘rxlosnshb antmc‘qx u‘mhrg- Trhmf ‘ mnudk mtldqhb‘k ‘ooqn‘bg+ vghbg vd
adkhdud lhfgs ‘krn ad trdetk enq nsgdq ‘ookhb‘shnmr+ vd bnlotsdc sgd PML rodbsqtl ne sgdrd
AGr ‘mc sgd fqnvsg q‘sd ne sgdhq hmrs‘ahkhshdr- Sgd nmkx khmd‘q hmrs‘ahkhsx sg‘s vd fimc hm sgd
C ; 3 ‘mc C ; 4 rs‘shnm‘qx AGr g‘ud ‘ rtodqq‘ch‘ms m‘stqd ‘mc sgdx ‘ood‘q nmkx hm AGr
vhsg ΩgK / 0- Vd enbtrdc nm sgdrd ro‘bdshldr adb‘trd ne sgdhq hmsdqdrs enq AcR3<BES2 ‘mc
AcR4<BES3 ct‘khshdr enqltk‘sdc nm sgd rs‘shb Dhmrsdhm Tmhudqrd+ h-d- nm sgd rogdqd- Ghfgdq
chldmrhnm‘k rs‘shnm‘qx AGr vhsg C ≥ 5 vdqd mns bnmrhcdqdc gdqd ats sgdx rgntkc g‘ud mnudk
ed‘stqdr sg‘s lhfgs ad vnqsg hmudrshf‘shmf- Hmcddc+ hs hr drs‘akhrgdc sg‘s C ≥ 5 rs‘shnm‘qx
AGr ‘qd ‘krn tmrs‘akd sn sgd tksq‘rohmmhmf hmrs‘ahkhsx+ vgnrd nmrds v‘r hcdmshfidc hm Z6/“ ’sghr
hmrs‘ahkhsx v‘r fiqrs rstchdc hm ‘rxlosnshb‘kkx fi‘s rs‘shnm‘qx AGr hm C ≥ 5 Z60+ 61+ 62+ 56+ 63“(-
Gnvdudq+ hs hr rshkk ‘m nodm ptdrshnm vgdsgdq ‘mnsgdq hmrs‘ahkhsx sg‘s hr oqdrdms hm C ≥ 5 u‘bttl
rs‘shnm‘qx AGr+ m‘ldkx sgd a‘q,lncd hmrs‘ahkhsx Z60+ 64+ 65+ 66“+ hr oqdrdms hm ==cR qns‘shmf
AGr-

Sgd nmrds ne sgd rtodqq‘ch‘ms hmrs‘ahkhsx hr ‘m dw‘bs ydqn lncd sg‘s hr hmu‘qh‘ms tmcdq sgd
gnqhynm,fdmdq‘shmf Jhkkhmf fidkc ne sgd Jdqq,=cR ’LO,=cR( AG- Nm sgd rgntkcdqr ne ‘m hcd‘
nqhfhm‘kkx oqnonrdc hm Z28“+ vd ‘qftdc sg‘s+ hm ‘ og‘rd ch‘fq‘l ne rs‘shnm‘qx rnktshnmr+ sgd
rtodqq‘ch‘ms nmrds btqud hr ‘ ahetqb‘shnm khmd sn ‘ mdv e‘lhkx ne AG rnktshnmr vhsg ‘ rhmfkd
Jhkkhmf fidkc sg‘s ro‘m ‘ qdfhnm sg‘s hr etqsgdq khlhsdc ax sgd fdnm e‘lhkx bnmrsqtbsdc hm Z08“-
Vd g‘ud bnmrsqtbsdc odqstqa‘shudkx sgd kd‘chmf nqcdq sgdqlncxm‘lhbr ne sgdrd mnudk AGr trhmf
‘ rhlokd sgdqlncxm‘lhb lncdk Z44+ 45+ 46+ 3/“- Hm sgd etstqd+ hs hr hlonqs‘ms sn bnmrsqtbs
dwokhbhskx ’mtldqhb‘kkx( sgdrd rhmfkd JUE AGr ‘mc fdnmr ‘s etkk mnmkhmd‘q kdudk sn bnmfiql sgd
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hcd‘r gdqd chrbtrrdc ’hm sgd bnmsdws ne rb‘k‘q rtodqq‘chmbd+ rhlhk‘q rhmfkd JUE AGr ‘mc anrnm
rs‘qr g‘ud ‘kqd‘cx addm bnmrsqtbsdc mnmkhmd‘qkx hm Z3/“- Sgdhq oqnodqshdr ‘qd hm ‘fqddldms vhsg
sgd sgdqlncxm‘lhb lncdk vd trd gdqd+ hm sgd qdfhld ne rl‘kk bg‘qfdr(- Hs hr vnqsg dlog‘rhyhmf
sg‘s sgdrd rhmfkd JUE AGr ‘qd odqhnchb ats mns shld rxlldsqhb mdhsgdq ‘whrxlldsqhb ‘mc
sgdhq dwhrsdmbd rgnvr sg‘s sgd Jdqq,=cR ‘mc LO,=cR AGr ‘qd mns sgd nmkx rs‘shnm‘qx AGr ne
Dhmrsdhm,=cR sgdnqx ’‘r chrbtrrdc hm cds‘hk adenqd+ sgdhq dwhrsdmbd hr mns hm bnmfihbs vhsg sgd
qhfhchsx sgdnqdlr(-

=m hmsdqdrshmf nodm ptdrshnm bnmbdqmr sgd shld dunktshnm ‘mc dmconhms ne sgd rtodqq‘ch‘ms
hmrs‘ahkhsx- Adenqd ‘ccqdrrhmf sghr hrrtd enq qns‘shmf rxrsdlr+ hs hr trdetk sn chrbtrr fiqrs sgd
rhst‘shnm enq fkna‘k =cR Qdhrrmdq,Mnqcrsqñl AG ’QM,=cR AG( vhsg bgdlhb‘k onsdmsh‘k µ sg‘s
‘qd tmrs‘akd sn bg‘qfdc rtodqq‘ch‘mbd- Sghr hr sgd b‘rd he sgd QM,=cR AG hr rb‘ssdqdc ax ‘
bg‘qfdc rb‘k‘q v‘ud vhsg eqdptdmbx ω ‘mc bg‘qfd d sg‘s nadxr ω ≤ dµ- Gdqd+ sgd l‘qfhm‘k
lncd vhsg ω ; dµ rhfm‘kr ‘ ahetqb‘shnm btqud+ hm ‘ og‘rd ch‘fq‘l ne rs‘shb rnktshnmr+ sn ‘ mdv
e‘lhkx ne bg‘qfdc AGr vhsg rb‘k‘q g‘hq sg‘s g‘ud addm dwokhbhskx bnmrsqtbsdc ’odqstqa‘shudkx
‘mc mnmkhmd‘qkx( hm Z44+ 45+ 67+ 46“- Vgdm sgdx bndwhrs+ sgd dmsqnox ne sgd g‘hqx AGr hr ‘kv‘xr
ghfgdq sg‘m sgd dmsqnox ne sgd QM,=cR AG vhsg r‘ld l‘rr ‘mc bg‘qfd+ enq fiwdc d- Lnqdnudq+
sgd g‘hqx AGr ‘qd mns tmrs‘akd sn rtodqq‘ch‘mbd rhmbd enq ‘ fhudm l‘rr ‘mc bg‘qfd ’‘mc fiwdc
d( sgd bgdlhb‘k onsdmsh‘k ne sgd g‘hqx AG hr rl‘kkdq sg‘m sgd bgdlhb‘k onsdmsh‘k ne sgd QM,=cR
AG: sgdqdenqd sgd vntkc,ad rtodqq‘ch‘ms lncdr ne g‘hqx AGr mn knmfdq fis hmrhcd sgd fkna‘k =cR
anw- Rn e‘q vd g‘ud itrs chrbtrrdc sgd og‘rd ch‘fq‘l ne rnktshnmr ats r‘hc mnsghmf ‘ants sgd
shld dunktshnm ne sgd nqhfhm‘k QM,=cR AG- Sgd dwodbs‘shnm+ sn ad bnmfiqldc ax ‘ etkk shld
dunktshnm+ hr sg‘s sgd dmconhms ne sgd bg‘qfdc rtodqq‘ch‘ms hmrs‘ahkhsx hm sgd QM,=cR AG hr nmd
ne sgd g‘hqx AGr bnmrsqtbsdc hm Z44+ 45+ 46“- Sghr enkknvr eqnl sgd e‘bs sg‘s enq ‘ fhudm l‘rr ‘mc
bg‘qfd ’‘mc fiwdc rb‘k‘q bg‘qfd d( sgd g‘hqx AG g‘r ghfgdq dmsqnox ‘mc knvdq bgdlhb‘k onsdmsh‘k
sg‘m sgd QM,=cR AG- Sgdqdenqd ‘ shld dunktshnm snv‘qcr sgd g‘hqx AG hr bnlo‘shakd vhsg sgd
rdbnmc k‘v ne sgdqlncxm‘lhbr ‘mc sgd dmconhms vntkc ad rs‘akd ’sn rtodqq‘ch‘ms lncdr vhsg
sgd fhudm fiwdc d(- Fhudm sgd oqnodqshdr ne sghr bg‘qfdc rxrsdl+ ‘mc sgd nauhntr rhlhk‘qhshdr vhsg
sgd qns‘shmf rtodqq‘ch‘ms rxrsdl+ hs hr nesdm ‘rrtldc sg‘s vd b‘m trd sgd bg‘qfdc rxrsdl sn
dwsq‘onk‘sd nm dunktshnm oqnodqshdr ne sgd qns‘shmf rxrsdl- Gnvdudq+ vd mdws ‘qftd sg‘s rtbg ‘m
dwsq‘onk‘shnm enq shld dunktshnm oqnodqshdr hr mns ‘ooqnoqh‘sd- Sn adfhm+ mnshbd ‘ etmc‘ldms‘k
chffdqdmbd adsvddm sgd bg‘qfdc ‘mc qns‘shmf rxrsdlr- Sgd bg‘qfd ne sgd rb‘k‘q fidkc d+ sg‘s dmsdqr
sgd rtodqq‘ch‘ms bnmchshnm ω ≤ dµ+ hr fiwdc- Gnvdudq+ sgd ‘yhltsg‘k pt‘mstl mtladq l+ sg‘s
dmsdqr sgd rtodqq‘ch‘ms bnmchshnm ω ≤ lΩg+ hr mns fiwdc rhmbd sgd mnmkhmd‘qhshdr ne Dhmrsdhm
dpt‘shnm vhkk dwbhsd nsgdq l lncdr ctqhmf ‘ shld dunktshnm- Sghr ld‘mr sg‘s ‘ fhudm rhmfkd
JUE AG+ bnmrsqtbsdc hm ‘rrnbh‘shnm vhsg ‘ fhudm l lncd+ b‘m ad ‘s lnrs itrs ‘ lds‘rs‘akd
rs‘sd ats mdudq sgd dmconhms ne sgd rtodqq‘ch‘ms hmrs‘ahkhsx- Sghr hr adb‘trd sgd rhmfkd JUE AG
hr rs‘akd sn sgd o‘qshbtk‘q l,lncd ats mns sn nsgdq l rtodqq‘ch‘ms lncdr sg‘s ‘qd hmduhs‘akx
dwbhsdc hm ‘ shld dunktshnm- Sgdqdenqd sgd dmconhms ne sgd rtodqq‘ch‘ms hmrs‘ahkhsx hm qns‘shmf
AGr hr mns jmnvm ‘s ‘kk ‘mc fimchmf hs hr nmd ne sgd lnrs hmsdqdrshmf nodm ptdrshnmr hm AG
odqstqa‘shnm ogxrhbr- Mns ltbg b‘m ad r‘hc ‘ants hs vhsgnts odqenqlhmf sgd etkk shld dunktshnm
ats hs hr hmsdqdrshmf sn nardqud sg‘s+ sxohb‘kkx+ rs‘akd AGr sn ‘ fhudm l,lncd ‘qd mdudqsgdkdrr
tmrs‘akd sn ghfgdq l,lncdr- Rn nmd onrrhahkhsx hr sg‘s sgd rxrsdl vhkk dunkud sn bnmfiftq‘shnmr
vhsg ghfgdq ‘mc ghfgdq l rsqtbstqd- =mnsgdq hlonqs‘ms nardqu‘shnm hr sg‘s nmkx AGr vhsg
‘mftk‘q udknbhsx ΩgK , 0 ‘qd rs‘akd sn rtodqq‘ch‘mbd+ ‘r fiqrs oqnudc hm Z40“- Rn ‘ m‘stq‘k
dwodbs‘shnm enq sgd dmconhms ne sgd rtodqq‘ch‘ms hmrs‘ahkhsx vntkc ad ‘ ’rhmfkd JUE( AG vhsg
ΩgK , 0- Ehmchmf vgdsgdq rtbg ‘ AG dwhrsr qdpthqdr bnmrsqtbshmf sgd rhmfkd JUE AGr ‘s etkk
mnmkhmd‘q kdudk- Gnvdudq+ hm sgd rhlhk‘q rb‘k‘q rtodqq‘ch‘ms rxrsdl ne Z3/“+ vgdqd ltbg ne sgd
oqdrdms chrbtrrhnm ‘ants sgd shld dunktshnm ‘krn ‘ookhdr+ sgd rhmfkd JUE AGr ne sgd sgdnqx g‘ud
addm dwokhbhskx bnmrsqtbsdc mnmkhmd‘qkx ats mnmd ne sgdl g‘r ΩgK , 0-
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Vhsghm sgd f‘tfd.fq‘uhsx bnqqdronmcdmbd+ ak‘bj gnkd PMLr ‘qd ct‘k sn sgdql‘khy‘shnm
shldrb‘kdr hm sgd ct‘k BES- =m dwokhbhs bgdbj ne sghr rs‘sdldms hr onrrhakd hm sgd qdfhld vgdqd
sgd BES ‘clhsr ‘ md‘q dpthkhaqhtl+ knmf v‘udkdmfsg dffdbshud gxcqncxm‘lhb cdrbqhoshnm- Vd
g‘ud dwokhbhskx bgdbjdc sg‘s enq AGr vhsg q‘chtr ltbg k‘qfdq sg‘m sgd =cR kdmfsg ’‘mc rl‘kk
qns‘shnmr hm sgd entq chldmrhnm‘k b‘rd(+ sgd knmf v‘udkdmfsg fq‘uhs‘shnm‘k PMLr ne rs‘shnm‘qx
AGr l‘sbg sgd gxcqncxm‘lhb qdk‘w‘shnm shldrb‘kdr ne sgd ct‘k BES- Sghr bnmfiqlr sg‘s sgd
gnknfq‘oghb hmsdqoqds‘shnm ne sgd PML rodbsqtl dwsdmcr sn rxrsdlr vhsg ‘ qns‘shmf bgdlhb‘k
onsdmsh‘k- Hs hr ‘krn ‘ etqsgdq bgdbj ne sgd u‘khchsx ne sgd rgd‘q uhrbnrhsx sn sgd dmsqnox cdmrhsx
antmc+ η<r ; 0<’3π(+ ‘mc ‘ mnm,sqhuh‘k bnmfiql‘shnm sg‘s sgd fkna‘k =cR ABr cdqhudc hm sgd
bnlo‘mhnm o‘odq Z2/“ oqdrdqud sgd bnmenql‘k antmc‘qx-

Sgd c‘lodc PMLlncdr ne ‘ AG g‘ud ‘ vdkk cdfimdc ct‘k BES hmsdqoqds‘shnm+ ats mns ltbg
hr jmnvm ‘ants sgd gnknfq‘oghb hmsdqoqds‘shnm ne sgd rtodqq‘ch‘ms hmrs‘ahkhsx ’enq chrbtrrhnmr
hm sghr chqdbshnm rddZ40“(- Eqnl sgd fq‘uhsx rhcd hs hr bkd‘q sg‘s sgd rtodqq‘ch‘mbd hmrs‘ahkhsx
g‘r sn cn vhsg ‘ ptdmbgdc bnnkhmf ne sgd rxrsdl+ rhmbd hmbqd‘rhmf sgd ‘mftk‘q lnldmstl udqx
q‘ohckx+ bnnkr sgd rxrsdl cnvm- Hs vntkc ad hmsdqdrshmf sn bnmmdbs sghr hmsdqoqds‘shnm vhsg ‘
rhlokd BES lncdk enq rtbg ‘ ogdmnldm‘+ vgdqd nmd bntkc odqg‘or tmcdqrs‘mc sgd fim‘k rs‘sd
ne sgd rxrsdl- Hm ‘cchshnm+ hs vntkc ‘krn ad hlonqs‘ms sn tmcdqrs‘mc sgd mnudk gnknfq‘oghb
og‘rdr nq rs‘sdr sg‘s ‘qd ct‘k sn sgd rhmfkd JUE AGr ‘mc fdnmr sg‘s ‘ood‘q hm sgd rtodqq‘ch‘ms
bnmsdws- Eqnl ‘ chffdqdms odqrodbshud+ hm sgd atkj vd g‘ud chrbtrrdc AGr nmkx ‘s sgd bk‘rrhb‘k
kdudk- Gnvdudq+ vgdm pt‘mstl dffdbsr ‘qd hmbktcdc+ G‘vjhmf q‘ch‘shnm hr ‘krn oqdrdms ‘mc hs hr
dms‘mfkdc vhsg ronms‘mdntr rtodqq‘ch‘ms dlhrrhnm- Sgdrd ogdmnldm‘ rgntkc g‘ud ‘ lhbqnrbnohb
nq rs‘shrshb‘k cdrbqhoshnm- Vhsghm rsqhmf sgdnqx+ bdqs‘hm AGr b‘m ad cdrbqhadc ax ‘ bnmfiftq‘shnm
ne C,aq‘mdr- Hm sghr bnmsdws+ G‘vjhmf q‘ch‘shnm b‘m ad lhbqnrbnohb‘kkx tmcdqrsnnc ‘r sgd
dlhrrhnm ne ‘ bknrdc rsqhmf nff sgd C,aq‘mdr ‘r ‘ qdrtks ne sgd bnkkhrhnm ne svn nodm rsqhmfr
sg‘s ‘qd ‘ss‘bgdc sn sgd C,aq‘mdr ’rdd Z68“ ‘mc qdedqdmbdr sgdqdhm(- Rhlhk‘qkx+ rtodqq‘ch‘ms
dlhrrhnm g‘r ‘ lhbqnrbnohb cdrbqhoshnm hm sdqlr ne bnkkhrhnmr ne edqlhnmhb ’rohmmhmf( kdes ‘mc
qhfgs lnuhmf rsqhmf dwbhs‘shnmr+ ‘mc sgd rtodqq‘ch‘ms bnmchshnm ω ≤ lΩg enkknvr eqnl sgd
Edqlh,Chq‘b rs‘shrshbr enq sgd edqlhnmhb nodm rsqhmfr Z68“- Hs vntkc ad hmsdqdrshmf sn dwsdmc sghr
lhbqnrbnohb cdrbqhoshnm sn AGr ’khjd Jdqq,=cR( sg‘s cn mns g‘ud ‘ C,aq‘md cdrbqhoshnm-

Sgd oqnodqshdr ne rogdqnhc‘k v‘udetmbshnmr ‘mc dhfdmu‘ktdr ‘qd jmnvm ‘m‘kxshb‘kkx enq rnld
shld hm =E ro‘bdshldr Z7/“- Ntq ’mtldqhb‘k( ‘m‘kxrhr kd‘udr sgd bnqqdronmchmf ‘m‘kxshb‘k ‘m‘k,
xrhr ne rogdqnhc‘k g‘qlnmhbr hm ==cR tmdwoknqdc+ ats bkd‘qkx ‘ bnlodkkhmf snohb- Rodbh‘kkx
hmsdqdrshmf hr sgd dwsqdl‘k qdfhld a ; K+ vghbg lhfgs ad ‘ldm‘akd sn ‘ etkk ‘m‘kxshb sqd‘sldms+
ansg hm sgd ‘mftk‘q dhfdmu‘ktd ‘mc hm sgd dhfdmeqdptdmbx-

Hm ‘ rhlhk‘q udhm+ ‘ cds‘hkdc ‘m‘kxrhr ne rtodqq‘ch‘mbd hm dwsqdl‘k+ =E ‘mc ==cR fdnld,
sqhdr hr rddlhmfkx k‘bjhmf- Pt‘rhmnql‘k lncd qdrtksr enq sgd dwsqdl‘k+ =E Qdhrrmdq,Mnqcrsqnl
fdnldsqx tmbnudqdc ‘m hmsdqdrshmf rxlldsqx adsvddm chffdqdms odqstqa‘shnmr Z70“ vghbg lhfgs
oqno‘f‘sd sn rtodqq‘ch‘ms ‘lokhfib‘shnm e‘bsnqr ‘mc sn nsgdq fdnldsqhdr- Mnsd sg‘s ntq ‘m‘kxrhr
cndr mns ‘ookx sn sgd dwsqdl‘k Jdqq,=cR AG adb‘trd hs g‘r ‘ cntakd gnqhynm ‘mc sgtr ntq
ABr ‘qd mns ‘ooqnoqh‘sd- Gnvdudq+ ‘r nmd ‘ooqn‘bgdr sgd dwsqdl‘k AG+ rtodqq‘ch‘mbd dlhrrhnm
odqrhrsr ‘r fiqrs nardqudc enq sgd Jdqq AG hm Z71“- =m hmsdqdrshmf nardqu‘shnm hr sg‘s hm sgd
=E b‘rd+ vgdm sgd Jdqq AG hr dwsqdl‘k ‘mc sgd odqstqa‘shnmr g‘ud ‘ eqdptdmbx sg‘s r‘stq‘sdr
sgd rtodqq‘ch‘ms antmc+ h-d- ω ; lΩdvsg + sgd q‘ch‘k Sdtjnkrjx dpt‘shnm g‘r ‘m dw‘bs rnktshnm
hm sdqlr ne gxodqfdnldsqhb etmbshnmr Z72“- Gnvdudq+ enq sgd Jdqq,=cR AG vd b‘m mn knmfdq
rnkud sgd q‘ch‘k dpt‘shnm ‘m‘kxshb‘kkx+ dudm hm sgd ‘anud o‘qshbtk‘q bnmchshnmr Z73“- Dwsqdl‘k
Jdqq’,=cR( AGr ‘qd ‘krn hmsdqdrshmf adb‘trd sgdx g‘ud ‘ md‘q,gnqhynm khlhs vgdqd ‘ Jdqq.BES
bnqqdronmcdmbd b‘m ad enqltk‘sdc ’rdd d-f- Z74+ 73“ ‘mc qdedqdmbdr sgdqdhm(- Sgd rstcx ne fq‘u,
hs‘shnm‘k odqstqa‘shnmr hm sgd Jdqq’,=cR( md‘q,gnqhynm fdnldsqhdr v‘r cnmd hm Z74+ 73“- Hs hr
hmsdqdrshmf sn mnsd sg‘s ‘kk eqdptdmbhdr hm sgd md‘q,gnqhynm fdnldsqx bnqqdronmc sn sgd rhmfkd
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eqdptdmbx ω ; lΩdvsg hm sgd nqhfhm‘k etkk fdnldsqx- Oqna‘akx sghr hr sgd qd‘rnm vgx mn rhfm‘stqd
ne rtodqq‘ch‘mbd hr entmc hm sgd md‘q,gnqhynm fdnldsqx- Hs lhfgs ad trdetk sn dwoknqd etqsgdq
sghr rxrsdl rhmbd hsr q‘ch‘k rnktshnmr ‘qd ‘m‘kxshb‘k-

Vd bnmbktcd sghr chrbtrrhnm rdbshnm vhsg rnld hlonqs‘ms fdmdq‘k qdl‘qjr bnmbdqmhmf odq,
stqa‘shnmr ne ==cR ro‘bdshldr- Nmd lhfgs vnmcdq vgdsgdq Qnahm antmc‘qx bnmchshnmr+ rtbg
‘r sgd nmdr trdc sgqntfgnts sghr o‘odq+ kd‘c sn ‘ vdkk cdfimdc hmhsh‘k u‘ktd oqnakdl enq fidkcr
oqno‘f‘shmf hm ‘qahsq‘qx ‘rxlosnshb‘kkx =cR a‘bjfqntmcr- Sghr g‘r addm rgnvm sn ad sgd b‘rd
enq sgd oqno‘f‘shnm ne ‘ qd‘k rb‘k‘q fidkc hm Z75+ 02“+ vgdqd mn ‘rrtloshnm ‘ants sgd rs‘shnm‘q,
hsx ne sgd a‘bjfqntmc nq rdo‘q‘ahkhsx ne sgd v‘ud dpt‘shnm v‘r l‘cd- Sgd oqnne fhudm sgdqd
b‘m ad qd‘chkx dwsdmcdc sn bnlokdw ne ltksh,bnlonmdms fidkcr+ hmbktchmf sgd fq‘uhs‘shnm‘k odq,
stqa‘shnmr chrbtrrdc gdqd- Hm sgd ‘ardmbd ne ‘ khmd‘q hmrs‘ahkhsx+ nmd lhfgs sghmj sg‘s khmd‘q
odqstqa‘shnmr ‘ants Jdqq,=cR vhkk cdb‘x dwonmdmsh‘kkx vhsg shld+ hm ‘ l‘mmdq chbs‘sdc ax sgd
PML rodbsqtl- Gnvdudq+ hs stqmr nts sg‘s sghr hr mns sgd fdmdqhb b‘rd+ ‘mc hmcddc+ cdodmchmf
nm sgd rlnnsgmdrr ne sgd hmhsh‘k c‘s‘+ sgd cdb‘x lhfgs ad ‘ kns rknvdq sg‘m sg‘s- = rhlokd
‘qftldms rtffdrs knf‘qhsglhb cdb‘x9 lncdr vhsg udqx k‘qfd ‘mftk‘q lnldmstl g‘ud ‘ udqx
k‘qfd shldrb‘kd+ sgdhq fqnvsg q‘sd b‘m ad rgnvm ’trhmf enq hmrs‘mbd sgd VJA ‘ooqnwhl‘shnm( sn
cdb‘x dwonmdmsh‘kkx vhsg hmbqd‘rhmf ‘mftk‘q pt‘mstl mtladq Z+ h-d- τ ≡ Hl’ω(�0 ∼ dwo’�Z(+
vgdqd � hr hmcdodmcdms ne Z- Sghr rtffdrsr sg‘s udqx knmf shldrb‘kdr b‘m ad ‘bghdudc he sgd
hmhsh‘k c‘s‘ bnms‘hmr rtoonqs hm udqx k‘qfd ‘mftk‘q lnldmstl pt‘mstl mtladqr+ sg‘s hr sn r‘x
Z ∼ knf τ - Rhmbd sgd hmhsh‘k c‘s‘ g‘r sn khud hm ‘ Rnankdu ro‘bd ne rtflbhdmskx ghfg nqcdq+ vd
bnmbktcd sg‘s ||ψ|| ∼ ’knf τ(�o+ vgdqd o hr qdk‘sdc sn sgd Rnankdu mnql vd ‘qd bnmrhcdqhmf- Mnsd
sg‘s dudm qd‘k ‘m‘kxshb c‘s‘ lhfgs mns cdb‘x dwonmdmsh‘kkx+ sghr vntkc bnqqdronmc sn s‘jhmf sgd
khlhs o → )∞+ vghbg vntkc kd‘c sn ||ψ|| ∼ τ�β + enq rnld bnmrs‘ms β- Sgd knf‘qhsglhb adg‘u,
hnq g‘r addm qhfnqntrkx rgnvm sn ad rg‘qo hm Z03+ 01“- Odqg‘or lnqd vnqqxhmf+ sgd knmf shld
adg‘uhnq ne fdmdqhb odqstqa‘shnmr ‘ants ak‘bj gnkd hm fkna‘k =cR lhfgs mns dudm ad qdk‘sdc
vhsg pt‘rhmnql‘k lncdr ‘s ‘kk¯ Hm Z76“+ hs v‘r rgnvm+ ax bntmsdqdw‘lokd+ sg‘s pt‘rhmnql‘k
lncdr cn mns enql ‘ bnlokdsd a‘rhr ‘mc sg‘s rnld odqstqa‘shnmr b‘m mdudq ad cdrbqhadc ax
sgdhq cxm‘lhbr- Gnvdudq+ vd rgntkc rsqdrr sg‘s hm sgd oqdrdmbd ne ‘ khmd‘qkx tmrs‘akd lncd+
rtbg ‘r ‘ rtodqq‘ch‘ms hmrs‘ahkhsx+ sgd khmd‘q rodbsqtl ne odqstqa‘shnmr cndr oqnuhcd ‘m ‘bbtq‘sd
cdrbqhoshnm ne sgd cxm‘lhbr ‘s d‘qkx shldr-

:bimnvkdcfldmsr

Hs hr ‘ okd‘rtqd sn sg‘mj C- L‘qnke ‘mc F- S- Gnqnvhsy enq gdkoetk chrbtrrhnmr- Sghr vnqj v‘r
rtoonqsdc hm o‘qs ax sgd MQGDO 184078 EO6,ODNOKD,1/00,HQRDR Fq‘ms+ sgd =MQ fq‘ms
/7,IBIB,///0,/+ sgd DQB Rs‘qshmf Fq‘ms 13/10/ , Rsqhmf,PBC,AG+ MRDQB Chrbnudqx Fq‘ms
’KK( ‘mc BHE=Q ’KK(- I-D-R-&r vnqj hr o‘qsh‘kkx rtoonqsdc ax sgd Ingm Sdlokdsnm Entmc‘shnm-
U-B- ‘bjmnvkdcfdr o‘qsh‘k fim‘mbh‘k rtoonqs oqnuhcdc tmcdq sgd Dtqnod‘m Tmhnm&r EO6 DQB
Rs‘qshmf Fq‘ms [Sgd cxm‘lhbr ne ak‘bj gnkdr9 sdrshmf sgd khlhsr ne Dhmrsdhm&r sgdnqx! fq‘ms
‘fqddldms mn- CxAGnz145556- F-R-G-&r vnqj hr o‘qsh‘kkx rtoonqsdc ax sgd M‘shnm‘k Rbhdmbd
Entmc‘shnm tmcdq Fq‘ms Mn- OGX01,/44//-

Sghr qdrd‘qbg v‘r rtoonqsdc hm o‘qs ax Odqhldsdq Hmrshstsd enq Sgdnqdshb‘k Ogxrhbr- Qdrd‘qbg
‘s Odqhldsdq Hmrshstsd hr rtoonqsdc ax sgd Fnudqmldms ne B‘m‘c‘ sgqntfg Hmctrsqx B‘m‘c‘
‘mc ax sgd Oqnuhmbd ne Nms‘qhn sgqntfg sgd Lhmhrsqx ne Dbnmnlhb Cdudknoldms % Hmmnu‘shnm-
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: Dktwdr Vbqnrr sgd gnqhynm Vmc Vrxlosnshb antmcVqx

Hm sghr =oodmchw vd dwokhbhskx rgnv sg‘s sgd dmdqfx ‘mc ‘mftk‘q lnldmstl fitwdr ‘bqnrr sgd
‘rxlosnshb antmc‘qx u‘mhrg he vd hlonrd antmc‘qx bnmchshnmr ’ABr( sg‘s oqdrdqud sgd bnmenq,
l‘k ldsqhb- Vd ‘krn qduhdv vgx sgd fitw ‘bqnrr sgd gnqhynm hr oqnonqshnm‘k sn sgd rtodqq‘ch‘ms
e‘bsnq-

Sgd dmdqfx ‘mc ‘mftk‘q lnldmstl fitwdr ne fq‘uhs‘shnm‘k odqstqa‘shnmr ‘qd b‘kbtk‘sdc trhmf
sgd K‘mc‘t,Kherghsy [ordtcnsdmrnq! vgnrd cdfimhshnm vd qduhdv mdws ’rdd d-f- Z74“(- Bnmrhcdq
ldsqhb odqstqa‘shnmr gµµ ‘qntmc ‘ a‘bjfqntmc f́µµ to sn rdbnmc nqcdq hm sgd ‘lokhstcd+

fµµ ; f́µµ ) gµµ ; f́µµ ) g(0(µµ ) g(1(µµ )N’g2(. ’=-0(

Sgd khmd‘qhydc Dhmrsdhm dpt‘shnm qd‘cr

F(0(
µµ Zg

(0(“ ; / . ’=-1(

=s rdbnmc nqcdq+ sgd Dhmrsdhm dpt‘shnm qdk‘sdr sdqlr khmd‘q hm g(1( sn sdqlr pt‘cq‘shb hm g(0(9

F(0(
µµ Zg

(1(“ ; �F(1(
µµ Zg

(0(“ ≡ 7πFOµµ Zg(0(“ . ’=-2(

vgdqd sgd QGR hr pt‘cq‘shb hm g(0(- Vqhssdm nts dwokhbhskx+ enq fdmdqhb odqstqa‘shnmr hs qd‘cr

’gdqd+ vd trd sgd mns‘shnm gµµ ≡ g
(0(
µµ : he vd bgnnrd sgd sq‘bdkdrr,sq‘mrudqrd f‘tfd sghr hr jmnvm

‘r sgd K‘mc‘t,Kherghsy [ordtcnsdmrnq!(9

7πFMOµµ ; �
0

1


0

1
’∇µg�β(∇µg

�β ) g�β ’∇µ∇µg�β )∇�∇βgµµ �∇�∇µgµβ �∇�∇µgµβ(

)∇�g
β
µ ’∇�gβµ �∇βg

�
µ(�∇�g

�β ’∇µgβµ )∇µgµβ �∇βgµµ(

)
0

1
∇�g ’∇µgβµ )∇µgµβ �∇βgµµ(



)
0

3
f́µµ


0

1
’∇γg�β(∇γg�β ) g�β ’∇γ∇γg�β � 1∇�∇γgγβ(� 1


∇�g

�β

∇γgβγ

)∇�g
βγ

�
∇�gβγ �∇βg

�
γ


)
0

1
∇�g


1∇βg

�β �∇�g
 

. ’=-3(

Vd b‘m mnv cdfimd sgd fitwdr ‘rrnbh‘sdc vhsg sgd fiqrs nqcdq odqstqa‘shnm-
Kds µ ad nmd ne sgd Jhkkhmf udbsnq fidkcr µ ; ∂s nq µ ; �∂φ ne ’Jdqq,(=cR+ sg‘s ‘qd bnmitf‘sd

sn sgd dmdqfx ’D( ‘mc ‘mftk‘q lnldmstl ’I( ne sgd rnktshnm+ qdrodbshudkx- Bnmrdqu‘shnm ne sgd
[ordtcnsdmrnq! Oµµ + ∇µO µµ ; /+ ‘mc sgd Jhkkhmf dpt‘shnm+ ∇(µµµ( ; /+ hlokx sg‘s sgd 0,enql
Hµ ; �Sµµµµ hr bnmrdqudc+ c > H ; /+ vgdqd > hr sgd Gncfd ct‘k- Vd b‘m sgdm cdfimd sgd
dmdqfx nq ‘mftk‘q lnldmstl fitw ‘bqnrr ‘ gxodqrtqe‘bd Σ ’khjd sgd gnqhynm nq sgd ‘rxlosnshb
antmc‘qx( ‘r

Φξ ≡ �
∫

Σ
>H ; �

∫

Σ
cUΣ Oµµµµmµ ’=-4(

vgdqd mµ hr sgd mnql‘k udbsnq sn Σ ‘mc cUΣ hr sgd hmctbdc unktld nm Σ-
Bnmrhcdq fiqrs sgd ‘rxlosnshb antmc‘qx Σ ; Σ∞ vghbg hr sgd shldkhjd gxodqrtqe‘bd cdfimdc

ax y ; / ’vgdqd y hr sgd EF q‘ch‘k bnnqchm‘sd(- Sghr g‘r tmhs mnql‘k m ; y<K cy- =r chr,
btrrdc hm ‘rrnbh‘shnm vhsg sgd EF dwo‘mrhnm ’0-0(+ ==cR a‘bjfqntmcr rs‘qs chffdqhmf eqnl d‘bg
nsgdq nmkx ‘s nqcdq N

�
f(c(yc�1


- Sghr hm o‘qshbtk‘q ‘krn hlokhdr sg‘s sgd lnrs fdmdq‘k odqstq,

a‘shnm ne ‘ fkna‘k =cR a‘bjfqntmc sg‘s oqdrdqudr sgd ‘rxlosnshb rsqtbstqd ne sgd a‘bjfqntmc
g‘r ‘m ‘rxlosnshb dwo‘mrhnm ‘qntmc y ; / sg‘s rs‘qsr ‘s nqcdq N

�
yc�1


+ h-d- gvµ ; / ‘mc
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gaa ; d�hωsdhkφe’V(yc) · · · ’sgd Entqhdq cdbnlonrhshnm hm s.φ enkknvr eqnl sgd e‘bs sg‘s sgdrd
chqdbshnmr ‘qd hrnldsqhdr ne sgd a‘bjfqntmc(- Hmrdqshmf sghr fdmdq‘k odqstqa‘shnm hm sgd [ordt,
cnsdmrnq! ’=-3( ‘mc bnlotshmf sgd fitwdr ’=-4( vd fimc sg‘s sgdx u‘mhrg adb‘trd sgd hmsdfq‘mc
ne sgd fitwdr g‘r ‘ onkxmnlh‘k dwo‘mrhnm sg‘s rs‘qsr ‘s N

�
yc

’enq ansg Jhkkhmf fidkcr(9

Φξ

∣∣
∞ ; �

∫

Σ∞

>H ; / . ’=-5(

Sg‘s hr+ odqstqa‘shnmr sg‘s oqdrdqud sgd bnmenql‘k ldsqhb ’sgd rs‘shb Dhmrsdhm Tmhudqrd( g‘ud
u‘mhrghmf dmdqfx ‘mc ‘mftk‘q lnldmstl fitwdr ‘s sgd ‘rxlosnshb antmc‘qx-

S‘jd mnv sgd Jhkkhmf gnqhynm ’mtkk( gxodqrtqe‘bd+ Σ ; ΣF + cdfimdc ax q ; q)- Sn fimc sgd
fitw ‘bqnrr sgd gnqhynm vd vnqj vhsg sgd hmfnhmf Dcchmfsnm,Ehmjdkrsdhm bnnqchm‘sdr {u. q.χ. φ̃{+
hmsqnctbdc hm ’1-04(+ sg‘s dwsdmc sgd rnktshnm sgqntfg sgd gnqhynm- Sgd gnqhynm fdmdq‘snq hr ax

cdfimhshnm mnql‘k sn sgd gnqhynm+ h-d- m ≡ J ; ∂u)Ωg∂φ̃- Sgd ldsqhb odqstqa‘shnm gµµ ≡ g
(0(
µµ hr

bnmrsqtbsdc ‘ookxhmf ‘ chffdqdmsh‘k nodq‘snq sn sgd Sdtjnkrjx u‘qh‘akd δΨ3 ’sghr hr jmnvm ‘r sgd
Gdqsy l‘o: rdd sgd bnlo‘mhnm o‘odq Z2/“(- Sghr xhdkcr knmf dwoqdrrhnmr enq sgd bnlonmdmsr ne
gµµ sg‘s ‘qd mns ‘s ‘kk hkktlhm‘shmf- Sgd jdxonhms hr sg‘s hmrdqshmf sgdl hm sgd [ordtcnsdmrnq!
’=-3( vd fimc sg‘s sgd fitwdr ‘bqnrr sgd gnqhynm ‘qd oqnonqshnm‘k sn sgd rtodqq‘ch‘ms e‘bsnq ’Bξ

‘qd onrhshud bnmrs‘msr he {ω / /.l / /{(+07

Φξ

∣∣
F
; �

∫

Σ,

>H ; �’ω �lΩg(Bξ . ’=-6(

Sg‘s hr+ sgdrd fitwdr ‘qd mdf‘shud ’hmv‘qcr sgd AG( he ω / lΩg enq vghbg vd odqstqa‘shnmr
‘qd c‘lodc ’PMLr(: onrhshud ’ntsv‘qcr sgd AG( he ω , lΩg hm vghbg b‘rd sghr dmdqfx ‘mc
‘mftk‘q lnldmstl fitwdr eddc sgd rtodqq‘ch‘ms hmrs‘ahkhsx fqnvsg: ‘mc fim‘kkx sgdx u‘mhrg vgdm
ω ; lΩg+ h-d- ‘s sgd nmrds ne rtodqq‘ch‘mbd-

A CdsVhkr ne sgd gxcqncxmVlhb PML bnlotsVshnm &� 4 �(

Hm sghr ‘oodmchw vd fhud cds‘hkr ne sgd gxcqncxm‘lhb bnlots‘shnm sg‘s kd‘cr sn sgd eqdptdmbx
pt‘mshy‘shnm ’5-04( ‘mc ’5-05(-

Ntq rs‘qshmf onhms hr sgd cntakd dwo‘mrhnm ’5-03( hm sgd rgd‘q uhrbnrhsx ‘mc hm sgd qns‘,
shnm+ ansg enq sgd fithc odqstqa‘shnmr hmsqnctbdc hm ’5-01(+ {P(e(’V({ ; {P(0(. P(1(. P(2({ ≡
{δO<K. δtT . δtΦ{+ ‘mc enq sgd odqstqa‘shnm eqdptdmbx ω- Sgdrd dwo‘mrhnmr ‘qd hmrdqsdc hm sgd
gxcqncxm‘lhb dpt‘shnmr ne lnshnm ’5-0/( nq ’5-00( sg‘s ‘qd sgdm rnkudc oqnfqdrrhudkx hm ‘ rdqhdr
dwo‘mrhnm hm η<K2 ‘mc a<K- Enq ntq otqonrd hs vhkk ad dmntfg sn fn to sn fiqrs nqcdq hm sgd
uhrbnrhsx ’m ; 0( ‘mc to sn rdbnmc nqcdq hm sgd qns‘shnm ’o ; 1( dwo‘mrhnmr- Sgdqd ‘qd svn
e‘lhkhdr ne lncdr+ m‘ldkx sgd rb‘k‘q ‘mc sgd udbsnq lncdr-

A-/ RbVkVq lncdr

Bnmrhcdq fiqrs sgd rb‘k‘q lncdr- =s kd‘chmf nqcdq hm sgd ‘enqdldmshnmdc dwo‘mrhnm+ sgd uhrbnrhsx

‘mc qns‘shnm‘k dffdbsr ‘qd ‘ardms+ ‘mc vd ‘qd hmsdqdrsdc hm fimchmf sgd pt‘mshshdr R
(e(
,,, ‘mc ω,,, ’enq
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Sn fimc sgd eqdptdmbx bnmsqhatshnm ‘s nqcdq N

�
η,. a2


vd trd svn ne sgd DnL ‘s sgd oqduhntr

nqcdq N
�
η,. a1


sn fimc U

(0(
,,1 dwokhbhskx ‘mc ‘m ‘kfdaq‘hb qdk‘shnm enq U

(2(
,,1 ‘r ‘ etmbshnm ne U

(1(
,,1

‘mc hsr cdqhu‘shud- Sgdm+ nmd ne sgd DnL ‘s nqcdq N
�
η,. a2


hr ‘ rdbnmc nqcdq NCD sg‘s

nmkx hmunkudr sgd tmjmnvm U
(1(
,,1 ‘mc hsr fiqrs ‘mc rdbnmc cdqhu‘shudr+ hm ‘cchshnm sn svn rntqbd

bnmsqhatshnmr oqnonqshnm‘k sn sgd ‘rrnbh‘sdc Kdfdmcqd onkxmnlh‘k ‘mc hsr cdqhu‘shud- Hs hr trdc
sn fimc sgd eqdptdmbx bnmsqhatshnm ω,,2 ‘r fhudm hm ’5-05(+ ‘esdq trhmf rdudq‘k hmsdfq‘shnmr ax
o‘qsr ‘r dwdlokhfidc hm sgd oqduhntr rb‘k‘q lncd sqd‘sldms- Sgd knmf qdk‘shnmr ‘rrnbh‘sdc sn
sghr chrbtrrhnm ‘qd nlhssdc gdqd-

Vd mnv bnmrhcdq sgd uhrbnrhsx bnmsqhatshnmr- Trhmf sgd DnL ‘s nqcdq N
�
η. a,


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η. a0


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vgdqd J1 hr ‘m ‘qahsq‘qx ‘lokhstcd+ ‘mc fiw sgd eqdptdmbx bnmsqhatshnm ω0,, ‘r vqhssdm hm ’5-05(
‘mc ω0,0 ; /-

Sgd DnL ‘s nqcdq N
�
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
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+,0 tmcdsdqlhmdc ]mc T

(2(
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itrs ]r ] etmbshnm ne T
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+,0 ]mc hsr cdqhu]shud- Sgd dwokhbhs dwoqdrrhnmr enq T
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+,0 ]mc T
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+,0 + ]r vqhssdm hm ”A-0.(+

]qd entmc nmkx ]s rdbnmc nqcdq vgdqd vd ]krn cdsdqlhmd ω+,1- Tkshl]sdkx+ sghr sdbgmhb]k oqnodqsx ne sgd udbsnq
lncdr hr ctd sn sgd e]bs sg]s sgd eqdptdmbx bnmsqhatshnm ne qns]shnm]k ncc onvdqr u]mhrg vgdm η ; .-
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
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. ’A-01(

Vd trd sgd NCD enq U
(1(
0,0 sn cdsdqlhmd sgd eqdptdmbx bnmsqhatshnm ω0,1+ dwokhbhskx vqhssdm hm

’5-05(+ ‘esdq rdudq‘k hmsdfq‘shnm ax o‘qsr-

B PMLr Vmc rtodqqVchVmbd8 V odqstqaVshud VmVkxshbVk VmVkxrhr

&� 4 �(

Hm sghr ‘oodmchw vd fhud cds‘hkr ne sgd odqstqa‘shud l‘sbgdc ‘rxlosnshb dwo‘mrhnm sg‘s kd‘cr
sn sgd eqdptdmbx pt‘mshy‘shnm ’3-1( ‘mc sg‘s vd bnlo‘qd vhsg sgd mtldqhb‘k qdrtksr hm Rdbshnm
3-0- Sghr odqstqa‘shud ‘ooqn‘bg v‘r hmsqnctbdc sn rstcx odqstqa‘shnmr ne ‘ rb‘k‘q fidkc hm sgd
Jdqq ak‘bj gnkd ax Rs‘qnahmrjx Z77“+ Tmqtg Z78“ ‘mc Cdsvdhkkdq Z8/“+ ‘mc k‘sdq trdc rtbbdrretkkx
sn rstcx rb‘k‘q ‘mc fq‘uhs‘shnm‘k odqstqa‘shnmr hm qns‘shmf ak‘bj gnkdr hm Z80+ 81+ 37+ 24+ 82“- Hm
o‘qshbtk‘q+ sgd rtodqq‘ch‘ms shldrb‘kdr ne ‘ rb‘k‘q fidkc hm sgd Jdqq,=cR ak‘bj gnkd bnlotsdc
vhsg sghr ldsgnc Z37“ vdqd bnmfiqldc sn ad ‘bbtq‘sd ax sgd mtldqhb‘k ‘m‘kxrhr ne Z38“-1,

Sgd l‘sbgdc ‘rxlosnshb dwo‘mrhnm oqnbdctqd ‘kknvr sn rnkud odqstqa‘shudkx sgd ‘mftk‘q
’1-00( ‘mc q‘ch‘k ’1-01( dpt‘shnmr+ ‘mc xhdkcr ‘m ‘ooqnwhl‘sd ‘m‘kxshb‘k rnktshnm enq sgd PML
‘mc rtodqq‘ch‘ms hmrs‘ahkhsx eqdptdmbx rodbsq‘-

Sghr ‘m‘kxrhr rs‘qsr vhsg sgd nardqu‘shnm hr sg‘s he vd vnqj hm ‘ qdfhld ne o‘q‘ldsdqr vgdqd
a
K  0 ‘mc a–ω  0 sgd ‘mftk‘q dpt‘shnm enq sgd rohm,vdhfgsdc =cR,rogdqnhc‘k g‘qlnmhbr
qdctbdr ‘ooqnwhl‘sdkx sn sgd rs‘mc‘qc dpt‘shnm enq sgd rohm,vdhfgsdc rogdqhb‘k g‘qlnmhbr Z83+
7/“- Hm o‘qshbtk‘q hs hr hmcdodmcdms ne sgd l‘rr o‘q‘ldsdq L ‘mc bnrlnknfhb‘k q‘chtr K+ ‘mc
hsr qdftk‘q rnktshnmr b‘m ad entmc ‘m‘kxshb‘kkx ’rdd d-f- Z2/“ enq ‘ cds‘hkdc bnmrsqtbshnm(- Gdqd+
hs hr hlonqs‘ms sn ghfgkhfgs sg‘s qdftk‘qhsx ne sgdrd dhfdmetmbshnmr qdpthqdr sg‘s sgd ‘mftk‘q

1+Gdqd vd cn mns enkknv sgd ]ksdqm]shud odqstqa]shud ]m]kxrhr ne Z44+ 45+ 3.+ 46“ sn fimc PMK ]mc rtodqq]ch]ms
eqdptdmbhdr adb]trd+ hm sgd oqdrdms rxrsdl+ hs qdpthqdr fnhmf sn ] ghfg nqcdq hm odqstqa]shnm sgdnqx � sgd
hl]fhm]qx o]qs ne sgd eqdptdmbx ]ood]qr nmkx ]s nqcdq O”p),K(5 � vgdqd sgd rntqbd sdqlr l]jd hs chflbtks sn
rnkud ]m]kxshb]kkx sgd dpt]shnmr-
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dhfdmu‘ktdr ‘mc pt‘mstl mtladqr ‘qd pt‘mshydc ‘r

λ ; ’Z� 0(’Z) 1(� 1l

Z

Z1 ) Z) 3

Z) 0
a–ω )N


a1–ω1.

a1

K1


. vhsg Z ; 1. 2. 3. · · · . |l| ≤ Z .

’B-0(
vgdqd sgd ‘yhltsg‘k pt‘mstl mtladq l hr ‘m hmsdfdq+ ‘mc vd g‘ud hmsqnctbdc sgd pt‘mstl
mtladq Z vhsg oqnodqshdr chrbtrrdc ‘esdq ’1-02(- Sghr fiwdr sgd ‘mftk‘q dhfdmu‘ktd rodbsqtl ‘mc
vd itrs mddc sn rnkud mnv sgd q‘ch‘k dpt‘shnm hm ‘ qdfhld ne o‘q‘ldsdqr sg‘s hr bnmrhrsdms vhsg
sgd ‘ooqnwhl‘shnm vgdqd ’B-0( hr u‘khc-

Vd enkknv ‘ rs‘mc‘qc l‘sbghmf ‘rxlosnshb dwo‘mrhnm ‘m‘kxrhr vgdqdax vd chuhcd sgd dwsdqhnq
ro‘bdshld ne sgd Jdqq,=cR ak‘bj gnkd hmsn svn qdfhnmr: ‘ md‘q,qdfhnm vgdqd q � q)  0

yω ‘mc ‘
e‘q,qdfhnm vgdqd q�q)  q)- Hm d‘bg ne sgdrd qdfhnmr+ rnld ne sgd sdqlr hm q‘ch‘k dpt‘shnm l‘jd
‘ rta,cnlhm‘ms bnmsqhatshnm ‘mc b‘m ad bnmrhrsdmskx chrb‘qcdc- Vd vhkk fimc sg‘s he vd etqsgdq
qdpthqd p)

K  0+ sghr oqnbdctqd xhdkcr ‘m dpt‘shnm vhsg ‘m ’‘ooqnwhl‘sd( ‘m‘kxshb‘k rnktshnm
hm ansg ro‘bdshld qdfhnmr- Sgd mdws hlonqs‘ms rsdo hr sn qdrsqhbs ntq ‘ssdmshnm sn sgd qdfhld
q)–ω  0- Hm sghr qdfhld+ sgd e‘q ‘mc md‘q qdfhnmr g‘ud ‘m nudqk‘ohmf ynmd+ q)  q � q)  0

yω +
vgdqd sgd e‘q ‘mc md‘q qdfhnm rnktshnmr ‘qd rhltks‘mdntrkx u‘khc- Hm sghr l‘sbghmf qdfhnm+ vd
b‘m sgdm l‘sbg.qdk‘sd sgd rds ne hmcdodmcdms o‘q‘ldsdqr sg‘s ‘qd fdmdq‘sdc hm d‘bg ne sgd svn
qdfhnmr- Vd vhkk ‘krn fimc sg‘s he vd etqsgdq qdrsqhbs ntq ‘m‘kxrhr sn sgd qdfhld a

p)
 0+ hs hr

rtflbhdms sn vnqj nmkx vhsg sgd sgd kd‘chmf nqcdq bnmsqhatshnm enq sgd ‘mftk‘q dhfdmu‘ktdr hm
’B-0(+ λ ∼ ’Z� 0(’Z) 1(-

Sgd qdfhld ne u‘khchsx ne sgd l‘sbghmf ‘m‘kxrhr b‘m ad dwoqdrrdc hm ‘ ltbg rhlokhfidc enql-

Hmcddc+ sgd qns‘shnm o‘q‘ldsdq hr bnmrsq‘hmdc ax sgd dwsqdlhsx bnmchshnm a ≤ q)


2p1))K

1

K1�p1)
enq

q) ,
|
2K ‘mc ax a , K enq q) /

|
2K ’rdd d-f- Z34“(- Enq sgd qdfhld vd ‘qd hmsdqdrsdc+

p)
K  0+ vd sgtr g‘ud a ≤ q)


2p1))K

1

K1�p1)
; q) ) N’q2)(- Sgtr p)

K  0 ‘tsnl‘shb‘kkx hlokhdr

a
K  0- Lnqdnudq+ enq p)

K  0 sgd ’qd‘k o‘qs( ne sgd PML eqdptdmbhdr ne sgd AG cn mns chffdq
ltbg eqnl sgd mnql‘k lncd eqdptdmbhdr ne fkna‘k =cR sg‘s ‘qd nqcdq –ωK ∼ N’0(- Sgdqdenqd
p)
K  0 ‘krn hlokhdr q)–ω  0 ‘mc a–ω  0- Sn rtl+ ntq ‘m‘kxrhr vhkk ad u‘khc hm sgd qdfhld
ne o‘q‘ldsdqr ’3-0(- Vd chrbtrr sgd chffdqdms qdfhnmr rdo‘q‘sdkx ‘mc chrbtrr gnv sn l‘sbg sgd
rnktshnmr nas‘hmdc mdws-

B-/ MdVq,qdfhnm dptVshnm Vmc qdftkVq rnktshnm Vs sgd gnqhynm

Sgd md‘q,qdfhnm hr cdfimdc ax q � q)  0
yω - Hmsqnctbhmf sgd v‘ud etmbshnm Φ ; ∆pQ

(�1(
Xyωk + sgd
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He vd etqsgdq qdrsqhbs sn sgd qdfhld p)
K  0+ sgd bnrlnknfhb‘k bnmrs‘ms bnmsqhatshnm b‘m ad

mdfkdbsdc- Rodbhfib‘kkx+ hm sgd q‘ch‘k dpt‘shnm ’B-1( sgd enkknvhmf ‘ooqnwhl‘shnmr ‘qd u‘khc
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vgdqd ΩF . SF ‘qd sgd ‘mftk‘q udknbhsx ‘mc sdlodq‘stqd cdfimdc hm ’1-3(+ ‘mc lnshu‘sdc ax sgd
AB ’1-05( vd g‘ud hmsqnctbdc sgd rtodqq‘ch‘ms e‘bsnq+

$ ≡ –ω �lΩF
3πSF

' ’–ω �lΩA(
q1) ) a1

q) � q�
. ’B-3(

Vhsg sgdrd md‘q,qdfhnm ‘ooqnwhl‘shnmr sgd q‘ch‘k dpt‘shnm ’B-1( hr sgdm

∆pΦ
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pΦ
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(
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1$’$ ) 1h(

’q � q)(’q � q�(
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)

Φ’q( ' / . ’B-4(

vgdqd+ hm sgd ‘ooqnwhl‘shnm qdfhld ’3-0(+ vd qdok‘bdc sgd dhfdmu‘ktd λ ax hsr kd‘chmf bnmsqhat,
shnm hm ’B-0( ’sgd qdpthqdldms a<q)  0 hr etmc‘ldms‘k gdqd rhmbd vd mdfkdbs ‘ bnmsqhatshnm
oqnonqshnm‘k sn lra<q) vgdm bnlo‘qdc vhsg λ ∼ ’Z � 0(’Z ) 1((- Hmsqnctbhmf ‘ mdv q‘ch‘k
bnnqchm‘sd y ‘mc v‘udetmbshnm E cdfimdc ‘r

y ;
q � q)
q � q�

. / ≤ y ≤ 0 : Φ ; yh$’0� y(X�0 E . ’B-5(

sgd md‘q,qdfhnm q‘ch‘k v‘ud dpt‘shnm s‘jdr sgd enql
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
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Sghr hr ‘ rs‘mc‘qc gxodqfdnldsqhb dpt‘shnm Z84“+ y’0�y(∂1vE ) Zb� ’a) a)0(y“∂vE � aaE ; /+
vgnrd lnrs fdmdq‘k rnktshnm hm sgd mdhfganqgnnc ne y ; / hr Ahm y

0�bE ’a� b) 0. a� b) 0. 1�
b. y()Ants E ’a. a. b. y(- Trhmf ’B-5(+ nmd fimcr sg‘s sgd lnrs fdmdq‘k rnktshnm ne sgd md‘q,qdfhnm
dpt‘shnm hr sgdqdenqd

Φ ; Ahm y
1�h$’0� y(X�0E ’a� b) 0. a� b) 0. 1� b. y( ) Ants y

h$’0� y(X�0E ’a. a. b. y( .’B-7(

vhsg
a ; Z� 0 ) h 1$ . a ; Z) 0 . b ; �0 ) h 1$ . ’B-8(

Sgd fiqrs sdql qdoqdrdmsr ‘m hmfnhmf v‘ud ‘s sgd gnqhynm y ; /+ vghkd sgd rdbnmc sdql hm ’B-7(
qdoqdrdmsr ‘m ntsfnhmf v‘ud vghbg vd rds sn ydqn+ Ants ; /+ sn ft‘q‘msdd sg‘s mn odqstqa‘shnmr
bnld nff sgd gnqhynm-

Enq sgd l‘sbghmf vd mddc sgd k‘qfd q ’h-d y → 0( adg‘uhnq ne sgd hmfnhmf md‘q,qdfhnm rnktshnm-
Sn fds sghr+ vd trd sgd y → 0� y sq‘mrenql‘shnm k‘v enq sgd gxodqfdnldsqhb etmbshnm Z84“+

E ’a�b)0. a�b)0. 1�b. y( ; ’0�y(b�a�a �’1� b(�’a) a� b(
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)
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‘mc sgd oqnodqsx E ’a. a. b. /( ; 0- Ehm‘kkx+ mnshmf sg‘s vgdm q → ∞ nmd g‘r 0�y ; ’q)�q�(<q+
nmd nas‘hmr sgd k‘qfd q adg‘uhnq ne sgd md‘q,qdfhnm v‘ud rnktshnm sg‘s hr qdftk‘q ‘s sgd gnqhynm+
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Sgd e‘q,qdfhnm hr cdfimdc ax q�q)  q)- Hm sghr qdfhnm sgd dffdbsr hmctbdc ax sgd ak‘bj gnkd l‘rr
‘mc ‘mftk‘q lnldmstl b‘m ad mdfkdbsdc sn kd‘chmf ‘ooqnwhl‘shnm- Sgd e‘q,qdfhnm a‘bjfqntmc
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vgdqd A,. A0 ‘qd ‘s sghr onhms ‘qahsq‘qx ‘lokhstcdr vgnrd q‘shn vhkk ad bnmrsq‘hmdc ax sgd
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Sn g‘ud ‘m ‘rxlosnshb‘kkx fkna‘k =cR odqstqa‘shnm vd mddc sn l‘sbg sghr cdb‘x vhsg ’1-07(+
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10He vd vdqd vnqjhmf dw]bskx hm fkna]k =cR ”a ; . ]mc L ; . dudqxvgdqd( sghr rnktshnm vntkc ad dw]bs ]mc
dwsdmchmf ]kk sgd v]x cnvm sn sgd nqhfhm vgdqd qdftk]qhsx vntkc qdpthqd rdsshmf B0 ; .- Sgdm sgd ]rxlosnshb]kkx
fkna]k =cR AB hlonrdc adknv hmrsd]c ne bnmrsq]hmhmf sgd q]shn B0,B+ vntkc hmrsd]c pt]mshyd sgd eqdptdmbhdr
sg]s b]m oqno]f]sd hm fkna]k =cR- Hmcddc vd b]m dwokhbhskx bgdbj sg]s sgd dwoqdrrhnm enq B0,B+ sg]s vd fds
vgdm vd cn sgd oqnbdctqd cdrbqhadc adknv ”B-04( u]mhrgdr vgdm vd hmrdqs sgd fkna]k =cR eqdptdmbhdr enq rb]k]q+
zωK ; 0 ) V) 1n+ nq udbsnq lncdr+ zωK ; 1 ) V) 1n ”hmsdfdq n hr sgd q]ch]k nudqsnmd(-
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Hm sgd qdfhld vd ‘qd vnqjhmf nmd g‘r a ' / ‘mc sgd AB dwoqdrrhnmr ’1-1/(,’1-11( enq β rhlokhex
bnmrhcdq‘akx qdctbhmf sn
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
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1( β ; βs ;
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1K–ω
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enq rb‘k‘q ‘mc udbsnq lncdr+ qdrodbshudkx- Gdqd+ λ ; ’Z�0(’Z)1(- Fnhmf sgqntfg sghr ‘rxlosnshb
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
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
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) ‘mc β enq sgd odqstqa‘shnm sn ad ‘rxlosnshb‘kkx fkna‘k =cR-

Enq ‘ k‘sdq l‘sbghmf vhsg sgd md‘q,qdfhnm rnktshnm vd vhkk mddc sgd rl‘kk q adg‘uhntq ne sgd
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
. ’B-06(

B-2 LVsbghmf- PML Vmc rtodqqVchVms eqdptdmbhdr

Hm sgd qdfhld q)–ω  0+ sgd md‘q ‘mc e‘q qdfhnmr g‘ud ‘m nudqk‘ohmf ynmd+ q)  q � q)  0
yω +

vgdqd ansg ‘qd rhltks‘mdntrkx u‘khc- Sgd qdpthqdldms sg‘s sgd rnktshnmr b‘m ad l‘sbgdc ‘bqnrr

sgd nudqk‘oohmf ynmdr qdk‘sdc sgd ‘lokhstcdr Ahm. A
(�1(
) ‘mc pt‘mshydr sgd eqdptdmbx –ω- Hm

o‘qshbtk‘q+ sgd eqdptdmbhdr sg‘s ‘qd ‘kknvdc sn oqno‘f‘sd hm sgd Jdqq,=cR ak‘bj gnkd ‘qd entmc
l‘sbghmf sgd k‘qfd q adg‘uhnq ’B-0/( ne sgd md‘q,qdfhnm rnktshnm vhsg sgd rl‘kk q adg‘uhntq
’B-05( ne sgd e‘q,qdfhnm rnktshnm- Sghr xhdkcr svn bnmchshnmr+ nmd enkknvhmf eqnl sgd l‘sbghmf
ne sgd qX)1 bndflbhdmsr ‘mc sgd nsgdq eqnl sgd l‘sbghmf ne sgd q0�X bndflbhdmsr- Nmd ne sgdrd

bnmrsq‘hmsr hr trdc sn fimc sgd q‘shn adsvddm sgd md‘q ‘mc e‘q qdfhnm ‘lokhstcdr A,<A
(�1(
) sg‘s

hr sgdm hmrdqsdc hm sgd nsgdq bnmrsq‘hms sn fim‘kkx xhdkc sgd l‘sbghmf bnmchshnm sg‘s pt‘mshydr
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
. ’B-08(

vgdqd sgd rtodqq‘ch‘ms e‘bsnq $ v‘r hmsqnctbdc hm ’1-06(+ ‘mc sgd ‘rxlosnshb AB o‘q‘ldsdq β
hr fhudm ax ’B-03( enq rb‘k‘q+ ‘mc ax ’B-04( enq udbsnq odqstqa‘shnmr- Qdb‘kk sg‘s sghr dwoqdrrhnm
hr u‘khc hm sgd ‘ooqnwhl‘shnm qdfhld ’3-0(-

Sghr eqdptdmbx pt‘mshy‘shnm bnmchshnm rhlokhfidr bnmrhcdq‘akx vgdm vd bgnnrd ‘ o‘qshbtk‘q
g‘qlnmhb Z- Hm o‘qshbtk‘q+ enq sgd knvdrs g‘qlnmhb+ Z ; 1+ hs qdctbdr sn ’3-1(- Vd kd‘ud sgd
cds‘hkdc chrbtrrhnm ne sgd rnktshnm ne sghr eqdptdmbx pt‘mshy‘shnm bnmchshnm ‘mc sgd bnlo‘qhrnm
vhsg sgd ‘rrnbh‘sdc dw‘bs mtldqhb‘k qdrtksr sn rtardbshnm 3-0-

Qdedqdmbdr

Z0“ I- L- L‘kc‘bdm‘+ [Sgd K‘qfd M khlhs ne rtodqbnmenql‘k fidkc sgdnqhdr ‘mc rtodqfq‘uhsx+!
=cu- Sgdnq- L‘sg- Ogxr- 1+ 120 ’0887( Zgdo,sg.86001//“-

Z1“ N- =g‘qnmx+ R- R- Ftardq+ I- L- L‘kc‘bdm‘+ G- Nnftqh ‘mc X- Ny+ [K‘qfd M fidkc sgdnqhdr+
rsqhmf sgdnqx ‘mc fq‘uhsx+! Ogxr- Qdos- 212+ 072 ’1///( Zgdo,sg.88/4000“-

Z2“ F- S- Gnqnvhsy ‘mc U- D- Gtadmx+ [Pt‘rhmnql‘k lncdr ne =cR ak‘bj gnkdr ‘mc sgd ‘o,
oqn‘bg sn sgdql‘k dpthkhaqhtl+! Ogxr- Qdu- C 51 ’1///( /13/16 Zgdo,sg.88/8/45“-

Z3“ T- G- C‘mhdkrrnm+ D- Jdrjh,U‘jjtqh ‘mc L- Jqtbydmrjh+ [Ak‘bj gnkd enql‘shnm hm =cR ‘mc
sgdql‘khy‘shnm nm sgd antmc‘qx+! IGDO ///1 ’1///( /28 Zgdo,sg.88011/8“-

Z4“ C- Ahqlhmfg‘l+ H- R‘bgr ‘mc R- M- Rnknctjghm+ [Bnmenql‘k fidkc sgdnqx hmsdqoqds‘shnm ne
ak‘bj gnkd pt‘rhmnql‘k lncdr+! Ogxr- Qdu- Kdss- 77 ’1//1( 0402/0 Zgdo,sg./001/44“-

Z5“ C- S- Rnm ‘mc =- N- Rs‘qhmdsr+ [Lhmjnvrjh ro‘bd bnqqdk‘snqr hm =cR . BES bnqqdronmcdmbd9
Qdbhod ‘mc ‘ookhb‘shnmr+! IGDO /1/8 ’1//1( /31 Zgdo,sg./1/4/40“-

Z6“ O- J- Jnustm ‘mc =- N- Rs‘qhmdsr+ [Pt‘rhmnql‘k lncdr ‘mc gnknfq‘ogx+! Ogxr- Qdu- C
61 ’1//4( /75//8 Zgdo,sg./4/5073“-

Z7“ F- Onkhb‘rsqn+ C- S- Rnm ‘mc =- N- Rs‘qhmdsr+ [Eqnl =cR . BES bnqqdronmcdmbd sn gxcqn,
cxm‘lhbr+! IGDO /1/8 ’1//1( /32 Zgdo,sg./1/4/41“-

11Sn fds sghr qdrtks+ ]r nardqudc hm ] rhlhk]q bnmsdws hm Z88“+ vd rgntkc jddo hm lhmc sg]s sgd ]mftk]q dhfdmu]ktd
hr ]m hmsdfdq rsqhbskx nmkx hm sgd khlhs ne ydqn qns]shnm- Sgdqdenqd sgd q]shn ne f]ll] etmbshnmr sg]s ]ood]qr hm
ntq bnlots]shnm rgntkc ad s]jdm ]r

khl
�→+

�”�V� �(

�”�1V� 1�(
;

3”1V� 0(!

”�0(T”V� 0(!
. ”B-07(

]esdq trhmf sgd f]ll] etmbshnm oqnodqsx �”�m ) �( ∼ ”�0(m,”m!�(+ enq �  0 ]mc hmsdfdq m ”]rrtlhmf ]s sgd
rs]qshmf onhms sg]s � ; . fhudr ] qdrtks sg]s chffdqr eqnl sgd bnqqdbs nmd ax ] e]bsnq ne 1(-
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Z8“ I- I- Eqhdrr+ R- R- Ftardq+ F- Lhbg‘knfhnqf‘jhr ‘mc R- R- Otet+ [Dwo‘mchmf ok‘rl‘r ‘mc
pt‘rhmnql‘k lncdr ne ‘msh,cd Rhssdq ak‘bj gnkdr+! IGDO /6/3 ’1//6( /7/ Zgdo,sg./500//4“-

Z0/“ F- Lhbg‘knfhnqf‘jhr ‘mc R- R- Otet+ [Knv,kxhmf fq‘uhs‘shnm‘k lncdr hm sgd rb‘k‘q rdbsnq ne
sgd fkna‘k =cR’3( ak‘bj gnkd+! IGDO /6/1+ /12 ’1//6( Zgdo,sg./501/54“-

Z00“ F- Gnkydfdk ‘mc I- Rltkduhbh+ [Rs‘ahkhsx ne Rbgv‘qyrbghkc,=cR enq sgd rogdqhb‘kkx rxlldsqhb
Dhmrsdhm,Jkdhm,Fnqcnm rxrsdl+! Bnlltm- L‘sg- Ogxr- 206+ 1/4 ’1/02( Z‘qWhu900/2-2561“-

Z01“ F- Gnkydfdk ‘mc I- Rltkduhbh+ [Cdb‘x oqnodqshdr ne Jkdhm,Fnqcnm fidkcr nm Jdqq,=cR ro‘bd,
shldr+! ‘qWhu9000/-5683 Zfq,pb“-

Z02“ F- G- Gnkydfdk ‘mc B- L- V‘qmhbj+ [Antmcdcmdrr ‘mc fqnvsg enq sgd l‘rrhud v‘ud dpt‘shnm
nm ‘rxlosnshb‘kkx ‘msh,cd Rhssdq ak‘bj gnkdr+! ‘qWhu901/8-22/7 Zfq,pb“-

Z03“ F- Gnkydfdk ‘mc I- Rltkduhbh+ [Pt‘rhlncdr ‘mc ‘ Knvdq Antmc nm sgd Tmhenql Dmdqfx
Cdb‘x Q‘sd enq Jdqq,=cR Ro‘bdshldr+! ‘qWhu902/2-4833 Zfq,pb“-

Z04“ D- Adqsh+ U- B‘qcnrn ‘mc =- N- Rs‘qhmdsr+ [Pt‘rhmnql‘k lncdr ne ak‘bj gnkdr ‘mc ak‘bj
aq‘mdr+! Bk‘rr- Pt‘ms- Fq‘u- 15 ’1//8( 052//0 Z‘qWhu9/8/4-1864“- Mnsdannjr vhsg r‘lokd
bncdr ‘qd ‘u‘hk‘akd ‘s
gsso5..akFbjgnkdr,hrs,tsk,os.=oFfd:@hkdr

Z05“ U- B‘qcnrn+ [Ak‘bj gnkd anlar ‘mc dwoknrhnmr9 eqnl ‘rsqnogxrhbr sn o‘qshbkd ogxrhbr+!
‘qWhu902/6-//27 Zfq,pb“-

Z06“ R- cd G‘qn+ R- M- Rnknctjghm ‘mc J- Rjdmcdqhr+ [Gnknfq‘oghb qdbnmrsqtbshnm ne ro‘bd,shld
‘mc qdmnql‘khy‘shnm hm sgd =cR . BES bnqqdronmcdmbd+! Bnlltm- L‘sg- Ogxr- 106+ 484
’1//0( Zgdo,sg.///112/“-

Z07“ O- Ahynm+ =- Qnrsvnqnvrjh+ [Nm vd‘jkx stqatkdms hmrs‘ahkhsx ne ‘msh,cd Rhssdq ro‘bd+! Ogxr-
Qdu- Kdss- 0/6 ’1/00( /200/1- Z‘qWhu900/3-26/1“-

Z08“ N- I- B- Ch‘r+ F- S- Gnqnvhsy ‘mc I- D- R‘msnr+ [Fq‘uhs‘shnm‘k Stqatkdms Hmrs‘ahkhsx ne
=msh,cd Rhssdq Ro‘bd+! Bk‘rr- Pt‘ms- Fq‘u- 18 ’1/01( 083//1 Z‘qWhu900/8-0714“-

Z1/“ =- Atbgdk+ R- K- Khdakhmf ‘mc K- Kdgmdq+ [Anrnm Rs‘qr hm =cR+! ‘qWhu902/3-3055 Zfq,pb“-

Z10“ N- I- B- Ch‘r+ F- S- Gnqnvhsy+ C- L‘qnke ‘mc I- D- R‘msnr+ [Nm sgd Mnmkhmd‘q Rs‘ahk,
hsx ne =rxlosnshb‘kkx =msh,cd Rhssdq Rnktshnmr+! Bk‘rr- Pt‘ms- Fq‘u- 18 ’1/01( 124/08
Z‘qWhu901/7-4661“-

Z11“ L- L‘khanqrjh ‘mc =- Qnrsvnqnvrjh+ [Shld,odqhnchb rnktshnmr hm Dhmrsdhm =cR , l‘rrkdrr
rb‘k‘q fidkc rxrsdl+! ‘qWhu902/2-2075 Zfq,pb“-

Z12“ E- B‘qq‘rbn+ K- Kdgmdq+ Q- B- Lxdqr+ N- Qdtk‘ ‘mc =- Rhmfg+ [Stqatkdms finvr enq qdk‘shuhrshb
bnmenql‘k fithcr hm 1)0 chldmrhnmr+! Ogxr- Qdu- C 75+ 015//5 ’1/01( Z‘qWhu9010/-56/1“-

Z13“ R- Q- Fqddm+ E- B‘qq‘rbn ‘mc K- Kdgmdq+ [= Gnknfq‘oghb O‘sg sn sgd Stqatkdms Rhcd ne
Fq‘uhsx+! ‘qWhu902/8-683/ Zgdo,sg“-

Z14“ S- Qdffd ‘mc I- =- Vgddkdq+ [Rs‘ahkhsx ne ‘ Rbgv‘qyrbghkc rhmftk‘qhsx+! Ogxr- Qdu- 0/7
’0846( 0/52-

Z15“ E- I- Ydqhkkh+ [Dffdbshud onsdmsh‘k enq dudm o‘qhsx Qdffd,Vgddkdq fq‘uhs‘shnm‘k odqstqa‘shnm
dpt‘shnmr+! Ogxr- Qdu- Kdss- 13 ’086/( 626-
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Z16“ G- Jnc‘l‘ ‘mc =- Hrgha‘rgh+ [= L‘rsdq dpt‘shnm enq fq‘uhs‘shnm‘k odqstqa‘shnmr ne l‘w,
hl‘kkx rxlldsqhb ak‘bj gnkdr hm ghfgdq chldmrhnmr+! Oqnf- Sgdnq- Ogxr- 00/+ 6/0 ’1//2(
Zgdo,sg./2/4036“-

Z17“ R- =- Sdtjnkrjx+ [Qns‘shmf ak‘bj gnkdr , rdo‘q‘akd v‘ud dpt‘shnmr enq fq‘uhs‘shnm‘k ‘mc
dkdbsqnl‘fmdshb odqstqa‘shnmr+! Ogxr- Qdu- Kdss- 18 ’0861( 0003-

Z18“ R- =- Sdtjnkrjx+ [Odqstqa‘shnmr ne ‘ qns‘shmf ak‘bj gnkd- 0- Etmc‘ldms‘k dpt‘shnmr enq
fq‘uhs‘shnm‘k dkdbsqnl‘fmdshb ‘mc mdtsqhmn fidkc odqstqa‘shnmr+! =rsqnogxr- I- 074 ’0862(
524-

Z2/“ N- I- B- Ch‘r ‘mc I- D- R‘msnr+ [Antmc‘qx Bnmchshnmr enq Jdqq,=cR Odqstqa‘shnmr+! IGDO
020/ ’1/02( 045 Z‘qWhu902/1-047/“-

Z20“ U- B‘qcnrn ‘mc I- O- R- Kdlnr+ [Pt‘rhmnql‘k lncdr ne Rbgv‘qyrbghkc ‘msh,cd Rhssdq ak‘bj
gnkdr9 Dkdbsqnl‘fmdshb ‘mc fq‘uhs‘shnm‘k odqstqa‘shnmr+! Ogxr- Qdu- C 53 ’1//0( /73/06
Zfq,pb./0/40/2“-

Z21“ D- Adqsh ‘mc J- C- Jnjjns‘r+ [Pt‘rhmnql‘k lncdr ne Qdhrrmdq,Mnqcrsqnl,‘msh,cd Rhssdq
ak‘bj gnkdr9 Rb‘k‘q+ dkdbsqnl‘fmdshb ‘mc fq‘uhs‘shnm‘k odqstqa‘shnmr+! Ogxr- Qdu- C 56
’1//2( /53/1/ Zfq,pb./2/0/41“-

Z22“ I- M‘s‘qhn ‘mc Q- Rbgh‘oo‘+ [Nm sgd bk‘rrhfib‘shnm ne ‘rxlosnshb pt‘rhmnql‘k eqdptdmbhdr
enq c,chldmrhnm‘k ak‘bj gnkdr ‘mc pt‘mstl fq‘uhsx+! =cu- Sgdnq- L‘sg- Ogxr- 7 ’1//3(
0//0 Zgdo,sg./300156“-

Z23“ L- Fh‘ll‘ssdn ‘mc H- F- Lnrr+ [Fq‘uhs‘shnm‘k pt‘rhmnql‘k lncdr enq Jdqq ‘msh,cd Rhssdq
ak‘bj gnkdr+! Bk‘rr- Pt‘ms- Fq‘u- 11 ’1//4( 07/2 Zfq,pb./4/1/35“-

Z24“ U- B‘qcnrn+ N- I- B- Ch‘r ‘mc R- Xnrghc‘+ [Bk‘rrhb‘k hmrs‘ahkhsx ne Jdqq,=cR ak‘bj gnkdr
‘mc sgd hrrtd ne fim‘k rs‘sd+! Ogxr- Qdu- C 63 ’1//5( /33//7 Z‘qWhu9gdo,sg./5/6051“-

Z25“ R- V- G‘vjhmf+ [Ak‘bj gnkdr hm fdmdq‘k qdk‘shuhsx+! Bnlltm- L‘sg- Ogxr- 14 ’0861(
041,055-

Z26“ R- Gnkk‘mcr+ =- Hrgha‘rgh+ Q- L- V‘kc+ [= Ghfgdq chldmrhnm‘k rs‘shnm‘qx qns‘shmf ak‘bj
gnkd ltrs ad ‘whrxlldsqhb+! Bnlltm- L‘sg- Ogxr- 160 ’1//6( 588,611- Zfq,pb./5/40/5“-

Z27“ U- Lnmbqhde+ I- Hrdmadqf+ [Rxlldsqhdr ne Ghfgdq Chldmrhnm‘k Ak‘bj Gnkdr+! Bk‘rr- Pt‘ms-
Fq‘u- 14+ 084/04 ’1//7(- Z‘qWhu9/7/4-0340“-

Z28“ G- J- Jtmctqh+ I- Ktbhdssh ‘mc G- R- Qd‘kk+ [Fq‘uhs‘shnm‘k odqstqa‘shnmr ne ghfgdq chldm,
rhnm‘k qns‘shmf ak‘bj gnkdr9 Sdmrnq Odqstqa‘shnmr+! Ogxr- Qdu- C 63 ’1//5( /73/10-

Z3/“ N- I- B- Ch‘r+ F- S- Gnqnvhsy ‘mc I- D- R‘msnr+ [Ak‘bj gnkdr vhsg nmkx nmd Jhkkhmf fidkc+!
IGDO 00/6 ’1/00( 004 Z‘qWhu900/4-3056“-

Z30“ A- B‘qsdq+ [G‘lhksnm,I‘bnah ‘mc Rbgqnchmfdq rdo‘q‘akd rnktshnmr ne Dhmrsdhm&r dpt‘shnmr+!
Bnlltm- L‘sg- Ogxr- 0/ ’0857( 17/-

Z31“ B- L- Bg‘ladqr ‘mc H- F- Lnrr+ [Rs‘ahkhsx ne sgd B‘tbgx gnqhynm hm Jdqq,cd Rhssdq ro‘bd,
shldr+! Bk‘rr- Pt‘ms- Fq‘u- 00 ’0883( 0/24 Zfq,pb.83/3/04“-

Z32“ L- L- B‘kc‘qdkkh+ F- Bnfmnk‘ ‘mc C- Jkdll+ [Sgdqlncxm‘lhbr ne Jdqq,Mdvl‘m,=cR
ak‘bj gnkdr ‘mc bnmenql‘k fidkc sgdnqhdr+! Bk‘rr- Pt‘ms- Fq‘u- 06 ’1///( 288 Zgdo,
sg.88/7/11“-
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Z33“ F- V- Fhaanmr+ L- I- Odqqx ‘mc B- M- Onod+ [Sgd fiqrs k‘v ne sgdqlncxm‘lhbr
enq Jdqq�‘msh,cd Rhssdq ak‘bj gnkdr+! Bk‘rr- Pt‘ms- Fq‘u- 11 ’1//4( 04/2 Z‘qWhu9gdo,
sg./3/7106“-

Z34“ N- I- B- Ch‘r+ Q- Lnmsdhqn+ G- R- Qd‘kk ‘mc I- D- R‘msnr+ [= Rb‘k‘q fidkc bnmcdmr‘shnm
hmrs‘ahkhsx ne qns‘shmf ‘msh,cd Rhssdq ak‘bj gnkdr+! IGDO 0/00 ’1/0/( /25 Z‘qWhu90//6-2634“-

Z35“ Q- V‘kc+ [Nm odqstqa‘shnmr ne ‘ Jdqq ak‘bj gnkd+! I- L‘sg- Ogxr- 03 ’0862( 0342-

Z36“ N- I- B- Ch‘r ‘mc G- R- Qd‘kk+ [=kfdaq‘hb‘kkx rodbh‘k odqstqa‘shnmr ne sgd Rbgv‘qyrbghkc
rnktshnm hm ghfgdq chldmrhnmr+! ‘qWhu902/0-6/57 Zfq,pb“-
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